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Abstract. Refining Yau’s and Kotodziej’s techniques, we establish very precise uniform a priori
estimates for degenerate complex Monge—Ampere equations on compact Kéhler manifolds, that
allow us to control the blow up of the solutions as the cohomology class and the complex structure
both vary.

We apply these estimates to the study of various families of possibly singular Kéhler varieties
endowed with twisted Kihler—Einstein metrics, by analyzing the behavior of canonical densities,
establishing uniform integrability properties, and developing the first steps of a pluripotential theory
in families. This provides interesting information on the moduli space of stable varieties, extending
works by Berman—Guenancia and Song, as well as on the behavior of singular Ricci-flat metrics
on (log) Calabi—Yau varieties, generalizing works by Rong—Ruan—Zhang, Gross—Tosatti—Zhang,
Collins—Tosatti and Tosatti-Weinkove—Yang.
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Introduction

Let p : X — Y be a proper, surjective holomorphic map with connected fibers between
Kihler varieties. It is a central question in complex geometry to relate the geometry of X
to that of ¥ and the fibers X, of p. An important instance of such a situation is when one
can endow X, with a Kihler—Einstein metric and study the geometry of X induced by the
properties of the resulting family of metrics. This is the main theme of this article.

Einstein metrics are a central object of study in differential geometry. A Kéhler—
Einstein metric on a complex manifold is a Kdhler metric whose Ricci tensor is propor-
tional to the metric tensor. This notion still makes sense on mildly singular varieties, as
was observed in [28, Section 7]. The solution of the (singular) Calabi Conjecture [28,71]
provides a very powerful existence theorem for Kéhler—Einstein metrics with negative
or zero Ricci curvature. It is important to study the ways in which these canonical met-
rics behave when they are moving in families. In this paper we consider the case when
both the complex structure and the Kéhler class vary and we try to understand how the
corresponding metrics can degenerate.

Constructing singular Kéhler—Einstein metrics on a mildly singular variety V' boils
down to solving degenerate complex Monge—Ampere equations of the form

(w +i309)" = fe*dVy,
where

— 1 : X — V is aresolution of singularities, d Vx is a volume form on X,

— o = n*wy is the pull-back of a Kihler form on V,

the sign of A € R depends on that of ¢ (V),

f € LP(X) with p > 1 if the singularities of V' are mild (klt singularities),

and ¢ is the unknown. The latter should be w-plurisubharmonic (w-psh for short), i.e. it
is locally the sum of a psh and a smooth function, and satisfies w + i dd¢ > 0 in the weak
sense of currents. We let PSH(X, w) denote the set of all such functions.

The uniform estimate

A crucial step in order to prove the existence of a solution to the above equation is to
establish a uniform a priori estimate. In order to understand the behavior of the solution ¢
as the cohomology class {wy } and the complex structure of V' vary, we revisit the proof
by Yau [71], as well as its recent generalizations [28,48], and establish the following (see
Theorem 1.1):

Theorem A. Let X be a compact Kihler manifold of complex dimension n € N* and let
w be a semipositive form such that V = fX o™ > 0. Let v and u = fv be probability
measures, with 0 < f € LP(v) for some p > 1. Assume the following assumptions are
satisfied:
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(H1) there exist o« > 0 and Ay > 0 such that for all ¥ € PSH(X, w),
/ e~ W—six V) gy, < 4,
X

(H2) there exists C > 0 such that ([y | f|? dv)'/'? < C.

Let ¢ be the unique w-psh solution ¢ to the complex Monge—Ampere equation
Vw4 i0d9)" = u,
normalized by supy ¢ = 0. Then —M < ¢ < 0 where
M =14 CYnalingea/nap [5 4 ea=tC(gN)V14Y4],
1/p + 1/q = 1 and by is a constant such that exp(—1/x) < b""x?" for all x > 0.

Remark 0.1. Let us observe that condition (H1) in Theorem A above guarantees that the
measure v does not charge pluripolar sets, since any such set can be included in the polar
locus of a global w-psh function by [33, Thm. 7.2]. The existence (and uniqueness) of the
solution ¢ in Theorem A follows from [11, Thm. A].

We also establish slightly more general versions of Theorem A valid for less regular
densities (Theorem 1.5) or big cohomology classes (Theorem 1.9). We then move on to
checking hypotheses (H1) and (H2) in various geometrical contexts.

o Hypothesis (H1). If & : X — D is a projective family whose fibers X; = 7 ~1(¢) have
degree d with respect to a given projective embedding X C P¥ x D, and w = wy is the
restriction of the Fubini—Study metric, we observe in Proposition 2.5 that

V=/ a){’z/ ops A [ Xe]=d
X PN

is independent of ¢ and the following uniform integrability holds.

Proposition B. For all v € PSH(X,;, w;),

1
/}‘(t e—ﬁ(‘//—SUPX; w)a)? < (4n)n .d - exp{—ﬁ /);l (w — sup ‘(ﬂ)w?}

Xy

Hypothesis (H1) is thus satisfied in this projective setting, with & = 1/nd, as soon
as we can uniformly control the L!-norm of 1. We take care of this in Section 3. This
non-trivial control requires the varieties X; to be irreducible (see Example 3.5).

Bypassing the projectivity assumption, we show that (H1) is actually satisfied for
many Kéhler families of interest, by generalizing a uniform integrability result of Skoda—
Zeriahi [61,72] (see Theorem 2.9). This is the content of Theorem 3.4.

o Hypothesis (H2). We analyze (H2) in Section 4. We show that, up to shrinking the base,
it is always satisfied if the f;’s are canonical densities associated to a proper, holomorphic
surjective map 7 : X — D from a normal, Q-Gorenstein Kéhler space X to the unit



E. Di Nezza, V. Guedj, H. Guenancia 2700

disk such that the central fiber has only canonical singularities; see Lemma 4.4 and its
application to families of Calabi—Yau varieties, Theorem F.

While previous works tend to use sophisticated arguments from Variations of Hodge
Structures (see e.g. the Appendix by Gross in [56]), we use here direct elementary com-
putations in adapted coordinates, in the spirit of [28, Sect. 6].

In the context of families of varieties with negative curvature though, it is essential
to allow worse singularities than the ones described above; see Setting 4.1 for the pre-
cise context. The trade-off is that the canonical densities do not satisfy condition (H2)
anymore, reflecting the fact that the local potentials of the Kahler—FEinstein metrics at
stake need not be bounded anymore. This legitimizes the introduction of a weaker con-
dition (H2") (see Theorem 1.5 and Lemma 4.6). This allows us to derive almost optimal
control of the potentials of Kéhler—Einstein metrics along a stable family; see Theorem E
below.

Let us end this subsection by emphasizing that our approach enables us to work with
singular families (i.e. families where the generic fiber is singular; see Theorems E and F)
as opposed to all previously known results on that topic, requiring one to approximate a
singular variety by smooth ones using either a smoothing or a crepant resolution.

We now describe more precisely four independent geometric settings to which we
apply the uniform estimate provided by Theorem A.

Families of manifolds of general type

Let X be an irreducible and reduced complex space endowed with a Kéhler form w and
a proper, holomorphic map 7 : X — D. We assume that for each ¢ € D, the (schematic)
fiber X; is an n-dimensional Kihler manifold X; of general type, i.e. such that its canon-
ical bundle Ky, is big. In particular, X is automatically non-singular and the map = is
smooth.

We fix a closed differential (1, 1)-form ® on X which represents ¢;(Kx/p) and set
0; = Olx,.

It follows from [11], a generalization of the Aubin—Yau theorem [3, 71], that there
exists a unique Kihler—Finstein current on X;. This is a positive closed current 7; in
c1(Kx,) which is a smooth Kihler form in the ample locus Amp(Ky, ), where it satisfies
the Kihler-FEinstein equation

Ric(Ty) = —T;.

It can be written Ty = 6; + dd€¢;, where ¢, is the unique 6;-psh function with min-
imal singularities that satisfies the complex Monge—Ampere equation

0 +dd )" = e“”“”w{’ on Amp(Ky, ),

where h; is such that Ric(w;) — ddh, = —6; and th ehfa);‘ = vol(Ky,). For x € X,
set
d(x) = %r(x)(x) 0.1
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and consider
Vo = sup{u € PSH(X, ®);u < 0}. 0.2)

We prove that conditions (H1) and (H2) are satisfied in this setting. It then follows from
Theorem A and the plurisubharmonic variation of the 7;’s [14, Thm. A] that ¢ — Vg is
uniformly bounded on compact subsets of X (cf. Theorem 5.5 and Remark 5.6):

Theorem C. Let w : XX — D be a smooth Kdhler family of manifolds of general type, let
O € c1(Kx/p) be a smooth representative and let ¢ be the Kihler—Einstein potential as
in (0.1). Given any compact subset KX € X, there exists a constant M y such that

My <¢p—Vo = Mg
on K, where Vg is defined by (0.2).

The same results can be proved if the family 7 : X — D is replaced by a smooth
family 7 : (X, B) — D of pairs (X;, B;) of log-general type, i.e. such that (X, B;) is kit
and Kx, + B; isbig forall7 € D.

Stable families

A stable variety is a projective variety X such that X has semi-log-canonical singularities
and the Q-line bundle Ky is ample. We refer to [43, 50] for a detailed account of such
varieties and their connection to moduli theory.

In [7], it was proved that a stable variety admits a unique Kéhler—Einstein metric w,
i.e. a smooth Kihler metric on X, such that, if n = dim¢ X,

Ric(w) = —w and / o" = (Ky).
Xreg

The metric w extends canonically across X,e to a closed, positive current in the class
c1(Kx). It is desirable to understand the singularities of @ near Xgne. In [38, Thm. B],
it is proved that @ has cusp singularities near the double crossings of X. Moreover, it is
proved in [62] that the potential ¢ of w with respect to a given Kihler form wy € c¢1(Kx),
i.e. w = wy + dd€g, is locally bounded on the kit locus of X. We make this assertion
more precise by establishing the following (see Proposition 5.9).

Proposition D. For any € > 0, there is a constant C such that
Ci>¢>—m+1+¢)log(—logl|s|) — Cs, (0.3)
where (s = 0) is any reduced divisor containing the non-klt locus of X.

This estimate is almost optimal. Indeed, if X is the Satake—Baily—Borel compactifica-
tion of a ball quotient, it is a normal stable variety and it admits a resolution (X, D) which
is a toroidal compactification of the ball quotient obtained by adding disjoint abelian
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varieties. Then the potential ¢ of the Kihler—Einstein metric on (X, D) with respect to
a smooth form in ¢ (K% + D) satisfies

¢ = —(n + 1) log(=log|sp|) + O(1)

if (SD = 0) =D.

A slight refinement of Theorem A (see Theorem 1.5) allows us to establish a uniform
family version of estimate (0.3). In order to state it, let X be a normal Kihler space and
let 7 : X — D be a proper, surjective, holomorphic map such that each fiber X, has
slc singularities and Kx/p is an ample Q-line bundle. If wx € c1(Kx/p) is a relative
Kéhler form and wy, := wx|x,, then the Kéhler—Einstein metric of X, can be written as
wx, + dd€p; where ¢, is uniquely determined by equation (5.7). The behavior of ¢, is
then described by the following (see Theorem 5.11)

Theorem E. Let X be a normal Kiihler space and let w : XX — D be a proper, surjective,
holomorphic map such that:

e FEach schematic fiber X; has semi-log-canonical singularities.
o Ky /p is an ample Q-line bundle.

In particular, X; is a stable variety for any t € D. Assume additionally that the central
fiber Xy is irreducible.

Let wx, + dd°¢; be the Kihler—Einstein metric of X; and let D = (s = 0) C X be
a divisor which contains NKIt(X, Xo) (see (4.4)). Fix a smooth hermitian metric | - | on
Ox (D). Up to shrinking D, for any & > 0, there exists C, > 0 such that

Ci>¢r>—(m+1+¢)log(—logls|) — C;
on X; foranyt € D.

Let us finally mention the very recent results of Song, Sturm and Wang [63, Proposi-
tion 3.1] where similar bounds are derived in the context of smoothings of stable varieties
over higher-dimensional bases, with application towards Weil—Petersson geometry of the
KSBA compactification of canonically polarized manifolds.

Families of Q-Calabi—Yau varieties

A Q-Calabi-Yau variety is a compact, normal Kahler space X with canonical singularities
such that the Q- line bundle Ky is torsion. Up to taking a finite, quasi-étale cover referred
to as the index 1 cover (see e.g. [46, Def. 5.19]), one can assume that Ky ~7z Ox. Given
any Kiéhler class o on X, it follows from [28] and [55] that there exists a unique singular
Ricci-flat Kéhler metric wgg € «, i.e. a closed, positive current wgg € o with globally
bounded potentials inducing a smooth, Ricci-flat Kihler metric on Xp,.

Now, we can consider families of such varieties and ask how the bounds on the poten-
tials vary. This is the content of the following (see Theorem 6.1 and Remark 6.2).
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Theorem F. Let X be a normal, Q-Gorenstein Kdihler space and let 7 : XX — D be a
proper, surjective, holomorphic map. Let o be a relative Kdihler cohomology class on X
represented by a relative Kdhler form w. Assume additionaly that:

o The relative canonical bundle K p is trivial.
o The central fiber Xy has canonical singularities.
e Assumption 3.2 is satisfied.

Up to shrinking D, each fiber X; is a Q-Calabi-Yau variety. Let wxg,s = w; + dd¢; be
the singular Ricci-flat Kdhler metric in o;, normalized by fo swf = 0. Then, given any
compact subset K € D, there exists C = C(K) > 0 such that

oscy, ¢ < C
foranyt € K, where oscy, ¢; = supy, ¢r — infy, ¢;.

In the case of a projective smoothing (i.e. when X admits a r-ample line bundle and
X is smooth for ¢ # 0), the result above has been obtained previously by Rong—Zhang
[56] by using the Moser iteration process.

Log Calabi—Yau families

Let X be a compact Kihler manifold and let B = )_ b; B; be an effective R-divisor such
that the pair (X, B) has kit singularities and ¢;(Kx + B) = 0.

It follows from [11,28,71] that one can find a unique Ricci-flat metric in each Kéhler
class o;. A basic problem is to understand the asymptotic behavior of these metrics as
o approaches the boundary of the Kéhler cone. Despite motivations coming from mir-
ror symmetry, not much is known when the norm of «; converges to +oo (this case is
expected to be the mirror of a large complex structure limit; see [49]). We thus only con-
sider the case when a; — ap € dKx.

The non-collapsing case (vol(cg) > 0) can be easily understood by using Theorem A
(see Theorem 6.5). We describe here a particular instance of the more delicate collapsing
case vol(ag) = 0. Let f : X — Z be a surjective holomorphic map with connected fibers,
where Z is a normal Kihler space. Let wy (resp. wz) be a Kéhler form on X (resp. Z). Set
wy = f*wz + twy. There exists a unique singular Ricci-flat current wy, := w; + dd€¢;
in{f*wz + twy} fort > 0, where fX prwy = 0. It satisfies

ol =Vi-wix.p. Wwhere [x,p) = (sA5)Me 5,

Here, s € HO(X, m(Kx + B)) is any non-zero section (for some m > 1) and ¢p is the
unique singular psh weight on Ox (B) solving dd€¢p = [B] and normalized by

/(s A5 mem9B = 1,
X

The probability measure fi(x,p) has L'1¢ density with respect to % thanks to
[29, Lem. 2.3]. It follows therefore from [28] that there exists a unique current weo € {wz}
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that solves the Monge—Ampere equation

oo, = frll(X,B)-

In the case where X is smooth, B = 0 and c¢; (X) = 0, the Ricci curvature of w, coincides
with the Weil-Petersson form of the fibration f of Calabi—Yau manifolds.

Understanding the asymptotic behavior of the wy,’s as ¢ — 0 is an important problem
with a long history; we refer the reader to the thorough survey [68] for references. We
prove here the following:

Theorem G. Let (X, B) be a log smooth kit pair such that ¢1(Kx + B) = 0 and such that
X admits a fibration f : X — Z. With the notations above, the conic Ricci-flat metrics
we, € {fTwz + twx} converge to [*woo as currents on X when t goes to 0.

When B = 0 is empty, it has been shown in [32, 39, 67, 69] that the metrics wy,
converge to f *we, in the €% sense on compact subsets of X \ Sy for some @ > 0, where
Sy = f~1(Sz) and Sz denotes the smallest proper analytic subset £ C Z such that ¥
contains the singular locus Zg, of Z and the map f is smooth on f~!(Z \ X).

The proof of Theorem G follows the strategy developed by the above papers with
several twists that notably require the extensive use of Theorem A and conical metrics.

1. Chasing the constants

Our goal in this section is to establish the following a priori estimate which is a refinement
of the main result of Kotodziej [48] (see also [24,27,28]):

Theorem 1.1. Let (X, wy) be a compact Kdihler manifold of complex dimension n € N*
and let  be a semipositive form which is big, i.e. such that

V.= volw(X)=/a)” > 0.
b'¢

Let v and u = fv be probability measures, with 0 < f € LP(v) for some p > 1. Assume
the following two assumptions are satisfied:

(H1) there exist « > 0 and Ay > 0 such that for all ¥ € PSH(X, w),
/ e~ @W—supx ¥) 7, < Ag:
X

(H2) there exists C > 0 such that (fy | f|? dv)'/? < C.

Let ¢ be the unique w-psh solution ¢ to the complex Monge—Ampere equation
V7w +dd )" = p,
normalized by supy ¢ = 0. Then —M < ¢ < 0 where
M =1+ Clnplinaee/nap (5 4 ea=1C(gN)/741/9],

1/p + 1/q = 1 and by is a constant such that exp(—1/x) < b"x?" for all x > 0.
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Hered =3+ dand d€ = %(8 —9) so that dd¢ = i 9. Recall that a function ¢ : X —
R U {—o00} is w-plurisubharmonic (w-psh for short) if it is locally given as the sum of a
smooth and a psh function, and such that w 4+ dd ¢ > 0 in the weak sense of currents.
We let PSH(X, w) denote the set of all w-psh functions.

The non-pluripolar Monge—Ampere measure for arbitrary w-psh functions has been
defined in [11]. It follows from assumption (H1) that the measure p does not charge
pluripolar sets, since the latter can be defined by w-psh functions (as follows easily from
[33, Thm. 7.2] since a big class contains a Kéhler current). The existence of a unique
normalized w-psh solution to V™ (w + ddp)" = u follows from [11, Thm. A] (the
case of Kdhler forms had been earlier treated in [26, 34]).

We will use this result to obtain uniform a priori estimates on normalized solutions ¢,
to families of complex Monge—Ampere equations

Vi Nwr +ddCo)" =

when hypotheses (H1)—(H2) are satisfied, i.e. the constants 1/o;, Ay, , g;, C; in the theo-
rem are actually bounded from above by uniform constants 1/«, A, q, C independent of ¢.
Here ¢ denotes the conjugate exponent of p > 1,1/p + 1/¢q = 1. The assumption on this
exponent is thus that p > 1 stays bounded away from 1.

The reader should keep in mind that assumption (H1) is the strongest of all. In some
applications one can assume f = 1, hence (H2) is trivially satisfied.

We are going to eventually obtain a version of Theorem 1.1 that applies to big coho-
mology classes, extending [11, Thm. B]. The proof is almost identical but explaining the
statement requires introducing various notions and technical notations, so we first treat
the case of semipositive classes and deal with the general case in Section 1.4.

1.1. Preliminaries on capacities
Let K C X be a Borel set and consider
Vk.w := (sup{y ;¥ € PSH(X,w) and ¥ < 0on K})*,

where * denotes upper semicontinuous regularization.
The Alexander-Taylor capacity is

Tw(K) = exp(— sup VK,,,)).
X

It is shown in [35, Lem. 9.17] that if K is pluripolar then Vk , = 400 and 7, (K) = 0.
If K is not pluripolar then

— 0 < Vk. € PSH(X, ) and Vi ,, = 0 on K off a pluripolar set;
— the Monge—Ampere measure MA(Vk 4, ) is concentrated on E.

Here and in what follows, we denote by

MA(u) = %(w +ddu)"
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the normalized Monge-Ampére measure of a w-psh function u, where V = [, y 0" ={w}"
is the volume of the cohomology class {w}. It is defined for any w-psh function u (see
e.g. [34, §1.1]). For a Borel set K C X, the Monge—Ampere capacity is

Cap,, (K) := sup {/ MA(u);u € PSH(X,w) and 0 < u < 1}.
K

This capacity also characterizes pluripolar sets, i.e.
Cap; (P) =0 <= P is pluripolar.
Here Cap}, is the outer capacity associated to Cap,,, defined for any set £ C X as
Cap} (E) := inf{Cap,(G) ; G open, E C G}.

Moreover, if K C X is a compact set then Cap],(K) = Cap,, (K).
The Monge—Ampere and the Alexander-Taylor capacities compare as follows:

Lemma 1.2.

1

We refer the reader to [33, Prop. 7.1] for a proof, which also provides a reverse
inequality that is not needed in the following.

1.2. Proof of Theorem 1.1
1.2.1. Domination by capacity. It follows from Holder’s inequality and (H2) that
p<Cv'a,

where ¢ is the conjugate exponent, 1/p + 1/q = 1.
Let K C X be a non-pluripolar Borel set. Recall that Vi ,, (x) = 0 for v-almost every
point x € K. Hypothesis (H1) therefore implies that

v(K) < / e VKo dy < A, T, (K)*.
X

Combining previous information we obtain

a/q

K) < CAY4e¥ exp| ———L1
M) = AT~ G, T

} < D Cap, (K)?,
where

D =brcAYe%e,
with b, a numerical constant such that exp(—1/x) < b x?" for all x > 0.

We now need to relate the Monge—Ampere capacity of sublevel sets of a w-psh func-
tion to the Monge—Ampere measure of similar sublevel sets:

Lemma 1.3. Let ¢ be a bounded w-psh function. For all s > 0and 0 < § < 1,

8" Cap,,({¢ < —s —8}) < MA(p)({g < —s})
We refer to [28, Lem. 2.2] for a proof.
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1.2.2. Bounding the solution from below. Under our assumptions (H1)-(H2), it follows
from general arguments that there is a unique bounded w-psh solution ¢ of MA(¢) = u
normalized by supy ¢ = 0 (see Remark 0.1). The non-expert reader could even think that
¢ is smooth; the point here is to establish a uniform a priori bound from below.

We let f : RT — R™ denote the function defined by

1
f(s) = —--log Cap,, ({¢ < —s}).

Observe that f is non-decreasing and such that f(+o00) = 4o0. It follows from our
previous estimates that for alls > 0and 0 < § < 1,

fs+68)=2f(s)+logé — #.

Our next lemma guarantees that such a function reaches +oo in finite time:

Lemma 1.4. f(s) = +ooforall s > 5DV" + 5o, where
so = inf{s > 0;eD" Cap,({¢ < —s}) < 1}.
Proof. We define a sequence (s;) of positive reals by induction as follows:
Sji+1=s8; +6; with §; = eD'/™ exp(—f(s7)).

We fix s large enough (as in the statement of the lemma) so that o < 1. It is straightfor-
ward to check, by induction, that the sequence (s;) is increasing, while (§;) is decreasing.
Thus 0 < §; < 1 and

f(sj+1) = f(sj)+ 1. hence f(s;) > .
We infer §; < eD'/" exp(—;) and

Soo = S0 + Z(Sj+1 —5j) <So+ ZeDl/" exp(—j) < so + 5DV™. [
Jj=0 Jj=0

It remains to obtain a uniform bound on s¢. It follows from the Chebyshev inequality
and Lemma 1.3 (used with § = 1) that for all s > 0,

Capylp <=5 1) = ¢ [ Cordn.

since MA(¢) = . The Holder inequality and (H2) yield
1/q
/(—w)du < C(/ (—p)? dv) -
X X

q!
t?7 < — exp(at)
ol

Observe that for all ¢ > 0,
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and use (H1) to conclude that

Clgh'a 4,/
Cap,({gp < —s —1}) < Cah A
oas

Thus
C(g)V14,/

o

so=1+eD!"

is a convenient choice. This yields the desired a priori estimate and concludes the proof.

1.3. More general densities

The setting of Theorem 1.1 is the most commonly used in geometric applications, as it
allows one e.g. to construct Kidhler—Einstein currents on varieties with log-terminal singu-
larities (see Section 6). For varieties of general type with semi-log-canonical singularities
(see Section 5.2), one has to deal with slightly more general densities. The following
result is a refinement of [48, Thm. 2.5.2] and [28, Thm. A].

Theorem 1.5. Let (X, wy) be a compact Kihler manifold of complex dimension n € N*
and let w be a semipositive form with V := vol,(X) = [y " > 0. Let v and 1 = fv
be probability measures, with 0 < f € LY(v). Assume the following assumptions are
satisfied:

(H1) there exists @ > 0 and Ay > 0 such that for all ¥ € PSH(X, w),
/ e~ eW—swx V) gy, < 4,
; =<
(H2') there exist C, & > 0 such that

| f1hog s+ v < c.

X

Let ¢ be the unique w-psh solution ¢ to the complex Monge—Ampere equation
VN w+dd¢o)" =

normalized by supy ¢ = 0. Then —M < ¢ <0, where M = M(C,¢,n, Ay).

Proof. The proof follows the same lines as that of Theorem 1.1, so we only emphasize
the main technical differences and focus on the case ¢ = 1. Set, forr > 0,

n+1

A0 =@+ (=)

j=0

(”j DY log(r + 1))/

Observe that y is a convex function such that y(0) = 0 and y'(¢) = (log(t + 1))*T1. Its
Legendre transform is

X7(s) = sup {51 = (O} = st(s) — x(1(s)).
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where 1 + 1(s) = exp(sﬁ) satisfies s = y(¢(s)), thus
X7(s) = P(s7H) exp(s THT) — s,
where P is the following polynomial of degree n:
n . (n + 1)| .
P(X)=) ()" —=x/.
4 J!
j=0

We let the reader check that (H2') is equivalent to || ||, < C’, where || f||,, denotes
the Luxemburg norm of f,

171 f=inf{r>0:/xx(|f|/r)dv - 1}.

Let K C X be a non-pluripolar Borel set. It follows from the Holder—Young inequality
[6, Prop. 2.15] that
P(K) < 2C"|[1k |+,

where |1k ||+ = inf{r > 0;v(K)x*(1/r) < 1} =: rx with

x*(1/rg) = 1/v(K).

We are interested in the behavior of this function as v(K) approaches zero, i.e. for

small values of rg. Observe that y*(s) < exp(2sn7jrl) fors > 1/r,, hence

2n+2c/
K)<§é Ky<2C'rg < ——+———.
V(K) < 80 = u(K) =207k = o

Recall that (H1) and Lemma 1.2 yield

o
o) = e~ )
w

It follows that for v(K) < §,,
u(K) < C" Cap,, (K)'+1/",

and we can then conclude by reasoning as in Lemma 1.4. This completes the proof when
& = 1. The proof for arbitrary ¢ > 0 is similar, the crucial point being the domination of

by a multiple of Capl™#/", with an exponent 1 + &/n > 1. [

1.4. Big cohomology classes

We now consider a similar situation where the reference cohomology class « is still big
but no longer semipositive. We assume for convenience that the ambient manifold (X, wy)
is again compact Kihler, but one could equally well develop this material when X belongs
to the Fujiki class (i.e. when X is merely bimeromorphic to a Kéhler manifold).
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By definition « is big if it contains a Kdhler current, i.e. there is a positive current
T € a and ¢ > 0 such that 7" > swy . It follows from [23] that one can further assume that
T has analytic singularities, i.e. it can be locally written as T = dd“u with

N
c
u=log[ Y 1f17] +v.
j=1

where ¢ > 0, v is smooth and the f;’s are holomorphic functions.

Definition 1.6. We let Amp(«) denote the ample locus of «, i.e. the Zariski open subset
of all points x € X for which there exists a Kihler current in o with analytic singularities
which is smooth in a neighborhood of x.

It follows from the work of Boucksom [10] that one can find a single Kéhler current Ty
with analytic singularities in o such that

Amp(x) = X \ Sing Typ.

We fix a smooth closed differential (1, 1)-form 6 representing «. Following Demailly,
one defines the following 8-psh function with minimal singularities:

Vg :=sup{u;u € PSH(X, 0) and u < 0}.

Definition 1.7. A 0-psh function ¢ has minimal singularities if for any other 6-psh func-
tion u, there exists C € R suchthatu < ¢ + C.

There are plenty of such functions, which play here the role of bounded functions
when « is semipositive. Demailly’s regularization result [23] ensures that o contains
many 6-psh functions which are smooth in Amp(«). In particular, a 6-psh function ¢
with minimal singularities is locally bounded in Amp(«). The Monge—Ampére measure
(0 + dd€¢)" is thus well defined in Amp() in the sense of Bedford and Taylor [4].

Definition 1.8. It follows from the work of Boucksom [9] that
/ O +dde) =:Vy >0
Amp(a)

is independent of ¢; it is the volume of the cohomology class «.

One can therefore develop a pluripotential theory in the Zariski open set Amp(«).
This was done in [11], where the following properties have been established:
— the class PSH(X, 6) enjoys several compactness properties;

— the operator MA(¢) = V1 (6 + dd°¢)" is a well defined probability measure on the
set of 6-psh functions with minimal singularities;

— the extremal functions Vg g = sup {u ;u € PSH(X, ) andu < Oon K} and the
Alexander—Taylor capacity Tp(K) = exp(— supy Vk,¢) enjoy similar properties to
those in the semipositive case;
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— in particular Ty (K) compares similarly to the Monge—Ampére capacity
Capy(K) := sup {/ MA(u);u € PSH(X,0)and 0 <u — Vy < 1};
K

— the comparison principle holds so Lemma 1.3 holds here as well.
The same proof as above therefore produces the following uniform a priori estimate,
which is a refinement of [11, Thm. 4.1]:

Theorem 1.9. Let (X, wy) be a compact Kihler manifold of complex dimension n € N*.
Let a be a big cohomology class of volume Vi > 0 and fix a smooth closed differential
(1, 1)-form 6 representing c.

Let v and u = fv be probability measures with 0 < f € L?(v) for some p > 1.
Assume the following assumptions are satisfied:

(H1) there exista >0, Aq > 0 such that for all e PSH(X, 9), fX e eW—swx V) gy < A, ;
(H2) there exists C > 0 such that ([y | f|? dv)'/? < C.

Let ¢ be the unique 0-psh function with minimal singularities such that
Vo ' (0 +dd)" =
and supy ¢ = 0. Then —M < ¢ — Vy < 0 where
M =1+ CYral/na e2/map (5 4 ea'C (1)1 4L/9],
where by, is a uniform constant such that exp(—1/x) < b"x*" for all x > 0.

Remark 1.10. We also have an analogue of Theorem 1.5 in the big setting.

2. Uniform integrability

We wish to apply the previous uniform estimates when the complex structure of the under-
lying manifold varies. In this section we pay a special attention to assumption (H1), by
generalizing an integrability result of Skoda—Zeriahi [61,72].

2.1. Notations

In all what follows, given a positive real number r, we denote by D, := {z € C;|z| < r}
the open disk of radius r in the complex plane. If r = 1, we simply write D for D;.

Setting 2.1. Let X be an irreducible and reduced complex Kiihler space. We let 1 :
X — D denote a proper, surjective holomorphic map such that each fiber X; = 7~ 1(t)
is an n-dimensional, reduced, irreducible, compact Kdhler space, for any t € D.

For later purposes, we pick a covering {Uy }o of X by open sets admitting an embed-
ding jo : Uy < C¥ for some N > n + 1. Moreover, we fix a Kihler form @ on X. Up
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to refining the covering, the datum of w is equivalent to the datum of Kihler metrics on
open neighborhoods of j,(Uy) C C¥ that agree on each intersection Uy © N U /;eg. Equiv-
alently, w is a genuine Kahler metric on X such that (jo)«(@[y2) is the restriction of
a Kihler metric defined on an open neighborhood of j, (Uy) € CV.

Let us point out that this definition of a Kdhler metric on a singular space X is much
more restrictive than merely asking for a Kihler metric on X, (even if one requires, say,
that the latter has local potentials near Xg,s, and that those are bounded). One important
property that Kéhler metrics satisfy is that their pull-back under a modification is a smooth
form (i.e. locally the restriction of a smooth form under a local embedding in CV); in
particular, it is dominated by a Kéhler form.

Foreacht € D, we set

w; = oy, .

An easy yet important observation is the following.

Lemma 2.2. In Setting 2.1 and using the notation above, the quantity th w} is indepen-
dent of t € D. We will denote it by V in the following.

Proof. The function D > ¢ + [, ' coincides with the push-forward current 0" of
bidimension (1, 1). Its distributional differential is zero as d commutes with 74 and w is
closed. ]

We fix a smooth, closed differential (1, 1)-form ® on X and set §, = O[x,. Up to
shrinking D, one will always assume that there exists a constant Cg > 0 such that

—Cow < O < Cow. 2.1)

In particular, PSH(X,, 6;) € PSH(X,, Cow;). We assume that the cohomology classes
{6,} € HV1(X;,R) are psef, i.e. the sets PSH(X/, 8;) are non-empty for all z. The notions
of (quasi-)plurisubharmonic functions, positive currents and Monge—Ampere measure are
well defined on singular spaces [22].

2.2. Uniform integrability index

Recall from [21, Déf. 3] that if T is a closed, positive current of bi-dimension (p, p) on
a complex space X and if x € X is a closed point, then the Lelong number of T at x is
defined as the limit

w(T, x) := lim" € T A(ddy)?, (2.2)

r—0 r2p {v<r}

where ¥ := Y, |gi|? and (gi)ies is a (finite) system of generators of the maximal ideal
my,x C Ox . Itis proved in loc. cit. that the limit above is a decreasing limit, independent
of the choice of the generators. Moreover, one has the formula

v(T, x) =/ T A (dd€logy)? (2.3)
{x}
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(see [21, bottom of p. 45]). Finally, if ¢ is a 8-psh function on X for some smooth, closed
(1, 1)-form O, then the Lelong number of ¢ at a given point x € X is defined to be the
quantity v(6 4+ dd€¢, x).

Proposition 2.3. In Setting 2.1, let ¢; € PSH(X;, 8;) be a collection of 6;-psh functions
on X;. Then
sup sup v(¢y,x) < 4o0.

teﬁl/z xeX;

Proof. Let U}, € U, be a relatively compact open subset such that the U], are still a
covering of X. Up to adding more elements to the initial covering, one can always assume
that one can find such a refinement. One picks cut-off functions y such that y4 =1 on U,
and Supp(x«) C Uy. Now, let x € X; there exists @ = a(x) such that x € U,. Recall
that we have an embedding j, : Uy — CV; we set x’ := jy(x) and Gy : CVN 3 z >
log(ZlN=1 |zi —x] |2). One can easily check that there exists a constant A > 0, independent
of the point x now ranging over the compact set 7~ (D, /2), such that the function

Hy = Xa'j;Gx/
defines an Aw-psh function on the whole X . By (2.3), one has
) = [0+ ddop) A @G Gl

X

5/ O; +dd e;) A (ddHy)" ™!
ULNX;

< / (0; +dd ;) A (Aw; + dd® Hy)" !
UyNX;

< / (Cowr + dd o) A (Awy +dd® Hy'™!
Xy
= C@An_l- V.
The conclusion follows. [ ]

It follows from Skoda’s integrability theorem [61] that the Lelong number v(¢;, x)
controls the local integrability index o (¢;, x) of a 6;-psh function ¢;,

a(pr, x) :=supf{c > 0;e % € L (X;,x)},

via

e w = @ =50

Proposition 2.3 thus yields:

Corollary 2.4. In Setting 2.1,

a(®) :=inf{a(p;, x);t € ﬁl/z, x € Xy, ¢, € PSH(X,,6;)} > 0.
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2.3. Skoda’s integrability theorem in families: the projective case

Zeriahi [72] has established a uniform version of Skoda’s integrability theorem. We now
further generalize Zeriahi’s result by establishing its family version.

We first provide a very explicit result in the projective case which does not rely on
Corollary 2.4 unlike its general Kihler analogue that will be given later (see Theorem 2.9).
This should also help the reader in following the somehow tricky computations in the
general Kihler case.

Proposition 2.5. Let V C PN be a projective variety of complex dimension n and
degree d. Let w = wgs|y and ¢ € PSH(V, ) be such that supy, ¢ = 0. Then

1
/ e"7a " <@n)*-d 'exp{——/ <pw"}.
v nd Jy

To our knowledge, the inequality in Proposition 2.5 is new.

Remark 2.6. When 7 : X’ — D is a projective family whose fibers have degree d with
respect to a given projective embedding, the above result gives the integrability of e~ na ¥
on V; := n~1(¢). In particular, a(wgs) > ﬁ.

Proof of Proposition 2.5. Embedding P! in P2 if necessary, we assume without loss of
generality that N > 2. We first claim that it is enough to prove the proposition when ¢
is smooth. Indeed, thanks to [19, Cor. C], there exists a sequence of smooth functions
on € PSH(V, wps) decreasing pointwise to ¢. Let €, := supy ¢,; by Hartogs’ theorem,
we have g, — 0. If the proposition holds for smooth functions, we will have

en-(d=1) 1
/ eTRavn " < ¢ ia : 4n)" - d -exp{——/ (pna)”}.
v nd Jy

Using the Fatou lemma and the monotone convergence theorem, we deduce the expected

inequality for ¢. From now on, we assume that ¢ is smooth.
The projective logarithmic kernel on PV x P is defined by

e Ayl y
G(x,y):=1 — ], ,y e PV,
) Og(nxn i)

writing x, y in homogeneous coordinates. By [2, Lem. 4.1], for any fixed y, x — G(x, y)
is a non-positive wgs-psh function in PV such that (wps + ddSG(-, y))N = §,. We set
g = G|y and g, = g(:, y). By definition, g, has Lelong number 1 at y. Therefore, it
follows from [22, Cor. 4.8] that a)zy ‘= (w+dd°g(-,y))" = §y. From the Stokes formula
(cf. Lemma 2.11 below) it follows that

w(y)Z[waEy =[V<p(w+ddcgy)Aw§;1
_ n—1 c n—1 _ n—1
_/prw/\wgy +/ng(a)+dd @) N wg, /nga)/\wgy

n—1 n—1
Z/gﬂa)/\a)gy —i—/ gyw¢Awgy s
|4 |4
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using the fact that g, < 0. One obtains similarly
/ pw A a)gy_l > / p? /\a)gy_2 + [ gy® A Wy A a);y_2
14 14 v
2 n—2 n—1
> /Vq)a) /\a)gy +/nga),p/\a)gy s
where the second inequality follows from
/ 8yW A Wy A a)g;z = / 8yWe A a)g;l + / dgy Nd°gy A wy A a)g;z
14 | 14 14
n—1
> /nga)(p A a)gy .
Iterating the process n times we end up with
o) z[ po” +n/ gywp A wy .
v v
Hence {
/ e~ na® " < exp{——/ <pa)”} -1,
14 nd Jy
where :
= [ ewlg [ oo o oo
yev xeV
The (n, n)-form % c Wy A a)gv_l induces a probability measure on V' given that
n—1 _ n—1 _ n —
/;/a)(p/\a)gy = /]P’N Wy N g A V] =Awss}" -{V} =d.
From Jensen’s inequality, one can then derive
1
P [ et 0,00 A @) + ddgero) T Aol
d yeV JxeV
Lemma 2.8 (i) below yields
wo(xX) A ((x) +ddlg(x,y))" !t < e 20"DEEN ) (x) A w(x)" L.
Lemma 2.8 (ii) (for § = 1/2n) now yields
1
1< —/ / e(_2"+1)g(x’y)a)q,(x) Ao@)" T Aw()"
d yeV JxeV
1
= — (/ [6_2(1_21")g(x’y)w(y)]”)a)w(x) A w(x)n—l
d xeV \JyeV
1
< (4n)"/ (—/ (w+ddy1 o gx)")ww(x) Aw(x)"!
xev \d yev 2n
L]

= (4n)"/ . Wy (X) Aw(x)"! = (4n)" - d.
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Remark 2.7. The same arguments as above show that for any y € (0, 2),

/ e~ naP " <C -dexp{—Ld/ (pa)”},
1% nd Jy

where C,, > 0 depends on n and y. We have fixed y = 1 in the above proposition to
simplify the statement.

Lemma 2.8. With the notations of the proof of Proposition 2.5, fix a point y € V and set
g = &y. Moreover, let § € (0, 1). Then the following inequalities hold as currents on V' :

() we < e 22w,

(i) $e720-980w <w +dd°ys0g.

28
Here, xs is the function defined on R by ys(t) := %.
It is understood here that we take derivatives with respect to x and the estimates are

uniform both in x and y.

Proof. We proceed in three steps.

Step 1. Reduction to a computation on CN . First of all we observe that the function g
as well as the (1, 1)-currents w and wg are the restrictions to V' of a function or (1, 1)-
currents on PV . As positivity is preserved by restriction to a subvariety, it is enough to
prove the inequalities of currents above on the whole PY where they make sense as well.

Now, recall that PU(N, C) acts transitively on P by transformations preserving wgs
and an isometry u sends Gy to Gy(y). Therefore it suffices to prove all the inequali-
ties above on PV, for the special point y = [1 : 0 : --- : 0]. We work in the affine chart
(Uy,z) where Uy :={x e PV : x; #0}and z := (zj)j» zj = xj/x1. In these coordinates
wrs|y, = %dd“ log(1 + ||z]|?). Note that Uy is dense in P¥ and both wgs, wg are smooth
on the complement P¥ \ Uy; thus it is sufficient to prove the inequalities on U; ~ C¥ .

We actually claim that it is sufficient to prove the inequalities on U; \ {y}, where all
the currents involved are smooth differential forms. This is because neither of the positive
currents e 2% wgs and wps + dd€ x5 o G on PV puts any mass on {y}. This follows from
the integrability of e=2G for the first one (recall that N > 2) and the boundedness of
xs o G for the second one.

As observed in [2, Lem. 4.1], for (x,y :=[1:0:---:0]) € U; x Uy we have

G(x.y) = N(z.0) — 3 log(1 + |Iz]|?).
where z = z(x) and N(z,0) := %log |z||?. Thus in U; we have e 26 =1+ W and
w(x)+ddiGy(x) =dd{N(z,0) = %afalzc log ||z ||%.
Let

N N
B:=dde||z||* =i Zdzk AdZ, and @y = kadzk.
k=1 k=1
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Step 2. Proof of (i). Standard computations give

(I + 12178, — 22k N 1 12078, — 22k

an =
2(1 + [|z11)? k2 lzl*

((UFS)j]E =

or equivalently

1( 1 8 1 o A ) d 1( 1 8 | NG )
WFS = — — 1405 WAY A1 an WG ==\ — P11\ ).
2\ 1+ 2127 (A +z07)? 2\=127 ll=1

The matrix A(z) := (z;Z;);; is semipositive with rank at most 1 and trace ||z||?. Therefore,
if A, u € R (they can depend on z), the matrix A Id 4+ @A is hermitian with eigenvalues A
(with multiplicity N — 1) and A + ||z||? -  (with multiplicity 1). In particular, it is semi-
positive if and only if A > max(0, —||z||% - ).

The computations above show that the eigenvalues of the (1, 1)-form A8 + pioy A @y
with respect to B are A and A + ||z||? - . Now, if C is some non-negative constant, the
(1, 1)-form Ce™28 wps — wg can be rewritten as follows:

1
201+l

The latter form is semipositive if and only if C > 1. This proves (i).

[(€ = DIzIPA +[120%) - B+ (A + 12I*) = Cliz]1*] - ieex A G ]-

Step 3. Proof of (ii). Observe that ys is convex increasing with 0 < ys < 1/2forz <0.
Standard computations give ddys o G = x50 Gdd°G + x§ o GdG A d°G. Next, we

have | ”2
1 14+ 2|z
dd‘G = |:,3— 'l'Otl/\(?ll]
2[z[I2(1 + [12]1%) IZII2(1 + [z]1?)

with the notation introduced in Step 1. Similarly,

1
dG ANd°G = o] ANQj.
AlzlI* (1 + [1z11)?

To lighten notation, we will from now on write y (resp. x”) to denote y§ o G (resp.
X5 © G). One has

1 X 31 =10 +2]z)?) _
wps—i-ddc)(gOG: |:(1+ )ﬂ—i— 2 iy ANdq |.
2(1 4 |1z|12) (45 Iz1*(X + 1Iz]1%)

As a result, the two eigenvalues A, it of wps + dd€ xs o G with respect to wgs are given
by

/!

X
P
Bk
1.7 / 2 "
X "= (1 +2]z]%) s X
=+l ( TEE T ErarEn ) SO ET 0 50

Using the definition of y and the fact that e 2

1,-2(1-8)G
26

G -1+ W, one easily sees that A >

and ;> %e‘z(l_‘s)G. The conclusion follows. n
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2.4. Skoda’s integrability theorem in families: the general case

In this section, we bypass the projectivity assumption and establish a quite general family
version of Skoda’s integrability theorem, valid for families of compact Kéhler varieties:

Theorem 2.9. In Setting 2.1, choose o € (0, «(®)), which is possible thanks to Corol-
lary 2.4. Then there exist constants Ay, C > 0 such that for all t € D, /2 and for all
@ € PSH(X,, 6;) with supy, ¢; = 0,

/ e el < Cexp{—Aa[ (pta);’}. 2.4
Xt Xt

Proof. The proof follows the strategy of [72], as presented in [35, Thm. 2.50]. There
exist a finite number of trivializing charts {U,} of X such that 7~'(D, /2) € Uy Usr.
The statement will then follow if we prove the bound for the integral on the left-hand
side replacing X; by X; N U;. Moreover, we can assume that we have an immersion
Jje : Uy = B, where B is the unit ball in C. Up to shrinking Uy, one can also assume
that there exists a smooth function p on B such that supg p = —2 and O|y, = dd°j}p.
We define p; := (j}p)|u,nx,; this is a potential of 6; |y, nx,. Note that ; := ¢; + p; is
a non-positive psh function in U; N X; such that

0 =22V > ¢ —Cq (2.5)

for some constant C; > 0 depending only on U;. It is also clear that proving (2.4) is
equivalent to showing that

[ e_"””’a);’ <C; exp{—Aa,,/ wta);’} (2.6)
UfﬂX[ UTnXt

for some constants C;, Ay . that do not depend on ¢.

Claim 2.10. It is sufficient to prove (2.6) for smooth, non-positive psh functions Yy on
U, N X; such that
ddy, = (j7dd®||z||")lx, @.7)

Proof of Claim 2.10. Indeed, as

_ _ sk 2
/ eVt < ea/ Wi 1) gy
UIﬂX[ UrﬂXt

we can replace ¥, by the function ¥, + j*| z||?, bounded above by —1. Next, thanks to
a result of Forness—Narasimhan [30, Thm. 5.5], one can write 1, as a decreasing limit
of non-positive, smooth psh functions on U; N X; (up to possibly shrinking U;). The
combination of the monotone convergence theorem and the integrability of e~*%* on X,
provided by Corollary 2.4 settles the claim. ]

From now on, we assume that 1; is smooth, and we work exclusively on U;, which
we view inside the unit ball B of CV . By abuse of notation, we will denote by B N X, the
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set Uy N X;. In the same vein, we will identify the coordinate functions z = (z1,...,2zy)
on B C CV with their pull-backs by j, on U,.

Let us pick some number ¢ € Dy /2 and some point x € B N X;. We denote by @, the
automorphism of the unit ball B that sends x to the origin and consider

Gx(2) :=log [ Px(2)]],

the pluricomplex Green function of the unit ball B. Recall that G is the unique plurisub-
harmonic function in B such that (dd€G,)"N = 8, in the weak sense of currents, G, < 0
and G, is identically zero on dB. Standard computations yield

4dG, < — 0

<—— _dd°|z||> onB (2.8)
= o 141

for some dimensional constant Co = Co(N) > 0.

Since [X;|g] is a positive (N —n, N — n)-current on B and the singular set of the
restriction of the Green function G |x, is compact (it is indeed equal to {x}), the mixed
Monge—-Ampere measure (dd€Gy)" A [X;] is well defined [35, Prop. 3.15] and it has a
Dirac mass with coefficient > 1 at the point x. Since ¥; < 0 we then have

0 = [ WddeGy Al = [ @dGuy.
B BNX;
Now, we have the following result, which is the Stokes formula in the context of isolated
singularities.

Lemma 2.11. Let X C Bcn (0, 2) be a proper, n-dimensional complex subspace of the
ball of radius 2 in CN, centered at the origin. Let u, v, w be psh functions on Ben (0,2)
with isolated singularities, i.e. they are smooth outside a discrete set of points in
B (0,2) which we assume does not meet 0B (0,1). Finally, let B := Bewn (0,1) N X.
Then

/ (udv —vdu) A (ddw)" ! = /(uddcv—vddcu)/\(ddcw)"fl. (2.9)
B B

We include a proof for the reader’s convenience.

Proof. By using a (regularized) maximum operation, we can find a family of smooth psh
functions u, (resp. vg, we) decreasing to u (resp. v, w) and which coincide with their limit
outside a compact set K, € B which collapses to a finite set S € B. By the usual Stokes
formula, one has

/ (Ued Ve — Ved ug) A (ddwe)" ™ = [(ugddcvg —veddug) A (ddCwe)" L.
OB B

The left-hand side above is identical to the left-hand side of (2.9). To prove that the
right-hand side above converges to the right-hand side of (2.9), we prove that the current
(ueddCve—veddCug) A(ddwe)" ! on B converges to (uddv—vdd u) A(dd w)" !
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weakly, globally on B and locally smoothly on B \ S. The local smooth convergence out-
side S is obvious. As for the global weak convergence, it follows from the convergence
ugddve A(dd we)" ' —uddv A (ddw)" ! (and its symmetrical version swapping
u and v), proved by Demailly (see e.g. [22, Thm. 2.6 and Rem. 2.10]). ]

Applying Lemma 2.11to X = X, u = ¥4, v = w = Gy (recall that G4 |yp = 0), we
get

/ Ve (dd°Gy)" = / G dd Yy A (dd°Gy)"™
]BQX[ BOXI

=SI[

+/ Vi d Gy A (ddCGe)" L.
BNX,

=2Jt

By Lemma 2.12, in order to get a lower bound for J;, it is enough to bound from above the
quantity gy, (~¥1) d°|)zI> A (dd€|z|2)"~". Applying (2.9) to u =~y v = w =
|z]I> — 1, we find

/ (<Y d€ N2 A (ddC 2Py = / (—0) (dd® |z |P)"
BNX; BNX;
4 fB P = D ddep A @z
—, dd€ 2\n
S/W,( Vo) @de|z]?)

< cl"[ (—pr) o +c,-v],

X;

where Cj is such that dd¢||z||?> < Ciw on B and C; is given in (2.5).
We now take care of the most singular term /;. Set

yi(x) = /B ddY, A (dd°Gy)"™" A [X,]

so that i := y;1ddy; A (dd°Gy)"~! A[X,]is a probability measure on B (depending
on x). We claim that for any x € B there exists a constant v > 0 independent of ¢ and x
such that 1 < y; < v. The uniform upper bound follows from the same computations as
in the proof of Proposition 2.3. By (2.7) we can infer that

f ddyr; AM(dd°Gy)" P A[X:] > f dd€||z|*> A(dd°G)" ! A [X;]
B B
> v((alachx)"_1 A[Xe]o x) = v([Xy], x) = m(Xe, x) > 1.

In the second inequality we have used the fact that r rlz fBr dd®|z||*> AT is decreasing
to v(T, x) when r | 0 (see (2.2)). The first equality follows from (2.3), while the second
one comes from Thie’s theorem. Recall that the origin of B is identified with the point x.
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We now use Jensen’s formula and (2.8) to obtain

exp(—al, (x)) = exp( /
z
1
S J—
Yt JzeB
1 dd®y; A(dd°G)" " A [X]
Yt JzeB [ ®x(z)||*7

—c f ddey, A (dd€|z]2)" " A X
= )8 | (z)[|evF2n—2 ’

—ay;Gy d,u)
eB

e~ 05 ddiy, A(dd°G)" 1 A[X]

where we can assume that «v < 2. By Fubini’s theorem, we have

/ e Wit A [X:¢] < / et n A [X:]<K e A [X¢]
xEBl/z

XEBI/Z XEBI/Z

dd g A (dd€|z]IP)" " A [X,])
=Gk / 0" AN[X
° XEBl/z( zeB | @y (2)]|v+2n—2 [X¢]

(ddCIIXIIZ)”A[Xt]) .
=cof / dd vy, A (dd€||z]?)" " A LX),
° ze]B( x€By» | ®x(2)||2v+2n—2 t .

where K := exp{—oa C{ fX, Y w}'}. Moreover, using the same computation as in the
proof of Lemma 2.13 below, one can check that if 8 := 2;% > 0, then there exists a

constant Cg > 0 such that the inequality between (n, n)-currents below holds on B:
1

-1 c 2B\n c 2\n c 2B8\n
Cg (ddg||Px(2)]I77)" =< W(a’d [x19)" < Cp (ddg||Px(2)[77)".
(2.10)

Fix z € B and for any x € B let f;(z) := ||®x(z)]||. We define an extension of fy to X by

x- fx(z) ifxeDB,
0 else.

F.(z) = {

Here, x is a smooth cut-off function such that Supp(y) C B and y = 1 on B, ,. Itis easy
to check that Fy is an Aw-psh function on X for some A = A, large enough (which a
priori depends on U; but can be chosen independently of x € By,,). Thus

(dd° x| A LX) < Cp f (ddS ]|, (2)[2P)" A [X,]

xE]Bl/z

/erBl/z [ @ (2)[|ov+2—2

<Cp / (Aw + dd F(2)*)" A [X)] < CpA"V =: C,.
xeX
It then follows that

/ eV AX] < COCZK[ dd®y A(ddC||z]*)" ! AX:] < C3K,
x€By /2 zeB
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where C3 := COCZC@CI”_1 - V. The last inequality follows from the fact that on By,
we have dd°yr, A (dd€|z||*)"! < (0; + dd ¢,) A (Crw)*™ !, and one can dominate
the integral of the right-hand side on B, by its integral on X; and use (2.1). This is the
conclusion. |

Lemma 2.12. With the notations introduced at the beginning of the proof of Theorem 2.9,
there is a constant C = C(n) > 0 such that for all x € By, C CNandz e X, NS2N-1,

1
Ea’cllzn2 AdC|z|P)" < d°Ge A(ddG)" ™ < CdC||z|” A (dd€|z]?)" "
@2.11)

Proof. There exists a neighborhood U of S?~! ¢ C¥ not containing x such that
dd®| ®y||? defines a Kihler form w, on U this follows for instance from the fact that &
can be extended as a holomorphic map to an open neighborhood of the closed ball — and
that neighborhood can be chosen to be independent of x € B1/,. On U, w, is comparable
to the euclidean metric on C¥, and therefore Wy and ey induce uniformly equivalent
Riemannian metrics g, and geyes on U N X¢, and then as well on the real hypersurface
X, N S?N~=1: we denote them by g’ and g. . respectively. In particular, their volume
forms dVy/ . dV,,  are equivalent too. One has dVyr = 1yd Vi,
tion to X, of the unit outward radial vector

Z’E)zj Zjafj ’

Jj=1

where v is the restric-

Hence, on X; N S?¥~! one has

¢ n i\""' . . -
AVe,, = (dd® ||z :2(;) d||z||> A (dd|z|P)" "

In the same way, dV,; = 1, d Vg, where vy is the restriction to X, of the unit out-
ward vector with respect to dd€||®,||?, hence vy = ®*v. Therefore, on X, N S2V~1,

AV, =t (dd°||[@x]*)" = @} (tw(dd’||z])")

. n—1 .
l _ 1
=2() e awato =2 (1)

T

n

-1
d°Gy A (dd°Gy)" L,

since Gy = %log ||®x|/?> vanishes on the sphere and d°logu A (dd€logu)" ! =
uind ‘u A (ddu)"! for any smooth function u. This shows that the above two volume
forms on X; N SV~ are uniformly equivalent on X; N SV ~1, which ends the proof. m

Lemma 2.13. Let B > 0 and B C C” be the unit ball. Then ||z||?# is psh on B and there
exists a constant Cg > 0 (that depends only on B) such that

-1

C
b _.dd®|z|)? < dd®|z|*f < —&

R s . c 2
220 S EEGA
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Proof. Let y : Rt — R™ be defined as y(¢) := ¢# and u := ||z||%. One has
dd®you = BuP~1(ddu— (1 - Byu='du A du).

Note that min(1, 8) - ddu < dd“u — (1 — B)u'du A du < max(1,B)-dd u. Observe
that the hermitian matrix associated to the (1, 1)-form du A d“u is (Z;z;); ;. The latter has
rank 1 and its non-zero eigenvalue coincides with its trace, i.e. u. Therefore the eigenval-
ues of the hermitian matrix 4 := 1, — (1 — B)u~1(Z;z)); 7 are 1 (with multiplicity n — 1)
and B (with multiplicity 1). This ends the proof. ]

3. Normalization in families

The previous section allows us to check hypothesis (H1), as soon as the mean value of sup-
normalized 6;-psh functions is uniformly controlled. It is classical that one can compare
the supremum and the mean value of #-psh functions on a fixed compact Kéhler variety
(see [35, Prop. 8.5]). We conjecture that the following result holds:
Conjecture 3.1. In Setting 2.1, there exists a constant C > 0 such that

1

supp; —C < — | ¢ 0" <supg,
Xt V X; Xy

forall ¢t € ﬁl/z and for every function ¢, € PSH(X¢, 6;).

In a preprint version of this paper, we claimed a proof of the conjecture above but a
referee, whom we thank, pointed out a gap. In this section, we propose a large class of
families for which the conjecture holds. More precisely, let us consider the following

Assumption 3.2. In Setting 2.1, we assume additionally that one of the following condi-
tions is satisfied by the family & : X — D:

(1) The map = is projective.

(2) The map = is locally trivial.

(3) The fibers X, are smooth fort # 0.

(4) The fibers X; have isolated singularities for every t € D.

Recall that 7 is said to be

— projective if we have a commutative diagram

X —-—=t—— PV xD

— locally trivial if, up to shrinking D, there exists a euclidean open cover (Uy )y of X and
a collection of isomorphisms

Fy: Xlu, — (Uy N Xo) x D
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such that the following diagram is commutative:

Xlu, P (UynX)xD
\ / (3.1)

For instance, if X is smooth and if the map 7 is a holomorphic submersion, then 7 is
automatically locally trivial.

The main result in this section is
Proposition 3.3. In Setting 2.1 and if Assumption 3.2 is satisfied, then Conjecture 3.1
holds. That is, there exists a constant C > 0 such that
1

supgp; —C < — @r wf < supg;
X vV Jx, X

forallt € ﬁl/z and for every function ¢, € PSH(X;, 0;).

We will prove Proposition 3.3 in several independent steps.
e In §3.2, we prove the locally trivial case.
e In §3.3, we treat the case of isolated singularities.

e In §§3.4-3.6 we introduce the material (Sobolev and Poincaré inequalities, heat kernels
and Green functions) that we will use in the final section.

e In §3.7, we establish at the same time the projective case and the case of a smoothing,
thereby completing the proof of Proposition 3.3.

By combining the above result with Theorem 2.9, we get the following

Theorem 3.4. In Setting 2.1, choose o € (0, a(®)), which is possible thanks to Corol-
lary 2.4. If Assumption 3.2 is satisfied, then there exists a constant Cy > 0 such that for
allt € Dy, and all ¢, € PSH(X,, 0;),

/ o~ (@ —supy, w:)w;z <C,.
Xy

3.1. Irreducibility of the fibers

The irreducibility of all the fibers is a necessary assumption for the left-hand inequality
in Conjecture 3.1 to hold, as the following example shows:

Example 3.5. Consider X C P2 x C where
X:={(x:y:z].t);xy —tz> =0}.

The variety X is smooth and comes equipped with the proper morphism 7 : X — C
induced by the second projection P2 x C — C. Set X; = {[x : y : z] € P?;xy = tz?}.
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Note that X, is a smooth conic for t # 0 while Xo = {[x : y : z] € P?;xy = 0} is the
union of two lines. The quasi-psh function ¢ on P2 defined by

log2

1 1
o(x:y:z]) = 4—‘(l<>g(IXI2 + [z]?) + log|y]?) — 3 log(|x|® + [yI* + |z1?) + 5

clearly induces a w-psh function ® on X, where w = wgs + dd ”|t|2,

O([x:y:zl.t) =e(x:y:z]).

We set ¢, := ®|x, and w; := w|x, . A simple computation shows that sup, & = 0 and it is
attained at points ([x : y : z], ) such that | y|* = |x|? 4 |z|>. We also find that supy, ¢; =0
and the supremum is attained on the set

1
S, = {[x c1:z]s x| = m-(\/4|t|2 +1-1), 22 = xt_l}.
Ast — 0, S; becomes the circle € := {[0: 1 : ¢/?];:0 € R} C X, . Note also that Xy =
LU, where £ :={[0:y:z]},¢ :={[x:0:z]} and € C £. The open annulus U; :=
{[z2:1:2]:1 < |z]?> < 2} C X, satisfies

/ C!)tz(g
U;

for some § > 0 independent of ¢, as well as

¢ilu, < 5(logt] + 1),

from which it follows that

lim Qr Wy = —00.
t—0 X,

3.2. The locally trivial case

In this section, we prove Proposition 3.3 under the assumption that 7 is locally trivial; we
borrow the notations from diagram (3.1).

One can reduce the problem to showing that there exists a constant C > 0 depending
only on 7 such that given any sequence of complex numbers #; — 0 and any functions
¢r € PSH(X;, , 0, ) such that supy, ¥k = 0, one has

/ prwy > —C.

Ik

By compactness of 7~ 1(D; /2), one can assume that o ranges over the finite set
{1,...,r} and without loss of generality, one can assume that Uy4+1 N U, # @ for any
a €{l,...,r — 1}. Up to splitting the sequence (¢ ) into (at most) r subsequences, we
can assume that for every k, g attains its maximum in the same set Uy, for some fixed
ag € {1,...,r}. For simplicity, we assume that ¢g = 1.
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Let Gox : Uy N Xg — Uy N Xy, be the biholomorphism defined as the inverse of
the restriction of Fy to Uy N Xy, and let us analyze the sequence of functions ¥ x =
G;,k‘l’h As F}(wo + idt A dt) is commensurable to w, there exists C > 0 depending
only on m such that

C™'wy < G oy < Cag. (3.2)

In particular, up to increasing C, one can assume that G;,k 0, < Cwop. As aresult, one
has ¥, € PSH(Uy N Xo, Cayp).

The family (¥ x)x is a family of non-positive Cwg-psh functions on the complex
space U; N X, attaining the value zero there, so it is relatively compact for the L]
topology (see e.g. [35, Prop. 8.5]). In particular, given any compact subset U € Uy,
the integral |, uj V1 kg admits a lower bound depending only on U, but not on k.

Next, the family (Y2 x )k is a family of non-positive Cwg-psh functions on U, N Xj.
Therefore, either it converges locally uniformly to —oo or it is relatively compact on
each compact subset. From (3.2), it follows that the family of automorphisms Hj :=
(Gz_,llc)|Uan20th o Gy IU]ﬁUzﬁX() of Uy N U, N X satisfies

Clwg < Hiwo < Cwy and VYo = H V1.

One then deduces easily that for any compact subset U, € U; N Uy, the integral

foz Y, kwf admits a lower bound independent of k. In turn, this implies that (V2 z )«

is relatively compact for the LllOC topology on the whole U, N Xj.

By iterating the argument, one finds that for any «, the family (V4 x)x is relatively
compact for the Llloc(Ua N Xo) topology and using estimate (3.2), one concludes easily
that thk @k wy, admits a uniform lower bound as claimed.

This shows that Proposition 3.3 holds whenever r is locally trivial. An easy conse-

quence is

Corollary 3.6. In Setting 2.1, there exists a discrete set Z C D such that for every com-
pact subset K € D \ Z, there exists a constant Cg such that

/ prof > —Ck
X

for any collection of functions ¢, € PSH(X;, ;) such that supy, ¢, = 0. Moreover, one
can take Z = @ provided that the family w : X — D admits a simultaneous resolution
of singularities, i.e. a proper, surjective holomorphic map f : ¥ — X from a Kiihler
manifold ¥Y such that for any t € D, the induced morphism f|y, : Yy — X; is a resolution
of singularities, where Y, := f~1(X,).

Proof. Let f : ¥ — X be a resolution of singularities of X. One can assume that ¥ is a
Kihler manifold; let us pick a Kihler form wy on ¥. The inducedmap p:=mo f: ¥ > D
is surjective, hence by generic smoothness, it is smooth over the complement of a proper
analytic subset Z of D. In particular, Z is discrete. Note that over Z, the fibers of p may
have several irreducible components.
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We denote by f; the restriction f|y, : ¥; — X; of f to the fiber ¥; := p~!(t). For
any t € D\ Z, the map f; is bimeromorphic, i.e. it is a resolution of singularities of X;.
Let us choose a compact subset K € . There exists a constant Cx such that f*o <
Cgwy on p_l(K). In particular, for any ¢ € K, one has f,*¢; € PSH(Y;, CxCe wy) and
supy, f;"@: = 0. Now, if we additionally assume that K € D \ Z, we can apply the result
above to the smooth family pl,-1 (k) : p Y(K) — K to find another constant C x>0
satisfying

/Y (fro)ap = —Ck
1

forany r € K. As wy > C¢" f*w}, we deduce that

n ’ n
/ ¢t w; > —Cg - Cpg,
Xt

which concludes the first part of the proof. The second statement is an immediate con-
sequence of the proof of the first one. Indeed, if Y; is smooth (as an analytic space),
then 7 o f is smooth in a neighborhood of Y; and the argument above can be run over a
neighborhood of 7. ]

3.3. The case of isolated singularities

In this section, we prove Proposition 3.3 in the case where all fibers X;, t € D, have
isolated singularities.

Remark 3.7. We start with two observations.
e This case includes the case where n = dim X; = 1.

e If one only assumes that X, has isolated singularities, then it is easy to check that
there exists ¢ > 0 such that X, has isolated singularities for any ¢ satisfying || < e.
This is because the locus Z C X where 7 is not smooth is an analytic set such that
dim(Z N Xy) = 0 and by upper semicontinuity, Z has relative dimension 0 over a
neighborhood of 0 € D.

We now proceed to prove Proposition 3.3 in several steps.

Step 1. Localization of the problem att = 0. Let f : ¥ — X be a resolution of sin-
gularities X. The induced family 7 o f : ¥ — D is generically smooth over D, so for
r > 0 small enough, the restriction of 7 o f to the inverse image of D, has at most one
singular fiber, corresponding to ¢ = 0. In particular, the family ¥ — D, is locally trivial
away from Y. Applying the result in the locally trivial case (see §3.2) to the collection of
S *6,-psh functions f*¢,, we see that for every compact subset K € D, there exists a
constant Cg independent of the chosen family such that

sup [ (—¢r)of < Ck
teK JX;
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(cf. also Corollary 3.6). This shows that it is enough to prove that for any sequence #x — 0
and any collection of sup-normalized 6;, -psh functions ¢, , one has

sup (=g )y, < +o00.

k>1JX 1%
Step 2. Choice of a good covering. As the fibers are reduced, it follows from the jacobian
criterion for smoothness that the smooth locus of & coincides with the union of the smooth
loci of X; when ¢ ranges over D. Recall that Z, the singular locus of 7, is an analytic space
of relative dimension at most zero. It has finitely many irreducible components (say when
restricted to 7! (Dy/2)) and we can assume without loss of generality that this number is
equal to the cardinality of Z N Xj. Let (V) be a finite collection of (small) open balls
in X centered at the (finitely many) singular points of Xy. Up to adding a finite number
of balls to the collection, one can assume that:

(i) The union V := |, V& is an open neighborhood of Xy C X.
(i) Each point of Z N X, belongs to exactly one element V;, of the covering.
(iii) For all «, there exists py € €°°(Vy, R) such that w|y, = dd€pq.

(iv) There exists r > 0 such that for all «,
ZNndV, Nna Y(D,) = 0.

Up to subtracting a constant from py, one can assume that p, is non-negative. More-
over, there exists a constant C; > 0 such that p, < C; on V, for any a. Let (xq)o be
a partition of unity associated to the covering (Vy)q. That means that >, yo = 1 and
Supp(x«) C V. Finally, let p := > xapq- It follows from (ii) that w = dd€p in some
neighborhood W, of each point of Z N X,. We pick a relatively compact open sub-
set Wy € W, and set W := | J W,. Up to decreasing r a little, one can assume that
ZNnownna! (ﬁr) = . In particular, there exists § > 0 such that for any ¢ € D,, one
has d, (OW N X;, Z) > §. In summary,

0<p<Ci, w=dd’ponW, d,OWnNX; Z)>6forallteD,. (3.3)

Step 3. Weak compactness locally outside Z. Let t; be a sequence of numbers converging
to zero, and let ¢;, € PSH(X;, . 0;, ) be such that SUpy, Py = 0. We claim that there exists
a sequence of points x;x € X;, and a constant C; > 0 such that:

@) ¢y (xx) = —Co.
(i) do(xk, Z) = 8/2.
Indeed, let yx € X, be such that ¢, (yx) = 0. If d,,(yx, Z) > /2, then we are done.
Otherwise, yx € W by the third statement of (3.3). Now, the function Cgp + ¢;, is psh
on W so by the maximum principle, there exists x; € W such that (Cgp + @y ) (xx) >
(Cop + ¢4, )(yk) = 0. By the first statement of (3.3), we deduce ¢y, (xx) > —C, where
C2 = C1C@.

Let U := {x € 77 1(D,):d(x, Z) > §/2}. The map 7 is smooth on U and one can
cover U by finitely many open subsets (U, )< <p isomorphic to (U; N Xo) x D, over D,.
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Because of (i), we can argue as in the locally trivial case (cf. §3.2) by exporting the
functions ¢y, |u;n X, to the fixed space U; N X, and get relative compactness there. In
particular, one can find a constant C3 > 0 independent of k such that

[ ol <ca (3.4)
Unxy,

Step 4. The integral bound. On W, one has w = dd€p. This implies that " =
(dd€p)* + T for some smooth, closed (1, n)-form T on 7~ '(D,) such that T | = 0.
Let us introduce constants C4, Cs such that —C40" ™! < (dd€p)*~! < C40™ ! and
T < Csw". As the complement of W in 7#~1(ID,) is included in U, it follows from (3.4)
that

/ (=¢4) T = C5Cs. (3.5
X1

Moreover,

/ (—¢y)(dd p)" 2/ —pddy A(ddCp)"!
X t

k

-}

< C4Cq / (G,k + ddcwtk) N + CoC4sCq-V
Ik

<2CC4Cq-V.

POy +dd gy ) A(ddp)" ! +/ ply A (ddCp)"™!

7% ka

All in all, one finds that
/ (_‘Ptk)w?k < G,

where C¢ = C3C5 + 2C1C4Co - V.

3.4. Sobolev and Poincaré inequalities

In this section, we work in Setting 2.1 and we assume from now on that the relative
dimension n = dimc X, satisfies n > 1, since the case n = 1 has already been dealt with
in §3.3 (cf. Remark 3.7).
Fort € D, we set X; := w~!(¢) and denote by X, the regular locus of X;. We fix a
Kihler form w on X and set
w; 1= 0lx, .

Proposition 3.8. Let K € . There exists Cs = Cs(K) such that
n—1

Vie K, V[ e€P(X"), (/ |f|»f—"1w;') < Cs/ (S +1df15)er.
Xt Xt
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Remark 3.9. The inequality above extends immediately to the functions f € W1-2(X;%¢),
i.e. such that f,df € L?>(X;®, w;).

Proof of Proposition 3.8. Because of the existence of a partition of unity, the statement
above is local. This means that it is enough to show the above inequality for any t € K
and any f € €8°(U; N X;®) where U; C X are open sets such that | U; = X.

We fix such an open set U; and we drop the index i in what follows. Without loss
of generality, one can assume that there exists an embedding U; < C¥ and that w|y
and wc~ |y are quasi-isometric. Because the Sobolev inequality is essentially insensitive
to quasi-isometry, it is enough to show the inequality replacing w; by wcw |y, wWhere
U =UnNX;.

Now, the isometric embeddings (U, ocn |y,) < (CV, wcn) provide a family of
minimal submanifolds (i.e. with zero mean curvature vector) of the euclidean space by
virtue of the Wirtinger inequality. The expected inequality is now a direct application of
Michael-Simon’s Sobolev inequality [53, Thm. 2.1]. ]

Proposition 3.10. Let K € D. There exists Cp = Cp(K) such that
vie KV eWgR0em. [ IfPep <o [ 1, o
t t

In the statement above, the space WOI’Z(X %) is defined as the space of functions f
on X, such that f,df € L*(X;*,w;) and [y fo} = 0.

Proof. First, we claim that for each ¢ € D, there exists such a Poincaré constant Cp .
Indeed, thanks to [5, Thm. 0.2], the Laplacian A, is positive, self-adjoint and its spec-
trum is discrete. It remains to show that its kernel is one-dimensional. Now, if f €
W12(X,®) is such that A, f = 0, it means that for every u € W12(X;*), we have
(Vu, V f) = 0. In particular, taking u = f shows that f is locally constant on X;.
As X, is irreducible, X, is connected and the result follows.

Given the absolute case explained above, the family version of the Poincaré inequality
follows from Proposition 3.8 and the irreducibility of the fibers: we refer the reader to
[57, Prop. 3.2] for a detailed argument (the projectivity assumption made by Ruan—-Zhang
being unnecessary for this part of the argument). ]

3.5. Heat kernels and Green’s functions

In this section and the following one, we go back to the absolute case and consider an
irreducible and reduced Kihler space (X, ) of dimension n = dimc X satisfying n > 1.

When X is smooth, it is well known (see e.g. [15, §VI]) that there exists a smooth,
positive function H on X x X x (0, +00), symmetric in its space variable and such that
if A :=tr, dd€, then

o (mAy, +0,)H(x,y,t)=0.

e Forevery x € X, H(x,-,t)o" — 6 weakly as t — 0.
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In the general case where X may have singularities, one can introduce X, = X \ V; where
V is a closed e-neighborhood of X, with smooth boundary. Then there exists a unique
smooth, positive function H,; on X, x X, x (0, +00) such that:

o (—Ay +9:)He(x,y,1) =05
e H.(x,y,t) — 0 whenever x or y approaches 0X,.
e Forevery x € X, Ho(x,-, t)w" — 8, weakly ast — 0.

Moreover, given (x, y,t) € Xg, X Xg, X (0, +00), the function (0, &9) 3 e+ Hg(x, y,1)
is decreasing. Using [15, VIII.2 Thm. 4] and its proof, we additionally see that the limit
H :=lim; H, is everywhere finite and satisfies:

e H is positive and smooth on Xy X Xy X (0, 400).
(—Ay +0:)H(x,y,t) =0.
Forall x,y € X, and ¢, s > 0,

H(x,y,t+5s)= / H(x, t)H(,y,s)o". (3.6)
X

For any x € X, H(x,-,t)0" — 6, weakly ast — 0.

When X C P¥ is projective and w = wgs|x, Li and Tian [51] have showed that there
is an absolute inequality

H(x’yvt)EH]P’”(dIP’N(x»y)vl) 3.7

for any x,y € Xy, and ¢ € (0, +-00), where Hp~ is the heat kernel of (P”, wgs), whose
dependence on the space variables x, y is known to reduce to a single real variable, namely
the distance between those two points.

In particular, H(x,-,t) is bounded on X, for any x € Xy, and ¢ > 0. Since Xipe
has real codimension at least 2, it admits cut-off functions whose gradient converges to
zero in L2, and this allows one to perform integration by parts as in the compact case
for bounded functions in W 2. We refer to [51, Lem. 3.1] for more details; we will also
rely on the latter result which states that H(x, -, t) is in W12 and that it satisfies the
conservation property

vt >0, / H(x,-,H)o" = 1.
b'¢

Below are a few more properties that will be useful later, which are certainly standard
in the smooth case. For this purpose, one introduces the function

G(x,y,t):=H(x,y,t)—1/V, where V:=/w”.
b'¢

The key information for us will be given by the fourth item, for which the arguments are
borrowed from [16]; see also [59, App. A].

Lemma 3.11. Assume either that X is smooth or that X C PV is projective and v =
wrs|x. Let X,y € Xreg. Then:
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() G(x,y,1)>—1/V, [y G(x,-,)o" =0and [ |G(x,- 1)|o" <2.
) [G(x.y.0)]* < G(x,x.0)G(y. y.1).
(3) H(x,x,t) > +ooast — 0.

(4) There exists a constant Cy depending only on the Sobolev and Poincaré constants of
(Xreg, @) such that
|G(X, Y, l)| = Cot_n

forany x,y € Xieg and any t > 0.

Proof. Under the assumptions on X, we know that H(x, -, t) is bounded in W12 on Xreg
and satisfies the conservation property. We will only rely on these non-quantitative prop-
erties to establish the items below, and not on the more precise inequality (3.7) which
certainly does not hold if X is not projective.

(1) is a trivial consequence of the positivity of H and the fact that [, H(x,-.t)o" = 1.

(2) is classical when X is smooth, so we assume for the time being that X is projective.
Let K, be the Neumann heat kernel on X, let V, := fX? o™ and let 55 =K, —1/V,.
Then

Ke(x,p.0) =Y e7iel gy o (xX)i e ().

i>0

where (¢; ) is an orthonormal basis of L?(X,) consisting of Neumann eigenfunctions

of —A with eigenvalues A; .. Note that ¢o . = 1/+/V;. By Cauchy—Schwarz, we find that
|Ge(x,y. 1) < Gelx.x,1) - Go(1, y.1).

Thanks to [51, Lem. 3.2], K, converges to H locally smoothly on Xr%g x (0, +00) when

& — 0, hence G, — G in the same way and we get the second item.

(3) Since H > H,, it is enough to show the third claim for H,. We consider a Sturm—
Liouville decomposition as before,

He(x,y,1) = Y e ey o (x)¥ie (1),

i>0

but now (¥; ¢) is an orthonormal basis of L?(X,) consisting of Dirichlet eigenfunctions
of —A with eigenvalues u; ¢ (see [15, VII (31)]). The sought property now follows since
3" i ¢(x)? is the norm of the unbounded functional L? N €®°(X,) > f +— f(x).

(4) We start from the identity (3.6), which holds for G as well as one checks easily.
Taking y = x and differentiating with respect to s and eventually setting s := ¢, one finds

_G/(x5 x,2l) = ”dG(-x»vl)”iZ > (CS(CP + 1))_1||G()C, 7t)||i 2n

n—1

since integration by parts is legitimate as we explained above and [y, G(x, -, )" = 0.
Moreover, the interpolation inequality gives

_2 2n
G(-xvx?2t) = ||G(x,-,t)||22 = ”G(.X,',[)”ZTI : ||G(x"’t)||z+21n ’

n—1
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hence . N
”G(X,',l)”z 2n 22_7G(X,X,2t) n
L

n—1

and
1
——G’(x,x,t)G(x,x,t)_l_% >C7' forC =nd'/".Cs(Cp + 1).
n

Integrating this inequality with respect to ¢ and using the second item, we get the fourth
item — recall that G(x, x,t) > 0 for any x € X, given its expansion as power series
(cf. (2)). [ ]

Under the assumptions of Lemma 3.11 above, the integral

+o00
G(x.y) :=/0 G(x,y.0)dt

is convergent whenever x # y and defines a function G on X, X Xy, such that G(x, -)
is in L1 (X,eg). Moreover, since (—A + 9;)G(x,-, 1) = 0 and

Glx, 1) 2% 0, Gx,ne" 256 — 1)V,

we have
dd°G(x, )AN@" = ")V — b,
i.e. forall f € €§°(Xg), we have

n_i n__
/XAf-G(x,-)a) = V/Xfa) f(x). (3.8)

Finally, the first and fourth items of Lemma 3.11 enable us to find a lower bound of the
Green function as follows

+o00 C

1
1
G(x,y) = / G(x,y,t)dt +[ G(x,y,t)dt > v a1 (3.9
0 1 n—1

where C only depends on the Sobolev and Poincaré constants of (Xycg, @).

3.6. Green’s inequality for general psh functions

In this section, we assume that the assumptions of Lemma 3.11 are satisfied.

Let us first generalize formula (3.8) to some functions f € €*°(X,,) that are not
necessarily compactly supported. For that purpose, let p : ¥ — X be a log resolution of
singularities, let D be the exceptional divisor of p andlet Y° := p~!(X;ee) =Y \ D. We
claim that for any f € €% (X,,) such that p* f* extends smoothly across D,

n_ 1 n_
fxreg Af-Gx, )" = % fxregfa) f(x) (3.10)

for all x € Xeg. First observe that all the terms are well defined as one sees by pulling
back by p, which is an isomorphism over Xi,. Indeed, recall that x € X, and that G(x, )
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is locally bounded near X, so that p*G(x,-) is in LY(Y°, wy) for any Kihler form wy
onY.

Next, we choose a family (ys)s of cut-off functions for D. As they are identically 0
on D, they come from X under p and one can see them as functions on X or Y inter-
changeably. It is classical (see e.g. [12, Sect. 9]) that one can choose y;s such that both
dys N d€ys and £dd€ ys are dominated by some fixed Poincaré metric wp (indepen-
dently of §). In particular, using Cauchy—Schwarz and the dominated convergence theo-
rem, one finds

Slim/ G(x, ) fdd ys +df Adys +dys nd° flA@" ! =0. (3.11)
-0 Xreg

Formula (3.10) is now a direct application of (3.8).
The next result is the key for the proof of Proposition 3.3.

Claim 3.12. Under the assumptions of Lemma 3.11, let ¢ € PSH(X,w), V = fX o™ and
let x € Xyeg. Then

1
v /X po" —p(x) = nV )1(1r1f G(x,").

cg

Proof. Replacing ¢ by max(¢p, —j) and letting j — 400, one sees that it is enough to
prove the claim for bounded functions ¢. Next, thanks to Demailly’s regularization theo-
rem, one can write p*¢ as a pointwise decreasing limit of smooth function . satisfying
prw + ewy + dd€y, > 0 for some fixed Kihler metric wy on Y. Using (3.10) and set-
ting G := G(x, ), one finds

1
—/ po" —p(x) = limf np*Grdd®yre A p*o™ L.
14 X e—>0 yo
Moreover, as G, have zero mean value, one has
/ p*Grdd Yo A pro" ! = [ (p*Gx - info)ddcws A pro™!
YO YO chg
= / (p*Gx —)i(nf Gx>(p*a) +ewy +ddVe) A pro™!

—/ P*G, A (p*w + cwy) A pro™! ~|—}i(nfo . (V + s/ wy A p*w"_l)
Yo . Y

reg

%

infGy-V +¢- (inf Gy / wy A pro™! —/ p*Groy A p*w”_l).
Y Yo

reg reg

Taking the limit as ¢ — 0, we get the expected result. ]

3.7. Proof of Proposition 3.3

We can now finish the proof of Proposition 3.3. It remains to treat the cases where 7 is
projective or X; is smooth for ¢ # 0. Moreover, we can assume that n = dim X; > 2,
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since otherwise X; would have at most isolated singularities and we could then appeal to
§3.3 (see Remark 3.7).

Moreover, the content of Proposition 3.3 is insensitive to replacing @ by another Kéh-
ler metric on X. In the case where 7 is projective, i.e. if X C P¥ x D is such that &
commutes with the second projection, then we will assume that ® = wgs|x.

Finally, in the case where X; is smooth for ¢ # 0, it is sufficient to prove Proposi-
tion 3.3 for ¢ # 0 since it is already well known that the L!-sup comparison holds on the
fixed irreducible complex space Xj.

We know from §3.4 that the Kihler manifolds (X,®, ;) admit uniform Poincaré and
Sobolev constants. As the volume V of (X;, w;) is constant, it follows from (3.9) that
there exists Cg > 0 independent of ¢ such that

Vx,y € X%, G(x,y) > —Cg,

where G; (-, -) is the Green function of (X;, w;). As ¢; is sup-normalized and upper semi-
continuous, there exists x, € X;°® such that ¢, (x;) > —1. Applying Claim 3.12 to ¢ := ¢,
and x := x;, we find

1
= | (—p)wf <nVCg + 1.
V Jx,

The proposition is proved.

4. Densities along a log-canonical map

We now pay attention to hypotheses (H2) and (H2). We focus on the integrability prop-
erties of some canonical densities.

4.1. Semistable model

Setting 4.1. Let w : X — D be a proper, holomorphic surjective map from a Kdahler
space X, with connected fibers to the unit disk of relative dimension n. We make the
following assumption:

For each t € D, the pair (X, X;) has log-canonical singularities. 4.1)

Here X; = n=\(t) is the schematic fiber att € D [46, Def. 7.1].

About the singularities. In Setting 4.1, the following properties hold:
(1) Every fiber is reduced, Kx;/p is Q-Cartier and X has log-canonical singularities.

(2) The space X has canonical singularities if and only if the general fiber X; has canon-
ical singularities [46, Lem. 7.2].

(3) The condition (4.1) is preserved by finite base change from a smooth curve [46,
Lem. 7.6].
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4) If (X, Xo) has Ic singularities, then (X, X;) has lc singularities for |t| < 1 ([44,
Cor. 4.10(2)] and [45, Thm. 2.3]).

(5) By loc. cit., the condition (4.1) is equivalent to asking X to be normal, Q-Gorenstein,
and that each fiber X; has semi-log-canonical singularities.

By [42], one can find a semistable model of 7.! More precisely, up to shrinking I,
there exists a finite cover ¢ : t — t* of the disk for some integer k > 1 and a proper,
surjective birational morphism f : X' — X x, D

x L5 xx,D 5+ x

\ lprz l,, 4.2)

D— 4D

such that X’ is smooth, f is isomorphic over the smooth locus of 7 and such that
around any point x” € X, there exists an integer p < n + 1 and a system of coordinates
(zo, ..., zn) centered at x” and such that 7'(zo, ...,2,) = zo - 2p

Additional assumption. Up to shrinking D, we will assume that z’ is smooth away from 0
so that for any ¢ # 0, the induced morphism (g o f)|X,/ : X, — X, is a resolution of
singularities. Note that X; need not be connected.

Let m > 1 be an integer such that mKy;/p is a Cartier divisor. We can cover X
with open sets U; such that U; N X™* admits a nowhere vanishing section Qy, €
H(U; N X™¢, mKxp). For any ¢ € D, the restriction Q, | X' defines a nowhere van-

ishing section Q, | X € H°(U; N X;*®, mKx,). In particular, m K, is a Cartier divisor

for all 1. We want to understand the behavior of the volume forms (Qy, A Qy;,)| )1(4:" when
t

t — 0. In order to do so, it is enough to work on X X, ID directly as explained below.

Reduction step. The finite map g induces an isomorphism of Q-line bundles K xx,p/p =
g% Kx/p. In particular, one can replace X by X x, D in the following, or equivalently
assume that ¢ = Idp, i.e. kK = 1. By what was said above, the “new” family still satisfies
condition (4.1).

4.2. Analytic expression of the densities in a semistable model

Let us start with some notation. Once and for all, we fix an open set U := U;,, for some iy.
We set Q := Qp and Q; := Q|X;eg. One can cover f~1(U) by a finite number of open
subsets V; C X' isomorphic to the unit polydisk of C”*1 and endowed with a system of
coordinates as above. We let V' := V, be one of them. The goal is to understand f*$
when restricted to V', using our preferred set of coordinates. Finally, we set U, := U N X,
and V; :=V N X].

I The reference [42] deals with the case of a proper morphism between algebraic varieties but
the construction extends to the analytic case mutatis mutandis, as stated e.g. in [46, Thm. 7.17].
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Next, we write
Kx/ + Yo = [*(Kx + Xo) + )_ai E; (4.3)
i

where the E;’s are f-exceptional divisors with a; > —1 for all i and Y is the strict trans-
form of X,. Note that some of the divisors E; may be irreducible components of X). The
others surject onto D thanks to the additional assumption made in the previous section.
The divisor E := ), E; is the exceptional locus of f and E + Y, has simple normal
crossing support. Under our assumptions, the analytic set

NKIt(X, Xo) := f( U E,-) (4.4)
a;=—1

contains the non-klt locus of every fiber X;, t € D. This is an easy consequence of the
adjunction formula, at least when the X,’s are normal.

We now let x’ € Yy and we assume that the coordinates mentioned above are chosen
such that Yo = (z¢ --- z, = 0) locally, for 0 < r < p being the number of irreducible
components of Y, minus 1 on that chosen open set.

On V4, t # 0, the functions (zy, ..., z,) induce a system of coordinates and the
form f* on V can be seen as a collection of m-th powers of holomorphic n-forms

*Q =gz, ..., zp)dzy Ao A dzy)®T

for some holomorphic function g; on V; \ E, with poles of order at most (—ma; )+ along
E; N X;.The form Q A (d’ )®m is a trivialization of m(K x + X¢) over U™, The pull-

back f*(Q A ™ (L ) ™) is a well defined m-th power of an (n + 1)-form on f~1(U™®)
with logarithmic poles along Yy that extends meromorphically over f~!(U) with poles
of order at most (—ma; )+ along E;. As

() e ($) -2
i=0

on V, the form f*(Q2 A n*(%)@’m) is equal on that set to

dzo d21 dz,
— A A

Qm
ANdzppi AN Ndzy
Zo Z1 Zr

S CTIER L CES C
so that the function (V' \ E U Yy) 3z = (—=1)"" (21 2,)" &x’()(21, - . ., Zn) extends to
a meromorphic function 4 on V, holomorphic along Yy and with poles of order at most
(—ma;)+ along E; and satisfying

*Q, = (—1)'"”&@121 Ao Adzy)®™ (4.5)

(zy-zp)m
on Vi, for t # 0. When ¢ = 0, one can also obtain a formula as above for f*Q but it
requires to first choose a component Yo(k) of Yy. Let 0 < i < r be such that Yo(k) NV =
(zi = 0). On that set (say after removing E), one has

f*Qo =(—1)i+m"L(dzo/\---Ad/z\,-A---/\dz,,)‘@’". (4.6)

RN
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Note that if X (or equivalently Yy) is irreducible, then r = 0 in the formula above.

Claim 4.2. If Xy has canonical singularities, then r = 0 and the meromorphic function
V 3 z + h(z) is holomorphic on V.

Proof. As Xy is normal, it is irreducible, hence Yy is smooth and irreducible. In particular,
the map f|y, : Yo — X, induces a resolution of singularities.

As X has canonical singularities, the pull-back f*$2¢ of the form Q¢ on X (;eg nu
extends holomorphically across Yo N E. Given (4.6), it means that h|yny, extends
holomorphically along each E; N Yy. As h is holomorphic on V' and does not van-
ish outside Vjp, its divisor is an n-dimensional variety supported on V' N E, we have
div(h) = ) b; E; for some integers b;. As E + Y is snc, the decomposition div(k|y,) =
> bi(E; N Yy) is the decomposition into irreducible components. As h|y, is holomor-
phic along the non-empty set Yo N E;, we necessarily have b; > 0 for any i. The claim is
proved. ]

4.3. Integrability properties of the canonical densities

Definition 4.3. In Setting 4.1, let @ be a Kihler form on X. We define the function y on
U N Xy by
(QAQY™ = V0",

We want to analyze the integrability properties of e™”. Arguing as in [56, proof of
Thm. B.1 (i)] (see also [28, Lem. 6.4]), it is easy to infer from the normality of X that
given any small open set U’ C U, there exist bounded holomorphic functions ( f1, ..., f¢)
on U’ such that V(f1,..., fo) C Ug,, and

1
Vg, = —logy 1 fil?. (4.7)
i

Let us pick a section sg € H%(X’, O/ (E)) cutting out the exceptional divisor £ and let
us choose a smooth hermitian metric | - | on O (E). Given (4.7), there exists a constant
A > 0 such that

f*y > Alog|sg|%. (4.8)

Lemma 4.4. Assume that Xy has canonical singularities and set w; 1= w|x,. Then up to
shrinking D, there exists p > 1 and a constant C > 0 such that for any t € D, one has

/ e Pl < C.
U;

Proof. We set p := 1+ § for some § > 0 small enough to be chosen later. Given (4.8),
we have

/ e_P)/w:l =[ e—&f*yf*(gzt/\ﬁt)l/m 5/ |SE|_28Af*(Qt/\§t)l/m~
U; =1 1)
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Now, one can cover f~1(U;) by finitely many open sets V; = V' N X/ as above. On V,
the system of coordinates (zy, ..., z,) induces a system of coordinates (zy, ..., z,) such
that

D
se |24 f*(Q AQOY™ < C [zl idzy AdZy Avee N idzy AdZ,

i=1
for some uniform constant C thanks to (4.5) and Claim 4.2. Recall that V =T/_y{|zi| <1}
c C"*1and

Vi=Vn{zogezp =t} > {(z1,...,2,) € C";t <|z;| < 1} C D",

where the injective map is given by pr i.e. the restriction to V; of the projection

|—8A

Z1yerZn |Vt ’
map onto the last 7 coordinates in C"*1, For § small enough, the functionD > z + |z

is integrable with respect to the area measure; this concludes the proof. ]

For the next lemma, we come back to the general case. We start by choosing a com-
ponent Yo(k(’) of Yy, and we denote by Xék(’) the irreducible component of X birational
to YO(kO) via f. Next, we consider the reduced divisor F on X’ whose support consists
of the union of the other components Yo(k), k # ko, along with the divisors E; whose
discrepancy a; is equal to —1 (see (4.3)).

Let 1 g be a smooth hermitian metric on O (F) and let sp € HO(X’, O/ (F)) such
that div(sp) = F. We let

Y = —log(—log|sf [} ). 4.9)
Similarly, let Fy, := E — F N E and vy := log |sth|2.

Claim 4.5. There exists § > 0 small enough such that for any & > 0, there exists a con-
stant Cg such that for any t € D,

/ e(1+3)1/fF_51//k11f*(Qt /\ﬁt)l/m <C,.
71U

Proof. The statement is local on X, so it is enough to control the integrals over V;. Up
to relabeling, one can assume that YO(kO) NV =(zo=0),FNV =(z1---zg =0) so
that fors + 1 <i < p, f*Q, has a pole of order at most m — 1 along (z; = 0). We have
implicitly assumed that V' meets YO(kO); actually, the computation is insensitive to whether
that condition is fulfilled or not. Using (4.5), our integral is bounded by

S 1 L 1
. —  _d)cn,
/V, 11:[1 |zi|*(—log |z: )!** l-zl;l_l |z; [2(¢=ai)

where —1 <a; <0,V =[[/_o{lzil <1} CcC"*land V, =V N{zg---z, = 1}. By the

Fubini theorem, one can reduce the integral to V,p =V, NCP*! (je. fixing ZptlsesZn)-

There is no harm in assuming that § < min; (1 + @;)/2 so that the integral is bounded by
P

N
1 1
. —————=dAc».
/V,p N zrciemm 11 Grems
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Using polar coordinates, one can assume that # is real (in (0, 1)) and the integral becomes
over Wy :={(ri)i<i<p € [0, 1/2]P ;r1---1p >t}

: 1 U
_ —— dARrpr.
/W, ,1:[1 ri(—logri)'+e ,-:l;[q ri=?
As Wy C [17_,{t < r; <1/2} and the functions r > W and r > Lz are
integrable on [0, 1/2], the conclusion follows from Fubini’s theorem. |

The result above allows us to generalize Lemma 4.4 when no assumption on the cen-
tral fiber is made. To do so, we first need some notation. The function Y r is well defined
on X’ but it does not necessarily come from X. Given that Nklt(X, X) is an analytic set
in X and up to shrinking D a little, one can construct a function p such that:

e p<—lonX.
e pis quasi-psh and has analytic singularities along Nklt(X, Xo); in particular, it is iden-
tically —oo on that set.
We set
Y = —log(—p) on X.

Up to scaling p, one can assume that

S =vr. (4.10)

Next, we introduce for ¢ > 0 the function y, :=y — (n + 1 + 2¢)y defined on U. In
other words,
IRV (Q A QM = e Ve 0", (4.11)

Lemma 4.6. With the notation above, there exists a constant 58 such that
/ lyel" eV w! < C, foranyt € D.
U;
Proof. In order to compute the integral, we pull it back by f and work on V;. We have
successively
|/ ¥yl S —loglse| + log(—log|sr|) S —log|sr| —log syl

The first inequality is a combination of (4.8) and (4.10). To obtain the second inequality,
we use the fact that £ = F U Fy; to split the term log |sg | while log(—log |sF|) can be
absorbed by the more singular — log |sr|. The integral to bound becomes

/ [(—log s )"** + (=log|sp, )" el F2Vr f2(Q, A )!™,
Vi
which itself is controlled by

/ HVE £ A Q) + / PV (@ A Q)Y
Vi

Vi

for any given § > 0. The lemma now follows from Claim 4.5. ]
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5. Negative curvature

In this section we apply our previous results to the study of families of varieties with
“negative canonical bundle”: we consider families of manifolds of general type, as well
as families of “stable varieties”.

5.1. Families of manifolds of general type

Setting 5.1. Let X be an irreducible and reduced complex space endowed with a Kdihler
form w and a proper, holomorphic map ©w : X — D. We assume that for each t € D,
the (schematic) fiber X, is an n-dimensional Kdihler manifold X, of general type, i.e. its
canonical bundle Kx, is big. In particular, X is automatically non-singular and the map
7 is smooth. One can view the fibers X; as deformations of Xo.

We fix a closed differential (1, 1)-form ® on X which represents ci(Kx/p) €
H 8151(96) and set 6; = O|y,. Shrinking D if necessary and rescaling, we can assume
that
—w <0 <ow.

Lemma 5.2. In Setting 5.1, the quantity vol(Kx, ) is independent of t € D.

Proof. We work in two steps. First, we assume that the family = : X — D is projective,
i.e. there exists a positive line bundle L over X. In that case, we know that the invariance
of plurigenera holds [54, 60], meaning that the function 7 — h°(X,, mKy,) is constant
on D, without even assuming that X; is of general type for all ¢. In particular, it would
be enough to assume that only Xy is of general type, from which it results that X; is of
general type for all # and vol(KY, ) is independent of 7.

Coming back to the general case, we know that K ,p is big. Thanks to Demailly’s
regularization theorem, there exists a Kéhler current T € ¢ (K x/p) with analytic singu-
larities along V(4) for some ideal sheaf 4 C Ox. Let f : X’ — X be a log resolution
of (X, 4). By Hironaka’s theorem, one can construct such a morphism f by a sequence
of blow-ups along smooth centers only. We write f*T = T’ + [F] for some smooth
semipositive form 7’ on X’ and some effective divisor F. This sequence may be infi-
nite; however, the centers project onto a locally finite family of subsets of X. Up to
co-restricting f to 7~ !(K) for some compact subset K € D, one can assume that f
is a finite composition of blow-ups and that 7’ > §z*w for some § > 0 small enough.

Let E be the exceptional divisor of f, with irreducible components £ = lecvzl Eyg.
A classical argument (see e.g. [25, Lem. 3.5]) allows one to find smooth (1, 1)-forms
0k, € c1(Ex) with support in an arbitrarily small neighborhood of Ey along with positive
numbers (ax) such that the sum 6 = ), ax0 defines a (1, 1)-form on X’ which is
negative definite along the fibers of f'. It follows that for ¢ > 0 small enough, the smooth
form n*w — €0 is Kihler. In particular, T’ — §¢6 is a Kéhler form whose cohomology
class belongs to NSg (X’). This implies that the Kahler cone of X’ meets NSz (X'), i.e.
7 o f is projective.
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Let X] := f~1(X;) and let K° C K be the set of regular values of 7 o f. For any
1 € K°, the map fly; : X; — X, is birational, hence vol(Ky;) = vol(Kx,). By the first
step, Vol(KXT() is independent of ¢+ € K°, hence the same holds for vol(Ky,). The set
K\ K° is finite and without loss of generality, one can assume that it consists of the single
element {0}. The fiber X, can be decomposed as X, = Yo + ) E; where f|y, : Yo — Xo
is birational and E; is contracted by f| X} Let Y; — Y be a resolution of singularities.
By [64, Thm. 1.2], we have vol(Kyé) < vol(Ky;) fort # 0. As X and Y, are smooth and
birational, we have vol(Kx,) = VOl(Kyé) < vol(Kx,). Finally, as ¢ — vol(KY, ) is upper
semicontinous, we have vol(Ky,) = vol(Kx,) for any t € K. The lemma is proved. m

Remark 5.3. In the last step of the proof of Lemma 5.2, we could also use the exis-
tence of relative minimal models, provided D is replaced by a quasi-projective smooth
curve C. The general fiber of the projective morphism X’ — C is a projective variety of
general type, hence it admits a good minimal model over C by [8]. By [31, Thm. 3.3] and
[65, Cor. 1.2], it follows that X’ — C admits a birational model ¢ : X’ --> X" over C
such that ¢! does not contract any divisor, every fiber X;' of X” — C has canonical
singularities and K, is semiample and big. For any 7 € C, one has vol(Ky) = (K;;,).
By flatness, this quantity does not depend on .

Finally, we claim that X{ is birational to X¢. This is a combination of the following
two facts. First, the variety X has canonical singularities and K 4 is big, hence it is of
general type and in particular it is not uniruled. Next, X is birational to a component
of X{, and all of them but the strict transform of X, by f are covered by rational curves
as f is a composition of blow-ups of smooth centers from a smooth manifold.

The positive (n, n)-forms (@} );ep induce a smooth hermitian metric on —Kx/p.
Since [@] = 1 (Kx/p) € H 3151(96 ) there exists a smooth function # on X such that

—dd§ logw! = =0 + dd§h.

We will denote by Et =h |x, the restriction to the fiber X;. The function J becomes
unique (and remains smooth) after imposing the normalization

htw;’ =0.
X

We define a function & on X by imposing that &, := h|x, satisfies
h; = Et —log(i/ ez’w?).
Vl X

/ eMw =V, := vol(Kx,). (5.1)
Xy

In particular,

As /1 is smooth on X , one has the following obvious consequence.
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Lemma 5.4. Given any compact subset K € D, one has

sup || || Loo(x,) < +00.
teK

It follows from [11], a generalization of the Aubin—Yau theorem [3, 71], that there
exists a unique Kihler—Finstein current on X;. This is a positive closed current 7; in
c1(Kx,) which, by [8,28], is a smooth Kéhler form in the ample locus Amp(Ky, ), where
it satisfies the Kéhler—Einstein equation

Ric(T)) = —T,.

It can be written as Ty = 6; + d d € ¢;, where ¢, is the unique 8;-psh function with minimal
singularities that satisfies the complex Monge—Ampere equation

(0: +dd®;)" = e?Fhiw"  on Amp(Ky,).

The minimal singularity assertion is equivalent to the following uniform bound: for all
xeX ts

My = (90) = supg ) = Vo, () <0,
t

where
Vo, (x) = sup{u(x);u, € PSH(X;, 6;) and u; < 0}.
We can choose M, independent of ¢ by using Theorem 1.9:

Theorem 5.5. In Setting 5.1, let K € D be a compact subset. There exists a constant Mg
such that for all x € w~Y(K), one has

—Mg < i(x) = Vp,(x) < Mg wheret = m(x).

Proof. From Lemma 5.2, it follows that the volume V; of K, is independent of z. We
denote it by V.

Set pu; = el w}/V and recall that this is a probability measure, by our choice of
normalization. We first observe that

0<supy; <— inf h<Ckg. (5.2)
X, 7~ 1(K)

Let us first prove the left-hand inequality. As the measures

1
7(9t +dde)" = e®

have mass 1, one has

1< / eSuPx, "”d/h = ¢%9Px; wt’
Xy

and therefore supy, ¢; > 0.
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To prove the middle inequality in (5.2), we observe that, since 6; < wy, ¢, is a subso-
lution of the equation

(0 +dd o))" > (6; + dd ;)" = e* T ",
while the constant function u(x) = —inf, 1 ) & is a supersolution of the same equation,
(0 +ddu)" = o < e’ e,

It follows from the comparison principle [35, Prop. 10.6] that ¢; < —inf -1 () h. The
rightmost inequality in (5.2) follows from Lemma 5.4 above.
We can thus rewrite the complex Monge—Ampere equation as

1
V(Gt +dd )" = eV = fig,

where ¥, = ¢ — supy, ¢, and f; = exp(¥; + supy, ¢;). Combining the inequalities
Y < 0and (5.2), it follows that the densities f; are uniformly bounded.

Recall that 7 is smooth, so in particular it is locally trivial. Therefore, Theorem 3.4
applies and we can now appeal to Theorem 1.9 with p = +ooand 0 < @ < a(®, X)) and
obtain

—Mg <y —Vy, <0.

Note that one uses here the fact that the volumes V; stay away from zero. The conclusion
follows since ¥; — ¢, is uniformly bounded by (5.2). ]

Remark 5.6. Set
Vo(x) := Vo, ,(x) and ¢(x) := ¢r(x)(x).
It is tempting to compare ¢ to
Vo = sup {u € PSH(X,©):u < 0}.

Clearly 17@ < Ve, hence 17@ — Mg < ¢. It follows from [14, Thm. A] that ¢ is ®-psh
on X, thus ¢ —sup,—1(x) ¢ < Ve and

~Mg < ¢ — Vo < M.

Remark 5.7. The same results can be proved if the family = : X — D is replaced by
a smooth family 7 : (X, B) — D of pairs (X;, B;) of log-general type, i.e. such that
(X:, By) iskltand Ky, + B, is big forall # € D.

5.2. Stable varieties

A stable variety is a projective variety X such that:
(1) X has semi-log-canonical singularities.
(2) The Q-line bundle Ky is ample.
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We refer to [1,41,43,47,50] for a detailed account of these varieties and their connection
to moduli theory.

In [7], it was proved that a stable variety admits a unique Kéhler—Einstein metric w.
There are several equivalent definitions for such an object, but the simplest is probably
the following:

Definition 5.8. A Kdhler—Einstein metric @ on a stable variety is a smooth Kihler metric
on Xy, such that

Ric(w) = —w and / o" = (Ky) wheren = dimc X.
Xreg

It is proved in loc. cit. that w extends canonically across Xy, to a closed, positive
current in the class ¢ (Kx). It is desirable to understand the singularities of @ near Xgiy,.
In [38, Thm. B], it is proved that @ has cusp singularities near the double crossings of X.
Moreover, it is proved in [62] that the potential ¢ of @ with respect to a given Kihler
form wy € ¢1(Kx),i.e. w = wx + dd€gp, is locally bounded on the kit locus of X. More
precisely, given any divisor D = (s = 0) ~g Kx containing the non-klt locus of X and
given any ¢ > 0, there exists a constant C, > 0 such that

@ > ¢elog |s|2 —C, (5.3)

where | - | is some smooth hermitian metric on Oy (D). We wish to refine that estimate
and obtain a version for families of canonically polarized manifolds degenerating to a
stable variety.

Proposition 5.9. Let X be a stable variety of dimension n and let wx € ¢1(Kx) be
a Kihler metric. Next, let ® = wx + dd€¢ be the Kihler—FEinstein metric of X. Let
D = (s = 0) be a divisor containing the non-kit locus of X and let | - | be some smooth
hermitian metric on Ox (D). For any € > 0, there is a constant C, such that

@ > —(m+ 1+ ¢)log(—log|s|) — Cs. 5.4

Remark 5.10. Estimate (5.4) is an important refinement of (5.3), as it ensures that ¢
belongs to the finite energy class &1 (X, wy); see [34] or [11, Sect. 2] for the definitions
and main properties of these classes.

This estimate is almost optimal. Indeed, if X is the Satake—Baily—Borel compactifica-
tion of a ball quotient, it is a normal stable variety and it admits a resolution (X, D) which
is a toroidal compactification of the ball quotient obtained by adding disjoint abelian vari-
eties. The potential ¢ of the Kihler—Einstein metric on (X, D) with respect to a smooth
form in ¢; (K% + D) satisfies

¢ = —(n+ 1)log(—log|sp|) + O(1) if(sp =0)=D.

Proof of Proposition 5.9. Let f : Y — X be a resolution of singularities of X such that
f induces an isomorphism over X,,. The complex Monge—Ampére equation satisfied
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by ¢ pulls back to Y and reads
(f*ox +dd° f*p)" = ¢/ ®duy, (5.5)

where duy = [[i_, |t:|*% wy is a positive measure with possibly infinite mass. Here,
wy is a Kihler form on Y, and (#; = 0) are divisors sitting over X;,s (they need not be
exceptional though, as X may have singularities in codimension 1). Finally, a; > —1 for
all 7, and any divisor (t; = 0) such that a; = —1 sits above the non-klt locus of X.

Now, let F be an effective divisor on X and let oy € H °(X ,Ox (F)) be a section
cutting out F. Let & be a smooth hermitian metric on Oy (F); there exists a constant Cg
such that ®;(F) < Crwy. One can scale & so that |0X|i < e 20+2)CrF on X . Finally,
let oy := f*ox and ¥ := —log(—log|oy|?). We have

(Doy. Doy)

ddy = -
V= lorPCloglorl?))  —loglor]?

- [T On(F).

By our choice of scaling, the function Ay is f*wyx-psh for any 0 < A < 2(n + 2).
Moreover, it belongs to the class &(Y, f*wyx) thanks to e.g. [36, Prop. 2.3] and [20,
Thm. 1.1 (i)].

We apply this construction to F' some (very ample, say) divisor containing the non-klt
locus of X. This yields a section oy of f*F that vanishes to order at least 1 along the

(t; = 0) for which a; = —1. As a result, the measure
1
(n+1+28)y 12a; . .0
¢ dpy < 1_[ |t;|2(=log |1; |2)n+1+2¢ 1_[ 1] Wy

aj=—1 a;j>—1

has a density g, with respect to @y that satisfies

/ g8|loggs|"+£a)1’} < 400
Y

for any ¢ > 0. By Theorem 1.5, this implies that the unique solution u, € & (Y, % f*ox)
of the Monge—Ampere equation

(%f*wx i dd"ug)n = et 120V g
is bounded, i.e. there exists a constant C; > 0 such that
lusllLooqry = Ce. (5.6)
Now, the function v, := u, + (n + 1 + 28)y¥ € &(Y, f*wy) satisfies the inequality
(f*ox +ddve)" > (3 f*ox +ddus)" = e duy,

i.e. v, is a subsolution of (5.5). By the comparison principle, we obtain f*¢ > v, and it
follows from (5.6) that
ffo=m+ 142y —Ce,

from which the conclusion follows. [
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5.3. Stable families

Now one can establish a family version of the previous estimate, i.e. of Proposition 5.9.
In Setting 4.1, assume additionally that K x/p is ample. We let & be a smooth hermitian
metric on K x,p whose curvature is a Kéhler form wx 1= ©,(Kx/p); we set

wx, ‘= a)x| X;-
If €2 is a local trivialization of m K x;/p, then the quantity

i (Q A Q)Ym

MX/D,h = >
;"

is independent of 2 and m (yet it depends on ), and for any ¢ € I, it restricts to X, as
a positive measure

KX, h 2= Hx/Dlxr,

which we extend by zero across X ;i"g. For each ¢t € D, there exists a unique Kihler—
Einstein metric wgg,; € c1(Kx,) which solves the Monge—Ampere equation

(wx, +dd p)" = e jux, n (5.7)
on X;. This is due to [3,71] when X; is smooth and to [7] in general.

Theorem 5.11. In Setting 4.1, assume that:
o The relative canonical bundle K xp is ample.
o The central fiber Xy is irreducible.

Let wx, + dd€¢; be the Kihler—Einstein metric of X, that solves (5.7) and let D =
(s = 0) C X be adivisor which contains NKIt(X, X¢) (see (4.4)). Fix a smooth hermitian
metric | - | on O (D). Up to shrinking D, for any & > 0, there exists C¢ > 0 such that

¢ > —(n+ 1+ ¢)log(—log|s|) — Ce (5.8)
on X; foranyt € D.

This estimate improves an interesting control obtained previously by J. Song (see
[62, Lem. 4.2]).

Proof of Theorem 5.11. Let f : X’ — X be a semistable model as in (4.2). The first
observation is that the behavior of f*(Q2; A Q;)/” and f *ux, » on X; is the same,
uniformly in ¢, because there exists a constant C > 0 such that for any trivializing open
set, one has C > |Q |}21 > C~!, where Q ranges among the finitely many trivializations of
mK x/p. This follows from the fact / is a smooth hermitian metric on m K x/p.

We set ¥ := f*(—log(—log|s|?)); it is a quasi-psh function on X’ satisfying

Y <vyr+ 0(),
where Y F is defined in (4.9).



E. Di Nezza, V. Guedj, H. Guenancia 2748

By scaling the metric | - | on O (D), one can assume that Ay is f *wx-psh for any
0 <A =<2(n+2).Forany ¢ € D*, the function ¥, := ¥[x; belongs to E(X;, f*wyx,)
by the same argument as in the proof of Proposition 5.9.

Letu,, € &(X}, % S *wx,) be the unique solution of the Monge—Ampere equation

(%f*th + ddcue’t)n _ eug.[+(n+1+28)'(p[ f*,U«X,,h- (5.9)

One can write e " 1421 f* 1, — et f*wg,, where p; is the restriction to X; of
the difference of quasi-psh functions on X’ with uniformly bounded L' norm on X;. Set
V= fX, w}’}l. Integrating both sides of (5.9) and using the Jensen inequality we obtain

=
o Jy

1 * N
Z V.e 1% [X; (ua,t"l‘l)t)f th )

* N
ffo

X

QHeatHIR2Y V/ Qe thi :
X 4

7
t

Since th, |pe| f *wk, is uniformly bounded, we get th/ Ue [*wk < C forsome C > 0
independent of ¢, ¢. Since u. is f* (%th )-psh, it is the pull-back of a %(UX, -psh function
on X, to which one can apply Proposition 3.3 since 7 is projective. To summarize, we get

an upper bound
ug; < C. (5.10)

Next, we wish to apply Theorem 1.5; in order to do so, one has to check that hypothe-
ses (H1) and (H2') are satisfied in our situation. For (H1), it is a consequence of The-
orem 3.4 — recall that up to shrinking DD, all fibers X, are irreducible since so is Xj.
As for (H2), it follows from Lemma 4.6 that we pull back via f to the smooth Kéhler
manifold X;. All in all, we can find C,; > 0 independent of ¢ € D such that

||u5,,||Loo(Xl/) < (. (5.11)
Now, the function ve; 1= uy + (n + 1 4+ 2¢)y; € E(X,, f*wyx,) satisfies
(ffox, +ddve,)" > (%f*a)xt + ddcus,t)n = e f*ux, n.

i.e. vg; is a subsolution of (5.7). By the comparison principle, we obtain f*¢; > v, and
it follows from (5.11) that

o> (414 2e)y; — C,

from which the conclusion follows. [

6. Log Calabi-Yau families

6.1. Families of Calabi-Yau varieties

In Setting 4.1, let us assume additionally that K;p is relatively trivial and that X¢ has
canonical singularities. For ¢ small enough, X; has canonical singularities as well and
Ky, is linearly trivial.
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Let o be a relative Kédhler cohomology class on X represented by a relative Kahler
form w. We set a; := olx,, wx, = wlx, and V := fX[ w?; V does not depend on ¢ (see
Lemma 2.2). Let €2 be a trivialization of K x/p, so that the quantity

. p2 =
mx/D ‘= i"QAQ

restricts to X, as a positive measure
Mx, = Jx/plye

which we extend by zero across X;"8. We set ¢; := log Jx, dix,. For each t € D,
there exists a unique Kihler—Einstein metric wkg; = w; + dd€¢; € o; which solves
the Monge—Ampere equation

1
;(wz +dd )" = e " uy, (6.1)

on X; and that we normalize by supy P = 0. This is due to [71] when X, is smooth and
to [28] in general.

Theorem 6.1. In Setting 4.1, assume that:

o The relative canonical bundle K p is trivial.

e The central fiber Xy has canonical singularities.

o Assumption 3.2 is satisfied.

Let w; + dd€¢; be the Kdihler—Einstein metric of X; solving (6.1). Up to shrinking D,
there exists C > 0 such that
oscx, pr < C (6.2)

foranyt € D, where oscx, ¢; = supy, ¢; — infx, ¢;.

A particular case of this result has been obtained previously by Rong—Zhang (see
[56, Lemma 3.1]) by using the Moser iteration process.

Remark 6.2. One can replace the first two assumptions in Theorem 6.1 above by the
following weaker ones: X is normal, Q-Gorenstein, K x/p is trivial and X, has canon-
ical singularities. Indeed, it follows from the inversion of adjunction [45, Thm. 2.3] that
(X, X;) isIc fort close enough to 0. Moreover, an easy computation relying on the adjunc-
tion formula shows that X; has canonical singularities for ¢ close to 0.

Proof of Theorem 6.1. A first observation is that the quantities ¢; remain bounded when
t varies thanks to Lemma 4.2. The result now follows from Theorem 1.1. Indeed, (H1) is
satisfied thanks to Theorem 3.4, while (H2) holds thanks to Lemma 4.4 that we pull back
to X, via f, with the notation of that lemma. n

6.2. The log Calabi-Yau setting

We will use the following setting.
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Setting 6.3. Let X be an n-dimensional compact Kiihler space and let B =" b; B; be an
effective R-divisor such that the pair (X, B) has kit singularities. We assume furthermore
that the log Kodaira dimension of the pair (X, B) vanishes, i.e.

k(Kx + B) = 0.

In what follows, we denote by E the (unique) effective R-divisor in ¢;(Ky + B).
Thanks to log abundance in numerical dimension zero (see [13, Cor. 1.18]), a particular
instance of such pairs is provided by kit pairs (X, B) with rational boundary such that the
Chern class ¢ (Kx + B) € H?(X, Q) vanishes.

Definition 6.4. In Setting 6.3, given a cohomology class @ € H ! (X, R) that is nef and
big, it follows from [11] that there exists a unique singular Ricci-flat current T € «, i.e.
a closed, positive current of bidegree (1, 1) representing  with the following properties:

(1) T has minimal singularities in «.
(ii) T is a Kidhler form on the analytic open set Q4 := (Xrg \ Supp(B + E)) N Amp(a).
(iii) Ric(T) = [B] — [E] on Xieg.

The current 7' can be found by solving the Monge—Ampere equation
vol(e) ™1 (0 + dd¢)" = u(x.p) (6.3)
where 0 € « is a smooth representative, ¢ € PSH(X, 6) is the unknown function and
1xp) = (s A5 me?s.

Here, s € H°(X, m(Kx + B)) is any non-zero section (for some m > 1) and ¢p is the
unique singular psh weight on Ox (B) solving dd€¢p = [B] and normalized by

/(s A5)Me=t8 = 1.
X

We let Ky denote the Kéihler cone, i.e. the set of cohomology classes o € H''!(X,R)
which can be represented by a Kihler form. We fix a path (o;)o<;<1 C Kx of Kihler
classes and assume that o; — 9Ky ast — 0.

When X is smooth and B = 0, the existence of a unique Ricci-flat Kéhler metric w;
in o; for each 0 < ¢ < 1 dates back to the celebrated work of Yau [71]. A basic problem
is to understand the asymptotic behavior of the w,’s as ¢ — 0. This problem has a long
history; we refer the reader to [32] for references.

Despite motivations coming from mirror symmetry, not much is known when the
norm of o; converges to +oo (this case is expected to be the mirror of a large complex
structure limit; see [49] or the recent survey [68]). We thus only consider the case when
oy — g € 0Ky . There are two rather different settings, depending on whether o is big
(vol(ag) > 0), or merely nef with vol(eg) = 0.
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6.3. The non-collapsing case

We first consider the case when the volumes of the «;’s are non-collapsing, i.e.
vol(ag) > 0. Then we have the following result, generalizing theorems of Tosatti [66]
and Collins—Tosatti [18].

Theorem 6.5. Let (X, B) be a pair as in Setting 6.3 and let (¢ty)o<t<1 C Kx be a smooth
path of Kdhler classes such that oy — oy € 0Kx as t — 0, with vol(ag) > 0. Then the
singular Ricci-flat currents Ty € ay converge to Ty as t — 0 weakly on X, and locally
smoothly on Q.

Proof. One can work in a desingularization p : ¥ — X of X. The path «; induces a
path B; = p*a; of semipositive and big classes. The currents 7; can be decomposed as
Ty = 0 + dd€¢; where 6; € B; is a smooth representative and ¢, are normalized by
supy, ¢+ = 0 and solve the complex Monge-Ampere equation

1
7(9t +dd¢)" = py = fdVy,
t

where the volumes V; = o} are bounded away from zero and infinity, C “l<y,<(C,and
ny = f dVy is a fixed volume form, with f € LP(Y) for some p > 1 (because (X, B)
has kit singularities [28, Lem. 6.4]).

Hypothesis (H2) of Theorem 1.1 is thus trivially satisfied, while (H1) follows if we
initially bound from above a; < yx by a fixed Kihler class. The most delicate €°-estimate
follows thus here from Theorem 1.9. When X is smooth, the €%-estimate in [66] is
obtained by using a Moser iteration argument as in Yau’s celebrated paper [71], but this
argument can no longer be applied in the present more singular setting.

The rest of the proof is then roughly the same as in the case of smooth manifolds. It
consists in adapting Yau’s Laplacian estimate by using Tsuji’s trick (first used in [70]),
the remaining higher order estimates being local ones. ]

6.4. The collapsing case

We now consider the case when the volumes of the a;’s are collapsing, i.e. vol(cg) = 0.
This case is more involved and only special cases are fully understood.

Suppose there is a surjective, holomorphic map f : X — Z with connected fibers,
where Z is a compact, normal Kéhler space of positive dimension m. We denote by k :=
n —m = dim X — dim Z the relative dimension of the fiber space f. We let Sz denote
the smallest proper analytic subset ¥ C Z such that:

e ¥ contains the singular locus Z,, of Z.
e The map f is smoothon f~1(Z \ ).
e Forany z € Z \ X, Supp(B) intersects X, transversally.

We set Sy = f~1(Sz). Finally, we set Z° := Z \ Sz and X° := X \ Sy = f~1(Z°).
By the last item, each component of B|yo dominates Z°.
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A general fiber X, satisfies k(Kx, + B;) > 0, but the inequality may be strict. If
c1(Kx + B) = 0, then log abundance implies that Kx, + B; ~q Ox, for z general.
Moreover, litaka’s conjecture predicts that k (Kx, + B;) vanishes as long as k(Z) > 0,
which in turn should be equivalent to Z not being uniruled.

Fix a Kiahler form wz on Z. For simplicity, we assume that |, » @7 = 1. The form
[f*wz is a semipositive form such that f *a)g = 0 for any p > m. We also choose a Kihler
form wy on X . The quantity | X. a)§ = f« a)§ is constant in z € Z; up to renormalizing wy,
we may assume that the constant is 1.

We assume that our path (a;);>0 in H!1(X,R) is given by ag = { f*wz} and oy =
ag + t{wx }. As aresult,

V, = vol(ay) = (Z)zk /X Frol Aok +o(tk) = (Z)zk +o(th). (6.4)

We set w; := f*wz + twy and let w,, 1= w; + dd€@; denote the singular Ricci-flat
current in oy, normalized by fX prwy = 0. It satisfies

wy, = Vi - L(x,B)

by (6.3). The probability measure fiu(x, p) has L 1+¢ density with respect to @’ thanks to
[29, Lem. 2.3]. Therefore, there exists a unique positive current ws, € {wz } with bounded
potentials that solves the Monge—Ampere equation

w5, = fxll(x,B)

(see [28]). In the case where X is smooth, B = 0 and ¢;(X) = 0, the Ricci curvature
of fiux (or equivalently w,) coincides with the Weil-Petersson form of the fibration f
of Calabi—Yau manifolds. We propose the following problem.

Problem 1. Let f : X — Z be a surjective holomorphic map with connected fibers
between compact, normal Kdhler spaces. Assume that there exists an effective divisor B
on X such that (X, B) is kit and k(Kx + B) = 0. Let wx (resp. wz) be a Kiihler form
on X (resp. Z) and let wy, be the unique singular Ricci-flat current in { f*wz + twx}
fort > 0. Then the currents w,, converge weakly to f*woo ast — 0, where woo € {wz}

dimZ _
solves wg"* = full(x,B)-

The problem above is motivated by a string of papers (see below) where the expected
result is proved along with some additional information on the convergence.

Theorem 6.6 ([32,39,67,69]). Assume that X is smooth, B = 0 and ¢1(Kx) = 0. Then

the metrics wy, converge to f*wso in the € sense on X \ Sx, for some a > 0.

In this section, we aim at providing a positive answer to Problem 1 whenever X is
smooth, B has simple normal crossings support and c;(Ky + B) = 0. We will follow
the strategy of Tosatti [67] rather closely. However, some adjustments need to be made,
requiring the use of conical metrics and the results of the present paper.
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Theorem 6.7. In the setting of Problem 1, assume furthermore that X is smooth, B has
snc support and ¢1(Kx + B) = 0. Then w,, — f*woo as currents on X whent — 0.

Proof. We will proceed in several steps, similarly to [67]. In order to simplify some com-
putations to follow, we will assume that Sz is contained in a divisor Dz, cut out by a
section oz € H%(Z,0z(Dz)). If Z is projective, this is not a restriction. The general
case requires following Tosatti’s computations more closely but does not present signifi-
cant additional difficulties.

Step 1. Choice of some suitable conical metrics. In the proposition below we list the
properties of the conical metric that will be important for the following. It is mostly a
recollection of well known results (see e.g. [37]). By abuse of notation, we will not dis-
tinguish between B and Supp(B).

Proposition 6.8. There exists a Kdihler current wp € {wx} on X such that:
(1) wp is a smooth Kiihler form on X \ B and has conical singularities along B.

(2) There exists a constant C > 0 and a quasi-psh function ¥ € €*°(X \ B) N L*°(X)
such that the following inequalities between tensors hold in the sense of Griffiths on
X\ B:

—(Cwp +ddV) @ Idr, < O, (Tx) < Cwp ® Idry.

(3) Let h := wy/wy. There exists p > 1 such that for any K € Z°,

ZS:E ||h|XZ”Lp(a))k(Z) < +oo.
Sketch of proof of Proposition 6.8. To construct such a metric wp, one first chooses
smooth metrics #; on B; and sections s; € H°(X, Ox(B;)) cutting out B;, and one sets
wpi=wy +dd®Y ;|si [2(1=b1) Up to scaling down the metrics /;, one can easily achieve
the first condition. The third condition also follows easily.

The left-hand inequality of (2) (“lower bound” on the holomorphic bisectional curva-
ture) follows from [37, (4.3)] with ¢ = 0. As for the right-hand inequality (upper bound
on the holomorphic bisectional curvature), a proof has been given in [40, App. A] in
the case where B is smooth but a very simple argument has been found by Sturm [58,
Lem. 3.14]. [

Step 2. Estimates. In the proposition below we list various estimates on wy, that will be
useful for the last step. First, we define for z € Z° the quantity ¢;(z) := sz w,w§z. In
the following, we will not distinguish between ¢, and f*¢;.

Proposition 6.9. There exist a constant C > 0 as well as a positive function g € €*°(X°),
both independent of t, such that:

(D) NleellLex) = C.

2) wy, = C7! f*wz.

3) o —pil =g-1.
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4) g7 -wp <wy, <g-wp.

(5) g7t -wp, <wy,|x. < gt-wp. forallz € Z°.

Proof of Proposition 6.9. In this proof, C will denote a constant that may change from
line to line but is independent of ¢. In the same way, g will be a smooth, positive function
on X ° that should be thought of as blowing up to +o0 near Sy ; it can be assumed to come
from Z° via f.

(1) This is a consequence of [27, Thm. A] or [24, p. 401].

(2) Let us consider the holomorphic map f : (X \ B,wy,) = (Z,wz). Since Ric(wy, )
= 0 and wz is a smooth Kéhler metric on the compact space Z, Chern—Lu’s formula
[17,52] provides a constant C > 0 such that the non-negative function u := e, f*wz
satisfies

Ay, logu > —-C(1 + u)

Wo;

on X \ B. Now,
Awy, (—¢1) = tte,, (—wy, + ffwz +twx) >u—n,
so that setting A = C + 1, one finds

(logu — Ap;) >u—C.

wwr

Let 7 be a section of Oy ([ B]) cutting out B and let g be a smooth hermitian metric on
that line bundle. We set

o 2
x = log |‘L’|hB.

As wy, is a Kihler current and x is quasi-psh, there exists a constant C; > 0 such that

dd®y > —C,w,, . Therefore, for any § € (0, C;1),

(logu — Agp; +8x) >u—C.

a)wt

As wy, is a conical metric for 7 > 0, the function u is bounded above on X \ B, and
therefore H, 5 :=logu — Ag; + §x attains its maximum at a point x; s € X \ B such that
u(x;5) < C. As aresult, the estimate in (1) allows one to show that for any x € X \ B,

logu(x) = H;5(x) + A, (x) — Sx(x) < Hys5(x5) +C —8y(x) < C —48y.

As this holds for any § > 0 small enough, we can pass to the limit and conclude that
u<eConX \ B, hence everywhere.
(3) The equation solved by ¢; can be rewritten as

(f*oz +tox +dde)" = t*efrw (6.5)

where F; is uniformly bounded independently of ¢. Next, on X, (z € Z°),

k k *
(a)(ﬂl |Xz) — a)(/’t N f C()an < Cg . w_zt (6 6)
w§z ok A from T wy
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thanks to (2). Observing that wy,|x. = (g, — dd°@,)|x.. one sees from (6.5) that
(or — ﬂ) |x. satisfies

1 k
(0. + da*(Fo— w0, ) ) = ghle o

where h = wj /wy . Thanks to the third item of Proposition 6.8, Theorem 3.4 and The-
orem 1.1, we can derive (3). Actually, we have used a version of Theorem 3.4 for
higher-dimensional bases, but only for smooth morphisms, in which case the proofs in
the one-dimensional case go through without any change.

(4.a) We first prove the right-hand inequality. Let us start by writing wp = wy +
dd®yp, where Yp € L°°(X) N€*(X \ B). From Proposition 6.8 (2) and Siu’s Lapla-
cian inequality [37, (2.2)], one concludes that

Awwr (logtry, wy, + W) > —C(1 + L ®R).
Next,
Awy, (=01 + 1YB) = try,, (—wy, + f*wz + twp) > ttry,, wp —n, (6.7)
so that
A, (log trpp We, + ¥ — é(p, + AWB) > e, WB — g (6.8)
t t
We want to bound the term dd ¢, from below. In order to achieve this, we write
dd g, = dd° fu(piwf) = fu(dd g Awf) = — fu( [*wz A0k + 1ot
> —wz —tfiok™ > —g-wz (6.9)
because f*a)§ = 1. In particular,

Aoy, 91 = —8 (6.10)
thanks to (2). Combining that estimate with (6.8), one finds

A g
Aw,, (logtrwB wy, + ¥ — 7((pt —¢) + AI//B) > g, WB — T (6.11)

We now set F := ¥ — %(go, - &) + Ayp; it is a bounded function on X, smooth on
X°\ B, such that
|Fl<g (6.12)

thanks to (3). Next, we set p := y + f*log |02|le where y is defined in the proof
zZ

of (2) and hp,, is a smooth hermitian metric on the divisor Dz (containing Sz). As p is
quasi-psh on X, there exists C; > 0 such that

dd®p > —Ciwy,. (6.13)
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In particular,
Aw,, (l0gtry, wy, + F + 6p) > try,, wp —g/t (6.14)

aslong as § € (0, C;~1). We choose such a § for the following. As the quantity log try,, @,
+ F is globally bounded on X and smooth on X° \ B, the function logtr,,, w,, + F + 6p
attains its maximum at a point y; 5 € X° \ B such that

tro,, wB(yrs) < g/t

thanks to the maximum principle. Combining this with (2), one finds

tr,, (f 0z +twp)(y:s) < &. (6.15)

Using the standard inequality

wn
try @ < ——(try )",
w

valid for any two positive (1, 1)-forms, one gets from (6.15)

trf*wz+ta)3 (a)(pt)(yt,8) =g

since g, =~ tka)?3 is uniformly comparable to ( f *wz + twp)” by Claim 6.10 below. As

wp dominates f*wz + twp, we infer from the inequality above that

trop We, (V1,5) < & (6.16)

Given the definition of y; s, the boundedness of F and that § > 0 is arbitrary, we find as
in the proof of (2) above that (6.16) actually implies

tryy Wp, < g onX°\ B,

hence on the whole X°.
To conclude the proof of the right-hand inequality in (4), it remains to prove

Claim 6.10. We have

k

gk b < (f*wz +twp)" < gt* - wh. (6.17)

Proof of Claim 6.10. The statement is local, so one can assume that f : C* — C™
is given by the projection onto the last m factors and that B = Y ;_, b;(z; = 0) for

some r < k. As the inequality is invariant under quasi-isometry, one can choose wz =
Z;':k 4+11dzj A dZj to be the euclidean metric on C™ while

idzj AdZ; -
J j - .
wp = —_— + idzi NdZ;
Z |Zj|2b/ Z Y J
j=1 j=r+1
is the standard cone metric. Setting K := [}_; |z;| 7% and wcn == Y 7_, idz; AdZ,
one finds

wg =K-w¢, and (f*wz +twp)" = 1+ 1)"K - 0¢n,

which gives the expected result. |
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(4.b) We now move on to the left-hand inequality of (4). Let us set v := tre,, (twp).
Recall from Proposition 6.8 (2) that wp has holomorphic bisectional curvature bounded
from above on X \ B. By Chern-Lu’s inequality, we get

Ay, logv > —Ct™'v on X\ B.

Combining that inequality with (6.7)—(6.10) and (6.13), one finds, for 4 = C + 1,

A 1
Ap,, (logv - 7(% — @)+ Ay + 8/)) > ;(v - 8).

Applying the maximum principle and arguing as before, we eventually find v < g on
X°\ B, hence on X°.

(5) The left-hand inequality is a direct consequence of (4), by restriction. As for the
right-hand inequality, it follows easily from the left-hand one since

(@g, |x.)* _ o
N A
B:
thanks to (6.6). This ends the proof of Proposition 6.9. -

Step 3. Convergence. Thanks to Proposition 6.9 (1), the family (¢;)o<:<1 is relatively
compact for the L!-topology. All we have to do is to show that all its cluster values
coincide. Let ¢, be such a cluster value; it is an f *wz-psh function but f has connected
fibers so that ¢ is necessarily constant on the fibers. Equivalently, one has ¢oo = f* @00
for the (unique) wz-psh function ¢ satisfying oo (2) := /5 X. (poow§ forz € Z°. We want
to show that the equality of measures

(a)z + ddc(p;.o)m = f*M(X,B) (6.18)

holds on Z. Since (6.18) has a unique normalized bounded solution, this will prove the
theorem. As ¢, is globally bounded on X thanks to Proposition 6.9 (1), and fi i (x,B)
does not charg_e any pluripolar set, it is actually enough to show that the equality (6.18)
of measures holds on Z°. In order to prove (6.18) on Z°, since f*a)§ = 1, it is enough to
prove instead that for any u € €§°(Z°),

/ fru-(ffoz +dd°ec)™ Aok = / fru-dpx,p). (6.19)
X X
We start from the identity

wy, = (ffwz +tox +dde)" = V; - u(x.B) (6.20)

where V; = (Z)tk + o(t*) when t — 0 (see (6.4)). Set ¥; 1= ¢; — ¢ and decompose wy,
as
wy, = [0z +dd ;) + (twx +ddY).
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By expanding, one obtains

m
n " . .
w), = Z(z ) fHwz +dd¢)" A(twx +dd Y)" " .
i=0
e Casei = m. We expand again
k—1 k ) ) -
U = Z( ,)zf fHoz+ddp)™ Aof AddY) T+ fX 0z +ddCp)" Aok
: J — —
Jj=0
=:B;

Integrating by parts, one gets

/f vehi = /‘”’ " (ddu A 0z +ddg)") Aoy A@ddY) I =0

=0

for degree reasons.

By the dominated convergence theorem, ¢; — ¢oo in the L} .(Z°) topology. More-

over, as B intersects the fibers of f transversally over Z°, an easy argument relying on
a partition of unity shows that f,(wp A a)X) is a smooth (1, 1)-form on Z°. Combining
this with Proposition 6.9 (4), we find dd€¢; = fu(dd p; A w§) < f«(gwp A a)§) <
(f«g) - wz. Together with (6.9), this implies_

+dd ¢, < (fug) - wz. 6.21)

By a standard result, this shows that ¢; — ¢ in Cl *(Z°) for any o < 1. In particular,
the quasi-psh functions ¢; converge uniformly on Supp(u). By Bedford-Taylor theory,
one deduces that

/ fru- fYoz +dde)™ Aok — [ fru- Yoz +ddps)™ Aok
X - X -
In the end, we have showed that
(om) k
%/Xf*u-ozm—>/Xf*u.f*(wz+ddc<p;.o)m/\wx (6.22)
t

since V; ~ (")k.

e Casei < m. We expand

n—i—1 .
=3 (”j ’)zi [z +dd e) Awf A(ddSy)"
j=0

=ij

+ 1" Moz +dde) Aoy
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From (6.21), we find
tn—i

Vi

/ fru- Yoz +dd°e) Aoy = 0™ = o(1). (6.23)
y 123

For the remaining terms, an integration by parts yields
/ f*u - Vij :/ 1//t . f*(ddcu A (C‘)Z +ddc(pt)i) /\Cl))j(.- A (ddcl//t)nfifjfl'
X X ro

From Proposition 6.9 (3), one has |;| < gt. Moreover, among the (n —i — j — 1) eigen-
values of dd €, involved in the integral, atleast (n —i — j — 1) —(m— (i + 1) =k —
must come from the fiber. By Proposition 6.9 (4, 5), the integrand is O(r'k=/). As a
result,

1/

— *u-yi; = 0(@).

Vt /X f ylj ( )
Combining that result with (6.23), we see that for any i > m,

1

z]i_I)l}) v /X f*u-a; =0. (6.24)

Putting together (6.20), (6.22) and (6.24), we obtain

1 2 (n) 1
*u-d - *ueo® = i - *®
[ ducen =5 [ o, tgr(l)iz()(l.)vtfxfu o

n
=lim@/f*u-am=/f*u-f*(a)z-l-ddcfpoo)m/\w)lﬁ.
Ve Jx X —

t—0
In summary, (6.19) is proved, which concludes the proof of the theorem. ]

Acknowledgments. We thank S. Boucksom, M. Pdun, J. Song and A. Zeriahi for several interest-
ing discussions. We are grateful to the anonymous referees for a remarkably careful reading, for
suggesting many improvements as well as for pointing out a gap in §3 of an earlier version.

Funding. The authors are partially supported by the ANR project GRACK.

References

[1] Alexeev, V.: Log canonical singularities and complete moduli of stable pairs. arXiv:alg-
2eom/9608013 (1996)

[2] Asserda, S., Assila, F. Z., Zeriahi, A.: Projective logarithmic potentials. Indiana Univ. Math.
J. 69, 487-516 (2020) Zbl 1457.32089 MR 4084179

[3] Aubin, T.: Equations du type Monge—Ampgre sur les variétés kiihlériennes compactes. Bull.
Sci. Math. (2) 102, 63-95 (1978) Zbl 0374.53022 MR 494932

[4] Bedford, E., Taylor, B. A.: A new capacity for plurisubharmonic functions. Acta Math. 149,
1-40 (1982) Zbl 0547.32012 MR 674165

[5] Bei, F.: On the Laplace—Beltrami operator on compact complex spaces. Trans. Amer. Math.
Soc. 372, 8477-8505 (2019) Zbl 1457.32098 MR 4029702


https://arxiv.org/abs/alg-geom/9608013
https://arxiv.org/abs/alg-geom/9608013
https://zbmath.org/?q=an:1457.32089
https://mathscinet.ams.org/mathscinet-getitem?mr=4084179
https://zbmath.org/?q=an:0374.53022
https://mathscinet.ams.org/mathscinet-getitem?mr=494932
https://zbmath.org/?q=an:0547.32012
https://mathscinet.ams.org/mathscinet-getitem?mr=674165
https://zbmath.org/?q=an:1457.32098
https://mathscinet.ams.org/mathscinet-getitem?mr=4029702

E. Di Nezza, V. Guedj, H. Guenancia 2760

(6]

(7]
(8]
(9]
(10]
(11]

[12]

[13]
[14]
[15]
[16]

(17]

(18]
[19]
[20]

(21]

(22]

(23]
[24]
[25]
[26]

[27]

Berman, R. J., Boucksom, S., Eyssidieux, P., Guedj, V., Zeriahi, A.: Kéhler—Einstein metrics
and the Kéhler—Ricci flow on log Fano varieties. J. Reine Angew. Math. 751, 27-89 (2019)
7Zbl 1430.14083 MR 3956691

Berman, R. J., Guenancia, H.: Kéhler—Einstein metrics on stable varieties and log canonical
pairs. Geom. Funct. Anal. 24, 1683—-1730 (2014) Zbl 1319.32019 MR 3283927

Birkar, C., Cascini, P., Hacon, C. D., McKernan, J.: Existence of minimal models for varieties
of log general type. J. Amer. Math. Soc. 23, 405-468 (2010) Zbl 1210.14019 MR 2601039

Boucksom, S.: On the volume of a line bundle. Internat. J. Math. 13, 1043-1063 (2002)
Zbl 1101.14008 MR 1945706

Boucksom, S.: Divisorial Zariski decompositions on compact complex manifolds. Ann. Sci.
Ecole Norm. Sup. (4) 37, 45-76 (2004) Zbl 1054.32010 MR 2050205

Boucksom, S., Eyssidieux, P., Guedj, V., Zeriahi, A.: Monge—Ampere equations in big coho-
mology classes. Acta Math. 205, 199-262 (2010) Zbl 1213.32025 MR 2746347

Campana, F., Guenancia, H., Paun, M.: Metrics with cone singularities along normal crossing
divisors and holomorphic tensor fields. Ann. Sci. Ecole Norm. Sup. (4) 46, 879-916 (2013)
Zbl 1310.32029 MR 3134683

Cao, J., Guenancia, H., Pdun, M.: Variation of singular Kdhler—Einstein metrics: Kodaira
dimension zero. J. Eur. Math. Soc. 25, 633-679 (2023) Zbl 07665051 MR 4556792

Cao, J., Guenancia, H., Paun, M.: Variation of singular K#hler-Einstein metrics: positive
Kodaira dimension. J. Reine Angew. Math. 779, 1-36 (2021) Zbl 07417727 MR 4319060

Chavel, I.: Figenvalues in Riemannian Geometry. Pure Appl. Math. 115, Academic Press,
Orlando, FL (1984) Zbl 0551.53001 MR 768584

Cheng, S. Y., Li, P.: Heat kernel estimates and lower bound of eigenvalues. Comment. Math.
Helv. 56, 327-338 (1981) Zbl 0484.53034 MR 639355

Chern, S.-s.: On holomorphic mappings of hermitian manifolds of the same dimension. In:
Entire Functions and Related Parts of Analysis (La Jolla, CA, 1966), Proc. Sympos. Pure
Math. 11, Amer. Math. Soc., Providence, RI, 157-170 (1968) Zbl 0184.31202 MR 0234397

Collins, T. C., Tosatti, V.: Kdhler currents and null loci. Invent. Math. 202, 1167-1198 (2015)
7Zbl 1341.32016 MR 3425388

Coman, D., Guedj, V., Zeriahi, A.: Extension of plurisubharmonic functions with growth con-
trol. J. Reine Angew. Math. 676, 33—49 (2013) Zbl 1269.32018 MR 3028754

Darvas, T., Di Nezza, E., Lu, C. H.: On the singularity type of full mass currents in big coho-
mology classes. Compos. Math. 154, 380-409 (2018) Zbl 1398.32042 MR 3738831

Demailly, J.-P.: Sur les nombres de Lelong associés a I’image directe d’un courant positif
fermé. Ann. Inst. Fourier (Grenoble) 32, no. 2, ix, 37-66 (1982) Zbl 0457.32005
MR 662440

Demailly, J.-P.: Mesures de Monge—Ampere et caractérisation géométrique des variétés
algébriques affines. Mém. Soc. Math. France (N.S.) 19, 124 pp. (1985) Zbl 0579.32012
MR 813252

Demailly, J.-P.: Regularization of closed positive currents and intersection theory. J. Algebraic
Geom. 1, 361-409 (1992) Zbl 0777.32016 MR 1158622

Demailly, J.-P., Pali, N.: Degenerate complex Monge—Ampere equations over compact Kihler
manifolds. Internat. J. Math. 21, 357-405 (2010) Zbl 1191.53029 MR 2647006

Demailly, J.-P., Paun, M.: Numerical characterization of the Kéhler cone of a compact Kéhler
manifold. Ann. of Math. (2) 159, 1247-1274 (2004) Zbl 1064.32019 MR 2113021

Dinew, S.: Uniqueness in & (X, ®). J. Funct. Anal. 256, 2113-2122 (2009) Zbl 1171.32024
MR 2498760

Eyssidieux, P., Guedj, V., Zeriahi, A.: A priori L°°-estimates for degenerate complex Monge—
Ampere equations. Int. Math. Res. Notices 2008, art. ran 070, 8 pp. Zbl 1162.32020

MR 2439574


https://zbmath.org/?q=an:1430.14083
https://mathscinet.ams.org/mathscinet-getitem?mr=3956691
https://zbmath.org/?q=an:1319.32019
https://mathscinet.ams.org/mathscinet-getitem?mr=3283927
https://zbmath.org/?q=an:1210.14019
https://mathscinet.ams.org/mathscinet-getitem?mr=2601039
https://zbmath.org/?q=an:1101.14008
https://mathscinet.ams.org/mathscinet-getitem?mr=1945706
https://zbmath.org/?q=an:1054.32010
https://mathscinet.ams.org/mathscinet-getitem?mr=2050205
https://zbmath.org/?q=an:1213.32025
https://mathscinet.ams.org/mathscinet-getitem?mr=2746347
https://zbmath.org/?q=an:1310.32029
https://mathscinet.ams.org/mathscinet-getitem?mr=3134683
https://zbmath.org/?q=an:07665051
https://mathscinet.ams.org/mathscinet-getitem?mr=4556792
https://zbmath.org/?q=an:07417727
https://mathscinet.ams.org/mathscinet-getitem?mr=4319060
https://zbmath.org/?q=an:0551.53001
https://mathscinet.ams.org/mathscinet-getitem?mr=768584
https://zbmath.org/?q=an:0484.53034
https://mathscinet.ams.org/mathscinet-getitem?mr=639355
https://zbmath.org/?q=an:0184.31202
https://mathscinet.ams.org/mathscinet-getitem?mr=0234397
https://zbmath.org/?q=an:1341.32016
https://mathscinet.ams.org/mathscinet-getitem?mr=3425388
https://zbmath.org/?q=an:1269.32018
https://mathscinet.ams.org/mathscinet-getitem?mr=3028754
https://zbmath.org/?q=an:1398.32042
https://mathscinet.ams.org/mathscinet-getitem?mr=3738831
https://zbmath.org/?q=an:0457.32005
https://mathscinet.ams.org/mathscinet-getitem?mr=662440
https://zbmath.org/?q=an:0579.32012
https://mathscinet.ams.org/mathscinet-getitem?mr=813252
https://zbmath.org/?q=an:0777.32016
https://mathscinet.ams.org/mathscinet-getitem?mr=1158622
https://zbmath.org/?q=an:1191.53029
https://mathscinet.ams.org/mathscinet-getitem?mr=2647006
https://zbmath.org/?q=an:1064.32019
https://mathscinet.ams.org/mathscinet-getitem?mr=2113021
https://zbmath.org/?q=an:1171.32024
https://mathscinet.ams.org/mathscinet-getitem?mr=2498760
https://zbmath.org/?q=an:1162.32020
https://mathscinet.ams.org/mathscinet-getitem?mr=2439574

Families of singular Kédhler—Einstein metrics 2761

(28]

[29]

(30]
(31]
(32]
(33]
(34]
(35]

(36]

(37]

(38]
(39]
(40]
[41]
(42]

[43]
[44]

[45]
[46]
[47]
(48]

[49]

[50]

Eyssidieux, P., Guedj, V., Zeriahi, A.: Singular Kéhler—Einstein metrics. J. Amer. Math. Soc.
22, 607-639 (2009) Zbl 1215.32017 MR 2505296

Eyssidieux, P., Guedj, V., Zeriahi, A.: Convergence of weak Kéhler—Ricci flows on minimal
models of positive Kodaira dimension. Comm. Math. Phys. 357, 1179-1214 (2018)
Zbl 1402.53049 MR 3769749

Fornass, J. E., Narasimhan, R.: The Levi problem on complex spaces with singularities. Math.
Ann. 248, 47-72 (1980) Zbl 0411.32011 MR 569410

Fujino, O.: Direct images of relative pluricanonical bundles. Algebr. Geom. 3, 50-62 (2016)
Zbl 1342.14018 MR 3455420

Gross, M., Tosatti, V., Zhang, Y.: Collapsing of abelian fibered Calabi—Yau manifolds. Duke
Math. J. 162, 517-551 (2013) Zbl 1276.32020 MR 3024092

Guedj, V., Zeriahi, A.: Intrinsic capacities on compact Kihler manifolds. J. Geom. Anal. 15,
607-639 (2005) Zbl 1087.32020 MR 2203165

Guedj, V., Zeriahi, A.: The weighted Monge—Ampere energy of quasiplurisubharmonic func-
tions. J. Funct. Anal. 250, 442482 (2007) Zbl 1143.32022 MR 2352488

Guedj, V., Zeriahi, A.: Degenerate Complex Monge—Ampere Equations. EMS Tracts in Math.
26, Eur. Math. Soc., Ziirich (2017) Zbl 1373.32001 MR 3617346

Guenancia, H.: Kédhler-Einstein metrics with mixed Poincaré and cone singularities along a
normal crossing divisor. Ann. Inst. Fourier (Grenoble) 64, 1291-1330 (2014)

Zbl 1310.32024 MR 3330171

Guenancia, H., Pdun, M.: Conic singularities metrics with prescribed Ricci curvature: general
cone angles along normal crossing divisors. J. Differential Geom. 103, 15-57 (2016)

Zbl 1344.53053 MR 3488129

Guenancia, H., Wu, D.: On the boundary behavior of Kihler—Einstein metrics on log canonical
pairs. Math. Ann. 366, 101-120 (2016) Zbl 1357.53031 MR 3552234

Hein, H.-J., Tosatti, V.: Higher-order estimates for collapsing Calabi—Yau metrics. Cambridge
J. Math. 8, 683-773 (2020) Zbl 1469.32020 MR 4220370

Jeffres, T., Mazzeo, R., Rubinstein, Y. A.: Kédhler—Einstein metrics with edge singularities.
Ann. of Math. (2) 183, 95-176 (2016) Zbl 1337.32037 MR 3432582

Karu, K.: Minimal models and boundedness of stable varieties. J. Algebraic Geom. 9, 93-109
(2000) Zbl 0980.14008 MR 1713521

Kempf, G., Knudsen, F. F., Mumford, D., Saint-Donat, B.: Toroidal Embeddings. I. Lecture
Notes in Math. 339, Springer, Berlin (1973) Zbl 0271.14017 MR 0335518

Kolldr, J.: Book on moduli of surfaces. Ongoing project, avalaible at the author’s webpage

Kolldr, J.: Singularities of the Minimal Model Program. Cambridge Tracts in Math. 200, Cam-
bridge Univ. Press, Cambridge (2013) Zbl 1282.14028 MR 3057950

Kollar, J.: Families of varieties of general type. Book in preparation: https://web.math.
princeton.edu/~kollar/ (2018)

Kolldr, J., Mori, S.: Birational Geometry of Algebraic Varieties. Cambridge Tracts in Math.
134, Cambridge Univ. Press, Cambridge (1998) Zbl 0926.14003 MR 1658959

Kollar, J., Shepherd-Barron, N. I.: Threefolds and deformations of surface singularities.
Invent. Math. 91, 299-338 (1988) Zbl 0642.14008 MR 922803

Kotodziej, S.: The complex Monge—Ampere equation. Acta Math. 180, 69-117 (1998)
7Zbl 0913.35043 MR 1618325

Kontsevich, M., Soibelman, Y.: Homological mirror symmetry and torus fibrations. In: Sym-
plectic Geometry and Mirror Symmetry (Seoul, 2000), World Sci., River Edge, NJ, 203-263
(2001) Zbl 1072.14046 MR 1882331

Kovics, S. J.: Singularities of stable varieties. In: Handbook of Moduli, Vol. II, Adv. Lect.
Math. 25, Int. Press, Somerville, MA, 159-203 (2013) Zbl 1322.14007 MR 3184177


https://zbmath.org/?q=an:1215.32017
https://mathscinet.ams.org/mathscinet-getitem?mr=2505296
https://zbmath.org/?q=an:1402.53049
https://mathscinet.ams.org/mathscinet-getitem?mr=3769749
https://zbmath.org/?q=an:0411.32011
https://mathscinet.ams.org/mathscinet-getitem?mr=569410
https://zbmath.org/?q=an:1342.14018
https://mathscinet.ams.org/mathscinet-getitem?mr=3455420
https://zbmath.org/?q=an:1276.32020
https://mathscinet.ams.org/mathscinet-getitem?mr=3024092
https://zbmath.org/?q=an:1087.32020
https://mathscinet.ams.org/mathscinet-getitem?mr=2203165
https://zbmath.org/?q=an:1143.32022
https://mathscinet.ams.org/mathscinet-getitem?mr=2352488
https://zbmath.org/?q=an:1373.32001
https://mathscinet.ams.org/mathscinet-getitem?mr=3617346
https://zbmath.org/?q=an:1310.32024
https://mathscinet.ams.org/mathscinet-getitem?mr=3330171
https://zbmath.org/?q=an:1344.53053
https://mathscinet.ams.org/mathscinet-getitem?mr=3488129
https://zbmath.org/?q=an:1357.53031
https://mathscinet.ams.org/mathscinet-getitem?mr=3552234
https://zbmath.org/?q=an:1469.32020
https://mathscinet.ams.org/mathscinet-getitem?mr=4220370
https://zbmath.org/?q=an:1337.32037
https://mathscinet.ams.org/mathscinet-getitem?mr=3432582
https://zbmath.org/?q=an:0980.14008
https://mathscinet.ams.org/mathscinet-getitem?mr=1713521
https://zbmath.org/?q=an:0271.14017
https://mathscinet.ams.org/mathscinet-getitem?mr=0335518
https://web.math.princeton.edu/~kollar/book/chap3.pdf
https://zbmath.org/?q=an:1282.14028
https://mathscinet.ams.org/mathscinet-getitem?mr=3057950
https://web.math.princeton.edu/~kollar/
https://web.math.princeton.edu/~kollar/
https://zbmath.org/?q=an:0926.14003
https://mathscinet.ams.org/mathscinet-getitem?mr=1658959
https://zbmath.org/?q=an:0642.14008
https://mathscinet.ams.org/mathscinet-getitem?mr=922803
https://zbmath.org/?q=an:0913.35043
https://mathscinet.ams.org/mathscinet-getitem?mr=1618325
https://zbmath.org/?q=an:1072.14046
https://mathscinet.ams.org/mathscinet-getitem?mr=1882331
https://zbmath.org/?q=an:1322.14007
https://mathscinet.ams.org/mathscinet-getitem?mr=3184177

E. Di Nezza, V. Guedj, H. Guenancia 2762

[51]
[52]
(53]
[54]

[55]

[56]
(571

(58]

[59]
(60]
[61]
(62]
[63]
[64]
[65]
[66]
[67]

[68]

[69]
[70]
(71]

[72]

Li, P, Tian, G.: On the heat kernel of the Bergmann metric on algebraic varieties. J. Amer.
Math. Soc. 8, 857-877 (1995) Zbl 0864.58058 MR 1320155

Lu, Y.-c.: Holomorphic mappings of complex manifolds. J. Differential Geometry 2, 299-312
(1968) Zbl 0167.36602 MR 250243

Michael, J. H., Simon, L. M.: Sobolev and mean-value inequalities on generalized submani-
folds of R"™. Comm. Pure Appl. Math. 26, 361-379 (1973) Zbl 0252.53006 MR 344978

Paun, M.: Siu’s invariance of plurigenera: a one-tower proof. J. Differential Geom. 76, 485—
493 (2007) Zbl 1122.32014 MR 2331528

Paun, M.: Regularity properties of the degenerate Monge—Ampere equations on compact
Kihler manifolds. Chinese Ann. Math. Ser. B 29, 623-630 (2008) Zbl 1218.35114
MR 2470619

Rong, X., Zhang, Y.: Continuity of extremal transitions and flops for Calabi—Yau manifolds.
J. Differential Geom. 89, 233-269 (2011) Zbl 1264.32021 MR 2863918

Ruan, W.-D., Zhang, Y.: Convergence of Calabi—Yau manifolds. Adv. Math. 228, 1543-1589
(2011) Zbl 1232.32012 MR 2824563

Rubinstein, Y. A.: Smooth and singular Kihler—Einstein metrics. In: Geometric and Spectral
Analysis, Contemp. Math. 630, Amer. Math. Soc., Providence, RI, 45-138 (2014)
Zbl 1352.32009 MR 3328541

Siu, Y. T.: Lectures on Hermitian—Einstein Metrics for Stable Bundles and Kihler-Einstein
Metrics. DMV Seminar 8, Birkhduser, Basel (1987) Zbl 0631.53004 MR 904673

Siu, Y.-T.: Invariance of plurigenera. Invent. Math. 134, 661-673 (1998) Zbl 0955.32017
MR 1660941

Skoda, H.: Sous-ensembles analytiques d’ordre fini ou infini dans C”. Bull. Soc. Math. France
100, 353-408 (1972) Zbl 0246.32009 MR 352517

Song, J.: Degeneration of Kéhler—Einstein manifolds of negative scalar curvature.
arXiv:1706.01518 (2017)

Song, J., Sturm, J., Wang, X.: Continuity of the Weil-Petersson potential. arXiv:2008.11215
(2020)

Takayama, S.: On the invariance and the lower semi-continuity of plurigenera of algebraic
varieties. J. Algebraic Geom. 16, 1-18 (2007) Zbl 1113.14028 MR 2257317

Takayama, S.: A filling-in problem and moderate degenerations of minimal algebraic varieties.
Algebr. Geom. 6, 26-49 (2019) Zbl 07020390 MR 3904797

Tosatti, V.: Limits of Calabi—Yau metrics when the Kihler class degenerates. J. Eur. Math.
Soc. 11, 755-776 (2009) Zbl 1177.32015 MR 2538503

Tosatti, V.: Adiabatic limits of Ricci-flat Kidhler metrics. J. Differential Geom. 84, 427-453
(2010) Zbl 1208.32024 MR 2652468

Tosatti, V.: Collapsing Calabi—Yau manifolds. In: Differential Geometry, Calabi—Yau Theory,
and General Relativity (Cambridge, MA, 2019), Int. Press, Somerville, MA, 305-337 (2020)
Zbl 1469.53004

Tosatti, V., Weinkove, B., Yang, X.: The Kahler—Ricci flow, Ricci-flat metrics and collapsing
limits. Amer. J. Math. 140, 653-698 (2018) Zbl 1401.53055 MR 3805016

Tsuji, H.: Existence and degeneration of Kéhler—Einstein metrics on minimal algebraic vari-
eties of general type. Math. Ann. 281, 123-133 (1988) Zbl 0631.53051 MR 944606

Yau, S. T.: On the Ricci curvature of a compact Kéhler manifold and the complex Monge—
Ampere equation. I. Comm. Pure Appl. Math. 31, 339-411 (1978) MR 480350

Zeriahi, A.: Volume and capacity of sublevel sets of a Lelong class of plurisubharmonic func-
tions. Indiana Univ. Math. J. 50, 671-703 (2001) Zbl 1138.31302 MR 1857051


https://zbmath.org/?q=an:0864.58058
https://mathscinet.ams.org/mathscinet-getitem?mr=1320155
https://zbmath.org/?q=an:0167.36602
https://mathscinet.ams.org/mathscinet-getitem?mr=250243
https://zbmath.org/?q=an:0252.53006
https://mathscinet.ams.org/mathscinet-getitem?mr=344978
https://zbmath.org/?q=an:1122.32014
https://mathscinet.ams.org/mathscinet-getitem?mr=2331528
https://zbmath.org/?q=an:1218.35114
https://mathscinet.ams.org/mathscinet-getitem?mr=2470619
https://zbmath.org/?q=an:1264.32021
https://mathscinet.ams.org/mathscinet-getitem?mr=2863918
https://zbmath.org/?q=an:1232.32012
https://mathscinet.ams.org/mathscinet-getitem?mr=2824563
https://zbmath.org/?q=an:1352.32009
https://mathscinet.ams.org/mathscinet-getitem?mr=3328541
https://zbmath.org/?q=an:0631.53004
https://mathscinet.ams.org/mathscinet-getitem?mr=904673
https://zbmath.org/?q=an:0955.32017
https://mathscinet.ams.org/mathscinet-getitem?mr=1660941
https://zbmath.org/?q=an:0246.32009
https://mathscinet.ams.org/mathscinet-getitem?mr=352517
https://arxiv.org/abs/1706.01518
https://arxiv.org/abs/2008.11215
https://zbmath.org/?q=an:1113.14028
https://mathscinet.ams.org/mathscinet-getitem?mr=2257317
https://zbmath.org/?q=an:07020390
https://mathscinet.ams.org/mathscinet-getitem?mr=3904797
https://zbmath.org/?q=an:1177.32015
https://mathscinet.ams.org/mathscinet-getitem?mr=2538503
https://zbmath.org/?q=an:1208.32024
https://mathscinet.ams.org/mathscinet-getitem?mr=2652468
https://zbmath.org/?q=an:1469.53004
https://zbmath.org/?q=an:1401.53055
https://mathscinet.ams.org/mathscinet-getitem?mr=3805016
https://zbmath.org/?q=an:0631.53051
https://mathscinet.ams.org/mathscinet-getitem?mr=944606
https://mathscinet.ams.org/mathscinet-getitem?mr=480350
https://zbmath.org/?q=an:1138.31302
https://mathscinet.ams.org/mathscinet-getitem?mr=1857051

	Introduction
	1. Chasing the constants
	2. Uniform integrability
	3. Normalization in families
	4. Densities along a log-canonical map
	5. Negative curvature
	6. Log Calabi–Yau families
	References

