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Abstract. We investigate symmetry properties of peculiar modules, a Heegaard Floer invariant of
4-ended tangles which the author introduced in [J. Topol. 13 (2020)]. In particular, we give an
almost complete answer to the geography problem for components of peculiar modules of tangles.
As a main application, we show that Conway mutation preserves the hat flavour of the relatively
8-graded Heegaard Floer theory of links.
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1. Introduction

Conway mutation is an operation which splits a given knot or link into two 4-ended tangles
and glues them back together in a particular way. The most famous example of a mutant
knot pair is the Kinoshita—Terasaka and the Conway knot, which is shown in Figure 1.
The effect of Conway mutation on link invariants has been studied for many decades.
Interestingly, there are a large number of invariants that fail to distinguish mutant knots
and links. Examples include the Seifert matrix up to S-equivalence [4], the HOMFLY
polynomial [13], volumes of hyperbolic knots [19], Khovanov and Bar-Natan homology
over Z/2 [3,10,20] and Rasmussen’s s-invariants [10]. Link Floer homology ﬁﬁ(L)
is, in general, not invariant under mutation. This was first observed by Ozsvith and
Szabé for the mutant pair from Figure | [17]; it follows more generally from the fact
that ﬁ(L) detects the Seifert genus [18], which is different for these two knots [5].
However, based on computations from [1], Baldwin and Levine conjectured that ﬁ(L)
is mutation invariant if the bigrading is collapsed to a single grading known as the §-
grading [2, Conjecture 1.5]. This conjecture was confirmed for a number of families of
mutant links by Lambert-Cole [11, 12] and the author [22]. In this paper, we prove the
conjecture in general:
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Fig. 1. The Kinoshita—Terasaka knot (left) and its Conway mutant (right). These two knot diagrams
agree outside the grey disc bounded by the dotted circle; the tangle diagrams within this disc agree
up to a rotation by .

Theorem 1.1. Let L be a link in a Z-homology 3-sphere. Suppose L' is obtained from L
by Conway mutation. Then HFL(L) and HFL(L') agree as relatively §-graded invariants.

This result is an immediate consequence of certain symmetries of peculiar modules
CFT?(T), a tangle invariant defined in [22]. Leading up to the proof of these symmetries,
we establish a number of additional remarkable properties of CFT?(T), which might be
of independent interest.

Immersed curve invariants of unparametrized tangles

The invariant
T +— CFT)(T)

associates with any oriented 4-ended tangle 7" in a Z-homology 3-ball M the homotopy
class of a relatively bigraded curved type D structure CFT?(T') over an algebra A% We
call CFT?(T) the peculiar module of T and A the peculiar algebra. The homotopy
class of CFT?(T') depends on a parametrization of 9M = S? in the form of an embedded
oriented circle S' <> dM connecting the tangle ends, which are ordered compatibly.
In [22], we chose to include this data—for convenience—in the definition of tangles,
which is illustrated in Figure 2 (a) for the (2, —3)-pretzel tangle 7, 3 in the 3-ball. One
of the central results from [22] is that the category of peculiar modules is equivalent to
the compact part of the Fukaya category of the 4-punctured sphere S? ~ 4. In particular,
peculiar modules are classified by multicurves, i.e. homotopy types of immersed curves
with local systems on S2 ~ 4 (see Definition 2.9 and Theorem 2.11). Therefore, we can
interpret CFT?(T) as an invariant

T — HFT(T)

which associates with T such a multicurve. Figure 2 (b) shows this invariant for
the (2, —3)-pretzel tangle 7, _3. Here, the 4-punctured sphere comes with a natural
parametrization by four arcs connecting the punctures, which is used to record the relative
bigrading of HFT(7"). So one might wonder if it is legitimate to identify this 4-punctured
sphere with dM minus the four tangle ends. In other words, does twisting tangle ends cor-
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(@) T2,-3 (b) HFT(T2,-3)

Fig. 2. (a) The (2, —3)-pretzel tangle; (b) its immersed curve invariant. The latter consists of three
components, an embedded one (dashed) and two immersed components, each of which carries a
(trivial) 1-dimensional local system.

respond to twisting immersed curves? The first result that we prove in this paper answers
this question in the affirmative:
Theorem 1.2 (3.1). HFT commutes with the action of the mapping class group of S? ~ 4.

The proof boils down to a computation of a bordered sutured type AD bimodule.

The geography problem for components of peculiar modules of tangles

Let us consider the map R? — T2 — S2? which is defined as the composition of the
universal cover of a torus 72 with the double branched cover T2 — S2, branched at four
marked points of S2. If we restrict this map to the preimage of the complement of the
marked points, we obtain a covering space

n:R*~ 7% - S2 4.

This is illustrated in Figure 3, where the standard parametrization of S ~ 4 has been
lifted to R? ~ Z?2 and the front face and its preimage under 7 are shaded grey.

O—C—C= —

Fig. 3. The covering space 1: R ~ Z? — S% < 4.
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It is useful to consider the lifts of the underlying curves of HFT(T) to R? ~ Z?2.
Remarkably, there are only two relevant classes of curves that matter to HFT, namely
rational and special ones:

Definition 1.3. We call a closed curve in S? ~ 4 primitive if it defines a primitive element
of 71(S? ~ 4). For a given slope g € QP! let r(g) be an embedded, primitive curve in
S2 < 4 which under 7 lifts to a straight line of slope g € QP!. We write rx(g) for this
curve equipped with a local system X € GL, (F,) and call it the rational curve of slope g
with local system X . Usually, we will omit the 1-dimensional (trivial) local system X
from the notation.

The second family of curves is constructed as follows. Suppose i; and i, are two
distinct tangle ends which lie on a straight line of slope g € QP'. The lattice points divide
this line into intervals of equal length. For a fixed integer n > 0, let us mark every (2n)th
interval of the line. Then consider a small push-off of this line such that it intersects
only the marked intervals and each of them exactly once. Finally, let sn(g; i1,i2) be
the immersed, primitive curve in S? ~ 4 which under 5 lifts to this push-off. We call
sn(g; i1, i) the special curve of slope g through the punctures i1 and i. Note that for
each slope g and fixed n > 0, there are exactly two choices for the pair of punctures

(i1, 12).

Example 1.4. For the slope g =9, the lifts of r(f) and sn(g; i1,i2) for (i1, i2) = (1,4)
and (i1, i) = (2, 3) are shown in Figure 4. Rational curves are, as the name suggests, the

-

O
>

o8

Fig. 4. The lifts of the curves s, ( %; 4,1) (top), r(%) (middle) and sy (9; 2,3) (bottom), illustrating
Definition 1.3.
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underlying curves of the immersed curve invariants of rational tangles. But they also arise
as the underlying curves of components of HFT of non-rational tangles. For example, the
dashed component of Figure 2 (b) is equal to r(%). The underlying curves of the other two
components of HFT(7, _3) are equal to s; (%; 4,1) and s; ((1—); 2, 3), respectively.

Theorem 1.5 (4.4, 4.6). For a 4-ended tangle T in a Z-homology 3-ball, the underlying
curve of each component of HFT(T) is either rational or special. Moreover, if it is special,
its local system is equal to an identity matrix.

For every n > 1, there exists some 2-stranded pretzel tangle whose invariant contains
some special component s,,(g; i1,i2) [22, Theorem 6.9]. Thus, Theorem 1.5 completely
answers the geography problem for components of peculiar modules, except for local sys-
tems on rational components; see Question 4.8. At the time of writing, very little is known
about the overall geography of HFT(T'), i.e. what combination of curves may appear in
HFT(T). Perhaps the most general result in this direction is [ 14, Proposition 3.13], which
says that the total number of rational components in HFT(7"), weighted by the dimensions
of their local systems, is odd if the tangle 7" has no closed component.

The proof of Theorem 1.5 relies on the existence of an extension of peculiar mod-
ules of tangles to curved type D structures CFT™ over a larger algebra together with the
fact that this extendibility property is preserved under basic chain homotopies (see Sec-
tion 2.4).

Stabilization

In [8, Proposition 9.2], Juhdsz gave an interpretation of link Floer homology in terms of
sutured Floer homology of the link complement equipped with a pair of oppositely ori-
ented meridional sutures on each link component. Moreover, as a simple application of
his surface decomposition formula [9, Proposition 8.6], one can also show that adding
additional such pairs of sutures corresponds to tensoring the sutured Floer homology by
a 2-dimensional vector space, an operation which is known as stabilization. HFT(T') is
essentially defined in terms of a multi-pointed Heegaard Floer theory and, as such, it is
closely related to sutured Floer homology. Therefore, it is natural to generalize HFT to
stabilized tangles T'(n1, ..., n|7|), that is, tangles T with n; (additional) pairs of merid-
ional sutures on the ith component of T fori = 1,...,|T|, where |T| is the number
of components of 7. As one might expect, the relationship between the immersed curve
invariants of stabilized and ordinary tangles is as follows:

Theorem 1.6 (5.2). HFT commutes with stabilization. More explicitly, for any stabilized
tangle T (ny, ..., n1)),
IT| o
n
HFT(T (n1.....n7)) = Q) V,2"* @ HFT(T),
k=1

where V; is a 2-dimensional vector space supported in a single relative §-grading and
two consecutive relative Alexander gradings t ™' and t 1.
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Relationship between peculiar modules and bordered sutured Heegaard Floer theory

In [22], the author proved a Glueing Theorem which says that if we decompose a link L
into two 4-ended tangles 77 and 75, we can compute the link Floer homology ﬁﬁ(L)
in terms of the Lagrangian intersection Floer homology of (the mirror of) HFT(77) and
HFT(T3). The proof of this result relies on Zarev’s bordered sutured Heegaard Floer the-
ory [21] and uses a particular bordered sutured structure on the tangle complement My.
The bordered sutured type D structure B/SB(M 1) of Mt is defined over an algebra which
is much larger and more complicated than the peculiar algebra A?. But for the proof of the
Glueing Theorem, it is sufficient to identify the image of the peculiar module CFT?(T")
of a tangle 7 under a certain quotient functor with the image of B/SB(MT) under another
quotient functor.

In this article, we offer an alternative definition of peculiar modules in terms of a
different bordered sutured structure on the tangle complement, which was first suggested
to the author by Andy Manion. This bordered sutured structure is in some sense dual to
the one chosen previously and has the advantage that the corresponding bordered sutured
algebra can be interpreted as a very simple quotient of the peculiar algebra A% Moreover,
we show in Theorem 6.3 that the image of CFT?(7T") under the induced quotient functor
agrees with the bordered sutured type D structure of the tangle complement with the new
bordered sutured structure. The proof of this identification relies on a certain bimodule,
which is sometimes called the half-identity bimodule of a bordered sutured structure. At
the risk of being rather imprecise, let us summarize the proof of Theorem 6.3 as follows:

Theorem 1.7 (6.3). The half-identity bimodule of the 4-punctured sphere acts like the
identity.

Conjugation symmetry

Like link Floer homology, peculiar modules come with a relative bigrading. More pre-
cisely, if T is an oriented 4-ended tangle in a Z-homology 3-ball, the generators CFT? (T")
carry a homological grading 7 which is a relative Z-grading as well as a multivariate
Alexander grading A, which is a relative Z!7!-grading, where |T'| is the number of com-
ponents of 7. If we compose A with the map Z!T! — Z which adds all components
together, we obtain the univariate Alexander grading A. There is also a third grading, the
8-grading, which is a relative %Z—grading defined in terms of the other two gradings by

§=1A4—h.

1
2

In this paper, we will use the §-grading instead of the homological grading, since the
former is, unlike the latter, independent of the orientation of 7. We write HFT? (T) for the
image of HFT(T') under the forgetful functor which drops the homological and Alexander
grading.

Definition 1.8. Let us fix, once and for all, an absolute bigrading of ry (f) and s, (g; i,j)
for every slope 5 € QP! and any choice of X, n, i and j. (In Section 7, we will impose
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some conditions on how we do this; see Theorem 7.1 and Definition 7.9.) Then, if y is
one of these absolutely bigraded curves with local systems, let us denote by §”¢4y the
bigraded immersed curve with local system obtained from y by shifting the §-grading
by m and the Alexander grading by A. Given an absolutely bigraded multicurve L and
y € {rx(g),s,,(g;i,j)}, let us define

y(L) = Z nm,ASmtA,

where 71, 4 is the number of curves 8™ty in L over all m € %Z and Alexander grad-
ings A. We call y(L) the Poincaré polynomial of L at y. Let us write y® (L) € Z[§*/?]
for the polynomial y(L) evaluated at + = 1. Given an oriented 4-ended tangle T, let us
write y(T') := y(HFT(T)) and similarly y*(T') := y® (HFT(T')). Finally, let r be the oper-
ation which inverts all Alexander gradings.

Theorem 1.9 (Bigraded conjugation symmetry for horizontal components; 7.1). Given
an oriented 4-ended tangle T, let us fix an absolute lift of the §-grading of HFT(T).
Suppose, HFT(T) contains a component of slope % Then there exists a unique lift of the
Alexander grading on HFT(T) such that for all local systems X and positive integers n,

r(rx (P(T)) = rx-1(P(T),

and moreover
r(sn(3:2.3)(T)) = sp(§: 4. 1)(T)

if the tangle ends 2 and 3 belong to different open tangle components, and
F(50(2:2,3)(T)) - (t2.3 + 155 = $(%5 4, 1)(T) - (141 + 15}

otherwise, where t, 3 and t4,1 are the colours of the tangle components at the tangle ends
(2 and 3) and (4 and 1), respectively.

The author expects a similar statement to hold for all slopes. A proof of this would—
amongst other things—require a better understanding of the Alexander grading on rational
and special curves of arbitrary slope, which is beyond the scope of this paper. However,
if we content ourselves with the §-grading, we can easily deduce the following result:

Theorem 1.10 (§-graded conjugation symmetry). Given an oriented 4-ended tangle T,
fix an absolute lift of the §-grading of HFT®(T). Then for any choice of g, X, n and
(i15 i27 i35 i4))

Y (D7) =% (B)T)  and  sy(8ir,in)(T) = s (L33, ia)(T).

As their names suggest, these two results should be regarded as the analogues of con-
jugation symmetry of Heegaard Floer theories of closed 3-manifolds or knots and links
therein. The classical proof of conjugation symmetry goes along the following lines: first,
we fix a Heegaard diagram from which we compute the invariant in question. Then we
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construct a new Heegaard diagram from the first by reversing the orientation of its under-
lying surface and simultaneously exchanging the role of «- and S-curves. The algebraic
structures computed from the two diagrams are the same, up to reversing the Spin®-
grading, which corresponds to the Alexander grading. Moreover, for closed 3-manifolds
and knots or links therein, one can argue that the new diagram also represents the same
geometric object, so the two algebraic structures need to be the same up to chain homo-
topy.

For bordered and bordered sutured 3-manifolds, this argument is more complicated,
since Heegaard diagrams also involve a- and B-arcs that parametrize the 3-manifold
boundaries. So while conjugation leaves the underlying 3-manifolds unchanged, o-arcs
become S-arcs and vice versa. One might hope to fix this problem by glueing in a bor-
dered (sutured) manifold such that the diffeomorphism type of the underlying manifold
does not change, but a- and f-arcs are interchanged once more. For example, Hanselman,
Rasmussen and Watson [7] use this strategy to show that their immersed curve invariant
for 3-manifolds with torus boundary is preserved by the elliptic involution up to reversing
the Spin®-grading. In their case, the bordered Heegaard diagrams have two «-arcs and
no f-arcs, so one of the key ingredients is to find a bordered Heegaard diagram of the
once-punctured torus which turns a parametrization by S-arcs into one by «-arcs.

In the case of tangles, the situation is even more complicated than in the torus
boundary case: here, there is no bordered sutured structure which only interchanges the
parametrization by «- and fB-arcs. Any such bordered sutured manifold also needs to
introduce at least two extra pairs of sutures on the open tangle components. (This can be
easily seen by studying how the underlying sutured structure has to change.) In Section 7,
we describe a bordered sutured manifold that interchanges «- and S-arcs at the expense
of two additional pairs of meridional sutures. As we have seen in Theorem 1.6, adding
meridional sutures is conceptually not a big problem. However, it makes computations
much more involved, as the corresponding type AD bimodule with its 32 generators from
Figure 31 illustrates.

Conway mutation

Given a tangle R in a 3-manifold M with spherical boundary, let mut, (R), mut, (R) and
mut, (R) be the tangles obtained from R by relabelling the tangle ends according to the
permutations (12)(34), (14)(23) and (13)(24), respectively. This is illustrated in Figure 5.

A W W W
/v\ /v\ /v\ /v\

(a) A tangle R (b) muty (R) (c) muty (R) (d) mutz (R)

Fig. 5. Conway mutation. The relabelling of the tangle ends is illustrated here in terms of rotations
of the tangle.
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We say that mut, (R), mut, (R) and mut; (R) are obtained from R by mutation. If R is
oriented, we orient these three tangles so that the orientations agree at the tangle ends
with the same labels. If this means that we need to reverse the orientation of the two open
components of R, then we also reverse the orientation of all other components; otherwise
we do not change any orientation. We say two links are Conway mutants if they agree
outside a 3-manifold with spherical boundary which intersects the links transversely in
four points and the tangles in its complement are related by mutation.
As a consequence of §-graded conjugation symmetry of HFT, we can now show:

Theorem 1.11. Let T be a 4-ended tangle in a Z-homology 3-ball and T' obtained from
T by mutation. Then HFT® (T') and HFT? (T") agree as relatively §-graded invariants.

Together with the aforementioned Glueing Theorem for HFT, this proves Theo-
rem 1.1.

2. Review: peculiar modules

In this section, we review some background on peculiar modules from [22].

2.1. Definition of peculiar modules

Definition 2.1. A 4-ended tangle T in a Z-homology 3-ball M with spherical boundary
is an embedding

T (II_III_IUSI,Z))%(M,SI C 8% = M),

such that the endpoints of the two intervals lie on a fixed oriented circle S on the bound-
ary of M, together with a choice of distinguished tangle end. Starting at this distinguished
(= first) tangle end and following the orientation of the fixed circle S, we number the
tangle ends and label the arcs S' ~ im(T) by a, b, ¢ and d, in that order. Sometimes,
we will find it more convenient to use the labels s; for a, s, for b, s3 for ¢ and s4 for d
instead. We call a choice of a single arc a site of the tangle T'. We call dM the boundary
of the tangle T and those four arcs a parametrization thereof.

We consider tangles up to ambient isotopy which fixes the distinguished tangle end
and the orientation of S (and thus preserves the labelling of the tangle ends and arcs).
The images of the two intervals are called the open components, the images of any circles
are called the closed components of the tangle. We label these tangle components by
variables #; and #, for the open components and 1,5, . .. for the closed components. We
call those variables the colours of T'. An orientation of a tangle is a choice of orientation
of the two intervals and the circles.

Note that the orientation of S! enables us to distinguish between the two components
of M ~ S'. The back component of M ~ S' is the one whose boundary orientation
agrees with the orientation of S!, using the right-hand rule and a normal vector field
pointing into M. We call the other one the front component.
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Fig. 6. The (2, —3)-pretzel tangle in B3.

Definition 2.2. A matching P is a partition {{i1, 01}, {i2,02}} of {1, 2, 3,4} into pairs. An
ordered matching is a matching in which the pairs are ordered. A 4-ended tangle T gives
rise to a matching Pr as follows: the first pair consists of the two endpoints of the open
component with colour 71, the second consists of the two endpoints of the second open
component of T, the one labelled #,. Given an orientation of the two open components
of T', we order each pair of points in such a way that the inward pointing end comes first,
the outward pointing end second.

Definition 2.3. Let A? be the path algebra of the quiver

4
[ )
PN,
APX)
e e L3
N§Z
o L
[ )
2

modulo the relations p;q; = 0 = ¢; p;. We call A? the peculiar algebra. We write
47 = Faluy. 1, 13, ta)

for the corresponding ring of idempotents. For convenience, we sometimes write the

elements p; pit1 ... Pj—1Pj @S PiGi+1)-(j—1); and ¢iqi—1 ... qj+19j a8 qi(i—1)-(j+1)j>
where again we take the indices modulo 4 with an offset of 1. Furthermore, to simplify
notation, we set

p=pi+pt+pstpieA’ and g=qi+q2+q3+qs e A,

so we can write for example p* = pi234 + paza1 + P3arz + paizs.
We define a %Z—grading on A°, called the 8-grading, by setting

8(pi) = 8(qi) = 3,

where i = 1, 2, 3, 4, and then extending linearly to all of A Similarly, given an ordered
matching P = {{i1, 01}, {i2, 02}}, we define relative Z-gradings A;, for k = 1,2, called
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Alexander gradings, by

Al‘k (LS) = 07 Atk (Pik) = Atk (Clik) =1 and Atk (Pok) = Atk (%k) = _1»

and then extend linearly to A% We call (8, A) the bigrading on A?. We denote the sum of
the two Alexander gradings by A and call it the reduced Alexander grading. There is also
a third grading, the homological grading, which is defined in terms of the other two by

h=14-s

Definition 2.4. Given an (ordered) matching P = {{i1, 01}, {i2, 02}}, let pqMod =
pgModp be the category of §-graded (and Alexander graded) curved type D structures
over #4? with curvature 4 4

p +q.
More explicitly, an object of this category is a pair (C, d), where C is a relatively §-graded
(and Alexander graded) right 9 module and 9: C - C ® Iz A is a right J 9_module
homomorphism which increases the §-grading by 1, preserves the Alexander grading (if
defined), and satisfies

(1C®M)o(3®lﬁa)08=1c®(p4+q4)7

where ¢ denotes composition in A%, Asin [22], we call objects of this category peculiar

modules and usually consider the underlying J 9_modules with a preferred choice of basis.
A morphism between two peculiar modules (C, d) and (C’,9’) is an 9_module homo-

morphism C — C’' ® I A%, The composition of two morphisms f and g is defined as

(gof)=(1®po(g®1,0)0 f
We endow the space of morphisms Mor((C, d), (C’, d’)) with a differential D defined by

D(f)=dof+fod.

This turns pgMod into an enriched category over the category of ordinary chain complexes
over [F». The underlying ordinary category is obtained by restricting the morphism spaces
to degree O elements in the kernel of D, giving us the usual notions of chain map and
chain homotopy. For more details, see [22, Section 1.1].

Definition 2.5. Given two 4-ended tangles 77 and 73, let L(77, T») be the link obtained
by glueing 77 to 7, as shown in Figure 7.

Fig. 7. The link L(Ty, T).
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Theorem 2.6 ([22, Theorem 0.1 and Corollary 0.7]). For any oriented 4-ended tangle T
in a Z-homology 3-ball, one can define a peculiar module CFT?(T) ob(pgModp.,.),
where Pr is the ordered matching induced by T. Furthermore, its bigraded chain homo-
topy type is an invariant of the tangle. Moreover, let L = L(T, T,) be the result of glueing
two oriented 4-ended tangles Ty and T, together so that their orientations match. Also,
let V; be as in Theorem 1.6 and let mr(T1) be the mirror image of Ty with the orientation
of all components reversed. Then

HFL(L) ® V; = H,(Mor(CFT?(mr(T})), CFT?(T)))

if the four open components of the tangles become identified to the same component of
colour t, and
HFL(L) = H,(Mor(CFT?(mr(T)), CFT?(T3)))

otherwise.

CFT? is defined as a multi-pointed Heegaard Floer homology using a suitable notion
of Heegaard diagrams for 4-ended tangles in which the parametrization S of the bound-
ary of the tangle plays the role of an «-circle. All the results of this paper can be under-
stood without any knowledge of how this construction works. Therefore, we will only
give more background on this when it seems necessary and point the interested reader to
the relevant sections in [22] for more details.

Definition 2.7. We sometimes want to use an Alexander grading without specifying a
particular ordered matching i.e. orientation of the tangle. So we define a grading on A?
and CFT?(T') which takes values in

A = 72*)im(Z — Z*,n — (n,n,n,n))

and is such that the grading of p;,q; € A% is 1in the ith component and 0 in the other
three components. We usually write an element (a, b, ¢, d) in this group as

pre-
Note that this grading extends to pqMod, since the gradings of p* and ¢* are both {7} =
gtg. We call U the generalized Alexander grading.

Remark 2.8. Let us also note that each closed component ¢’ of a tangle T gives rise to an
additional Z-grading A, which is preserved along differentials of CFT?(7T") and vanishes
on A% As already noted in [22, Observation 2.31], this implies that CFT?(T") decomposes
into the direct sum over the Alexander gradings of closed tangle components. This is why
we will usually suppress these gradings from our notation.

2.2. Classtfication results for peculiar modules

In [22], the author classified peculiar modules in terms of immersed curves on the
4-punctured sphere, using an algorithm due to Hanselman, Rasmussen and Watson [6].
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Definition 2.9. A loop or immersed curve with local system on the 4-punctured sphere
S2 < 4is apair (y, X) where y is an immersion of an oriented circle into S ~ 4 represent-
ing a non-trivial primitive element of 771(S? ~ 4) and X € GL,(F,) for some integer n.
We consider y up to isotopy, X up to matrix similarity and (y, X) up to simultaneous
orientation reversal of y and inversion of the matrix X . Given an immersed curve (y, X),
we call y the underlying curve of the loop and X its local system. We sometimes write
yx for (y, X).

In [22, Definition 4.28], the author defined a collection of immersed curves with local
systems as a set {(y;, Xj)}ier of loops such that the immersed curves y; are pairwise non-
homotopic as unoriented curves. Two collections of loops {(y;, X;)}ies and {(yJ’. .4 ]’-)} jeg
were considered equivalent iff there was a bijection ¢: I — J such that y; was homotopic
to yl’(i) and A; was similar to A:(i) foralli € I.

In this paper, we will use a slightly different way to bundle loops together: a multi-
curve is an unordered set of loops each of whose local system is the companion matrix
of a polynomial in [»[x], subject to the condition that each set of polynomials whose
corresponding curves are homotopic to each other can be ordered in such a way that each
polynomial divides the next one. Given a collection L of immersed curves with local sys-
tems, we can obtain a multicurve as follows: first, we put each local system X of a loop
yx in L into Frobenius normal form as in [22, Section 4.7]. Then, we split yx into the
direct summands of curves yx,, where X; are the diagonal blocks of the Frobenius nor-
mal form of X. Since the set of diagonal block matrices in the Frobenius normal form is
unique, two collections of loops are considered equivalent iff their corresponding multi-
curves are actually the same. Conversely, we can go from a multicurve to a collection of
immersed curves by taking the direct sum of all local systems whose underlying curves
are homotopic as unoriented curves.

Definition 2.10 (cf. [22, Definition 4.30]). Given a loop yx and s € {a, b, c,d}, let
C.is be the right 4%-module over F, generated by the intersection points of y with the
arc s, counted with multiplicity dim X. Let us assume that each of the elementary curve
segments of y, i.e. the immersed intervals obtained by cutting y along the parametriz-
ing arcs of the 4-punctured sphere, connects distinct arcs. Then C.is is an invariant of
the homotopy type of y. We define the J 9_module C as the direct sum of C.i; over
s=a,b,c,d.

Next, we want to define a differential on C. For this, let us first consider an elementary
curve segment between two intersection points, say x and y. We can orient it in two ways,
namely x — y and y — x. The oriented elementary curve segment x — y is homotopic
to an oriented path on the union of the parametrizing arcs and the boundary paths p; and
qi, i = 1,2,3,4, in Figure 8. Moreover, if we want it to avoid at least one boundary
component of the 4-punctured sphere and if we also want its orientation to agree with the
orientations of the boundary paths p; and g;, then this path is unique up to reparametriza-
tion. Let {ay,...,a;} be the ordered list of boundary paths p; and g; that we meet along
this path. (Note that by construction, 1 < j < 3.) By interpreting the boundary paths p;
and g; as the generators of A?, we can define a (x = y) as the product a; - - -a;. Similarly,
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Fig. 8. A geometric interpretation of the quiver from Definition 2.3 in terms of the parametrization
of the 4-punctured sphere.

we define a(y — x). (Note that a(y — x) - a(x — y) is equal to a product of all p; or
all ¢;, depending on whether the elementary curve segment sits on the front or back of the
parametrized 4-punctured sphere.)

Now we are ready to define the differential. If dim X = 1,letd: C - C ® 29 A2 be
the homomorphism given on generators x by

Ix)=yQalx > y)+zQa(lx — z),

where x — y and x — z are the two elementary curve segments starting at x. If the local
system X is the n x n identity matrix and v € F}', we define

x®V)=0RvV)Qalx = ¥)+ (zQ®v) ®a(x — z).

Finally, if X is a general local system with dim X = n, we define d as before, except that
we replace the contribution of a single elementary curve segment between two intersec-
tion points x and y by

(y®Xw)®a(x —y) and (x®X '(v)®@aly - x),

where we are assuming that the orientations of y and x — y agree. We define I[1(yx) :=
(C, 9). By construction, IT(yx) is an ungraded peculiar module. One can also define
bigradings on loops [22, Definitions 4.28 and 5.1], but since they are essentially defined
as bigradings on I1(yy ), these definitions are rather unilluminating.

Asnoted in [22, Definition 4.30], the chain homotopy type of the image of a (bi)graded
loop under IT is an invariant of the equivalence class of a loop. The following result is
more remarkable:

Theorem 2.11 ([22, Theorem 0.4, Definition 4.30]). Every peculiar module (C, d) is
chain homotopic to T1(L) for some multicurve L which is unique up to equivalence. Thus,
we can associate with (C, ) a multicurve L(C, d) = {(yi, Xi)}ier such that if (C',0) is
another peculiar module with L(C",9") = {(y;,. X)) }irer’, (C,0) and (C’, d") are homo-
topic iff the multicurves are the same. Moreover, the homology of the space of morphisms
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between two peculiar modules is chain homotopic to the Lagrangian intersection Floer
theory between their associated multicurves:

H.(Mor((C, d), (C',d"))) = HF(L(C, d), L(C', ).

Definition 2.12. Given an oriented 4-ended tangle 7" in a Z-homology 3-ball, we define
HFT(T) as the multicurve associated with CFT?(T).

Theorem 2.13 ([22, Theorem 5.9]). With the same notation as in Theorems 2.6 and 2.11,
HFL(L) ® V, = HF(HFT(mr(T})), HFT(T3))

if the four open components of the tangles become identified to the same component of
colour t, and
HFL(L) =~ HF(HFT(mr(Tl)), HFT(TZ))

otherwise.

Question 2.14 (geography question for HFT). Which loops arise as the invariants of
4-ended tangles?

Many results in this paper can be regarded as attempts to answer this question. In
[22, Observation 6.1], the author already observed the following “global” obstruction.

Observation 2.15. For any 4-ended tangle 7" in a Z-homology 3-ball M, the underlying
curve of each component of HFT(T') lies in the kernel of

m1(OM ~0T) - m;(M ~v(T)) - Hi(M ~v(T)),

where the first map is induced by the inclusion and the second is the Abelianization map.
In particular, HFT(T") does not contain any component whose underlying curve is a merid-
ional curve around a tangle end. A similar obstruction comes from the §-grading.

2.3. Quotient functors for peculiar modules

Theorem 2.11 can be generalized to a whole class of categories of curved complexes
associated with marked surfaces with arc systems. In fact, this is the perspective taken
in [22, Section 4]. For the purpose of the present paper, it is not necessary to recall any
details about marked surfaces and arc systems; we only need to discuss one of the obser-
vations that follow from taking this broader perspective.

Recall that the differential CFT?(T) is defined in terms of counting holomorphic
curves and recording how often they cover certain basepoints which correspond to the
elementary algebra elements p; and ¢;. The curvature terms in CFT?(T) originate from
boundary degenerations which cover all the basepoints p; or all the basepoints ¢; exactly
once. One way to avoid these curvature terms is to simply ignore those holomorphic
curves covering the basepoints p; and ¢; for a certain choice of 7, j € {1,2,3,4}. In
terms of the algebra A?, this corresponds to setting these two generators equal to 0:
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Definition 2.16. Fori, j € {1,2, 3, 4}, the quotient homomorphism
A — Al = A /(=0 =gq;
T[l] . - ij /(pl q])

induces a functor
Fij: pqMod — pgqMod;;,
where pgMod;; = Mod"”"?f is the category of (bi)graded type D structures over A?j.

In terms of marked surfaces with arc systems, the homomorphism ;; corresponds to
adding a marker to each of the two boundary paths p; and ¢; in Figure 8. The classification
result for pgMod;; is analogous to Theorem 2.11, except that we need to enlarge the set
of immersed curves to include non-compact ones. Moreover, the functor F;; is essentially
the identity on immersed curves. This implies the following result:

Theorem 2.17 ([22, Corollary 4.48 and proof of Corollary 5.7]). Let i, j € {1, 2,3, 4}.
Then two peculiar modules are chain homotopic iff the same is true for their images
under ¥i;.

2.4. Generalized peculiar modules

In [22, Section 2], the author also defined a tangle invariant CFT~ (T"), which generalizes
CFT?(T). Like CFT?(T), the invariant CFT™(T') is a curved type D structure, but it is
defined over a larger algebra +,, where n is equal to the number of closed components
of the tangle 7. For any n > 0, there is an epimorphism 4, — #4; =: A, so we can
always regard CFT™ (T') as a curved type D structure over A . This is what we will do
throughout this paper, as it will be sufficient for our purposes.

Definition 2.18 ([22, Definitions 2.10 and 2.11]). Let RP™ be the free polynomial ring
generated by the variables p; and ¢;, where i = 1,2, 3, 4. Let 4" be the 4°-4%-algebra
whose underlying 4°-4°-bimodule structure is given by 15 AP .i; 1= RP™ for pairs (s, s")
of sites and whose algebra multiplication is defined by the unique J 9_42_bimodule homo-
morphism A" ® ;o AP — AP which, for all triples (s, s’,s”) of sites, restricts to the
multiplication map in RP™:

tgrr. AP Ly ®Ja tgr. AP g — 1o AP .

—_—— ————

RPre RPre Rpre

Let R be the free polynomial ring in the variables U; fori = 1, 2, 3, 4. Via the inclusion
R — Rpre7 Ui — Piqi,

we can regard AP as an R-algebra. Let A~ be the subalgebra of AP®

R-algebra by the idempotents in 4% and

generated as an

pi = ti—1.piti and  q; = 4.gili-1,
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where we take the indices i = 1,2, 3,4 modulo 4 with an offset of 1. Note that p;q; =
ti—1.U; and gq; p; = (;.U; as elements in +A ™. Thus, any element in A~ can be written
uniquely as a sum of elements of the form

Gy,  PiPi+1-.-Pk—1Pk.T and  qiqgi—1...qg+19k.T,

where r € R is a monomial. This is the standard basis on 4™~ as a vector space over .
We call A~ the generalized peculiar algebra. By setting U; = O foralli = 1,2,3,4, we
obtain the algebra A?. Note that we can use the corresponding epimorphism

AT — A
to extend the §- and Alexander gradings of A% to A  ina unique way.

Definition 2.19 ([22, Definition 2.16]). For any oriented 4-ended tangle 7, CFT™ (7)) is
a curved type D structure over 4~ with curvature

p4 + 6]4 + Uil Ugl + UizUozv

where {{i1, 01}, {i2, 02}} is the ordered matching induced by 7. Like the invariant
CFT?(T), CFT™(T) is defined as a multi-pointed Heegaard Floer theory; we simply count
more holomorphic curves in its differential. The epimorphism A~ — A? gives rise to a
functor & between the categories of curved type D structures and CFT?(T) is the image
of CFT™ (T') under this functor.

By [22, Theorem 2.17], the relatively bigraded chain homotopy type of CFT™ (T) is
a tangle invariant. However, for the purpose of this paper, we only need to know that
CFT?(T) lies in the image of &. Of course, such a functor preserves chain homotopy
types. However, it is not clear if, given two chain homotopic complexes over A the fact
that one complex lies in the image of & implies that the same is true for the other complex.
Nonetheless, we have the following result.

Proposition 2.20. Let (C~, 07) be a bigraded curved complex over A~. Then (C~,07)
is bigraded chain homotopic to a complex whose image under & lies in the image of TI.
In particular, for any oriented 4-ended tangle T, TI(HFT(T)) lies in the image of &.

Proof. The strategy for the proof is to lift every chain homotopy for (C,d) = &(C~,97)
in the simplification algorithm from [22, Section 4] to a chain homotopy for (C—, d7).
This algorithm uses two tools for changing complexes while preserving their chain homo-
topy types, namely the Cancellation Lemma and the Clean-Up Lemma [22, Lemmas 1.22
and 1.24], which we always apply to single components of the differentials.

Let us consider the Cancellation Lemma first. Like in #°, the only homogeneous ele-
ments in 4~ of §-grading 0 are the idempotents. So if d contains an identity component,
then the corresponding component of 9~ is also an identity component. Therefore, the
complex obtained from (C, d) by any cancellation along an identity component of 9 is
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equal to the image of the complex obtained from (C ~, 97) by the cancellation of the cor-
responding component of d~. By induction on the size of the complex, we may therefore
assume that (C, d), and hence also (C~, 97), is reduced.

For any application of the Clean-Up Lemma, we need to verify that the morphism A
satisfies two conditions, namely h? = 0 and hdh = 0. (Note that D(h) = hd + 0k, so
assuming 4% = 0, the conditions D(h)h = 0 and 2 D(h) = 0 are equivalent to h1dh = 0.)
In the algorithm, the first condition is always satisfied, because we always choose /& such
that it connects two different generators. The second condition hdh = 0 is satisfied for
peculiar modules because of §-grading constraints and the fact that p;q; = 0. The latter
is no longer true in 4~ . Instead, we can argue with the §- and the Alexander grading.
Suppose h goes between two generators x and y and there is a non-zero component of
the differential d going in the opposite direction:

h
X 3T =2y
a

Let us abuse notation and use the letters # and d also for the algebra elements in A~
labelling these two arrows. Then

8(y) —8(x)+8(h) =0 and &(x)—6(y)+6() =1, so &(h)+68(0) = 1.

Similarly, we see that
A(h) + A(0) = 0. 2.1

Since we are assuming that (C, d) is reduced, i.e. §(d) > %, we have §(h) < % In other
words, h € {p;,qi, i |i =1,2,3,4}. If h = p;, then §(d) = % This implies d = ¢;, since
the left and right idempotents of d are the right and left idempotents of &, respectively.
But g; and p; have the same (non-zero) Alexander grading, contradicting (2.1). Similarly,
we can argue in the case i = ¢;. Finally, h = ; implies that §(d) = 1. Then the left and
right idempotents of d agree, so d = Uj;.; for some j = 1,2, 3, 4, and again we obtain a
contradiction to (2.1). [ ]

3. The action of the mapping class group

In our definition of a 4-ended tangle 7' (Definition 2.1), we fixed a parametrization of the
boundary of the tangle. The mapping class group of the 4-punctured sphere

Mod(S? ~ 4) = mo(Homeo™ (52 < 4))

acts on this parametrization and hence on the tangles. It also acts on the underlying curves
of HFT(T'). The main result from this section is that these actions commute with HFT, so
the invariant HFT(T') is independent of the parametrization:

Theorem 3.1. Let T be a 4-ended tangle in a Z-homology 3-ball and p € Mod(S? ~ 4).
Then
HFT(pT) = p(HFT(T)).
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Fig. 9. The tangle ¢ 7.

L 1
/ 898174 D <@aln - 572 82 yen
D
(g1lq1) (ga1lq1)
(p1lp1) / &lpa)
/ (q412\t112)l
l —_=
8¢ 8tiaA (9121912) (p21lp21) §0 8t7icC
2
\ (17321|1721)T
(p2lp2) g

(p321p2) ‘
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(g2192) \\
N
1

1 1 1
8°013bB ¢ (p3l)- 67201, %¢cB
2

(b) The identity action of the bimodule is implicit. The
(a) T maps the arc system {a,b,c,d} idempotent of a generator xY is tx in the first component
to the arc system {4, B, C, D}. and ty in the second.

Fig. 10. (a) The action of the half-twist ¢ on the parametrization of the 4-punctured sphere; (b) the
type AD bimodule D (7).

Mod(S? ~ 4) is generated by the half-twists along the four parametrizing arcs, so it
suffices to prove the theorem for those four generators. Because of the inherent symmetry
of the parametrization, it is actually sufficient to understand just one of them. Let us
focus on the half-twist ¢ whose action on tangles and the parametrizing arcs is shown in
Figures 9 and 10 (a), respectively.

Consider the two parametrizations {a, b, c,d } and {A, B, C, D} in Figure 10 (a). They
give rise to two distinct maps IT := Iy, 5 ¢ 4y and 11" := T4 g c,py Which establish the
correspondence from Definition 2.10 between multicurves and peculiar modules. The rea-
son why the labels p4 and g3 of the first parametrization and p3 and ¢4 of the second are
crossed out is because it turns out to be useful to set these variables equal to zero in the
corresponding algebras, i.e. to work with type D structures over the algebras A?B and Ag 4

Definition 3.2. Let D(t) be the strictly unital type AD A23—Ag4—bimodule defined in
Figure 10 (b). Furthermore, let r34 be the operation on type D structures which inter-
changes the third and the fourth entry in the generalized Alexander grading: th > 01
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Remark 3.3. Note that the action of r34(-) ® O(7) on generators corresponds exactly to
the action of T on Kauffman states of 7" from [23].

Lemma 3.4. For any loop yx, we have the following bigraded homotopy equivalence:

Faa(I'(yx)) = r3a(Faz(M(yx))) 8 D(7).

Lemma 3.5. Let T be a 4-ended tangle and tT the tangle obtained by adding a single
crossing to it as shown in Figure 9. Then

F34(CFT? (¢ T)) = r34(Fa3(CFT?(T))) ® D().
Proof of Theorem 3.1. We have

Fa4(II(r(HFT(T)))) = F34(IT'(HFT(T))) (by the definition of )
=~ r34(F43(TI(HFT(T)))) ® D(r) (by Lemma 3.4)
r34(Fa3(CFT?(T))) ® D(7) (by the def. of HFT(T'))
F34(CFT? (¢ T)) (by Lemma 3.5)

~ F34(TI(HFT(zT))) (by the def. of HFT(zT)).

le M

Il

By Theorem 2.17, this implies that
[(z(HFT(T))) = II(HFT(zT)),
and by Theorem 2.11, this in turn implies
t(HFT(T)) = HFT(<T).

Using cyclic permutations of the arcs, we see that Lemmas 3.4 and 3.5 also hold for the
corresponding half-twists along the other three arcs. ]

Proof of Lemma 3.4. Let us first assume for simplicity that the local system X is trivial.
On elementary curve segments of y with respect to the first arc system, D(7) acts like
the identity if the segment in question does not end on the arc c; for an illustration, see
Figure 11. In Figure 12, we compute the result of pairing the bimodule D(7) with the
remaining elementary curve segments. Note that generators in the idempotents a, b and d
contribute one new generator in the ®-product, so for these generators, it is easy to put the
curve segments back together. Generators in the idempotent ¢ contribute three generators
in the ®-product. Nonetheless, we can easily reassemble the complexes along the new
generators in the idempotent C, since an arrow leaving a generator in the idempotent
¢ contributes an arrow from the new generator B (respectively D) iff it is labelled by
a power of p (respectively g). In other words, we may safely ignore each of the final
arrows in the last column of Figure 12 and reassemble the complexes like puzzle pieces
which are joined along the generators/vertices aA, bB, cC and dD. Figure 13 shows
those pieces on the 4-punctured sphere with the two arc systems. As we can see, they
agree with the elementary curve segments that we started with. However, there could still



On symmetries of peculiar modules 2969

(a) (b) (© (d (e ()

Fig. 11. Elementary curve segments which stay away from the arc c¢. The action of the bimodule
D(7) on these is trivial.

Curve segment S S X D(1)
(a) b2 ¢ B«l-p Byc p
(b) a &2 A2 p By p
(©) d &2 ¢ D& p By p
(d d <% ¢ D<l-p Py (B B
(e) a <™. AT p Py B
® b M2 <M. p Py c 9B

Fig. 12. The action of the bimodule £ (7) on each elementary curve segment meeting the arc c.

(a) (b) () (d) (e ()

Fig. 13. Graphical interpretation of the computation in Figure 12. The curve segments are drawn
onto separate copies of Figure 10 (a).

be some identity components, namely the dashed arrows in parts (a) and (d). Those can
be cancelled. One can easily see that such a cancellation just homotopes the curve away
from the arcs B and D, which proves the claim.

One can easily adapt this argument to curves yy with non-trivial local systems X; we
leave the details to the reader. ]

Proof of Lemma 3.5. The strategy of this proof is very similar to that of the Glueing The-
orem [22, Theorem 3.7]: we glue a thickened 4-punctured sphere X = I x (52 ~ 4) onto
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the tangle complement M. This allows us to change the parametrization on the boundary
of the tangle complement as specified by the arc diagrams in Figure 14.

Before we begin with the actual proof, let us introduce some notation. Let 843 be
the bordered sutured algebra with five moving strands corresponding to the arc diagram
on 0Mr, and 443 the corresponding ring of idempotents. Let 4}, be the subring of idem-
potents occupying the a-arcs ¢ and f', and t43: 34"3 <> $B43 the subalgebra 123.13’43.11113
of B43. Similarly define 34, 1’34 and (5: {8;4 <> B34 for M. 7. Note that we can regard
A2, and A3, as quotients of B}, and BY,, respectively. Let m,: B}; — A, and
mhyt Biy — Ag 4 be the corresponding quotient maps.

The lemma follows from a computation of the type AD bimodule of the bordered
sutured manifold X . Figure 15 (a) shows a Heegaard diagram which represents X. This
can be seen by finding a sequence of handleslides of B-curves such that four of the -
curves are parallel to the simple closed curves A, B, C and D, respectively, and the other
two are parallel to, say, the two boundary components labelled 3/4 and 4/3, respectively.
This particular Heegaard diagram is chosen so that it minimizes the number of generators.
Let us explain this diagram in more detail. The regions adjacent to basepoints are shaded
light green (' ). Intersection points are labelled by black Roman letters. The «-arcs are
labelled by a, b, ¢, d, e, f and A, B, C, D, E, F, respectively, as in Figure 14. Fur-
thermore, the S-curves are numbered from 1 to 6. Finally, all regions in the Heegaard
diagram are labelled by Q;, P;, p; and g; or combinations thereof. Note that the diagram
is provincially admissible, since all regions meet the boundary. Therefore, we can use it
to compute 5. @)(X ). Its generators are shown as the vertices of the graph in Fig-
ure 15 (b); for each generator, the first two letters indicate its corresponding idempotents;
the letters after the colon indicate the corresponding intersection points, ordered by the
indices of the B-curves they occupy. Since the generators are uniquely determined by their
idempotents, we will use them in the following as the names of the generators.

In the following, let us write domains D as formal differences D+ — D_ of unordered
sets Dy and D_ of regions with Dy N D_ = @ such that

D = Z r— Z r.
reD4 reD_

Let us calculate some connecting domains between the generators. First of all, here are
some bigons and squares with a single boundary puncture:

{qa} :¢cD - dD, {03}:¢cB—cC, {p3}:cB—>bB, {Ps}:cD — cC.

The following domains are squares with two boundary punctures, one on the type A side
and one on the type D side:

{p1,P1}:aA—dD, {q2,0>}:aA— bB.

All those domains above contribute to the type AD structure. Next, let us compute the
group of periodic domains of our Heegaard diagram. It is easy to see that it is freely
generated by the following three domains:

{P1/P1.q1/ 01}, Ap2/P2.q2/ 02}, {p3.p1/P1, Pa}y —{q4.q2/ 02, O3}.
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(a) The parametrization on M. (b) The parametrization on dM .

(c) The parametrization on the boundary of the thickened 4-punctured sphere X. If we

cut the boundary along the (dashed) simple closed curves A, B, C and D, we obtain the
Heegaard surface from Figure 15 (a).

Fig. 14. A decomposition of M7 from Figure 9.

It is now elementary to check that indeed, Figure 15 (b) shows all connecting domains
with non-negative multiplicities whose non-zero multiplicity regions do not include both
those labelled by P; and Q;. We do not know (yet) whether they all contribute to the type
AD structure, but it turns out to be all we need to compute from the Heegaard diagram.



C. Zibrowius 2972

(a) A Heegaard diagram for X, consisting of two punctured spheres, drawn as discs whose bound-
aries correspond to the points at co. The two spheres are connected to each other by tubes along the
grey rectangles, which correspond to the simple closed curves A, B, C and D from Figure 14. The
orientation on the surface is such that the normal vector (determined by the right-hand rule) points
into the projection plane.

dD :acDibef <——{qa} c¢D :aDydbef
{q1/01} {94,91/01}
P
(p1/P) e
/ {94,91/Q1,92/ 22}
aA: Acdbef cC :aCdbef
\{ P {p3,p2/P2,p1/P1}
P23 (03}
taa/ Qz}\) {p3:p2/ P2}
bB :acdBief {p3} ¢B :aBadbef

(b) The domains that contribute to the type AD structure D (7).

Fig. 15. A Heegaard diagram for the bordered sutured manifold X from Figure 14 and some com-
putations of generators and domains.

To explain this, let us step back for a moment. Zarev’s Pairing Theorem [21, Theorem 4]
tells us that
BSD(M,7)®* = BSD(M7)®4 1 g, BSAD(X)®. (3.1)

As in the proof of the Glueing Theorem for CFT?, observe that we can choose a Heegaard
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diagram for M7 where the two «-arcs that have ends on the same suture do not inter-
sect any f-curve. Thus, generators of its type D structure belong to the idempotents that
occupy one of the four arcs a, b, ¢ or d. Moreover, the labels of the type D structure for
Mt are contamed in B);, i.e. B/SB(M ) lies in the image of the functor of type D struc-
tures £, P D induced by the inclusion t43 (see [22, Definition 1.15]). Thus, by the Pairing
Adjunction [22, Theorem 1.21], the right-hand side of (3.1) is equal to

BSD(M7)®5 & 5 744 (BSAD(X))® (3.2)
where ? AD id is the functor induced by the inclusion t43 and the identity on B34. Similarly,
we may ensure that the two «-arcs of M, that have ends on the same suture do not inter-
sect any B-curve in a Heegaard diagram of M. Moreover, since generators o of IgA\D(X )
which occupy both ¢ and / cannot occupy E or F, we see that F,; AD d (BSAD(X )) lies in

the image of the functor fﬁf&, say

FAD (D) = F4D (BSAD(X)).

ld sl34 143 id

So,
BSD(M,7)%34 =~ BSD(M7)%5 x 8, (D)8,

Next, we can pass from 8%, to Ag 4 via the quotient map 7% ,, which induces the functors
?HD, and .?71(‘;‘7?, . As in the proof of the Glueing Theorem [22, Theorem 3.7], we may
34 T34

identify 72 (BSD(M.r)) with F34(CFT?(T)), s0 we obtain
34

F34(CFT? (:T))*3% =~ BSD(M7)%4s & , Fib (@ ")#A5s.

’ ld Tl

43
Now, the only domains that can contribute to ¥ AD (i) ) are those computed above in
Figure 15 (b). Moreover, from the Aoo—relatlons, we deduce that the domain {g,/01}
contributes iff the domains {g4,¢1/Q1} and {g4,91/Q1,q2/ 0>} contribute; similarly,

the domain {p,/ P, } contributes iff { p3, po/ P>} and { p3, p2/ P>, p1/ P1} do. In any case,
the type AD structure 37347?/ (D’) lies in the image of the functor ?ﬂ“}D g Say
16734 43!

g AD AD
(D) = F "4 (D).

ldn’

Then, using the Pairing Adjunction and the fact that we can identify ?ﬂ’? (B/SB(MT))
43
with 43(CFT?(T)), we obtain

F3a(CFT? (2 T)) 34 = F43(CFT?(T))*4 i (D)%,

To identify D” with D (), it remains to show that the two domains {g1/Q 1} and {p>/ P>}
contribute to the differential. Instead of analysing their moduli spaces, we argue indirectly.
If the first domain does not contribute, ¥34(CFT?(zT)) does not contain any arrows
labelled ¢; for any tangle T'. This is clearly false, so the domain must contribute. We
can argue similarly for the other domain.
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Finally, the graded statement follows from the additivity of gradings as in the proof of
the Glueing Theorem for CFT?, together with the fact that the meridional suture around
the tangle end 3 of 7" becomes the meridional suture around the tangle end 4 of t7 and
vice versa. |

4. Linearity

Definition 4.1. Consider the covering space 72 ~ 4 — S? ~ 4 corresponding to the kernel
of the homomorphism 71 (S? ~ 4) — Z/2 which sends the circle around each puncture
to 1. We can also think of this covering space as the restriction of the double-branched
cover T? — S? with four branched points. Let

nmR2NZ?> 5> T?~4 - S?<4

be the composition of this map with the restriction of the universal cover of the torus 72 =
R2/(2Z)?. Our usual parametrization of S? ~ 4 lifts to a parametrization of R? ~ Z2
under 7. This is illustrated in Figure 3, where the front face of $2 ~ 4 and its preimage
under 7 are shaded gray.

Observation 4.2. R? ~ Z? comes with a natural action by SL(2, Z). The two generators

b e o]

of SL(2, Z) induce two half-twists 7; and 7, on S 2.4, respectively, as illustrated in
Figure 16. Therefore, the action of SL(2, Z) on R? ~ Z? induces a well-defined action
on S? ~ 4. Moreover, —id € SL(2, Z) acts trivially on S? ~ 4, so we obtain an action of
PSL(2,7Z) on S? ~ 4.

Alternatively, we can regard the half-twists 7; and 7, as the actions of the two gen-
erators of the 3-stranded braid group B3 fixing one of the four punctures. (In Figure 16,
this is the puncture corresponding to the first tangle end.) So under this identification
of generators, the action of PSL(2,Z) on S 2.4 agrees with the action of Bj3. In fact,
PSL(2, Z) is isomorphic to the braid group B3 modulo its centre, which is generated by
a full twist of all three strands. In short: if we fix one of the four punctures of S 2.4,
a reparametrization of S2 ~ 4 up to homotopy corresponds to an element in PSL(2, Z).

Definition 4.3. Asin [0, Section 7.1], it is useful to introduce a ‘“normal form” for curves
in R2 < Z2. For this, let us consider the standard metric on R2 ~ Z2, which induces a
metric on 72 ~ 4. Let us also fix some & with % > ¢ > 0. We then define a peg-board
representative of a closed curve y in T2 ~ 4 as a representative of the homotopy class of
y which has minimal length among all representatives of distance ¢ to all four punctures
in 72 ~ 4. The intuition behind this is to think of the four punctures of T2 ~ 4 as discs of
radii ¢ (or, if we think of the punctures of T2 ~ 4 as marked points, pegs centred at those
marked points) and then we imagine pulling the curve y “tight”, like a rubber band. It is
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718

T

Fig. 16. Illustration of Observation 4.2. The twists 71 and 7 correspond to the generating linear
transformations of SL(2, Z), which, in each case, send the basis {X1, X2} of R? to {x]. X%}

easy to see that a peg-board representative of the lift of some curve in S? ~ 4 is the lift of
another curve in S2 ~ 4 which is homotopic to the original one. We also call lifts of such
curves to R? ~ Z?2 peg-board representatives, and in fact, this is how we usually think of
them. In this case, the pegs of radii ¢ sit at the lattice points. If we take the limit as ¢ — 0,
a peg-board representative in R? ~ Z? becomes a piecewise linear curve, which we call
a limit peg-board representative. A curve y is called linear if its peg-board representative
does not wrap around a lattice point and if its limit peg-board representative is an infinite
straight line. If its limit peg-board representative can be chosen not to intersect the lattice
72, we call y loose, and otherwise rigid. We call a curve with local system (y, X) linear,
loose or rigid if the lift of y to R? ~ Z? is.

Theorem 4.4 (Linearity). The underlying curve of every component of HFT(T) for a
4-ended tangle T in a Z-homology 3-ball is linear.

Lemma 4.5. For any 4-ended tangle T, TI(HFT(T)) does not contain two consecutive
arrows labelled p; and qj, i.e. neither

pi qi qi pi
e —> 0 — 0 N0 & — 06— e,

Proof of Lemma 4.5. The case in which the left and right generators coincide can be ruled
out using Observation 2.15. So let us assume that these two generators are distinct:
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Without loss of generality, we may assume that the local system of TI(HFT(T")) sits on
the second elementary curve segment, the one corresponding to the arrow labelled ¢;
in the first case and p; in the second. In particular, this means that the arrow leaving
the left generator is the only one labelled p; in the first case and ¢; in the second. By
Proposition 2.20, we can extend the curved type D structure IT(HFT(T)) over A% t0 a
curved type D structure CFT™ (T') over +~ by adding extra arrows labelled by elements in
A~ which are mapped to zero in A% In CFT (T, the two consecutive arrows contribute
a term g¢; p; or p;q; to the d>-relations, which needs to be cancelled. Since there are no
identity components in the differential, there must be another pair of consecutive arrows
between the two generators, identical to the first, but via a fourth generator. However, this
arrow pair would already have to be present in II(HFT(7T)). In particular, there would
have to be another arrow labelled p; in the first case and ¢; in the second leaving the left
generator. Contradiction. ]

Proof of Theorem 4.4. Suppose the lift y of the underlying curve of a component of
HFT(T) is not linear. The limit peg-board representative of y does not wrap around a
lattice point, because this would immediately contradict Lemma 4.5. Hence, there exist
three non-collinear lattice points X, ¥ and Z on the limit peg-board representative of y.
The main idea is to choose a reparametrization of S2 ~ 4 such that the lift of one of the
parametrizing arcs is a straight line through ¥ which lies in the shaded region in Fig-
ure 17 (a). The blue dotted line is an example of such a straight line. Then, any peg-board
representative of y intersects this straight line near X as shown in Figure 17 (b). However,
this configuration is ruled out by Lemma 4.5.

To find a suitable reparametrization, let us choose X as the origin of R2. In other
words, the reparametrization should fix the puncture of S? ~ 4 corresponding to ¥. Let
¥ = (v1,v2)" be the vector in Z2? C R? which is shortest among all such vectors satisfying

O—0 &
< S
< S
< S
< >
- >
= %

(b)

Fig. 17. An illustration of how we choose the new basis {v, W} for the reparametrization in the proof
of Lemma 4.5 (a) and what this new parametrization and the curve y look like in a neighbourhood
of the lattice point X (b).
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n-v = y — Z for some positive integer #n. By minimality, we can use Euclid’s algorithm
to find integers w; and w, such that vyw, — vow; = 1. This gives us an element

i[”l w‘] € PSL(2,Z)
UV W3

which defines a reparametrization of S? ~ 4 with the desired property. ]

Theorem 4.6. Up to reparametrization, the underlying curve of any rigid component
of HFT(T) for a 4-ended tangle T is equal to b, := sn(%; 2,3) for some n. Moreover, the
local system on any such component is equal to the identity matrix.

Proof. By reparametrizing the tangle boundary, we may assume without loss of generality
that the limit peg-board representative of the curve is equal to the horizontal line which
agrees with the lift of the site b, as for the curve in Figure 18. As we follow a peg-board
representative of the curve from left to right, it intersects the site b in at least two places,
namely once as it goes from below the horizontal line to above and once as it goes in
the opposite direction. Moreover, from the perspective of the first of these two points,
the curve turns right in both adjacent faces, whereas from the perspective of the second
intersection point, the curve turns left in both directions. From this, we see that one of
these intersection points is connected to the site a via the front face. We may assume
without loss of generality that there are at most as many horizontal line segments starting
at this intersection point with the site a as there are on the other side of b, since a single
half-twist along the site b interchanges these two cases.

Let us assume for a moment that the curve carries the 1-dimensional (trivial) local
system. The diagram on the left of Figure 19 (a) (without the dotted arrows) shows the
corresponding peculiar module. It contains two consecutive arrows

b a2y
which compose to zero in TI(HFT(T")). However, by Proposition 2.20, we can extend
I[I(HFT(T)) to CFT™(T') by adding components to the differential which lie in the kernel
of A~ — A’ In CFT~ (T), the composition of the two arrows above is non-zero. We
claim that its contribution to the d2-relation can only be cancelled by a differential

Fig. 18. The lift of the rigid curve b, from Theorem 4.6.



C. Zibrowius 2978
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(b)

Fig. 19. (a) The (generalized) peculiar module considered in the proof of Theorem 4.6; (b) splittings
needed to determine the existence of the dotted arrows. Each column in (b) shows all possible ways
to write the algebra element at the top as a product of two non-identity elements of A4~ . In each
column, the first splitting is the one which appears in (a).

To see this, we may argue as follows: since IT(HFT(7')) is reduced, it suffices to consider
all possible ways to write g3 p» as a product of two non-idempotent elements. These are
shown in the first column of Figure 19 (b). For the first such splitting, both arrows must
already be present in I[T(HFT(7')). But there is only one such arrow pair and it is exactly
the one whose contribution to the 9%-relation we are trying to cancel. In the second case,
there has to be an arrow labelled ¢3 ending at the generator ¢ which would have to appear
in IT(HFT(T)), but it does not. So only the third case remains, and indeed, there is just a
single arrow labelled g3 leaving the generator b.

We now distinguish two cases: either the number of horizontal curve segments start-
ing at the generator a adjacent to the generator b is odd or even. These two cases are
illustrated in the middle and the right of Figure 19 (a), respectively. In both cases, all the
dotted arrows labelled U,.t, and U,.t, have to be present in CFT™ (T'). For this, we can
repeat essentially the same argument as above, using the splittings in the second and third
columns of Figure 19 (b). Then, in the first case, there is a pair of consecutive arrows

By considering the corresponding splittings in the fourth column of Figure 19 (b), we see
that there has to be a component

a-"5p
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in CFT™ (T'), which, of course, already has to be there in II(HFT(T")). But this means
that the curve is equal to b,, where n is determined by the number of horizontal curve
segments. In the second case, there is a pair of consecutive arrows

a 2 g -y p,

As we can see from the corresponding splittings in the last column of Figure 19 (b), this
contribution to the 32-relation for the differential of CFT~(T') cannot be cancelled, so we
arrive at a contradiction.

Let us now consider local systems. We can assume without loss of generality that the
local system X of the curve sits on the curve segment that connects the generator b to
a. Algebraically, this corresponds to tensoring the peculiar modules from Figure 19 (a)
by F* for m = dim X and changing the resulting differentials

172®id]F/2n D341 ®idF§n
bRF) ——a®F) and a®F) — b QF)

to

p2®X P341®X ™!
F' —— F ————

b® b T,

respectively. Then, by the same argument as above, the dotted arrows from Figure 19 (a)
still have to be present in CFT™ (T'), but this time they need to be labelled by U,.t, ® X
and U,.t; ® X. In the case of an even number of straight line segments, we also arrive at
a contradiction. In the case of an odd number of straight line segments, the dotted arrow
labelled by ¢» ® X has to be present in CFT™ (7). The local system on the resulting curve
is X X! =id |

a®F)y and a®

Remark 4.7. It is relatively easy to construct bigraded extensions of peculiar modules
corresponding to rational curves with non-trivial local systems. (In fact, for some fixed
local systems, one can construct multiple such extensions which are non-homotopic.)
This shows that the arguments from the proof of Theorem 4.6 cannot work for rational
components. On the other hand, the following question remains open.

Question 4.8. Is there a 4-ended tangle T such that a rational component of HFT(T')
contains a non-trivial local system?

5. Stabilization

Let us recall from [22, Definition 2.4] the definition of a peculiar Heegaard diagram
Hr for an oriented 4-ended tangle T in a Z-homology 3-sphere M. We start with a
sutured Heegaard diagram for the complement M7 of a tubular neighbourhood of T
in M equipped with a meridional suture at each of the four tangle ends and a pair of
oppositely oriented meridional sutures on each closed component of 7. We then collapse
each suture to a single point and label those collapsed sutures that correspond to closed
tangle components by z; and w;. Furthermore, we connect the collapsed sutures around
the tangle ends by an additional a-circle which corresponds to the parametrization S
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on dM . Finally, at each tangle end, we add marked points on either side of this «-circle
which we label p; and ¢g; [22, Figures 10 and 11]. For the definition of the differential
of CFT?(T) := CFT?(H#r), we only count holomorphic discs avoiding the basepoints z;
and w;, so these are treated exactly like sutures in sutured Floer homology.

We now give a mild generalization of this construction:

Definition 5.1. A stabilized tangle T (n1, ...,n ) in a Z-homology 3-sphere M is an
oriented 4-ended tangle 7 in M together with a list (n1, ..., n|7|) of non-negative inte-
gers. Given such a stabilized tangle T', let #7(n1,...,n|) be the peculiar Heegaard
diagram obtained through the same procedure as for an ordinary 4-ended tangle, but
starting with a sutured Heegaard diagram for the complement M7 equipped with n; addi-
tional pairs of meridional sutures on the ith tangle component for eachi = 1,...,|T]|.
Thus, stabilized tangles 7'(0, ..., 0) correspond to ordinary tangles 7 in the sense that
Hr (0, ...,0) = Hr. We define CFT?(Hr(ny, ... ,nir))) like CFT?(H7), treating the
additional collapsed sutures in the same way as the basepoints z; and w;. Its relatively
bigraded chain homotopy type is independent of the chosen Heegaard diagram, so we
write instead CFT?(T'(n1, ..., niry)).

Theorem 5.2. Let T'(ny,...,n1|) be a stabilized tangle. Then

7|
CFT!(T(ny.....ni7)) = Q) V2" ® CFT(T),
k=1

where V; is a 2-dimensional vector space supported in a single relative §-grading and
two consecutive relative Alexander gradings t T and t 1.

Naturally, we can apply the classification result from Theorem 2.11 to the invariant
CFT (T (n;,... ,n 7)) and define HFT (T (n1,...,n7|)) as the corresponding multicurve.
Then the theorem above corresponds to Theorem 1.6 from the introduction.

Proof of Theorem 5.2. In the presence of two meridional sutures in the homology class 7,
adding another such pair corresponds to tensoring with the 2-dimensional vector space V;.
This well-known fact can be proven either directly using Heegaard diagrams (similar
to the ones we are using below) or alternatively using Juhdsz’s surface decomposition
formula [9, Proposition 8.6]. So it suffices to show the above theorem for the cases 0 <
niy,ny < landng =0 fork > 2.

By [22, Theorem 5.6], we can always choose a peculiar Heegaard diagram #r for T
which is nice with respect to any choice of special basepoints p; and ¢;. Let us pick p;
and g; such that the ends i and j belong to different components of the tangle T', so that
each open component “has a bad region”.

Let us consider the open tangle component #; and let us assume without loss of gen-
erality that it connects the tangle end i to i’ # j. Let ¢ be the bad region containing the
special basepoint p;. The annulus which is the boundary of the removed tubular neigh-
bourhood of the tangle component #; corresponds to an elementary periodic domain ¥
of K1 [23, Definition 5.1 and Lemma 5.2]. On the said annulus, we can choose a path
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pir qi’

(a) A schematic picture of the regions that the path y passes through. Note that the labels p;, and
¢;» might be swapped and y might not intersect any «-curve before or after it passes through p;-
or ¢;s. The shaded region on the left is the bad region ¢; the shaded region on the right is either a
bigon or a bad region.

o
0=p;i X X[X Pir X X qi’ ]
Yo

(b) This picture illustrates how we change the Heegaard diagram #7 in a neighbourhood of the
path y from (a). The shaded region on the right is either a rectangle or a bad region.

Fig. 20. [lustration of the proof of Theorem 5.2.

with connects i to i’. By pushing it off the 2-handles attached along the S-circles, this
path gives rise to a path y from the bad region ¢ to p;; which avoids all S-curves and
also stays away from the other bad region (the one marked ¢;). Let us choose a basepoint
e £ p; in ¢ as the starting point of y. Let us extend the path y to the basepoint g;:. We
may assume without loss of generality that the path y does not “back-track” in the sense
that y does not leave a region through the same part of the «-curve through which it just
entered the region. This can be achieved by “pulling y tight” and potentially changing the
order in which y meets the basepoints p;s and g;. This is illustrated on the left-hand side
of Figure 20 (a).

Note that the basepoints py for k € {1, 2, 3, 4} lie in the elementary periodic domain
corresponding to the front component of dM ~ S'. Similarly, the basepoints gy for k' €
{1, 2,3, 4} lie in the elementary periodic domain corresponding to the back component of
OM ~ S', so in particular p; and ¢; do not lie in the same region. Hence we conclude
that y leaves the bad region ¢ at least once. Moreover, whenever the path returns to ¢, we
may replace the first segment of y up to this point by a direct path contained in ¢ starting
at . This strictly shortens the number of times the path y crosses an «-curve, so after
repeating this step finitely many times, we may assume that y does not return to ¢. Then
y ends at a bigon or a rectangle region (the one marked ¢;- or p;s) and all regions that it
passes through are rectangles, each of which is cut into two rectangles by y. If y ends in a
rectangle, let us extend y (by a path which still avoids B-curves and does not back-track)
until it arrives at a region which is not a rectangle, i.e. a bigon or a bad region. Note that
this process does terminate, since the path never crosses a rectangle twice and there are
only finitely many regions.
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So we have now constructed a path y which starts at e and ends either in a bad region
or in a bigon. All other regions that y passes through are rectangles, each of which is cut
into two rectangles by y. We now modify the Heegaard diagram #/r in a neighbourhood
of y as follows: we first replace @ by an unlabelled basepoint x which we enclose by a
new f-circle B, which in turn is enclosed by a new «-circle og. We also add a second
unlabelled basepoint x in the region between By and «. Finally, we do a finger move of
the B-curve B¢ along the path y, moving across the basepoints p; and g;-. The result is
shown in Figure 20 (b).

We now observe that the new Heegaard diagram represents the tangle complement
Mt with an extra pair of meridional sutures around the tangle component #;, i.e. it is a
peculiar Heegaard diagram for 7'(1,0, ..., 0). Moreover, it is a nice Heegaard diagram.
Let us consider it more closely. The new a-circle «p must be occupied by any generator of
the new diagram, so the new -curve f is always occupied by one of the two intersection
points labelled xo or yq in Figure 20 (b). Hence, there is a 2:1 correspondence between
generators of the new diagram and the old one, given by dropping the intersection points
Xxo and yg. The only bigon or rectangle domain that connects a generator containing xg
to one containing yq (and avoiding the unlabelled basepoints x and the bad region ¢) is
the bigon connecting xo to yo. However, this bigon contains both p;s and g;’, so it does
not contribute to the differential. This bigon has §-grading 0 and Alexander grading tlﬁ.
So the new Heegaard diagram indeed computes the once stabilized version of the com-
plex CFT?(T). This finishes the case (n1,n5) = (1,0). The case (n1,1,) = (0, 1) can be
dealt with similarly. The third and last case (n1,7n,) = (1, 1) also follows from the argu-
ments above, since we can modify the Heegaard diagram J7 around both open tangle
components independently. ]

6. The action of the half-identity bimodule

In this section, we describe an alternative definition of peculiar modules, which was first
proposed to the author by Andy Manion. It uses an arc diagram which is dual to the origi-
nal one. The definition requires a choice of two distinguished tangle ends, so actually, we
will obtain multiple, a priori different algebraic objects. The advantage of these defini-
tions is that they are simply instances of bordered sutured Heegaard Floer theory, so both
invariance and the existence of a pairing theorem are immediate from Zarev’s bordered
sutured theory [21]. A potential disadvantage is that it is not immediately clear whether
the invariants thus defined are classified by compact curves on the 4-punctured sphere,
nor whether they are independent of the choice of distinguished tangle ends. However, we
show that the alternative definitions are indeed equivalent to the original one, so we can
answer both questions positively.

The central ingredient in the identification is the bordered sutured Heegaard diagram
in Figure 22 (a), which is obtained by cutting the standard Heegaard diagram of the iden-
tity in half (see for example [16, Figure 19] and [15, Figure 12]). Hence, the corresponding
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bimodule is sometimes called the half-identity bimodule. In our case, this bimodule actu-
ally acts like the identity.

Definition 6.1. Given a 4-ended tangle 7" in a Z-homology 3-ball M, choose an embed-
ded disc on the front and one on the back of the sphere dM . Connect the boundaries of
these two discs by four arcs which partition the complement of the two discs in dM into
four contractible components, each of which contains one tangle end. Let us call these
arcs f-arcs. We can arrange these in such a way that each of them intersects the circle
S on M exactly once. So we can label each B-arc by the same letter a, b, ¢ or d as
the arc in S' ~ im(7’) that the B-arc intersects. By removing a tubular neighbourhood of
the tangle (chosen sufficiently small such that it avoids the two embedded discs and four
B-arcs) and regarding the boundary of the two discs as sutures, we obtain a S-bordered
sutured 3-manifold. To make the bordered sutured structure well-defined, we need to add
a basepoint to each of the two sutures. Let us call the basepoint of the suture on the front
pi if it is adjacent to the tangle end i in the sense that one can draw a path from the tangle
end i to the basepoint without crossing a B-arc or a suture. Similarly, call the basepoint
of the suture on the back ¢; if it is adjacent to the tangle end j. Moreover, if the two
basepoints lie adjacent to the ends of the same open tangle strand, we also need to add a
pair of meridional sutures to the other open tangle strand. Finally, to each closed tangle
component, we add two meridional sutures as usual. Let us call the tangle complement
M7 equipped with this bordered sutured structure M. ﬁ (pi.,q;). Figure 21 illustrates this
definition for the tangle from Figure 6.

)

Fig. 21. The bordered sutured manifold M. 7@ (p3,q1) for T the (2, —3)-pretzel tangle. The
parametrization given by the B-arcs (blue) is dual to the one from Figure 6.

Remark 6.2. The bordered sutured structure of Mﬁ (pi.q;) is degenerate, but it satisfies
homological linear independence. Hence, Zarev’s bordered sutured invariants are well-
defined. We can define §-, homological and Alexander gradings on B/SB(MTQ (pi,gj)) in
just the same way as on CFT?(T'). The type D structure B/SB(M ﬁ (pi.q;)) is defined over
a certain moving strands algebra. Since all S-arcs but one are occupied by a generator in
a Heegaard diagram for M. ﬁ (pi.qj), the moving strands algebra can be canonically iden-
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tified with 'A’?/' such that an elementary segment of the suture on the front (respectively
back) corresponds to the variable pj (respectively gy ) if it is adjacent to the kth tangle
end.

Theorem 6.3. Let T be a 4-ended tangle and (i, j) an ordered 2-element subset of
{1,2,3,4}. If the ends i and j of T belong to different open components, then

Fi; (CFTY(T)) = BSD(ME (pi, q)))

as type D structures, up to bigrading preserving chain homotopy. If the ends i and j
belong to the same open component and t, is the colour of the other; then

Fi; (CFT(T)) ® V,, = BSD(MZ (p;, q;)),

where V,, is as in Theorem 5.2.

Proof. 1t suffices to consider four different cases for (i, j), namely (i, j) = (3, 1), (1, 2),
(2,1) and (1, 1), since all other are obtained by cyclic permutation. Of those four cases,
we will only consider the case (7, j) = (3, 1), since this is the one that we will work with in
Section 7. The other three cases follow from the same arguments, only the computations
in Figure 22 need to be adapted to each case, which we leave to the reader.

Let Mt be the bordered sutured manifold whose underlying sutured manifold is the
tangle complement with meridional sutures at each tangle end and a pair of meridional
sutures on each closed tangle component and whose bordered sutured structure is given
by the red arcs in Figure 22 (d). If the ends i and j belong to the same open component,
we add an extra pair of meridional sutures to the other component. The result of glue-
ing the bordered sutured diagram from Figure 22 (a) to M7 is shown in Figure 22 (e).
After omitting the a-curves from the picture, we recognize it as the tangle complement
with the bordered sutured structure from Figure 22 (f). Let us call this bordered sutured
manifold M.

The corresponding bordered sutured algebra has six idempotents, since only one of
the B-arcs is unoccupied. However, there are two sutures on M7, which are distinguished
from the other two by the property that only a single B-arc ends at them, namely e
and f, respectively. We may choose a Heegaard diagram for M. such that for each of
the two distinguished sutures, there is an «-curve which is a push-off of the correspond-
ing suture (= boundary of the Heegaard diagram). We can isotope these two a-curves so
that they have a unique intersection point with the B-curve ending at the correspond-
ing distinguished suture and do not intersect any other B-curve. So we may assume
that B/S\D(M’T) only has generators which occupy both arcs e and f. In other words,
we may regard B/S\D(M}) as a type D structure over Agl; we will add the superscript
B/S\D(M})‘A’gl when we take this point of view. Note that B/S\D(M})'A‘gl is still well-
defined up to homotopy, since any chain homotopy over the full bordered sutured algebra
factors through Agl.
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(a) The Heegaard diagram for computing the
half-identity type AD bimodule %]I (p3.41)-

{p1}+{92.93.94}
aA:bcdef< THdD :abeef

/ /\{P1:P4)+{qzyq3)

{a2}{p2} {pa}{qa}

\/ /{P2,P1)+{q3,q4)
bB : acdef/

c¢C :abdef
{a3}+{p2.p1.p4}

(b) The domains that contribute to the
bimodule ,, 4P (11 A%y
imodule ,, AP (11(p3.q1)*51.

(P11P1)+(q23419234)

— it
aA — dD
//\(1114|p14)+(1123|t123) //\
(g2192) (p4lp4)
'(p21p2) (g4194)
&/ /(m/1|1721)+(q34|q34) /
bB _ sy cC

(43193)+(p214|P214)
1 )
(© 42, 31 (p3.qn)™5. (f) The bordered sutured structure on M.

Fig. 22. Tllustrations for the proof of Theorem 6.3 for the case (i, j) = (3, 1).
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The bordered sutured manifold M. looks already very similar to M. 7/3 (p3,41). In fact,
BSD(M7)*51 = BSD(MJ (ps. 41))-

We can see this as follows: Let us go back to the Heegaard diagram that we chose above
for M}.. If the ends i and j belong to different components, we can do a sequence of
handleslides which corresponds to pushing the two distinguished sutures all the way along
the open tangle strands to the other tangle ends, to make sure that both sides of the two
distinguished a-circles are regions adjacent to basepoints. Otherwise, we can push them
to the extra pair of meridional sutures with the same effect. By removing the two sutures
(i.e. contracting these two boundary components of the Heegaard diagram) as well as the
two corresponding «-circles and fB-arcs, we change neither the set of generators nor the
domains nor the holomorphic curve count, so the claim follows.

Before we proceed, let us recall some notation from [22, proof of Theorem 3.7]. Let
4 be the bordered sutured algebra corresponding to the arc diagram on M7 consisting
of a-arcs and J, the corresponding ring of idempotents. Let 4/, be the subring of idem-
potents occupying the a-arcs ¢ and f and (o : A’ <> A the subalgebra J},.4.d,, of A.
There is also a quotient homomorphism 7g: A — A31, which induces a functor ¥, [Z,
between the corresponding categories of type D structures. As in the proof of the Glueing
Theorem [22, Theorem 3.7],

F31(CFT'(T)) = 7.2 (BSD(Mr))

unless there is an additional pair of sutures on M. In that case, the left-hand side needs
to be stabilized once by Theorem 5.2. In any case, it remains to show that

7,2 (BSD(Mr)) = BSD(Mj)*51.
Zarev’s Pairing Theorem tells us that
BSD(M7) ® 51(p3,¢1) = BSD(My),

where %H( P3,q1) is the type AD structure computed from the Heegaard diagram in Fig-
ure 22 (a). By the Pairing Adjunction [22, Theorem 1.21], the left-hand side is equal to
BSD(M7)* ® 728 (31(ps.q1)).

Lo id

where ¥ "LAﬁ is the functor induced by the map ¢, on the type A side and the identity on

the type D side. From the Heegaard diagram in Figure 22 (a), it is clear that we may regard
FAD (ZH(p3, q1)) as a type AD structure over A31 on the type D side. So we obtain

la id

BSD(Mp)* @  FAB(L1(ps, qu)* = BSD(Mp) 451,
Let us compute fﬁ(%ﬂ(pg, ql))""’gl. All the contributing domains are shown in Fig-
ure 22 (b). Let ¥, AD be the functor induced by the map 7, on the type A side and the

T ,id
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n~AD
la id

identity on the type D side. We observe that (2]1( D3, ql))""3l is in the image of

this functor and equal to ?”iD]d(z]I’(p% ql))), where AL 2]1 (p3.q1)™ 51 is the type AD

structure given in Figure 22 (c). Then, another application of the Pairing Adjunction gives

FLBSDM)™M)* @ 5 11(ps, i)™ = BSD(My)*,

Now observe that A2, %H’ (ps3, ql)""gl is actually the identity type AD bimodule, so the
claim follows. u

7. Conjugation

In this section, we prove the conjugation symmetry results from the introduction and, as
a corollary, mutation invariance of §-graded link Floer homology. Let us start by stating a
slightly more precise version of Theorem 1.9.

Theorem 7.1 (Bigraded conjugation symmetry for horizontal components). Given an
oriented 4-ended tangle T, fix an absolute lift of the §-grading of HFT(T). For n > 0
and any local system X, fix the Alexander grading on b, = ,(2:2,3), d, = s,(%:4, 1)
and ry = rx(%) as in Figure 23, where m = dim X. Assume that HFT(T') contains a
component of slope % Then there exists a unique lift of the Alexander grading on HFT(T),
independent of n and X, such that

r(rx (7)) = rx—1(T),

and moreover
(b, (7)) = dn(T)

if the tangle ends 2 and 3 belong to different open tangle components, and
t(bu (7)) - (tp + 1, ') = du(T) - (ta + 15"

otherwise, where tp and tg are the colours of the tangle components at those tangle ends
adjacent to the sites b and d, respectively.

Definition 7.2. Let 5;CB'? be the bigraded type AD Agl-A%-bimodule from Figure 31.
Each vertex in this figure corresponds to two of the total of 32 generators of this type
AD structure. Each vertex is labelled by a §- and generalized Alexander grading as well
as an expression %z with x, y,z € {a, b, c,d}. Here, x and y specify the idempotents
of the two generators on the type A side, respectively, and z specifies the idempotent on
the type D side. The vertices are connected by two rings of bold arrows carrying labels
whose first component is empty. Each of these arrows corresponds to two components of
the differential connecting the generators with the same first idempotents. The labels on
all other arrows are decorated with super- and subscripts indicating the left idempotent of
the source and target generators, respectively. Finally, there are also components of the
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0 432 _ ¢0 0,0 P2 -Lo,0 q3 00,0 Pal_ c0 0,0
8% oty _qC 4= 87, _jtha <—— 8§72 yiph === >80 plg_1C 8, _Jlh_sa
412 q2 D41
50, 019 q-9325 50 00 o P2 55 0,0 p (B2 50 0,0 4 P, 50 00
(@) F31(I1(bn)).
§02-n,1-n, 914, y 501 nt—n D234 57 _"l‘ond é**** 80—n[(1) n. P23 80 l—g[%—na

0n—1,n—2 414 c0n,n—1 P4 —Lamny 491 c0n—1,n P23 o0n—2,n—1
) ofg ~a <-=--- 370ty e «—— 872 4t0d > 8 olod <—— & ofo ¢

(b) F13(I1(dy)).
P41®X

id
432 ®i F

(c) F31(Il(rx)).

Fig. 23. Bigraded type D structures for special and rational curves of slope %

differential which are not drawn in this graph and which connect each pair of generators
corresponding to the same vertex, namely

§90tohx @I B b 0%cx and §°%tJax —= oalD) 53 otodx

for any x € {a, b, c, d}. The bigrading indicated by the vertex labelling is for those gen-
erators whose first idempotent is a or . To obtain the correct bigrading of the generators
with first idempotents ¢ or d, we need to add an additional shift by §2 2 1 and §2 —ot8,
respectively. Finally, the generalized Alexander grading on the algebra A31 on the type
A side of ;;CB"? is the opposite of the Alexander grading on the algebra A‘% on the type
D side of 31CB13 which agrees with the standard one from Definition 2.7; so for example
Apr € A3) = 516 = — A(p1 € Ajy).

Remark 7.3. The action of ;;CB!® on a single generator x can be easily described.
Depending on whether x lives in one of the idempotents a, d or b, ¢, the type D structure
x ® 5;CB!? corresponds to the immersed curve L,4 or L, from Figure 24:

a.d = F13(I1(Laq)).  b.c = F13(I1(Lpc)).
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Fig. 24. The two loops L,; (dashed) and L, (solid).

In Figure 31, these correspond to the two (or more precisely four) rings of generators. The
action on morphisms is more complicated. We just note that the action of 5; CB!? vanishes
on any sequence of morphisms of length greater than 2.

Lemma 7.4. For any oriented 4-ended tangle T,
r(F31(CFT(T))) @ 5,CB" = V,, ® Vi, ® F13(CFT?(T))
as relatively bigraded type D structures over A?y where V; is as in Theorem 5.2.

Proof. By Theorem 6.3, the bordered sutured type D structure of M’Tq (p3,q1) is equal to
the image of the peculiar module of 7" under the functor ¥3; induced by the quotient map
31: AY — A, up to stabilization. Similarly, M2 (py, g3) is equal to F13(CFT?(T)),
up to stabilization. So it suffices to show that

r(BSD(M£ (p3.1)) @ 3,CB"® = V,, ® Vi, ® BSD(ML (p1.q3)).  (1.1)

Let MZ(ps3,q1) be the bordered sutured manifold whose underlying sutured manifold
agrees with that of MT’S (p3,4q1) up to an orientation reversal of the sutures and whose
bordered sutured structure is obtained from that of Mﬁ (ps3,¢1) by turning the B-arcs into
«-arcs. In terms of Heegaard diagrams, this corresponds exactly to the usual procedure for
conjugation symmetry, namely orientation reversal of the Heegaard surface and switching
the roles of a- and B-curves. For the algebraic invariants, this corresponds to reversing the
Alexander grading:

r(BSD(M] (p3.41))) = BSD(Mf:(p3, 41)).

We now glue a thickened 4-punctured sphere onto M7 (p3, g1), which turns c-arcs back
into B-arcs. The Heegaard diagram of one such bordered sutured manifold C is shown
in Figure 25. Note that after glueing, we obtain the manifold MT’3 (p1,q3) with one extra
pair of oppositely oriented meridional sutures on each open tangle strand. So its bor-
dered sutured structure agrees with the right-hand side of (7.1) by Theorem 5.2. Then,
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Fig. 25. The Heegaard diagram of the a-f-bordered sutured manifold C whose corresponding
type AD bimodule is 31CB13. The surface is oriented in such a way that the normal vector points
out of the plane of projection.

using Zarev’s Pairing Theorem for bordered sutured manifolds, it suffices to show that
BSAD(C) = ,,CB".

The author originally did this computation using his Mathematica package [24]. The
reader might find the corresponding notebook [26] helpful. However, the computation is
simple enough to be done by hand. We sketch it below, but we leave the justification of
some of the statements to the reader.

We name the generators in the Heegaard diagram from Figure 25 by words ,, xyz,
where ,, x is the label of the intersection point on the «-arcs, y is the label of the intersec-
tion point on the curve o1, and z is the label of the intersection point on the curve «,. Note
that w indicates the idempotent on the a-bordered side, and the complement of {x, y, z}
in {a, b, ¢, d} is the idempotent on the S-bordered side. In particular, any triple of inter-
section points such that x, y and z are pairwise different gives rise to a generator. It is now
easy to see that there are 4 - 3 - 4 = 48 generators in total. There are in total eight identity
components of the differential, namely the vertical arrows in Figure 26. The remaining
arrows of this figure show those domains between these 16 generators which contribute
to the differential. Note that the only arrows from the first row to the second are the said
identity components, so we may do all cancellations simultaneously. For this, we need to
find all the contributing domains which end at the end or start at the start of the identity
arrows. This is done in Figure 27 for four of the eight identity arrows. The others can
be obtained by switching the idempotents a <> ¢ and b <> d on both sides, switching
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{p1,p2.P3} {93,92,01}
dcdb @ dcda bbca W bbda cdac W cdbe qabd m} qaabc
{04} {04} {02} {Ef} {Ef} (Ef} {Ef} {il}
a9ch @3 gdca pach @) padb ccad % ccbd qabad M) abac
~ —
{93,94,01} {p1,p4,P3}

Fig. 26. All contributing domains connecting those generators of the Heegaard diagram from Fig-
ure 25 that can be cancelled.

adbc «—{gs}— dbc —{O3}—; .chd ccda +——{ps}— ycda —{0O4}—y 4dca
/\/
{p2. p1. pa} {Pl,P4}C{/p{/{\QTl} {92, 93,94} {43,614}——%[1}

bbcd bed dcbd cha acd bacd dca ddba

a c a c

gdac < g} — .dac — {03} — .cad ccdb +{ps}— gedb —{0a}— 4dcb
—/[
. 1, a4, P3y 01, p1, 143,94, Q1}{02, g3,
{p2.p1, pa. P3} }Pl pa} {(P4} {le‘QZ} {92 fZ3/C/4 01} ?Qz q4} §q4} (P, Py}

pbad acd qcad cab ach bbcd dch ddab

a c a c

Fig. 27. All contributing domains which end at the end or start at the start of four identity compo-
nents from Figure 26 and whose other generator survives cancellation.

the last two letters of the generators, switching p <> g, P <> Q and indices 1 <> 3 and
2 <> 4 on domains and reversing the orientation of all arrows. This symmetry can be seen
in the Heegaard diagram from Figure 25 in terms of a rotation by & around the axis going
through the two honest sutures followed by a reflection along the diagonal line from the
top left to the bottom right connecting the other four sutures.

Next, let us compute the contributing domains between the remaining generators that
survive the cancellation. We leave this computation to the reader; the result is shown
in Figure 30. Again, the above symmetry can be used to simplify the computation. In
Figure 30, this symmetry corresponds to a reflection along the vertical symmetry axis
followed by switching the inner two rings with the other two rings of generators. We
now add the contribution from the cancellation to this picture. These correspond to the
3.8 = 24 labels with length 2 input sequences on the type A side, the four additional
arrows

cba Jdba ccab Jdab
| | | |
(g41Q1) (palP3) (9410201) (P4l P2 P3)
4 \

adbc ccda gdac cdb

c
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q1 q1 P23 - q14 P23
d=-> == ==3 Y a c a c
q1 qa
q1 P23 q14 q14 .. P23
a0 d i a <= e == - a A— ¢
. q14 P23~ P23 q14 P34y
c — a %-- $-- — a 8§z 040
ES ~ n—1'n
D23
S P23
q14 q14 P23 q14 D234 0 )
¢ T > 7>._ a ¢ n+1tn+1dv

Fig. 28. The third component of r(by) K 5; CB!3 after cancellation.

coming from the cancellation of the four identity arrows of Figure 27 as well as another
four arrows which are their symmetric counterparts.

It now remains to discuss the bigrading. Since both §-grading and Alexander grading
are relative gradings and the bimodule is connected (i.e. not a direct sum of two non-trivial
bimodules), it suffices to fix a bigrading for one generator and work out the bigrading of all
other generators from the differentials. Again, we leave the verification that the bigrading
from Figure 31 is well-defined to the reader. ]

Lemma 7.5. For anyn > 0,

r(F31(M(bs))) 8 5,CB" = V;, @ Vyy @ Fi3(11(dn))

as absolutely bigraded type D structures over A?y where t, and t, are the Alexander
gradings of the tangle ends adjacent to the site b. The same is true after switching by,
and d,, as well as b and d. Moreover, for any local system X € GL(n,F,),

r(#31(T(rx))) ® 5,CB” = V;, ® Vi, ® F13(I(rg-1))

as absolutely bigraded type D structures over A?S, where t1 and t, are the Alexander
gradings of the two open strands.

Remark 7.6. The proof of this lemma is perhaps the most technical one in this paper.
The action of the bimodule 5;CB!® on any given curve can also be computed using
the Mathematica notebook [25] and the author’s Mathematica package [27]. Based on
such computations, we expect this lemma to be actually true for all curves I‘X(f) and
Sn (f; i, j) equipped with a suitable absolute bigrading.



On symmetries of peculiar modules 2993

Proof. Let us first consider b, with n > 1. We can divide the computation into smaller
pieces by computing the action of r(-) ® 5; CB!? first on the following four complexes:

12 32 1 q3, Pa1 q3
P50 910 B2 50 Nla £ 572 0e0b L 50810 0 B 50 90,0 BB
1 0 0°0 1 -2

P41 432 412 174] 432
- 8000%a 2y §00/0¢ U2 5100 (P2 §00,0, DIy 00,00 L2
41 q3 41 432 174] q32
. <1_7__ §0 (1)[(1)‘1 432, 50 8180 {_J__ cee ceo g2 80 818 800 0 EEL.

These computations are done in Figures 32, 34 and 36. In those diagrams, certain pairs
of generators which are connected by identity arrows are shaded grey. If we apply the
Cancellation Lemma to each of these, we obtain the complexes shown in Figures 33, 35
and 37, respectively.

Let us now put these complexes back together. In order to obtain the same Alexander
grading as the corresponding curve segment of by, the first of the four segments above
needs to be multiplied by 9¢ n n, so its contribution to r(b,) ® ;;CB!? is the complex from
Figure 33 multlplled by _%:°,. Similarly, the second complex above needs to be multi-
plied by _%°,, so the complex from Figure 35 needs to be multiplied by %79. The third
complex and the fourth also need to be shifted in Alexander grading, but the grading
shifts depend on where the complexes sit in by, ; it turns out to be sufficient to compute the
gradings for the first two complexes.

In Figures 33, 35 and 37, those generators that can be cancelled in r(b,) ® ;; CB'? are
drawn without a frame. The remaining ones are partitioned into four groups of generators
for each figure, indicated by the frame style (dotted/solid, ellipse/rectangle). We claim
that the generators in each of these four groups and the differentials between them form
a copy of F13(I1(d,)), with a suitable shift in bigrading. This can be seen as follows:
clearly, each group of generators in the first two figures forms a complex which looks
like F13(I1(d,)) around the generators in the idempotent ¢, but the lengths of those
complexes vary. The third figure shows that alternating sequences of generators in the
idempotents a and ¢ result in four such sequences, each of which sits either at the right,
top, left or bottom of the diagram. In r(b,) ® 5, CB'3, these sequences connect each group
of generators in Figure 33 to the corresponding group in Figure 35. Putting these pieces
together, we see that r(b,) ® 5, CB!? splits into three components, two of which are equal
to §° _(l’t(l)d,, (solid-ellipse) and & 0 0 0 d, (solid-rectangle). The third component is drawn
in Figure 28. Note that the dotted arrows can be removed without changing the remaining
complex by two isotopies. So we also get §° _97% d,, (dotted ellipse) and §° 979d,, (dotted
rectangle). This proves the statement for b,, and n > 1. For n = 1, the computation is very
similar; we leave the details to the reader.

Instead of doing the same computation again for d,,, we use the symmetries of the
bimodule 5; CB!?. Namely, the bimodule is invariant under simultaneously interchanging
a <> ¢, b < d,algebraindices and Alexander gradings 2 <> 4 and 1 <> 3, p <> g, reversing
bigrading and reversing the orientation of all arrows. This is the same symmetry that we
already used for the computation of ;;CB!? in the proof of Lemma 7.4. It is also the
symmetry between b, and d,,.
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Finally, let us consider the curve ryx from Figure 23 (c). For the computation of
r(ry) ® 5;CB!3, we can reuse the computation from Figures 36 and 37 to see that the
complex splits into four components, whose underlying curves are equal to r. It remains
to determine their gradings and local systems. The component at the bottom of these

figures is equal to
P23®X

_—
8% Tje®Fy . 800 la @ Fy (7.2)

id
q14®i FI

For the calculation of the Alexander grading, note that the tangle ends 1 and 4 as well as 2
and 3 belong to the same tangle strands, so we need to take the quotient of the generalized
Alexander grading 2 from Definition 2.7 by the additional relation j¢§ ~ 5¢3. Now, when
we write 31 (I1(ry)) as in Figure 23 (c), we are assuming that the underlying curve of
ry is oriented from a to ¢ via the front face, i.e. like

Using the same orientation on r, the complex (7.2) corresponds to ry—1, i.e.

a c
r\ //

We obtain the same result, albeit with different grading shifts, for the other three compo-

nents. This computation is done in Figure 29. |
St7tle ® PR bFm 129 | g pm 5> 0l a®FM
01 2 2 2 T ol 2
1 p3®X 41®id//
q14®id; p2®id p3®id / Pp23Qid
|
| !
v 1
0,1 m 0,1 0,1 ! 0,1 m
of1 a®F] ol1a ®F  Gtic @ FF i ol ¢ ® F3
N !
i 1 | |
p2®id1\ q1®id i | g4 ®id ! | g4®id
| |
I | ! i
| v ! v
1®id 189X
boFm &Y g Em deorFr 2% 4o Fm doFr 2%, g oFm
P21§’X 5114§X_1 Q14§>X_l
0,—1 m 0,—1 m 0,1 m S~ 0,1 m 0.1 m ST 0.1 m
ofp ¢®F | oty a®F gria®Fy | gric®@Fy  gra®F [ ol ®F
q14Qid Dp23®id p23®id
(a) left (b) top (c) right

Fig. 29. The calculation of the local systems on the rational curve r in the proof of Lemma 7.5. The
8-grading of all generators in the idempotents @ and ¢ is 0.
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Proof of Theorem 7.1. Let us fix an absolute lift of the bigrading of HFT(T'). Let us also
introduce the following notation: given two Laurent polynomials P and Q in finitely
many variables, we write P < Q if for every monomial, the coefficient of that monomial
in P is smaller than or equal to the corresponding coefficient in Q. Then

(41702 + 1571 - da(T)
=d,(V;, ® Vi, ® CFT)(T))
= §™t4d, (r(CFT*(T))  5,CB") (by Lemma 7.4)
> §miAd, (t(bu(T) - b,) @ 5, CB) (3;CB"? commutes with direct sums)
= 8"t 1(bs(T)) - dn (r(by) ® 5,CB")
= §"tA1(by(T)) - (tp + 1; )ty +1;7")  (by Lemma 7.5).

Similarly, we see that
(1 + 17D +1571) by (T) = 8"t 1(dn(T)) - (ta + 15y +157")
for the same bigrading 6”'¢4, or equivalently
(tr+ 72 + 1571 1(by(T)) = 8™t 4du(T) - (ta + 17t + 1571).
If we combine these two inequalities, we obtain
1+ 17202+ 1517 dn(T)

> 8"t + 1) (6 + 15 )t + 15 )@ + ) - 1(ba(T))
> 82 (tg + 7@+t + 1, D, + 1Y) - du(T).

Note that
(ta + 17 + 7+, + 17 = (0 + 172 (0 + 1572

so m = 0 and all inequalities above are actually equalities. In particular,

1 1

(t1 + 172 + 151 - 17244, (T) = 124, (T)) - (tp + 15 ) (1), + 157H).
Similarly, we can show that
(t + 17D+ 570 ey (T) = 8"t Ar(ex (1)) - (1 + 17 (12 + 137,

ie.
ry-1(T) = 8™t t(xx (T))

for any X € GL(n,F,) and the same bigrading §”¢4 as above. So we also have

rx(T) > 8™t 1(ry—1(T)),
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which, combined with the first inequality, shows that the inequalities are actually equali-
ties and m = 0. In particular,

7241 (T) = 1(t~ 24y (T)).

So if we shift the Alexander grading of HFT(T') by I%A, we obtain the absolute lift of the
Alexander grading with the desired properties. ]

Definition 7.7. Let y be an absolutely §-graded linear curve of slope 5 € QP!, possibly
with indecomposable local system. It is easy to see that unless g = %, all intersection
points of y with the vertical sites ¢ and ¢ have the same §-grading. We denote this §-
grading by §)(y). Similarly, if g %, all intersection points of y with the horizontal
sites b and d have the same §-grading, which we denote by §_(y). Given two absolutely
8-graded linear curves y and y’ of the same slope g € QP!, we define

/ e p .
8(y.y') = {i'(? )/ —_5|(V) lfZ ) g
—(y)—4é-(y) lfq7é1~
This is well-defined, since
5 8—(7’)—% if%<§<%’
() = {8_(7/) bl oiflez<t

We say two absolutely §-graded curves y and y’ of the same slope are in the same §-
grading if §(y, ") = 0.

Lemma 7.8. For any two curves y and y' of the same slope 5 € QP! and a single half-
twist T as in Section 3, §(t(y), t(y")) = §(y, ¥').

Proof. A single twist at the right or left preserves the generators in the vertical sites a and
¢ and also their §-gradings up to an overall shift which is the same for all curves. So, for
curves y and y’ of slope 5 # %,

(), t(¥) =8 () =8 (x(y) = 8)(y") — & (y) = (. v").

Moreover, such a twist does not affect curves of slope % up to an overall grading shift. We
can argue in the same way for twists in the other direction. ]

Definition 7.9. For n > 0 and g € QP! and any local system X, fix a §-grading on the
curves s& (§§ i1,i2), 88 (g; i3,i4) and rgf(g) such that any two of them of the same slope
are in the same §-grading.

Proof of Theorem 1.10 (§-graded conjugation symmetry). For g = %, this follows imme-
diately from Theorem 7.1, noting that the curves by, d,, and ry have the same §-grading.
For general g € QP!, let T’ be a tangle obtained from 7" by applying an element p of the



2997

On symmetries of peculiar modules

"UOTIB[20UBD QAIAINS YOIYM C7 2InSL] Ul WeISelp pIee3ooH oy} Wolj SI0JeIduas [[B Ueam]aq surewop Sunnqriuuod ayJ, “o€ "SI

B v
(o) \%x — 10y
, » (1070 “Th Eh SO+ {15 TP €h vh T} + .
Aww [} {vo ¢} {1d ‘vd 17} {€d ‘T ‘vd “1d 13} ﬁﬂm&,vnwrwnfmaéﬂw {cd} &b mﬂ/_v
{€b¥b e} O
prg? TN 7 oy @%NEHQ,HQ,MQIV oop? opn
qvp Q.@@e\ﬂ 010 @w* opv? {4} {1d *Td *T}
) ( (e 10} \
{td oo} {tdvo 1o} 2 oqp”
{1d oy Pd {¢q *vd *1d}
/(\
(4 A ‘ ‘ ¢
Am ANW AMAN d NQ«V Aﬁuerw A?@Q@W AMAN van
(eg ‘€q {(ro 10} 165wy | ey v
e RSN
{10 *chth} » {10} {1d v}
pov bpq
ppo? vqp?
Tea 100} b
d D/v Sy {dy S~
> P gl paq >
qop 1oy~<" vg>
q {cd} PYZ PYZ {1d ‘vd} q
MS/Q (1d “d} P& ——p15)— "7 (vd) uwc
{eb 20} (2o} teby (E0°7h} (7P} epvpy {70 **0} (£h e[

(<o o) J/ <€Dy {EPY ™ u\ {(vro)
vop vqp



2998

C. Zibrowius

(P4.941)¢ + (pa.qa31)? 573 01b, — ) 50 011l / (2 p211)) + (g32, p2I1)2
\ - ¢ h
(—Iga) - ™ ~(~Ig2)
AQ#_:M + A&Au__v& SN_CW + (g32|1)¢ P
AEL.__VM.N _1 1.1a \A|_Qav:¢ 0 0,1a PUM__VQE
d TX;.QN:_:N | v\m 2 _jtoqd 87 _Jtoga «/A ) +€5_:m/m|
aal1)@ —|pa — —|p2 . nb—
/ (412, 92|1)¢ , (g, pal)? (p2. q2| D)2 (q4. par2|1),
0 1,0a +(qa, pa1lDG  +(p12. 92|11 —Lo1a
(q4lq1)g P -ifogc 4 : 52 ologh a
d SN_QCv

+(qaslg)} +(g32191)¢

(=[p23)

(=lg14)

(~|p34)

(q4. p4lD)7

(p2.q211)4
+(q4, pa1|D§

+(p12. 92114 (p21p3)}

(palp3)? < b
111
§72 1d2d SE(p12lp3)g

+(pa1lp3)e 8% Q151 4a

o (pa12.92|p3)? (44. pa12|p3)}
(Pa.qa32|1)¢ TP (—1pa) pol1)?
e g — o ligge 4 N Y

—1lo ¢b AQN_Cw d TMI_QME.V B qgall)g 672 141

+(g32|D2 (pal1)? (@2lq18)% + (g32l1)¢ ) (pal A ifu_:w\
+( :av@ +(palp23)? + (pa1lp23)? .IE :wa
(=lg2) p12lla (p2lp3a)g + (Pr2lpaa)g T P4tile (—lq4)
—Lo,—1b .  +(qalg205 + (qa3lg21)f 00,0b

SN:S_SW + (g32, p2|1)? (q432. p21q1)} oo e _Eﬁv.\m iicd (P4.q432191)% (P4.q4lD)é + (pa.qa3|1)?

e s—

(p111)

(g311) 1 L_
0 ax —> §2 %m&x for any
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Fig. 33. The result of cancelling all shaded identity arrows in Figure 32.
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mapping class group which sends linear curves of slope g to curves of slope %. By Theo-

rem 3.1, p(HFT*(T)) = §™ HFT? (") for some m € 1Z. By Lemma 7.8, the difference
between the §-gradings of two curves of the same slope is preserved under twisting. So
in particular, the image of the reference curves s, ( g; i1,i2), Sn (f; i3,i4) and ry (f) have
the same §-grading. Since we already know the result for horizontal curves, we can apply
it to HFT(T") and see that

r} (2)(T) = 8"y (D(T') = 8" ey (D(T") = vy (B)(T)
and also

s (L3i1,i2)(T) = 87s5(3:2,3)(T") = 8"y, (5 1. 4)(T") = s (L33, ia)(T).  m

Proof of Theorem 1.11. The slopes of the components of HFT are preserved under any
mutation. This can be seen by observing that mutation preserves rational tangles and
hence also the rational curves r(g) for all slopes g € QP!. The rational curve r(g) sepa-
rates the special curves sn(gg i1,ip) and s, (g; i3, i4). So mutation either preserves a spe-
cial curve Sn(§2 i1, i2) or sends it to its counterpart sn(g; i3,i4). Now, by Theorem 1.10,
the number of special curves and their counterparts is the same in each §-grading. Also,
the local systems of rational curves are either preserved or inverted, but again, by The-
orem 1.10, the number of each of these is the same in each grading. So HFT?(T) is
preserved by mutation. Alternatively, one may also study mutation about each mutation
axis separately. ]
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