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Abstract. We consider conditional McKean—Vlasov stochastic differential equations (SDEs), as
the ones arising in the large-system limit of mean field games and particle systems with mean field
interactions when common noise is present. The conditional time-marginals of the solutions to these
SDEs are governed by non-linear stochastic partial differential equations (SPDEs) of the second
order, whereas their laws satisfy Fokker-Planck equations on the space of probability measures.
Our paper establishes two superposition principles: The first asserts that any solution of the SPDE
can be lifted to a solution of the conditional McKean—Vlasov SDE, and the second guarantees that
any solution of the Fokker—Planck equation on the space of probability measures can be lifted to
a solution of the SPDE. We use these results to obtain a mimicking theorem which shows that the
conditional time-marginals of an It6 process can be emulated by those of a solution to a conditional
McKean—Vlasov SDE with Markovian coefficients. This yields, in particular, a tool for converting
open-loop controls into Markovian ones in the context of controlled McKean—Vlasov dynamics.

Keywords. Conditional McKean—Vlasov stochastic differential equations, controlled
McKean—Vlasov dynamics, Fokker—Planck equations on the space of measures, Markovian
controls, mean field games, mimicking theorem, particle systems with mean field interactions,
stochastic partial differential equations, superposition theorem

Contents

Lo Introduction . . ... ...t 3230
1.1. Superposition from SPDEtoSDE . . .. .. ... ... .. .. ... oL 3231
1.2. Superposition from Fokker—Planck equation on !P(Rd) toSPDE ............ 3233
1.3. Mimicking theorem . ..... ... ... .. 3235
1.4. Mean field gamesand control . . . ... ... .. 3237

Daniel Lacker: IEOR Department, Columbia University, New York, NY 10027, USA;
daniel.lacker @columbia.edu

Mykhaylo Shkolnikov: ORFE Department, Bendheim Center for Finance, and Program in Applied
& Computational Mathematics, Princeton University, Princeton, NJ 08544, USA;
mshkolni @gmail.com

Jiacheng Zhang: ORFE Department, Princeton University, Princeton, NJ 08544, USA;
jiacheng @princeton.edu

Mathematics Subject Classification (2020): Primary 60H10; Secondary 60H15, 35Q84, 93E20


https://creativecommons.org/licenses/by/4.0/
mailto:daniel.lacker@columbia.edu
mailto:mshkolni@gmail.com
mailto:jiacheng@princeton.edu

D. Lacker, M. Shkolnikov, J. Zhang 3230

1.5. Further remarks on the Fokker-Planck equation on fP(Rd ) e 3237

1.6. Existence and UNIQUENESS . . . v v v v vt ittt e e e e e et e e 3239

1.7. Outline of the paper ... ... ... ... . . . 3241
2. Compatibility preliminaries . . . .. ... u i u it e 3241
3. Superposition from SPDE to SDE: smoothcase ............................ 3242
4. Preliminaries on stable CONVErZence . . ... ... ..o v ittt in ettt 3247
5. Superposition from SPDE to SDE: generalcase .............. . ... ... ..... 3252
6. Superposition from Fokker—Planck equation on (Rd) toSPDE ............. ... 3269
7. Proof of the mimicking result, Corollary 1.6 . . ... ... ... ... . . 3272
8. Application to controlled McKean—VIlasov dynamics . . .. ......... ... ........ 3274
A. Proof of compatibility lemma. . . ........ ... . . e 3278
B. Derivation of SPDE from SDE . . ... ... ... 3281
C. Strong existence for (1.1) in the setting of Proposition 3.1 .. ................... 3283
References . . ... ... 3285

1. Introduction

We consider stochastic differential equations (SDEs) with random coefficients:
dX, =b(t,w, X;)dt + o (t,w, X;)dW; + y(t,w, X;)dB;, t €][0,T]. (1.1)

This SDE is posed on a filtered probability space (£2,F = (¥;);¢[0,77, P) supporting two
independent d -dimensional [F-Brownian motions B and W, as well as a subfiltration G =
(%¢)refo,r] C I, with respect to which B is adapted and W is independent. Additionally,
the coefficients (b, o, y) : [0, T] x Q x R — R? x R4*4 x R?*4 are measurable with
respect to the product of the G-progressive o-algebra on [0, 7] x € and the Borel o-
algebra on R . We assume also that

T
JEU (1b(t, 0, X)| + (00T +yy ), 0, X,)|)dt} < 0. (1.2)
0

The diffusion matrix a = 66 " + yy T will feature prominently in our main results. In
Proposition 1.2, the model inputs are given by the triple (b, a, y), but in most of our sub-
sequent results, such as Theorem 1.3, we instead treat (b, a, y) as given, and if a — ny
is positive semidefinite then we can reconstruct ¢ as its symmetric square root.

Remark 1.1. Fitting into the framework of (1.1) above is the important special case of
the conditional McKean—Vlasov SDEs, in which the dependence on w is through the
conditional law of X, given §;, denoted £(X; | &;):

dX, = b(t, £(X; | 6), X,) dt + 0 (1. (X, | 6:), X:) AW,
+y(t. 2(X: 1), X:)dB,, t€]0,T]. (1.3)

Indeed, if X solves (1.3), then by freezing the non-linear term £(X; | §;)(w) we see that
X also solves an equation of the form (1.1).

The SDE (1.3) describes the state process of a representative player in the large-
population limit of mean field games and control problems with common noise (see [17,
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Section 2.1], and also [1,2, 8, 10, 18-20, 36, 38, 46,53, 55, 57]), as well as the dynamics
of a particle in the large-scale limit of a particle system with mean field interactions and
common noise (see, e.g., [24,27,47,51,67]). Often, as in [51], the filtration G is the one
generated by (B;),e[o,7], but the general case corresponds to a notion of weak solution;
see [38] and [56, Section 8] for further discussion.

1.1. Superposition from SPDE to SDE

Our first results iron out the connection between the SDE (1.1) and the associated SPDE
which should govern the evolution of the conditional measure flow ©, = £(X; | §;):

At ) = (e Lyo) dt + (e (V9) Ty (1w, )) dBr, 1 €[0.T], ¢ € CERY),
(1.4)
where a =00 " + py T, C® (R?) is the set of compactly supported smooth functions
from R¢ to R, and the operator L?,’a‘f acts on ¢ € C2°(R%) by

L?,’z‘/) = b(tv CU,') ° V(P + %a(l, CU,‘) . VZ(p

Here V and V2 = VV T denote the gradient and Hessian, and s - r = s'rand S: R =
Tr[SRT] denote the usual inner products in R¢ and R4*< .

We state first a form of a fairly well known proposition asserting that the condi-
tional measure flow of a solution of the SDE (1.1) is a solution of the SPDE (1.4).
In the following, we use the symbol 1L to stand for “independent of” or “is indepen-
dent of” depending on the grammatical context. In addition, for o-algebras 41, #4,, and
A3z, we write 4; Ll A, | A3 to mean that A; and A, are conditionally independent
given 3. For two o-algebras +; and A, we write #A; V 4, for (A U A;) as usual.
If Z = (Z:)e[0,1] s a stochastic process, we write FZ = (?,Z)te[o,T] for the filtration
it generates. Recall that a filtered probability space (2, F = (F7);¢[o,77, IP) is said to be
complete if Fy contains every set A C 2 which is a subset of an F7-measurable set of
P-measure zero.

Proposition 1.2. Suppose (2, = (F;)se0,17.P) is a complete filtered probability space
supporting independent d-dimensional F-Brownian motions B and W, together with a
subfiltration G = (§;);e[0,1] With respect to which B is adapted and W is independent.
Suppose the triple (b,a,y) : [0, T] x @ x R? — R? x R¥*? x R4*4 s measurable
with respect to the product of the G-progressive a-algebra on [0, T| x Q and the Borel
o-algebra on R?. Let X = (X t)tefo,T] be a continuous F-adapted R4 -valued process
satisfying (1.1) and (1.2), as well as thX 1 ?T"V v or | fff’tW Vv G, foreach t € [0, T].
Then the process (p; := £(X; | 91))refo,7] admits a continuous version (in the sense
that t — [, is a.s. continuous with respect to the topology of weak convergence) and the
following hold:

(1) ur = £(X;|6;) a.s. foreacht € [0,T].
(2) The SPDE (1.4) holds witha = 6o 4+ yy .
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Proposition 1.2 is well known in various forms; see, e.g., [27, 38, 51]. It is fairly
straightforward to prove by applying It6’s formula to ¢ (X ), taking the conditional expec-
tations with respect to §7, and then interchanging the stochastic integration and the condi-
tional expectation. We give the proof in Appendix B, because our statement appears to be
somewhat more general than its relatives in prior literature, and because there is more sub-
tlety than one might expect in the aforementioned interchange. The latter is one purpose of
the conditional independence or compatibility assumption, .(F,X A TFTW vV &r | 5‘7,W 27
for each ¢ € [0, T']. This compatibility condition takes several equivalent forms, compiled
in Lemma 2.1, and is natural from the perspective of prior work on weak solutions of
SDEs with random coefficients [41,49].

Our first main result is the following superposition theorem, which establishes that,
conversely, each solution of the SPDE (1.4) gives rise to a solution of the SDE (1.1).

Theorem 1.3. Suppose (2,G = (§;):¢(0,11, P) is a filtered probability space supporting
a d-dimensional G-Brownian motion B. Suppose the triple (b,a,y) : [0,T] x 2 x R¢ —
R? x R4*4 x R2*4 is measurable with respect to the product of the G-progressive
o-algebra on [0, T] x Q and the Borel o-algebra on R?, (K1) refo,T] is a continuous
G-adapted probability measure-valued process satisfying (1.4), and St is countably gen-
erated. Suppose finally that

T
B[ 1800907, + .01, ) 0] < (15)

for some p > 1, and that a — yy T is symmetric and positive semidefinite with sym-
metric square root . Then there exists a complete filtered probability space (52, F =
(Ft)tero,1> ]ﬁ’) extending (2, G, P), which supports a d -dimensional F -Brownian motion
W independent of ST and a continuous F-adapted d-dimensional process X such that:

(1) The SDE (1.1) holds.
2) u, = £(X;|67r) = L(X; | G;) as. foreacht € [0, T].
3) TtX 1L 5‘77?‘/ Vv Er | 37tW Vv &, foreacht € [0, T].

(4) B is an F-Brownian motion.

For classical SDEs with bounded coefficients and the corresponding Fokker—Planck
equations, the seminal paper [34] develops a general “superposition” theory that asso-
ciates to each solution of a Fokker—Planck equation a weak solution of the SDE. The
results of [34] have been extended to a wide range of SDEs with unbounded coeffi-
cients in [66] (see also [12,61] and the comparison with the previous work [58] in [66,
Remark 3.4]). The precursors to this line of research can be traced back to the analogous
results in [4, 28] for ordinary differential equations. Moreover, superposition principles
for controlled SDEs and two classes of (particularly singular) McKean—Vlasov SDEs can
be found in [50] and [6, 7], respectively. Theorem 1.3 gives the first superposition prin-
ciple for SDEs with random coefficients, in which the SPDE (1.4) plays the role of the
Fokker—Planck equation, and covers, in particular, the conditional McKean—Vlasov SDEs
of the special form (1.3). Our proof of Theorem 1.3 employs, in addition to many of the
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approximation techniques developed in [34,66], novel tools in the context of superposition
principles to address the randomness of the coefficients: the stable convergence topology,
the measurable maximum theorem, and a new strong existence theorem for SDEs with
random coefficients.

1.2. Superposition from Fokker—Planck equation on P (R%) to SPDE
Our next results pertain to the SPDE corresponding to the McKean—Vlasov SDE (1.3):

d(pr, @) = (e, L2 @) dr + (e, (Vo) Ty (1, e, )) dBy, 1 € [0, T, ¢ € CP(RY),
(1.6)
where

Lf”,‘fﬁp =b@t,m,)-Vo+ 3ait.m,): Ve, 1€[0.T],me P(RY) (1.7)

anda =00 + y yT as before. To be clear, a solution of the SPDE (1.6) is, by definition,
an a.s.-continuous P (R¢)-valued process (jt;) te[0,T]> defined on some filtered probabil-
ity space (2, G = (§:)e[0,7], P) supporting a d-dimensional G-Brownian motion B,
such that

T
IE|:/(; (”b(t’ H’tﬁ')”Ll(/Lt) + ”a(t’ H‘t")”Ll(/Lt) + ||Y(t7 ’u't’.)”irl(l“)) dt} < 00, (18)

and also for each ¢ € CCOO(Rd) we have a.s. forall ¢ € [0, T,
t

t
(o — 1o 9) = fo (s, L2 ) ds + /0 (5. (V) Ty (5. g, )) dBs.

Throughout the paper, for a Polish space E we let (E) be the space of Borel probability
measures on E equipped with the topology of weak convergence and the corresponding
Borel o-algebra; this clarifies the meaning of “a.s.-continuous” in the above definition.
We denote by P; the law &£(u,) of p,, for ¢ € [0, T], and note that P = (Py):e[o,1]
then belongs to C([0, T]; P (P (R?))), the space of continuous functions from [0, 7] to
P(P(RD)).

First, let us describe the easier direction, which lies in deriving an equation for
P from the equation for p. For m € !P(]Rd), k € N, and a vector of test functions
@ = (@1, pp) € (COR)¥, we write (m, @) := ((m, @1). ... (m, ¢x)) € R If
we assume that (1.8) holds, then, for f € CC"O(Rk), we may apply It6’s formula to
J((1s, @) and take the expectation to find that (P;);e[o,7] satisfies a Fokker—Planck
equation on 2 (R%):

t k
— = . ba .
/:rp(Rd) S({m, @))(Pr — Po)(dm) /0 ./:77(11{11) [; 0; f({m, @) (m, Ls,mwl)

k
P2 ay s <m,(V¢,~)Ty(s,m,-)>-<m,(w,-)Ty(s,m,-)>]Ps(dm>ds,
ij=1

tel0,T), keN, feC2R"), g e (CXRINF. (1.9
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Indeed, (1.8) ensures that the local martingale in the It6 expansion of f({i,, @)) is a true
martingale, and the expectations are well-defined. This proves the following:

Proposition 1.4. Let (b,a,y) : [0,T] x P(R?) x R — R4 x R4*4 x R4 pe meq-
surable. Suppose (2, G = (§):ejo,1], P) is a filtered probability space supporting a
d-dimensional G-Brownian motion B and a continuous G-adapted P (R?)-valued pro-
cess (J4t)refo,] Which satisfies the SPDE (1.6) and the integrability condition (1.8). Let
Pi =& ;) fort €[0, T]. Then (Py)efo,1] satisfies the Fokker—Planck equation (1.9).

Our second main result is the next superposition theorem, which says that, conversely,
each solution of the Fokker—Planck equation (1.9) in the space C([0, T]; P (P (R%)))
stems from a solution of the SPDE (1.6).

Theorem 1.5. Suppose that P € C([0, T]: P(P(R?))) and measurable (b, a,y) :
[0, T] x P(R?) x R? — R x R?*4 x R4*4 gre such that (1.9) holds and

T
[ o (DL 4 11+ 7€ ) Prlm) 1 < 09
(1.10)

for some p > 1. Then there exists a filtered probability space (2, G, P), with §r count-
ably generated, supporting a d-dimensional G-Brownian motion B and a continuous
G-adapted P (R?)-valued process (1) reqo,1] solving (1.6) with £(u,) = P for each
t €0, T].

Superposition principles in infinite-dimensional spaces, specifically in R* and gen-
eral metric measure spaces, have been established very recently in [65] (see also [5, 62]
for certain deterministic counterparts). In Theorem 1.5, the infinite-dimensional space
under consideration is (R%), and even if one were to replace R¢ by a compact subset,
restrict the attention to the subspace of probability measures with finite second moments
and equip the latter with the 2-Wasserstein distance, the associated metric measure spaces
(see [64,68]) do not seem to admit a I'-calculus (cf. [35, Remark 5.6]) as required for the
superposition principle in general metric measure spaces [65, Theorem 7.3]. Instead, our
proof of Theorem 1.5 relies on the specifics of the space $(R¢) and the Fokker—Planck
equation (1.9) to define suitable test functions on $ (R?), allowing us to deal with solu-
tions in C([0, T]; P (P (R?))) and to reduce Theorem 1.5 to the superposition principle
in R® of [65, Theorem 7.1].

Combining Theorems 1.5 and 1.3 shows that to any continuous solution P =
(Pt)refo,1 of the Fokker—Planck equation (1.9) one can associate continuous processes
H = (e)repo,r] and X = (X¢)eqo,77, With values in P(R?) and R?, respectively,
and solving the SPDE (1.6) and the McKean—Vlasov SDE (1.3), respectively, with the
time-marginal relations P, = £(u;) and pu; = £(X; | %;). Thus, P and u represent
successive marginalizations of the process X. For a different perspective on this hier-
archy, we may regard P, £ (i), and £(£(X | 9r)) as elements of C([0, T]; P (P (R%))),
P(C([0, T]; P(R?))), and P (L (C([0, T]; R9))), respectively. The relations between
P, ju,and X are summarized in the following diagram:
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P = (Pt)IG[O,T] Pec
P(PRY))-valued [~ C([0. T): 2 (P (RY)))
solves Fokker—Planck (1.9) ’

. Theorem 1.5
Proposition 1.4

n= (/’Ll‘)tE[O,T] £(u) €

{P(Rd )-valued Rg-------1 . o md
solves SPDE (1.6) PCE. T PRD)

Proposition 1.2 Theorem 1.3

X = (X0)teo,1] L(EL(X | 97)) €

RY valued [=-------- oD od
solves SDE (1.3) PPC.TERD)

1.3. Mimicking theorem

In addition to being of interest on their own, Theorems 1.3 and 1.5 can be used to obtain
the following “mimicking” theorem.

Corollary 1.6. Suppose (2, F,P) is a filtered probability space supporting d-dimen-
sional ¥ -Brownian motions B and W, as well as a subfiltration G with respect to which
B is adapted and W is independent. Let (b, o) be an T -progressive process with val-
ues in RY x R4 and p : [0, T] x P(RY) x R? — R¥*4 be measurable. Suppose
(X¢, pe)iefo, ) is a continuous I -adapted process with values in R4 x P (R?) and sat-

isfying:

@ Elfy (bel? + loro,] + §9T (¢, jur, X0)|P) dt] < 00 for some p > 1.
(b) F: WL FW v er | FW v G, foreacht €[0,T).

(c) The following SDE holds:

dX, = b, dt + o, dW; + y(t, s, X;)dBy,
pe = L(X¢ | 97), t€[0,T] (1.11)

Then p; = £(X; | 6;) a.s. foreacht € [0, T), and there exist measurable functions (l;, G):
[0, T] x P(R?) x R — R? x R4 suych that

E(I,Mt,X,) ZIE[bt |[Lt, Xt], 6'6'T(t,/»(/t,Xt) :E[GtUtTllLt, Xt] a.s.,fora.e. te [O,T]

Finally, for any such functlons (b ), there exists a ﬁltered probability space (Q F, ]P)
supporting a subfiltration G C F, two d-dimensional F -Brownian motions W and B with
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B adapted to G and W independent of gT, and a continuous F -adapted R¢ x P (R?)-
valued process (X;, [1¢)sefo0,] such that:

(1) The McKean—Vlasov SDE holds:

dX; = b(t, fir. X)) dt +6 (1, i, Xo) AW + $(t, i, Xo) B,
fe=EX, | 6r) = £(X: %) as.,tel0,T].

S o~ d
2) (Xy, i) = (X¢, iy) foreacht €[0,T].
@) FX 1L 377!4/ v &r |7V v 4 foreacht € [0,T].

The proof is given in Section 7. The idea is that an Itd process of the form (1.11) can
be “mimicked”, in terms of the time-marginals (£ (X, (t;)):e[o,T], by a process solving a
Markovian conditional McKean—Vlasov equation. We allow extra randomness in only the
(b, o) coefficients of (1.11), whereas the y term is assumed to already be in Markovian
form; one can generalize this easily to allow a process y satisfying y; L G; | (X;, u,) for
allt € [0,T].

Theorems on mimicking aspects (such as the time-marginal distributions) of an Itd
process by those of a diffusion process go back to the seminal papers [37,48] (see also [45]
for an independent development). A very general result on mimicking aspects of Itd
processes, including the distributions of their marginals, running maxima and running
integrals, is given in [14, Theorem 3.6] (see also [33, Theorem 1.13] for a mimicking theo-
rem in another degenerate setting). The analogue of this question in the context of optimal
control of Markov processes has been studied in [50]. Related results have appeared in
[44, 59], where Markov (sub)martingales with given fixed-time distributions have been
constructed. Corollary 1.6 differs from the previous mimicking theorems in that both the
fixed-time distributions and the fixed-time conditional distributions of an Itd process are
being mimicked.

The idea of using a superposition principle to prove a mimicking theorem seems to be
new, and to illustrate the idea we record here a simple proof of the classical mimicking
theorem [14,37] using the superposition principle of Trevisan [66] (or Figalli [34] if the
coefficients are bounded). Indeed, suppose a filtered probability space (€2, F, P) supports
an F-Brownian motion W and an [F-progressive process (b;,0;);e[o,7] of suitable dimen-
sion satisfying IE[[OT(|b,| + |o;0,"]) dt] < co. Consider a d-dimensional Itd process X
with

dXt = bt dt + o; th

Apply 1t6’s formula to a test function ¢ € C° (R?) and take expectations to find

Elp(X:)] = Elp(Xo)] + IE:|:/O (bs -Vo(Xs) + %GSGST : VZ(P(XS)) d5:|'
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If we define b(z, x) = E[b; | X; = x] and & (¢, x) = E[o,0,” | X; = x]'/2, then Fubini’s
theorem and the tower property in the above equation yield

Elp(X0)] = E[p(Xo0)] + E[/O (B(s, X,) - Vo(Xs) + 566 (s, X;) - V(X)) dS]~

This shows that the marginal flow (u; = £(X;));e[o,7] is a solution of the Fokker-Planck
equation
¢
(i — o, ) = / (s.5(s.) - Vo + 166 (s.) : V2p)ds. 1 €[0.T]. ¢ € CX(RY),
° (1.12)
which is associated with the SDE

dX, = b@t, X,)dt +6(1, X;) dW,. (1.13)

According to the superposition principle of Trevisan [66, Theorem 2.5], since (f41);e[o,7]
solves the Fokker—Planck equation, there must exist a weak solution of the SDE (1.13)
which shares the same marginal flow, i.e., eZ’,()’(\,) = pu; = £(X;) forallt € [0, T]. This
recovers precisely the classical mimicking theorem in the form of [14, Corollary 3.7].
Our method of proving Corollary 1.6 is completely analogous, using a combination of
Theorems 1.5 and 1.3 in place of [66, Theorem 2.5], and the Fokker—Planck equation
(1.9) on £ (R%) in place of the Fokker—Planck equation (1.12) on R4.

1.4. Mean field games and control

Our specific setup in Corollary 1.6 is motivated in part by questions from the theory
of mean field games and controlled McKean—Vlasov dynamics, also known as mean field
control. In particular, we show in Section 8 how to use Corollary 1.6 to convert an optimal
control into a Markovian one, in the sense that the control is a function of (¢, X, u;)
only, in the context of controlled McKean—Vlasov dynamics with common noise. For
(t4¢)¢eo,7] non-random, this has been done using the classical mimicking theorem, but
the case of stochastic (1) ;e[o0,7], as in any model with common noise, seems to be out of
reach of prior methods. See Section 8 for more details.

1.5. Further remarks on the Fokker—Planck equation on P (R?)

The Fokker—Planck equation (1.9) is stated in terms of test functions F : #(R¢) — R of
the form

F(m) = f((mv §01>,-- < (m’ (pk))s (114)

wherek e N, f e CX (R¥), and @1, ..., ¢ € cx (R?). Alternatively, we can write the
equation in terms of a larger class of test functions, specified through differentiation for
real-valued functions on 2 (R¢), known in some recent literature as the L-derivative. See
[17, Chapter 1.5] for a careful and thorough development of this notion of derivative. The
test functions of interest for us are the following:
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Definition 1.7. Let Cbz(f(]R{d )) be the set of bounded continuous functions F :
P(R%) — R such that:

e There exists a bounded continuous function 9, F : P (R%) x R¢ — R satisfying

. Fm+ h(m' —m)) — F(m)
lim

for all m,m’ € .?(]Rd). Given that such a function d,, F exists, it is unique provided
we impose the additional requirement that

/ ImF(m,v)m(dv) =0, m e PR?).
R4

e The function v + 9,, F(m, v) is continuously differentiable, with a uniformly (in
(m,v)) bounded gradient D, F (m, v).

e Forevery fixed v’ € R?, each component of the R?-valued function m +— D,, F(m, v’)
satisfies the properties described in the first two bullet points, resulting in some
D2 F(m,v',v) € R¥4_ The function D2 F is bounded and continuous.

e Form € P(R?), we let D, D,, F(m, v) be the Jacobian of the map v — D,, F(m,v)
and assume it continuous and bounded in (m, v).
An equivalent form of the Fokker—Planck equation (1.9), under the above integrability
assumption (1.10), is then

t
(P, — Py, F) :/ (Ps, MsF)ds, t€l[0,T], FeCZPR?)), (1.15)
0

where we define, for ¢ € [0, 7] and m € P (R%),
M, F(m) := / [DmF(m,v)-b(t,m,v) + 2Dy Dy F(m,v) : a(t,m,v)| m(dv)
R4

* %[Rd /Rd D} F(m.v.v') : [p(t.m.v)y " (t.m.v")] m(dv) m(dv").

One direction of this equivalence is easy: If F is of the form (1.14), then straightforward
calculus shows that F € C2(£(R%)) and

k
D F(m,v) = 33 f(Im.@1)..... {m. k) Ve (v).

i=1

k
D,ZnF(m,v,v’) = Z aijf((m»(p1>""’<m7§0k))v¢i(v)v¢j(vl)-r’

i,j=1

k
DyDy Fm,v) =Y 3 f((m.1),... (m, ox))V?0i (v).

i=1
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It is then easy to see that for these test functions equation (1.15) reads exactly as (1.9).
On the other hand, suppose we start from some P = (P;)e[o0,7] € C([0, T]; P (P (R%Y))
satisfying (1.9). Applying Theorems 1.5 and 1.3, we find processes p and X following
(1.6) and (1.3), respectively, along with u, = £(X;|9;) and P; = L£(u;). For F €
C b2 (P(R?)), we may then apply a recent form of Itd’s formula for conditional measure
flows of It6 processes [17, Theorem 11.4.14]. This yields

t
F(ue) = Flito) + /0 M F(s)ds + Ry

for a certain mean-zero martingale R which can be identified explicitly, but we have
no need to do so. Taking expectations and using P; = £(u;) gives the Fokker—Planck
equation in the form of (1.15).

1.6. Existence and uniqueness

An obvious implication of our superposition principles, Theorems 1.5 and 1.3, is that the
following are equivalent:

e There exists a solution of the Fokker—Planck equation (1.9), or its equivalent form
(1.15).

e There exists a solution of the SPDE (1.6).
e There exists a solution of the conditional McKean—Vlasov SDE (1.3).

Uniqueness is somewhat more subtle. Using Theorems 1.5 and 1.3, we see that uniqueness
for the conditional McKean—Vlasov SDE (1.3)! implies uniqueness for the SPDE (1.6),
and uniqueness for the SPDE (1.6) implies uniqueness for the Fokker—Planck equation
(1.9). The reverse implications are likely true but would require much more machinery
to prove; one must show, for example, that the law of a solution (X;)e[o,7] of the SDE
(1.3) is uniquely determined by its marginal conditional laws £(X; | §;). In the uncon-
ditional case studied by Figalli [34] and Trevisan [66], this relies on a result of Stroock
and Varadhan [63, Theorem 6.2.3], which shows a martingale problem is determined by
its marginals in a certain carefully specified sense.

Under suitable assumptions (e.g., Lipschitz coefficients), existence and uniqueness
results are known for McKean—Vlasov SDEs like (1.3) (see [38, 51] or [17, Section
I1.2.1.3]) and for the SPDE (1.6) (see [27,51]). From such results we may, rather remark-
ably, deduce corresponding existence and uniqueness results for the Fokker—Planck equa-
tion on £ (R?) given by (1.9) or (1.15), which appear to be the first of their kind.

Moreover, our Theorem 1.5 allows us to recover and extend prior results on well-
posedness for stochastic Fokker—Planck equations. For instance, if we were to assume

"Here and more generally for SDEs with random coefficients such as (1.1), the appropriate
notion of uniqueness in law is in the sense of the very good solution measures of [41], i.e., the
uniqueness of the measure induced on 2 x C([0, T']; Rd) by appending the solution process X .
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the coefficients (b, o, y) from (1.1) are Lipschitz in x uniformly in (¢, w), and the inte-
grability condition E[ fOT(|b(t, ,0)|? + |a(t,w,0)|) dt] < oo, then standard arguments
yield existence and uniqueness for the SDE (1.1). Using Theorem 1.5 we immediately
deduce existence and uniqueness for the stochastic Fokker—Planck equation (1.4). This
quickly recovers and extends results of [25,51] on linear SPDEs of Fokker—Planck type.
Likewise, the conditional McKean—Vlasov equation (1.3) is well-posed under Lipschitz
assumptions, using a Wasserstein metric for the measure argument; see [17, Propositions
I1.2.8 and 11.2.11], [38, Theorem 3.3], [51, Theorem 3.1], or [25, Theorem 3.3]. From
well-posedness of (1.3) and our superposition principle, Theorem 1.5, we immediately
deduce well-posedness for the corresponding nonlinear SPDE (1.6), which again recov-
ers results of [25,51].

We also stress that our results apply to many cases of singular or local interactions,
thanks to the minimal regularity required. For instance, suppose the SPDE (1.6) is local in
the sense that b (¢, m, x) = Z(I, m(x), x) for some b: [0, T] x Ry x R — R, whenever
m € P (R?) admits a density with respect to Lebesgue measure (denoted m(x)), and sup-
pose a and y take similar forms. Indeed, to apply Theorem 1.5, we may extend the domain
of the coefficients in an arbitrary (measurable, bounded) fashion to include all of £ (R%),
not just those measures which admit a Lebesgue density. Hence, if there exists a solution
of the (local, in this case) SPDE (1.6) with u;(w) absolutely continuous with respect to
Lebesgue measure for a.e. (¢, w) and satisfying the requisite integrability conditions, then
there exists a solution of the corresponding (density-dependent) McKean—Vlasov SDE
(1.3). Similarly, if there is a unique solution of the (density-dependent) SDE (1.3), we
again deduce existence and uniqueness for the (local) SPDE.

The Fokker—Planck equation on & (R?) given in (1.15) can be compared to certain
backward PDEs on Wasserstein space studied in recent literature on McKean—Vlasov
equations and mean field games. Equation (1.15) is a Fokker—Planck or Kolmogorov for-
ward equation associated with the process (it¢)sef0,7] of (1.6), and we are not aware
of any prior studies of this equation in the literature. On the other hand, there have
been a number of recent studies of the Kolmogorov backward equation (i.e., Feynman—
Kac formulas) associated with (X, ps)sefo,7] from (1.3), (1.6). That is, the functions
(t,x,m) — E[F(Xr, ut) | X; = x, s = m] should satisfy a certain linear PDE on
[0, T] x R? x P (R¥), provided F is sufficiently nice [23,26], and regularity estimates
on the solution are useful for quantitative propagation of chaos arguments [21,22]. Non-
linear analogues of these backward PDEs appear in the guise of the master equation from
the theory of mean field games [15, 16] and in mean field control problems [17,60].

Remark 1.8. It is worth noting that we always interpret the SPDE (1.4) in the weak PDE
sense, i.e., in the sense of distributions. In general, we are also interpreting this SPDE in
the weak probabilistic sense, with (1 not necessarily adapted to the filtration generated by
the driving Brownian motion B. If y is adapted to F & (i.e., if G = F2), then we might
say we have a (probabilistic) strong solution of the SPDE (1.4). We will not dwell on this
point, because whether we have a strong or weak solution is irrelevant to our purposes.
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1.7. Outline of the paper

The rest of the paper is structured as follows. We begin with a short discussion of com-
patibility conditions in Section 2. Section 3 proves Theorem 1.3 first under additional
smoothness restrictions on the coefficients. In this regime, the claimed superposition fol-
lows from the well-posedness (which we establish) of the SDE (1.1) and SPDE (1.4).
Before turning to the general case, Section 4 then develops some preliminary results on
tightness and stable convergence which will aid in our successive approximations in the
subsequent Section 5. Section 5 contains the main line of the proof of Theorem 1.3, which
follows a sequence of reductions to the aforementioned smooth case. Next, Section 6 is
devoted to the (surprisingly short) proof of Theorem 1.5. Our mimicking result, Corol-
lary 1.6, is derived in Section 7 from Theorems 1.3 and 1.5. The final Section 8§ details
applications to controlled McKean—Vlasov dynamics. Lastly, three short appendix sec-
tions give less central proofs omitted from the body of the paper.

Notably, Section 6, Section 7, and Section 8 are independent of each other and also of
Sections 2—5. That is, after this introduction, one could read either Sections 2—5, Section 6,
Section 7, or Section 8, without loss of continuity.

2. Compatibility preliminaries

This short section collects a few elementary implications pertaining to the recurring con-
dition that ?}X A 37TW Vv Gr | IFtW v g, for all t € [0, T]. We continue here with our
notational conventions for o-algebras and filtrations. Given a stochastic process X =
(X+t)tefo,17, We write FX = (?,X )¢efo,17 for the filtration it generates. For two filtrations
G = (81)tefo,r) and H = (H;)sefo,17, we let G vV H := (§; V H;)iefo,77- We should
stress that, as usual, a process W is said to be a Brownian motion with respect to a fil-
tration H = (H;)efo,77 if W is a Brownian motion which is adapted to IH and also has
independent increments with respect to H, meaning W, — Wy 1l #H; for0 <s <t <T.
The following is proven in Appendix A.

Lemma 2.1. Suppose (2, F = (F;):e[0,1], P) is a filtered probability space supporting a
d-dimensional F -Brownian motion W as well as two subfiltrations G = (§;)se[0,1] and
H = (H:)iefo,1]- Assume W is independent of §7. Then the following five statements are
equivalent:

(1) #; 1L 3177?‘] v Er | ?@W v G foreacht € [0,T].

(2) The following three conditions hold:
(2a) H; 1L FHo Vv ?"TW Vv Er|Ho Vv 37tW v & foreacht € [0,T].
(2b) H; 1L 67 |G, foreacht € [0, T].
(2c) W 1L Ho Vv Gr.

(3) Thethree o-algebras H;, ST, and ?TW are conditionally independent given ff*',W VG
foreacht € [0,T].

(4) The following two conditions hold:
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(4a) W is a Brownian motion with respect to the filtration (§ v ff*‘tW V Hi)teo,T]-
4b) H, v FW U 61 |G, forallt €0,T].
(5) He v F¥ U 61 |G, foreacht €[0,T].

We will most often apply Lemma 2.1 with H = FX for a given process X . Hence, in
Proposition 1.2, the assumption #X 1L 377W v &r | FW v §,, foreacht € [0, T], implies
that 7, X 1l 7 | §,,foreacht € [0, T], which in turn yields £(X, | 1) = £(X, | &) as.

Despite possibly appearing tangential at first glance, carefully chosen compatibility
conditions are essential for dealing with weak solutions for SDEs [41], McKean—Vlasov
equations [38,56], control problems [29,30], and mean field games [17, 18]. For this paper,
we favor the most concise formulation X 11 3’7TW vEr|FW v g foralt €0, T).

3. Superposition from SPDE to SDE: smooth case

In this section, we establish Theorem 1.3 in the case where the coefficients b, a, y are
sufficiently smooth in the x-variable. In this case we are able to construct a strong solution
of the SDE (1.1), which is not feasible in general.

We use the following notation for norms throughout the paper. We let |x| denote the
Euclidean norm of a vector x € R and |A| the Frobenius norm of a matrix A. For a
real-valued function f : R — R, we set

Iflc,®ay = sup [f(), I flcimay = If llc,@ay + sup [VF(x)],

xeRd4 xeRd

I/ lczay = If ) ay + sup V2 f(x)].
xeR4

Set ||f||Cg ®Rd) = O© if f is not continuously differentiable, and similarly for ”f”Cg(Rd)'

We extend these norms to vector-valued functions in the natural way; for instance, for
_ .Rd k 2 = 2 2

f - (flv A fk) . R - R » We take ”f”Cb(Rd) T ||f1 ”Cb(Rd) + + ||fk||Cb(Rd)'

Lastly, for a Lipschitz function f : R4 — R¥, we denote by | f lLipra) its Lipschitz

constant, i.e., the smallest constant ¢ > 0 such that | f(x) — f(¥)| < c|x — y| for all

x,y € R If f is not Lipschitz, then I/ ILipray := oo

Proposition 3.1 (Theorem 1.3, smooth case). In the setting of Theorem 1.3, suppose that,
forae. (t,w) € [0, T] x Q, the functions b(t,w,-), a(t,w,-), y(t,w,-) are bounded and
twice continuously differentiable with bounded derivatives of the first and second order.
Then there exists a positive constant D, < oo such that the following holds: If

iT/N
3P AP 3127
max /(i_l)T/N(Hb(t,w, M2, gty + 10000, + 17 (1.0, )

<D, as. (3.1)

for some N € N, and po admits a density p € L,(R?) with E[llpll3] < oo, then the
conclusion of Theorem 1.3 applies.
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Proof. Let |0 (1, ®, )|l ipwa) denote the Lipschitz constant of x — (7, ®, x). Since

d2=a-— ny, by [63, Theorem 5.2.3] we have

[0 o (1.0 )2 gy 1 < [ Qa2 10 (1,0, g O
T D
< Qd?)? /0 (hatt,0. ) aqgay + 207 (0. a )

- (84?7 / (1.0 )2 gy + 1700 )
< (8d*)?ND, as.

Our construction starts with an extension of the probability space to support a random
vector X such that £(Xgo | §7) = [o, as well as a d-dimensional Brownian motion
W independent of §7 Vv o(Xjy). We endow this extended probability space Q with the
filtration F = (¥;)¢[0,7] defined by F; = "tW VG Va(Xp)fort €[0,T]. Then, we face
the SDE (1.1) with random coefficients which are Lipschitz in the x-variable, with the
Lipschitz constants satisfying an integrability condition in # uniformly in the randomness.
Under these circumstances, the existence of a strong solution (adapted to IF) to the SDE
(1.1) can be shown along the lines of [63, proof of Theorem 5.1.1], and we postpone the
proof to Appendix C for the sake of continuity of exposition.

To summarize, we have extended the probability space to (Q I, ﬁ) where B is an
F-Brownian motion which is adapted to G. This extended probability space supports
a gr-independent [F-Brownian motion W and a continuous FF-adapted d-dimensional
process X such that

dXt = b(t,(i),Xt)dt +0'(I,CU,Xt)th + y(t,a),X,)dB,.

Since B is an [F-Brownian motion, assertion (4) of Theorem 1.3 holds, and clearly so
does assertion (1). To check the compatibility assertion (3) of Theorem 1.3, it suffices to
check property (2) of Lemma 2.1 with #; := o(X) forall ¢ € [0, T]. Property (2a) holds
trivially because #; = H#, for all t € [0, T']. Property (2¢) is immediate by construction.
Noting that £(Xo | §7) = wo implies £(Xo | §7) = L£(Xo | Go), we deduce that prop-
erty (2b) holds, and finally Lemma 2.1 ensures that X 1L 7/ v g7 | FW v &, for all
t € [0, T]. Note that we may enlarge the filtration [ to its completion, and the properties
(1)—(4) clearly remain valid.

It remains to prove that u, = £(X, | 97) = £(X; | &) as., foreach ¢t € [0, T]. To
this end, define v, = £(X, | §r) for ¢t € [0, T], and note that vy = . By Proposition
1.2, v satisfies v; = £(X; | G;) for each ¢t and the SPDE

d(ve, @) = (v, L220) dt + (v, (Vo) Ty (t,w,-))dB;, 1 €[0,T], ¢ € CP(RY).

Recall that u satisfies the exact same linear SPDE (1.4). Thus, the proof is complete up
to the following proposition, which establishes uniqueness for this SPDE. ]
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Proposition 3.2 (Uniqueness for linear SPDEs with coefficients smooth in x). Suppose
v v @ are two probability-measure-valued processes solving the SPDE

div”. @) = (i, Lyge) di + (v, (Vo) Ty (1,0, )) By, 1 €[0,T] ¢ € C(RY),
(3.2)
fori = 1,2, where the coefficients satisfy

T
/0 (||b([7w7‘)||c};(Rd) + ||a(t»a)»')||c§(Rd) + ||}’(t»w»‘)||é§(Rd)) dt <oo as,
(3.3)

T
E[[O (6@t @), may + IIa(t,w,-)Ilch(Rd))df} < o0, (3.4)

and a — yy'T is positive semidefinite and symmetric with symmetric square root o. Here,

a solution of the SPDE (3.2) is understood in the sense explained after (1.6). If v(l) = v(()z)

admits a denstty p € Ly(R?) with E[|lpl|3] < oo, then v(l) = vtz) forallt € 0,T] as.,
and each vt ) a.s. admits a density function belonging to L,(R?).

Proof. The proof is similar to that of [51, Theorem 3.4], but requires the use of an
additional Lyapunov function. We start by introducing the Gaussian densities Gg(x) =
(2r8)~4/2¢=1x2/28) § = 0 and the (random) functions

Zs0)) = G5+ v)) = [ Gotx=y)(dy). 8>0.1€[0.7],

for an arbitrary v € {1, V@ VD _ ) Then Zs(r) € L,(R?). Using the definition
of Zs(t), Fubini’s theorem, (3.2) and integration by parts we find further

(25(0.9) = (2s00.0) + [ < 5 au<Ga*<a”vs>>—Za (Gy * (bivy)). ¢>

i,j=1

fZZa(Gs*(y b)), 0)dB],

j=1i=1

with the shorthand notations b;, a, , y, ' for bi(t,w,"), aijj(t,w,-), yij(t,w, "), respec-
tively. Next, letting || f'{lw1.coway := II.f lc,wey + I/ lILipra) for bounded Lipschitz
functions f on R4, we define

Ki(w) = K*(”b(t,w,')”c};(Rd) + ||a(t,w,-)||c§(Rd)

+ ||y(t,a), )”ég(Rd) + ||O'([, @, )”%/Vloo(Rd))’ (35)

Yi(w) = exp(Z/t K (w) ds),
0

for a constant K* < oo to be chosen later. The estimates at the beginning of the proof of
Proposition 3.1 show that Y7 < oo a.s. Thus, Itd’s formula yields
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d d

(Zs(;)JP) Zs(O) ¢)? [t ! Z > 0i(Gs x (V7 vs)),¢>2ds
t ] 1 i=1
+/0 #:)9% Z 3;; (Gs * (a”vs))—za (Gs * (byvy)). <p>

i,j=1

t d .
—/0 ZW(Z&'(G&’*()’;jvs)),g0>stf _/0 wd&
j=1 s i=1 g

where the functions inside the inner products belong to L,(R%) for a.e. s. We take the
expectation (thereby removmg the Inamngale terms thanks to (3.4)), sum over ¢ in an
orthonormal basis of L,(R%), and use ay = Zk LRy k4 oikq ]k) to get

2 d d
o UL S ETOTE RS R TARND o ae s o

Y k=1 ij=1

¢ d
+ [0 E[Yisz(zm) Z al,<65*(o”‘of"vs>)>] ds

k=1 i,j=1

t I 4 N ‘2K Z5 )13
E|— H 3:(Gs * (v Hd—/E;d. 3.6
+ [ [Ysz >0 x G as— [ ZRIOE 6 e
We abbreviate the latter equation as

4 p[1ZsOIB] _ g 1Gs = bl 2] _ o [2KalZs)13
dl Y[ Yt Yt

upon combining the first four integrals together (notice that |Gs * |v;||l2 = O implies
that all inner products involved are 0). By [51, (3.8) in Lemma 3.3, (3.7) in Lemma 3.2]
(taking H to be a singleton therein) and writing C; for constants depending only on d
we have

(Zs65). > 86+ ivitv) + | éai(cs I )

ij=1

2
2

= d“)’(s» 7')”22 d || 8 * |vS|
C @)z ra)y G

d

. ,

(Z565). D2 841Gy % (@] u) = Callo (5,0, 1 o gy | G #1055
ij=1

(Z5(5), 0:(Gs % (BN = Callb(s, . )le) ey | Gs * vsl 3.
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According to these inequalities we can choose the constant K™* in (3.5) such that th <K;
a.s. Moreover,

%E[uzs(r)n%} _ E[HGS < vlll 2 —ZK,)}

Y; Y;
2K
B DG B -1z | 6
t
Applying (3.8) for the positive measures v = v and v = v® we get d% E[—&—2 125 (t)llz] <0,

where Zéi)(t) = Gg * v,(i) fori = 1,2. Thus,

E[nz;"o)n%

SOk | <12 OIR) < BNl =12
t

Letting ¢ range over an orthonormal basis of L,(R¢) consisting of continuous bounded
functions and using Fatou’s lemma we find that

@) : @)
E[Z (Ut Y’t(p) :| — E[Z lims <§f (), (,0>2:|

(4 ¢

< liminfE[| Z§” O)[3] < E[lpl3]. i =1.2.
In particular, for any i and ¢, Z vt(l) , )% < 0o a.s., which means that v(l) has a density
o € Ly(R?) as. In addition, ||Z(')(t)||2 < 16|, a.s. Plugging back into (3.8) and

@2
relying on the dominated convergence theorem, for E [%] we have

0< E[Hp’)nz} — lim E[HZWM%]

Yt §—0 Yt
t Z(l) 2 X
= tim (=] [ 22507 - 2k ] + E1ZO 013)
§—0 0 Ys
t Z(’) 0 2
< lim sup (—IE [/ Mlﬂ dS:| + ]E[”P”%])
5—0 0 YS

) e 13
Ellpl3) —E| | 2K ds
s

where the second to last inequality is due to bZ < K and ||Z§i)(0)||2 < |lpll2; the last
inequality follows from Fatou’s lemma. All in all,

C1p)2 ,
]E/ T Kds | < Elllol3] (3.9)
0

N

Taking v = v® — V@ in (3.8) we see that, as p”, pi@ € Lr(RY), also p{" — p®

€ Ly(R?). Consequently, both ||Zs(¢)|2 and [|Gs * ® - v§2)|||% are bounded by
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2||p§1)||§ + 2||p§2)||§ and converge to [p{") — p§2)||§ as § — 0. Passing to the § — 0

limit in (3.8) and using the dominated convergence theorem with the help of (3.9) we get

1 2
E]E lor” — p; ”% <o.
dr Y;

Recalling that ,0((,1) = p(()z) = p and Y, € (0, 00) a.s., we deduce that pgl) = pgz) a.s. for

each ¢. By the continuity of # > (v,(i), @) forallp € C®(R?) andi = 1,2 (cf. (3.2)), we
must have vt(l) = vt(z) forallt € [0, T] a.s. [

4. Preliminaries on stable convergence

The proof of Theorem 1.3 follows an approximation-tightness-limit scheme similar to the
one in [34, proof of Theorem 2.6] and [66, proof of Theorem 2.5]. In our case, however,
we must keep track of the given probability space (€2, F, IP) throughout, and this compli-
cates matters. To do this, we work with the notion of stable convergence, which is quite
natural in the context of SDEs with random coefficients [41]. We summarize here the
minimal definitions and results we need for our purposes; see [40], [11, Section 8.10 (xi)]
for further background and references, or [41, Section 3-a] for a summary.

Consider a measurable space (S, §) and a Polish space E equipped with its Borel
o-algebra, and endow S x E with the product o-algebra. We write (S X E) for the
set of probability measures on S x E equipped with the stable topology, which is the
coarsest topology such that the maps P (S x5 E) > m + (m, h) are continuous, where
h:S x E — R is bounded and measurable with /(s, -) continuous for each s € S. With the
stable topology, & (S % E) is not metrizable in general. But, if § is countably generated,
then every compact set K C P (S xs E) is metrizable [11, Proposition 8.10.64]. (In fact,
this is precisely why we assume in Theorem 1.3 that §r is countably generated.) For any
probability measure A on (S, §) and any set K C & (E) which is compact with respect to
the topology of weak convergence, the set

{meP(S % E):m(-xE)=A, m(S x-) €K}

is compact in the stable topology (and thus also metrizable); see [40, Theorem 2.8]. In
particular, a set K C P (S x, E) is sequentially precompact with respect to stable con-
vergence if all elements share the same S-marginal and their £-marginals are tight.

We write (S X, E), instead of simply P (S x E), to emphasize the different roles
played by S and E in the stable topology. For example, in the following lemma, the
stable topology on P(Q x C([0, T]; R?) x, C([0, T]; R?)) is the one generated by the
functionals P > (P, h), where h : Q x C([0, T];R%) x C([0, T]; R?) — R is bounded,
measurable and continuous in its final argument.

Throughout this section and the next, we take the filtered probability space (2, G, P)
described in Theorem 1.3 as given, and we make frequent use of the canonical space

Q:=Qx (0, T];:RY) x C([0, T]: RY). (4.1)



D. Lacker, M. Shkolnikov, J. Zhang 3248

Any function g on Q2 extends naturally to Q, as does any o-algebra on 2, and we use
the same notation in each case. The processes © and B defined on €2 thus also live on 2.
Further, we define the canonical processes W = (W;)¢[o,7] and X = (X;)s¢[o,7] 0n Q:

Wl(a)’w7x) = Wy, Xt(a)»w,x) = Xt.

As usual, the filtrations generated by these canonical processes are denoted F¥ and F X,
respectively. We will work with various probablhty measures P on Q. We write Eg for
the expectation with respect to a given P, as well as L5(Z) for the law of a random
variable Z defined on 2. An expectation symbol E without a subscript will always mean
the expectation under P of a random variable on (2, 7, IP).

Definition 4.1. Let fP(§~2; IP) denote the set of probability measures P on € such that:
(1) The 2-marginal of P equals P.

(2) W and B are independent G Vv FWY v FX _Brownian motions under P.

@) FX 1L ?TW v &r|FW v foreacht €0, T].

(4) W is independent of 7.

We always equip P(Q:;P) with the stable topology it inherits as a subset of the space
P(Q x C([0, T]:R?) x, C([0, T]; R?)).

The first lemma will ensure that conditions (2) and (3) of Definition 4.1 are preserved
by our approximation arguments in Section 5.

Lemma 4.2. As a subset of (2 x C([0, T]: R?) x, C([0, T];: R9)), the set P(Q: P) is
closed in the stable topology.

Proof. This is immediate once one notices that conditions (2) and (3) of Definition 4.1
may be recast as requiring that P o (W, B)~! is the product of two Wiener measures and

0= Eﬁi[ft(w7 W»X)(gt-l-(Wv B) _]E]F[gt-i-(W’ B)])]»
0=Eg[fi(w. W.X)(V (. W) —Eg[y (0, W) | F¥ v &l W)

for each ¢ € [0, T] and bounded functions f;, g;+, and ¥ which are measurable with
respect to G; V "W Y, .‘FX o((Ws—W;,Bs — B;) :s €t,T]), and §7 Vv 377W respec-
tively, and with x — f;(w, w, x) continuous for each (w, w). These are clearly closed
constraints under the stable topology of £ (2 x C([0, T]; R¢) x, C([0, T]; R?)). Indeed,
the conditional expectation term presents no difficulty because, in light of conditions (1)
and (4) of Definition 4.1, it does not in fact depend on the choice of Pe J’(Q; P). [

Our next lemma shows that the conditional measures £5 (X, | 9r) are sufficiently
well-behaved under stable convergence:

Lemma 4.3. Suppose (ﬁ")neN is a sequence in J’(Q; P) which converges in the stable
topology to some P. Let i = Lpn (X1 | G7) for each n, which may be viewed as a random
variable on (2,87, P). If uy — w; weakly a.s. for all t € [0,T], then i, = L5 (X | 9r)
a.s. forallt € [0,T].
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Proof. For t € [0, T], a bounded §7-measurable random variable Z : Q2 — R, and a
bounded continuous function f : RY — R, we have

EIZ{ue. /)] = lim E[Z(u}. /)] = lim Eg,[Zf(X)] = EglZf (X)) m

The following proposition is a precompactness criterion for the stable topology, which
we will use repeatedly.

Proposition 4.4. Forn € N, suppose (b",0",p"): [0, T]x Q2 xR¢ — R? x R4*d x R4*d
is measurable with respect to the product of the G-progressive o-algebra on [0, T] x Q
and the Borel o-algebra on R?. Let P" € P (Q; P) be such that

dX; = b"(t, 0. X;)dt + 0" (t, 0, X;) AW, + p"(t.w, X;)dB;, t€[0,T], P"-a.s.,

andleta™ == a"(c™) " + y"(y™)". If the family {]I~D” oX;':neN}C P (RY) is tight,
and if for some p > 1 we have

T
C :=sup Ep, [/ (16" (t. 0, X))|? + |a"(t, 0, X1)|?) dl] < 00, 4.2)
neN 0

then the sequence (ﬁ”) neN admits a convergent subsequence in JP(S~2; P).

Proof. As discussed above, compact sets in the stable topology are metrizable since §7
is countably generated by assumption. Every element of J)(Q P) is a probability mea-
sure on P(Q x C([0, T]; RY) x, C([0, T]; RY)) with the @ x C([0, T]; R¢)-marginal
equal to the product of P and the Wiener measure. Hence, all we need to show is that
{f”" o X 1:neN}c P(C(0,T];R?)) is tight. To this end, for any § > 0 and stopping
times 0 < 71 < 1o < T with o — 71 < J ass., we estimate Eg, [| X7, — X¢, |?] with the
help of the Burkholder—Davis—Gundy inequality by

]

. p
2P Eg, [ +

(%) 2 ©
/ b"(u,w,X,)du / y”(u,a),Xu)dBu—i—/ o"(u,w,Xy)dW,)
7] T1 71

E2 D [ p/2
scp,dEﬁn[([ |b"(u,w,xu)|du) +(/ Ia”(u,a),Xu)|du) }
T T1

2 (5} 1/2
<Cpa (]E]g,,, [8”_1 / 6" (u, w, Xy)|? du:| +Eg, |:8p_1 / la" (u, w, Xy)|? du] )
T T

1 1

< Cpa(8P71C + Vér~10),

where C, 4 < 00 is a constant depending only on p and d. Therefore,

lim lim sup sup Epn[| Xy, — X, |P] = 0.

80 n—oco 0<t1<0p<T:1r—11<§

In view of the Aldous tightness criterion (see [42, Lemma 16.12, Theorems 16.11, 16.10,
16.5]), the sequence (P” o X ~1),en in P (C([0, T]; R?)) is indeed tight. ]

To pass to the limit, we repeatedly use the following proposition.
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Proposition 4.5. Let (b,a,y) be as in Theorem 1.3, and assume that b(t,w,-), a(t,w,-),
and y(t, w,-) are continuous bounded functions for a.e. (t, w). If a P (; P)-valued
sequence (P™),eN converges to some P in the stable topology, and if

T
sup B | [ (100,002 gy + 10,0 gy + 1700, ) 8] < .
ne
4.3)

then for any §-measurable random variable g : Q — [—1,1], 0 <s <t < T, continuous
1S C([0,s];R4)? — [—1,1], and ¢ € Cx (R%), one has along a subsequence’

t
i Epn[gww X)(w(xt) o (Xy)— / L2% o(X,) du— / V¢<Xu)Ty(u,w,Xu)dBu)]

N

t
—Eg [ghS(W X)(go(xt) o (Xy)— [ 129 (X, du— / Vso(xu)Ty(u,w,xu)dBu)].

Proof. Truncating (b, a) to be uniformly bounded, exploiting the stable convergence, and
removing the truncation with the help of (4.3) we get

Jim B, [ 0830 (X0 o0 - [ Lhpcxan)]

=Ep [ghs(W»X)(ﬂXz)—w(Xs)—/ infwﬂ(Xu)dU)]

To justify the convergence of the It6 integral part, we extend the probability space
further to Q := Q x C([0, T]; R), where the last factor accommodates the Itd integral
process

t
M, :=/ Vo(Xu)y(u, 0, X,)dB,, t€][0,T]
0

(which is a well-defined G Vv IFX -martingale under any probability measure in J’(S~2; P)).
Writing P” for the probability measure on

Q x C([0,T]:R) = 2 x C([0, T];:R?Y) x C([0. T]: R¢) x C([0, T]: R),

we see that the marginal of P on  coincides with P". Following the strategy of the proof
of Proposition 4.4 with (X, M) in place of X, we find a subsequential limit point P with
respect to the stable topology on P (22 x C([0, T]; R%) x, C([0, T]; R?) x C([O T];R)).
For ease of exposition, we denote by (IP’”),,GN a subsequence converging to P.

Next, we claim that the process M is actually a G v F" v FX -martingale under P.
By (4.3), for each t € [0, T], the random variables M;, M tz’ and M, B, are uniformly

2We abuse notation by writing A% (w, x) in place of I (wlpo,s]> Xljo,s))> for (w, x) €
C([0, T);R9)2.
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integrable under (]IA",,),,eN, since by the Burkholder-Davis—Gundy inequality,
t
B IM07) < G | [ 960X r0, X7 |
0

< det ”gpllCl(Rd) pn |:/ ”)’(U @, )”C(Rd) ]

for a constant C,, 4, depending on p, d and ¢. The uniform integrability together with the
stable convergence imply that, for 0 < s < ¢ < T and any random variable ¥ which is
the product of a bounded (2, §)-random variable and a bounded continuous function of
(Wu, Xu)uelo,s]> We have

Epl(M; — Ms)y] = lim Egp,[(M; — Ms)y] =0,

]pn

so M isaG v FY v FX_martingale under P.
We lastly argue that M equals the It6 integral process fot Vo(Xu) Ty (u, w, X)) dB,,.
To find the quadratic variation of M under P we compute, for iy as above,

Egl(M? = M{)y] = lim Eg,[(M? — M{)y]
t
= nlgfolo Epn |:/ IVo(Xu) Ty (u, », X,)|? du 1/;]

t
=Ep [/ IVo(Xo) Ty (u, . Xy)|* du w],
S
where the last equality is due to stable convergence and (4.3). Similarly, we deduce that

Es[(MB — M;B)y] = lim Ep,[(M,B; — M;B])y]
n—o0

= lim Eg, [/tw(xu)Ty(u,w,Xu)dm/f}

—Ep [ / Vo(Xo) Ty (n, @, X,) du w}.

Hence, under P, we have

d

d
o —(M.BT), =Vo(X) Tyt 0. X,).

dr

At this point, we apply [43, Chapter 3, Theorem 4.2] to find (possibly on a further
extension of the underlying probability space) a standard (d + 1)-dimensional Brown-
ian motion B and an R(@+D*@+1)_yalyed adapted process A such that

—(M); = [Vo(X)) "y (1,0, X)),

t t
M, =/ A% 4B, B! =f AlvdBg, i=1,....d,
0 0

A AT — ( Id y(t»w»Xt)TV(p(Xt) )
Vo(X)Ty(t.o.X:) |[Vo(X)Ty(t.0.X)?)
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where A; denotes the ith row of A;. Simple linear algebra then yields
d .
ALY =3 Vo(X) Ty (. Xo) AT
i=1

with ¥ denoting the ith column of y. This indeed reveals that M is nothing but the Ito
integral process fot Vo(X,) "y, », X,) dB,,. By the uniform integrability of M, under
{P"},en We have

t

= Eplgh* (W X)(M, — My)| = lim Eg, [gh* (W, X)(M: — M)

t
. T
= lim Eg, [ghs(W,X)/s Vo(Xy) y(u,w,Xu)dBu}.

The conclusion of the proposition readily follows. |

5. Superposition from SPDE to SDE: general case

With preparations out of the way, in this section we show the superposition principle in
the sense of Theorem 1.3, imposing gradually weaker additional conditions on the behav-
ior of the coefficients in the x-variable: smoothness in Proposition 5.1, boundedness in
Proposition 5.2, and local boundedness in Proposition 5.3. Similarly to [34, proof of The-
orem 2.6] and [66, proof of Theorem 2.5], each weakening of the conditions is achieved
by a suitable approximation-tightness-limit argument.

Proposition 5.1 (Theorem 1.3, smooth case). In the setting of Theorem 1.3, suppose that
for a.e. (t, w) the functions b(t, w,-), a(t,w, ), and y(t, w, ) are bounded and twice
continuously differentiable with bounded derivatives of the first and second order. If

T
2
/0(||b(t"”")||lc’,§(nad)+””([""")||gg(Rd)+||”(Z""")||cf§(ngd))dt<°° as., (5.1)

and |1y has a density p € Ly(R?) with E[llpll3] < oo, then the conclusions of Theorem
1.3 hold.

Proof. Step 1 (Approximation). Forn € N and ¢ € [0, T'], define
|t]n = max {27"kT : k €{0.1,...,2"}, 27"k T <t}.

For a constant D), < oo as in Proposition 3.1 and for n € N, let
() = inf{l e[0,T]:

t
[ 105,012y gy + 1600 5 gy + 17 5.0 g 5> Dp} AT

L2]n
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and set " (@) = f.nz,(w)(@). Then t, is a G-stopping time for each #, and lim, o0 Ty
= T a.s. by (5.1). Moreover, each process n” is G-adapted and satisfies

d(ul, @) = (U, LY gy dr + (W, (Vo) Ty"(t,0,-)) dB,, 1 €[0,T], g € CXRY),

where (b",a", y")(t,w, x) 1= <1, (0)} (b,a,y)(t, w, x). Thanks to Proposition 3.1
the superposition principle holds for every fixed n. Transferring to the canonical space Q
introduced in (4.1), we find {I?Pd’” :n e N} C {P(§~2; P) (see Definition 4.1) such that, for
eachn € N,

dX; = b"(t,w, X;)dt + 0" (t, 0, X;)dW; + y"(t,w, X;)dB;, P"-as.,

with u} = £5,(X; | 97) = L5, (X, | G;) as. for all ¢ € [0, T], and where ¢” is the
symmetric square root of @ — ™ (y™) .

Step 2 (Tightness). Next, we verify the tightness condition (4.2) of Proposition 4.4:

T
Egn [/0 (16" (t. 0, X1)|P + |a"(t,a),Xt)|‘”)dt:|
T
=E[/ <u7,|b"(r,w,->|1’+|a"<z,w,->|f'>dt]
0

T
sE[[ <ut,|b(r,w,->|1’+|a(z,w,-)|l’>dr]
0

and the latter is finite by (1.5). In view of Proposition 4.4, we can find a limit point
Peg (Q P) with respect to stable convergence. We relabel the subsequence so that
(IP’ )neN converges to P. Recall from Lemma 4.2 that the set (Q P) is closed in the
stable topology. and in particular we have X 1L 77 W er|FW v§ foreacht €[0,T]
under P. By Lemma 2.1 (with H = FX), thlS implies in partlcular that ¥ (VX 1 97|
for each ¢ € [0, T'], which we will use only at the very end of the proof. Fmally, since
uf converges weakly a.s. to u, for each ¢, Lemma 4.3 ensures that u; = £5(X; | 97) =
L5 (X | ;) as. foreach .

Step 3 (Limit). We proceed to derive an appropriate martingale problem for X under P,
in which we “forget” the canonical Brownian motion W defined on 2. To start, we use
1t6’s formula under P” to obtain

o(X0) — p(Xy) — / LY 5(X,,) du

N

t t
= / Vo(Xu)"y" (u, 0, Xy)dB, + [ Vo(X,) 0", 0, Xy) AWy, ¢ € CP(RY).

S S

Now, fix a §r-measurable random variable g : Q@ — [-1,1],0 <s <t < T, as well
as a continuous function #° : C([0, s]; R¢) — [—1, 1]. Since W is a Brownian motion
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independent of 7, we have (e.g., by Lemma B.1)
e | 1700 (X0 ~ 0(X)

t
_/ Zw" o(Xy )du—/ V(p(Xu)Ty”(u,a),Xu)dBu):| =0.

Further, for all m > n > 1 we have 1, < 1, and thus

Egm [ghs(X) [l Vo(Xu) (" = b")(u, 0, Xy) du}

t
< Iollcyo | [ G167 = 5"l |
S

t
—lolcymn E| [ w;",1{m<u51m>|b(u,w,')|>du]
S

t
< Iollcjme | [ Gt sl |
S

Similarly,

Egm |:ghs(X) /t Vip(Xy) : (@™ —a™)(u, 0, Xy) dui|

t
< ||¢||cbz(Rd)1E[ / <uu,l{r,,<u;|a<u,w,-)|>du}.
S

For the stochastic integral part, we combine Itd’s isometry and Jensen’s inequality to get

Egm [ghs(X)/ Vo(X.) (" —Y")(u,w,Xu)dBu]

1/2

t
< ||¢||C;(R4)E[/ wz,wm—y"uu,w,-)z)du]
s

1/2

t
< ol E| [ G w00, |
s

Putting everything together yields

Egn [ghS(X) (so(xt) —p(Xy)
/ LY o(X,) du — / t w(XnTy"(u,w,Xu)dBu)H
t
< ||<p||c,g(Rd)E[ [ b e (0.1 + |a<u,w,->|>>du]

1/2

t
+ ||¢||c;(Rd)E[ / <uu,1{fn<u}|y<u,w,->|2>du}
S
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Take the m — oo limit by means of Proposition 4.5, noting that (4.3) holds for
®",a", y™), to get

Eﬂ;[ghS(X)(sz)—aXs)—/ L%;“”w(xu)du—/ w(Xu)Ty"(u,w,Xu)dBu)”

t
< ||¢||cbz(Rd,JE[ [ st b1+ |a(u,w,-)|)>du}
S

t 1/2
+lollepmn | [ Gt ealyoaPa] 52
S

As noted in Step 2, we have j1; = £5 (X, | §;), and hence

Eg [ghs(X)f (VoXu)T(B" = b)(u,0, Xu) + 3 VZo(Xo) : (@" —a) (4,0, Xu)) dU}

t
< Wollza E| [ (e o (90,0, + b0, ) |
s

and, again by using Itd isometry and Jensen’s inequality,

t
’Eﬂa [ghs(X)/ Vo(X.) (y" - y)(u,w,Xu)dBu}
S
t 1/2
< ||<p||cb1(Rd)1E[/ (Mu,1<r,1<u>|)’(u,w,')|2)du]
S

Consequently, returning to (5.2), we have

t t
Efﬁ[ghs(X)(<P(Xz)—<p(Xs)— [ tgexoa- [ w<xu>Ty(u,w,xu>dBu)]'

t
< zuwnc,g(Rd)E[ [ e, (b0, + a0, 9) du}
s

t 1/2
+ 2||¢||C23(Rd) ]E[/ (M 1{rn<u}|7(uawa )|2> du]
s

Finally, the a.s. convergence 7, 2 Tin conjunction with the dominated convergence
theorem (recall (1.5)) yield

E@[gh%m(w(xt)—w(xs)— / L2 (X)) du— / Vgo(xu)Ty(u,w,xu)dBu)}o.

Step 4 (Martingale problem to SDE). We have thus shown that, for all ¢ € C° (R%),
the process

t t
o(X1) — p(Xo) — / L2 p(X,)ds — / Vo(X,)Ty (s, 0, X,)dBs, 1 €0, T],
0 0
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isa (9r v ?}X )¢e[o,7]-martingale under PP, and note that it is also adapted to the smaller
filtration G v FX = (§; v J’TZX )tefo,1]- Using linear and quadratic test functions as in
[43, Chapter 5, Proposition 4.6] we see further that

t t
D, = X,—XO—/ b(s,a),Xs)ds—/ y(s,0,X5)dBs, t€[0,T],
0 0
t
0; = XlXtT—/ (Xsb(s,0,X5) " +b(s,0, X)X, +a(s,0, X)) ds
0
t t
—/ Xs(y(s,a),Xs)st)T—/ y(s,0,Xs)dBs X', 1 €[0,T],
0 0

are both local martingales with respect to (67 Vv ?tx )tefo,7] under P.

We claim next that the covariation [D, B] is identically zero (noting that quadratic
variation does not depend on the underlying filtration). Indeed, D is a (97 v F,X )eelo,1]-
local martingale, so there is an increasing sequence of (97 v FX )¢efo,T]-Stopping
times 7, such that D;aq, is a square-intqgrable martingale. For i, j = 1,...,d and
0 <s <t < T, the §7-measurability of Btj implies

Eg[D]nr, BI 165 v FX]1 = Eg[ B EgIDi ., |97 v FX1| 6 v FX]
= Dl E5lB] 1 v 511 = iy, B,
We deduce that the covariation of D.A,, and B is identically zero for each n, and thus so
is the covariation of D and B.

Using [D, B] = 0 and some simple stochastic calculus (in the smaller filtration

G v IFX), we deduce

t t t
;= Qo+[ XsdDST+/ dDSXST—i—[D]t—/ o(s.w, X5)?ds, te[0,T].
0 0 0

Since D and Q are continuous local martingales with respect to G v FX under P, we
infer that the finite variation process

t
[D]; —/ o(s,w,X5)%ds, te€[0,T],
0
is also a continuous local martingale (in the same filtration), thus it is constant. Hence,
t
[D]; = f (r(s,a),XS)2 ds, te]0,T].
0

By [43, Chapter 3, Theorem 4.2], the (61 Vv thX )iefo,71-local martingale D admits the
representation

t
D; =/ o(s,0, Xs)dWs, 1t €][0,T], (5.3)
0
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where W is a d-dimensional Brownian motion. The construction of W in general requires
enlarging the probability space (Q.G vFX, P), but, following [43, Chapter 3, proof of
Theorem 4.2], this additional randomness can be achieved by appending an independent
Brownian motion W°; the des1red Browman motion W is then constructed to be adapted
to the filtration (67 v ¥ ’VtX v FW ; ),E[O,T]. (We point out here, as we did in the proof of
Theorem 3.1, that we may at the end of the proof enlarge the filtration to its completion,
and conclusions (1)—(4) of Theorem 1.3 remain intact.) From the definition of D and its
representation in (5.3) we deduce that X solves the desired SDE

t

t t
X; =X0+/ b(s,a),Xs)ds—l—/ y(s,w,Xs)st-l-/ o(s,w, Xs)dW;.
0 0 0

This completes the proof that the conclusions (1) and (4) of Theorem 1.3 are valid.
Moreover, conclusion (2) has been shown in Step 2 above. To deduce the compatibil-
ity condition (3) of Theorem 1.3, it suffices to check condition (4) of Lemma 2.1 (with
H =FX and W in place of W). We know that W is a Brownian motion with respect
to the filtration (67 vV & “X v F "'W )tefo,77- Thus W is a Brownian motion in the smaller
filtration (61 Vv thX \Y fF,W),e [0,7]> With respect to which it is adapted. This is condition
(4a) of Lemma 2.1. Finally, recalling that WO 1l gr v 3773( and ,'F,X 1l 87 | §; for all
t €0, T], we easily deduce that .(FtW v FX 1L 67| g, forallt € [0, T], which is exactly
condition (4b) of Lemma 2.1. [

Proposition 5.2 (Theorem 1.3, bounded case). In the setting of Theorem 1.3, if

T
/ <sup |b(t,w,x)|” + sup |a(t,a),x)|”) dt <0 as., (5.4)
0

xeR4 xeRd

then the conclusions of Theorem 1.3 hold.

Proof. Our proof strategy is similar to the one in [34, proof of Theorem 2.6] and [66,
Section A.4, case of bounded coefficients]. We are going to construct from px a sequence
of probability-measure-valued processes (") en associated to SPDEs with smooth and
bounded coefficients and again perform a tightness-limit argument.

Step 1 (Approximation). Let ¢ be a probability density function belonging to C° (R%),
symmetric about 0, and such that | D¥o(x)| < Myo(x) for some constant My < oo for

each k € N. (For example, take o to be a multiple of e~V 1+|x|2.) For eachn € N, we set
on(x) = npo(nx) and define the probability-measure-valued process j1”" = pt. % op, as
well as

(bi(t, ., )pe) % 0n _ Jga 0n(- = ¥)bi(t, @, y) p(dy)

b (t,w,") = = ,

(o) Kt * On Jra 0n(-—y) pe(dy)

on ) — (aij(t’w’ ),u’t) * On _ f]Rd Qn( - y)aij([’w’ y) H‘t(dy) 55
aij (t-0.) [t * On Jra 0n(-—y) pe(dy) - 69
Y (1. ) = (ij(t. 0. )pe) *on  Jpa Qn(-—y)yz‘j(t,w,y)ut(dy)’

e * On - Jra 0n (-—¥) 1 (dy)
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fori, j = 1,....d. Then, noting that |y| < ~/d \/|a|, we have

|6°" (¢, w, )”C 1Rdy < 2nMy sup [b(t,w,x)],
xeR4

la® (z, w, )||C2(Rd) < 2n*(My +2M3}) sup |a(t,w,x)|,
xeR4

lye(t, w, )I|C2(Rd) < 2n*(My +2M3?) sup /la(t, ,x)

xeR4

It now follows from (5.4) that, for eachn € N,

T
L0500y gy 10002 gy + 17210 ) 8 <00 s

Moreover, by Holder’s inequality,

| [ 0n(x = 9)bi(t. 0, ¥) e (@y)]?
b (1, @, x)|? 17 (x) dx = d
/Rd' i (.01 g (o) dx /R IR

_ . p
s/Rd /R on(x — )bt . y)|? o (dy) dx

S I 56)

/ 0% (¢, 0, %)|7 1 (x) dx < / i (t. . 91?1 (), 5.7)
R4 R4

so that (1.5) holds for 59", a®” and u”".
In addition, a repeated application of Fubini’s theorem gives

d(uh, @) = (U, L2 ) di 4+ (', (Vo) Ty9" (1,0,-)) dB,, 1€[0,T], 9 eCP(RY),

with E[||u8|13] < sup,ega 0n(x) thanks to Jensen’s inequality Further, abbreviating
a®(t,w,-), yo(t,0,-), a(t,w,-), y(t,w,-), and o (¢, w, ) to a?", %", a,, y;, and oy,
respectively, we find, for any ¢ = (cy, ..., cd)T e RY,

(@ =y (v e
_ (eTare ) * on) (o * on) = (e Tyeste) * onl?

(1e * on)?
. (e TyePue + leTorPie) * 0n) (e * 00) — (€ TYeste) * 0nl?
B (s * 0n)?
o (eTyilPpe x 0n) (e 00) =1 Tyepe) x 0al?
B (s * 0n)? -

where the final estimate is due to the Cauchy—Schwarz inequality. Thus, a®" — y@ (p27)T
is positive semidefinite and symmetric, and we can let ¢©” be its symmetric square root.
All in all, the smoothed coefficients adhere to the conditions of Proposition 5.1, and thus
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the superposition principle applies for each n. Transferring to the canonical space < intro-
duced in (4.1), we find P" € P (2;P) for n € N (see Definition 4.1) such that, for each
neN,

dX; = b (1,0, X;)dt + 62 (t, 0. X;) AW, + p2 (t,0, X;)dB; P"-as.,

with 1 = L5, (X; |97) = L34 (X1 | ;). 1 €[0,T], and with FX L F ¥ vgr | FV v g,
under P" for each 7 € [0,T].

Step 2 (Tightness). We aim to apply Proposition 4.4 to (ﬁ’")neN. Since P" o X; ! con-
verges weakly to E[uo(-)], we only need the existence of a uniform (in ) bound on

T
EI"P’,V, |:/ (|b9”(t,a),Xt)|p+|a9”(t,a),Xt)|p)dti|.
0

Since u} = £, (X, | 9r) as., this follows from (5.6), (5.7) and (1.5). Using Proposi-
tion 4.4 we get a limit point Pep (S~2; IP) with respect to stable convergence. Once again,
we relabel the subsequence so that (IF’")neN converges to P. Recall from Lemma 4.2 that
J)(Q; PP) is closed in the stable topology, and in particular thX A ?TW Vv §r | .(FtW Vv §;
for each ¢t € [0, T] under P. By Lemma 2.1 (with H = FX), this implies that %X 1L
97 |G, foreacht € [0, T]. Lemma 4.3 shows that also 1, = £5(X; | 9r) = L5(X: | G;)
a.s. for each ¢.

Step 3 (Limit). As in Step 3 in the proof of Proposition 5.1, our goal is now to derive an
appropriate martingale problem for X under P. With ¢, g, s, ¢, and #° as therein,

Es, [ghS(X) (w(xt) —p(Xy)

t t
— / L5 o(X,,) du — / Vo(Xu) 'y (u, w, Xy) dBu)} =0. (5.8
) N

Below we define a triple (5, @, 7) : [0, T] x 2 x R — R4 x R9*4 x R9*4 measurable
with respect to the product of the G-progressive o-algebra on [0, 7] x € and the Borel
o-algebra on R? such that all (b,a@, )(f, w, -) are continuous and compactly supported
in R, with their supremum norms being bounded uniformly by a constant M < oo. For
these, set

_ (Bilt,0,)p0) * on _ fga 00— p)bi(t, 0. p) pi(dy)

e (t, ., - ,
i) Wi * On Jra €n(-—y) pe(dy)
- @ij(t, 0, ) % on  [ga 0n(-— ¥)Aij(t. @, ) ps(dy)
Qn t,w,) = J = R J s (59)
aj o) e * 2 Tt O — 3 12 (@)
)7'Q'n(l ® ) — (Vij(t»w»')ﬂt) * On _ fRd Qn('_y))’;ij(l,w, y) /J“t(dy)
v Wt * On Jra €n(-—y) pe(dy)

Next, we use the tower rule, a stochastic Fubini theorem (cf. Lemma B.1), Jensen’s
inequality, and It isometry to estimate an expectation similar to the one in (5.8) but with
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the new coefficients, for0 <s <t < T

Es, [ghS(X) (sa(x,) —o(Xy)

[ t
—/ Lﬁiﬁ"'Q"(p(Xu)du—/ V<p(Xu)T;79n(u,w,Xu)dBu)]'
S

s

t
E]ﬁ" |:/s E]ﬁ’" [ghS(X)V(p(Xu)T(yQ” - 79,,)(”’ w, Xu) | gT] dBu:|

i ! B aln
+Eg / (L5 = LA )p(Xy)| du
LJS .
t
/

! B aén
f (L2502 = LA (X)) du
S .

1/2
Eps[gh* (X)Vo(Xu) T (r% = 77) (w00, Xy) | 5r]\2du) }

IA
&=
el
1
/—\

< E[/ (1 (Vo) T (% = 7o) (u, @, )])? du}

1/2

t ~
on _qfn on gfn
| [l = LB ) o],
s

where we have exploited |g| < 1 and |#*| < 1. Moreover, we control the latter term via
the pointwise bound

(un,|(B%" — b°")(u. w.") - Vo)
=/ /gn<x—y)<b—5>(u,w,y>-W(x)uu(dy) dx
R4 R4

= ”(p”CL}(Rd) (1w, [b — 5|(u,a), ),

where we have relied on the definitions of 527 and b°~. Putting this together with an
analogous bound for the a-terms we arrive at

! B aon
E[ [ ke - L )¢|>du]
S

t -
< Wollczn E| [ G L85 T an ]
with the shorthand notation
|Lz;,,z’a_a|(x) = b, 0, x) —b(u,w,x)| + lau,w, x) —a(u,w, x)|. (5.10)
Similarly, for the y-terms we have the pointwise bound

(12 (Vo) T (o — 7o) (u, w,9)]) < lelle) ®a)lmu: v =71, @, ).
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All in all, we conclude that

[ t
—/ LZ?G")’“anp(Xu)du—[ V<p(Xu)T;7@n(u,w,Xu)dBu)]'

S N

t 1/2 t
< lolez g (JEU (Mu,|}’—}7|(u,w,-))2du:| +EU (. |15 T ,,)du])_

.11

We aim to take the n — oo limit on the left-hand side of (5.11). To this end, note that

Eg. [ghS(X) [ (Lo an _ Lb")«p(xu)du}

< / W[ILEE 152, (x,)|] du

t
= ||§0”C§(Rd) / [(/‘Lu, |Lb9n baQn—a|>] du, (512)

and also

Es, [ng) f Vo (Xu)T (70 (1, . Xa) = F (11,0, X)) dBu]

! " 1/2
<Epn [/ Egn [ghs(X)Vw(Xu)T(fQ" P, 0, Xy) | ﬁT] du:|

1/2
< Mol B [ Gk 77 = Pl 17 au] g (513
In addition, the definition of @ a " yields
(i |a% =il (u, w,))
B /Rd /]Rd e anl(; ;y(ia_,(yu) Z: zi)y/;t(dy) —aij(u, 0, x)| 0" (¥ —2) s (dz) dx

s/ / 1 0t 0. ) — oy (. 0. 3)|Q" (& — ¥) pe(dy) dx.
R4 JRA

Fubini’s theorem, the continuity of &;;, and the dominated convergence theorem (recall
|d;j| < M) imply that the latter upper bound tends to 0 as n — oo, and so do the cor-
responding b- and y-terms. Another application of the dominated convergence theorem
gives the convergence to 0 of the upper bounds in (5.12) and (5.13) as n — oo. Thus, the
n — oo limit of the left-hand side in (5.11) is the same as that of

o t
Es, [ghs(X)(w(Xz)—f/)(Xs)— / L5 (X, du— / Vo(Xu)F 0. Xu)dBu)} ‘
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At this point, we can pass to the n — oo limit by means of Proposition 4.5, which in
view of (5.11) results in

E; [ghS(X)(mx,)—so(Xs)— / L3 (X, du — / W(Xu)Tf(u,w,xu)dBu)”

N

t 1/2 t -
< ol (B[ [ oty =plocooan] 48] [z Fema]).
N s
(5.14)

Now, as noted in Step 2, we have p,, = £5 (X, | 97) = L£5(Xy | §,) a.s. Using this and
the same method as in (5.12) and (5.13), we may change (5, a,y) to (b,a,y) on the
left-hand side of (5.14):

Ep [ghS(X)(<p<X,>—<o<Xs)— / L2 (X, du — / w(xu)Ty(u,w,Xu)dBu)”

S

t 1/2 t -
< 2otz ([ [ ety = Flonw.2au] "+ ] [ g L Fo T au] ).
N S
(5.15)

We now specify the way we choose the triple (b, a, 7). Take &; i (t,w,+) as an example.
For any desired bound M < oo on |a;;| and any fixed € > 0, we define, for each K € N,
CEXRY) ={ne CcRY) : nllcway < M, [Inllipmay < K, supp(n) C [-K, K]},

fx 1 [0.T] x @ x CX(R?) - R,
(t,0,m) = (11 = Ya;; 0.91<M3 @i € @) Ly (s @) — &)+

mg(t,w) = inf  fx(t,w,n).
neCX R4)

Then CX(R9) is compact in the Polish space C([—K, K]¢), and f (¢, w, ) is continu-
ous in 1. Therefore, by the measurable maximum theorem [3, Theorem 18.19], mg is
measurable and there exists a measurable selection % such that

Skt o ng(t.w)) =mk(t,w), (t.w)el0,T]xQ.
Further, we let S := @ and
Sk :={(t,®):3n € CXRY) : 1= oy, (wi<any @i (60, ) Ly o) <€ K €N,

and notice that every Sk is measurable as the preimage of {0} under the measurable m .
Moreover, (Sk)keN is a non-decreasing set sequence with | g Sk = [0, T'] x Q since
every Li(u;(w))-function can be approximated in the L;(u;(w))-norm by compactly
supported Lipschitz functions. Finally, we define a;; according to

aij(t,w,x) = ng(t,0)(x), (t,0)€ Sg\Sk-1, K eN. (5.16)
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The measurability of @;; follows from the measurability of the restrictions of a;;
to Sx\Sk—1, which in turn are measurable as compositions of the measurable map-
pings (n%,1d) : Sk\Sx—1 x R? — C([-K, K]?) x R? and C([-K, K]¢) x RY — R4 :
(n, x) — n(x). In addition, we have

(e (@), |a@ij — aij Yo, <my|(t, 0,9) <&, (1, 0) €[0,T] x Q,

and thus

]E[(/”le |aij - al] |(t7 w, '))] <e+ E[(Mtv |aij| 1{\a,~j|>M}(tv w, ))]

Constructing b; and ¥ij in a similar fashion we see that the right-hand side of (5.15) can
be made arbitrarily small by choosing ¢ > 0 small enough and M < oo large enough.
In conclusion,

t t
Ep[ghs(X)(so(Xt)—w(Xs)—/ LZ:Zw(Xu)du—/ V(p(Xu)Ty(u,a),Xu)dBu)]zo,

S

which means that
t t
9(X:) — ¢(Xo) — / L%% o(X,) du — / Vo(Xu)Ty(u. 0. X,)dB,., t€[0,T],
0 0
isa(6r Vv f’”tx )refo,7]-martingale. We complete the proof by following Step 4 in the proof
of Proposition 5.1. u
Proposition 5.3 (Theorem 1.3, locally bounded case). In the setting of Theorem 1.3, if
T
/ (sup |b(t,w,x)|” + sup |a(t,a),x)|p) dt <0 as., (5.17)
0 ‘xeAd x€A
for each bounded Borel set A C R?, then the conclusions of Theorem 1.3 hold.

Proof. Our proof strategy is similar to that of [66, Section A.4, case of locally bounded
coefficients]. This time, we approximate the coefficients with the help of C*(R?) cutoff
functions y g : R? — [0, 1] which satisfy yg(x) = 1 for |x| < R, yg(x) =0 for |x| > 2R,
and |Vyr| <2R7Y,|V2yg| < 4R2 everywhere. Define xR = (7R, .. .,zrg) :R? > R4
by 7R (x) := yr(x)x, so that z®(x) — x as R — 0o. We note for later use that

sup ||DJIR||Cb1(Rd) < 0. (5.18)
R>0

Here we write DR for the Jacobian matrix of =&, so that its (i, j)entryis d j niR.

Step 1 (Approximation). We let 7% (x) := yr(x)x and introduce the pushforward mea-
sures uX defined by

(R 0) = (np o), ¢ e CRORY).
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A straightforward computation yields, for ¢ € C° (RY),
d

d(uf 0) = Y (e, @)@ ROV b, 0,) + Jat,0,) - VP2 f))di
i=1

d
1
+ 5 D (e (V) Tat 0. ) (V) @) (27 () de
i,j=1
+ (e, (Vo) ()T (Da®) y (1.0, ) dB,. (5.19)
Define new coefficients (b%,aR, yR) by
bR(t.w,) = B[V X)Tb(t 0. X) + 2a(t, 0. X) : V2 2R (X) | 2R (X) =],
aj(t.0.) = Eu @ [Vrf (X) Ta(t.0. X)Vaf (X) 2% (X) =,
yR(t.0.) 1= Ey @D (X) y(t.0. X) | 2% (X) = ],
where the notation is understood to mean, for each fixed (¢, w), that we are taking the
expectations of functions of a random variable X ~ u;(w), conditionally on the value of
xR (X). Then (5.19) becomes
R ,R
A @) = (uf Loy o)t + (uf (Vo) Ty (t.0,))dBy, 1€[0.T], 9 € CXRY).
Notice that the new coefficients b and a® obey

sup 6 (t,0.0)] < 107 cypay sup (1B(t.0.5)] + laCt.0.2)]).
xeR4 x|

sup |a®(t,w,x)| < |IDxR|Z, g, sup la(t, w, x)|.

xeR4 lx|<
Together with (5.17), these show that (5.4) holds for b%, a®. Moreover, Jensen’s inequal-
ity and (5.18) yield (1.5) for u®, bR, a®. Lastly, we compute

@ —yReH (.
= Epu (D) (X)(@—yy ) (t.o. X)(Dx®)T(X) |2 R(X) =]
+ Epuy o) [(DTR)X)p (1.0, X)) (D) (X)y (0. X)) | 2R(X) =]
Ew@(Px®)(X)y (0. X) [ 7R(X) =]
X E @ [(Dr®) Xyt 0. X) | 2R (X) =17,

where the last two terms give the conditional covariance matrix of (D ®)(X)y (t,w, X).
R _ yR(pyR)T is positive definite and symmetric. We let o & be its symmetric
square root. All in all, u® and the coefficients %, a®, y® comply with the conditions
of Proposition 5.2, and the superposition principle applies for each R. Transferring to the
canonical space Q introduced in (4.1), we find PR ¢ (Q P) for R > 0 (see Defini-

tion 4.1) such that, for each R,
X = b (t,0,X;)dt + 0% (t,0, X;) AW, + p° (1,0, X;)dB, PR-as.,

with puR = Ler(X: |97) = Ler(X: | G;) as. for each 1 € [0, T], and so that FX A
?TW Vv Er | ?,W \ &, under PR foreach s € [0, T].

Hence, a
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Step 2 (Tightness). To apply Proposition 4.4 it suffices to provide a uniform bound on
T
Epx U (1BR (1. 0. X0)|? + |a®(t, 0. X1)|?) dr]. (5.20)
0

By Fubini’s theorem, the tower rule, the definition of &, and Jensen’s inequality,

T
Bea [ (%00, X017 + 10 (0. X017t |
T
ZEU <u5,|bR(z,w,->|P+|aR(t,w,->|P>dz}
OT
- EU (e [BR (.0, ARO)P + |aR(t,w,nR<-)>|P>dr]
0

T
< Gmax(| D712, o ||DnR||ZC’;(Rd))1E[ /0 (e, (2,0, )17 + |a<r,w,-)|1’>dr].

Thanks to (1.5) and since | Dr || 1 (R) remains uniformly bounded as R € N varies,
the expectation in (5.20) is uniformly bounded. Applying Proposition 4.4 we obtain a
limit point Pe P(Q: IP) with respect to stable convergence. Once again we relabel the
subsequence so that (IF’R) R>0 converges to PP. Recall from Lemma 4.2 that P(Q; P) is
closed in the stable topology, and in particular fF,X A ?Tw Vv &r | thW v G, for each
t € [0, T]. By Lemma 2.1 (with H = FX), this implies that X 1l 67 | §, for each
t € [0,T]. Lemma 4.3 ensures that also yu; = £5(X; | 97) = L5 (X, | ;) a.s. foreach .

Step 3 (Limit). With ¢, g, s, ¢, h¥ as in Step 3 of the proof of Proposition 5.1, we have
st 00 (00X~ p(X0)

t t
- [ e o= [ vec)Ty o, xoas,) | o
N N

As in Step 3 of the proof of Proposition 5.2, we define below a triple (5, ay):
[0,T] x @ x R? — R? x R4*4 x R4*4 measurable with respect to the product of the
G-progressive o-algebra on [0, T] x Q and the Borel o-algebra on R? such that all
(5 ,a,y)(t,w,-) are continuous and compactly supported in Rd, with their supremum
norms being bounded uniformly by a constant M < co. For these, we have

Esr [ghs(X)(w(Xt)—w(Xs)— / L5 o(X,) du— / Vo(Xn) 7.0, Xu)dBu)]’

N

t -~
Esr [ghsm( / (LY — LBy (X,,) du
5

+ / V<p<xu)T(yR—7>(u,w,xu)d3u)]'. (5.21)
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In addition, we note

t > o~
‘EFR [ghS(X) / (LhSe" LZ:Z))w(Xu)du}

4 R R B~
SE@R[ / (L% —LZjZ,)w(Xu)Idu}
5

=1E[/st(u,’f,

By plugging in the definitions of
further:

BR b)Y, 0,) - Vo + @R -d)w, 0, : V2<p|)dui|.

R bR, aR and using Jensen’s inequality we bound this

(LR 1BR —b)(u, w,-) - Vo)
= (s |(BR = B)(u, 0, e R () - V(=R ())])

d - 1/2
< ||<p||Cé(Rd)<,uu, (Z\(VﬂiR)Tb(”’w’ J+iauw,): VZnIR—bi(u,w,nR(,))yz) )

i=1

for (4, w) € [0, T] x €2, and similarly

(uR @R - @), 0. : V¢
< ¢l czay (s |(DTR) @, 0,) (D) T =, 0, 25 ().

From the definition of 7 ® it is clear that D ® converges pointwise to the identity matrix,
and all second order derivatives of = ® converge pointwise to zero. Recalling (5.18), (1.5),
and that (Z ,a) are bounded and continuous, we may pass to the R — oo limit by means
of the dominated convergence theorem and get

lim sup
R—o0

t B o~
Egr [ghS(X) / (L% — LZ:;>¢(Xu>du]
S

t z ~
< ||¢||Cbz(Rd)1E[ / (s LS D274 du},
S

with the shorthand notation introduced in (5.10).
For the stochastic integral term, a similar argument upon an application of the tower
rule, Jensen’s inequality, and It6 isometry yields

Egr [ghS(X) / Vo(Xu) (R — 7). 0, Xy) dBu}

t 1/2
< IE[/ (s 1V TR =P, 0,9))? du}

t 1/2
< ||‘P||C;}(Rd)E|:/ (e (D) p (.0, ) 7<u,w,nR<->>|>2du] ,
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so that by the dominated convergence theorem,

lim sup
R—o0

s [ghsm / Vo(X) T (rF = 7). 0. Xu) dBu}

1/2

< ||¢||C;(Rd)1E[[ <uu,|(y—7><u,w,-)|>2du]

We now take R — oo in (5.21) and use Proposition 4.5 to deduce that

t o t ' 1/2
snsouc,g(Rd)(E[ [ (Mu,ILZL"’“_“)du}HE[ [ <uu,|<y—7><u,w,->|>2du} )

Arguing as in the paragraph between (5.14) and (5.15) we change (b,a, 7) to (b, a, y):

E; [ghS(X)(go(X,)—go(Xs)— [ L5 (X, du [ w(Xu)Tf(u,w,Xu)dBu)”

E; [ghS(X)(«)(x,)—go(Xs)— / L2 o(X,) du — [ W(Xu)Ty(u,w,xu)dBu)”

N

t - t 1/2
< 2otz (E| [ ol Than| 4] [ Gl - prooan] ).
(5.22)

It remains to construct (5 , d, ¥). We pick an approximation level ¢ > 0 and claim
that we can find some M < oo such that b; 1{p;|<m} @ij 1{ja;;|<m}> and yij 1y, |<m}
are g-good approximations of b;, a;;, y;; in the distance on the right-hand side of (5.22).
Indeed,

t
E[/ (. 1bi (u, @, +) = bi(u, @, ) Vb, (u,0,9]<M} ) du}
N
t t
= IE|:[ (s |bi (U, 0, ) L, (us0,) 1> M} ) du:| < Ml_p]E[/ (i, |bi (u, w,-)|P) du:|,
s s
the corresponding expression for a;;, and
t
IE|:/ (Muv |yl] (u’ w, ) - Vij(u~ w, ) l{lyij(u,w,~)|§M}|)2 dui|
)
t
< E[/ (s 17 (1, @, ) Yy o > w3 du]
N

t
< MZ_Z”E[/ (L, |Vij(u,w,‘)|2p)dui|
N

can all be made arbitrarily small by choosing a large enough M < co. We now define
(b, da, y) by applying the procedure in Step 3 of the proof of Proposition 5.2 to
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bi 1y, 1<y Gij Lja;;1<Mm}> Vij Y{|y;;1<m}, thus making the right-hand side of (5.22) arbi-
trarily small. Consequently,

t t
o(X1) — p(Xo) — / L2 6 (X,,) du — / Vo(X) Ty (1.0, Xu)dBy. 1€ [0.T].
0 0

isa (97 Vv ftX )¢efo,7]-martingale. We complete the proof exactly as in Step 4 of the proof
of Proposition 5.1. u

Proof of Theorem 1.3. We are finally ready to prove the general case, Theorem 1.3. Our
strategy is similar to that of [66, Section A.4, general case]. We use the same convolution
construction as in the proof of Proposition 5.2 to reduce the general case to the locally
bounded case covered by Proposition 5.3.

Step 1 (Approximation). We define ©”, 9", a®", and y¢" according to the formulas
in (5.5) and the line preceding it, with a strictly positive g as there. Next, we check that
b9, a®", y©n satisfy the conditions in Proposition 5.3. By Jensen’s inequality, we have

Jra 0n(x = y)b(t, @, y) 1. (dy)
Jra 0n(x = y) 1, (dy)

Jra 1b(t, 0, )| ni(dy)

Jra 0n(x = y) e (dy)

|69 (¢, w, x)| =

< lenlc,®a)

Since fRd on(x — y) pus(dy) is a strictly positive continuous function of (¢, x) a.s., it
admits a lower bound c4(w) > 0 on [0, T'] x A for any fixed bounded Borel A C R?.
Hence, by Jensen’s inequality,

T T
[ swp b0 007 dt < @) lanll gy [ [ 160,17 petan)ar
0 b 0o JRr4

xeA

Carrying out the same estimates for a®” and recalling (1.5) we deduce that

T

/ sup(|b9” (t,w,x)|? + sup IaQ"(t,a),x)lp) dt <oo as.,
0 x€4 x€A

for each n. The other conditions in Proposition 5.3 can be verified for u”, b9, a?”, and

y@ exactly as in Step 1 of the proof of Proposition 5.2. Therefore, the superposition

principle of Proposition 5.2 allows us to find probability measures Pr e P(Q; P) for

n € N such that, under f”",

dX; = b (t,w, X;)dt + 69" (¢t,w, X;)dW; + 9" (t,0, X;)dB; P"-as.,

with u} = £5,(X; [ 9r) = L5 (X1 | G) as. for each 1 € [0, T], and so that 37tX ain
5‘77W v &r | FW v & under P foreacht € [0, T7].

Step 2 (Tightness). Step 2 in the proof of Proposition 5.2 can be repeated literally.



Superposition and mimicking theorems 3269

Step 3 (Limit). We derive inequality (5.15) as in the proof of Proposition 5.2 and pick
the coefficients b, @, y therein as in Step 3 of the proof of Proposition 5.3. This renders

t t
o(X1) — p(Xo) — / L2 o (X,,) du — / Vo(X) Ty (.. X)dB,. 1€ [0.T].
0 0

a(érv 3,th )refo,71-martingale, for ¢ € C° (R?). We then complete the proof exactly as
in Step 4 of the proof of Proposition 5.1. ]

6. Superposition from Fokker—Planck equation on # (R¢) to SPDE

Proof of Theorem 1.5. The main idea of the proof is to recast (P;);c[o,7] as probability
measures on R and to use the superposition principle of [66, Theorem 7.1].

Step 1 (Reduction from £ (R¢) to R™). We start by establishing the following lemma
which yields a countable collection of suitable test functions.

Lemma 6.1. There exists a set {¢, : n € N} C C®(R?) such that for all p € CX(R?)
one can find a sequence (ny)ren such that (¢n, , Vo, , V:0n, JkeN converges uniformly

to (¢, Vo, V3p).

Proof. It suffices to show that the space C° (R?) is separable under the norm
lells := max D%l c, may-

where we have adopted multi-index notation. We first prove that C° (R?) is separable
under the uniform norm. By the Stone—Weierstrass theorem, C([—K, K]¢) is separable
under the uniform norm for every K € N, e.g., the polynomials with rational coefficients
form a countable dense set. Therefore, as a subspace of a separable space, CZ°((—K, K %)
is also separable under the uniform norm for every K € N. Suppose Sk is a count-
able dense subset of C°((—K, K)?). Then | J keN Sk forms a countable dense subset
of C° (R?) under the uniform norm.
Further, for each m € N, the space C® (R¥)™ is separable under the norm

l@lloo := max llgillc,@a). ¢ =(@1.....om) € CERI)™.

Consider the mapping M : C°(R?) — C22(R4)4*+4+1 ¢ 5 (¢, Vo, V2p). Then || @]
= || M(®)]loos SO M is an isometry from (CZ(R4), | - [+) to (M(CPR)), | - [loo)-
Since (M(CX(R)), || - |lso) is a subspace of a separable space, it is itself separable,
which proves that (C° (R?), || - |l+) is separable. |

Henceforth, we fix {g, : n € N} C C®(R¢) as in Lemma 6.1 and define the mapping
S PRY) = R®, m > ((m, ¢n))nen. It is straightforward to see that § is an injection.
The next step is to lift the PDE (1.9) to 2 (R*°).
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Step 2 (Identifying the PDE in 2 (R>)). Let Q; = P; o §7!, ie., O, is the law of
S(u:) when £(us) = P;. Let us write C2°(R*°) for the set of smooth cylindrical func-
tions on R, that is, functions of the form f(z) = ]7(21, ..., zx) for some k € N and
]7 € CX(R¥). Applying (1.9) with @ = (¢n)nen We find, for every f € C(R™) and
t €0, 7],

/]Roo f(2)(Qr — Qo)(d2)
t 00 1
B [) /Roo[gaif(z)ﬁi(s,z) + 3

where §: [0, T] x R® - R*® and & : [0, T] x R® — R x R are given by
Bilt.2) = (57" @) L5 )0
aij (1.2) = (§71(2). (Vo) Ty (1. 571 (2).)) - (71 (). (Vo) v (1. 571 (2). ).

Note that the summations in (6.1) are in fact finite sums, since f is cylindrical, and that we
only need to define B(z,-) and (¢, -) on S (P (R?)), since Qy is supported on S (P (R?)).

> 0 f(2) (s,z)i| Qs(dz)ds, (6.1)

i,j=1

Step 3 (Using the superposition principle in R*°). We use [66, Theorem 7.1] upon
checking that, for i, j € N,

T T
// |ﬂi(z,z>|PQt(dz)dr=f/ [(m. LP8 0|7 Py (dm) dr
0 Roo 0 P(RD)
. T
p— P RYIE4 RY[P4
<ol [ o BN 5 Tt 1 ) Pt <

and similarly

T
[ / |aij (2, 2)|? Q:(dz)dt
0o Jreo

T
B / / [(m, (Vo) Ty(t,m,)) - (m, (Vo) Ty (t,m,))|? P,(dm)de
0 !P(]Rd)

T
P P 31127
= 19111 gy 197 1 /0 /ﬂ) gty 17Dy P 8 < oo

By [66, Theorem 7.1], there exists a solution Q € P (C([0, T]; R*°)) of the martingale
problem associated to the system of SDEs

AZE = (§7HZ0). LY, oy o) dt + (87HZ0). (Vo) Ty (.71 (Z)).)) dBy. i €N,
(6.2)
for which the corresponding marginal flow (£(Z;));e[o,7] equals (Q¢)refo,T]-

Step 4 (Mapping back to C ([0, T]; 2(R%))). We claim that Q gives rise to a weak
solution of (6.2). Indeed, by following [43, Chapter 5, proof of Proposition 4.6] the claim
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can be reduced to a martingale representation theorem in the form of [43, Chapter 3,
Theorem 4.2], but in our case with countably infinitely many local martingales. To deal
with this discrepancy we choose, for each ¢ € [0, T'], the smallest n, > d such that the top
n; x d submatrix of the matrix ((§~Y(Z;), (Vi) Ty(t.S$7(Z;).")))ien has the same
(finite) rank as the full matrix. We can now carry out the constructions in [43, Chapter 3,
proof of Theorem 4.2] on the sets {t € [0, T] : n; = n} for n > d separately (picking the
square root of the diffusion matrix as the one in (6.2) padded by n — d zero columns), and
combine them in the natural way to define B. Thanks to (6.2), for (4, := §~! (Z1))tefo,m
we have

d(ps, @i) = (ut,L?,’Z,f/)i)dt + (e (Vo) Ty (t, e, ) dB,, i €N

For an arbitrary ¢ € C® (R%), we use Lemma 6.1 to find a sequence (¢, «JkeN such
k—o00

that (¢n;, Von, , V>@n, ) converges uniformly to (¢, Vo, V2@). Then (i1, ¢p, ) ——
(i, @) as. forevery ¢t € [0, T]. In addition,

t t
‘ [ st omras = [ s 12,000
0 0

t
k—o00
=< ”(Pnk —¢||C5(Rd)/0 ((/'Ls, |b(S,,bLs,-)| + |a(s,/Ls,-)|)) ds —— 0 a.s.

for every t € [0, T], since (1.10) and Jensen’s inequality imply that the latter integral has

finite expectation and is therefore finite a.s. For the stochastic integral term, we apply the
1td isometry:

! npN\ T A _
E[(/Ows,w YTy (5. ts. ) dBy [0

_ E[ [ e (9 =T Ty s ds]
0

t

2
(5. (V) Ty (5. 1)) st) }

t
k—o00
< one = 012 B[ [ 5 s ] 20,

where the latter expectation is finite by (1.10) and Jensen’s inequality. All in all,

t t
i) = Gto.0) + [ (ans L8205+ [ (e (P Ty e ) 0B s,

for every t € [0, T]. In view of the a.s. continuity of both sides in ¢ (for the left-hand side,
we exploit that uniform limits of continuous functions are continuous), we conclude that

d(Mlv §0) = (/’Ltv L?:;z,(p) dr + (Ml" (VQD)T)/([, Mt )) dBt» re [09 T]’ (285 C:o(Rd)’

as desired. We note lastly that we may take the probability space here to be the canon-
ical one, C([0, T]; 2 (R%)) x C([0, T]; R?), housing the process j and the Brownian
motion B, equipped with its canonical filtration G = (§;);¢[o,7]. In particular, §7 is then
countably generated, as the Borel o-algebra on a Polish space. ]
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7. Proof of the mimicking result, Corollary 1.6
The assumption %X LI ?TW v &r | FW v §, forallt implies F,X 1 g7 | g, forallt, by
Lemma 2.1. This implies that ., = £(X; | 1) = £(X; | ;) a.s. The existence of a jointly
measurable version of (¢,m, x) — E[b, | u; = m, X; = x] follows by general arguments,
and similarly for o: Let 7 be an independent uniform random variable in [0, T'], and take
a measurable version of (¢,m,x) — E[b; |t =, ur = m, X; = x]. See [14, Section 5]
for full details.

We turn to the main line of proof. By It6’s formula, for all ¢ € C? (R%)and ¢ € [0, T],

o(X0) — p(Xo) = [0 [Vo(Xy) by + 1 V20(Xy) : (0x07 + 75T (5. pts. Xo))] ds

t t
+ / V‘p(Xs)To's dw; + / VfP(Xs)T}?(S’ s, X5) dBg.
0 0

Next, we take the conditional expectation with respect to 97, using W 1L g7, the assump-
tion that 37,X uil 37TW Vv &r | ?}W Vv g, forall t € [0, T], and the stochastic Fubini theorem
(see Lemma B.1) to get

t
(e )= (1o, @) = /0 E[V‘P(Xs)'bs+%V2‘P(Xs):(Gsa' +??T(S’M3’Xs))i§s]ds
+ /0 EVo(Xs) (5. s Xs) | 5] dB,
t
= / E[Vo(Xy)-bs+5V?0(Xy) : (050, +77 " (5, 115, X)) | 5] ds
0 t
+ /0 (s (V)5 (5. 1y )) dBs.

Thus, for any f € Ccz(Rk) and @ = (¢1,...,¢%) € CCZ(Rd)k, Itd’s formula yields

0.0 = St 9)
/ S 8y (Ut 1) e (T 5. i) - i (Vi) 559} s

i,j=1
t
/() Z3'f((lis7‘P))E[V%(Xs)'bs-i-%vz% (Xy) : (o'so'sT+i’\}/;T(Sv/'Ls»Xs)) | ﬁs] ds

/ Za F ({5 @) 115, (V)P (s. 1. ) dBy. 1)

We now take the expectation on both sides of (7.1) and recall that s is §s-measurable,
so that the expectation of the second term on the right-hand side of (7.1) evaluates to
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/ Z]E 8 S s @ ))E[V‘PI(XS) bs+ Vz‘/’l(Xs) (050, +i’\)”\T(S»P«Sva)) | gs]]ds

[ Z B0 £ (10 0D (Vi (Xs) - by + 19201 (Xe) - (03,7 + 557 (5,115, X)) ] ds
In view of the tower rule with respect to the o-algebra generated by us and Xj,

E[aif“ﬂs’ ¢>)(V‘Pi (Xs)-bs + %szpi (Xs) (GSGST + i’\i’\—r(s s, Xs)))]
= E[3; f({1ts. @) (Vi (Xs) - B(s. i Xs) + 3V (Xy) : (667 + §7 (5. s Xo)) ]
= E[0; f({1ts. @) (5. Vooi - B(s. ths.) + 3V201 0 (GG T + §P (s, st ))]-

Now let P, := £(u;) fort € [0,T], set@a = 66" + py ', and define L?”,‘Z from (b, @)
as in (1.7). Take expectations in (7.1) to get

ba
[ (Rd)f((m o= rom = [ [ [ Za F(m.o)om. 125)

+s Z By £ (m. o)) m. (V)T P(s.m.)) - (m. (V) 5(5.m. )| Py () ds.

i,j=1

We aim to apply Theorem 1.5, and for this purpose we claim that
T ~
/ / (m,|b(t,m,)|? + @6 T +ppT)(t,m,)|?) P(dm)dr < oc.
P(R4D)

Indeed, using u; = L£(X; | §r) and the definition of b along with Jensen’s inequality,

T N T .
/ / <m,|b(r,m,-)|P>P,(dm>dt=E[/ (/Lz,lb(l,uz,')l”)dt}
0 JPRY) 0

T T
— A p — p
_IE[/O BB, e, X)) M]dr} E[/O b, | e X dr}

T
0

and similarly
T
[ [ n1GET 455 wm. 1) PeCam
0 PRY)

T
< E[ / loro,” + 7P (¢, ut,xtw’dr]
0
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We may now apply Theorem 1.5 to construct a filtered probability space (S~2, G, f”),
with g7 countably generated, supporting a d-dimensional G-Brownian motion B and
aG- adapted & (R?)-valued process (/1) ¢efo, 1] solving

dfie, @) = (B, Vo - b(t, fr, ) + 2V20 1 (66T + PP ) fir, ) dr

with £(ji;) = P = £(uy), t €10, T].
Next, we apply Theorem 1.3 with the choice of coefficients as in Remark 1.1:

(t.o.x) > (b(t. i (@). X). @t iy (@). X). P (2. i (). X)).

This ylelds an extension (Q Qx Q. F, ]P’) of the probability space (Q, G, ]P’) sup-
portmg [F-Brownian motions W and B, with W independent of €r, and a continuous
F- -adapted d -dimensional process X which satisfies

dft = E(Z‘,ﬁ[,fl‘)dt +6’(l,ﬁt,ft)dﬁ/t + ?(l,ﬁ;,f;)dét,

with i, = £(X; | ér) = £(X, | :) as. and such that ?t)? uis 377!'? v ér| thW v &, for
each ¢ € [0, T]. Finally, for all g € C,(R?), h € Cp(P(R?)), and ¢ € [0, T] we have

E[g(X)h(us)] = E[E[g(Xt) | 5] h(Mz)] =E[{ur. &) h(po)] = E[{i1r, g)h(ils)]
= E[E[g(X:) | G]h(ii)] = Elg(X)h(io)]. (7.3)

Thus ()?t, At) 4 (X¢, uy) forall ¢ € [0, T], which completes the proof. |

8. Application to controlled McKean-Vlasov dynamics

The original mimicking theorem of [14,37] can be used to prove both (1) the existence of
optimal Markovian controls in classical stochastic optimal control problems and (2) the
equivalence of open-loop and Markovian formulations of the said control problems. The
early references on this topic [32,39] use an alternative but related approach often called
Krylov’s Markov selection rather than the mimicking theorem (though see also [50]). To
carry out this approach one typically first establishes the existence of an optimal control
in a weak or relaxed sense, in which controls are allowed to include additional random-
ization; this relaxation facilitates compactness arguments. With a weak optimal control in
hand, the second step is to apply the mimicking theorem to project away the additional
randomness and obtain a Markovian control which, under suitable convexity assumptions,
achieves a lower cost.

Let us sketch a simple illustration of this second step. Suppose we are given a filtered
probability space (2, F, IP) supporting a controlled SDE of the form

dXt = 0 dr + th,
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where W is an F-Brownian motion and & an F-progressively measurable and square-
integrable process. Then, defining the Markovian control &(¢, x) = E[e; | X; = x], the
mimicking theorem of [14, Corollary 3.7] ensures that there exists a weak solution of

d)?t e &(I,X\t)dt + dW[

such that X, <x ¢ forallt. If f = f(x,a) and g = g(x) are suitably integrable cost

functions, and a — f(x, a) is convex for each x, then applying the identity X, 4 x ¢
followed by Jensen’s inequality yields

T R R . T
E[ / F(Rea0 X0 di + g(XT)] < E[ / F(Xo an)de + g(XT)]
0 0

In other words, starting from any open-loop control o as above (that is, progressively
measurable with respect to some filtration with respect to which W is a Brownian motion),
we can construct a Markovian control achieving a lower cost. In particular, the optimal
value over open-loop controls equals that over Markovian controls, and if the open-loop
problem admits an optimizer then so does the Markovian problem.

This procedure has been applied in the setting of mean field control in [54]. The cost
functions therein depend non-linearly on the law of the state process, i.e., f(X;, &) and
g(X7) are replaced with f(£(X;), ;) and g(£(X;)). The argument given above applies
essentially without change, because the construction of a Markovian control does not alter
the time-# marginal laws. Similarly, this method works well for proving the existence of
Markovian equilibria for mean field games [9, 52]. It should be stressed that the results
cited in this subsection are limited to settings without common noise.

For mean field control problems with common noise, the situation is substantially
more complex because the measure flow involved is stochastic. The following explains
how our mimicking result, Corollary 1.6, can be used in this setting. We are given a
Polish space A (the control space), an initial distribution A¢ € J’(Rd), and measurable
functions

(b,o,f):[0,T] x R4 xj’(]R{d) x A - R x RExd xR,
y 0. T] x R? x P(R?Y) — R,
g :RYx P(RY) > R.
The common noise coefficient p is uncontrolled, as is the case almost universally in the

literature for technical reasons. We assume a form of Roxin’s condition, namely that the
subset of R x R?*4 x R given by

{(b(t,x,m,a),aoT(l,x,m,a),z) czeR, a€ A z= f(t,.x,m,a)}

is closed and convex, for each (¢, x,m) € [0, T] x RY x e7’(1@”’). 8.1

For example, this holds if ¢ is uncontrolled, b is linear in @, and f is convex in a (with A
a convex subset of a vector space). Alternatively, this includes relaxed control setups in
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which 4 = J’([f) for some other Polish space A and (b,o0 ", f) is linear in the sense
that (b,a0 ™, £)(t,x,m,a) = [7(5,55 ", f)(t,x,m, &) a(dd).

The mean field control problem with common noise is, roughly speaking, to choose a
control & to minimize the objective

T
E[/ f(t9Xl5Mlval)dt+g(XT»/~’LT)}9
0
where the state process X is given by

dX; =b(t, X¢, s, o) dt + o (2, Xy, g, 000) dWs + y (2, X¢, b)) dBy,
e = L(X¢ | Gr).
Here W is independent of the filtration G, and B is a G-Brownian motion.

The few recent papers on mean field control with common noise, such as [29, 60],
have proposed various notions of admissible controls, usually with the goal of deriving a
dynamic programming principle and an associated Hamilton—Jacobi-Bellman equation.
See also [17, Chapter 1.6] for the case without common noise. The following definition
of a weak control is essentially [29, Definition 2.1], which is closely related to the weak
solution concept introduced for mean field games in the earlier papers [18,53].
Definition 8.1. A weak controlis atuple R = (Q,F,G,P, B, W, u, X, «) such that:
(1) (2,F,P) is a filtered probability space and G a subfiltration of .

(2) W and B are independent [F-Brownian motions of dimension d.
(3) B is G-adapted.

(4) w is a continuous G-adapted P (R?)-valued process satisfying u, = £(X; | 1) =
£(X;|86;) as. foreacht € [0, T].

(5) a is an [F-progressively measurable A-valued process.

(6) X is a continuous F-adapted R?-valued process satisfying
dX; =b(t, X;, s, ) dt + 0 (t, Xy, pg,00) dWy + y (6, Xy, ) dBy, - Xo ~ Ao.

(7) For some p > 1, we have

T
E[/ (|b(t7Xt7 Ml‘»al‘)|p + |0.0.T(t7 le l’l/tvut)|p + |}’(t7 le Ml‘)|2p) dt} < o0,
0

T
E|:/0 (|f(t7lelLtaut)|+|g(XT’/VLT)|)dZi| < o0.

(8) Xo, W, and g7 are independent.
9) (X5, 0t5)sef0.0] L F¥ v &r | FNV v G, foreacht € [0, T].
The cost of the weak control R is the quantity

T
J(R) = E[/O St Xe. e ap) dr +g(XTs,U«T)j|,
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which is well-defined thanks to property (7). A Markovian control is a weak control for
which there exists a measurable function & : [0, 7] x R? x £ (R¢) — A such that e¢; =
a(t, Xy, ug) as. forae. t € [0,T].

Remark 8.2. In [30, Definition 2.3], a weak control is defined similarly. The single sig-
nificant difference is that instead of (9) they require that F; v 377W 1l g7 | 'G; for each
t € [0, T]. But, by Lemma 2.1, this is equivalent to ; 1L 377W v Er | FW v § forall
t € [0, T], which implies (9). If F = FX vF®vFY v G is the minimal filtration, these
conditions are equivalent.

Our main result in this section shows that a weak control can be turned into a superior
Markovian control without changing the marginal flow (£(X;, it1))sef0,7]-

Theorem 8.3. Assume the convexity condition (8.1). Then for every weak control R =

A A A A A

(Q,F,G,P,B, W,,LL,X o) there is a Markovian control R = (Q,F,G,P,B, W,pL,X a)
satisfying Po (Xt A ' =Po (X:, u:)" ! forallt € [0, T), and also J(R) < J(R).

In particular, the optimal cost over Markovian controls equals the optimal cost over weak
controls, and the existence of an optimal weak control implies the existence of an optimal
Markovian control.

Proof. Let R = (Q,F,G,P,B, W, u, X, a) be a weak control. Using the convexity
assumption (8.1), we may find a measurable’ function & : [0, 7] x R¢ x #(R?) — A
such that

b(t, Xe,pue 0(t, Xe 1)) = E[b(t, Xy, pr, o) | Xo, ],
o0 (t. X¢ e, @@, Xe,00) = Eloo T (6, Xy, e, o0) | Xoo e, (8.2)
f(t,X[,Mt,&(z,Xt, MI)) S E[f(t’Xl‘ﬂ /"Ltvat) | Xl‘5 Ml]

a.s., fora.e. t € [0, T] By Corollary 1.6, there exists a filtered probablhty space (. F, ]P’)
W1th a subfiltration G C [F, two F-Brownian motions W and B with W independent
of ‘§T and B adapted to G, and a weak solution X of

A~

dX; = b(t, Xo. Q0 &(t, X 1) dt+o (1. Xy, e, @t XpL 1) AW+ (1. X, i) dB,,
i, =X, 16r)=2X/16), tel0T]

such that ()?,,[lt) 4 (X;, u,) forall ¢t € [0, T]. Moreover, F "f ais ?W v &r | "W v g,
foreacht € [0, T]. Let&, := &(t, X;, /i) and R := (Q.F.G.P, B, W, i, X, a)

It is immediate that R satisfies conditions (1)—(6) of Definition 8.1. Condition (7)
follows from Jensen’s inequality and (8.2). To check (8), note first that since Xo L §7
we have g = ii(Xo | 67) = £(Xp). Since [i ,uo = Lo, this implies éC(Xo | ﬁr) = [lop =
£(Xo) = i(XO) which shows that Xo 1L ﬁT Next, use Lemma 2.1 (the 1mphcat10n
(H=(2) with H = ]FX ]FW and G) to deduce that W is independent of O(Xo) \Y ﬁT

3This requires a measurable selection argument; cf. [39, Theorem A.9] or [31, Lemma 3.1].
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These two facts combined yield (8), the mutual independence of X 05 W and ﬁr To check
condition (9), simply use the conditional independence of ¥ 'VX T 264 LY ‘§T | ¥ ”W \ ﬁt
for each ¢ € [0, T'] along with the expression &; = &(z, X, ;,L,).

We have thus shown that R is a Markovian control. Finally, we use (8.2) along with

Fubini’s theorem and the fact that ()2 ) 4 (Xy, ug) forall ¢ € [0, T to conclude that

r T
J(R)Z]E / f(t,Xt,ﬁt,&(l,Xt,ﬁz))dt+g(XT,/izT)j|
LJO

r T
=E / f(tht’Mt’&(l»Xt»Ml))dt+g(XTvH‘T)i|
LJ O

- T
<E / S@ Xe, e, 0p) di +g(XT,MT)j| = J(R). n
LJo

Theorem 8.3 is useful in understanding the relationships between the various natural
formulations of the mean field control problem, a delicate matter in the case of com-
mon noise [30]. In addition, the very recent results of [30] characterize limits of n-player
optimal control problems in terms of weak controls; Theorem 8.3 then implies that the
limits can be characterized instead in terms of Markovian controls, at least if one is only
interested in the convergence of the time-¢# marginals of the measure-valued process.

Similar arguments may be possible for mean field games with common noise; see [17]
for a recent comprehensive overview. General results on existence, uniqueness, and limit
theory require working with a notion of weak equilibrium which is well-suited for weak
convergence arguments [17, 18, 53]. A reduction from such a weak equilibrium to some
form of Markovian equilibrium is a much more delicate task than for the control problems
described in this section, and we leave it for future work.

Appendix A. Proof of compatibility lemma

Here we give the proof of Lemma 2.1. We start with a few alternative characterizations of
the compatibility condition, also known as immersion, or the H-hypothesis, in the litera-
ture. Given two filtrations F! = (F,');¢j0,77 and F? = (¥*);¢[0,7 defined on the same
space, with 37,1 C ¥ for all ¢, the following are well known to be equivalent [13, Theo-
rem 3]:

o F2 U F}|F, foreachs € [0,T].
e ! is immersed in F2, in the sense that every bounded FF!-martingale is also an F2-
martingale.

e E[Z | ¥ =E[Z|F,'] as., for each ¢ € [0, T] and each bounded ¥;}-measurable
random variable Z.

Note that if F2 = F!' v IF? for some auxiliary filtration F* = (%,?);¢[0,7], then the first
bullet point can be rewritten as ;> 1L 7} | #,! for all 1 € [0, T']. We will use these char-
acterizations in the proof of Lemma 2.1.
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Proof of Lemma 2.1. We first show that (1)=>(2a). We use the fact that (1) and (2a) are

respectively equivalent to

(1) E[Z|J;: vV fﬂW v&|=E[Z| f"tW Vv §;] a.s., foreach t € [0, T'] and each bounded
TFTW Vv §r-measurable random variable Z.

(a") E[Z|H,vFNV vE]=E[Z|Hov FN vE]as., foreacht € [0, T] and each
bounded #, Vv 377W Vv gr-measurable random variable Z.

Fix t € [0, T']. Consider Z of the form Z = Z(’;{Z?ZG, where Zf, Z;V, and Zg are

bounded random variables, measurable with respect to #,, ?TW , and §r, respectively.

Then factoring out Z (fl and applying (1”) yields

E[Z | H: v FVY v g)=2Z0R[z) 2% 19, v Y v 6] = ZEE[Z) 28|15V v ).

This shows that E[Z | #; v J'T,W Vv G is Hy v 3‘7,W Vv §;-measurable, which in turn
implies E[Z | #, v FW v §,] =E[Z | Ho Vv F¥ Vv §,] as. As this holds for all Z of the
form Z = Z é’ Z 7W Z 7G~ described above, by a monotone class argument the same holds for
any bounded #, Vv S‘7TW V gr-measurable random variable Z. This proves (2a"), which
in turn implies (2a).

In showing that both (1)=(2b) and (2)=-(1) we rely on the fact (mentioned above)
that (1), (2a), and (2b) are respectively equivalent to:

(1) Every bounded F¥ v G-martingale is also an H v F¥ v G-martingale.

(2a”) Every bounded (#o v FY v §;) tefo,r]-martingale is also an H v FY v G-mar-
tingale.

(2b”) Every bounded G-martingale is also an H v G-martingale.

Now, to prove that (1)=(2b), we instead show that (1”)=-(2b"). Since TFTW 1l g7, itis
straightforward to check that every bounded G-martingale is also an F" v G-martingale
and thus, by (1”), also an H v F¥ v G-martingale. But any H v F¥ v G-martingale
which is adapted to the smaller filtration H v G must also be an H v G-martingale. This
shows that (1”)=-(2b").

To prove that (1)=(2c), note first that ?0W is the trivial o-algebra. Hence, (1) implies
that Fy 1L 37TW Vv g7 | §y. For random variables Z(')q , Z;V , and Z%; , measurable with
respect to Ho, 37TW , and g7, respectively, we thus have

E[Zg' ZT ZF) = E[E(Zg" | %01 ZT ZF] = EIZ} 1 E[E[Z{ | 0] ZF]
= E[Z{]E[Z Z{].

Indeed, the second step follows from the assumed independence of W and §r, and the
other two steps from the conditional independence # L S‘TTW Vv g1 | §y. This proves (2c).

Next, we show that (2)=(1). With (1”) and (2a”) in mind, it suffices to check
that every bounded F" v G-martingale is also an (#o v F,¥ v §;) tefo,7]-martingale,
since then (2a”) will show that it is therefore also an H v FW v G-martingale. In
light of the equivalences summarized before the proof, it suffices to instead show that
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Ho 1L .‘FTW v &r | FW v §, foreacht € [0, T]. To prove this, note that for any bounded
Jo-measurable random variable Z we may use the independence of W and ¥, Vv §r
from (2¢) to deduce

E[(Z | 77" v §r] = E[Z | §7] = E[Z | ).
where the last step follows from (2b). The same argument applies with ¢ in place of 7':
E[Z|FW v &]=E[Z|%]=E[Z|%)

This shows that E[Z | 37TW v gr] =E[Z|FW v &) We deduce Ho L ?’Tw \%
gr | 37,W Vv §;, which completes the proof of (1).

It is clear that (3)=>(1). To prove that (1)=>(3), note that fFT?V = 37,W vo(Ws,—W;:
s € [t, T]). With this in mind, the independence of W and g7 then easily implies that
fFTW 1l 7 given thW Vv §;, which is enough to deduce (3) from (1).

We turn to (3)=>(4a). In this and the remaining steps of the proof we write

FV =W, =W, :5€[t,T), t€[0,T].

It suffices to verify that 97 v FW v #, 1L FW foreach ¢ € [0, T]. Fix ¢ € [0, T], and
let Z be a bounded 5‘7:;’ -measurable random variable. Independence of W and §r yields
E[Z | FY v §,] = E[Z]. Using (3) we have Z 1L ¥, v &7 | F¥ Vv §,, and thus

E[Z|FW v #, v er)=E[Z|FY vE]=E[Z].

Next, we prove (1)=>(4b). As discussed above, (1) implies (1”), that every bounded
F¥ v G-martingale is also an H v FY v G-martingale. Because W 1L &, it is straight-
forward to check that every bounded G-martingale is also an F" \ G-martingale. Thus,
every bounded G-martingale is an H v F¥ v G-martingale, which is equivalent to (4b).

We next show that (4)=(1). Fix ¢ € [0, T'] and bounded random variables Z ,H , Z tW .
Z t“_f_ Z g , Z ,G , Which are measurable with respect to #;, 37tW, 37!;’, Gr, and §;, respec-
tively. The independence of W and §r easily implies

E(zX 2§77 v 4] =E[Z}1E[ZF | 4.
From (4a) we know that Z tu—/i- 1L Gr v H; v ?tW, and we compute
E(zFzR 2§z 21 =Rz E(zf 2§ 2} Z ()
=E[ZRE[2] 2] E(2F 16127 ]
=E[zFz)E(Z) 2G| 7Y v §,12F]
=E[E[zF|F¥ v EzE zZ 17V ve 1zl zF].

Indeed, the second step follows from (4b). It follows that #; and §7 v ¥} are condi-

tionally independent given 7, v §,. Since 7V = FN v ¥ we deduce (1).
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Next, we show that (5)=(3). Fix t € [0, T]. Since #; v ?7W 1L G7| G, by (5), we
infer that

E[Z|#, v F¥ v ] =E[Z|§]

for all bounded §7-measurable random variables Z. Using independence of W and §r,
for such Z we easily deduce E[Z | §;] = E[Z | ?tW Vv §,], and thus

E[Z|#: v FF ve)=E[Z|FV v &l

This shows §r 1L J; v FF¥ | FW v g, Writing F¥ = FW¥ v W, we deduce that
Gr L, vFNIFY VG Bu FY UL F and Hv FY v G CF imply also that
35;‘1/ AL Hy | 37,W Vv ;. Hence, the three o-algebras 37!;’, H;, and 7 are conditionally
independent given 3,th Vv §;. This proves (3).

Finally, we show that (4)=(5). Fix ¢ € [0, T']. Consider any bounded random variables
Z,H’W, th_f_, ZYQ, and Z,G, measurable with respect to #; Vv ff?’tW, 373/, gr, and G;,
respectively. Then

VAU ANA VAL S I VAR VA4 VAd
=E[ZE[zFYEZS 16128]
=E[z"" 2 E[2F |$)27].

Indeed, the first and third step use 37!;/ 1L &y v thW Vv J#;, which is (4a), and the second

step uses J; V ff*‘tW 1l &7 | G, which is (4b). We conclude that #; Vv 377W 167 |9,
which is (5). [

Appendix B. Derivation of SPDE from SDE

In this section we give the proof of Proposition 1.2. We first state a stochastic version of
Fubini’s theorem, which can be found in various references, such as [38, Lemma 1.11]
or [56, Lemma A.1], in different degrees of generality. We include a short proof in our
setting for the sake of completeness.

Lemma B.1. Use the notation and assumptions of Lemma 2.1, and assume one (and
thus all) of the equivalent conditions (1)—(5) therein holds. Assume also that (2, F, P)
supports an F-Brownian motion B of dimension d which is adapted to G. Then, for any
G Vv H-progressively measurable process y of dimension d satisfying E[ fOT In:|?dt] < oo,

we have
gt] =0

t
]E|:/ s - dBs
0

a.s., foreacht € [0, T).

t t
ﬁ,}=/ Eln, |- dB, and E[/ ns - AW,
0 0
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Proof. By linearity and a routine approximation in L2([0, T'] x Q, dt x dP) by simple
predictable processes, it suffices to prove the claims in the case 5, = Z 1}, 5)(u), where
O0<r<s<tand Z isa§, Vv J#,-measurable R4 -valued random variable. For the first
claim, use property (2b) from Lemma 2.1 to deduce that Z L g7 | §,, which yields

t
E[/ Ny - dBy
0

For the second claim, apply property (4a) from Lemma 2.1 to get

t
E|:/ Ny - dWy
0

Proof of Proposition 1.2. First note that we may view £(X | §r) as a (regular version
of) the conditional law of the C ([0, T]; R¢)-valued random variable X given §7, which
explains why (u; 1= £(X; | §7))rejo,7] admits a continuous version. We use Lemma 2.1
to deduce that X 1l 67 | &, for each ¢ € [0, T], which then implies claim (1). Indeed,
this conditional independence yields u; = £(X; | §;) a.s. More generally, we deduce that

ﬁ,} —E[Z (B, - B,)| %] = E[Z |- (B, - B,)

=E[Z %] (Bs— B,).

ﬁ,} —E[Z (W, — W,)| %] = E[W, — W,]-E[Z 6] =0. =

us =L(Xs|86) as,0<s<t<T. (B.1)

Note also that the completeness of the filtered probability space (2, F, P) along with
the a.s.-equality 1, = £(X; | §;) ensure that the continuous version of (f41);e[o,7] is in
fact IF-adapted. Now, starting from the SDE (1.1), apply 1t6’s formula to ¢(X;), where
/RS Cc"o(Rd), to get

t t
(X)) = p(Xo) + [ LY (X, ds + / (Vo) T (X)y (5. 0. Xs) dB;
0 0
+ / (Vo) T (Xy)o (5.0, Xs) dWy, 1 € [0, T]. B2
0

For fixed ¢ € [0, T], we will take conditional expectations with respect to ;. Noting that
wr = L(X; | 86;) as.and g = £(Xo | §;) a.s., the first two terms become

Elp(Xo) [ 9] = (e, 0),  Elp(Xo) | 5] = (1o, ).

In view of Fubini’s theorem and (B.1), the third term yields

t
JE[ / LY40(X;) ds
0

t t
ﬁt} = [ Esecx 150as = [ s 1280 as
0 0
For the dW; and dB; integrals we use Lemma B.1, with H = FX,to get

E[ / (V)T (X,)o (s, 0, X)W,
0

gti|=0
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and

E[/ (Vo) T (X,)y (s, @, X;) dB; 9:} =[ E[(Ve)" (X;)y (s, @, X;) | 55] dB;
0 0

- /0 (5. (V) Ty (5. .) dBs.

Note that (1.2) ensures that all of the above integrals and expectations are well-defined.
Altogether, taking conditional expectations in (B.2) leads to

t

(1.0 = {10, 0) + /0 (e LB ) ds + /0 (152 (V@) Ty (5..)) dBy.

In differential form, this is exactly the SPDE (1.4). [

Appendix C. Strong existence for (1.1) in the setting of Proposition 3.1
Let X©@ = X, on [0, T/N] and define X on [0, T/N] by
t t
XM =X, + / b(s., X" V)ds + / o(s. 0, X"7V)dW,
0 0

t
+/ y(s. 0, X" V) dB;.
0

Setting

A, = IE[ sup |X@+D —X(")|p],
[0,T/N]

we have

A, <3771 IE|: sup

t
/(b(s,a),Xs("))—b(S,w,Xs(n_l)))dS
te[0,T/N]1J0

]

¢ p
+3P_IE[ sup f (G(s,a),Xs("))—a(s,a),Xs(”_l))) dWS‘ ]
t€[0,T/N] 0
¢ p
+3P_I]E[ sup / (y(s,a),Xs(”))—y(s,a),Xs(”_l)))st‘ i|
t€[0,T/N]IJ0O

By Jensen’s inequality,

t
/o (B(s, 0, X) = b(s, 0, X"71)) ds

b4
IE|: sup ]
t€[0,T/N]

T p—1 . (n=1)1p T/N »
<|—= E| su X" - X" b(s,w,- ds

<D, TP ' Ap_y.
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Moreover, thanks to the Burkholder—-Davis—Gundy and the Jensen inequalities,

t p
IE|: sup ‘/ (a(s,a),Xs("))—a(s,w,XS("_l)))dWs' :|
t€[0,T/N]

T/N p/2
<Cpa E[(/ |a(s,a),Xs(”))—a(s,a),Xs("_l))|2ds) }
0

T\ ) _ y(n—1) TN 12
<Cpu (—) JE[ sup X x@-Dyp (f lo .. )2 dr) }
PEAN [0.T/N] 0 LipR<)

= V (8d2)prTp*l Cp,d An—l»

where C, ; < o0 is a constant depending only on p and d. Another application of the
Burkholder-Davis—Gundy and the Jensen inequalities yields

E[ sup ‘/ yGs.0. XM —y(s, 0, XI7V)) dB; ‘ ]5 D,TP=1Cp g Ap_y.
S ) v Dp p.d An

With

b 1 1 1 1 2 1
=il e 6 3G, ) a1 )

1 1
. 377'C,q 1/(8d2)P D, TP~ =% 3P71Cpa/ Dp TP =

Thus, A, < 2 A,
Similarly, for Ay and upon increasing the value of C, 4 if necessary,

]
T Pl T/N 1 1
<o () ([ 1600002, gy | <2707

¢ p
IE|: sup ‘/(a(s,a),Xs(l))—a(s,a),Xs(O)))dWs’ :|
te[0,T/N]

7\ 2 T/N 1/2
<2r1C,y (ﬁ) E[/ lo2(s, w, ')”gb(Rd) ds] <2771 Cpy\/Dp TP,
0

t P
IE[ sup ’/ (y(s,w,Xs(”)—y(s,w,Xs(m))st‘ }
0

t€[0,T/N]

we have

3771p, 7P <

N =

t
IEI|: sup ‘/(b(s,a),Xs(l))—b(s,a),XS(O)))ds
1€[0,T/N]

p—1

T\ =2 T/N ) 1/2
<2 Ga(5) B[ e g s <2 DT

Hence, Ay < 277! and, by induction, A, < 277", This and Markov’s inequality give

oo

ZP( sup [ XD _ x@p > z—n/Z) <Y 2 <,

n=1 [0.T/N] n=1
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We now use the Borel-Cantelli lemma to extract an a.s. uniform limit of (X ®),cn on
[0, T/N], and we easily verify that the latter is a strong solution of (1.1) on [0, T/ N].
Iterating the construction we build a strong solution of (1.1) on [0, T'].

Funding. M. Shkolnikov is partially supported by the NSF grant DMS-1811723 and a Princeton
School of Engineering and Applied Science innovation research grant.
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