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Abstract. First, we prove the Kac—Wakimoto conjecture on modular invariance of characters of
exceptional affine W-algebras. In fact more generally we prove modular invariance of characters of
all lisse W-algebras obtained through Hamiltonian reduction of admissible affine vertex algebras.
Second, we prove the rationality of a large subclass of these W-algebras, which includes all excep-
tional W-algebras of type A and lisse subregular W-algebras in simply laced types. Third, for
the latter cases we compute S-matrices and fusion rules. Our results provide the first examples
of rational W-algebras associated with nonprincipal distinguished nilpotent elements, and the cor-
responding fusion rules are rather mysterious.
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1. Introduction

Let g be a finite-dimensional simple Lie algebra, f € g a nilpotent element, and k € C
a complex number. The universal affine W-algebra W¥ (g, f) of level k is obtained from
the universal affine vertex algebra V*(g) through the process of quantised Drinfeld—
Sokolov reduction. This construction was introduced in [39] for f a principal nilpotent
element, and in [62] for f a general nilpotent element.

Affine W-algebras arise as algebras of symmetries of integrable models [61], in the
geometric Langlands program [12,43, 48], the 4d/2d duality [9, 18, 19,74], N' = 4 super
Yang-Mills gauge theories [25,47], and as invariants of 4-manifolds [40].

It is believed that for appropriate choices of nilpotent element f € g and level k the
simple quotient Wy (g, f) of WX(g, f) is a rational and lisse vertex algebra, and as such
gives rise to a rational conformal field theory. Indeed, letk = —hY + p/q be an admissible
level for the affine Kac-Moody algebra g associated with g. (Recall this means that the
simple quotient Vi (g) of V¥ (g) is admissible as a representation of § [65].) Then for f
a principal nilpotent element the rationality of Wy (g, f) was conjectured by Frenkel,
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Kac and Wakimoto [44] and proved by the first named author [7]. For general nilpotent
elements, the notion of an exceptional pair (f,q), where f € g is nilpotent and ¢ > 1
is an integer, was introduced in [66] (and later extended in [38]). Kac and Wakimoto
conjectured that Wy (g, /) is rational whenever k = —hY + p/q is admissible and (f, q)
forms an exceptional pair.

In [6] it was shown that the associated variety [4] of the simple affine vertex algebra
Vi (@) equals the closure of a certain nilpotent orbit O, C g and that Wy (g, f') is nonzero
and lisse if f € Q4. At the risk of ambiguity we should like to refer to (f,q) as an
exceptional pair whenever f € Q. Restriction to those pairs ( f, ¢) for which f is of
standard Levi type recovers the notion of exceptional pair of [38], and further restriction
to those pairs for which ¢ is coprime to the lacety rV recovers the original notion of
exceptional pair of [66]. For g of type A all these notions coincide.

It was conjectured in [6] that all exceptional W-algebras (now in the broader sense of
exceptional) are rational. Our first main result gives strong evidence for this conjecture,
and thus for the conjecture of Kac and Wakimoto.

Main Theorem 1 (Theorems 4.3 and 5.1). Let k = —hY + p/q be an admissible level
for @, and let f € Qg4 be a nilpotent element. Then the Ramond twisted Zhu algebra
AW) of W = Wi (g, f) is semisimple. Let {L1,...,L,} be a complete set of represen-
tatives of isomorphism classes of simple Ramond twisted W-modules, and Sy, (t | u) =
Try, (uoq™o=¢/2*) for u € W the associated trace function. Then St; (t | u) converges to

a holomorphic function on the upper half-plane for allu e W, i = 1,...,r. Moreover,
there is a representation p : SLy(Z) — Endc (C") such that
b
St; (erj—_d (ct + d)_L[O]u) = Zp(A),-jSLj (t|u) forallueW.

J

We note that if f admits a good even grading, as is always the case for g of type A,
a Ramond twisted module is the same thing as an untwisted module in the usual sense.

Our next result establishes rationality of those W-algebras appearing in Main Theo-
rem | for which the set of principal (or coprincipal) admissible weights of level k satisfies
a certain integrability condition relative to f. Let k be an admissible level for g. The irre-
ducible highest weight representation L(/A\) of @ with highest weight A= kAo + Aisa
Vi (g)-module if and only if A belongs to the set Pr of level k principal (or coprincipal)
admissible weights [8]. For such A € Prf we consider the annihilating ideal J) C U(g)
of L(A) and for a nilpotent orbit O we denote by Pr{(‘) the subset of Pr* consisting of
those A for which Var(J;) = O. The annihilator J; depends only on the orbit of A under
the dot action of the finite Weyl group W, and we set [Prf(‘)] = Pr6 /W o (—).

Main Theorem 2 (Theorem 7.9). Let k = —hY + p/q be an admissible level for g, and
let f € Qg4 be a nilpotent element. Suppose f admits a good even grading g = @jez g
such that every element of [Pr%q] has a representative integrable with respect to go. Then

the vertex algebra Wy (g, f) is rational and lisse, and all irreducible Wy (g, f)-modules
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“«

are obtained via quantised Drinfeld-Sokolov “—"-reduction of level k admissible G-

modules.

Main Theorem 2 proves the Kac—Wakimoto rationality conjecture for all exceptional
‘W-algebras of type A (Theorem 8.5). It also proves the rationality of all exceptional sub-
regular W-algebras in simply laced types (see Theorem 9.4). The latter algebras actually
lie outside the class of Kac—Wakimoto exceptional W-algebras. The values of ¢ for which
Oy = Opgupreg are listed in Table 1.

Some special cases of Main Theorem 2 have already been proved; for f a principal
nilpotent element [7], for the Bershadsky—Polyakov algebras Wy (sl3, fimn) [5], and for
Wk (514» fsubreg) [27].

We note that subregular W-algebras of types D and E are distinguished W-algebras,
that is, W-algebras associated with distinguished nilpotent elements, or equivalently, W-
algebras that have zero weight 1 subspaces. Distinguished W-algebras play a fundamental
role among 'W-algebras. However, the representation theory of distinguished W-algebras
that are not of principal type is mysterious even at the level of finite W -algebras, since
there are no canonical standard modules. Main Theorem 2 provides the first examples of
rational distinguished W-algebras that are not of principal type.

We say a few words about the proofs of the theorems. The first step is to compute the
Zhu algebra of Wi (g, f), which is a quotient of the finite W-algebra U(g, f) [72]. To do
this we compute the Zhu algebra of the admissible affine vertex algebra (Theorem 3.4),
and then apply the commutativity [7] of the Zhu algebra functor and the Drinfeld—Sokolov
reduction functor. The irreducible Wy (g, f)-modules are in bijection with those over the
Zhu algebra. The role of the go-integrality condition is to ensure invariance of irreducible
modules under the canonical action of the component group C( f'), allowing us to use
results of Losev [68] on the representation theory of finite W-algebras, and thereby char-
acterise the irreducible Wy (g, f)-modules. It remains to rule out nontrivial extensions
between irreducible modules, which is done by following the same approach as in [7].
Here a result of Gorelik—Kac [51] on complete reducibility of admissible representations
of g is used.

By Huang’s result [53], the module category of a rational, lisse, self-dual vertex
algebra is a modular tensor category. Therefore Main Theorem 2 provides a huge sup-
ply of modular tensor categories. Following the approach of [44] and [17] we compute
the modular S-matrix and fusion rules of Wy (g, f) whenever g is simply laced and f is
subregular. We now explain the general features in simplified form.

We recall that the irreducible modules of the simple affine vertex algebra V,_pv (g)
are parametrised by regular dominant integral weights of level p. The S-matrix of this
vertex algebra is, up to normalisation, given by

KI/},M — Z E(w)e—zpﬂ(w(k),u)7
wew

where the indices A, i run over the set of regular dominant integral weights of @ of level p.
These coefficients lie in the cyclotomic field Q(¢y) where N equals p times the order
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of the centre of the adjoint group of g. For a coprime to N we let ¢, € Gal(Q({n)/Q)
denote the automorphism defined by ¢, ({n) = {§;.

The S-matrix of W = W_pv 4 5/4(a, foubreg) 1S, up to normalisation, the Kronecker
product matrix

Yp (Cq) ® pq(Kp),

where Cj is a sort of degenerate analogue of K, given explicitly by (Theorem 12.2)

Cit= e(w)—(w(a*)’x>e_27”i(“’(’”’“). (1.1)
(o, x)

w(es)eA L

Here o is the unique positive root of the Lie subalgebra go and x is an arbitrary element
of § not orthogonal to a«. The indices A, i run over the set of weights y € Q of level ¢
satisfying (y, ;) € Z4 fori = 1,...,£ and (y, «;) = O for exactly one i.

Since the fusion product multiplicities are integers determined from the S-matrix via
the Verlinde formula, hence Galois invariant, we deduce that the fusion algebra of W is
the tensor product of the fusion algebra of V,_;v(g) with the fusion algebra whose S-
matrix is Cy4. This factorisation is quite parallel to the result discovered in [44], that the
fusion algebra of the principal W-algebra W_pv /4 (@, fprin) is more or less the tensor
product of the fusion algebras of two simple affine vertex algebras.

For type A the matrix C; is the 1 x 1 identity matrix and therefore the fusion rules of
'W depend only on the numerator p and coincide with those of V,,_;v (g). For types D and
E the matrix C, is nontrivial and the fusion rules of W are more interesting. In most cases
(but not quite all, see Conjecture 14.2 below) Cy is itself naturally identified with the S-
matrix of a subregular W-algebra. In those cases for which this W-algebra has asymptotic
growth less than 1, that is, all cases except g = E7,q = 16,17 and g = Eg, g = 27,28, 29,
we are able to identify it as a simple current extension of a Virasoro minimal model, thus
confirming the S-matrix computed by (1.1). We summarise these results in Table 3. Most
of the rational lisse W-algebras obtained above are not unitary. However, we conjecture
that

W_i1711(E6, fobreg) and  W_z67/16(E7, foubreg)

are unitary, giving rise to two seemingly new unitary modular tensor categories.

Finally, let us make some comments on the relations of the present work to 4d/2d
duality [18]. It has been shown in [23,74,77,79] that the exceptional W-algebras at bound-
ary admissible levels appear as vertex algebras obtained from 4d & = 2 superconformal
field theories (or more precisely from Argyres—Douglas theories), and the corresponding
modular tensor categories are expected to coincide with those arising from the Coulomb
branches of the corresponding four-dimensional theories, or the wild Hitchin moduli
spaces [31,42]. Furthermore, the modular tensor categories associated with exceptional
distinguished W-algebras at boundary admissible levels are closely connected with the
Jacobian rings of certain hypersurface singularities [78]. We hope to come back to these
points in our future work.
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2. Affine Lie algebras and admissible weights

Let g be a complex simple finite-dimensional Lie algebra with a fixed triangular decompo-
sitiong = n_ @ h @ uy. Let A be the set of roots of g, let A be the set of positive roots
and W the Weyl group. Denote by Q = >, . o Za the root lattice and by 0= Y wen ZaY
the coroot lattice. Here oY = 2a/(«, @) where (, ) is the invariant bilinear form nor-
malised so that the highest root 6 satisfies (6, 8) = 2. The highest short root is denoted
by 65 and satisfies (05, 05) = 2/r", where r" is the lacing number of g. Let P be the
weight lattice of g and P the coweight lattice. The simple coroots ¢;” form a basis of Q,
and the basis {w; } of P dual to {e;"} defines the fundamental weights w; of g. Similarly,
@, will denote the fundamental coweights, which form a basis of P dual to the simple
roots {a;}. Let p be the half sum of positive roots of g, and p the half sum of positive
coroots. Let Py = Y, Zsow; and Py = ¥, Zsow,;’ be the sets of dominant weights
and dominant coweights, respectively, and for n € Zx set

Pl={AePi|(La¥)<nforaeAi}, P"={reP.|(aA)<nforaecAi}.
2.1)

For A € h*, we denote by M(A) the Verma g-module with highest weight A, and
by L(A) the unique simple quotient of M(X). A weight A is said to be dominant if
(A + p.aV) ¢ Zg for all @ € Ay, and regular if it has trivial stabiliser under the “dot”
actiony oA = y(A + p)—pof W.

A primitive ideal in the universal enveloping algebra U(g) is by definition the annihi-
lator of some irreducible g-module. Set

Ji = Annyq) L(A).

By Duflo’s theorem [36], any primitive ideal in U(g) is of the form J) for some A € h*.

The centre of U(g) is denoted Z(g), and the character y, : Z(g) — C is defined by
zv) = ya(2)v,, where v, is a highest weight vector of L(1).

Let

g=glt,t7'1®CK
be the affine Kac—Moody algebra associated with g, whose commutation relations are
given by
[ee™ yt"] = [yl + m(x V) 8min oK, [K.§] = 0.

Let B =} @ CK be the standard Cartan subalgebra of g, and B =hpCK & CD the
extended Cartan subalgebra of §. The dual of his h* =h* ®@ CAo & C§, where Ao(K) =
(D) =1and A(§h + CD) = () ® CK) = 0. The dual h* of § is identified with the
subspace ) & CAy C b*.
Let A C §* be the set of roots of § and
ﬁrez{a+n8|aeA,neZ},
A® ={a+ns|aeAy, nelsoyU{—a+ns|aecAy, nels)

the subsets of real roots and positive real roots, respectively.
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We denote by W the Weyl group of g, so W=Wx Q and we denote by W=WxP
the extended affine Weyl group of g. We have W = W+ x W, where W+ is a finite
subgroup of W which we now describe. Write 6 as a sum of simple roots: = Zi=1 a;a;,
andset J = {i € {1,...,£} | a; = 1}. Then we have

Wi ={mj =tg;7; | j €}, (2.2)

where 7; is the unique element of W which fixes the set {«y, ..., oy, —0} and which
satisfies 77 (—60) = «;.

Lemma 2.1 ([44, Lemma 4.1.1]). Let g be a simply laced Lie algebra, and § its affini-
sation. If | is a dominant integral weight of level coprime to |J | then the elements of the
W+-0rbit of | represent a complete set of classes of P/ Q. In particular, there exists a
unique 7w € W+ such that w(u) € Q.

For A € f)*, let ﬁ(k) denote its integral root system and Vf/(k) its integral Weyl group,
that is,

AV ={a e A®| (A +paV)eZ), WQA)=(sq |acAQ)CW,

where s, is the reflection in the root o« and p = p + kY Ag. Let 3(1)4_ = &()L) N &‘j be
the set of positive roots of A(A) and TT(1) C A(A) its set of simple roots.
A weight A € h* is called admissible [65] if

(1) Ais regular dominant, i.e., (A + p,aV) € {0,—1,-2,...} foralla € A' . and

(2) QA(L) = QA™.

For A € h* and k € C, we denote by Mk (1) the Verma module of § with highest
weight A + kAg € b*, and by Lk(/\) the unique simple quotient of M, (A). The simple
highest weight representation Lk (A) is called admissible if A is admissible. A complex
number k is called admissible if kA is admissible.

When clear from context, we shall write, as above, A for A + kAg. Occasionally we

shall use the notation A for the image of 1e b* under the natural projection b* — p*.

Proposition 2.2 ([65,66]). The number k is admissible if and only if

{hv i (g = 1.

p ;
k+h' == withp,q€Zs. (p.q) =1, p=>
4 - Bt =rY,
where h and hY are the Coxeter number and the dual Coxeter number of g, respectively.

Furthermore,

(kAo) = {do.a1.... ),

where

: —0+q8  if(rV.q) =1,
X =

’ —0s + L8 if (rV,q) =r".
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Let k be an admissible number. Then
A* if(g.rY) =1,

AkAg) = { ~ ..
(kho) {LA“’ if(q.rY) # 1,

where LA™ s the real roots system of the Langlands dual £§ of §. Let Pr¥ C §* be the
set of We1ghts A such that A = A + kA is admissible and there exists y € W such that
A()L) = y(A(kAo)). Such admissible weights are said to be principal admissible [65] if
(q.rY) = 1 or coprincipal admissible [17] if (q,rV) # 1. Let Pr% = Pr* N P. Then Pr¥
decomposes as

Pt = U Pr]y‘, where Pr]; ={1| 1e yo (Pr% + kAo)}. (2.3)
~ yEW ~
y(A(kAo)4)CAY

For later purposes let us assume that the denominator ¢ of k is coprime to r" for the
rest of this section and describe the set Pr* of principal admissible weights in more detail.
We have [65, (3.52)]

Pr]; ﬂPrly‘/ #F0 = PrJ]f = Prf, — )y = Yigw,; 7j for some j € J, (2.4)

where g is the denominator of k. If p is the numerator of k as in Proposition 2.2, we have
—hV

Pt = PP (2.5)

The cardinality of Pr* is |Pr¥| = qe|Pfr’7hv| ([44, Section 1.5]; see also [8, Proposi-
tion 3.2]).

Let ¢ denote the isometry ofB defined by ¢|p = 1 and ¢p(Ag) = (1/¢q)A¢. Fora¥ €}
the translate [44, Section 1.2] by n € b is

ty(@” +sK)=a" + (s — n(a"))K.
By (2.3) any element of Pr¥ is of the form A where
A+kAho=A=75p(D)—p (2.6)

withD = pAg+v,v € P_Heg {AeP|0<(AaV)<pforalla € Ay}, and§ e W.
We may write y = yt_, =tgy where y € W and , 8 € P, and put ) = gA¢ + 7. In this
way we associate triples (v, 5, v) and (y, 7, D) to A € Pr¥. The associated triple is unique
up to the action of the group W.,. by

7 (pA9) = L w (@), 7 (). 2.7)

3. Zhu algebras of admissible affine vertex algebras

For k € C let V*(g) be the universal affine vertex algebra associated with g at level k.
By definition
V¥(g) = U®) ®u(neck) Ck
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as a g-module, where Cy denotes the one-dimensional representation of g[t] & CK on
which g[t] acts trivially and K acts as multiplication by k. In this paper we assume that
k # —hV, so the vertex algebra V*(g) is conformal with Virasoro element L € V¥(g)
and corresponding field
L(z) = Z L,z"2
nez

given by the Sugawara construction. The central charge of V¥(g) is ]]ii";;vg The unique

simple quotient Vi (g) of V¥ (g) is called the simple affine vertex algebra associated with g
at level k. Note that V(g) = Zk (0) as g-modules.

The Zhu algebra (more precisely the Ramond twisted Zhu algebra) A(V') of the vertex
algebra V' is the quotient of V by its vector subspace {a *_, b | a,b € V}, where by

definition A)
a
axpb= Z ( j )a(,,+j)b,

JEZ 1
equipped with the associative product ¢ ® b — a *x_; b. We denote in general the com-
ponent of lowest Lo-eigenvalue in a graded V-module M by M,,,. This graded piece
acquires the natural structure of A(V)-module, and it is known that the correspondence
M — M, is a bijection [30, 81] from the set of isomorphism classes of irreducible
Ramond twisted V' -modules to the set of simple A(V')-modules.
For all k there exists a natural isomorphism A(V*(g)) = U(g) and hence

A(Vi(9)) = U(g)/ Ik (3.1

for some two-sided ideal I of U(g). Thus Zk(k) is a Vi (g)-module if and only if
Iy - L(A) =0, thatis, Iy C J,. The following assertion was conjectured in [ 1] and proved
by the first named author.

Theorem 3.1 ([8]). Let k be an admissible number for § and A € H*. Then Zk A isa
Vie(q)-module if and only if A € Pr*.

Corollary 3.2. Any A(Vi(g))-module on which ny acts locally nilpotently and Y acts
locally finitely is a direct sum of L(A) with A € Pr¥.

Proof. 1t is sufficient to show that Exté(L()L), L(w)) = 0for A, € Pr¥. If A £ pu this
is obvious since any weight in Pr® is dominant. So suppose there exists a nonsplit exact
sequence 0 — L(A) > M — L(1) — 0. Applying the Zhu induction functor to this
sequence gives rise to a nontrivial self-extension of Ly (A) [7, proof of Theorem 10.5]. But
this contradicts the fact [51] that admissible representations of § do not admit nontrivial
self-extensions. ]

Lemma 3.3 ([13, Proposition 2.4]). Let A, u € Pr¥.

(1) Jy is the unique maximal two-sided ideal containing U(g) ker y,. In particular,
U(g)/Jy is a simple algebra.

(2) J) = J, ifand only if there exists w € W such that 1 = w o A.
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Set
[Pr¥] = Pr¥/~, where A~p <= pueWol.

By Lemma 3.3, the primitive ideal J; depends only on the class of A € Pr* in [Prf].
We are now in a position to state the main result of this section.

Theorem 3.4. Let k be an admissible number for §. The Zhu algebra A(Vi(g)) is iso-
morphic to the product of the simple algebras U(g)/Jy, as A runs over [Pr¥]:

AVi(@) = [] U@/

Ae[Prk]

Remark 3.5. (1) Theorem 3.4 implies, in particular, that any A(Vj(g))-module admits
a central character. Thus the image [L] of the conformal vector L is semisimple in

A(Vi(g))-

(2) For A € Pr¥, the algebra U(g)/J, is finite-dimensional if and only if A € P. (Note
that the latter condition implies that A is a dominant integral weight, since any element
of Pr¥ is regular dominant.) In this case we have U(g)/J; = L(A) ® L(A)*.

(3) In the special case of k € Z 4, or equivalently Vi (g) integrable, Pr* is the projec-
tion P J’ﬁ to h* of the set P J’ﬁ of dominant integral weights of @ of level k and we have

AVe@) = [ Ly & LV*,
)LePkJr
which is well-known [46].

Proof of Theorem 3.4. Fix an admissible number k& and put A = A(Vi(g)) = U(g)/Ix.
For any A € Prf we have
A®ug) M(A) = L(A) (3.2)

as A-modules. Indeed, A ®y(g) M(A) is a quotient of M(A), and by Corollary 3.2 the
only quotient A-module of M (1) is L(A).
Let Z(g) denote the centre of U(g) and put

Z = Z(g)/Z(g) N Ir.

Since the associated variety of Vi (g) is contained in the nilpotent cone N of g [6], it
follows that Z is finite-dimensional (see [16, proof of Corollary 5.3]). Hence

z= [] 2y, where Z,={ze€Z|(z—y(z) =0forr> 0}
y€Specm(Z)
This gives a decomposition
A= H Ay, where A, =A®zZ,.
y€Specm(Z)

Moreover, by Theorem 3.1 and Lemma 3.3, we have

Speem(Z) = {y; | A € [PF]}.
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Let A € Pr* and denote by C v, the one-dimensional representation of Z correspond-
ing to ;. Then A ® z C,, is a quotient algebra of U(g), and we claim that

A®z Cy, = U(g)/Jy. (3.3)

Indeed, 4 ®z C,, = U(g)/I for some two-sided ideal I/, and clearly / contains
U(g) ker y,. Since M(A)/IM(A) is an A-module, we have M(X)/IM (L) = L(X) by
Corollary 3.2. On the other hand, A is dominant, and by [59] the correspondence I +—
IM(X) is an order preserving bijection from the set of two-sided ideals of U(g) con-
taining U(g) ker y; to the set of submodules of M(A) for a dominant A. It follows that
I1=1J,.

There exists a finite filtration

OZZ()C21C"'CZr=Zy)t

of Z,, as a Z,, -module such that each successive quotient Z; /Z;_; is isomorphic to the
one-dimensional representation C,,, of Z,,,. We put A; = A ®z Z; and obtain

0=A0CA1C"'CA,«=AWL

and
Ai/Aici = A®z (Zi/Zi-1) = ARz C,, =U(g)/ /.

as A-bimodules. If the filtration is trivial, that is, if » = 1, then 4,, = U(g)/J) and we
are done. So we now assume that r > 1 and deduce a contradiction.

Note that each exact sequence 0 — Z; — Z;+1 — Z;j+1/Z; — 0 is nonsplit since
otherwise we obtain a contradiction to (3.3). So we consider the nonsplit exact sequence
of Z-modules

0—>2Zy—>Zy—> Zy/Z, — 0. (3.4)

Since Z; = Z,/Z, = C,, and A is regular, it follows from [7, proof of Lemma 10.6]
that (3.4) is obtained from an exact sequence 0 - C, — E — C, — 0 of h-modules via
the Harish-Chandra homomorphism Z(g) — S(§). We apply induction to obtain an exact
sequence

0—>MA)—>N—->MA)—0

of g-modules. Here N = U(g) ®upen) £ where n acts trivially on E. Applying the
functor A ®y(q) (—) yields the exact sequence

LV = A®ug M) 2> A®y@g N —> A®uig M(A) = L) —> 0.  (3.5)

Let vy, be a highest weight vector of M(4). Then 1 ® v, is a highest weight vector of
A ®u(g) M(A) = L(A). By construction, this vector is mapped to a nonzero vector of
A ®u(g) N. Thus, the map L(1) - A ®y(q) N is an injection and (3.5) is a nontrivial
self-extension of L(A). But this contradicts Corollary 3.2. [ ]
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For a two-sided ideal I of U(g) we denote by Var(/) the zero locus of gr / in g* (or
rather its image in g under the isomorphism induced by the Killing form), where gr I is
the associated graded of / with respect to the filtration induced from the PBW filtration
of U(g). Joseph’s Theorem [60] asserts that Var(I) = O for some nilpotent orbit @ of g.
Thus for each nilpotent orbit O, we denote by Primg the set of those primitive ideals
I C U(g) such that Var(/) = Q.

Recall the ideal /i such that A(Vi(g)) = U(g)/Ix. In[7, Theorem 9.5] the first author
has shown that, for an admissible number k, Var(/;) coincides with the associated vari-
ety [4] Xy, (g) of Vk(g), and hence by [6],

Var(l) = @q,

where O, is some nilpotent orbit of g that depends only on the denominator g of k. More
precisely, we have

T - {x € q| (ad x)?? = 0} if (rV,q) =1,
{xeg] 719X(x)2‘1/’v =0} if(rvV,q)=rV,

where g, is the simple finite-dimensional representation of g with highest weight 6.
For a nilpotent orbit O we write

Pr{(‘) = {1 e Pr* | Var(J,) = O},

and we write [Pr{(‘)] for the image of Pr{(‘) in [Pr¥]. We have Var(J,) C Var(I) = @q for
all A € Pr¥, so we may write

Pt = | | Py and [PF]= | | [Prg). (3.6)
0COy4 0COy4
Finally, we put
Prs =Pr,, and [Pri] = [Prg ] (3.7)

Theorem 3.6. For an admissible number we have
Pk = (A e Pr* | |A(L)| = dim N —dim O},
where A(A) ={a € A | (A +p,aV) € Z}.
Proof. Let A € Pr*. Since Var(J,) C Var(Iy) = @q, it follows that A € Pr¥ if and only if
dim Var(J,) = dim O, (3.8)
where ¢ is the dominator of k. Since all the elements in Pr¥ are regular dominant, we have
dim Var(Jy) = dim N — |A(Q)|

for such A by [58, Corollary 3.5]. The result follows. ]
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4. Semisimplicity of Zhu algebras of W-algebras

Let f be a nilpotent element of g. Recall [37] that a %Z-grading g=66p jelz 8 is called
good for f if f € g_1, ad(f) : g;j — g;—1 is injective for j > 1/2 and surjective for
Jj < 1/2.The grading is even if g; = 0 for j ¢ Z. Any nilpotent f can be embedded into
an sl,-triple {e, i, f}, and g thereby acquires a %Z-grading by eigenvalues of ad(h/2).
Such a grading is called a Dynkin grading. All Dynkin gradings are good, but not all good
gradings are Dynkin.

We denote by W¥(g, f) the affine W-algebra associated with g, f at level k and a
good grading g = @j €1z 8 [62]. It is defined by the generalised quantised Drinfeld—
Sokolov reduction:

W, f) = HY(V¥(q)).

where H J} (M) denotes the cohomology of the BRST complex associated with g, f and k.
This vertex algebra carries a conformal structure with central charge [62, Theorem 2.2]

1 12

di — = di ————1|p—(k +h")xol?, 4.1

im(go) — 5 dim(g/2) — 1 v 1o — (k + )0l 4.

where xq is the semisimple element of g that defines the grading, that is, g; = {x € g |

[x0,x] = jx}. We note that the vertex algebra structure of WX (g, f) does not depend on

the choice of the good grading of g [14, Section 3.2.5] but the conformal structure does.
Recall [2,30] that

AW (q, ) = U(g, f),

where U(g, f) is the finite W -algebra associated with (g, f) [72], whose construction
we now briefly recall.

Let € be the category of Harish-Chandra U(g)-bimodules, that is, the full subcate-
gory of the category of U(g)-bimodules consisting of objects that are finitely generated as
U(g)-bimodules and on which the adjoint action of g is locally finite. For an object M of
J€ one defines a finite-dimensional analogue of the quantised Drinfeld—Sokolov reduc-
tion which, by abuse of notation, we write as H J? (M) [7, Section 3]. In particular,

U(s. /) = HY(U(g)).

and in general the space H]?(M ) is a bimodule over the finite W -algebra U(g, f).

Let €/ be the Clifford algebra associated with the vector space g0 ® g%, equipped
with the canonical symmetric bilinear form. Let y : g1 — C be defined by y(x) =
(fx),and let D = U(g>0)/ >0, Where I~ 4 is the two-sided ideal U(go){x — x(x) |
X € g>1). Note that if the good grading is even then D is one-dimensional. Now for
M € H'€ we put

CM)=MeDRSCEL.

This inherits a Z-grading from €/ by assigning deg(g>0) = —1 and deg(gZ%,) = +1. Let
{x;} be a homogeneous basis of g, denote by X; the canonical image of x; in O, and
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let {x} be the dual basis of gZ,. Put

1
d=3 (®1+10T)®x ~1®1® 5 ) cfix/xjx € C'(U).
i i),k

where clk/ are the structure constants, [x;, x;] = > clk]. X. Then ad(d) is a differential

on C(M), and one defines
H{(M) = H*(C(M),ad(d)).

The functor H }) (—) is identical to (—)+ in Losev’s notation [68] (see [7, Remark 3.5]).

The space g1/» is a symplectic vector space with respect to the form (x, y)— x([x, y]).
Let [ be a Lagrangian subspace of gy/2, and let m = [ & i1 @;- Then m is a nilpotent
subalgebra of g and y : m — C defines a character. Put Y = U(g) ®um) C,. We have
the algebra isomorphism [29]

U(g, /) = Endy(g) (Y)™.

Let E be aleft U(g, f)-module. Then E — Y ®uqq, r) E is a U(g)-module on which
x — x(x) acts locally nilpotently for all x € m; moreover, this assignment defines an
equivalence of categories known as the Skryabin equivalence [72].

By [6, Theorem 4.15], H}’(Vk (g)) is a quotient vertex algebra of W¥ (g, f), provided
it is nonzero. By [7, Theorem 8.1] we have

AH(Vi(9)) = HYAVi (@),

and thus by Theorem 3.4 we have, for any admissible number k,

AH V@) = [] HMU@)/ ). (4.2)
[Ale[Prk]

We recall the construction of the component group C(f). Let us embed f into an
s(, triple {e, h, f} C g, and let G! be the centraliser of the corresponding copy of s[5 in
the simply connected algebraic group G with Lie algebra g. The restriction of the adjoint
action of G defines actions of G on U(g, f) and W¥(q, f). The Lie algebra g" of G*
embeds naturally into U(g, /) and therefore the action of the unit component (G")° of G"
is trivial. Hence the action of G" descends to the component group C(f) = G'/(G")°.

Let A € h*. Then H }’(U (g)/J;) is naturally an algebra and the exact sequence 0 —
J — U(g) = U(g)/Ja — 0 induces an exact sequence

0— HP(Jy) = Hp(U(@)) — H{(U(8)/J3) — 0

([50,68]; see also [7, Section 3]). Thus, H})(U(g)/J,x) is a quotient algebra of U(g, f) =
HY(U(g)).

Let I € Primg. s, thatis, I C U(g) is a primitive ideal and Var(/) = G - f. For such /
we denote by Finy (U(g, f)) the set of isomorphism classes of finite-dimensional simple
U(g, f)-modules E such that Anngq)(Y Quq,r) E) = 1.
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Theorem 4.1 ([68]). Let A € h* and let f € g be a nilpotent element.
(1) If Var(J5) € G - f then H(U(g)/J3) = 0.
(2) If Var(J3) = G - f then

HY(U(g)/ ) = [ E® E*.
EcFiny, (U(a,f))

In particular, H}’(U(g)/];t) is a semisimple algebra.
(3) The natural action of C(f) on Finy, (U(g, f)) is transitive.

Theorem 4.2. Let k be an admissible number with denominator q € Z»1, and let f € Q.
Then

amveem= [T ([ EeEY).

[Me[Pk] E€Fing, (U(g.S))

In particular, A(H})(Vk (g))) is semisimple. Moreover, if S[A] is a complete set of isomor-
phism classes of Finy, (U(g, f)), then |_|[ AelPk] S[A] is a complete set of isomorphism
classes of simple A (H}) (Vi (g))-modules.

Proof. The first statement follows immediately from Theorems 3.4 and 4.1. To see the
second statement, we recall that the centre of U(g, f) is isomorphic to Z(g) [73], and
hence E € Finy, (U(g, f)) and E’ € Finy, (U(g. f)) have distinct central characters if
[A]. [14] are distinct in [Pr¥]. L]

Let Wy (g, f) be the unique simple quotient of W (g, £).

Theorem 4.3. Let k be an admissible number with denominator q € Z 1, and let f € Q.
Then the Zhu algebra A(Wi (g, f)) is semisimple.

Proof. Since H}’(Vk (g)) is a quotient of WX (g, f), we infer that Wy (g, f) is a quotient
of HP(Vi(g)). Hence A(Wi(g, f)) is a quotient of A(H (Vi (g))). Since the latter is
semisimple by Theorem 4.2, so is the former. ]

Remark 4.4. Conjecturally [66], H}’(Vk (g)) is either zero or isomorphic to Wy (g, f).
This will be proved in Theorem 7.8 for the exceptional W-algebra Wy (g, /) when f
admits a good even grading.

5. Modular invariance of trace functions

For a vertex algebra V let Ry = V/C,(V) denote Zhu’s C, algebra [81], which is a
Poisson algebra. The associated variety Xy of V is by definition the Poisson variety
Specm Ry [4]. By [6] we have XH?(Vk(g)) = Xy, (q) N Sy, where Sy is the Slodowy slice

f+gtat f.



Rationality of W-algebras 2777

Let k be an admissible number with denominator ¢ and let f € Q. Since Xy, (q)
= 0y, XH}’-(Vk (@) = 1/} by the transversality of Sy to G-orbits. Therefore H})(Vk (g))

is lisse, and so is Wi (g, f) [6]. The vertex algebra Wi (g, f) is %Zzo—graded, as are
untwisted irreducible W (g, f)-modules. On the other hand, Ramond twisted irreducible
Wi (g, f)-modules (see [3, 66]) are Zx>o-graded. Note that if Wy (g, f) is Z-graded
then a Ramond twisted module is the same thing as an untwisted module.

For a simple A(Wg(g, f))-module E, we denote by L(E) the corresponding irre-
ducible Ramond twisted Wy (g, f)-module. The module L(E) is the unique simple quo-
tient of the Verma module

M(E) = UMW (g, 1)) ®uawk (g, )0 E-

where U(W¥ (g, f)) = B deZ U(WK (g, f))a is the Ramond twisted current algebra of
WH(g. f) [46.69] and UMW (g. [))z0 = Bg=0 UMW (g. /))a-
Let M be an irreducible Ramond twisted representation of Wy(g, f) and for
U € Wk(g, f), set
Sm (x| u) = Trag (uog“0~¢/2%),

where c is the central charge, ¢ = e2mit

the field u(z). Set

, and ug is the degree preserving Fourier mode of

0o A
(1)’

Liy=Lo— ) ———Lj.

! ; JjG+1
Theorem 5.1. Let k be an admissible number with denominator q € Z>1, and let f € Q.
Let {Eq, ..., E.} be a complete set of representatives of isomorphism classes of simple
modules over the Zhu algebra A(W) of W = Wi(q, f). Then Sy(g,)(t | u) converges to
a holomorphic function on the upper half-plane for allu € W, i = 1,...,r. Moreover,

there is a representation p : SLy(Z) — Endc (C") such that

at+b _L d
SL(E,»)(CT T d ‘ (ct+d) [olu) = ;p(A),-jSL(Ej)(r |u) forallu € W.
Proof. As remarked by the second author [76], in Zhu’s result [§1] on the modular invari-
ance of the trace function and its generalisations [34, 76], the assumption of rationality
of the vertex algebra can be replaced by semisimplicity of the Zhu algebra. Therefore the

theorem follows immediately from Theorem 4.3 and the fact that Wy (g, f) islisse [6]. =

Since Sys(]0), T) is just the normalised character

an (v) = Trag (qH07V /24,

we obtain

Corollary 5.2. Let k be an admissible number with denominator q € Z:>1, and let | € Q.
Let {E1, ..., E,} be a complete set of representatives of isomorphism classes of simple
modules over the Zhu algebra A(W) of W = Wi(a, f). Then the character yy(g;)(t)
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converges to a holomorphic function on the complex upper half-plane, and the span of the
XL(E;)(T), as i runs over {1, ... 1}, is invariant under the action of SLy(Z).

The exceptional W-algebras introduced by Kac and Wakimoto [66] are exactly the
‘W-algebras Wy (g, f) with f of standard Levi type and an admissible number k whose
denominator ¢ is coprime to rV [6]. Hence Corollary 5.2 in particular proves the modu-
lar invariance of the characters of modules over the exceptional W-algebras, which was
conjectured by Kac and Wakimoto [66].

We now restrict to the Zxo-graded case and discuss fusion products. The category of
modules of a rational lisse self-dual simple vertex algebra V = P, <5 . V, of CFT-type
carries the structure of a modular tensor category (MTC) under the fusion product X = Y
of modules [54]. The fusion product is the one defined, at this level of generality, in [55].
Duals are given by the usual contragredient construction, and twists are given in terms of
conformal dimensions. The S-matrix of the MTC coincides with the matrix S = p(9 ')
of Zhu’s theorem. In particular, the Verlinde formula asserts that the decomposition mul-
tiplicities or fusion ruless Nin X &Y = @, N)EY - Z are given by

Sx,wSywSz .w
z W 9Y, ,
NEy = Y XIOTWOZW

W el (V) Svw

Furthermore, the charge conjugation matrix S? is the permutation matrix which
exchanges each module with its contragredient.

Let € be an MTC. The integral Grothendieck group ¥ (€) acquires a commutative
ring structure corresponding to the tensor product, and a distinguished Z-basis corre-
sponding to simple objects, which comes equipped with an involution corresponding to
duality. We refer to this structure as the fusion ring of €, and we also write ¥ (V) for the
fusion ring of the category of representations of a rational lisse self-dual vertex algebra V.
Since the structure of ¥ (€) is completely encoded in its S-matrix, we shall sometimes
abuse notation and write ¥ (S).

6. Self-duality of W-algebras

Let V' be a vertex algebra of CFT-type, thatis, V is Z>¢-graded where Vy = C. Then V is
called self-dual if V = V' as V-modules, where M’ denotes the contragredient dual [45]
of the V-module M. Equivalently, V' is self-dual if and only if it admits a nondegenerate
symmetric invariant bilinear form. According to Li [67], the space of symmetric invariant
bilinear forms on V' is naturally isomorphic to the linear dual of Vy /L1 V;.

The condition of self-duality depends on the choice of the conformal vector and is
necessary to apply Huang’s result [54] on the Verlinde formula. In this section we consider
the question of self-duality of affine W-algebras.

Proposition 6.1. Suppose that [ admits a good even grading. The simple W-algebra
W (g, f) is self-dual if and only if

(k + 1Y)(xo.v) — 2 trg_,(adv) =0 forallv € g({.
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Proof. By Li’s result WX (g, f) admits a nonzero symmetric invariant bilinear form if and
only if Ly WK (g, )1 = 0. By [62], WX (g, f); is spanned by the vectors J{¥}, v € g{;,
defined in [62, p. 320]. Hence from [62, Theorem 2.4 (b)] it follows that Wk (g, f) admits
a symmetric invariant bilinear form such that (1,1) = 1 if and only if (k + &) (x¢, v) —
% trg_,(adv) = 0 forall v € g({ . If this is the case, the form induces a nondegenerate
symmetric invariant bilinear form on the simple quotient Wy (g, /) and thus the latter is
self-dual. Conversely, suppose that (k + 2)(xg,v) — %trg>0 (adv) # 0 for some v € g({.
Then the image of J*} in Wy (g, f)1 is nonzero, and L J} = 1 up to nonzero constant

multiplication. Therefore Wy (g, f) is not self-dual according to Li’s criterion. |

Remark 6.2. The notion of the contragredient dual naturally extends to modules over
%Z-graded vertex algebras and the proof of Li’s criterion applies without any change. See
[80, Proposition 2.4] for example. Hence Proposition 6.1 is valid without the assumption
that f admits a good even grading.

Recall that a nilpotent element f is called distinguished if g({ = 0 for the Dynkin
grading. For example all principal nilpotent elements are distinguished, and so are sub-
regular nilpotent elements in types D and E. All distinguished nilpotent elements are
even. For a distinguished nilpotent element the only good grading is the Dynkin grading.
The following assertion is a direct consequence of Proposition 6.1.

Proposition 6.3. Let [ be a distinguished nilpotent element. Then the simple W-algebra
Wi (g, f) is self-dual.

Remark 6.4. More generally, one can show that Wy (g, f) is self-dual for the Dynkin
grading for any nilpotent element [11].

For g = sl,,, only principal nilpotent elements are distinguished. A subregular nilpo-
tent element fopreg € sl, is even if and only if 7 is even.

Proposition 6.5. Let g = sl,,. The simple subregular W-algebra Wi (g, fobreg) is self-
dual if and only if either (1) n is even and the grading is Dynkin, or 2) k +n=n/(n —1).

Proof. By [37] the good even gradings of fupre are classified by the pyramids corre-
sponding to the partition (n — 1, 1). So we may take

m—2 n—1
f =) Eit1i+Entima1+ Y Eiyii.

i=1 i=m+1

6.1)
m—1 n
Xo= Y (m—iEi;i— Y (i—m—1Ey,
i=1 i=m+2
_ o f — 1y .
forsomem =1,...,n,toobtain gy = Cvy, where vy, = Eyy i — . > i—q Eii. It follows

that

(110, = § gy fad) = D=2

k+hV—L).
n—1
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The assertion follows from Proposition 6.1 on noting that n = 2m if and only if n is even
and the corresponding pyramid is symmetric, or the grading is Dynkin. ]

Remark 6.6. Fork +n =n/(n — 1) we have Wi (sl,, fabreg) = C.

7. The “="-reduction functor revisited

From now on we assume that the nilpotent element f admits a good even grading g =
@jez g;, so that Wk (g, f) is Zso-graded. Note that this condition is satisfied by all
nilpotent elements in type A and subregular nilpotent elements in simply laced types.
Without loss of generality we assume that h C go and the root system A is compatible
with the grading, that is, A4 = Ao+ U | ;5 Aj, where A; = {a € A | go C g} and
Ao,+ C A4 isasetof positive roots of go. We write g0 =D, a; and g<o =D, 8/

Let y— : g<o — C be the character defined by y_(e—y) = y(ey). As in [3, Section 5]
we write

HJ®(M) = He(g<0. M ® Cy_)

for the Whittaker coinvariants functor, where He(—) denotes the usual Lie algebra homol-
ogy functor.

Let O be the Bernstein—Gelfand—Gelfand category of g, and let 98¢ be the full sub-
category of O consisting of those objects that are integrable as go-modules. We put

P(),+ = {/\ € h* | (A,Otv) € Zzo forall ¢ € A(),+}. (7.1)

Then {L(X) | A € Py 4} is a complete set of isomorphism classes of simple objects in O 9°.
Let Dim M be the Gelfand—Kirillov dimension of the g-module M. For M € (8¢ one
has
DimM <dimg<y = % dimm,

and in the case of equality we shall say that Dim M is maximal. We recall that M is said
to be holonomic if Dim M = % dim Var Ann(M).

Theorem 7.1 ([70,71]; see also [3, Theorem 5.1.1]). (1) If M € 990 then H&ie(M) is
finite-dimensional.

(2) If M € O% then H-*(M) = 0 fori > 0.

(3) IfA € Py 4 then HOLie(L(A)) # 0 if and only if Dim L(}) is maximal.

Proposition 7.2. For A € Py we have Var(Jy) = G - f if and only if Dim L(A) is
maximal.

Proof. We begin by recalling that L(A) is holonomic, by a result of Joseph [58]. Now
suppose Dim L (1) is maximal, so that Dim L(1) = % dim G - f. Then HE(L(A) #0
and thus there exists a vector v € L(A) such that its image [v] in H}°(L(A)) is nonzero.
As HEe(L(})) is an H}’(U(g)/],l)-module and [v] = [1] - [v], the image [1] of 1 in
H})(U(g)/J/\) is nonzero, and hence H}’(U(g)/JA) #£0. But this implies Var(J3) DG - f.
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By the holonomicity of (1) we have dim Var(J;) = dimG - f and thus Var(J,) =G - [
as required.

On the other hand, if Dim L(A) < % dim G - f, then dim Var(J,) < dim G - f. This
completes the proof. ]

LetO = G- f and for I € Primg let{E;[i]|i = 1,..., Ny} denote the complete set
of isomorphism classes of irreducible finite-dimensional representations of H }) U(g)/1).
Recall that the group C( f') acts transitively on this set.

Theorem 7.3.
e Let A € b*, O =G - f and suppose that J € Primg. As U(g, f)-modules,

Ny,
Hy (L)) = €D Ey, (1"
i=1
Sfor some collection of np,; € Z>o U {oo} for each p > 0.
o Let A € Py 4 and suppose Dim L (1) is maximal. As U(g, f)-modules,
NJ)L

Hy(L(L)) = {EBzel Ej, [i1®"+ for p =0,

otherwise
for some n) € Zy.

Proof. By Theorem 4.1,

Ny,
HY(U(9)/13) = P E,li] ® Eu,li]*

i=1
is a finite-dimensional semisimple algebra. We note that H, pLie (L (1)) is a module over this
algebra, and therefore is a direct sum of Ey, [i] withi = 1,..., Ny, . This proves the first
part. For the second part, there is a natural inclusion of G¥ in G°, the simply connected
algebraic group with Lie algebra g°. Since L () is integrable with respect to g°, we have
HE(L(})) invariant under the action of G' and hence of C(f). |

We also need the following result of Matumoto.

Theorem 7.4 ([70]). Suppose that (A + p,a") € Zx1 forall o € A\ Ag. Then H(L (1))
is a (nonzero) simple U(g, f)-module.

Theorem 7.5. Let A € Py 4 be such that (A + p, &) € Z>1 for all « € Asy. Then
Dim L(A) is maximal, Jy €Primg. r, and H})(U(g)/J,l) has a unique simple module E j, .
Furthermore, Hy*(L()) = Ey,.

Proof. By Theorem 7.4, HOLie(L(A)) is a nonzero simple U(g, f)-module. Hence by
Theorem 7.1, Dim L(A) is maximal, and so J, € Primg. s by Proposition 7.2. Finally,
it follows from Theorems 7.3 and 7.4 that H(I)‘ie(L(A)) is the unique element of

Fin])L (U(g’ f)) u
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We recall the definition of (the “—” variant of) the quantised Drinfeld—Sokolov reduc-
tion functor H }),_(—) [3,62]. For a vector space a we denote by La the superalgebra
(a ® a*)[t,t!] ® C1 whose even part is C1 and odd part is (a @ a*)[¢,77!], and the
commutation relation is [at™, bt"] = (a, b)m,—n1, Where (-, ) is the canonical symmet-
ric bilinear form (a, ¢) = (¢, a) = ¢(a) fora € a, ¢ € a*.

Let /\%J" denote the Fock Lg<p-module with highest weight vector |0), subject to
the relations @4,n>110) = 0, ¢ ,-(|0) = 0. Here gy = ey for @ € A~ and {g;} is
the dual basis of g*,. Assigning deg(¢) = —1 and deg(¢*) = +1 makes /\%Jr' into a
Z-graded vertex superalgebra, with generating fields ¢ (z) = ), ¢a,nz~" and ¢} (z) =
> s nz "1 For any V¥(g)-module we put

C*M)y=MaN\Z*, (1.2)

and we introduce the operator Q_ on C*(M) by

1
_ —n * a . * *
Q- = Z e—al " ® Qo — 2 Z Cgy + Po.—m®Pg —nPy,m-+n
a€A-,neZ a,B,y€A~0
m,nez

+ Z X(e—oc)‘p;,O'

acAsg

Then (Q_)? = 0, and we define
Hf (M) = H*(C2(M), Q-).

If M is any V*(g)-module, then by [3, Section 4.3] (see also [44, Section 2.2]) the space
H })_(M ) carries the structure of a Ramond twisted W¥ (g, f)-module (which, under our
assumption that f admits a good even grading, is nothing but the usual untwisted module
structure).

Let (9,%0 be the full subcategory of the category of left g-modules consisting of
objects M such that
e K acts as multiplication by k on M,
e M admits a weight space decomposition with respect to the action of B,

e there exists a finite subset {1, ...,y } of by such that M = P M*,

wel; ni—0+
e foreach d € C, My is a direct sum of finite-dimensional go-modules.

For A € Py +, put ]\Zk,o(/l) = U(@Q) ®u@eck) L(A) € (5;‘30, where L (1) is considered
as a g[t] @ C K-module on which g[t]z acts trivially and K acts as multiplication by k.
The modules L (1), as A ranges over Py 4, form a complete set of simple objects of (920.

Theorem 7.6. Let k be any complex number.
(1) ([3, Theorem 5.5.4]) Let M € (5;‘30. Then H},f(M) = 0foralli # 0. In particular,
the functor @go — Wk(g, f)-Mod, M +> H}),_(M), is exact.
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(2) (I3, Theorem 5.5.41) Let A € Po,y. Then H?_(Ly(1)) # 0 if and only if Dim L(})

is maximal.

(3) Let A € Py 4 and suppose Dim L(A) is maximal. Then

N‘]A Nj/\
HY_(Mo() = @OM(ES, [iI)®"* and  HP_(Li() = @ L(E, [i)®"*,
i=1 i=1

where ny, is the multiplicity of Ey, [i]in HE'*(L(A)) as in Theorem 7.3.

Proof of (3). Wehave HY_(Myo(M)op 2= HY_(Li(W))iop = HE®(L (L)) (see [3]), and

N
the latter space is isomorphic to @lzjll Ej, [i]®"* by Theorem 7.3. On the other hand, it
was shown in [3] that H}’_(Mk,o()t)) is almost highest weight, that is, H})_(Mk,o()t)) is

generated by H fo_(Mk,o(A))mp. Therefore, there is a surjective homomorphism

Ny,
P M(E,, (DS — HY_(Myp(L).

i=1

of WK (g, f)-modules. But this must be an isomorphism since their characters coincide
(see [3]). The exactness result of part (1) now implies that there is a surjective homomor-
phism

Ny,

P ME, IS — H)_(Li(V). (7.3)

i=1
On the other hand, it was also shown in [3] that H })_(Zk (1)) is almost irreducible, that is,

any nontrivial submodule of H]9_ (Lx (1)) intersects H}’_(Zk (A))wp nontrivially. It fol-

Niy

lows that (7.3) factors through the isomorphism ®i=11 L(Ey, [i])®" = H})_(ik 1)).

This completes the proof. ]

By the definition of the “—-reduction [3], it follows that the conformal dimension of
the W¥ (g, f)-module L(Ey,[i]) is

P el L2l G
AT Tk ) 2

h\/

|xol* + (xo. p) (74)
(see [44, (3.1.6)]). A simple but useful observation is that this expression is invariant under
the dot action of W on A.

Theorem 7.7. Let k be an admissible number for §. Let A € Ptk N Po,+ be such
that Dim L(A) is maximal. Then HJ?(U (g)/Jx) has a unique simple module, which we
denote Ey,, and

HY (Mio(V) = M(Ey,) and HP_(Lp()) = L(Ey,).
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Proof. By Theorem 7.5, H j? (U(g)/ J;) has a unique simple module E, . The other state-
ments follow from Theorem 7.6. ]

Theorem 7.8. Let k be an admissible number for § with denominator q and let A € Prli.
For f € Oy, we have A — gxo e Pk N Py, + and

HY(Ly(W) = L(E;,_, )=HJ_ (Zk (A - £xo)).
A=G X0 > q

In particular,
Wi (g, f) = H) (Vi(g)) = L(Es_p,,)-

Proof. First, we have A — gxo € Prf NPy, +. Indeed, it is clear that A — gxo € Py +.
Also, xo € P} since we have assumed that f admits a good even grading. We have

B(x0) <q if (¢.7Y) = 1,
Os(xo) < q/rY if(g,rV) # 1;

see [6, Section 5.7]. It follows that t_xO(ﬁ(kA0)+) C &rf_, andso A — gxo € Pr’t‘ix0 CPrk.

Moreover by Janzten’s criterion [57] we have (A — gxo) = U(g) ®U(g=o) Lao(A — gxo),

where g>0 = P >0 8 and Lg, (1) is the irreducible highest weight representation of go

with highest weight A. Hence Dim L (A — gxo) = dim g is maximal. Therefore, by The-

orem 7.7, H}’ (U(g)/J3) has a unique simple module E;, , and H})_(Zk (A = Lxo))
—7X0 El

= L(Efx—fxo)'

Now recall that the centre Z(U(g, f)) of U(g, f) is isomorphic to the centre Z(g)
of U(g) [73]. By definition, for A, . € Pr¥, y, = X if and only if [A] = [u] in [Prk],
where the central character y, : Z(g) — C is the evaluation at L4(A). Hence E; , is

—2xy

the unique simple A(H 19 (Vk (g)))-module having central character y,_ 2, . On the other

_Py
q
hand, Z(U(g, f)) acts on H]?(Lk (A))wp by the central character Xa—2xq
[7, Section 5]). Because H}’(Zk()t)) and L(Ey,_, 0) ~ H;’_(Zk(k — £x9)) have the

q X ’
same character (see [6, Proposition 5.12]), we find that H}’(Lk L) = L(E I p 0) as
q X,

required. ]

as well (see

Theorem 7.9. Let k be an admissible number for § with denominator q and let f € Q.
Suppose that each element of [PrX] can be represented by an element A € Pr¥ N Py, +.
Then

(1) for each [A] € [Pr¥] the algebra H})(U(g)/J,l) has a unique simple module, which we
denote Ey,,

(2) a complete set of representatives of isomorphism classes of simple Wy (g, f)-modules
is {L(Ey,) | [A] € [Prk]},

(3) Wi (g, 1) is rational.
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Proof. Let {A1,....A,} be a subset of Py 1 such that [Pr¥] = {[A,].....[A,]}. By The-
orem 7.7 we have H}T_(Zk(ki)) =~ L(EJM) fori =1,...,r, where EJM is the unique
simple H}) (U(g)/J»,;)-module.

By Theorem 4.2, {E Iy |i =1,...,r}is acomplete set of representatives of isomor-
phism classes of simple A(H]?(Vk (g)))-modules. Thus by Theorem 7.8, {L(EJM) |i =
1,...,r}is a complete set of representatives of isomorphism classes of simple Wy (g, f)-
modules.

We already know that Wi (g, f) is lisse. It thus remains to show that

Extyy, (q.1)(E s, ). L(Ey, ) =0

foralli, j. Let
O—>L(EJAJ)—>M—>L(EJAI,)—>0 (7.5)

be an exact sequence of Wy (g, f)-modules.
Let h 4; denote the conformal dimension, i.e., the lowest Lo-eigenvalue, of L(E I ).
If h); = hy,, then (7.5) is obtained by applying the induction functor to the sequence

0— L(EJ)Lj )lop g Mtop g L(EJ)”. )lop —0

of A(Wg (g, f))-modules, and is therefore split because A(Wg (g, f)) is semisimple.
Now suppose that 1, < hy;. There is a Wk (g, f)-module homomorphism M(E Y )
— M such that the following diagram commutes:

M(EJ)LI.)

|

M ——L(Ej, )

If (7.5) is nonsplit then M must coincide with a homomorphic image of M(E Y ). In
particular, [M(E J)Lf) L(E e )] # 0. By Theorem 7.6 this occurs only if there exists

1 € Py 4 such that []l7[k (A) : L (n)] # 0 and E_]A is a direct summand of HLie(L(/L))
The second of these conditions 1mp11es that ne W o A;.Butsince /X and )t are dominant,
the first condition is only satisfied if /\ =X j» which contradicts 1y, < hy,

Finally, the case h); < h,; follows from the case hj, > h, by applymg the duality
functor to (7.5). ]

Remark 7.10. Let k = p/q — h" be an admissible number for § and let /' € Q4. By
Theorem 7.8 and the exactness of the functor Hj? (—) [6], we have the exact sequence 0 —

H})(Nk) — WK(g, f) = Wi(g, f) — 0, where Ny is the maximal proper submodule

of V¥(g). The submodule Ny is generated by a singular vector o of weight S © kAo.
From the relations (p, ) = h¥ — 1 and (p, 65) = h — 1 we compute

okAg = (p—hY +1)(0—qé) +kAy if(q.rV) =1,
(p—h+ 1)(9 — r—v8) + kAo if(q.rY) #£1.
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From this we compute the action of the conformal vector Ly — (xg)o on the corresponding
singular vector o3 ® |0) in WX (g, f) (cf. [62, Remark 2.3]) to be given by

{(p —hY 4+ 1)(g— (8, x0)) if(g.r) =1,
(p—h+1D(ZL —(b5.x0)) if(q.7V) #1.

8. Rationality of W-algebras of type A

For g of type A all nilpotent elements are standard Levi type, and so W (g, f) is excep-
tional in the sense of Kac and Wakimoto [66] if and only if k is admissible and f € Oy,
where g € Z> is the denominator of k. In this section we prove the rationality of all
exceptional W-algebras of type A. Throughout this section ¢ = sl,, = A,—_;. The Cox-
eter number of g is Y = h = n. It is known that the component group C(f) is trivial
for every nilpotent element f € g (see e.g. [22, Section 6.1]). Therefore for any primi-

tive ideal I of U(g) such that Var(/) = G - f, the set Finy (U(g, f)) contains a single
element, which we denote E;. Hence

HP(U(g)/I) = E1 ® Ej.

Moreover, the correspondence I +— Ej gives a bijection from the set of primitive ideals
of U(g) satisfying Var(I) = G - f to the set of isomorphism classes of irreducible finite-
dimensional U(g, f)-modules. The module E7 is described as follows [21].

As usual, we write

A={o;|1<i,j<n} and Ay ={o;|1<i<j<n}

The nilpotent orbits are indexed by partitions of . Indeed, let Y = (p; <--- < p,) bea
partition of n; then as in [21] we identify ¥ with the Young diagram having p; boxes in
the ith row, and we number the boxes of Y by 1, ..., n down columns from left to right.
Let row(7) and col(i) denote the row and column number of the i th box. Now put

f=r=) e
where the sum runs over (i, j) satisfying row(i) = row(j) and col(i) = col(j) — 1. Here
e;,; stands for the 7, j-matrix unit. Then f is a nilpotent element of Jordan type Y . Declar-
ing deg(e;, ;) = col(j) — col(i) equips g with a good even grading for fy € g—; [37]. The
subsets of roots
Ao ={o € Aleq €go} (8.1)
A ={aeA|a(h)=0forallh € h/} (8.2)

now become

Ao = {a;; € A | the ith and jth boxes belong to the same column},

A = {oj,; € A | the ith and jth boxes belong to the same row}.
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Let AL = A/ N AL and
W/ ={weW|wh)=hforallh € §/}. (8.3)
Then W/ is the subgroup of W = &, generated by s, for @ € A/ . Finally, we put
Po+ ={Aeb” | (A, aV)eZsoforalla € Ag +}, (8.4)
where Ao+ = Ag N A4

Theorem 8.1 (Brundan and Kleshchev [21]). (1) Let A € Py 4. Then H&ie(L()L)) #0
if and only if (A + p, V) & Z>y for all a € Ai. In this case HY“(L(X)) is an
irreducible U(g, f)-module. Furthermore, every irreducible finite-dimensional rep-
resentation of U(g, f) arises in this way.

(2) Let A, u € Py and suppose that HOLie(L()L)) and H(l)‘ie(L(p,)) are nonzero. Then
H(I)‘ie(L(/\)) >~ Héie(L(;L)) ifand only if u = w o A for some w € W/ .

Corollary 8.2. The assignment A +— J), sets up a bijection
(AePos|(A+pav)dZs foralla € ALY/~ > Primg. s,
where A ~  if and only if @ = w o A for some w € W/ . Furthermore,
Ej, = Hg®(L(2)).

Proof. By Losev’s result [68] and the fact that C( f') is trivial, there is a bijection between
Primg. s and the isomorphism classes of simple U(g, f)-modules, where the simple
U(g, f)-module corresponding to J € Primg. ¢ is the unique simple module of the simple
algebra H }’ (U(g)/J) (see Theorem 4.1). The assertion is obtained by comparing this with
Theorem 8.1. ]

In the present case Theorem 7.6 becomes
Theorem 8.3 ([3, Theorem 5.7.1]). Let k be any complex number and let A € Py . Then

L(Ej) if (A+p.aV)€Zs foralla e A7,

0 otherwise.

HP_(Ly (V) = {

Lemma 8.4. Any element of [Pr]g | can be represented by an element of Pr]g N Py +.

Proof. By Corollary 8.2, for any A € Prlj there exists € Po 4 such that J, = J,. But
then Ly (1) is a Vi (g)-module by Theorem 3.4, and hence j € Prf by Theorem 3.1.

The following assertion follows immediately from Theorem 7.9 and Lemma 8.4.

Theorem 8.5. Let k be admissible f; € Qq4. Then Wy (g, fg) is rational and the complete
set of simple W (g, f)-modules is given by {L(E;,) | [A] € [Prf]L.
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We now describe the set [Pr¥] more precisely. Let k = —n + p/q be an admissible
number for @, so p and ¢ are coprime and p > n. Since [Prff] is described in [44] in the
cases where ¢ > n, we assume that ¢ < n, so that Qy is nonprincipal. Let n = rg + s
where r,s > 0and 0 < s < q. Then Qy is the nilpotent orbit corresponding to the partition
Y =(s,q,....q) of n, in which g appears r times. We have q; = {u € g | [xo,u] = ju},
where

q—1
Yo = sz(r+1) + Z ws(r+l)+(t—s)r (8.5)
i=1 i=s+1

Forn € P we set Ap={a e A|(na) =0} CA,and define
fv’i,f ={ne fv’i | (n,0) <q—1and A, =~ Ay as root systems}. (8.6)

Note that x¢ € P+ Iz

Lemma 8.6. A weight n € fv’+ belongs to fv’j_ f if and only if there exists a permutation
s q—s

———
my,....mg)of (r +1,...,r +1,7,...,1) such that

g—1
\
i= Zé:lma

Proof. From the description of Ag given at the beginning of this section, applied to the
partition Y associated with the orbit Qy, it follows that Ag is the direct product of ¢
irreducible root systems, s of them of type A, and g — s of type A, (treating the case
r =0as Ag = 0). If A, is to be isomorphic to Ay then we must have (1, a) > 0 for
at least ¢ — 1 simple roots «, and now the condition (1, 8) < ¢ — 1 implies that (1, o)

equals 1 for these simple roots and O for all others. The simple roots o;,, i, ..., 0 g1
for which (n, ;) = 1 are of the form i; = >-) _ mg for some permutation (my,...,mg)
as in the statement of the lemma and so we are done. [

We define an equivalence relation ~ in the set P¥™" x 151 by declaring (A, 1) ~

(A, ) if and only if
M=mjod+ pwi =mr+ (p—n)w; .
forsomei =1,...,n—1

n' = win+ qw;

(cf (2.4)). We may also describe the equivalence relation in terms of the description of
P 4. given in Lemma 8.6. Suppose (A,n) ~ @, n)in P?7" x P_‘i - Writing n =
Zq—lw /- and 1’ —Z;I Z’ e
n— Zq_l m; and for convenience, cons1der1ng the index modulo n, we then have m), =
my4p for all a=1,...,q, for some fixed b.

i
setting mg = n — Y 41— m; and m), =

J
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Theorem 8.7. Let k = —n + p/q with ¢ < n. We have a bijection

(PP x P )/~ [Pl (L) e [A—gn}

Proof. First we recall that dim O, coincides with the maximal Gelfand—Kirillov dimen-
sion of objects of (99, and thus

dim @, = |A] — |Ao.

Hence, by Theorem 3.6, A € Pr* belongs to Pr¥ if and only if |A(A)| = |Ao.

Letne P-?—,f’ Since n € Py and (n,0) <gqg—1wehave (n,a) <gforalla € Ay, and
therefore 7_, (A(kAg)+) C &“" Hence forall A € P{™" we have r_, oA=A— En+kAo
with A — gr) € Prk. Moreover, A(A — —r)) = A(n) = Ay since 7 € P+ + and hence
p I 7€ Pr¥ by the above criterion. On the other hand, let us suppose that (1", ) ~ (1, 1)

in Pp " x P_‘if,sothat)v =70\ + pw; andy = ;1 + qw;. Then

: o(x—ﬁn) —mod—Lan=2pm - Py +qwy =1 — Ly,
q q q q

We have shown that the map in the theorem statement is well-defined.

Next we show the injectivity of the map. We shall use the relation 77,_;(@;) =
—wp—i, which is easily proved. Let (A, 7), (A, ') € PY™" x P4 f and suppose that
A — gir)/] =[A— 277] in [PrX], i.e., there exists w € W such that /V r) =wo(A— gn).
Since A’ — gn € Pr¥, this means wr_,, (A(kAg)4) C A“’ and A’ — 2y € Pk , N Pr]t‘_n,
By (2.4), we get wi_y = l_ylgw; Tj = Tjl—(z,_;n'+qw,_,) for some J- Thus

w=n; and N =7a4—;n +qOs_;j.
From A/ — En’ =wo (A - ﬁn) and the equalities above, it follows that A = 7,_; o

- pn’)~|— En = n- ,-o)t~|—pwn —i. We have shown that (1/, ') ~ (&, w).

Finally, we prove surjectivity. Let [A] € [Prf]. By Lemma 8.4, we may choose a rep-
resentative A € Pr¥ NPy + of [A]. Clearly we have A(A) = Ay. By [13, Proposition 2.8]

and its proof,
=P,

where the union is taken over pairs (y,n) € W x P_’{r such that
(@,n)>1 foralla e AL Ny 1(A). (8.7)

Let us therefore take such a pair (y,n) € W x ﬁi satisfying (8.7) such that A € Pr’y‘t_

Then we may write A = y oAy and A; = A9 — 517, where A1 € Pr‘;‘_,7 and Ag € Pr'i.
We have on the one hand A(1;) = y~1(A(L)) = y~1(Ap). On the other hand, A(L;) =
A(fr;) and, since 0 < {a,n) <(0,n) <g—1<hY foralla € Ay, we have (gn,av) e
if and only if (n, ") = 0. Hence A(41) = A,. Therefore Ay, = Ag, and we obtain [A] =
Ao — 517] where (A9, ) € P{7" x Pq ! ;- This establishes surjectivity as required. =
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Remark 8.8. Let f € sl, be a nilpotent element associated with the partition ¥ =
(p1 <--- < p;) of n. According to [37] the good gradings g = @je%z g; for f are
in natural bijection with combinatorial structures known as pyramids associated with Y.
A pyramid is an arrangement of n boxes of dimensions 1 x 1 into r rows, the ith row
consisting of a contiguous block of p; boxes. The projection to the horizontal axis of the
ith row must be contained within the projection of the (i 4+ 1)th for each 7, and the centre
of each box is required to lie directly above the centre or else the edge of the box below.

The symmetric pyramid is the one in which the centres of all rows lie on a single
vertical line.

The good grading associated with a pyramid is obtained by labelling its boxes
1,...,n, letting col(i) and row(i) denote the horizontal and vertical coordinates of the
ith box, respectively, and declaring deg(e;;) = col(j) — col(i). The nilpotent f = fy
is recovered as ) _ e;; where the sum runs over (i, j) satisfying row(i) = row(j) and
col(i) = col(j) — 1.

The grading is even if the centre of each box lies above the centres (and not the edges)
of other boxes. Throughout this section we have worked with the even grading associated
with the Young diagram, in which all rows are left justified. In particular, the element
Xo given in (8.5) corresponds to this grading. All statements in this section hold upon
replacing this grading with any other even grading. In particular, if f is even, so that the
Dynkin grading is a good even grading, the results of this section apply to the Dynkin
grading. This will be important for applications to the computation of fusion rules in
subsequent sections, for instance by Proposition 6.5 the subregular W-algebra of type A
is only self-dual for the Hamiltonian reduction associated with the Dynkin grading.

9. Rationality of simply laced subregular W-algebras

Let fsubreg be a subregular nilpotent element of g. We recall that Qgypree = G - fsubreg
is by definition the unique nilpotent orbit of g of dimension dim g — rank g — 2. The
corresponding partition or the Bala—Carter label of fgureg can be found in the third column
of Table 1 below.

Lemma 9.1. Let g be a (not necessarily simply laced) simple Lie algebra, and let k be
an admissible number with denominator q such that Q4 = Qgypreg. For A € Prk,

(1) A(R) is nonempty,

(2) A ePrk = Prgsumg if and only if |[A(L)| = 2.

Proof. If A(A) were empty then we would have L(A) = M(A) and so Var(Jy) =N 2 (DTq,

which contradicts (3.6). This proves the first part. The second part follows from Theo-
rem 3.6. ]

By [6] the condition Oy = Qgypree holds for precisely those values of ¢ listed in the
following table.
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Type nY JSsubreg q

Ap n+1 [, 1] n

By 2n—1 [2n—1,12] 2n—1,2n
Co,(n>=3) n+1 2n—2,2] 2n—1,4n—6,4n—4
Dy, 2n—2 [2n—3,3] 2n—4,2n-3

Eg 12 E¢(a1)  9,10,11

E5 18 E7(ay) 14,15,16,17

Eg 30 Eg(a1)  24,25,26,27,28,29
Fa 9 Faa1)  9,11,12,14,16

G 4 Ga(ay) 4,5,6,9

Tab. 1. Subregular denominators

Remark 9.2. There are typos in [6, Tables 6, 7]. The central charge of Wy (g, fiubreg) for
type Fy atlevel k = —hY + p/q should read

_6(12p — 13q)(5p — 69)
rq

In the rest of this section we assume g is of simply laced type and that k = —hY + p/q
is an admissible number with denominator ¢ such that Oy = Qgupreg. Let foupreg € Osubreg-

We recall that if g is of type D or E then fypreg is distinguished, and thus there is
exactly one even grading with respect to which fqupreg is good, namely its Dynkin grading.
Up to conjugacy this grading is given by go = § + go, + g—a, and g1 D @ael’[\{a*} Qas
where o4 is the simple root corresponding to the trivalent node in the Dynkin diagram
of g. If g is of type A then we fix a simple root « arbitrarily and define go and g; as
above. This defines n distinct good even gradings on g, all of subregular type. If n is
odd then one of these gradings is Dynkin; if n is even then none of them are. We have

A0’+ = {O{*} Let
Xo = Z wj
iF*
denote the grading element: g; = {x € g | [xo,x] = jx}, and let h = 2x,.

Lemma 9.3. Let g be simply laced. Then every class of [Pr]g | contains a representative
A € Pr¥ such that AV) 4 = {ax ).

Proof. Let A € Pr¥. By Lemma 9.1, A(A); = {«} for some & € A ;. Choose w € W such
that @ = w(erx). Then w o A € Pr¥ and A(w o )4 = {a,} as required. L]

Theorem 9.4. Let g be simply laced and let k be an admissible number for g with denom-
inator q such that Oy = Qgypreg. Then Wi (g, fuubreg) is rational and a complete set of
isomorphism classes of irreducible Wi (g, fsubreg)-modules is

{L(Es,) | [\] € [Pe]},

where E j, is the unique simple module of H}’(U(g)/J;L).
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Proof. By Lemma 9.3 the conditions of Theorem 7.9 are satisfied. Thus the assertion
follows immediately from that theorem. ]

We give a more explicit description of the set [Prf ] in the subregular case.

Definition 9.5. Put

v

Pi’subreg ={ne fv’i | {(o;, n +gD) = 0forexactlyonei € {0,1,...,4}},
where o, ...,y € 1 are the simple roots of g.

~ AV v
The finite group W acts on the set P _f L Pi’subreg by

(A, n) = (@A + (p—h)wj, 7;n+qw;) forjel.

q
+,subreg

Yy € W such that ynt_,,(ﬁ(kAo)) C ﬁfi Moreover, there is a well-defined bijection

Theorem 9.6. Suppose g is of simply laced type. For each n € P there exists

PP pa
+ +,subreg "~ V4
© T 2 k) () e [yno(x——n)].
W, q

Proof. Let A € Prf n Prg where y = yt_, € W with y € Wandn e PY.lItis straight-
forward to see that the condition y (ﬁ(kAO)) C ﬁrj is equivalent to

{Ofoc(n)fq—l forall« € Ay such that y(a) € A4, ©.1)

1 <a(n) <gq forall« € A such that —y(a) € Ay.

It is also clear that

A+ =@ |ae Ay, a(n) =0 u{-y(@) [a e Ay, a(n) =g}

Therefore the condition |A(A)4+| = 1 implies that 5 satisfies one of the following two
conditions:

(1) 0 < a(n) < q forall @ € Ay and there exists a unique simple root «; of g such that
ai(n) =0,
(i) 0 <a(n) <gforalla € Ay, and a(n) = q if and only if &« = 6.

But this is equivalent to the statement 1 € P4

+,subreg*
Now let 5 € ﬁz,subreg. For y € W, we have yt_; o P_f_h C Pr¥ if and only if
yi_n(A(kAg)) C A%. (9.2)

If n satisfies (i) above then we may take y = 1 and condition (9.2) is satisfied. If  satisfies
(ii) above then we may take y = w® the longest element of W, and condition (9.2) is again
satisfied.

Finally, let , ' € P?

'+ subreg @nd suppose that n = 7; (') for some j € J. Then

(yt_,,)(tqwj ) = yﬁjt_ﬂfl(n) = ymil_y.

The assertion now follows from (2.4). ]
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We now record some properties of subregular rational W-algebras.

Type Conformal weights of generators c(p/q)
Ap (n 0dd) 1,2, 5t (23 nd3
3 2 _6(4p=79)(3p—49)
Dy 23.3,4 -
Dy, (n odd) 22.4,6,8,....n—=3,n—2,(n—1)2,
nn+1,n+3,...,2n—4
Dy, (neven, n > 6) 22.4.6,8,....n—4,(n—2)2,
n2n+2,n+4,..., 2n —4
2 _ 800p—139)(7p—9q)
Es 2,3,4,5,62,8,9 =
Eq 2,4,62,8,9,10,12, 14 _9(14p—199)(11p—14q)
,4,67,8,9,10,12, b
Eg 2,6,8,10,12, 14,15, 18,20,24 - 10(241"311‘5;‘191"24‘1)

Tab. 2. Subregular W-algebras in simply laced types

The conformal structure, and in particular the central charge, of the subregular W-
algebra W¥ (g, Jsubreg) Of type @ = A, depends on the choice of good grading. In Table 2
we list conformal weights of generators relative to the Dynkin grading, which corresponds
to xo = p¥ — w,,, where n = 2m + 1. The central charge at level k = —h¥ + p/q is

c=-nn*— I)E — (0 +n+3n2+2n*—n@+3n+ nz)z.
q p

The central charge of the subregular W-algebra WX (g, Joubreg) Of type @ = Dy, at k =
—hY + p/q is given by

c=—2n(13 =91 +2n2)2 4 26 4+ 171 — 240 + 8n%) — 2n(1 — 3n + 201 L.
q p
: AV pd _ p4
Remark 9.7. If g is of type A and ¢ = h I then Py e = P“':fsubreg :
Theorem 9.6 agrees with Theorem 8.7. Furthermore, the action of W, on Pf_’subreg is
simply transitive and the bijection becomes

L {p¥} and

PP S ek A A — Ly
q

See also Lemma 13.1 below.

10. Characters of admissible highest weight modules

For a weight A=A + kAo € EA)* of level k we write y, for the formal character
Zuef)* dim Ly (A),.e* of the irreducible §-module Ly () = EB;LEB* L (). For A e Pr
the formula :
=5 ZA e(w)e?? (10.1)
weW )
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was proved by Kac and Wakimoto [64] and used to deduce modular properties of the
set of characters of modules of admissible highest weight. Here R is the Weyl-Kac
denominator for g, and W) = (re | @ € TIV(L)) is the integral Weyl group of A.
We may consider y, as a meromorphic function of (z,z) € # x [, more precisely
xa(z,2) = (xa, 2mi(vho — 2)).

Let us now take k = —hY + p/q and assume that g is simply laced for convenience.
In particular, all admissible weights are principal. For 4 € P (mod pgQ) we write

®M(T z) = Z enipqr(a,a)eZHipq(a,z).
M
ac-+0

Up to a change of variable these are exactly the theta functions associated with the dis-
criminant form LY /L = P/pqQ of the integral lattice L = Q(pq).

Let A € Pr¥ and let (y, 5, v) be a triple associated with A as in (2.6) and subsequent
remarks, and let 8 = —y(n) so that yt_, = tgy. The function

Bi(r.2) = €(y) Y €(W)Oguy+pp(t.2/q)
weWw

depends on A and not on the choice of triple (y, , v). A linear change of coordinates
identifies the sum over I//I\/()Ak) in (10.1) with a sum over W of theta functions, and in
this way one obtains y, = Bj/R. Modular properties of theta functions now yield the
following result.

Proposition 10.1 ([64]). The set of functions By, as A ranges over Pt*, is SL,(Z)-in-
variant. Furthermore,

Bi(=1/7.z/7) = (—in)/2em CHIDEDT N g B W)y (. 2). (10.2)
A epPrk
where

a1 2) = ;(L(y?/ze—zm'[(v,ﬂ/)+<v/,ﬁ>]e—zmg(ﬂ,ﬂ/) T cwye 2 A,
|P/pqQ] wew (10.3)

where (y,n,v) is a triple associated with A as above, 8 = —y(n), and (y',n',V') and B’
are defined similarly.

In [64] the modular transformations of the x, are given by coefficients denoted a.
These are related to the a® of (10.2) bya = ilAtlgB,

Lemma 10.2. Let A € Pr* and w € W be such that w(ITY (1)) = 1Y (w o A). Then
Buoi(t.2) = By(t,w(2)). (10.4)

In particular, if A is regular then (10.4) holds for all w € W, and if AL (L) = {a«} then
(10.4) holds for all w € W such that w(cs) € AY.
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Proof. We write A = $¢(v) — p where ITV(A) = (1)) C A", and y = 1gy. By
V,re

assumption ITV(w o 1) = w)?(HE;)) C AL", and therefore

twgy(Wy)Pp(v) —p = wid(v) —p=woAl,
so (wy, v, w(pB)) is an admissible triple. In general ©y,(,,)(z,z) = O(r, w1 (z)), and one
immediately deduces (10.4). [ ]

Let us write

01,1(t, —v)

oV ="0

o)
— ql/IZe—mv l_[(l . e—2qun—l)(l _ e+2qun).
n=1

Then ® obeys )
O(=1/1,v/7) = —i ™V /7O (1, v).

Now let f be a subregular nilpotent element in g. We fix a good even grading for f,
and we consider the characters of Hamiltonian reductions H ]9_ (L(A)), i.e., of the coho-
mology of (7.2). By the Euler—Poincaré principle the supercharacter of H ; _(M) equals

thatof C*(M) =M ® /\%“. For A € Pr*¥ we write

W) (r,z |u) = STrC:(Zk(A)) uerm’(zo—(xo,z))qLo—c/247

where u is a d-closed element of C*(Vi(g)). The central charge of A = /\%Jr' is
—2|A~p| and

STr/\@_,_. e2ﬂi(Foz+(xo,2))qLo+|A>o|/12 — 1_[ O(z, a(x)).

2
a€A~g

The modular transformations of the W, may be derived from [17, Theorem 6.4].
Proposition 10.3. For all A € Pr* we have

-1 z| _ 1 «— (=1)"
v, —, = Lio) Z E :
A(‘L’ - T eXp|:T n Z(n) |U

n>0

— eﬂi(k+hv)|22‘/1' Z i 'aB(A,A,/)‘IjA/(T,Z | u)'

A eprk

In fact, the proof of this proposition is the same as that of [17, Theorem 8.1], which
deals with the case of f being a principal nilpotent element. The only difference is that
dim(g-¢) changes from |A | to | A | — 1 which causes the factor of i to appear in Propo-
sition 10.3 above.

For A € Pi¥ N Py, the Hamiltonian reduction H })_(z k(1)) is an irreducible
We (g, f)-module. Let us define 5

— ~ Lo—c/24
Vit |u) = Tng_(Lk(A)) uggLo—e/24,



T. Arakawa, J. van Ekeren 2796

By Theorem 7.6 (1) we have
Yilr |u) = lirr%) W, (t,z | u). (10.5)
z—>

From now on we assume that Oy = QOgypreg, i.€., ¢ is one of the denominators listed
in Table 1. In particular, |Ag| = 2 and we write a4 for the unique element of Ag 4. Now
we define

WS ={weW | w(u) € At}
Since g is simply laced, we may fix a set X C Py 4 of representatives of [Prf], so that
Prf = {yoA|AeXandye W}. Since W (g, f) is rational and lisse, by Theorem
7.9, the set of trace functions (10.5), as A ranges over X, is modular invariant.

We now compute the S-matrix of Wy (g, f) using Proposition 10.3. Since the restric-
tions W) (7, z | 1) are linearly independent, it suffices to work with them. The Weyl denom-
inator R(z, x) is essentially ] O(t,a(x)) and so, since Asg = A4 \{a«}, we have

1 ' B)(t,2)
n(r)t Ot ax(z))

Note that ®(t, a«(z)) has a zero along the hyperplane o (z) = 0. If AL (1) = {y} then
B) (t, z) has a zero along the hyperplane y(z) = 0. So unless A € Py 4+ the function
W, (7, z | 1) has an indeterminate value at z = 0. We make an arbitrary choice of x € h*
not orthogonal to oy and we put z = ¢x. The limit in (10.5) becomes a limit as t — 0. We
then apply I’Hopital’s rule to the formula of Theorem 10.3. Since for A € Py 4 we have
y = a4 and hence W) (7, z | 1) is regular, the final result does not depend on the auxiliary
parameter x.
Fix x € b not orthogonal to o, and let A € X. We have

1 B,(—1/t,tx/7)

aeA+

U(rz| ) =@ [[ Orak)=

€A \ax

li :
0 n(=1/1)t O(=1/1,tax(x)/7)
mit? v
— 1 . (—i)t/2e™F U+h)Ix Secpk aB (4, ) Be(x, 1x)
(—i0)t2n(r)t >0 (—i)e NP @ (1, 10y (x))

. wit? VY [2 2 Be(z,tx)
= 1 L= [Ge+hY ) x 2=l ()] By £ _
TG 2 L TERTRE)

geprk
The exponential factor tends to 1. It follows from Lemma 10.2 that

> aB(A,g)M = [ S aP(y o)U)B”(I’ ty—l(x))].

o O(t, tax(x)) Py B O(1, tax(x))
Using the product formula for ©, I’'Hopital’s rule, and the fact that A’ € Py 4, we compute
Bu(r,ty ' (x)) . 1—e 0TI By (x)
= |lim - 11
t>0 O(t, tax(x)) 10 1 —e 1) 150 O(z, tax (y~1(x)))

_ a(y~1(x)) lim By (t,tx)
T a(x) =0 O(n fan(x))
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Thus we have proved the following theorem.

Theorem 10.4. Let f be a subregular nilpotent element of the simply laced simple Lie
algebra g, and let k = —h" + p/q with denominator q such that Oy = Qgypreo. Let X be
a set of representatives of [Pr¥] in Py, 4. For all A € X we have

Ya(=1/7 | T 0u) = 3" S vt [ w),

AeX
where
Siw=i Y 0@ %) By yon). (10.6)
, Vo (s, x)

A remarkable feature of the sum appearing in (10.6) is its independence of x. Of
course this follows a posteriori but clearly an elementary proof would be desirable. Hav-
ing fixed B, B’ let us put

r(x) = Z e(y)%e—zq’”(ﬂ,y(ﬁ’))'

Y(Ol*)EAi

Let k, denote the 1-form of pairing with x, i.e., (x, —). We compute the gradient of f to
be

1 i ’
Vr(x) = —te (ax AE), where &= Z e(y)e_zT(ﬂ’y(ﬁ ))y(a*).
(Ot*’ X)Z (ax)EAY
BACEY hs

To show that r is independent of x, it therefore suffices to show that £ is proportional
to ax. This may be established by a direct computation for any fixed root system, though
we do not know a uniform proof.

11. Modular transformations of simple affine vertex algebras

In this section we collect some results on S-matrices and fusion rules of the rational vertex
algebra V,_pv (g) where p > h".

Proposition 11.1 ([63]). Let g be a simple Lie algebra and p > hV an integer. The irre-
ducible V,_pv (g)-modules are precisely the irreducible highest weight §-modules L (k')
where K = k + (p —hY)A¢ and k runs over P_f_hv. The span of the characters x(t,z)
is modular invariant. In particular,

Xe(=1/z/ry =" > K ye(r.2),
K’EPﬁihV
where
A+l

= ppolE L e

wew

» 2wk +p)k+p) (11.1)
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We recall from [44, (4.2.6)] the relation

KW,K’ — o 2mi(W(A0)K) gricK’ (11.2)

forall w € W+.

We denote by K, the matrix of coefficients K**" given by (11.1) as &, k' run over
P _f_hv. We also denote by K ;,m the submatrix obtained by restricting «, ¥’ € Q and by
K f the submatrix obtained by restricting x,x’ € —p + Q.

Lemma 11.2. The subgroup ¥ (V,—(g))™ C F (Vp—nv (g)) spanned by [11], where
runs over Q, is a subring closed under duality. Furthermore, 3‘7(Vp_hv(g))int o~ ?(KPZ).

Proof. Combining (11.2) with the Verlinde formula yields
Ny, = e 2H @At Ny - forall w € W,

Since w;j(Ag) = wj + Ao for j € J, it follows that NAVu =Ounless(A+pu—v,wj)e’Z
for all j € J. But the set {z;};es of fundamental weights forms a system of representa-
tives of the quotient P/ Q. Therefore

Ny, =0 unless A+p—veoQ. (11.3)

This shows that ¥ (V,—sv (g))™™ is closed under the fusion product. For duality it is well
known that L(x)Y =~ L(—w°(k)), and if x € Q then so is —w® (k). This proves the first
part.

Let s € J be defined by the condition ws — p € Q. Then for u € Q we have wg (1) €
—p + Q. (Here we have used the fact that 2p € Q.) For u, &’ € Q we have, by (11.2),

KWswwsw) — ,=2mi(o,p) griv”

This says that K 5 becomes proportional to K },m upon conjugation by wy. It therefore suf-
fices to show that the fusion algebra determined by K Ii,“‘ is isomorphic to F (V,—x(g))™.
But this follows easily from (11.2) and the Verlinde formula. ]

12. S-matrices of subregular W-algebras

Let g be a finite-dimensional simple Lie algebra of simply laced type. In this section
we compute the fusion rules of rational subregular W-algebras obtained via Hamiltonian
reduction of g. Let k = —hY + p/q where ¢ is one of the denominators listed in Table 1
and p > h" is coprime to g. The irreducible Wi (g, foubreg)-modules are parametrised
by [Pr’o‘], and by Theorem 9.6 we have a bijection

p b4
P+,reg X P+,subreg
W,

— [Pr¥],

o
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taking (v, ) to the W o (—)-orbit of

tgd(®) —p = —(p/q)n—p)+kAo.

The fusion rules are computed by applying the Verlinde formula to the S-matrix of
Wi (g, foubreg)- Let A = yt_,¢p(V) — p and ' = y't_,y¢ (V) — p. By Proposition 10.1
and Theorem 10.4 the S-matrix is given by

Sy =i W) ( _w(“ ): %) =2t (B )+ B)] ,—2i £ (B.B)

1P/ pqQI'? e (o, x)
> e(u)e—zﬂi%w@%”’)),

uew

where B = —y(n) and B’ = —y’(n’). We wish to reduce this to a product of sums over
w € W and u € W, and to do this it is desirable to eliminate the cross terms

eZni[(v,w(B’))-‘r(v',ﬂ)]_

If ¢ is coprime to |J| then by Lemma 2.1 we are able to choose, for each A € [Pr¥],
a representative (v, n) for which n € Q. Indeed, in this case the action of W+ on P?

+,subreg
is transitive and we obtain a bijection
P g X (P4 ey N Q) = [PrC]. (12.1)
If ¢ is not coprime to |J | then p is coprime to |J| and we have a bijection
(P, N Q) x PI 0 — [Prf]. (12.2)
In either case, for each 1, we fix an element y(") € W such that
A=yt p(D)—pe Py forallde Pl (12.3)
The existence of such elements y™ € W is ensured by the following lemma.
Lemma 12.1. Letn € P4 + subreg” Then there exists y = y™ € W such that
() .y —(p/q)n) € Zy forallp € Zy andv € P.
Proof. Letn = Zl_l ciwi € P+ subreg- Then either cx = 0 for some ke{l,...,L}orelse
(n,0v) > (p,0V) = hY — 1 and hence ¢ > h"¥ — 1. Since in fact ¢ < h¥ — 1 we deduce
that either ¢ = 0 for some k € {1,...,£} orelse n = p.
It clearly suffices to show that there exists y € W such that
v af :
a,ylmi——+n))eZy, i=1,... L (12.4)
q

Here a; = (0, ;). If cx = 0 then we have (n,a)) = 0 and (w; — %n,a,\g) = §ix.On

the other hand, if n = p theng = 1Y — 1 and (w; — %n, 0V) =a —a = 0. Let us
now take y € W such that y(e)) = o/, respectively y(6") = a,/. We obtain (12.4) as
required. n
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Theorem 12.2. Let g be a simple Lie algebra of simply laced type and let k = —hY +
p/q where q is a subregular denominator for g and p > h" is coprime to q. Let 1=
y(")t_,,gb(ﬁ) — p as in the preceding remarks, and similarly V= y(”/)t_,,rqﬁ(ﬁ’) — p. Put
B=—yM®)and B’ = —y (). Then the S-matrix of Wi (g, Jeubreg) IS given by

S)L,A/ = IM( Z e(w) (W(O[;/), x)e2nig(ﬂ,w(ﬁ/)))

1P/pqQ|"? \ 5. (o, x)
X (Z e(u)e—zﬂii(u(v%“”). (12.5)
ueW

Proof. Having made the choices prescribed above, the result follows immediately from
Theorem 10.4. ]

Let g be a subregular denominator for g, i.e., one of the denominators listed in Table 1,
and p > h" coprime to g. We denote by C, the matrix of coefficients

= 3 e(w) w("‘ ))x> 27 B (), (12.6)
weWwsr

where 7, 77’ run over P? F subreg? and by C qZ the submatrix with 1, n’ € Q. We denote by
S&? the S-matrix of the rational vertex algebra W_pv 4 /4(a, faubreg)-

Lemma 12.3. The weight lattice P of g satisfies (P, P) C ﬁZ, where (-,-) is the invari-
ant bilinear form on g so normalised that (0,6) = 2. If g = D, and n is even then
(P,P)C %Z in fact.

Let Q(¢y) denote the cyclotomic field obtained by adjoining to QQ a primitive Nth
root of unity ¢y . For an integer a coprime to N we denote by ¢, € Gal(Q(¢y)/Q) the
automorphism defined by ¢,({n) = {4 . The Galois group Gal(Q(¢{x)/Q) is naturally
isomorphic to (Z/N)*.

We denote the Kronecker product of matrices by ®, and proportionality of matrices
with a nonzero scalar by ~. Now suppose (¢, |J|) = 1. Then by Lemma 12.3 the entries
of K, lie in Q(p)7|), on which ¢, acts as an automorphism. Meanwhile the entries of C qZ
lie in Q(¢,), on which ¢, acts as an automorphism. Similar considerations apply in case
(p,|J]) = 1 and Theorem 12.2 can now be summarised as

SH9 ~ @p(C) ® 4q(Kp) if (q.17]) = 1. (12.7)
SP9 ~ 9p(Cq) ® 9g(KE) i (p,]J]) = 1. (12.8)
In both cases we obtain a presentation of the fusion ring of Wy (g, fsubreg) as the tensor

product of the fusion ring of V,_;v (g) (or its integral weight subalgebra) and the fusion
ring associated with the S-matrix C, qZ (or Cy).
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13. Fusion rules of subregular W-algebras of type A

We now specialise the discussion of the preceding section to the type A case. We note that
subregular W-algebras of type A were previously studied by Feigin and Semikhatov [41]
as Wf,z)—algebras and the isomorphism between them was established by Genra [49].

Lemma 13.1. Let g be the simple Lie algebra of type A, and let k = —h + p/q where
q="hY—1=nand p > h" coprime to q. There exists a bijection between the sets of
irreducible modules of W_pv 4 p/q(a, foubreg) and Vp_pv (@) which induces an equality
S&? = ®q(Kp).

Proof. The set pa

n=pifniseven,and n = p — wy, if n = 2m + 1 is odd. Then P+subregr‘| 0 = {n}.
Let us fix a good even grading on g with associated simple root ax € Ag 4+ and let w

+ subreg CODSists of p and the weights p — @w; fori =1,..., £. Let us put

be the fundamental weight correspondmg to ax. Finally, we fix y = y™ e W such that
condition (12.3) is satisfied, so that A= (yt—y) o [i defines a bijection p > A from PIJ -
to [Pr¥]. By Theorem 12.2 we now have

ni%(u(u+p),u’+p)7 (13.1)

(829 0 =C - e(u)e™?

i
1/2 Z
1P/pgQ1? =
where the factor C = C™", given by formula (12.6), is independent of u, u'. By Lem-
ma 12.3 the exponential sums of (11.1) and (13.1) lie in Q(¢p,4v). Since g is coprime to
p and /Y, the latter is the conjugate of the former by ¢, € Gal(Q({pnv)/Q). |

Theorem 13.2. The fusion rules of the exceptional subregular W-algebras of type A, for
q = n odd, coincide with those of simple affine vertex algebras at positive integer level.
More precisely, the assignment

By Q) > LB pyy) = His (Le (),

induces an isomorphism of fusion rings

f'(‘(w—hv+p/q(gv fsubreg)) = f’(‘(Vp—hV (g))

Proof. Weletn =2m + 1 and take ox = &y, The subregular denominator is ¢ = n. In the
proof of Lemma 13.1 we have n = x¢ and since (o, xo) = 0 we may take y = 1. This
gives the bijection between irreducible modules stated in the theorem and gives the S-
matrix of W ="W_pv 4 /4 (&, foubreg) as @4 (Kp). Since W is self-contragredient by Propo-
sition 6.5 (as well as rational and lisse), the fusion rules can be computed via the Verlinde
formula. The fusion rules and coefficients of the charge conjugation matrix (which specify
duality) are integers and therefore invariant under the Galois group Gal(Q({p5v)/Q). It
follows immediately that the bijection L p—hv(A) = L(E;_ 2. ) induces an isomorphism
from the fusion ring of V,_;v (g) to that of W. ]
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Remark 13.3. The rationality of subregular W-algebras of type A has also been proven in
another way by Creutzig and Linshaw [28] after the first version of the present article was
submitted. There it was shown that WX (s[,,, Joubreg) atlevelk = —n + (n +m)/(n — 1)
is isomorphic to a simple current extension of the rational vertex algebra V /77 ®
We(slm, fprin), Where V. Jmn L is the lattice vertex algebra associated with the lattice
JmnZand L = —m + (m +n)/(n + 1).

Remark 13.4. Using a result in [10], which appeared after the first version of the present
article was submitted, one can strengthen the statement of Theorem 13.2.

Let k be an admissible level for g = sl,,, let KLy be the full subcategory of @k con-
sisting of modules isomorphic to a direct sum of finite-dimensional g-modules, and let
KL(V%(g)) be the full subcategory of the category of Vi (g)-modules consisting of those
objects which belong to KLy as g-modules. Then KL(V (g)) is naturally a fusion category
[24,26]. By [10, Theorem 10.4, Remark 10.7], the functor

KL(Vk(8)) = Wi(g. fg) -mod, M — HR(M), (13.2)

is an equivalence of fusion categories for ¢ = n — 1 and n odd since it induces a bijection
between simple objects. Theorem 13.2 then follows from the fact [24] that F (KL(V¢(g)))
is isomorphic to F (V,_pv (g)).

Remark 13.5. The argument of Remark 13.4 can also be used to describe the fusion
categories of exceptional rectangular W-algebras [15]. Namely, let g = sl,, letk = —n +
p/q be an admissible level and suppose that n = gr for some r € Z>1, and let f; € Q.
Note that f; is necessarily an even nilpotent. We have IV’_Z r= {xo}. It follows from
Theorem 8.7 that we have a bijection

P2y S Pkl A e [A - §X0:|,

where the cyclic group Z, acts on Pf_’_" as follows: i + gqZ € Z4 sends A — mw;;A +
(p — n)w;,. Therefore, (13.2) gives a quotient functor of fusion categories such that

Hps r(Le(W) = H)g (Li(n)

if and only if u € Z4A. In particular, ¥ (Wi (g, fg)) = F (Vp—n(a))/Zg.

In a companion paper [11] with Anne Moreau, we will show that in the special case
where p = hY + 1, we have W_,, 4 (4+1)/4(8, fg) = Vi(sl,). This is compatible with the
fact that ¥ (Vi(slg,))/Zg = F (Vi(sl,)).

We also note that Ueda [75] has recently constructed a surjective homomorphism from
the affine Yangian [20, 52] of type A, to the current algebra of the rectangular W-algebra
Wk (gL, J4)- It would be of interest to understand the modular category of exceptional
rectangular W-algebras in terms of the representation theory of the affine Yangian.
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14. Fusion rules of subregular W-algebras of types D and E

Now suppose g is of type D or E. In this section we reduce the description of fusion rings
of the associated rational subregular W-algebras to a finite number of cases which can be
computed explicitly. We denote by o, the root associated with the trivalent node of the
Dynkin diagram of g, and by @ the corresponding fundamental weight.

Proposition 14.1. (a) Let q be a subregular denominator for g coprime to h¥ + 1 and
letk = —hY + p/q where p > h" is coprime to q and to |J|. Then there exists an
isomorphism of fusion rings

{F(Wk (Q, fsubreg)) = ﬁ(W—hV+(hv+l)/q (gv f;ubreg)) ® ‘(F(Vp—hv (g))int.

(b) Let q = hY — 1 and let k = —hY + p/q where p > h" is coprime to q. Then there
exists an isomorphism of fusion rings

F (W (g, fsubreg)) = \?(W—hv+hv/(hv—l)(gv fsubreg)) & ?(Vp—hv (9)).

We remark that the only subregular denominator g excluded by the condition
(g.hY +1) = 1is g of type D, forn = 2 (mod 3) and ¢ = 2n — 4.

Proof of Proposition 14.1. (a) Since (p,|J|) = 1 we have the relation (12.8). By Lemma
11.2 the fusion ring of Wi (g, fsubreg) is the tensor product of F (V,_pv (g))™ and the
fusion ring associated with the S-matrix C;. Now in general P}r is in bijection with the
finite set J and carries a transitive action of W+, hence |Pi NQ|=1and K th 4iisa
1 x 1 matrix. Since we assume (¢, 7" + 1) = 1, we have

SN v 1(Cy) ® 0q(KE ) ~ onv41(Cy),

so Cy is a cyclotomic conjugate of the S-matrix of W_p 1 (4+1)/4 (8, foubreg), and the result
follows.

(b) Since (g, |J|) = 1 we have the relation (12.7). The fusion ring of W (g, feubreg) is
therefore the tensor product of the fusion ring of V,_;(g) and the fusion ring associated
with the S-matrix CqZ. Evidently |P£| =l andso Kjv isa 1 x 1 matrix. Since (¢,hY) =1
we have

SE4 < i (Co) ® pq(Kiv) = onv (Cy),

so Cy is a cyclotomic conjugate of the S-matrix of W_j45/(5—1)(g, fsubreg), and the result
follows. u

In the following table we record some data on the W-algebras of minimal numerator.
The isomorphisms of the final column will be proved in Section 15. See that section also
for background on the effective central charge.
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g r/q ¢ ceff #(Irr. rep.) Isom. type

An ntl 0 0 1 1

Dy B2 _1eeni’s 3 ) Vinas
Dy Gfn—2) 3=k 22w g2, 3 Virs n2

Es 13/9 0 0 1 1

Esg 13/10 4/5 4/5 6 W_7,4(A2, fprin)

Es 12/11 ~350/11 10/11 7 Virs 22 @ L(21,1)

E; 19/14 0 0 1 1

Eq 19/15 -3/5 3/5 4 Virs 5

Eq 19/16 —135/8 9/8 13

Eq 18/17 —1420/17 20/17 16

Eg 31/24 0 0 1 1

Eg 31/25 -22/5 2/5 2 Viry s

Eg 31/26 ~350/13 10/13 6 Viry 13

Eg 31/27 —590/9 10/9 12

Eg 31/28 —830/7 10/7 25

Eg 30/29 —7518/29 42/29 44

Tab. 3. Subregular W-algebras W_j, 1 ;,/4(a. fsubreg)

We observe that for g of type Es, E7, Eg of rank £ the cardinality of Pi,subreg coin-

cides with that of the set of regular dominant integral weights of level ¢ — £ + 2 for the
root system AL = {a € A | (o, ) = 0} (which is, respectively, As, D¢, E7). A similar
pattern extends to types A, and D, but is more complicated since, for A of type D, for
example, AL has type D, x A;. These bijections do not correspond to isomorphisms
of fusion rings however. Indeed, the fusion ring of V; (E7) is isomorphic to the group ring
of Z /2, while the fusion ring of W_719/25(Eg, fobreg) = Virz s is different.

We close this section with a remark on the case g = D, where n = 2 mod 3, and
k =—h+ p/q where ¢ =2n —4,and p > h" is coprime to g. By the proof of Proposition
14.1 we have an isomorphism of fusion rings

F(Wr(a, fsubreg)) = F(Cy ® }V(Vp—h\/ (g))im_

Since hY + 1 is not coprime to ¢ we cannot set p = h¥ + 1 and thereby identify the
fusion ring ¥ (C,) as the fusion ring of a subregular W-algebra. Nevertheless, we may
compute the fusion rules of ¥ = ¥ (C,) explicitly for small n. For g = D5 for instance,
F is the group ring of Z /2 with its canonical basis. In general ¥ contains n — 3 simple
objects (naturally indexed by n = p — w;, where w; are those fundamental weights of D,,
with Kac label a;” = 2). Based on explicit computation of ¥ for low ranks, we propose
the following conjecture.
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Conjecture 14.2. For each positive integer m there exists a rational lisse vertex algebra
of central charge ¢ = 13 — 6(m + 1/m) whose r = 3m — 1 irreducible modules,

denoted [i] fori = 0,1,...,r, have the following fusion rules:
i [j] = P ]
li—jl<k<min{i+j,r—i—j}
k=i+j mod 2

Curiously, the central charges that appear here are the central charges of the triplet
vertex algebras.

15. Sporadic isomorphisms

In this section we explain the final column of Table 3. First we fix some notation regarding
the Virasoro minimal models. Recall that

Vir, 4 = ngpnn(v—“l’/q (A1)

is a rational vertex algebra of central charge c¢,, = 1 — 6(p — ¢)*/pq. It has
(p — 1)(g — 1)/2 irreducible modules, all of the form

L(r,s) = H}prin,_(L(A)) where A =kAo+[s—1—-r(p/q)] @:1.

Herel <r<g—-1,1<s<p-—1landL(r,s) = L(q —r, p —s). The conformal dimen-
sions of the irreducible modules are given by

A(L(r,)) = hys = (pr—gsi=(p=q)® (15.1)

4pq

The effective central charge of a rational vertex algebra V is by definition
= ¢ — 24hn,

where A, is the minimal conformal dimension of the irreducible V-modules.

Nextlet M = @D, cp1 7 + M,, be a graded vector space for which the series ys(t) =
Z:o:o dim(M,)g"t" is convergent. If for some constants A, 8 and g, the character y s
has asymptotic behaviour

x(it) ~ ArB ™81t (15.2)

then one says that M has asymptotic growth g and asymptotic dimension A.
The following proposition is a well known consequence of the modular invariance of
characters of rational vertex algebras [81].

Proposition 15.1. Let V be a rational lisse vertex algebra of CFT type. The asymptotic
growth of an irreducible V -module does not exceed the effective central charge of V, and
equality occurs if all entries of the S-matrix of V are nonzero.
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The asymptotic growth g and asymptotic dimension A of W_pv /4 (g, f) are given
in [66, Theorem 2.16] as

\Y
g = dim(g”) — " dim(g), (15.3)
1

and, if f possesses a good even grading,

1 1 (T A
4= (pQ)' 2P/ QY12 glA+al [1 2sm(3(a’x0))' [ 2Sm(;(a’p))'

a€A~g OtEA+

(15.4)
The asymptotic dimension of the Vir, ,-module L(r, 5) is

AII;’SI”S) = (8/pq)"/? (1) T9)oFs0) sin(ﬂ p ; 9 rro) . sin(n P qsso), (15.5)
where ry and s are positive integers characterised by ro < g, 59 < p and rop —spq = 1
(see [64]).

Proposition 15.2. For each entry in Table 3 for which ¢

W_pv 4 p/q(@, faubreg) is as listed in the final column.

< 1, the isomorphism type of

Proof. First we consider the case ¢ = D,,, ¢ = 2n — 4 (for n # 2 mod 3). By (4.1) and
(15.3) the central charge ¢ and the asymptotic growth g of W = Wi (g, feubreg) are

2n%2 —21n + 52

c= .
n—2 n—2

These coincide with the values for Virs ,—».

Let N C W be the vertex subalgebra generated by the Virasoro vector. By the repre-
sentation theory of the Virasoro algebra, N is either the universal Virasoro vertex algebra
Vir>2"=3 of central charge c, or its simple quotient Virs ,_,. However, by [64, Proposi-
tion 4 (b)] the asymptotic growth of Vir®»*~2 is 1, which is greater than the asymptotic
growth of W. Thus we cannot have N =~ Vir>™=2 and so in fact N = Virz ,—». Since
Virs ,—» is a rational vertex algebra, its embedding into W induces a decomposition of
the latter into a direct sum of irreducible Vir3 ,_-modules. The direct sum is finite since
‘W has finite-dimensional graded pieces.

Each irreducible Virsz ,_,-module has 8 = 0 in (15.2) and nonzero asymptotic dimen-
sion, and all have the same asymptotic growth g. It follows that the asymptotic dimension
of W equals the sum of the asymptotic dimensions of the modules in its decomposition,
and so to prove W 2 Virs ,_» it suffices to prove equality of their asymptotic dimensions.
By (15.5) the asymptotic dimension of Virz ,_» is

To compute the asymptotic dimension A of W we recall that A~g = A4 \ {ax} and
X9 = p — W«. We count, for each m € Z, the number of &« € A satisfying (o, xg) =m
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and we deduce

ael;[>02$in(g(a,x0)) = 4sin(g) sin(@)
q—1 n/2+1  ,4q/2—1 -1/2
X (l_[ 25in(n—k)) . ( l_[ ZSin(%)) .
k=1 q k=1 q

Using the identity ]_[2_:11 2sin(wk/r) = r, the product reduces to
2
42+ (q/2)" 12 sin(—n).
q

Similarly the product over A, reduces to p™/2. Substituting into (15.4) yields A =
Aé;l;lz) as required.

Next we consider the case g = D, ¢ = 2n — 3. As above we conclude that W =
Wi (g, feubreg) is an extension of Vira 5,3, and computation of asymptotic dimensions
reveals W = Vir; »,—3. For (g, ¢) one of the pairs (£7, 15), (Eg,25) or (Eg,26) the proof
is again the same.

Now we consider the case W = W_pv_112/11(Es, foubreg), Which, by the same argu-
ments as above, is an extension of Virs ;>. The unique irreducible Virs >>-module with
conformal dimension A € Zxp is L(21,1) with A = 5. Thus W = Vir3 2o @ L(21, 1)®"
for some n € Z .. Comparison of asymptotic dimensions reveals n = 1.

The final case ¢ = Eg, ¢ = 10 is quite similar to the last case. Analy-
sis of central charges, asymptotic growths and asymptotic dimensions reveals that
W_pv413/10(E6, fouvreg) decomposes as Virs g @ L(5, 1). The same arguments imply
that W_7,4(A2, foin) = Virs,e ® L(5, 1) (a fact well known in the physics literature
[32, p. 227]). Now the module L(5, 1) is a simple current, so by uniqueness of simple
current extensions [35, Proposition 5.3] we obtain the claimed isomorphism. ]

16. New modular tensor categories

We have computed the fusion rules of W_pv 4 5/4(g, fsubreg) in terms of the fusion rules of
the affine vertex algebra V,_;v (g) and those of the vertex algebras listed in Table 3. We
have identified most of these vertex algebras, the remaining cases being Eg, p/q = 12/11
and the five algebras with asymptotic growth greater than 1. We compute the fusion rings
of these vertex algebras from their S-matrices. In this section we present in detail the
cases Eg, p/q = 12/11 and E7, p/q = 19/16.

A vertex algebra V is said to be positive if every irreducible V'-module besides V'
itself has positive conformal dimension. We observe that the vertex algebras

Us = W_pvi15/11(Es. fabreg) and Uz = W_pv 121/16(E7, foubreg)

are positive. It is natural to expect the following.
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Conjecture 16.1. The vertex operator algebras Ug and U7 are unitary.

We remark that the analogue Us = W_jv133/25(E3, fsubreg) 1S isomorphic to the
unitary theory Virs 5. The MTCs associated with Us and U7, which we also believe to
be unitary, appear to be new and interesting. We recall that the quantum dimension of an
irreducible VV-module L is Sy, 1, /Sy, where S is the S-matrix of V. By results of [33] the
quantum dimensions of all irreducible Ug- and U7-modules L must satisfy qdim(L) > 1.
By Theorem 14.1 the S-matrices are

§We) = 1511 = 3 (82211 ® 11 (K15(Es)),

: (16.1)
S = S8 = 93(S1”19) ® 16 (K21 (E7)™),

and the relation qdim(L) > 1 is verified by direct computation of quantum dimensions
from (16.1).

To compute the fusion rules of Ug and Uy it suffices to compute the fusion rules of
Vo = W_pvi12/11(Es, faubreg) and V7 = W_pv 119/16(E7, fsubreg)-

The vertex algebra Vg is an extension of Vo = Virsz 5, by its simple current M =
L(21,1). We note that M = L(r, 1) = L(22 — r, 1). The seven irreducible Vg-modules
are obtained as follows: the fusion product Vg ®y,0 L(r, 1) is an irreducible Vg-module for
1 <r <9o0dd, while for r = 11 it decomposes into two irreducible Vg-modules consisting
of symmetric resp. antisymmetric tensors. We also note that Vg carries a Z/2-action by
virtue of the decomposition Ve = VO @ M, and for r even Vg ®yo L(r, 1) is an irreducible
Z /2-twisted V-module.

The fusion rules of Vs can be compactly described as follows. We write [i] = V ®y0
L(2i +1,1)for0 <i <5and [5] = [54+] & [5-]. Then [54] = [5-] and all the other []
are self-dual. The conformal dimensions are given by A([i]) = i(3i — 19)/22. For 0 <
i,j <4 wehave [i] = [j] = @) jj<k<i+;[K], where we identify [5 + €] with [5 — €].
Also [5.4] 8 [i] = [S_1y] + Dsi <p<alk]. Finally, [52] m[52] = [1] & [3] & [5+] and
[5+1=[5-]=[0] & [2] & [4].

The quantum dimensions of the irreducible Vg-modules lie in the cyclotomic field
Q(¢) of degree 11 and are given explicitly as

qdim([0]) = 1, qdim([3]) = ¢° 4288+ 20+ 54203+ 22 42,
qdim([1]) = =¢7—=¢*+1, qdim([4]) = &% +28% +20°+20° +28° + £ +2,
qdim((2]) = ¢¥—¢"=¢*+ P +1, qdim((51]) = P+ + P+ + 1.

We now examine the vertex algebra V7. Since the asymptotic growth of V7 is 9/8 > 1,
it is not a finite extension of a Virasoro minimal model. The central charge is c = —135/8
and it has 13 irreducible modules, parametrised by f’}rfsubreg. We denote by o the nontrivial
diagram automorphism of the Dynkin diagram of E5.
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M; & (—) are as

: they are

+,subreg*
(191715 ]a 1707 132)a

(1;2,1,1,0,1,1,1),
s = (1;1,2,1,0,1,1,1),

16

v

We list the 13 weights j = 16A¢ + 1 where n € P

n7=1(21,1,1,0,1,1,2),

M
73

(1;1,1,1,0,1, 1, 3),

(1:0,1,1,1,1,1, 1),
nsa=(1;1,1,0,1,1,1,2),

A~

(1:1,0,1,1,1,1, 1),

Mo
2
Ne

together with 7j;,—; = o(7);) fori =0, 1,2, 3, 4. Let M; denote the irreducible V-module

associated with the weight 7j;. Then My, is a simple current of order 2 and conformal
dimension 3/2. The fusion product with M, acts as o at the level of weights. All irre-

ducible V;-modules are self-contragredient, and the fusion rules F;
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