J. Eur. Math. Soc. 25, 3453-3536 (2023) DOI 10.4171/JEMS/1265

© 2022 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

JEMS

Fred Diamond - Shu Sasaki

A Serre weight conjecture for geometric Hilbert modular
forms in characteristic p

Received February 2, 2020

Abstract. Let p be a prime and F a totally real field in which p is unramified. We consider mod p
Hilbert modular forms for F, defined as sections of automorphic line bundles on Hilbert modular
varieties of level prime to p in characteristic p. For a mod p Hilbert modular Hecke eigenform
of arbitrary weight (without parity hypotheses), we associate a two-dimensional representation of
the absolute Galois group of F, and we give a conjectural description of the set of weights of
all eigenforms from which it arises. This conjecture can be viewed as a “geometric” variant of
the “algebraic” Serre weight conjecture of Buzzard—Diamond-Jarvis, in the spirit of Edixhoven’s
variant of Serre’s original conjecture in the case F = Q. We develop techniques for studying the set
of weights giving rise to a fixed Galois representation, and prove results in support of the conjecture,
including cases of partial weight 1.
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1. Introduction

1.1. The weight part of Serre’s Conjecture

Let p be a rational prime. Serre’s Conjecture [56], now a theorem of Khare and Winten-
berger [43,44] (completed by a result of Kisin [46]), asserts that every odd, continuous,
irreducible representation p : Gal(Q/Q) — GLZ(FP) is modular in the sense that it is
isomorphic to the mod p Galois representation associated to a modular eigenform. Fur-
thermore, Serre predicts the minimal weight k£ > 2 such that p arises from an eigenform
of weight k and level prime to p, the recipe for this minimal weight being in terms of the
restriction of p to an inertia subgroup at p. Under the assumption that p is modular, the
fact that it arises from an eigenform of Serre’s predicted weight was known prior to the
work of Khare—Wintenberger (assuming p > 2), and indeed this plays a crucial role in
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their proof of Serre’s Conjecture. This fact, called the weight part of Serre’s Conjecture,
was proved by Edixhoven [24] using the results of Gross [37] and Coleman—Voloch [13]
on companion forms. Edixhoven also presents (and proves for p > 2') an alternative for-
mulation, which predicts the minimal weight k£ > 1 such that p arises from a mod p
eigenform of weight k and level prime to p, where mod p modular forms are viewed as
sections of certain line bundles on the reduction mod p of a modular curve. The qualitative
difference between the two versions of the conjecture stems from the fact that a mod p
modular form of weight 1 does not necessarily lift to characteristic zero.

There has been a significant amount of work towards generalising the original for-
mulation of the weight part of Serre’s Conjecture to other contexts where one has (or
expects) Galois representations associated to automorphic forms. This line of research
was first developed by Ash and collaborators in the context of GL, over Q (in particu-
lar [2]), and the most general formulation to date is due to Gee, Herzig and Savitt [31]. We
refer the reader to the introduction of [31] for a discussion of this history and valuable per-
spectives provided by representation theory, p-adic Hodge theory and the Breuil-Mézard
Conjecture.

An important setting for the development of generalisations of the weight part of
Serre’s Conjecture has been that of Hilbert modular forms, i.e., automorphic forms for
G = Resfp g GL; where F is a totally real field. Work in this direction was initiated by
Buzzard, Jarvis and one of the authors in [5], where a Serre weight conjecture is for-
mulated under the assumption that p is unramified in F. For a totally odd, continuous,
irreducible representation

p:Gal(F/F) — GLy(F,), (1.1)

there is a notion of p being modular of weight V, where V is an irreducible Fp-represen-
tation of G(IF,) = GL2(OF/pOF), where Of denotes the ring of integers of F. In this
context, the generalisation of the weight part of Serre’s Conjecture assumes that p is mod-
ular of some weight, and predicts the set of all such weights in terms of the restriction of p
to inertia groups at primes over p. This prediction can be viewed as a conjectural descrip-
tion of all pairs (7o, 7p) Where 7o (resp. 1) is a cohomological type at oo (resp. K-type
at p) of an automorphic representation giving rise to p (see [5, Prop. 2.10]). The conjec-
ture was subsequently generalised in [30,55] to include the case where p is ramified in F',
and indeed proved under mild technical hypotheses (for p > 2) in a series of papers by
Gee and collaborators culminating in [33, 34], with an alternative endgame provided by
Newton [50].

It is also natural to consider the problem of generalising Edixhoven’s variant of the
weight part of Serre’s Conjecture, especially in view of the innovation due to Calegari—
Geraghty [8] on the Taylor—Wiles method for proving automorphy lifting theorems. By
contrast with the original formulation of the weight part of Serre’s Conjecture, there has

'Both versions in the case p = 2 should ultimately follow from the results of Khare—
Wintenberger and Kisin, as explained in [6].
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been relatively little work in this direction. The main aim of this paper is to formulate
such a variant in the setting of Hilbert modular forms associated to a totally real field F in
which p is unramified. More precisely, for p as in (1.1), we give a conjectural description
of the set of all weights of mod p Hilbert modular eigenforms giving rise to p, where we
view mod p Hilbert modular forms as sections of certain line bundles on the special fibre
of a Hilbert modular variety. Furthermore, we develop some tools for studying the set of
possible weights, and prove results towards the conjecture in the first case that exhibits
genuinely new phenomena relative to the settings of [24] and [5]. A forthcoming paper
of the authors generalises all the conjectures and results of this article to the case where
p is ramified in F. Another direction that warrants further research is consideration of
higher degree cohomology of automorphic bundles, and it would be natural to pursue the
problem in the context of more general Shimura varieties.

A key point we should make is that in the setting of classical modular forms, the
enhancement provided by Edixhoven’s variant of Serre’s Conjecture pertains essentially
just to unramified-at- p Galois representations and weight 1 modular forms, but already in
the Hilbert modular setting, a much richer tableau emerges from the geometric variant, in
terms of both the related p-adic Hodge theory and arithmetic of automorphic forms. We
touch on this further in the course of outlining the contents of the paper below.

1.2. Mod p Hilbert modular forms and Galois representations

The foundations for this paper have their roots in the work of Andreatta—Goren [1], which
develops the theory of mod p Hilbert modular forms and partial Hasse invariants. In
particular, they use the partial Hasse invariants to define the filtration, which we refer to
instead as the minimal weight, of amod p Hilbert modular form. However, the framework
for [1] is based on an alternative notion of Hilbert modular forms, defined using Shimura
varieties and automorphic forms associated to the reductive group G *, the preimage of G,
under det : G — Resr;g Gy, where G = Resg/qg GL2. We wish to work throughout with
automorphic forms with respect to G itself, which are more amenable to the theory of
Hecke operators and associated Galois representations. To this end we need to adapt the
setup of [1].

We begin by recalling the definition of Hilbert modular varieties in §2 and Hilbert
modular forms in §3 in our context. For us, a weight will be a pair (k,[) € 7E x 7=,
where X is the set of embeddings F — Q. A fundamental observation is the absence in
characteristic p of the parity condition on k that appears in the usual definition of weights
of Hilbert modular forms (with respect to G, as opposed to G*) in characteristic zero; our
(k, 1) is arbitrary. In §4 we explain the construction of Hecke operators in our setting, and
in §5 we recall (and adapt) the definition of partial Hasse invariants from [1].

In §6 we establish the existence of Galois representations associated to mod p Hilbert
modular eigenforms of arbitrary weight. More precisely, we prove (see Theorem 6.1.1):

Theorem. If f is a mod p Hilbert modular eigenform of weight (k, 1) and level U(n)
with v prime to p, then there is a Galois representation py : Gg — GL; (Fp) such that
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if v § np, then py is unramified at v and the characteristic polynomial of py (Frob,) is
X?2—a,X +d, Nmpg,q(v), where Ty, f = ay f and Sy f =dy f.

Under parity hypotheses on k, this was proved by Emerton—Reduzzi—Xiao [26] and
Goldring—Koskivirta [36] (independently). The new ingredient allowing us to treat arbi-
trary (k,[) is to use congruences to forms of level divisible by primes over p. This
introduces a number of technical difficulties, the most critical of which is overcome using
a cohomological vanishing result proved in joint work with Kassaei [20].

1.3. A geometric Serre weight conjecture

In §7, we introduce the notion of geometric modularity and formulate a conjecture that
specifies the set of weights for which a given p is geometrically modular. A key point is
that the geometric setting allows for the notion of a minimal weight (among the possible
k for a fixed [) of eigenforms giving rise to p, something not apparent in the framework
of [5]. An investigation of this phenomenon and its interaction with properties of ®-cycles
(under which [ varies) in this context led us to the expectation that this minimal weight

=+ z

should lie in the cone E . = Enin N ZZ,, where

Emin 1= {k € Z% | pky > k-1, forall T € T},

and that geometric modularity of p for weights in E;qin can be characterised using p-adic

Hodge theory. In particular, we make the following conjecture (see Conjecture 7.3.1 for a
stronger version, and Definitions 7.2.1 and 7.2.2 for conventions on Hodge—Tate weights):

Conjecture. Suppose that p : G — GL;, (Fp) is irreducible and geometrically modular
(of some weight), and let | € 7.=. Then there exists kuin = kmin(p.[) € E;in such that the
following holds for allk € 27 :

min*

o is geometrically modular of weight (k,l) <= k >y, kmin
< 0lGp, has a crystalline lift of weight (k,l;)ex, forall v | p.

The inequality in the statement means that k — ky;, is a non-negative integral linear
combination of weights of partial Hasse invariants, and the existence of a weight k;,
such that the second equivalence holds already has deep consequences in p-adic Hodge
theory which are not apparent from the framework of algebraic Serre weight conjectures.
We also stress that one might have expected that, by analogy with the algebraic setting
in [5], the preceding conjecture held with E;n"m replaced by the set of totally positive
weights. Indeed, we had been positing such a formulation to experts on Serre weight
conjectures, until R. Bartlett showed us a counterexample to the resulting p-adic Hodge-
theoretic implications; this led us to examine the possible ®-cycles more closely and
arrive at the above version. The role of E ., in the conjecture in turn inspired the main
result of [19], thus answering the basic question posed in [1] of whether the minimal
weight of a mod p Hilbert modular form is totally non-negative; in fact [19, Cor. 1.2]
establishes the stronger result that it lies in & y;y.
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In §7 we also explain the relation with the Serre weight conjectures of [5], which
can be viewed as specifying the weights (k,!) € ZZ, x Z= (i.e., algebraic weights) for
which p is algebraically modular. In particular, Cor;jecture 7.5.2 predicts that geometric
and algebraic modularity of p for a weight (k, ) are equivalent if kK € ZZ, N Epin. The
hypothesis k € ZEz is needed for the notion of algebraic modularity, and it is not hard to
see that it implies _geometric modularity even without the assumption k € &y, at least if
all k; have the same parity (see Proposition 7.5.4). On the other hand, the opposite impli-
cation seems much more difficult, and its failure for k ¢ E ., can be observed through
the optic of modular representation theory (see Remark 7.5.3). Furthermore, for algebraic
weights in &y, the Breuil-Mézard Conjecture [4] (or more precisely its generalisation
in [33, Conj. 1.1.5]) converts the p-adic Hodge-theoretic implications of Conjecture 7.3.1
into non-trivial results on the mod p representation theory of GL, (F,) (see Wiersema’s
PhD thesis [62]). We remark also that the interplay between algebraic and geometric Serre
weights is reflected in the geometry of Hilbert modular varieties; this theme motivated the
construction in [20] of a filtration and Jacquet—-Langlands relation for mod p Hilbert mod-
ular forms of pro- p-Iwahori level at p.

In the case F = Q, the only non-algebraic weights with k € Egin have the form
(1, 1), for which Conjecture 7.3.2% reduces to the statement that p is unramified at p if
and only if it arises from a mod p eigenform of weight 1. For general F, the analogous
statement relating (modular) p unramified at p to parallel weight 1 forms is established
(under technical hypotheses) by work of Gee—Kassaei [32] and Dimitrov—Wiese [23];
however, there is a much richer range of possibilities for p to arise (minimally) from
forms with non-algebraic minimal weights. The first instance where this is apparent is for
real quadratic fields F in which p is inert, and we investigate this in detail in §11.

1.4. Partial ®-operators, q-expansions and the inert quadratic case

We have already indicated how the perspective afforded by Conjectures 7.3.1 and 7.5.2
leads to new results on the geometry of Shimura varieties and mod p automorphic forms,
as in [19] and [20]. On the other hand, progress on these conjectures evidently requires
more geometric input than was needed for the proof of the algebraic Serre weight con-
jecture of [5]. To that end, we review and develop several useful general tools in the
context of Hilbert modular varieties, beginning with the theory of ®-operators in §8. We
again proceed by adapting the treatment in [1], but in doing so we introduce some new
perspectives which we feel simplify and clarify some aspects of their construction. (See
Remark 8.1.3 and the proof of Theorem 8.2.2.) Furthermore, the approach taken here leads

2Strictly speaking, we assume F # Q throughout the paper to allow for a more uniform exposi-
tion, and because nothing new would be presented in the case F = Q. For F = Q, the equivalence
between algebraic and geometric modularity for k > 2 is standard, and the analogue of Conjec-
ture 7.3.2 reduces via the Breuil-Mézard Conjecture to Edixhoven’s variant of the weight part of
Serre’s Conjecture, hence is known (at least if p > 2).
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to a substantial improvement on the results in [1] on ®-operators when p is ramified in F;
see [18].

In the last few sections, we make critical use of g-expansions. Most of §9 is a straight-
forward application of standard methods and results describing g-expansions and the
effect on them of Hecke operators. In addition to this, we construct partial Frobenius
operators, whose image we relate to the kernel of partial ®-operators in Theorem 9.8.2;
this argument is (to our knowledge) new, and the result generalises a theorem of Katz [40].
These results are further generalised in [18] to the case where p is ramified in F.

In §10 we first prove various technical results on eigenforms and their g-expansions.
We then study the behaviour of the minimal weight for p as [ varies (see Theorem 10.4.2),
and prove that if an eigenform of algebraic weight is ordinary at a prime over p, then so
is the associated Galois representation (Theorem 10.7.1).

Finally, in §11 we specialise to the inert quadratic case. We first use results from inte-
gral p-adic Hodge theory to describe those p for which the (conjectural) minimal weight is
not algebraic (i.e., has k; = 1 for some 7). We then use the tools developed in the preced-
ing sections to transfer modularity results between algebraic and non-algebraic weights.
In particular, we prove cases of Conjecture 7.3.2 in the setting of partial weight 1, condi-
tional on our conjectured equivalence between algebraic and geometric modularity (see
Theorem 11.4.1). Since one direction of this equivalence is easy under a parity hypothesis,
we also obtain the following unconditional result (Theorem 11.4.3):

Theorem. Suppose that [F : Q] =2, pisinertin F, 3 < ko < p, ko is odd and p :
Gr — GLy(FFp) is irreducible and modular. If P|GF,, has a crystalline lift of weight
((ko, 1), (0,0)), then p is geometrically modular of weight ((kg, 1), (0, 0)).

Our method is indicative of a general strategy for transferring results from the setting
of algebraic Serre weight conjectures to their geometric variants; further work in this
direction is carried out in Wiersema’s thesis [62].

2. Hilbert modular varieties

In this section we recall the definitions and basic properties of the models for Hilbert
modular varieties used throughout the paper.

2.1. General notation

Let p be a fixed rational prime. Let F be a totally real field in which p is unramified. We
let OfF denote the ring of integers of F, and Of ¢ = Of ® Z, for any prime £.

Since this paper offers nothing new in the case F = Q (relative to [24]), we will
assume throughout that F' # Q in order to avoid complications arising from consideration
of the cusps.

Let b = br/q denote the different of F over Q. Fix algebraic closures Q. @p of Q
and Q, respectively, and fix embeddings of Q into Q,, and C.
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Let ¥ denote the set embeddings of F into Q. Let L denote a finite extension of Q p
in @p containing the image of every embedding in X, O its ring of integers, 7 a uni-
formiser and £ = O/ its residue field. We identify X with the set of embeddings of F'
into L (and hence of OF into ), as well as the set of embeddings of F into R.

If T is a subset of Foo = F ® R > [, R, we let T be the set of totally positive
elements in 7.

2.2. Hilbert modular varieties of level N

Definition 2.2.1. For a fractional ideal J of F and an integer N > 3, let M 7 y denote the
functor which sends an @-scheme S to the set of isomorphism classes of data (A4,i, A, n)
comprising

e an abelian scheme A/S of relative dimension [F : Q],

e aring homomorphism ¢ : O — End(A4/S),

e an Op-linear isomorphism A : (J, J4+) >~ (Sym(A/S),Pol(A/S)) such that the induced
map A ® o, J — AV is an isomorphism, where Sym(A4/S) (resp. Pol(A4/S)) denotes
the étale sheaf whose sections are symmetric Of-linear morphisms (resp. polarisa-
tions) A — AV,

e an Op-linear isomorphism 1 : (Or /N)? ~ A[N].

We call such a quadruple a J -polarised Hilbert—Blumenthal abelian variety with level N

structure (or simply an HBAV when J and N are fixed) over S.

The functor My n is representable by a smooth (D-scheme, which we shall
denote Yy n; see [16, Thm. 2.2] and the discussion before it, from which it also follows
(using for example [10, Thm. 1.4]) that Y n is quasi-projective over O.

Let Z s, n denote the finite @-scheme representing O -linear isomorphisms J/NJ ~
571 ® un.If (4,1, A, n) is an HBAV over S, then A ® A2 defines an isomorphism

J/NJ =J ®0 Np,.(0OF/N)* = Sym(4/S) ®o, Ap,. AIN],
where A[N] is viewed as an étale sheaf on S. Composing with the isomorphisms
Sym(A4/S) ®o, Ao, AIN] ~ Hom(OF., un) ~ d™' @ puy

induced by the Weil pairing and the trace pairing thus gives an element of Zj y(S).
In particular, taking S = Y y and the universal HBAV over it, we obtain a canonical
morphism Y; y — Z; n with geometrically connected fibres.

2.3. Unit action on polarisations

The group Of . of totally positive units in Of acts on Yy y by v in O , send-
ing (A,t,A,n) € Yy n(S) for every O-scheme S to (A4,t,vA,n) € Yy n(S). Similarly
u € GLo(OF/NOF) acts by sending (A4,t,A,n) to (A4,t,A,nor,—1) where r,—1 denotes
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right multiplication by u~!, thus defining a right action of GL,(OF/NOF), and hence
of GL2(5F) on Yy n through the projection GLz(ap) — GL,(Of /NOF) where OF
denotes the profinite completion of Of. If u € O, then the action of u? € 0;5’ LonYyn
coincides with that of [L_l I, € GLy( 19} ) (Where I, denotes the 2-by-2 identity matrix).

2.4. Adelic action on level structures

Let U be an open compact subgroup of Resr,qg GLz(Z) ~ GL2(5F) containing
GL,(OF,p). Choose an integer N > 3 such that N is not divisible by p and
U(N) C U, where U(N) := ker(GLz(ap) — GL,(OF/NOF)). Then the action of
O;, 4+ X GL2(5 r) induces one on Y n of the finite group

Gun = (0OF 4 x U)/{(p*u) | pe O, uelU, u=pul mod N}.

Note that the action of (v,u) € 0;;5 L X GL2(5 F) on Y y is compatible with the natural
action on Z y defined by multiplication by v det(u)~1.

We will show that if U is sufficiently small, then Gy, n acts freely on Y y. To make
this precise, let $r denote the set of primes r in Q such that the maximal totally real
subfield Q(u,)* of Q(u,) is contained in F, and let €f denote the set of quadratic
CM-extensions K/ F (in a fixed algebraic closure of F) such that either

e K = F(u,) for some odd prime r € P, or
o K = F(+/B) for some B € OF.

Note that the sets P and € are finite.
For an ideal n of OF, we define the following open compact subgroups of GL,(OF):

Up(n) := {(f 2) € GLz(ép) ce nap},
Ui (n) :Z{(i z) € Up(n) d—lenéF},
LU () :={(i Z)eUl(n) a—lenap}.

Lemma 2.4.1. Suppose that one of the following holds:

o U C 'U;(n) for some 1 such that if r € Pr, then n does not contain rOf where v is
the prime over r in Q(u,)*, or

o U C Uy(n) for some n such that if 1, C K and K € €F, then n C q for some prime
q of F inertin K and not dividing r.

Then Gy,n acts freely on Yy n.
Proof. For Gy y to act freely on Yy y means that the morphism Gyny X Yy ny —

Yu.ny %o Yy,n defined by (g, x) — (gx, x) is a closed immersion. Since this morphism
is finite and the fibre over every closed point is reduced, it suffices to prove that for every
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geometric point x € Yy, y (S), the map Gy, v — Y,y (S) defined by g — gx is injective,
i.e., the stabiliser of x in Gy, is trivial.

Suppose then that (4, ¢, A, n) is an HBAV over an algebraically closed field, and that
(v,u) € O;i’+ x U is such that (A4, ¢, vA, nor,—1) is isomorphic to (4, ¢, A, n). This
means that there is an automorphism o of A such that « commutes with the action of Of
and satisfiese o = nor,—1 and A(j) = a¥ o A(vj)oa for j € J.

We wish to prove that & = () for some p € OF. Suppose this is not the case. View-
ing F as a subfield of End®(A4) = Q ® End(A) via ¢, it follows from the classification of
endomorphism algebras of abelian varieties that F'(«) is a quadratic CM-extension K/ F.
Since « is an automorphism, it is a unit in an order in K, so « € Of. Since O and Og
have the same rank and o ¢ O, we have o” € O for some n > 0; replacing o by a
power, we may assume 7 is a prime r. Since " € F and K = F|[w] is Galois over F, it
follows that ¢, € K, and hence either K = F(u,) or r = 2. In either case we conclude
thatr € Pr, ur C K and K € €F.

Now let f(X) denote the minimal polynomial of & over F. Note that since «” € O%,
we have

FX) = (X —a)(X — &a) = X2 — (1 + &)aX + §a? @.1)

for some ¢, € w,. For each prime £ of F not dividing p, the £-adic Tate module 7;(A) is
free of rank 2 over O and is annihilated by f(c), so f(X) is in fact the characteristic
polynomial of o on Ty(A). It follows that f(X) is the characteristic polynomial of & on
A[N], and hence also the characteristic polynomial of u on (Of /N)?2.

Suppose now that U is as in the first bullet in the statement of the lemma, Since
U C 'Uy(n), the characteristic polynomial of u is (X — 1)> mod n. Comparing with
(2.1), we see that (1 + ¢,)a = 2 mod nt and ¢,a? = 1 mod n. If r = 2, this implies 2 € u,
contradicting the hypothesis on n. If r is odd, this implies ¢,a?(¢, — {71)? € u; since
tra? e OF and (§r — & 1)2 generates , this also contradicts the hypothesis on 1.

Suppose now that U is as in the second bullet of the statement. Then there is a prime g
dividing n such that g is inert in K and does not divide r. Since the discriminant of f(X)
is only divisible by primes over r, we have Ok o = OF q[a], so f(X) is irreducible
modulo g. On the other hand, since u € Uy(q) its characteristic polynomial factors over
OF /g, and we again obtain a contradiction.

We have now shown that & = (i) for some p € OF. It follows that u'=pul modN,
and v = 2. Therefore the image of (v, u) in Gy y is trivial, as required. ]

Caveat 2.4.2. Unless otherwise indicated, we assume throughout the paper that the open
compact subgroup U of GL,(OF) contains GL,>(OF ,) and is sufficiently small that the
conclusion of Lemma 2.4.1 holds for some, hence all, N > 3 such that U(N) C U.

2.5. Hilbert modular varieties of level U

We fix a set T of representatives ¢ in (A%)™ for the strict ideal class group (AF)*/ F 6;5
~ AL/F*OfF ,, and let J; denote the corresponding fractional ideal of F. We
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assume the representatives ¢ are chosen so that the J; are prime to p ie., f, € 0;5’ »
foreachr € T.

Since Y, n is quasi-projective over (@, the quotient Yy, /Gy, is representable by
a scheme over O (by [38, Prop.V.1.8]), and we define

Yo =|[Yn.n/Gun.
teT

Then Yy is smooth over ¢ and the projection | | rer Yy, ,n — Yy is Galois and étale with
Galois group Gy, n (in view of Lemma 2.4.1 and Caveat 2.4.2). Moreover, Yy is defined
over @ N Q and is independent of the choices of N and 7.

2.6. Components

Let Zy =[1,er Z1,,v/Gu.n with (v,u) € Gy, acting by multiplication by v det(u) ™!,
soif uy (Q) C O, then Zy (O) can be identified with the set of (geometrically) connected
components of Y. Fixing a generator {y for ™! ® ux (@) as an O -module, we obtain
a bijection

(AR)/F{det(U) ~ Zy(0) (2.2)
by sending x F* det(U) to the Gy, -orbit of the isomorphism J; /N J; >~ 1 ® un(0)

sending the class of (xa)™! € J; ® o, OF to {n,wheret € T and @ € F (unique up to
multiplication by an element of O} ) are chosen so that x ! € ra OF.

2.7. Complex points

We recall that Yy is defined over @ N @, and a standard construction yields an isomor-
phism

GL2(F)\GL2(AF)/UUs = Yy (C) (2.3)
where Uso = [[,ex SO2(R)R* C [[,e5 GL2(R) = GL,(F), allowing us to view Yy

as a model for the Hilbert modular variety of level U. More precisely, by the Strong
Approximation Theorem, any double coset as in (2.3) can be written in the form

GL3(F)goo diag(l, x)UUy

for some goo € GL2(Foo), X € (AF)™, such that det(goo) € F ;. and xOp = JdOp
for some J. Such a double coset corresponds under (2.3) to the Gy, y-orbit of the HBAV
over C defined by

C ® Or/(800(20)OF & (JD)™')

with the evident O -action, isomorphism A : (J, J4+) >~ (Sym(A/S), Pol(A/S)) defined
so that A(«) corresponds to the Hermitian form trp;q(ast/Im(gxo(20)), and level N
structure defined by (a, b) — (ago0(20) + bx~1)/N,wherezo =i ® 1 € C ® OF.
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3. Hilbert modular forms

In this section we recall the definition of Hilbert modular forms as sections of certain line
bundles on Hilbert modular varieties.

3.1. Automorphic line bundles

The condition that A ® 0. J/ — AV is an isomorphism (in the definition of an HBAV) is
called the “Deligne—Pappas” condition. Our assumption that p is unramified in F ensures
its equivalence with the “Rapoport condition” that Lie(A4/S) is, locally on S, free of
rank 1 over O ® Og [16, Cor. 2.9], and hence so is its @ g-dual e*Q/ll/S ~ s*le/S,
where 5 : A — S is the structure morphism and e : § — A is the identity section. Since
OF ® Os >~ .5 Os as a coherent sheaf of O g-algebras, we may accordingly decom-
pose Sy Q:l /s asa direct sum of line bundles on S. Applying this to the universal HBAV
Ay n over Y n, we obtain a decomposition sx Q}lj,N/YJ,N = @rez w; where each w;
is a line bundle on S. For a tuple k = (k;):ex € ZF, we let ®®k denote the line bundle
(0 a)?kr onYynN.

Remark 3.1.1. Note that the definition of ®®*¥ makes sense “integrally” because p is
assumed to be unramified in F so that the Rapoport condition is satisfied; in the ramified
case, one can instead proceed as in [54] using models for Hilbert modular varieties defined
by Pappas and Rapoport [52].

Since HiR(A4/S) = Rls*Q:l/S is locally free of rank 2 over O ® Os (by [53,
Lem. 1.3]) sitting in the exact sequence

0 — 5.Q) /5 = Hpp(A/S) > R'sx04 =0
of locally free modules over O ® O (given by the Hodge—de Rham spectral sequence),
Noro0s Hor(A/S) = 5:Q) 15 ® ) gos R'5:04 (3.1

is locally free of rank 1 over O ® Os and similarly decomposes as a direct sum of
line bundles indexed by T € X. We let §; denote the line bundles so obtained from the
universal HBAV over S = Y y, and for a tuple / = (I7);ex € 7%, we let §%! denote the
line bundle ®),, §&'. Finally, we let £*"; denote the line bundle w®* ® 5.

Recall that we defined the action of O;, 4 X GLz(a F)on S = Y; n by requiring the
pull-back via (v, u) of the universal HBAV (4, ¢, A, ) to be isomorphic to

(A,,,vA,nor,—1);
we let oy, : A — (v, u)* A be the unique such isomorphism. Note that

((v, u)*av/,u’) O lUy,y = Oy’ yu’
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for (v, u), V', u') € OF | x GL,(OF) (where we identify (v, u)* o (v/,u’)* with
(vv’, uu’)* via the natural isomorphism resulting from the equality (V/, u’") o (v,u) =
(vv’, uu’)). It follows that the induced O ® Og-linear isomorphisms

s (0,1) (56 /5) = 542y, (v,u)*(Rls*Qzl/S) — RlsQj g

satisfy the relation ay , o (v, u)*a, ,, = &

o We thus obtain an action of the group

*
v/, uu’"
O;‘,+ X GL2(5F) on the sheaves s QL/S and Rls, QZ/S, and hence on the line bun-
dles éC’;’,lN, compatible with its action on Y .

Recall that if u € O%, then (u?, nl,) acts trivially on Y y. In this case the iso-

morphism o is given by t(u), and it follows that the induced action on QKI;IN is

w2l
multiplication by the element pf+2 := I t(w)*e+2lx In particular, if k; + 2I; is an
integer w independent of 7, then ¥+ = Nmg g ()? . Thus if w is even, then the action
of O;, 4+ X U on (f];lN factors through Gy, y and hence defines descent data; we let i]{jl
be the resulting line bundle on Yy (given by [38, Cor. VIII.1.3]). The same holds if w is
odd and Nmp/q(p) = 1forall u € O N U. Note that the line bundle :E]{]’l is independent

of the choice of N.

3.2. Hilbert modular forms

Definition 3.2.1. For two tuples k and / above, we say (k, [) is paritious if k; + 21, is
independent of 7. For such (k, /), we call an element of H°(Yy, cf]fjl) a Hilbert modular
Sform of weight (k, 1) and of level U (where in addition to Caveat 2.4.2, we assume that
Nmp,g(n) = 1forall u € Op NU if k; + 2, is odd).

We now make an observation critical to our consideration of weights of mod p Hilbert

— —k,l
modular forms. Let Y 7,y denote the special fibre of Y x, and similarly let £ J.N denote
the pull-back of SKI;ZN toY s . If %+ = 1 mod 7 forall 1 € OF N U, then the action

—k,l S
of 0;, 4+ XU on &£ y factors through Gy, N, and hence defines descent data, giving rise

to a line bundle EI{]’I on the special fibre Y 7 of Y7 (again independent of the choice of N).

If (k,1) is paritious, then this is simply the pull-back of cf]{jl to Yy, but the line bundles

EZ’I may be defined even if (k, /) is not paritious. In particular, if O N U is contained
in the kernel of reduction modulo p, then i’{/’l is defined for all pairs (k, ). This holds
for example if U C Uj(n) for some ideal nt such that the kernel of Oy — (Of /n)* is
contained in the kernel of Oy — (Of/p)™.

More generally, for any O-algebra R in which the image of k2 s trivial for all
u € O NU, we obtain a line bundle éﬁ’{]”lR on Yy r = Yu X R by descent from the

pull-back of the line bundles I];ZN

Definition 3.2.2. If U, k, [ and R are such that the image of «*2/ in R is trivial for all

u € Of NU, then we call an element of H °(Yy.r. flzij) a Hilbert modular form over R
of weight (k,[) and level U, and we write My ;(U; R) for the R-module of such forms.
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If R = E, then we call such a form a mod p Hilbert modular form (of weight (k,l) and
of level U).

Definition 3.2.3. We say that U is p-neat if Oy N U is contained in the kernel of reduc-
tion modulo p (in addition to U being sufficiently small in the sense of Caveat 2.4.2).

3.3. The Koecher Principle

The Koecher Principle implies that My ; (U; R) is a finitely generated R-module (assum-
ing an @-algebra R is Noetherian), and that Mo o(U; R) = H°(Yy g, Oy ) is the set
of locally constant functions on Yy g. Both of these assertions follow from the analogous
ones with Yy replaced by Y n, proved by Rapoport. (The case J = OF is treated by
[53, Prop. 4.9 and discussion preceding Prop. 6.11], and the modifications needed for
the case of arbitrary J are given in [11]; see also [21, Thm. 8.3] and [22, Thm. 7.1] for
variants with different level structure and descent data in place.)

3.4. Canonical trivialisations

We observe that the sheaves §®! on Y v are in fact free (not just locally so). Indeed, if
A is the universal HBAV over S = Y; y, then we have a sequence of canonical isomor-
phisms

R'5.04 ~ Lie(AY) ~ Lie(4) ®0y J =~ Homog(sx2y,5.95) Qo J
~ Homo,eos (x5 JD ' ® Os), (3.2)

from which it follows that A, ¢ Hpr(A/S) = 5:Q2) g ®0rg0s R'sxO4 is canoni-
cally isomorphic to J ! ® Og, which is free of rank 1 over O ® Os. Therefore each
8, is free of rank 1 over O, and hence so are the sheaves §®.

Under the action of (v, u) € 0;, 4 X U on Y; n, one finds that the canonical isomor-
phism y from /\20F®(95 H(A/S) to JD™! ® Og is multiplied by v (in the sense that
(v, w)*¥ = (v ® DY o ay ). Therefore the action of (v, u) on the resulting trivialisa-
tion of i(}”lN = §®! is multiplication by v’. In particular, if (0, /) is paritious (i.e., /1 is
independent of 1), then vl =1 so the trivialisation of éﬁ(}’lN on Yy y is invariant under
Guy,n ., hence descends to one on Y. Similarly if vl =1 mod x forallv € 0;(, + then

0,
the canonical trivialisation of £ s J.N On Y ;. descends to one on Y.

3.5. Complex Hilbert modular forms

If (k, ) is paritious, then under the identification (2.3), the line bundle éﬁlfjl gives the usual
automorphic line bundle whose sections are classical Hilbert modular forms of weight
(k,1) and level U. More precisely, £k U’ is defined over @ N @, and its fibre at the point
Yeoo,x € Yy (C) corresponding to the double coset GL, (F)goo diag(1, x)U Uy has basis
ekl = ®T(a’s§’kr ® h;@lf), where s = (s¢)rex are the coordinates on C ® F ~ C* and
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h is the basis for §; given by the trivialisation defined above. For ¢ € My ;(U;C), we
define the function f : GL,(Afr) — C so that

Vi x® = [x]I7" det(g00) 7! j(go0r 20)* fp(vgoou)e®!  forally € GLy(F),u € U,

where j(o0,2) = ¢z + d for goo = (9 4) € GL (R) and z in the complex upper half-

plane $, and the exponents k and [ — 1 denote products over the embeddings t € X.

Then ¢ — f4 defines an isomorphism My ; (U; C) ~ Ay ;(U), where Ay ;(U) is the set

of functions f : GL,(AFr) — C such that

o f(yhu) = det(too) ™ j(Uoo,i)* f(h) for all y € GL,(F), h € GLy(AfF) and u €
UUx;

o f1(g00(20)) = det(200)' "1 j (200, 1)* f(hgoo) is holomorphic on $Z for all h €
GL2(AF).

Note also that f > ( faiag(1,x)) defines an isomorphism Ay ;(U) ~ @, My (T'y,x), where

x runs over a set of representatives of F*\AT /det(U)Fg ,,

Ty = GLS (F) N diag(1, x)U diag(1,x)™"

and My (T") denotes the set of holomorphic functions ¢ : $= — C such that ¢(y(z)) =
det(y)*/2j(y,z2)*¢(z) forall y € T.

3.6. Forms of weight (0, 1) in characteristic p

Let us now return to characteristic p and give sufficient hypotheses for the sheaf E?jl on
the special fibre Y iy to be globally free, even when (0, /) is not paritious. Suppose that
un (Q) C 0O, so the geometric components of Y. 7~ are defined over . Recall that the set
of geometric components is in bijection with Z 7 x (), with (v, u) acting by v det(u) ™!,
so the stabiliser of each component of Y n is {(v,u) € 0;,4- x U | v =det(u) mod N}.
Letting Hy,x denote the corresponding subgroup of Gy, n, we see that if vl =1 mod r
for each v € Ol’é’ 4+ Ndet(U), then the trivialisation of Z(}’,’N onY J,N is invariant under
Hy, n, so descends to the quotient Y 7.~ /Hy, N . Note that this hypothesis also implies that
w? =1 mod x forall u € O NU, so that E(}’,IN descends to Y y7; since the projection
from ]_[7 J,N/Hy,y is an isomorphism on each connected component, it follows that
z?}l is (globally) free on Yu.
We record this as follows (recall that Zy; is defined in see §2.6):

Proposition 3.6.1. Suppose that ;15 (Q) C O for some N prime to p such that UN)CU.

20! = . .
Ifvi =1modx forallv e Of . Ndet(U), then the sheaféﬁ(l), on Yy is (non-canoni-
cally) isomorphic to (97(], and My ;(U; E) to the space of functions Zy (Q) — E.

Note that the hypotheses of the proposition are satisfied for all | € Z* if O;i’ LN
det(U) is contained in the kernel of reduction modulo p. This holds for example if U C
LU, (n) for some ideal nt such that the kernel of Of — (OFf /n)™ is contained in the kernel
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—k,1
of Op — (Of/p)*. Inthis case U is also p-neat, so the sheaves &£, are defined for all

- kI
pairs (k, /), and the spaces of mod p Hilbert modular forms H°(Y y, £ ) for fixed k
and varying / are (non-canonically) isomorphic.

4. Hecke operators

In this section, we define Hecke operators geometrically on spaces of mod p Hilbert
modular forms.

4.1. Adelic action on Hilbert modular varieties

Suppose that U; and U, are open compact subgroups of GLz(a F); We assume as usual
that Caveat 2.4.2 holds, so U; and U, contain GL,(OF,,) and are sufficiently small in
the sense that the conclusion of Lemma 2.4.1 holds.

Suppose that g €GL (AF) = GL2(6F ®Q) with g, € GL,(OF, ) and g~ U1 g C Us.
We now proceed to define a morphism p, : Yy, — Yy, which corresponds to the one
defined by right multiplication by g on the associated Hilbert modular varieties; i.e. on
complex points it is given by GL, (F)xU;Uso + GL2(F)xgUsUso.

We first choose

e o € Of such thatag € Mz(aF) and o € 0;(7,1);

e N, prime to p such that U(N;) C Uy;
e N prime to p such that U(N;) C Uy and (ag) ' N1/ N, € Mz(ap).

We will define a morphism pg : [[ Ys.n, — [[Ys,n, Whose composite with the
projection to Yy, factors through Yy, , yielding the desired morphism p, : Yy, — Yy,,
independent of the above choices of o, N1 and N,.

We first note that the conditions above imply that N, | Ny, g~ 'U(N,)g C U(N;), and
(right) multiplication by (ag) ™! Ny /N, induces an injective O -linear map

J i (OF/N2)* = (OF /N1)?/(OF /N1)? - (ag) ™' N1

Let (A1, t1, A1, m) denote the universal HBAV over S = Y, n, where J; = Jy,
for some 1 € T, and let A} = A;/n1(C) where C = (Op/N1)? - (@g)' Ny. Then A
inherits an Op-action ¢} from A4, and 7y induces an O -linear closed immersion

(OF/N1)?/(OF/N1)* - (ag) "' N1 — A}

whose composite with j defines an isomorphism 7, : (O /N2)* — A [Na].
Now consider the injective O -linear map 7 * : Sym(A}/S) — Sym(A;/S) defined
by f + V¥ o f om, where x is the natural projection A; — A].

Lemma 4.1.1. The image of n* is (det(ag))Sym(A;/S) where (det(ag)) denotes the
ideal O Ndet(ag)OF of OF.
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Proof. Note that since Sym(A;/S) is an invertible Or-module, the image of 7* is
(locally on §) of the form /Sym(A;/S) for some ideal I of Of, non-zero since 7*
is injective. Moreover, since ker(w) C A;[Ny], there is an isogeny ¢ : A} — A; such
that ¢ o 7r is multiplication by Ny; since 7* o ¢* is multiplication by N2, it follows that
N} € 1,50 I can only be divisible by primes dividing N;.

We now determine I ® Z, for each prime £ | N1. Note in particular that £ # p, so £
is invertible in O g. Consider the commutative diagram

Sym(4,/S) ® Zy ———— Sym(A41/S) ® Z¢

I |

Homz, (A%, Tu(A}). Zy(1)) — Homg, (A% Te(Ar). Ze(1)

of Op-linear maps of {-adic sheaves on S, where the top map is 7* ® Zy, the ver-
tical isomorphisms are induced by the Weil pairings, and the bottom map is given by
the map Ty(w) : T¢(A1) — T¢(A)) on L-adic Tate modules induced by 7. The cokernel
of 7* ® Zy is therefore isomorphic to that of the bottom map, which in turn is isomorphic
to Homg, (Mg, Q¢/Z¢(1)), where My is the cokernel of /\%)FAZ Ty (). Since the £-adic
sheaves Ty (A1) and T;(A}) are locally free of rank 2 over OF ¢ and the cokernel of T (1)
is isomorphic to

ker(m) ® Zy ~ C ® Zy = 0%, - (ag) '/ 0%,

it follows that M, is isomorphic to O ¢/det(xg) OF 4.

We have now shown that the cokernel of 7* ® Z, is (étale locally) isomorphic to
OF¢/det(ag)OF ¢ for all £. Since the cokernel of 7* is also étale locally isomorphic
Of /1, itfollows that Of /I is isomorphic to Or /det(ag) OF, and hence I = (det(g)).

[

It follows from the lemma that Ay : J; >~ Sym(A4;/S) restricts to an isomor-
phism /J; — 7*Sym(A}/S), where I = (det(cg)). Moreover, since f is a section of
Pol(4)/S) if and only if 7* £ is a section of Pol(4;/S), we see that A further restricts
to an isomorphism (1J;)4 — 7 *Pol(4/S). Now let J, = J;, where 1, € T is the fixed
representative of /.J; in the strict class group of F, and choose an element 8 € F ¥ such
that 8J, = IJ;. Thus B is uniquely determined up to O;’ > and the composite of A; o
with the inverse of 7 * yields an isomorphism

(2. (J2)4) = (IJ1, (1J1)4) = w*(Sym(4}/S), Pol(4}/S))
~ (Sym(4}/S).Pol(4}/S)).
which we denote by 4.

Finally, we note that since A satisfies the Deligne—Pappas condition, so does A’. This
follows for example from the commutative diagram
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Al ®OF IJ] —>A] ®0F J] ZA\{

Ay @0, 1T, (A)Y

and the observation that the top left map is an isogeny with kernel A,[/] ® 0. 1J1, hence
(constant) degree |Of /1 |?, while deg(r ® 1) = deg(V) = deg(xr) = |OF /1|, so the
bottom map must be an isomorphism.

Now (A}.1}. A}, n}) is a Jo-polarised HBAV with level N, structure over Yy, n,,
so corresponds to a morphism Y, n, — Y, n, such that the pull-back of the universal
HBAV over Y, n, is (A}, ¢}. A}, n}). Taking the union over #; € T yields the desired
morphism g : [[ Yy N, = [ YN,

It is straightforward to check that the composite of g, with the projection to Yy, is
independent of the choices of &, N, and B, and indeed of N; in the sense that if Nj is
replaced by a multiple N, then the resulting morphism is obtained by composing with the
natural projection | [ Y, 5 — [] Y n,. (The only non-trivial point is that if & is replaced
by a multiple S«, then the resulting J,-polarised HBAV with level N, structure on Y, n,
is isomorphic to the original (A}, ¢}, A, n}) via the map induced by ¢; (§).) Moreover, the
resulting morphism to Yy, is invariant under the action of Gy, n, on [ [ Yy n, (indeed,
we have g o (u,u) = (1, g~ 'ug) o pg for all (u,u) € O , x Uy on each Yy, y, for
any choice of B as above), hence factors through Yy, yielding the desired morphism
Pg : YUI —> YUz- R

Suppose that Uy, U, and Us are open compact subgroups of GL,(OF) with g1, g5 €
GL,(A%) as above with g7 Uy g1 C U, and g5 ' Usg» C Us, so that py, : Yy, — Yy, and
Pg, : Yu, — Yy, are defined. Note that choosing >, N> and N3 to define pg,, and then
a1, N and (the same) N, to define pg,, we may use ooz, Ny and N3 to define pg,g,.
Let (4;,t;, Ai, n;) denote the universal HBAV over Yy, ;, fori = 1,2, 3, where J; = J;,
for #; € T such that #;4+; represents the class of (det(c; g;))J; for i = 1,2. The above
construction of pg; then yields a J; y1-polarised abelian variety (4], ;, A}, n;) with level
Nj 41 structure over Yy, n,, where A = A; /1;(C;) with C; = (OF/N;)? - (aigi) "' N;.
It is straightforward to check that the pull-back via pg, of (45,5, A}, 75) is isomorphic
to a Js-polarised HBAV with level N3 structure defining pg,g,, S0 that we may take

Pg1g2 = Pgs © Pg; and conclude that pg, ¢, = pg, © pg; -

4.2. Adelic action on Hilbert modular forms

We revert to the original setting of §4.1, with g, U; and U, satisfying g 'U,g C U, and
use the notation in the definition of pg (and in particular a choice of Ni, N, o and B),
but writing S; = Yy, n; fori =1,2ands; : A; — S; and s/1 : A’1 — 8 for the structural
morphisms. We let 77, denote the canonical projection A; — A} ~ pg A2; the dependence
on « is such that if § € O N O;’p (and Ny is such that (Sag) ' Ny/N, € Mz(éF)),



F. Diamond, S. Sasaki 3470

then w5 = i(8) 7. It follows that the Or ® O, -linear morphisms

~k 1 ~ o 1 1
PeS2x82a, 5, = 514804175, = 5108245, @
~x pl . ~ 1. . 1 . .
PgR 52488, 15, = Ris1a 80y 15, = RES1a82y, 5,

induced by (¢ ® 1)~ !z} are independent of the choice of & (as well as N, and f, and
even Nj in the sense of compatibility with pull-back by the natural projection). Note that
these are in fact isomorphisms since the degree of the isogeny 7, is invertible in Og.
Furthermore, the commutativity of the diagram

Al : (U,M)*Al

l(v,u)*mx

Frds " e (0, g ug) g = (v)* B Ay

implies that the isomorphisms in (4.1) are compatible with the action of Gy, n, (Where
Gy, N, acts on the sources via the homomorphism (v, u) — (v, g7lug) to Gy,,n,
and pull-back by ,5;). It follows that the same is true for the Og, -linear isomorphisms
,5; éﬁl;’zl Ny = ii];’ll N induced by those in (4.1) for k,/ € 7%, which therefore descend to
define isomorphisms
k.l ~ k,l

p;éCU’Z,R — £y & 4.2)
for any (9-algebra R in which the image of ;/*+2/ is trivial for all j1 € OF N U, (and hence
all w € O N Uy). We thus obtain an R-linear map [UgUs] : My ;(Uz; R) — My ;(Uy: R)
defined as the product of ||det(g)|| = Nmp,q(det(g))~! with the composite

k,l * opk,l ~ k,l
H°(Yu, g, £35, g) = H*(Yu, g, 05 Ly, ) = H°(Yu, r, L7 g)-

Returning now to the setting where U, U, and Uz are open compact subgroups of
GL>(OF) and g1, g> € GL,(A%) are such that g7 Ui g1 C U, and g5'Usg> C Us, we
find that the composite

Ay T gy T e e gy
1 Pg 42 Pg Pgr, A3 = Pg g, 43

IS 7o, - This in turn implies that the composite

kil ki~ ki~ gkl
Pergz LUy R = Pei PerLus,r = P L5,k = LU R
is the isomorphism in (4.2) used to define [U; g1g2U3], which therefore coincides with
[U181Uz] 0 [U2g2Us].
For R = @ and (k,[) paritious, we thus obtain an action of the group {g € GL,(A%) |
8p € GL2(OF,p)} on
Mi1(0) = lim My 1 (U 0),
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where the direct limit is over all sufficiently small open compact subgroups U
of GL2(A%) containing GL;(OF,,). Similarly we have an action on M ;(C) :=
li_n>1 My ;(U; C), which is compatible by extension of scalars with the one just defined
on My ;(09). One can check that the action is also compatible under the isomorphisms
My ;(U;C) =~ Ay ;(U) with the usual action defined by right multiplication on the space
of automorphic forms Ay ; := ll_I’I)l A1 (U).

Recall that for R = E and arbitrary (k, ), the space My ;(U; E) is defined for suffi-
ciently small U (for example p-neat as in Definition 3.2.3), so we may similarly define

M i (E) := lim My (U E).

Then My ;(E) is a smooth admissible representation of {g € GL2(AR) | gp € GL2(OF,p)}
over £, and we recover My ;(U; E) = My (E)Y for sufficiently small U D GL»(OF,p).
(Note that My ;(E)Y = 0if gt # 1 for some u € U N 0%.)

We may similarly define My ;(R) for any (k,[) and R in which p is nilpotent. We
again have My ;(U; R) = My ; (R)Y for sufficiently small U (indeed, for any U for which
we have already defined My ;(U; R)), so we may define My ;(U; R) to be Mk,l(R)U
for any open compact subgroup U of GL,(A%’) containing GL,(OF, ;). Note then that
My (U;R)=0 ifﬁk"'ﬂ # 1 for some € U N O%, but not necessarily under the weaker
assumption (if pR # 0) that ;£ *2/ has non-trivial image in R for some j € U N Of.We
shall restrict our attention however to the case R = E.

4.3. Hecke operators

Suppose that Uy and U, are open compact subgroups of GL, (A %) containing GL>(OF, )
and that g is an element of GL,(A%) such that g, € GL2(OF, ). We may then define the
double coset operator

[U1gUs] : My ;(Uz; E) — My (U E)

tobe the map f +— > ,; gi f where U1gUs = | ;< 8i Uz It is straightforward to check
that the map is independent of the choice of representatives g;, that the image is indeed in
My ;(Uy; E), and that the definition agrees with the one already made when U; and U,
are sufficiently small and g~'U; g C U,. (Recall that a normalising factor of ||det(g)]| is
incorporated into the definition of the action.)

If U; and U, are sufficiently small we may reinterpret [U; gU,] in the usual way using
trace morphisms as follows. Letting U] = U; N gUrg™ !, we have g1 U|g C U,, so that
[U1gUs] = [U11U{] o [U{ gU] and [U{ gU>] is the composite

— =kl — skl — =kl
H'(Yu, Ly) — H' Yy, p;Ly,) — H Yy Zyy)

where the second map is ||det(g)]| times the one induced from (4.2). On the other hand,
[U11U]] is precisely the composite

_ —k,l o —k,l — —k,l
HO(YUIH Lyr) = HO(YU;,PTfUl) - HYu,. £y,
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where the first map is given by the inverse of the isomorphism p’fi]{jl] — i@,l (from
1

(4.2)), and the last map is the trace times the index of U] N O in U; N OF.
For primes v of F suchthatv } p and GL>(OF ) C U, we define the Hecke operators

Tv:=[U(l O)U} and szz[U(w” O)U} 4.3)
0 wy 0 Wy

on My ;(U; E), where @y is a uniformiser of OF ,. These operators are independent of
the choice of @, and commute with each other (for varying v). Note that under the above
interpretation via the trace map (for sufficiently small U), we have U] = U N Uyp(v) and
U{ N Op = U N O, so that T,, can be written as Nmfq (v)~! times the composite

— =kl — —k,l — —k,l — =k,
H'Yy.£y)—> H' Yy ppy ) > H' Yy pidy ) > H' Y u. £y).
where U’ = U N Uy(v), the first map is the natural pull-back, the second map is induced

—k,l —k,l —k,l .
by the maps pp £, — £y =~ pi Ly of (4.2), and the last map is the trace. We remark
also that if (k, /) is paritious, then the above definitions with E replaced by O gives Hecke

operators compatible with the usual ones denoted 7, and S, on the corresponding spaces
of automorphic forms.

4.4. Adelic action on components

We will describe below the action of the group {g € GL2(A¥) | g» € GL2(OF,p)} on the
spaces My ;(E), but first we consider the right action via p; on geometric components.
More precisely, suppose as usual that g7'U;g C U, and Ni, N, and « are as in the
definition of pg; assume moreover that (Q) C O and consider the map Zy,(0) —
Zy,(0) induced by p, (where Zy, was defined in §2.6). Maintaining the notation in
the construction of pg, one finds that the commutativity of the diagram in the proof of
Lemma 4.1.1 implies that of

J1 ®0f OF = Sym(A1/5S1) ®0r OF —»Hom(/\zoFAl[Nl]sMNl) = Hom(OF /N1. N,)

J2 ®0, OF = Sym(4/S1) ®0,. OF = Hom(n}, A} [Na]. jtw,) = Hom(OF /N2, ju,)

where the horizontal arrows of the top (resp. bottom) row are induced (from left to right)
by A; (resp. A}), the Weil pairing on A; (resp. A'), and n; (resp. 1), the first ver-
tical arrow by B det(ag)~!, the second by det(ag) 'x*, the third by the surjections
/\%)FAI[NI] — /\20F A [N2] (arising from the isomorphisms det(agy) ™! /\ZOF,Z Te()
for £ | N») and -M/N2 N, — UN,, and the last by the natural projection and RUVALEN (;
follows that if { € Z, n,(0) (i.e., & : J1/N; Sole 1, (0)) then pg(¢) is the iso-
morphism J,/ Ny ~ 57! ® pun, () induced by x > ¢ (Ba~2 det(g) ' x) ™1 /N2 1t follows
in turn that the map Zy, (0) — Zy,(O) induced by pg corresponds to multiplication by

det(g)~! under the bijections of (2.2), with {x, chosen to be Ell\\;l'/Nz,
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4.5. Adelic action on forms of weight (0,1)

Recall that the map [U; gU-] arises by descent (and reduction mod ) from maps

HO(Sz, $0,l

) = HOS 1 oS v ) — HOS1L 25 ) (4.4)

J2,N>
where S; = Y, n;. Moreover, we have isomorphisms i(};_l Ny, = Os, obtained by tensor-
ing powers of the components of the composite

EeBz 8 = /\20F®0Si Hor(Ai/Si) ~ Jid"! ® Os, ~ fEeBz Os,,
where the first isomorphism is the canonical one following (3.2), and the second arises
from the isomorphisms J;d>™!' ® O >~ O ® O >~ P, .5 O induced by the inclusions
Jid~! C F (a choice permitted by our assumption that Jy, J, and d are prime to p).
Since the global sections of O; are constant on components, we may realise (4.4) as a
map
(Z1,3,(0) = O = {Z,.3,(0) - O}.

Under the canonical isomorphisms /\%)F @0s, Hlp(Ai/Si) ~ Jid™' ® Os,, we find that
the map
Pg (/\%)F®(952 Hir(A2/S2)) — A%)Fowsl Hpr(A1/S1)

in the definition of [U,gU,] corresponds to the map J>d ! ® Os, — Ji7l® Os,
induced by multiplication by Ba™2 € (O ® O)*. We therefore realise (4.1) as
the map sending s : Zj, n,(Q) — O to the map Zj n,(0) — O sending ¢ to
||det(g)||(,3a_2)ls(,5g (¢)). Note in particular that if det(g) = 1 and U; C U,, then we
may choose B = o2 and conclude that [U,gU,] coincides with the natural inclusion
My (Uz; E) — My (Uy; E) defined by [U;1U;]. It follows that the action of {g €
GL2(A¥) | gp € GL2(OF,p)} on M ;(E) factors via det through that of {a € (AF°)™ |
ap € O;i,p}, giving an action of {g € GL,(A%) | gp € GL2(OF,p)} on My ;(U; E) fac-
toring through
{a € (AF)* | ap € OF ,}/det(U).

We now determine the corresponding representation of the latter group on
M, 1 (U; E). Note that we have an exact sequence

1 — Of . Ndet(U) —» F{NOg,
—{a e (A¥) |ap € OI),S’p}/det(U) — (AF)*/Fidet(U) —> 1, (4.5

where the maps are all induced by the canonical inclusions. Note that the last quotient is
finite. If v/ = 1 forall v € det(U) N O, then pu ﬁl defines an E *-valued character
of (F¥ N Og p)/(O; + Ndet(V)), hence of a finite index subgroup of

{a € (AF)* | ap € OF ,}/det(U).
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Lemma 4.5.1. If v = 1 forallv € det(U) N 01>§j+, then My ;(U; E) is isomorphic, as

a representation of {a € (AF)™ | ap € Of, p}/ det(U), to the induction of the character
Vi (FENOg ,)/(OF . Ndet(U)) — E*
defined by y; (1) = NmF/Q(u)_lﬁl; otherwise My ;(U; E) = 0.

Proof. Note that the conclusion of the lemma is equivalent to the assertion that
My, (U; E) is isomorphic to

Iy ={f:G— E| f(uxw) = y;(u) f(x)forallpu e GN F},x € G,w € det(U)}

as a representation of G = {a € (A¥)* | a, € 0;5’ p}. We may therefore replace L by
a finite extension and U by an open subgroup U, for which the hypotheses of Proposi-
tion 3.6.1 are satisfied.

Next observe that if det(g) = u € F{' N 01,’,5’1J and g7'U;g C U,, then we may
take B = po? in the definition of [U;gUs], so that j, induces the natural projection
Zi N (0) = Zjn,(0) for each J, and the map in (4.4) is the composite of the nat-
ural inclusion with multiplication by Nmp /g (1)~ Therefore FI N Of , acts on
M, 1 (Uy; E) via the character ;.

Let e be a non-zero element of My ;(U,; E) supported on a single component of
Zy,(0). Since F¥ N O;’ p acts via Y; on e, there is a G-equivariant homomorphism
Iy, = My ;(U; E) whose image contains e. Since G acts transitively on Zy, (0), the
G-orbit of e spans My ;(Us; E), so the homomorphism is surjective. Since [y, and
My, (Uz; E) both have dimension equal to the cardinality of (A%°)* / F det(Us), it fol-
lows that the map is in fact an isomorphism. ]

4.6. Twisting by characters
It follows from Lemma 4.5.1 that for any character
E:{ae (AR)" |ap € Of ,}/det(U) — E*

such that £(a) = o forall o € F¥nog - the eigenspace consisting of those e €
M, (U; E) satisfying

ge = ||det(g)||§(det(g))e forall g € GLy(AF) such that g, € GL2(OF, )
is one-dimensional. We let g be a basis element.

Lemma 4.6.1. If U, | and £ are as above, then for any k,m € Z*, the map f e f
defines an isomorphism My ,(U; E) — My j4+m(U; E) such that

[UgU](ee ® f) = &(det(g))es ® [UgU]f

forall f € My(U; E), g € GLy(AR) such that g, € GL2(OF,p); in particular, we
have Ty(eg ® f) = E(wy)es ® Ty f and Sy(eg ® f) = E(wy)?es @ Sy f for all v such
that v t p and GL2(OF ) C U.
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Proof We first prove that the map is an isomorphism. The existence of & implies that
v =1forallv e det(U) N Op 4> soreplacing L by a finite extension, we may assume
that the hypotheses of Proposition 3.6.1 are satisfied and hence view eg as a function
Zy(0) — E. Since e is non-zero and the action of the group {a € (A¥)* | a, € O;i,p}
on Zy(0) is transitive, it follows that eg is everywhere non-zero. We therefore have a
section es_l € My_;(U; E)suchthat f — f ® egl defines the inverse of our map.

We now establish the compatibility with the Hecke action. The definition of [UgU]
gives

[UgUl(e: ® ) =) giler ® f) =Y |det(e)] " gier ® gi f.

where UgU = []; g;U. Noting that g;e; = ge; = ||det(g)[|£(det(g))e since det(g;) €
det(g) det(U), it follows that

[UgUl(es ® f) = £(det(g))es ® Y gi f = E(det(g))es ® [UgU]f

i

as required. ]

5. Partial Hasse invariants

We next adapt the definition of partial Hasse invariants from [1] to our setting.

5.1. Definition of partial Hasse invariants

We write Veryg for the Verschiebung isogeny of an abelian scheme A over a base S of
characteristic p, i.e., the morphism A?) — A defined as the dual of the relative Frobenius
morphism AY — (Av)(l’) (AP)V | where AP) denotes the pull-back A4 xg S with
respect to the absolute Frobenius morphism Frg : § — S. Taking A to be the universal
HBAV over S =Y J,N» the pull-back Verj defines an O ® O g-linear morphism

1 1 _ * 1
5x824/5 — S*QA(p)/S = Frg s+Qy 5,

where s : A — S denotes the structure morphism. Writing s*Qj1 / s = P, o, we see that

the 7-component of Fry 5. Ql A/S is canonically isomorphic to [oh f " where Fr denotes
the absolute Frobenius on F ,. The t-component of Ver? is therefore a sectlon of Ty 7, N =
%7 79D
Wt Of , Where

e if Frot =t,thenk, = p—landky =0if ¢/ # 1;
o if Frotr # 7, thenk; = —1, kg—1,, = p,and ks = 0if 7/ gZ{Fr_l oT, T}.

o

<k af,
For each 7, we denote this weight by ky,,, and let Ha; x ; € H° (Y_] N. L, !

be the element just constructed. Then Hay n . has non-zero restriction to each com-
ponent of Y s n; moreover, if we let Z; denote the associated divisor of zeros, then
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Z . is non-trivial on each component and Zt Z . is reduced. (This follows from the cor-
responding result proved in [I, §8] for the partial Hasse invariants on the variety they
denote IN(F,, e y): Choosing {ny € un (E) for sufficiently large E yields an étale cover
Y ;N — M(E, uy) which identifies N (E, i) with the quotient of Y ;7 y by the image
of Ui(N) in Gy, (v),ny and our Ha; with the pull-back of their partial Hasse invariant
hs,; for the pair (%, i) corresponding to 7.)

Note that ykHr = 1 mod 7 for all & € O%, so the line bundle EZH” * is defined for
all U under consideration. By the compatibility of the Verschiebung with base-change and
isomorphisms, we see that the sections Hay n on [ | Y 7.~ descend to define a mod p
Hilbert modular form of weight (kn,, , 0) and level U, which we denote by Hay, .. More-
over, from the compatibility of Verschiebung with isogenies, in particular with 7, as
defined in §4.2, we see that [U;gU] Hay,,; = ||det(g)|| Hay, . for any g € GL2(A¥)
such that g, € GL»(OF,,) and g~ U1 g C Us. In particular, the element

Hay,: € MkHuf o(E) = li_r)anHZlf oU:E)

is independent of the choice of U, so we henceforth omit the subscript U and write simply
Ha, for this mod p Hilbert modular form, which we call the partial Hasse invariant
(associated to 1).

We record the following immediate consequence of the assertions above:

Proposition 5.1.1. The partial Hasse invariant Ha, satisfies g Ha, = | det(g)|| Ha; for
all g € GL,(A) such that g, € GLy(OF,p). For any weight (k, 1), multiplication by
Ha; defines an injective map

My 1 (E) = Myyiy,, 1(E)

commuting with the action of g for all such g. In particular, for any open compact sub-
group U of GLy(AF) containing GLy(OF,p), multiplication by Ha, defines an injective
map

My (U E) —> Miqpy,, 1 (U3 E)

commuting with the operators T,, and Sy, for all v t p such that GL,(OF ) C U.

5.2. Minimal weights

We now recall the definition of the minimal weight of a mod p Hilbert modular form,
again adapting notions from [1] to our setting (see also [19]). This is an analogue of the
weight filtration for mod p modular forms in the classical setting F = Q. For F = Q,
the vanishing of the spaces of mod p modular forms of negative weight forces the weight
filtration to be non-negative, but in the Hilbert case, the partial negativity of the weights
of partial Hasse invariants already shows the situation is more subtle. We let

AG = {Z Nnekya,

TeX

(1]

Ny € Zso forall 2}
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be the set of non-negative integer linear combinations of the weights of the partial Hasse
invariants. Note that the weights ky,_ are linearly independent, so each k € E g is of the
form ) o nckua, for a unique n € ZEO. We define a partial ordering <y, on Z* by
stipulating that k&’ <y, k if and only if k—k' € Eg.

For any non-zero f € My ;(U; E), consider the set W( f) defined as

(e =k =" neku,
T

Since the divisor ), Z, is reduced, the set W( /) contains a unique minimal element
under the partial ordering <y, (cf. [1, 8.19, 8.20]), which we call the minimal weight of f,
and denote v( /). Note that replacing U by an open compact subgroup U’ C U does not
alter v(f), since any f’ € My ;(U’; E) satisfying f = f' ][, Ha?* will be invariant
under U, hence in My ;(U; E). We may therefore define v( f') for ' € My ;(E) without
reference to U. Note also that v( f) is not affected by replacing E by an extension E’.

We note also that the minimal weight of a form is independent of [ in the follow-
ing sense: Recall from Lemma 4.6.1 that we have isomorphisms My ;(E) — My 1/ (E)
defined by multiplication by eigenvectors eg € My ;-—;(E) associated to suitable charac-
ters £ of (A%). Since these isomorphisms commute with multiplication by the partial
Hasse invariants, it follows that v(eg ® f) = v(f) forall f € My ;(E).

Finally we define the minimal cone in Z* to be

ne Zgo, f= f/l_[Ha’r’f for some f’ € Mk/,l(U;E)}.
T

Emin = {k € Z* | pky > kg1, forall T € T},

(Note that B pin C Zgo.) A recent result of the first author and Kassaei [19] shows that in
fact v(f) € E i for all non-zero mod p Hilbert modular forms f.

6. Associated Galois representations

The aim of this section is to prove the existence of Galois representations associated
to Hecke eigenforms of arbitrary weight. We first state the theorem and review some
ingredients needed for the proof.

6.1. Statement of the theorem

Theorem 6.1.1. Suppose that U is an open compact subgroup of GLz(ap) contain-
ing GL,(OF,p), and Q is a finite set of primes containing all v | p and all v such that
GL,(OF,y) ¢ U. Suppose that k,1 € Z* and f € My ;(U; E) is an eigenform for T,
and Sy (defined in (4.3)) for all v & Q. Then there is a Galois representation

pr : GF = GLy(E)

such that if v & Q, then py is unramified at v and the characteristic polynomial of
pr (Froby) is
X% —a,X +d, Nmzg/q(v),

where Ty f =ayf and Sy f =d, f.
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This has been proved for paritious weights (k, ), independently by Emerton—
Reduzzi—Xiao [26] and Goldring—Koskivirta [36]; in fact, their methods yield the result
under a weaker parity condition. The contribution here is to remove the parity hypothesis
altogether, and the new ingredient is to use congruences to forms of level divisible by p.
For this we will need to work with the integral models for Hilbert modular varieties with
level structure U; (p) at p studied by Pappas [51].

6.2. Hilbert modular varieties of level U' = U N U1 (p)

Suppose that J is a fractional ideal of F' and N > 3 is an integer, with J and N both
prime to p. We let eMg y denote the functor which associates to an @-scheme S the set
of isomorphism classes of pairs (4, H), where

e A= (A,i,A,n)isa J-polarised HBAV with level N structure over S, and

e H is afree rank 1 (OF/p)-submodule scheme of A[p] over S such that the quotient

isogeny A — A" = A/H induces an isomorphism Sym(A’/S) — pSym(A4/S).
Then :ng y is represented by an @-scheme which we denote YJO, - the forgetful mor-
phism YJO, ~§ — Yu,n is projective and YJO,  is a flat local complete intersection over @
of relative dimension [F : Q] [51, Thm. 2.2.2]. We let M}  denote the functor which
associates to an @-scheme S the set of isomorphism classes of triples (A4, H, P) where A
and H are as above and

e P € H(S) is an (Of/p)-generator of H in the sense of Drinfeld-Katz—Mazur
[42,1.10].

Then M} y is represented by an (9-scheme which we denote Y 11 - and the forgetful
morphism Y y — Y  is finite flat; therefore Y  is flat and Cohen-Macaulay over O
[51, Thm. 2.3.3].

Suppose U is an open compact subgroup of GLz(ap) containing GL,(OF,p), and
let U' = U N Uy(p). We suppose that U is sufficiently small, and in particular that
U is p-neat (see Definition 3.2.3). The action of the group Gy n on Y; n then lifts
to one on Y}’N, corresponding to the action on M}’N defined by (v,u) - (4, H, P) =
((v,u)- A, H, P). It follows from the corresponding assertions for Yy n that Gy, n acts
freelyon|[,cr Y Jl[ v the quotient is representable by a scheme Yy, and the quotient map
is étale and Galois with group Gy, . Since the ¥ Jl  are flat and Cohen—Macaulay over 0,
sois Yy, and let my : Yyr — Yy denote the natural projection (writing just 7 when U
is clear from the context). We let Ky denote the dualising sheaf on Yy over O (see [15,
§3.5]), and similarly let Xy denote the dualising sheaf on Yy over (. Since Yy is smooth

over 0, its dualising sheaf Ky is canonically identified with QE,I;:% = Ag;;Q]Q;U /0

Suppose now that g, U; and U, are as in §4, so in particular g 'U1g C Uy, and
assume further that g, € U;(p). We then obtain exactly as before finite étale p;, :
quf — Yy, by descen.t from m(.)rpl?isms pg  LUYS N — ]_[ Y; Ny and compatible
with pg : Yy, — Yy, via the projections ny; : YU’{ — Yy, . Since p;, is étale, we have a

canonical isomorphism (pg)*Ky; — Ky;.
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6.3. Hilbert modular forms of level U' = U N Uy(p)

For (m,n) € Z?* (viewed also as an element of (Z*)?) and p-neat U, we let éﬁ'("];” =
g £y, and we similarly define £77)", for O-algebras R, writing also £, it R=E.
For k,l € Z, we define the space of Hilbert modular forms over R of weight k and level U’
to be

My i (U'; R) = H(Yur,g. Kur g ®oy,, , Loik -

Note that we could have made this definition for more general weights (k, /), but we
will in fact only need the case of parallel weight. Recall also from [15] that formation of
the dualising sheaf is compatible with base change, so Ky g can be identified with the
dualising sheaf of Yy g over R.

For g, Uy, U, as above, we define an R-linear map

[U{gU,] : My ;(Uy: R) — My ;(Uf: R)

as ||det(g)|| times the composition of the pull-back from Yy, to Yy with the map on

sections induced by the tensor product of the canonical isomorphism (o} )* K Uy 5K Uy
with the map

vk pk—2,04+1 %« x pk—2,1+1 * k—=2,0+1 _ pk—2,1+1
(pg) iUﬁ - 7-’:U1'Og Us - ]TleUl - :ﬁU{

given by mp; of (4.2). We again have the compatibility [U[g1U,] o [U,82U3] =
[Ug182Uj], giving rise to an R-linear action of the group {g € GL2(A%Y) | g» € U1(p)}
on MIQ,I(R) = h_r)n My (U’; R). As before we may identify My ;(U’; R) with
(Mlé,l (R))U/, and define commuting R-linear Hecke operators T, and S, on My ;(U’; R)
for all v such that GL,(OFy) is contained in U’.

LetS =Yy n,and A = Ay y the universal HBAV over S. Since A4 is smooth over S
and S is smooth over (9, we have an exact sequence

0— S*Q}S‘/O — Q}l/@ — Q}us -0
of locally free sheaves on A. Applying R's,, we obtain the connecting homomorphism
5+Q) 5 = R'ses™ Qg 19 > Qg 9 @05 R'5204. (6.1)
Combined with the canonical isomorphisms

Homo g0, (/\20F®(QSJ€$R(A/S), S*Q}l/s) = Homg (R'5.04, Oy)

induced by the inclusion O C 1 5 Hom(OF, Z) and the isomorphism (3.1), we
obtain an (g-linear homomorphism

Homo,005 (A, 005 Hdr(A/S), ®b,ra0s (+24/5)) = 25/0- (6.2)
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which is in fact an isomorphism (see [41, 1.0.21]), called the Kodaira—Spencer isomor-

phism. Taking /\E;S:Q], we obtain an isomorphism

.p2—1 2 -1 [FQlnl _ od
Ein Ly = @(w, ®0s8:) = Nos Rsj0 = L5/0-
The functoriality of the morphisms in the construction ensures that the isomorphism is
compatible with the action of Gy, and therefore descends to an isomorphism

SU . 11%;_1 ~ J{U.

Moreover, for g, Uy and U, such that g~ Uy g C Ua, g, € GL2(OF, ), one finds similarly
that the canonical isomorphism pz Ky, — Ky, is compatible with the morphism of (4.2).
It follows that the isomorphisms

M1 (U R) =~ H°(Yy,r. Ku,r ®0y,, . Lo

induced by &y are compatible with the operators [U; gU,]. Moreover, the generic fibre
of Y Jl y 18 smooth over L, so that if p is invertible in R, the same constructions apply to
give isomorphisms
k,l
H°(Yyr g, L35 g) ~ My (U'; R)

such that the operators [U] gU,] are compatible by extension of scalars with those on the
spaces Ay ;(U’) of automorphic forms of weight (k,/) and level U’.

6.4. Minimal compactifications

We will also make use of minimal compactifications of Hilbert modular varieties, whose
properties we now recall. The minimal compactification Xy y of Y n is constructed by
Chai [11] (see also [21,22]), and we define Xy to be the quotient of [ [ X s y under the
natural action of Gy, . Then Xy is a flat, projective scheme over @ with j : Yy — Xy as
an open subscheme whose complement is finite over (9, and the line bundle f;;o extends
to an ample line bundle on Xy which we denote by L. The Koecher Principle in this
setting means that the natural map Ox,, — j«Oy,, is an isomorphism.

Definition 6.4.1. Assuming as usual that O is sufficiently large (i.e., containing the Nth
roots of unity), then each (reduced) connected component C of Xy — Yy is isomorphic
to Spec O. We call C a cusp of Xy.

If U is of the form U(n) := ker(GL;( 0 r) = GL,(OF /n)) for a sufficiently small,
prime-to- p ideal 1t of OF, then the completion of Xy along C is canonically isomorphic
to Spf S¢, where

S o Ur>|<
Sc = 0lla*Nuer oy (6.3)

for a fractional ideal / dependingon C,and u € Uy 4 = ker(Ol’,S, + —> (OF /n)™) acts via

q% — g"**. (The @-algebra Sc is obtained from the corresponding one in [11] by working
over O instead of Z[u, 1/N] and taking invariants under the stabiliser in Gy, of a cusp
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C of X j,~ mapping to C. In particular, the class of the ideal I in (6.3) is given by abn™!

where a and b are as in [11]; a more detailed discussion in the case of arbitrary U is
provided below in §9, where Proposition 9.1.2 gives (6.3) as a special case.)

The minimal compactification of Yy is then obtained as follows. First one con-
structs a toroidal compactification X5} of Yy as the quotient of a toroidal compact-
ification of [ YJI, n defined exactly as for [ [ Y n, but using the functors M} y and
I'(Np)-admissible polyhedral cone decompositions (in the terminology of [11]). Then
7 : Yyr — Yy extends to a projective morphism X} — Xy such that the connected com-
ponents of the pre-image of a cusp C correspond to pairs (f, P) where pOr C §f C OF
and P is an (OF /p)-generator of OF /{ (or more canonically, b/bf). Moreover, a sim-
ilar calculation to the case of level U shows that if U = U(u), then the ring of global
sections of the completlon of X9, along the component over C corresponding to (f, P)
is isomorphic to the Sc- algebra

Un +
(9%[[qa]]ae(f711)+u{0}s (6.4)

where Spec O; is the finite flat O-scheme representing (OF / p)-generators of u, ®F/pOF
(or more canonically, i, ® fa o1/ path ).

Now let X7 ord denote the ordinary locus of Xy, so X ["er is an open subscheme of Xy
containing the cusps, and let Y} od — Yy N Xy ord et X tord (resp. Y, gr,d) denote the pre-
image of X¢; ord (resp. Y, Ord) in X7 “’r 7 (resp. Yy), and deﬁne

d
Xy’ = Spec f*OXgr/d,

where f : X “‘fd - X ("]rd is the restriction of X9} — Xy . Since f is proper, X}’ ord is finite
over X9, and since Y7 — Y7 is finite, we can identify Y;J! with an open subscheme
of X ;}rfi. We then define the minimal compactification j’ : Yy — Xy by gluing Yy and
Xy along Y.

Thus Xy is flat over @, and the morphism 7 extends to a projective morphism 7 :
Xy — Xy, so in particular Xy is projective over (. Furthermore, the restriction 7°
X4 — Xgrd s finite, and 79 : YS! — Y5 is finite flat. The cusps C’ of Xy (i.e., the
reduced connected components of Xy — Yy-) lying over a cusp C of Xy correspond
to pairs (f, P) as above, and in the case U = U(n), the completion of Xy~ along C’
is isomorphic to Spf Sc/ where Sc/ is the Sc algebra defined by (6.4) above. Note in
particular that if f = OF, then Sc/ Oy » Q0 Sc is flat over Sc The Koecher Principle
carries over to show that j*(9yU, = (DXU,, and we let Ly denote the pull-back 7* Ly of
the ample line bundle L.

6.5. Proof of Theorem 6.1.1

We begin the proof with some preliminary reductions.

First we claim we can replace the field E by a finite extension E’. Indeed, if p: Gg —
GL,(E') satisfies the conclusion of the theorem with E replaced by E’, then in fact p is
defined over E. For p > 2, this follows by an elementary argument using an element
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of g € Gr (a complex conjugation, for example) such that p(g) has distinct eigenvalues
in E. For p = 2, one can twist by the character £ : Gr — E* such that £2 = det p so as to
assume det p = 1, and then use the classification of subgroups of SLy(E’) >~ PGL,(E’)
to arrive at the desired conclusion.

Next we claim that we can assume U = U(n) for a sufficiently small ideal n prime
to p. Indeed, by the proof of Chevalley’s Theorem on congruence subgroups of O%, we
can choose ideals 1; and n, relatively prime to each other and to p so that the kernels
of reduction mod n; for i = 1,2 are contained in that of reduction mod p. We may
then apply the theorem with U replaced by U(mu;), where U(m) C U and m is divisible
only by primes such that GL,(OF,,) ¢ U. This produces representations p; satisfying the
conclusions with Q augmented by the set of primes dividing n;. Moreover, we can replace
the p; by their semisimplifications, which are isomorphic to each other by the Brauer—
Nesbitt and Chebotarev Density Theorems. We therefore obtain the desired conclusion
forallv &€ Q.

Next we show that we can assume [ = —1,%i.e., [; = —1 forall r € . Given any /,
define I’ € Z* by I, = I, + 1. Recall from the discussion before Lemma 4.5.1 that our
hypothesis on U ensures that pt — ﬁl "is a well-defined E *-valued character on the finite
index subgroup (F} N OEé’p)/(Ol’é’Jr Ndet(U)) of {a € (AF)* | a, € O;i,p}/det(U),
for which we may choose an extension £ as in Lemma 4.6.1 (enlarging E if necessary).
The case I = —1 of the theorem then furnishes a Galois representation Pree;! unramified

at all v € Q with Frob, having characteristic polynomial
X? —&(@y) " 'avX + §(@y)2dy Nmp g (v).
Let V = {b e det(U) | b, = 1 mod p}, and define
AR /F*FL V- E®

by &' (aza) = E(a)ﬁ;l/ fora € F*,z € Fg | and a € (AR)™ with a, € 01’§p. Let-
ting pgr 1 GF — E* be the character corresponding to £’ by class field theory, we have
pg: (Froby) = &(@y) forall v & Q, so the representation pgr ® prg er! satisfies the con-
clusion of the theorem.

Now we reduce to the case where f is of arbitrarily large, “nearly parallel” weight.
More precisely, we claim that, given any M € Z, we can assume that k = (k;).ex has
the formk =m 4+ 2 —k = (m + 2 — k¢)¢, where
emeZ,m>M;

e 0 <k, <p-—1foraltel;
e foreachv | p,k; < p—1forsomet € Xy.

Here we have identified X with the set of embeddings O — (@ and written

Y= ]_[Ev, where X, ={re€X|v=1"1(n0)). (6.5)
vlp

31n fact, any parallel / will do; the choice of / = —1 is made for later convenience.
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To prove the claim, suppose f € My _1(U; E), and choose any m € Z such that
m > M andm > k,; + p — 3 forall r € X. For each v | p, choose some 1,9 € ¥, and let
Tyi = Fr! OTp,0, 80 Xy ={Ty,; | I =0,..., fu — 1} where f, = [Ofr /v : Fp]. Now let
r € Zbesuchthat0 <r < pf" — 1 and
f'U_l
r= Z (m + 2—k,w.)pi mod (p”v —1).
i=0
We then define «, for t € X, by requiring that 0 <« ; < p—1fori =0,..., f — 1
andr =) Kz, ; pi. Note that the resulting «. is independent of the choice of 7, and that
kr < p— 1 forsome t € ,. Now define k’ = (k.), € Z= by setting k. = m + 2 — i;.
We then have k' —k = ) n.kp,, where

Sv—1
ne=(pl =D Y (ki —kpi o) P!
i=0

for T € X,. Note that n; € Zsg for all t € X, so k' — k € Eag. By Proposition 5.1.1
there is a Hecke-equivariant injection My _;(U; E) — My, _1(U; E), so the theorem for
forms of weight (k, —1) follows from the case of weight (k’, —1).

The heart of the proof is to construct, for k = m + 2 — k as above, a Hecke-equivariant
injective homomorphism

My, 1 (U;E) > Mpyyo 1 (U E).

Letting A denote the universal HBAV over S = Y JN, Froby : A — A®) the relative
Frobenius morphism and H* = ker Froby, the pair (4, H") defines a section Y ; y —
73, ~» Where as usual we use Y to denote the special fibre of an 9-scheme Y. Moreover,
the section identifies Y J,~ with a union of irreducible components of 73, > Whose pre-
image in 73, N We denote by Y JM - The action of Gy, § on 73’  Testricts to one on YJ”’ Ne
and we let Y(‘]‘ denote the corresponding quotient of | | YJ“t ~- Thus i 1Y, l’f - Yy isa
closed immersion identifying Y[’j with a union of irreducible components of ¥/, and
Tol: Y(‘j — Yy is finite flat. In particular, Yl‘f is Cohen—Macaulay (over E), and we
let X g denote its dualising sheaf. By Grothendieck—Serre duality ([15, Thm. 3.4.4], and
the compatibility [15, (3.3.14)]) applied to the finite morphisms i and 7 o i, we have
canonical isomorphisms

i Kl ~ %m@?w(i*@yl;;,fy/), Taix Kpy =~ Homo,, (ﬁ*i*oyg,fu). (6.6)

Since i is a closed immersion, the first of these isomorphisms identifies i, K g with a
subsheaf of K y-. To exploit the second isomorphism, we recall that [51, Prop. 5.1.5]
identifies Y Jl n With a closed subscheme of the universal submodule scheme H over YJ0 N-

In particular, if A is the universal HBAV on S = Y J.N, then

H" = Spec(Symy (6D £:)/(£E? fort € %))
TeEX
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as a Raynaud (OFf / p)-module scheme (i.e., the morphisms Ay : :(i;@p — Lpror of [51,
4.4.1] are zero), so that

YJ“’N = Spec(Sym@S(@ Ir)/(igl’ forte X, ® :6;@(1’_1) for v | p))
T€X T€EXY
where the £, are line bundles on S. Moreover, the inclusion H* — A induces a canonical
Os ® Op-linear isomorphism

1 1 1
5+ /5 = e*QA/S ~ e*QHM/S ~ P £,
T€ED
and hence isomorphisms @; >~ £ of line bundles on S for r € X. These isomorphisms
are compatible with the action of Gy, x, and so give rise to an isomorphism

Yy~ Spec(Sym(g?U (P @;)/([@2? fort e =, @ @2V fory | ).
TEX

TE€EYY

Loy . . . — . %0 . .
which in turn gives an isomorphism n*z*(9yl;j ~ P, é(il;] where the direct sum is over
k = (kz)rex such that 0 < x; < p — 1 foreach 7, and k; < p — 1 for some 7 in each X,,.
Combined with the Kodaira—Spencer isomorphism on Y ¢y, we deduce from (6.6) that

—2—kKk,—1

_ . -%,0 —
Taix Ky Homo,, (@SKU L Ku) ~ GKBiU

. . M0 T . -k, —1 — . . x>0
Tensoring with irg , we get injective morphisms £;; — n*l*(JC[’} it l*é(i;n,, ) for
k = m + 2 — k as above. Composing the homomorphism on sections with the one induced
by the inclusion i KX 5 — Ky obtained from (6.6), we obtain the desired injective homo-
morphism

— —k,—1 L x—m,0 — — —m,0
H'Yy,Zy ) — HOY, Kl Qo i*E, ) —> H' Yy, Ky ®oy,, L)

Moreover, one finds that for g € GL>(AF) with g, € U;(p), the isomorphisms ﬁ*i*Oyﬁ

~ @D, f{,’o are compatible with (4.2) under the restriction of pj, to the subschemes Yy,
and deduces that the maps My _1(U; E) = My42,-1(U’; E) are compatible with the
Hecke action; in particular, they commute with the operators 7, and S, forv & Q.

Next we show that for sufficiently large m, the image of My _;(U; E) in
Myy+2,-1(U’; E) is contained in that of the reduction map from My,42.—1(U’; O) to
M2, -1(U’; E). For this we will make use of the minimal compactifications j :
Yy — Xy and j' : Yyr — Xy~ and their properties recalled above.

We first compute the completion of j.Ky- along the cusps of Xy-. We let jo¢ :
Y54 — X9 denote the restriction of /. Recall also the notation 7 : Xy — Xy, 79 :
X4 — Xgdand 7o : Y3 — Y for the morphisms extending and restricting 7. Since

7° s finite flat, we have
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ﬁfird(jiJfU/)lxom = j&n md(JCUflyord)
°rd(<7€0m@yord (" (9ij 0%) B0, (&5 |Y(,rd))
d d
>~ Jlom; md(g (]fr ) @Ygé»J* Oylf}rd) ®(9ng (Lu|xgd)

ord 2
= J(om(g (7'[* (9ng, (OX?}d) ®0Xg;d (LU|X8:d)’

Xord

where we make use of the canonical trivialisation of :8?1’1 and the Koecher Principle (for
the last equality). Moreover, the isomorphism is of 7Oy -modules.
U/

~ ord

Since 7 is finite, it follows that the completion of 7. j, Ky R0y, LEz along a

cusp C C Xy is canonically isomorphic to the coherent sheaf on Spf Sc associated to the
@ Scr-module

Homg,, (@ Scr, ).
where the direct sums are over the cusps C’ of Xy in the pre-image of C and the rings
§c and §c/ are defined by (6.3) and (6.4) above. The completion of j, Ky ®ey o L’Z
along a cusp C’ of Xy is therefore canonically isomorphic to Homg (Sc/ Sc) as an
Scr-module if C’ € #71(C).

Now consider the natural inclusion ]’,L_JCU, — 7/ XU/ of coherent sheaves on X ¢,
where as usual we write =~ for the special fibres of (quasi-coherent sheaves on and mor-
phisms of) schemes over @. This inclusion is an isomorphism on Y g/, so its cokernel
is supported on the cusps of X . The same computation as above shows that the com-

pletion of 7/*%(// Qo5 Z;% along C c Xy is canonically isomorphic to the sheaf
U/

associated to Homgﬁ(SE/, S_g), where S = S¢ ®p E and Sé/ =S¢ Qo E. ]_;et Xg

denote the closure of Y{]L in Xyr,s0X 5 is a union of irreducible components of X . If

C’ c #71(C) is a cusp of Xy~ such that C c X%, then f = OF, so Sc- is flat over S¢
and the natural inclusion

Homg (Sc/ Sc) Qo E — Homs (S—/,S‘g)

is an isomorphism. It follows that j; K, — T;EU/ is an isomorphism after completing
along C’, and so an isomorphism on stalks at the (closed points of) cusps of X 5 Therefore

the cokernel of j, K, — TLEU/ is supported on the complement of X g It follows
that 7/* of the inclusion i K Z — Ky factors through J+K . and hence the image of
My, —1(U; E) is contained in the subspace

HO(YU/’].;_J{U/ ®07U’ Zg’) - HO(YU/vT;RU/ ®OYU’ ng/)
= H'Xv.7.(Kv @0y, Lp))
=H Yy, Ku ®oy, :tiU,) = Mpui+2-1(U"; E).

A key ingredient we need at this point is [20, Th. E], which states that R’ 74 Ky = 0
fori > 0, so in particular R! 7, Ky = 0. Since 7° is finite, it follows that R' 74 (j.Ky’)
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vanishes, and hence the morphism 7, j, Ky: — 7« (j,K /) is surjective. Since Ly is
ample, we have H!(Xy, 714 j L Ky ®0y,, £7) = 0for sufficiently large m, and it follows
that the homomorphism

HO(Xy. tu ji K ®0y,, L) —— HO (X 5 (LK ) @0y, L3))

M2, 1 (U 0) —————— H* X v jI Ky ®oy, L)

is surjective. This completes the proof of the claim that the image of My _1(U; E) in
My 42,—1(U’; E) is contained in that of My, 15 —1(U’; O).

The theorem now follows from a standard argument. Let T denote the ring of endo-
morphisms of My, 42 —1(U’; Q) generated over O by the operators T, and S, forv & Q.
Then T is a finite flat @-algebra, and My,42,—1(U’; O) is a faithful T-module with
My _1(U; E) as a subquotient. The formula Tf = 0(T) f defines an E-algebra homo-
morphism T — E whose kernel is a maximal ideal m generated by the operators T, — ay
and Sy — d, for v € Q. By the Going Down Theorem, there is a prime ideal p C m such
that p N @ = 0, and hence (enlarging L, @ and E if necessary), an (9-algebra homomor-
phism 6 : T — O whose kernel is p C . Since p is in the support of My, 42,1 (U’; L)
Mpyi2-1(U"; 0) ®¢ L, there is an eigenform f € My 45 _1(U’; L) such that Tf =
O(T) f forall T € T. By the existence of Galois representations associated to characteris-
tic zero eigenforms [9,58] (together with the usual association of reducible representations
to Eisenstein series), we have a representation

,O]? . GF — GLz(L)
such that if v ¢ Q, then p 7 is unramified at v and the characteristic polynomial of
PF (Froby) is
X% —a,X +d, Nmpg;g(v)
where a, = é(Tv) and d, = é(SU). Choosing a stable lattice and reducing modulo 7

gives the desired representation ps. This concludes the proof of Theorem 6.1.1.

Remark 6.5.1. Note that by construction, if @ € F* N O, - then (% 2) acts on My ;(E)

as @272 Therefore if f € My ;(U; E) is an eigenform for S, with eigenvalue d,, for
all v &€ Q, then there is a character

V(AR /UNAF)) — E”
such that ¥ (@) = @72 for all « € F* N OF , and Y/(w,) = dy forall v ¢ Q. It

follows from the description of ps in Theorem 6.1.1 that det(oy) xcyc (Where ycyc is the
cyclotomic character) corresponds via class field theory to the character

V' AN/ FXFLV — EX

defined by ¥/ (aza) = w(a)ﬁlz,_k_ﬂ fora € F*,ze FZ anda € (A¥)* witha, € Ol’é’p,
where V = {a € AR |a € U, a, = 1 mod p}.
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7. Geometric weight conjectures

In this section we formulate our geometric Serre weight conjectures and discuss the rela-
tion with [5].

7.1. Geometric modularity

Let
p:Gr = Gal(F/F) — GLy(F )

be an irreducible, continuous, totally odd representation of the absolute Galois group of F.

Definition 7.1.1. We say that p is geometrically modular of weight (k, 1) if p is equivalent
to the extension of scalars of pr for some open compact subgroup U C GL,(OFf) and
eigenform [ € My ;(U; E) as in the statement of Theorem 6.1.1.

Note that the level U is unspecified, but required to contain GL,(OF, ). Also unspec-
ified are the field E (and thus implicitly the field L C @p, by which we view E = O/ C
F,) and the finite set of primes of Q. Thus p is geometrically modular of weight (k, /)
if there is a non-zero element f € My ;(U; E) for some U D GL»(OF,p) and E C 1171,
such that

T, f = tr(p(Froby)) f and  Nmp/q(v)Sy f = det(p(Froby)) f

for all but finitely many primes v. (Note that both sides of both equations are defined
whenever v 4 p, GL2(OF4) C U and p is unramified at v.)

Remark 7.1.2. Folklore conjectures predict that every p as above is indeed geometrically
modular of some weight (k, ). The focus of this paper is to give a conjectural recipe for
all such weights (k,[) in terms of the local behaviour of p at primes over p.

7.2. Crystalline lifts

In order to formulate our conjectures, we recall the notion of labelled Hodge-Tate
weights. Let K be a finite extension of @, and let

0:Gg — GLy4(L) = Autp (V)

be a continuous representation on a d-dimensional L-vector space V. Recall that V' is
crystalline if Derys(V) = (V ®q,, BcryS)GK is free of rank d over

(L ®Qp Bcrys)GK =1L ®Q,, KO

where By, is Fontaine’s ring of crystalline periods [27] and K is the maximal unramified
subfield of K. One similarly defines the notion of a de Rham (resp. Hodge—Tate) repre-
sentation and an associated filtered (resp. graded) free module Dgg(V') (resp. Dyr(V')) of
rank d over L ®q,, K in terms of the rings Bgr (resp. Byr). Moreover, if V is crystalline,
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then it is de Rham, and if V' is de Rham then it is also Hodge—Tate. Thus if V is crystalline,
then Dyr(V') is a graded free module of rank d over L ®q,, K. If L is sufficiently large
to contain the image of each embedding of K into Q,,, then L ®q, K =~ [[,cx,
Yk ={t: K — L}, and for each 7 € X, the corresponding component of Dyr(V') is a
graded d-dimensional vector space over L.

L where

Definition 7.2.1. If V is crystalline, then the t-labelled weights of V are defined as the
d-tuple of integers (wq, ..., wy) € 74 such that w; > .-+ > wy and the T-component
of Dyr(V) is isomorphic to @?’:1 L{w;], where L[w;] has degree w;. We define the
Hodge—Tate type of V to be the element of (Z%)®k whose t-component is given by the
t-labelled weights of V'; thus to give the Hodge—Tate type of V' is equivalent to giving the
isomorphism class of Dyr(V) as a graded L ®q,, K-module.

We now specialise to the case d = 2 and K = F,, where v is a prime of F dividing p,
so X is identified with the subset ¥, C ¥ = {t : F — L} defined by (6.5), and consider
the representation

o:Gg — GLZ(E,).

Definition 7.2.2. For a pair (k,[) € Zi'{ x ZFv, we say that o has a crystalline lift of
weight (k, 1) if for some sufficiently large extension L C @p of Q, withring @ of integers
and residue field E C 1171,, there exists a continuous representation

5 : Ggx — GL,(0)

such that 6 ®@ ), is isomorphic to o, and & ®¢e L is crystalline with Hodge-Tate type
(k+1-1,1).

7.3. Statement of the conjectures

First recall from §5.2 the definition of the minimal cone:
Emin = {k € Z* | pky > kg1, forall T € T},

andlet 27

min = B min N Z§1
Conjecture 7.3.1. Let p: Gp — GLZ(]ITI,) be an irreducible, continuous, totally odd
representation, and let | € 7.F. There exists Kuin = kmin(p,[) € E I'rtm such that

(1) p is geometrically modular of weight (k, 1) if and only if k >y, kmins
() ifk € Y. then k >y, kmin if and only if plGy, has a crystalline lift of weight of

min’

(kz,l)zex, forallv| p.

Note that the conjecture, in particular the existence of ky;, as in (1), incorporates
the “folklore conjecture” (see Remark 7.1.2) that p is geometrically modular of some
weight (k, ). Moreover, for any / € Z* there should be weights (k, /) for which p is
geometrically modular. In fact, one can show using partial ®-operators (defined below
in §8) that for any given [ and [/, if p is irreducible and geometrically modular of some
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weight (k, 1), then p is geometrically modular of some weight (k’, [’). We explain this,
and the dependence of k,;;, on [ (for fixed p), in §10.4. A simpler observation is that the
conjecture is compatible with twists by arbitrary characters £ : Gr — F;. More precisely,
by Lemma 4.6.1 and the well-known computation of reductions of crystalline characters
(see for example [ 14, Prop. B4]), we see that the conjecture holds for the pair (p, /) if and
only if it holds for the pair (p ® £,/ — m) for any m € Z* such that Elrp, = [lies, et
for all v | p, where IF, is the inertia subgroup of G r, and

. x X
€I, > Op, = F,

is the fundamental character defined as the composite of the maps induced by t and local
class field theory. Thus Conjecture 7.3.1 for all pairs (p, /) reduces to the case / = 0, with
the resulting minimal weights related by kmin (0, 1) = kmin(p ® &, 0) for any character &
chosen so that &[r,, = [[,ex, el for all v | p. We remark also that p|g,, always has
a crystalline lift of some weight (k¢,l;)cex, With2 <k; < p 4+ 1forall r € ¥, from
which it follows that p has a twist for which &, as in (2) would satisfy k; < p + 1 for
allt € .

Assuming that p is geometrically modular of some weight, the existence of a
weight ki, satisfying (1) in Conjecture 7.3.1 is strongly suggested by Corollary 1.2
of [19], which implies that the minimal weight v(f) of the eigenform f satisfies
v(f) € Emin, but it is not an immediate consequence. Indeed, there are two issues: firstly,
we would need v(f) € E[Jgin (which we expect to hold if py is irreducible), and secondly,
the eigenform f giving rise to p is not unique. However, if we grant the existence of &y,
as in (1), then Conjecture 7.3.1 reduces to the following:

Conjecture 7.3.2. Suppose that p : G — GLZ(FP) is irreducible and geometrically
modular of some weight, and that k € E:;in. Then p is geometrically modular of weight

(k,1) if and only if p|G , has a crystalline lift of weight of (k. l:)zex, forall v | p.

Remark 7.3.3. The existence of kpy, satisfying part (2) of Conjecture 7.3.1 is a purely
p-adic Hodge-theoretic statement, and it is strongly suggested by the Breuil-Mézard
Conjecture (of [4] as generalised by [33]) and the modular representation theory of
GL,(OF/p), but again not an immediate consequence. We remark also that the con-
dition k € 2. is needed; indeed, R. Bartlett has constructed local Galois representations

= min
with crystalline lifts of weight* (k, /), but none of weight (k’, 1), where k' = k + kya,
is in Z; but not in EF. . Granting the existence of a weight ki, as in (2), then Con-

jecture 7.3.1 follows from Conjecture 7.3.2 under the assumptions that p is geometrically
modular of some weight and that v( f) € E;in if pr ~ pis irreducible.

7.4. The case k = 1

We now consider a special case of Conjecture 7.3.2. Since a representation Gg —GL4 (L)
is crystalline of Hodge—Tate type 0 € (Z¢)ZX if and only if it is unramified, it follows that

“4For notational consistency, assume here that p is inert in F.
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o:Gg —> GL, (Fp) has a crystalline lift of weight (1, 0) if and only if it is unramified.
Thus Conjecture 7.3.2 incorporates the prediction that p, assumed to be geometrically
modular, is of weight (1, 0) if and only if it is unramified at all primes v | p. One direction
of this, that if p is geometrically modular of weight (1, 0) then it is unramified at all
v | p, is a theorem of Dimitrov and Wiese [23] (also proved independently by Emerton,
Reduzzi and Xiao [25] under additional hypotheses), and the other direction is proved
under technical hypotheses by Gee and Kassaei [32]. By twisting, these results extend to
the case of weight (1, /) for arbitrary /.

7.5. Relation to algebraic modularity

We now explain how our conjecture is consistent with results on the weight part of Serre’s
Conjecture as formulated by Buzzard, Jarvis and one of the authors in [5]. These results
provide information about algebraic weights, meaning weights (k, /) such that k; > 2 for
all 7, but with a different notion of modularity, which we call algebraic modularity. We
will next explain this notion and its relation to the conjectures above. The remainder of
the paper will then focus on developing methods applicable to the case of partial weight 1,
which lies outside both settings just mentioned, namely weights that are algebraic or of
the form (1, /).

Recall that in [5], a Serre weight is an irreducible representation of GL,(OF/p)
over Fp. For an algebraic weight (k, 1) € ZZ, x Z%, we let Vi denote the represen-
tation -

& (det Ir @ SymF*—2 Flz,),

T€ED
where GL,(OF / p) acts on the factor indexed by t via the homomorphism to GL, (Fp)
induced by t. The irreducible representations of GL,(Of/p) (i.e., Serre weights) are
precisely the Vi ; such that2 < k; < p + 1 for all r € X; moreover, for such (k, 1), Vi
is isomorphic to Vis ;s if and only if k = k" and | — " € @5, Z - Ha,. (More concretely,
the latter condition means that Zif;gl lgi 0P’ = Zif;al lI/:ri orpi mod (p/* — 1) for all
7 € X, where f; = [t(OF) : Fp].)

For an irreducible representation p : Gr — GL, (Fp) and an aribtrary finite-dimen-
sional representation V' of GL,(OF/p) over FP, we say p is modular of weight V if it
arises in the étale cohomology of a suitable quaternionic Shimura curve over F with coef-
ficients in a lisse sheaf associated to V'; we refer the reader to [5, Section 2] for the precise
definition.” It is also proved in loc. cit. that p is modular of weight V if and only if it is
modular of weight W for some Jordan—Holder constituent W of V, so the determination
of the weights V' for which p is modular reduces to the consideration of Serre weights.

3 Alternatively, but not a priori equivalently, one can define the notion of modularity of weight
V in terms of the presence of the corresponding system of Hecke eigenvalues on spaces of mod p
automorphic forms on totally definite quaternion algebras over F.
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Definition 7.5.1. For an algebraic weight (k,/) € Z§2 x 7%, we will say that p is alge-
braically modular of weight (k, [) if it is modular of weight Vi 1_x—; in the sense of [5]
(the presence of the twist being to reconcile the conventions of this paper with the ones

of [5]).

A conjecture is formulated in [5] for the set of Serre weights for which p is modular.
Under the assumption that p is algebraically modular of some weight and mild technical
hypotheses, the conjecture is proved in a series of papers by Gee and coauthors, culmi-
nating in [33, 34], with an independent alternative to the latter (deducing the conjecture
from its analogue in the context of certain unitary groups) provided by Newton [50].
They also prove variants of the conjecture (under the same hypotheses), including that if
2 <k, < p+ 1 forall z, then p is algebraically modular of weight (k, /) if and only if
plG r, has a crystalline lift of weight of (k¢,/;)cex, forall v| p. The generalised Breuil-
Mézard Conjecture (as in [33]) would imply that this result extends to arbitrary algebraic
weights. We are therefore led to conjecture:

Conjecture 7.5.2. Let p: G — GLZ(FP) be an irreducible, continuous, totally odd
representation, and let (k,1) € Zgz x ZE. If p is algebraically modular of weight (k, 1),
then p is geometrically modular of weight (k,1). Moreover, if in addition k € Entin, then

the converse holds.

Remark 7.5.3. The assumption k € EF. appears for reasons related to its presence in
part (2) of Conjecture 7.3.1; here however one can see its necessity more readily from
modular representation-theoretic considerations. Indeed, if k, k’ € ZZ, with k' = k +
kna, € B, then Vi ; may have Jordan-Holder constituents not present in Vis 1, so there
are representations which are algebraically modular of weight (k, [), but not of weight
(k’,1). Note though that if 2 < k, < p + 1 forall 7, then k € E;:in, S0 we conjecture that
algebraic and geometric modularity are equivalent for weights associated to Serre weights.

From our construction of the Galois representation associated to an eigenform f, we
see that ps is the reduction of some representation associated to a characteristic zero
eigenform, from which it follows (e.g. from [5, Prop. 2.10]) that ps is modular of some
weight V. Thus if p is geometrically modular of some weight, then it is algebraically
modular of some weight.

Conversely, suppose that p is algebraically modular of some paritious weight (k,[) €
Zfz x 7= (see Definition 3.2.1). Then [5, Prop. 2.5] implies that p is the reduction of
some representation associated to a characteristic zero eigenform of weight (k,/) and level
prime to p, and hence that p is geometrically modular of weight (k, ). More generally,
if (k,[) is any algebraic weight such k; = ks mod 2 for all 7,7’ € I, then we can
choose I’ so that (k, ") is paritious and a character & so that £|7, = [],c5x, ei’ e g 0
is algebraically modular of weight (k, /), then p ® & is algebraically modular of weight
(k,1") (by [5, Prop. 2.11]), so the above argument shows that p ® & is geometrically
modular of weight (k, ") and hence that p is geometrically modular of weight (k, ). We
have thus proved the following:
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Proposition 7.5.4. If p is geometrically modular of some weight, then it is algebraically
modular of some (algebraic) weight. Conversely, if p is algebraically modular of some
algebraic weight (k,1) such that k. = ky mod 2 for all T, 7" € 3, then p is geometrically
modular of the same weight (k,1).

8. ®-operators

In this section we recall the definition due to Andreatta and Goren of partial ®-operators
(see [1, §12]), with some simplifications and adaptations to our setting. See also [18],
where the approach taken here is applied in the context of Pappas—Rapoport models
defined in [52], leading to a substantial refinement of the results in [1] when p is ram-
ified in F.

8.1. Igusa level structure

We assume that U is p-neat, as in Definition 3.2.3. For r € X, we will write w, (resp. 3,)
ks -0,k = .
for the line bundle £ UO (resp. I?] ) on Yy, where k is such that k; = 1 and ks = O for

t’ # 1. We view the partial Hasse invariant

Ha, e H'(Yy. &y Kiae 0y _ H' Yy, 0;' @ o”

Fr—!lot

as a morphism 5_5 lop = 5_1 For each v | p, we let Hay = [[,cx, Har, which we view

as a morphism (®rEEU Fr—l J® (Qres, @) = Oy, e, Qrex, @ ol
(where X, is defined in (6.5)).

‘We define the scheme

—> (97[/

1 = Spec(Smo, (€57')/9).
TE

where 4 is the sheaf of ideals of Syme_ (D, @, ') generated by the sheaves of Oy, -
U
submodules

(Ha,—l)(ul:_rflof fort € X, (Ha,—1)( ® a)rl_p) for v | p.

T€EX,

We define an action of (Of/pOF)™ on Y[I]g over Yy by having « € (Or/pOF)* act
on the structure sheaf as the Oy, -algebra automorphism defined by multiplication by
7(a)”! on the summand 5;1. (Note that the action is well-defined since the Ha, are
invariant under this action and hence d is preserved.)

Proposition 8.1.1. Let ny : YLI,g — Yy denote the natural projection. Then

(1) the morphism my is finite and flat, and identifies Y y with the quotient of YIIJg by the
action of (Op/pOF)*™;

(2) the restriction of wy to the preimage of Ygrd is étale;

(3) the scheme YLI,g is normal.
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Proof. Each assertion can be checked over affine open subschemes V' C Y on which
the line bundles 5:1 are trivial. For each t € X, let x; be a generator of M, = ['(V, Er_l)
over R=T(V, (97[]). Then Ha, (xé’r_l or) =r;x; forsome r; € R, and 71(71 (R) =SpecT
where

T = R[x,],eg/<xlf —rx fort e X, 1_[ xP1 - l_[ re for v | p>.

1ot
€N, TEY,

Thus 7 is free over R with basis {[[,cx fz* }, where #; denotes the image of x; in T and
the tuples ¥k = (k¢)eyx are those satisfying

o 0 <k, <p-—1foreacht € X;
e k; < p — 1 for some 7 in each X,.

Note that (Of/pOF)* acts on [[,cx tr° by the character [[,cx 777, and these are
precisely the distinct characters of the (O / pOr)*. Therefore T(OF/POF)" = R and
(1) follows.

To prove (2), recall that Y, [‘}rd is the complement of | J, s, Zy,; Where Zy  is vanishing
locus of Ha; on Y y. We must therefore show that if all r; are invertible in R, then T is
étale over R. From the above description of 7', we see that

redt; = d(tlfr,1 oy ~Tetd) =0

in QIT/R. It follows that dt, = O for all 7, and hence QIT/R =0, so T is étale over R.

To prove (3), we use Serre’s Criterion. Since R is regular and 7 is finite and flat over
R, T is Cohen—Macaulay, so it suffices to prove that 7 is regular in codimension 1. Thus
it suffices to prove that the semilocal ring T, is regular for every height 1 prime p of R.
If p € Y5, then Ty, is étale over Ry, so Ty is regular. Otherwise p defines an irreducible
component of V' N Zy . for some v = 79 € X. Since V N Zy,, is defined by r; and
> Zy,; is reduced, the DVR Ry, has uniformiser ry,, and r; € R;‘ for t # 1. Letting
70 € Zyg, f = #Xy, and

S = R[xr]regvo/<x}f;,lot —rexe for v € Xy, 1_[ xP7— l_[ rr>,

rGEUO rEEUO
R Y2 P —
the formulas 7i ,, = T oplwi—1 op fori =1,..., f — 1 show that
f-r
VA i
- p/ -1 P
Sp = Rolxwl /(x5 7 = reg [T 7200 )

i=1
which is a DVR with uniformiser #,. Since r; is invertible in S, for t & ¥, we see as

above that T, is étale over Sy, and is therefore also regular. m

Remark 8.1.2. We could similarly have defined schemes Y JIgN as above by replacing Y ¢
with Y J,N- Then YJI%N is isomorphic to the closed subscheme (in fact, a union of irre-

ducible components) of Ylj, n for which the subgroup scheme H C A[p] is generically
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étale. However, under this isomorphism, the natural projection Y}% N~ Y J,N corresponds
to the restriction of the morphism 711, ~ — Y s n defined by (4, H, P) — A/H . Further-
more, we can realise YII]g as the quotient of | | Y}%N by the action of Gy, N?&ained from
the one on 71“\, defined by (v,u)- (A, H, P) = ((v,u) - A, H,vP); as this differs from the

one already defined, it does not yield an identification of Y(IJg with a union of irreducible
components of Y /.

Remark 8.1.3. We note also that the ordinary locus of Y}%N can instead be viewed as
parametrising pairs (4, t) where ¢ : i, ® OF = ker Froby. Since Y}%N is normal, it is
essentially the scheme defined as @( E, ;LI,N)K‘"“ in [1, §9]; the differences are that we
are working with full level N structure and not including the cusps. We will not however
make any direct use of the fact that Yll]g or Y}%N is normal; in particular, we will not
compute divisors on them as in [1, §12], appealing instead in the proof of Theorem 8.2.2
below to general properties of logarithmic differentiation in order to descend the problem
toYy.

8.2. Construction of ®-operators

For each t € X, we consider the inclusion @' C Sym(97U (D, 5 @, "), which induces
an injective morphism
1

0, — 7TU’*(9YIIJg = Sym@7U (@ 5;1)/‘]’
TeEX

hence an injective morphism nl"}c_u;I — Oy 1z, which we view as a section of nf .. We
U

denote this section by /¢, and call it a fundamental Hasse invariant. The definition of YII]g

implies that these satisfy the relation

h? = hyny;(Hay).

Frlor

Recall now the Kodaira—Spencer isomorphism (6.2). Taking A to be the universal
HBAV over S = Y ;v and decomposing over embeddings t yields a Gy, y-equivariant
isomorphism

—2 T o1
g%(w, ®071,N 5 ) - Q71.1\//15
whose union over J descends to an isomorphism

. —1
@ (@7 ®oy, 0: ) ~ szlyU/E 8.1)

TeX

of vector bundles on Y 7. We let KS; : QIYU /E™ 2 ®oy,, 8, ! denote the composite
of its inverse with the projection to the t-component.

Let Fy denote the sheaf of total fractions on Yy, and Fy = H°(Yy, Fu) the ring
of meromorphic functions on Y 7, so Fy is the product of the function fields of the com-
ponents of Y 7. Similarly let ?lljg be the sheaf of total fractions on Yll]g (so ?ll]g =1}, Fu)
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and let F ' be the ring of meromorphic functions on Ylg, S0 FIIJg is Galois over Fy with
Galois group (O /pOFp)*. Since the natural map nUQI v /E — Q! YE/E is generically
an isomorphism, i.e.,

T (Qy, g ®op, Fu) =15y @0 i FE~ Q!

Ig
lg/E ®0Y[I/g ‘?’U ’

the pull-back of KS; induces a morphism
I — 51 I
Q;[l};/E ®@y5 ?Ug — JTE (w% ®07U s, ) ®0ng ‘?Ug’

which we will denote by KSIr

Suppose now that f € My ;(U; E). Leth* =], ke andg =TI, gt , where h; is the
fundamental Hasse invariant and g is any trivialisation of §,. Then A= (g™ “Ifye FE
so we may apply KS7 2o

™y (g™ 1) € Qe = HOOF Qs @0, T

Definition 8.2.1. We define
_ _ —k/,l/ .
OF(f) = bty (g Ha) KSE(@(h ™y (g7 ) € HOYG 7p L " ®o, F1):

where
o ifFrot =t ,thenk, =k, + p+landk), =kpif ' # 1;
o if Frot # r,thenk, =k, +1, k’ o =kp-1o; + pandky =k if o/ ¢ {Fr 1ot 7};

o=l —1l,andl), =l if ¢’ 7£t.

Since the ratio of any two trivialisations of 8, is locally constant, we see that @I,g( f)
is independent of the choice of g,. Moreover, it is straightforward to check that ®I,g( f)is
invariant under the action of (Of /p)™, hence descends to a section of okl ®(97U Fu,
which we denote by ®,(f). What is more difficult is that ®,(f) is in fact a section
of @' . In fact, we have the following result, essentially due to Andreatta and Goren [1]:

Theorem 8.2.2. If f € My ;(U; E) and t € Z, then ©.(f) € My 1(U; E). Moreover,
O (f) is divisible by Ha; if and only if either f is divisible by Hag, or k; is divisible
by p.
Proof. First note that the formula

[1r27" =[] =& Har)

’ex ’eX
implies that 7% is non-vanishing on 7151 (Y(‘]’rd), SO h_knl*] (g7'f) and hence
d(h=* Ty (g~' f)) are regular on nljl (Y{]”d). Since mry is étale on 7151 (Ygrd), it follows
that d(h_kné (g7" f)) restricts to a section of

Ql

'nUS2 n—l(yord)/E'

Yord/E

Therefore ® g(f) is regular on nUl (Y"rd) and ®(f) is regular on Y"rd
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To complete the proof of the first assertion, we must show that if z is the generic point
of an irreducible component Z C Zy 4, then (the germ at z) of @, (/) lies in EIZ‘/’I/, ie.,
ord; (®;(f)) > 0. For the second assertion, it suffices to show further that if 79 = t, then
ord;(®;(f)) > 0if and only if either p | k; or ord,(f) > 0.

Let us revert to the notation of the proof of Proposition 8.1.1, s0 Oy, . = Ry and x¢/
is a basis for the stalk of 5;,1 at z. Let y.- be the dual basis for @/, so that y¥g’ is a
basis for EIZ"I over Ry, (where as usual y¥ denotes I yff’), and we have f = ¢fykgl
for some ¢y € Ry. In terms of the basis 7y, (y./) for nj;@ -, the fundamental Hasse
invariant /. is given by o7y, (y+/), so that h_knl*] ¢t = t_k¢f in the total fraction
ring of T}, over which we deduce that

O(f) = KSE(* d(t™* ¢p))n}y (Ha, y*gh).

The formulas tlfr C1g, =Ttlt in T, imply that r dty = —tp dry in Q%"p JE> and it follows
that
O (f) = KSc(d¢y — ¢yr*d(r™)) Ha, y*¢'
dr /
= KS, (d¢f + &r Z ks ; d ) Ha, ykgl (8.2)
T'ex v

(locally at z). Since Ha, = r, y*%r | we conclude that

ord (O+(f)) = ord,; (ersf(dcpf) T kedKSeldre) + 3 korey

Ksr(drr/))
T #t

rer

In particular, if T = 79, then we see immediately that ord, (©.( f)) > 0, with equality
if and only if ord, (k:¢sKS:(dr;)) = 0, so in this case we are reduced to proving that
ord; (KS;(dr;)) = 0. On the other hand, if T # ¢, then we are reduced to proving that
ord; (KS;(dr,)) > 0. Both cases are treated by the lemma below. |

The following is essentially the unramified case of [1, Prop. 12.34], which we prove
using a computation of Koblitz [48] (as presented in [39]) instead of the theory of displays.

Lemma 8.2.3. Let z be a generic point of Zy ¢, and let r be a generator for the maximal
ideal of Oy, ,. Then ord; (KS:(dr)) = 0 ifand only if t = 19.

Proof. First note that since the projection | [Y sy — Yy is étale, we may replace Y 7 by
Y, ~ and Zy o, by Z, in the statement of the lemma. Note also that the conclusion of
the lemma is independent of the choice of uniformising parameter r, since if u € (9;

J
then

KS:(d(ur)) = uKS;(dr) + rKS;(du).

We will prove that for every closed point x of Z, there is a choice of parameter r, regular
at x, such that the fibre of KS;(dr) at x vanishes if and only if t # 9. By the formula
above, the equivalence then holds for all r regular at x, hence for all x at which any given
r is regular, and this implies the lemma.
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Let R = @7] N A the pull-back to Spec R of the universal HBAV over Y; x and
M = H};(A/R). Letting
VM = Qg p Qr M

denote the Gauss—Manin connection and ¢ : M — M the morphism induced by the abso-
lute Frobenius morphism on A, we are in the situation of [39, A2.1].° We then have
L=H"A, Q}UR) and N = H'(A,O,), and the O -action on 4 yields decompositions

L=@L., M=@M, and N=@N,

into free R-modules indexed by t € X. The Hasse—Witt endomorphism of [39, (A2.1.1)]
decomposes as the sum of Frobenius semi-linear morphisms Np.—1,, — N such that,
after choosing a generator for J/ pJ and applying the isomorphisms Lie(4) ® 0. J ~ N,
the induced morphism le_p lor N corresponds to the completion at x of the partial
Hasse invariant Hay, s .. The general properties of the construction of the Gauss—Manin
connection ensure its compatibility with the O -action, so that it decomposes as a direct
sum of connections V; on M. Furthermore, the morphism [39, (A2.1.2)] induced by V
is the completion at x of the reduction mod r of (6.1), and hence the induced morphism

@D Homg (AR My, LER?) = @ Homg(Ny, Le) > Qp
T T

is the completion at x of the Kodaira—Spencer isomorphism on Y’ J,N-

Following [39], we let R; = R/mi,g|rl (the cases of interest being i = 0, 1), and sim-
ilarly use subscript i for reductions mod m’*! of R-modules, morphisms and matrices.
We now choose a basis for M as in [39, (A2.1.6)] as follows: First choose a basis for M,
consisting of vectors er g € Ly, fr,0 € My for € X. Then

$o(ep—1 or,O) =0 and ¢o(fr— or,o) = crer0 +de fr0

for some ¢, d; € R not both zero. Replacing f7,0 by er,0 + f7,0 Whenever ¢, = 0, we
may assume ¢, # 0, and then replacing e, o by ¢, 'e; 0, we may assume ¢, = 1 forall 7.
Now lift each pair (er,9, f,0) to abasis (e, f)) of My withe; € L, andlet f; = P(f])
where P is defined in [39, (A2.1.3)]. Since V respects the decomposition M = @ M,
so does P, and hence f; € M, ;. Moreover, f; = f/ mod mg, so in the matrix (g Il-;lll )

of [39, (A2.1.7)] representing ¢» on M; with respect to the basis ((e;), (f7)),
o the reduction By of Bj is defined by b,/ = Sr,pror;

e the matrix H; represents the Hasse—Witt endomorphism N; — N; with respect to
the basis induced by (f;), s0 iy = 0 if 7/ # Fr~! or and hep1 or
represents the pull-back of Hay y . to Ry with respect to the basis induced by the map

sending fg—1,, to fr.

= r;, where r;

The notations A and F in [39], being in other use here, have been replaced by R and ¢.
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In particular, By is invertible, and [39, Proposition A2.1.8] implies that the matrix
Ko = (Ho— Hy)By!

with entries in mg/m% =~ Q}Q/E ®r Ry is diagonal with (z, 7)-entry —dr.. Note that
the map Lo — (mR/m%e) ® R, No is the fibre of (6.1) at x, and is represented by Ko with
respect to the bases (e,0) of Lo and ( fz,0 mod Lo) of Ny. It follows that the fibre at x of
the Kodaira—Spencer isomorphism is the map

@ Hompg,(Nz,0. L:,0) >~ Homg,go (No, Lo) — Q}Q/E ®Rr Ro
T

under which the basis vector in the r-component induced by fz o > e corresponds
to —dr;. Note that rr, is the image in mz/ m% of a uniformising parameter for Z, in a
neighbourhood of x, and the fibre at x of KS; sends dry, to 0 if and only if t # 79, so
this completes the proof of the lemma. ]

It is straightforward to check that the maps ®, are compatible with the maps
[U1gUs>] for sufficiently small Uy, U, and g € GL2(A%) such that g~'Uyg C U, and
8p € GL2(OF,p). Taking limits over open compact subgroups U therefore gives

Corollary 8.2.4. For any weight (k,l), ©. defines a map
M1 (E) — My 1 (E)

commuting with the action of all g € GLy(AR) such that g, € GLy(OF, ). In particular,
for any open compact subgroup U of GL2(AF) containing GLy(OF,p), O defines a
map

My (U E) > My (U E)

commuting with the operators Ty, and S, for all v  p such that GL,(OF ) C U.

9. g-expansions

We review the definition and properties of g-expansions, including the effect on them of
Hecke and partial ®-operators, and we generalise a result of Katz on the kernel of ®.
See [18] for a further generalisation to the case where p is ramified in F.

9.1. Definition and explicit descriptions

Suppose as usual that U is a sufficiently small open compact subgroup of GL2(5 F)
containing GL, (O F.p), With k.1 € Z¥ and R a Noetherian (9-algebra such that v¥+2/ = |
in Rforallv € Ol’é N U. Recall from §6.4 that X is the minimal compactification of Yy,
and a cusp of Xy is a connected component of Xy — Yy. When it is clear and convenient,
we will suppress the subscript R from base-changes of morphisms to which schemes have
been extended, writing just j for example for the inclusion Yy, g < Xy r.
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Definition 9.1.1. For each cusp C of Xy, we let QIE’ZR denote the completion of j*illcle
at Cg, and for f € My ;(U; R), we define the g-expansion of f at C to be its image

Akl
in Qcg-

We now proceed to describe Q]é’,lR more explicitly. (See [18, Sections 7.1-2] for a
more general and detailed analysis.) We first recall (e.g. from [11]) the description in the

context of X v, supposing that N > 3 and uy (Q) C . The cusps Cof X J,N are in
bijection with equivalence classes of data:

fractional ideals a, b of OF;

e an exact sequence of Op-modules 0 — (ad)™! - H — b — 0;

e an isomorphism J Soabl

e an isomorphism (Or /NOfr)> = H/NH.

By the Koecher Principle (as in the discussion preceding [53, Prop. 6.11]; see [49,

. . . k,l, T pk,l
Thm. 2.5] for a statement in the required generality), we have 7, 7 NPC’; = jxL T N.R®

where 7 : X', — X y is the projection from a toroidal compactification of Y v, and

:E’;’l](}or is the canonical extension of :E];IN to a line bundle over X ‘J‘”N associated to the
semiabelian scheme A" extending the universal abelian scheme A over Y . Since 7

is projective, the Formal Functions Theorem identifies the completion Qlé’l R of the sheaf

f* éﬁlle R at Cr with the set of global sections of the completion of the coherent sheaf
:E’;IN[OIZ at the fibre of 7 over Cg.

The construction of the toroidal compactification identifies the completion of X ‘JorN
at the fibre over C with the quotient S /Un, where S is the formal scheme denoted
SN ({oac N7 in [11, 3.4.2] (for a choice of polyhedral cone decomposition {oac 1), but we
define the action of @ € Uy = ker(Of — (Of /N)*) as being induced by multiplication
by a?. We therefore obtain an identification of the R-algebra Q%’OR with

é.x = (RUG" mev—1a5), uio) "™

where o € Uy acts via ¢ +— q“z’" on power series, under which C corresponds to the
closed subscheme of Spec §é defined by Y rmg™ + ro. Furthermore, the pull-back of
A® 0 S is the Tate semi-HBAV T,.p associated to the quotient (G, ® (ad)™1)/¢® (by
Mumford’s construction). The canonical trivialisations

Lie(Tap/S) ~ (ad)™ ® O ~ Hom(a, Oy).
Lie(T,y/S) =~ (65)™' ® O ~ Hom(b, O)

then give a trivialisation of the pull-back of éCl;’l](,mIre to S, and hence an identification

k,l k,l
QF =" ®o R4 Nmev—1a8y5 uo) Y+

where
DF = @((a ® 0)&* 89 (Jd7' ® ©)2r)

T
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and a € Uy acts as ok on D*! Note that D¥! is free of rank 1 over 0, and letting b be
a basis, we have

QIEJR - { Z brm)q™ | reem = ok ry, foralla € UN}.
’ me(N—1ab)4 U{0}

We will also write 5k’l for D*¥! ®¢ E.
If we fix the data of a, b and ab™! ~ J, then the corresponding cusps of X J,N are in
bijection with Py \GL,(OFf/N), where

-1
Py = {(a *) mod N
0 «

Here we have chosen isomorphisms

an}}.

s:0p/NOp ~N7'6/b and t:Op/NOfr ~ uny ® (ad)!

to define a level N structure n on Top by n(x,y) = 1(»)g*™), and then associated the
coset Py g to the cusp of X y defined by Ty p with level N structure 1 o r,—1. Under
this bijection, the (right) action of Gy, n is defined by

vl 0
PNg-(v,u)zPN( 0 1)gu.
The stabiliser in Gy, y of (the cusp corresponding to) Py g is therefore the image of the
group
vo !

{(v,u)eO}i,erU‘guglE( 0 :) modeorsomean,?}.

We find that the (left) action on Qlé’lR of such an element (v, u), with

-1 _ -1
gug_l = (VOZ) UO([X X) mod N,

is defined by a*v! on D¥! and
Yo rmd™ Y Lxm)rmg "

on R[[g"]]mev—1ab), ufoy» Where ¢ : N~'ab/ab — py is the composite of the Of-
linear isomorphism N ~'ab/ab — d~! ® uy induced by ¢ o s~1 with trr/@ ® 1. The
module Qlé’,lR (over §C, R= QOC”OR) is then given by the invariants in QIE’IR under the
action of the above stabiliser. In particular, we note the following two special cases:

Proposition 9.1.2. Suppose that p*+?' = 1in R for all n € O} such that ;. = 1 mod n,
and let b be a generator of D,
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o [f U = U(n), then

0k~ X e

mem—lab) U{0}

Tom = v_lrm forallv e Un,+}.

o I[fU =U;(n) and g = 1, then

Qlé’,lR = { Z b ®rm)q™ ’ Fom =V ' rm forallv e O;‘,’+}.
me(ab) 4 U{0}

Note that the isomorphism (in the case of U = U(n)) depends on the choice of
representative g. Note also that the description of Q’é”lR is compatible in the obvious
senses with the morphisms induced by base-changes R — R’, and inclusions U’ C U
(for cuspsC’ of Xy mapping to C).

9.2. The g-expansion principle

The g-expansion at C of a form f € My ;(U; R) vanishes if and only if (the extension to
Xy, g of) f vanishes on a neighbourhood of Cg, which is equivalent to the vanishing of f
on all connected components of Xy, r intersecting Cg. (Note that if Spec R is connected,
then there is a unique component containing Cg.) Recall from §2.6 that Zy is the scheme
representing the set of components of Yy and hence Xy, so we have the following:

Lemma 9.2.1. If§ is any set of cusps of Xy such that | [ccs C — Zy is surjective, then
the q-expansion map

M (U:R) — P Qlé’,lR
Ces

is injective.

If U = Uy(n), then det(U) = 5;, so Zy is in bijection with the strict class group
of F. For each representative J, we choose b = J 1 a=0Op,and § consisting of a
single C at infinity (i.e. as in the second part of Proposition 9.1.2) on each component
associated to afixed t : O /NOf ~ uny ® d~! (independent of J)and s : O /NOfp ~
(NJ)~™'/J~" (of which C is independent). Using the isomorphism D¥/ ~ @ obtained
from the inclusion J = C F for each J, we obtain an injective g-expansion map (defined
for arbitrary 1)

M (U@ R —> @f > rmg”

meJu{o}

Fom = vl forallv € 05} O.1)

9.3. q-expansions of partial Hasse invariants

Let us now return to the case of arbitrary (sufficiently small) U, take R = E and consider
the g-expansions of the partial Hasse invariants Ha,. Since the pull-back Ver;a 5 of the



F. Diamond, S. Sasaki 3502

relative Verschiebung on the Tate semi-HBAV T, p (see §9.1) is induced by the canonical
isomorphism
B@oE): > Q@ Bl

we see that the q- expansion of Ha; at any cusp is the constant 1, or more precisely t; ® 1

Hﬂ'[‘

where (; € D % is defined by the canonical isomorphism (a ® E); - (a ® E )1;8; Zlop
Furthermore, the same is true for the g-expansions of G; € My, (U; E) (with

k Har

—Kag s —0, _ . .
Dt replaced by D’ and a by Jd™1), where G, is obtained by descent from

the canonical trivialisations defined in §3.4.

9.4. ®-operators on q-expansions

We continue to assume R = E. We now describe the effect of ®-operators on g-expan-
sions. We first assume U = U(1) for some 1 sufficiently small that v/ = 1 mod p for all

v € Uy, 4. By Proposition 9.1.2, we can identify @Iél = Qlé’lE with

Ek’l QF §c,E = { Z (b Q rm)q™ | rym = rm forallv € Un,_,_},
me(m—lab); U{0}

- . . —k,l . —k,l a
where b is any basis for D" . In particular, note that Q- is free over Sc g for all k, /.
We now appeal to formula (8. 2) and observe that it is compatible with the analogous

formula defining a map ch — QC o , where KS; is replaced by the completion of j.KS;
at C = Cg. Moreover, the formula is valid for any choices of bases y, for the completions
of j«w, (which are invertible thanks to our choice of U). In particular, we can choose
the y,s of the form a,» ® 1 where the a,/ are bases for (a ® E), such that (p ® a,r =
gfl o/ for all 7. This gives y*g/ = b ® 1 for some basis b of D", and in view of the
¢-expansions of the partial Hasse invariants, r,» = 1 for all . Thus if f has ¢-expansion
Z(E ® rm)q™ at C, then we are reduced to computing the image of ¢ = > r,,g™ under

the composite

a

. —(2,—1¢
&Eemxwr UsQy, p)e— 0 92)

where (2,—1), = (k’,1") — (k,1) — (kua, , 0) and the last map is induced by j«KS;.
A computation on the toroidal compactification identifies (/.2 Y v/ E)A with
nlab ® §C,E

(in view of our assumption that U = U(n) for sufficiently small n) and the composite of

the first two maps of (9.2) with ¢* — m ® ¢"". Moreover, identifying QC e with

— @1 ~ ~
p>Y ®E Sc.g = (bab ®o E); ®F Sc.E,
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[41, (1.1.20)] gives that the last map of (9.2) is the inverse of the isomorphism induced by
the inclusion dbab — n~!ab, followed by projection to the 7-component. Therefore the
g-expansion of ®;(f) at C is given by

2 (t(m)b ® rm)g™.

In view of the compatibility of g-expansions with the morphisms induced by inclusions
U’ C U, this formula is in fact valid for all sufficiently small U. We have thus proved

Proposition 9.4.1. If the q-expansion at C of f € My (U; E) is Z(Z ® rm)q™, then
the q-expansion at C of O(f) is Y (t;t(m)b @ ry)q™.

Recall from Lemma 9.2.1 that a form is determined by its g-expansions. Using also
that 1, 7(m) = (Fr~! ot (m))?, we deduce the following (see §9.4 for the definition of G):

Corollary 9.4.2. Forallt,v" € X and f € My ;(U; E), we have the relations
® 0.0.,(f)=0v0.(f), and
L4 Gr®ll_:r—1 Or(f) = Ha” Ha, ®r(f)

Fr—lot

9.5. Hecke operators on q-expansions

We now describe the effect of the Hecke operators T, on g-expansions in the case of U =
Ui(n). For f € My ;(Ui(n); R) and m € J;l U {0}, we write r,} () for the coefficient
of g™ in the J-component of its g-expansion as in (9.1).

Proposition 9.5.1. If f € My ;(Ui(n); R), v t np andm € J ' U{0}, then

ra(Tof) = Biry', (f) + Nmpg()BhriZ, (Su.f).

where the J; and B; € Fy are such that vJ = B1Jy and v='J = B, J, (and we interpret
rg,m as 0 if Bom & J5 V).

Proof. This is a standard computation which we briefly indicate how to carry out in our
context. Let U = Uy (n), g = (§ -, ), denote the rational prime in @, by r, and choose

0 wy —
a sufficiently large N prime to pr. We may extend scalars so as to assume un-(Q) C O.
Note that
—_— w.v 0 —_— .
UgU = U( 0 1)U = |] avU
i€P1(OF [wy)

with g; € GL2(OF,,) defined by (%0 1) if i € Op /w,, where [i] is the Teichmiiller
(or indeed any) lift of i, and goo = (0, ¢ ). To define the maps [U’g; U] : My ;(U; R) —
My 1 (U'; R) (where U’ = U(rN) for example), we may take Ny = rN, N, = N and
o = 1 in the notation of §4.

Recall that the J-component of the g-expansion of Ty, f is given by its image in Q’é”lR
where the cusp C of Xy is the image of a cusp Cof X JrN associated to the Tate semi-
HBAV T, witha = O, b =J ~1, canonical polarisation data (i.e., associated to the
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identity ab™' = J), and level structure defined by n(x, y) = 1(y)¢*® for some choice
of isomorphisms s : O /rNOp ~ (rNJ)™'/Jlandt: O /rNOF ~ pu,y @ b~ L.
Suppose first that i € Of /w,. Choosing 8 = f; in the definition of pg, : Yy, v —
Y, .~ and extending to minimal compactifications, we find that pg, (C) = C; where C;
is the cusp of Xy, n associated to T, I with canonical polarisation data and level N
structure defined by (x, y) — t(ry)gP175™) Moreover, the induced morphism S ¢~ §C~

on completions is defined by ¢ — (; (ﬂl_lm)qﬁl_lm, with ¢; running through the dis-
tinct homomorphisms (vNJ)~!/(NJ)™! — i, as i runs through the distinct elements of
OFf /@y, and the pull-back to S of the isogeny denoted 7 in §4 is just the natural projec-
tion Tp, j-1 — ,6;[_ To,. I induced by the identity on G, ® d~!. Taking into account
the normalisation by ||det(g); || = Nmp,q(v) ', we conclude that [U’g; U] is compatible
with the morphism Qk:l — Qk:l on g-expansions defined by
C1,R C,R
Y b®m)g" > Nmpo) T Y (BIb® L) mg™
me(NJ1)7'u{o} me(wNJ) ' u{o}

As fori = 0o, note that [U'gecU] = [U'hU]S,, where i = (9 wgl ). Choosing o = r
and B = r2 B, in the definition of fy, : Y ,n — Y, n and extending to minimal compact-
ifications, we find that p,(C) = C; where C; is the cusp of Xy, n associated to T, . ;!

with canonical polarisation data and level N structure defined by (x, y) > £ (ry)gP2"s™).
~ A~ —1
Moreover, the induced morphism S é S on completions is defined by g™ +— qﬂz m

and the pull-back of 7 to S is the map Tp,. ;-1 —> P Ty, 5 induced by multiplication
by r on G, ® b~!. Taking into account the normalisation by [|det(/)|| = Nmp,q(v), we
conclude that [U’hU] is compatible with the morphism Qg R Q]é’lR on g-expansions
defined by

Y. 0®rm" > Nmp) Y (B ®ram™
me(NJ2)T!'u{0} mev(NJ)F'ufo}

Summing over i then gives the desired formula. ]

9.6. Hecke operators at primes dividing the level

We shall also make use of the operator T}, = [U ( o ?)U] on My ;(U; R) for U = Uy (n)
and v | n. Note that the operators 7, on My ;(U;(n); R) for all v 4 p commute with each
other, as well as with the S, for v } pu. The effect of T, on g-expansions for v | nt is
computed exactly as in the proof of Proposition 9.5.1 except for the absence of the coset

indexed by i = oc:
Proposition 9.6.1. If /' € My ;(Uy(n); R), v|nandm € J' U {0}, then
J
r(To f) = Birgl,, (f),

where the J1 and 1 € Fy are such that vJ = B1J;.
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9.7. Hecke operators at primes dividing p

We also need the operators T, for v| p inthe case R = E, [, =0, k; > 2 for all 7; we recall
the definition. Againlet J, Jy, 81 (in Fy)besuchthatvJ = B J;. Let A} = A,y denote
the universal HBAV over Y| Jl ~ . Letting H denote the kernel of Very, : Agp N Ay, we

may decompose H = le p Hw where each Hy, is a free rank 1 (OF /w)-module scheme

over Yy, v and set A} = A(lp)/Hl’, where H;, = [],,, Hy. The OF-action on Agp),
polarisation pﬂl_lk(p) and level N structure p~'5®) induce ones on A} making ita J-
polarised HBAV over Y J1,N» corresponding to a finite, flat morphism
p:Ypn—>Yyn
of degree Nmp/q(v). Taking the union over Ji, the resulting morphism descends, for
sufficiently small U D U(N), to a finite, flat endomorphism of YU which we denote
by - —2,-1 —
To define T, recall that the Kodaira—Spencer isomorphism (6.2) induces £, ~XKXy,
where Ky is the dualising sheaf on Y i, and hence an isomorphism
—k—2,1
xU = JCU ®(9y :CU

Lettings: A — Y Jnvandsy A — Y J1,N denote the structure morphisms for the univer-
sal HBAV’s, the isogenies 7 : A} — A induced by Veerl yleld morphlsms 5101

A /Y 5N
— PS5y Q;/Y , which in turn induce morphisms éﬁj N —>p*§€, N >0 (using that k > 2
for all ) whose union over J; descends to
—<k— —<k—
Zy 20— gy Y 9.3)

Making use of the canonical trivialisations &£ J’,N ~ Nmp,o(Jd™!) ® Oy, , and

iJIN_NmF/@(J]b )®(9Yj N’
Nmpg;o(JJ| 1). (Note that this is not the morphism induced by 7, which is in fact 0.) The

we define Z‘}’l{ N = ,5*2‘}1}, by multiplication by

. . . 50,1~ 50,1 . .
union over Jp then descends to an 1som0rphlsm £y — p*Ly . which we tensor with

—k—2, —k—
(9.3) to obtain a morphism £; G p*£Ly . We then define T, as the composite

- — —k—2,1 —k—2,1
HO(YU,JCU®(97U Ly ) —> H' Yy, J{U®(9Y Ly )

k21 —k—2,1

— H'Yy.puKu ®oy, £ ) > H(Yy. Ky ®oy, Lu )

where the first map is given by the one just defined, the second is the canonical isomor-
phism, and the third is induced by the trace map p« Ky — Ky.

Proposition 9.7.1. Suppose that v | p, | =0 and k, > 2 for all T € X. If [ €
M1 (Uy(n); E) and m € J-' U {0}, then

ri(va) = rﬁlm(f)

where the J1 and 1 € Fy are such that vJ = B1J;.
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Proof. Let C be a cusp at infinity on Xy where U = U;(n), so that C is the image of a
cusp Cof X J,n associated to the Tate semi-HBAV T, p witha = Ofp,b=J ~1, canonical
polarisation data and level structure 7(x, y) = t(y)g*® for some choice of s and . The
morphlsms p extend uniquely to rnorphlsms X Ji,N = X J,N» for which one finds that the
fibre over C E 1s supported at C 1,E, Where C 1 is the cusp of X j, n associated to TO pd

with canonical polarisation data and level structure 7(x, y) = t(y)g*1® for some choice
of 57.

Moreover, the corresponding map S G.E™ S~ é\.E is defined by ¢” > ¢#1™ and the
pull-back of the isogeny 7 to S 1,£ 1s the canonical prOJectlon 0 To, -1, — To,. JTVE
induced by the identity on G, ® 5! (where §; = Sy ({aoql N” is again as in [11, 3.4.2]
for a suitable cone decomposition {aac . In partlculaAr, it follows that the morphism (9.3)
is compatible with the canonical trivialisations over S; g, so the resulting map

k=21 & ~ k—2,1
Qc, g ~ Sci.E®s. , Qck

is induced by multiplication by Nmr,q (J Jh.

Identifying the pull-back of j. Ky to S w1th Nmp/p(J) ™' ® O, and similarly for S
with C and J replaced by C; and J;, we find that the trace p*JC U — RU extends
(over X ) to the map whose pull-back to Sg is defined by

_ —1 . _
N LI ®qPr ™ ifmevs,
0 otherwise.

It follows from [41, (1.1.20)] that the same holds for the corresponding map p*z?j_l
— Zi}_l, so this formula describes the resulting map Q%Jl_ll’f — Qé’}l, giving the propo-
sition. ]

One easily sees directly from the definitions that the 75, for v | p on My o(U;(n); E)
commute with the S, for v } pu (assuming k; > 2 for all 7), and it follows from Propo-
sitions 9.5.1, 9.6.1 and 9.7.1 that they commute with each other as well as with the T;, for
all v } p. (In fact, one can check directly from the definitions that the 7, commute with
each other and the action of the group {g € GL2(A¥) | g» € GL2(OF,,)} on My o(E).)

9.8. Partial Frobenius operators

We also define operators @, for v | p in the case R = E, [ = 0, generalising the clas-
sical V -operator. We maintain the notation from the definition of 7, in §9.7, except that

we no longer assume k, > 2 for all r. Writing s} : A] — Y.~ and ﬁ*s*Q;/Y ~

(sp*al AT = = @@, we find the isogenies A”) — A} — A induce isomorphisms

—Qp .
o ifreX,,

@, ~ @, ~{ Fler ’ (9.4)
[ if t &%,
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onY J,,~ whose unions over J; descend to Yy.Fork € Z%, define k' by kl = pkgror if
teXyand k. =k ift € Xy, and @y, : My o(U; E) - My o(U; E) as the composite

— =k — -k, — oK,
Mio(U:E)= H'Ty. %) — H'(Yy.p*Ey ) = H' Ty, Zy"") = My o(U: E),

where the first map is pull-back and the second is induced by the above isomorphisms.

It is clear from the definition that &, is injective, and straightforward to check the
operators @, commute with each other and the action of {g €GL>(A¥) | g €GL2(OF, )}
on My o(E) and My o(E). In particular, ®, commutes with the operators Ty, forall w ¢ p
and Sy, for all w + np. Its effect on g-expansions is given by the following:

Proposition 9.8.1. Suppose that v | p and | = 0. If f € My (Ui(n); E) and m €
J;l U {0}, then

(@ f) =152, ().

where the J, and By € Fy are such that v='J = By J, (interpreting rg,m as 0 if
Bom & I ie, m g vJ7Y).

Proof. The completion of p at the cusps is already computed in the course of the proof of
Proposition 9.7.1. One also finds that the pull-backs of the isomorphisms of (9.4) to S 1,E
are compatible with the canonical trivialisations of the push-forwards of the cotangent
bundles of the Tate semi-HBAVs Ty . ;-1 g and T, JVE It follows that the map

kO & kO k.0
Qcp ~ Scie ®g. . CQcp = QcjE (9.5)

induced by ®@, is defined by ¢ > g1 The desired formula follows on relabelling J
as J» and J; as J, and taking B, = B! n

The proposition gives an alternative proof (for U = Uj (u)) that the ®,, commute with
each other and with the T, for all w } p (after checking that ®, commutes with S, and
applying Proposition 9.5.1 for w 4 np, and Proposition 9.6.1 for w | ). Note however
that ®,, does not commute with T, (when the latter is defined, i.e., k; > 2 for all 7).

Note that it is immediate from Proposition 9.4.1 that the kernel of the operator O,
depends only on the prime v such that T € X,. Moreover, if v(f) = k (in the notation
of §5), then Theorem 8.2.2 implies that k. is divisible by p for all T € ¥,. We will show
in Theorem 9.8.2 that (assuming k is of this form and / = 0) this kernel is in fact the
image of ®,, generalising a result of Katz in [40, Section II].

We need to introduce one more operator: we define k¢ by kY = kg1, and we let
@ Mg o(U; E) > Mo o(U; E) be the composite

H(Yy. 25— HOTy Bt 25°) - HOYy. Zp ).
where the first map is pull-back by the automorphism induced by Frz on Yy and the
second is given by the canonical isomorphisms Fr*E W >~ Wgror. (Note that we could
similarly define ¢ : My ;(U; E) = My 10(U; E).) Its effect on g-expansions of f €
Mo (Ur(0); E) is given by ry (pf ) = Frg (1 (/) = (i (/)P
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Theorem 9.8.2. Suppose that k € 7=, n is an ideal of Of prime to p, v is a prime
dividing p and t € X,,. Then the image of

Qy : Mico(Ui(n): E) — My o(Ur(n); E)
is the kernel of ©.

Proof. From Proposition 9.4.1 we see that f € My o(U;(n); E) is in the kernel of © if
and only if ;7 (f) = 0 for all m, J such that m ¢ vJ_;1 It is therefore immediate from
Proposition 9.8.1 that image(®,) C ker(®,).

For the opposite inclusion, first note that we can assume u is sufficiently small. For

—k, .. . .
each cusp C € §, let N¢ denote the stalk (j«&L Uo)g, where as usual j is the inclusion
Yy - Xy and C = Cg. Similarly let

—k'0 ey
Ne = (eLy e, = UspxLy e

and consider the R¢ := GYU clinear map ¢c : N¢ — N¢ of finitely generated Rc-
modules induced by the morphisms in the definition of ®,,. Letting ¥y denote the sheaf
of total fractions on Y i, we similarly have a map

~ — —k,0 o~ —  —k/,0 -~
®,: H'(Yu, £y ®oy, Fu) = H'Yy. £y ®oy,, FU);
and thus a commutative diagram of injective maps

- —ko0
My o(Ui(0); E) —— @Pces Ne —— H'(Yu, £y ®oy, Fu)

| |

R
My o(Ur(n); E) —— Dces N¢ »HO Yy, &y ®oy,, FU)

where the horizontal maps are the natural inclusions.
The completion ¢¢ of ¢¢ is precisely the Sz-linear map Q%O — Q%’O of (9.5)
1
(where S¢ acts on the target via the map to S¢, induced by p). If f* € ker(®), then
ol (f) =0 for all m ¢ vJ;!, so the g-expansion of f at Cp is in the image of ggc
for each C € §. Since Sg is faithfully flat over Rc, it follows that f is in the image
—  —k,
of ¢¢ foreach C € 8, so there exists g € P Ne € H*(Y vy, éCUO ®(9?U Fv) such that
Dy(g) = f. o
It remains to prove that g € My (U (n); E), Since Y v is smooth and Ly isinvert-

ible, it suffices to prove that ord, (g) > 0 for all prime divisors z on Y 7. For this, we note
that the map ¢ similarly extends to a map ¢, and one checks that

~ 4 - k0 —  —pk,0
¢o 1_|[ @y H'(Yu, Ly ®oy, Fv) — H'Yy.ZLy R0y, Fu)
wlp
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is simply the map g + g?. Therefore

"= (70 [T %)) = (00 [T ®u) (/) € Mpico U1 w): E),
w#v w#v

so that p ord,(g) = ord,(g?) > 0, and hence ord,(g) > 0. n

Remark 9.8.3. One can also check that the relation image(®,) = ker(®;) holds for arbi-
trary U using the same argument as in the proof of the theorem and a straightforward
generalisation of the formula in Proposition 9.8.1 (see the next section for similar compu-
tations of the effect of operators on g-expansions at more general cusps).

10. Normalised eigenforms

We will prove that if p is irreducible and geometrically modular of weight (k, ), then in
fact p is associated to an eigenform f € My ;(U;(n); E) for some n prime to p, allowing
us to pin down g-expansions of forms giving rise to p. We will also use partial ®-operators
to study the behaviour of minimal weights as / varies, and prove that if an eigenform is
ordinary at a prime over v, then so is the associated Galois representation.

10.1. Preliminaries

First note that, by definition, if p is geometrically modular of weight (k, /), then p is
associated to an eigenform f € My ;(U(n); E) for some n prime to p. One approach to
replacing U(n) by U; (n') for some n” would be to use the space My ;(E) to associate to p
a representation of GL,(F,) for each v | . One then chooses an irreducible subrepresen-
tation m,, whose existence is given by [60, II, 5.10], and shows, using the irreducibility
of p, that m,, does not factor through det. It then follows from [59] that &, has a vector
invariant under U; (v®?) for some exponent ¢, and one can take 1’ = [], v°?. We shall
instead give a more constructive argument that develops some tools we will need anyway.
In particular, we define certain twisting operators on forms of level U(n).

We let U = U(n) and index the components of Yy by pairs (J, w) where J, as
usual, runs through strict ideal class representatives, and w runs through a set W C
(OF/NOF)™ of representatives for (Of /n)*/OF .. More precisely, choose as before
isomorphisms s : O /NOp ~ (NJ)~'/J~! (foreach J)andt: O /NOp ~ uny ® b1
Then s determines an isomorphism J/NJ >~ Of/NOF whose composite with ¢ defines
a component of Y n, hence of Yy, and we associate to (J, w) the component so defined
with s replaced by ws. One easily checks that this defines a bijection between Zy () and
the set of such pairs. Moreover, there is a unique cusp on each component of Xy mapping
to a cusp at 0o on Xy, (), namely the one associated to the Tate semi-HBAV T, . ;-1 with
canonical polarisation and level N structure (x, y) — £(y)g®**™. For f € My (U; R)
andm € (n~1J)4 U {0}, we write v (f) for the corresponding g-expansion coefficient

of f.
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A computation similar to the proof of Proposition 9.5.1 shows that the effect of T3, on
g-expansions of forms in My ;(U; R) is given by the formula

Ji, Ja,
r (Ty f) = Birg' o (f) + Nmp g (0) Br2n (Su f) (10.1)
form € (nJ)_Tr1 U {0}, where the J;, B; are as before, with w; € W satisfying

ﬂlwv_lws(l) = wys1(1) mod n(NJ;) L,
Bowyws(1) = wysy(1) mod n(NJ)™ !,

where we view 1w, ! as inducing an isomorphism J 10 ~ J;lép, hence
(NIt >~ (NJ7Y/JTY, and similarly Bow, as inducing (NJ)™!/J7! ~
(NJ>2)71/J; . We note the following consequence:

Lemma 10.1.1. If f € My ;(U(n); E) is an eigenform for the operators T, and S, for all
but finitely many v, and the associated Galois representation py is absolutely irreducible,
then rOJ’w = 0 for all pairs (J, w).

Proof.” If v is trivial in the strict class group of conductor 1 p, then it follows from the def-
initions that S acts trivially on My ;(U; E). Moreover, in formula (10.1) for such v, we
have J = Jy = Jo,w =w; = w2, B1 = B2 =1mod pOF p and Nmp,q(v) = 1 mod p, so
that rOJ’w(Tv f)= 2r0J’w (f). Therefore if rOJ’w (f) # 0 for some (J, w), then ps (Frob,)
has characteristic polynomial (X — 1)2 for such v. By the Chebotarev Density Theorem
(and class field theory) it follows that py (g) has characteristic polynomial (X — 1)2 for all
g € Gk, where K is the strict ray class field over F of conductor 1p, so by the Brauer—
Nesbitt Theorem, pr |G, has trivial semisimplification. Since K is abelian over F, this
contradicts the absolute irreducibility of py. ]

We continue to assume U = U(n) and define an action of the group (Of/n)* on
My ;(U; R) via its isomorphism with the subgroup of GL,(OF /1) consisting of matri-
ces of the form (g (1’) Thus a € (Of /n)* acts on My ;(U; R) by the operator [UgU]
for any g € GL>(OF) congruent to (g 9) mod n; we denote the operator by (a). It is

straightforward to check that its effect on g-expansions is given by the formula

rv(a) £) = v o), (10.2)

where v € O , and w’ € W are such that vw = aw’ mod .
We also define the operator T, = [U ( v ?)U] on My ;(U; R) for v | n and a choice
of uniformiser w, for F,. Another computation similar to Proposition 9.5.1 (or more

precisely, Proposition 9.6.1) shows that its effect on g-expansions is given by

" (To f) = Birgl ' (f) (10.3)

7 Alternatively, this can be proved by revisiting the construction in Theorem 6.1.1 and observing
that if rOJ W £ 0 for some (J, w), then the lift f is non-cuspidal. One then deduces that the Galois
representation p 7 is reducible, and hence so is ps (possibly after extending scalars in the case

p=2).
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with notation as in (10.1). Note that 73, depends on the choice of w,: replacing w,
by uw, foru 0;(«“,1; replaces Ty, with (7 (u))T, where 7 is the natural map 0;(«“,1; —
(OF /u)*. We see directly from the definitions that the operators T, for v | n commute
with the T, and S, for v } pu (and each other), as well as the action of (O /n)*.

Suppose that & : (Of /n)* — R* is a character of conductor m | n. Choose an ele-
ment ¢ € Oy = ]_[vln OF,, generating nm~! OF u, and define a twisting operator on
M 1 (U; R) by the formula

O = Y EB)'UnUl= > EB) . (10.4)

be(OF /m)* be(OF /m)*

where g, = ((1, bf) mod n. The operator ®¢ commutes with the operators T, and S, for
v } up, and it is straightforward to check that

(a) 0 O = £(a)O¢ o (a). (10.5)

(Note also the dependence on c: replacing ¢ by uc foru € Ojé,n replaces ®¢ by §(1)O¢.)
One finds the effect on g-expansions is given by

ra (@ (f) = GrE, w em)r (), (10.6)

where G (&, m) = Y pe0, /myE(0) ' (=bm) for m € (mJ)7' U {0}. (Recall that ¢
is the homomorphism (NJ)™!/J~! — uy induced by the trace and our choices of s
and 7; see the discussion before Proposition 9.1.2.) Standard results on Gauss sums show
that G (£, am) = £(a)G (€, m) for all a € Op, m € (mJ)~!, where £ is viewed as
a function O — R by setting £(a) = 0 for a not prime to m. One deduces that if m
generates (mJ)~1/J 71, then

Gy(§.m)Gy(E™", —m) = Nmp/q(m)

(in particular, Gy (§, m) € R*), and otherwise Gy (§,m) = 0.

10.2. Eigenforms of level Uy (1)

Lemma 10.2.1. Ifp:Gr — GL; (Fp) is irreducible and geometrically modular of weight
(k, 1), then p arises from an eigenform of weight (k,l) and level Uy (n) for some n prime
to p; i.e., there exist n prime to p, a field E and an eigenform f € My ;(U;(n); E) for
Sy and Ty, forall v  np such that p >~ py.

Proof. By assumption, there exist n (prime to p), E and f € My ;(U(n); E), an eigen-
form for all S, and T, with v { np, such that p >~ pr. Since the action of (Of/n)*
commutes with the operators S, and T, we can further assume that f is an eigenform
for this action, i.e., there is a character £ : (Of /n)* — E* (enlarging E if necessary)
such that (a) f = &(a) f foralla € (O /n)*.

By Lemmas 9.2.1 and 10.1.1, we must have r,{l’w (f) # 0 for some J, some (hence all
by (10.2)) w € W and some m € (nJ)jr1 (i.e., m # 0). Letting e, = ord, (muJ) forv |n
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and f' = [],, 7" f, formula (10.3) implies that r’fl:’w/(f’) # 0 for some (J’, w’) and
m' € (nJ’)7! with m'nJ’ prime to n (choose J” equivalent to [lyjnv™®J and letm’ =
[Tom B1y m). Replacing f by f, we now have (a) f = &(a) f foralla € (Of /n)*, and
" (f) # 0 for some (J, w) and m € (nJ);! generating (nJ)~'/J 1.

Now replace f* by O¢—1(f) where ®¢-1 is the twisting operator associated to § -1
as defined in (10.4). Since cm generates (tJ)~!/J ™!, we have G;(§7!, cm) # 0, so
formula (10.6) shows that f # 0. By formula (10.5), f is invariant under the action of
(OF /u)*, hence under the action of the open compact subgroup

U= {(i 2) e Uy (n)

e,
g= l_[(wz()) (1)) where e, = ord,(n).

v|n

bEnOF}.

Now let

Then g~ U, (n?)g C U’, so the lemma follows with f replaced by [U; (n?)gU’] f and n
replaced by n?. n

10.3. Twisting eigenforms

Suppose now that k,,!” € Z*, and that m, 1 are ideals of O with m |1 and 1 prime
to p, and let Vi C Op denote the kernel of the natural projection to (OF /m)*.

Definition 10.3.1. We say a character
§:{a e (AF)" |ap € OF p}/ Vi — EX

is a character of weight I’ if (o) = &' forall o € FXNog .

Suppose that /' € My ;(U;(n); E) and £ is a character of weight /” and conductor m.
Recall from §4.6 that we can associate to § a form ez € My ;/(U(m); E), and hence a
form ez ® f € My ;41 (U(n); E). Choosing ¢ = (wf”_dv)v where d, = ord,m and
ey, = ordyn, and applying the following (normalised) composite of operators from the
proof of Lemma 10.2.1:

Nm ()~ U1 (0?)gU") 0 @p—1 o [ [ T

v|n

to eg ® f then yields a form in My ;4;/(Uy (n?); E) which we denote fg It is straight-
forward to check that in fact

f=ew X &0y ")f € M @B,

0 1
be(OF /m)>

where b is any lift of b to OF  and ¢/ = (w7 ©),.
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We now relate the g-expansions of f and fg’ . Firstly, the form eg has constant g-
expansions satisfying the formula

Jo, —1..J1, a 0 —{ ,
E(a)ry®™ (eg) = llal| " ry ™ ((0 1)6’5) =Biro""" (ee)

fora € (A®)*, B1 € F, wo,wy € W suchthata, € O p

B1J1 = (a)J and
Bra  woso(1) = wysy(1) mod m(NJ;) L.

Assume for simplicity that 1 € W, OF is chosen as the representative for the trivial ideal
class, so(1) = N~! for Jo = OF, and eg is normalised so that rOOF’l(eg) = 1. We then
have

rg " (eg) = E(w™),
where ¢ is chosen so that J = (¢) and t~! = s(1) mod m(NJ)~!. Applying (10.3) and
(10.6) with [ replaced by / + I’, and

(U EU'f) = Nmgo @By rgi ()

for f € My ;4+1(U’; E) (with g and U’ as in the proof of Lemma 10.2.1), m € J;l U {0},
' = BaJs and (B2 [, @5")s(1) = wasz(1) mod mNJ; ! then gives the formula®

() = EOGE . m)r(f).

Let &' denote the character of (O /m)* induced by &, extended to a map Or —
Of /. — E by setting S;ll(a) = 0 if (@) is not prime m. We then have

Gy c'm)=Go, (" . c'tm) = £, (tm)G o, (", ¢),

so setting
fs = GOF (E_lvc/)_lfé‘/ (107)
gives f¢ € Mg 41/(Uy(mn?); E) satisfying
rn(fe) = &G tm)ry (). (10.8)

Note that this is independent of the choice of ¢ such that J = (¢). Furthermore, if we
choose 7 so that 7, = 1, then £(t) = &§'(¢t) where &' : AL /F*F | Vip — E* is the
character in the proof of Theorem 6.1.1. (Recall that & is defined by &' (wza) = & (a)ﬁ;l/
fora € F*,z € F , anda € (AF)* witha, € 0;5’1}.) Since &’(m) = 1, we then have

£ ((tm)™) if (tm) is prime to m,

0 otherwise,

(e (tm) = {

where (1m)™ denotes the projection of 7m to the components prime to .
We record the above construction:

8This also follows more directly from the alternative description of f; %'/ and a formula analogous
to (10.6).
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Lemma 10.3.2. If f € My (Ui (n); E) and & is a character of weight I” and conductor
m, then fz € My 4+1/(Uy(um?); E) has g-expansion coefficients defined by (10.8). In
particular, if 1.} (f) # 0 for some m € J_;l with mJ prime to wm, then fg # 0, in which
case if f is an eigenform, then so is fg, and pr, >~ pgr ® py.

10.4. ®-operators on eigenforms

Recall from Corollary 8.2.4 that ®, defines a map
M1 (Ui(n): E) — My (U (n): E),

where k" and !’ are defined in Definition 8.2.1 (in particular [/, = [; — 8, /). Moreover,
®,; commutes with the operators T, (for all v } p) and S, (for all v } np).

Lemma 10.4.1. With notation as in Lemma 10.2.1, we can take the eigenform f in the
conclusion so that @, (f) # 0 forall t € 3.

Proof. Let v be a prime dividing p, and suppose that 7 € ¥,. Let f be an eigenform
in My ;(U;(n); E) giving rise to p, and let m, J be such that r,ﬁ(f) #0(som € J;l).
We wish to prove that we can choose f with r,i,(f) £ 0 for some m’ ¢ vJ !, so that
f & ker(©x).

By Chevalley’s Theorem, we can (enlarging E if necessary) choose a character £ of
weight —/ and conductor m for some m prime to pmJ. Thus fz € My o(U;(n'); E)
where 1’ = nm?, r;} (fe) # 0, and f; is an eigenform giving rise to p’ = pgr @ p.

For eigenforms g € My o(U;(n'); E) giving rise to p/, define §,(g) to be the least
d > 0 such that 1.} (g) # 0 for some m, J such that m ¢ v?J 1. Thus 8,(g) = 0 if
and only if g & ker(®;). We claim that if §,(g) > 0, then o’ arises from some / with
8y (h) = 6,(g) — 1; moreover, if rnji (g) = 0 for all mJ not prime to m, then the same is
true for A.

To prove the claim, recall that if g € ker(®;) and k" = v(g), then p |k, forall T € X,,.
(Recall that v(g) is defined in §5.2 and v(g) € Z> by [19].) Writing g = &' [[,/ex Ha'rl,/r
for some g’ € My o(Uy(v'); E) and n’ € ZZ ), we have g’ € ker(®). By Theorem 9.8.2,
we have g’ = ®,(g") for some g” € Mk”,OEUl (n'); E) where k, = k., for t’ ¢ X, and
ki, =p~'kl ., fort’ € T, Now

h:=g" 1_[ Ha];,/f/ 1_[ Ha’:/[’

T/eXy T/ex

is an eigenform in My o(Uy(n'); E) giving rise to p’, and Proposition 9.8.1 immediately
gives that 8, (h) = 8,(g) — 1, and if r,i (g) = 0 for all mJ not prime to m, then the same
is true for 4.

Starting with f¢ and applying the claim inductively, we conclude that p’ arises from
an eigenform g € My o(U;(v'); E) such that r,{l (g) # 0 for some m, J with mJ prime
to vut. Therefore g1 is an eigenform in My ; (U; (n'm?); E) giving rise to p, and ge—1 ¢
ker(®;).
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An elementary linear algebra argument then shows that, after possibly further shrink-
ing n and enlarging E, there is an eigenform f which satisfies the conclusion simultane-
ously forall t € X. |

We now have the following immediate consequences of Theorem 8.2.2:

Theorem 10.4.2. Suppose that p is irreducible and geometrically modular of weight
(k,1). Then p is geometrically modular of weight (k',1"), and furthermore of weight
(k" —kna, . 1) if p |k (where k' is as in Definition 8.2.1).

Corollary 10.4.3. Suppose that p is irreducible and 1,1" € Z* with I = I, — 8. .
Suppose further that there exist k = kunin(p, ) and kunin(p, ) as in part (1) of Conjec-
ture 7.3.1. Then

k' ifptke,

k' —kua, if plke.

Remark 10.4.4. We remark that we expect equality to hold in the corollary in the case
that p t k;. We caution however that the analogous strengthening of Theorem 8.2.2 is
false: i.e., it is possible for ®,( f) to be divisible by Ha,s for some v’ # t evenif p } k.
and f is not divisible by Ha,/.

kmin(p’l/) <Ha {

Corollary 10.4.5. Suppose that p is irreducible and geometrically modular of some
weight (ko lo). Then for every | € 7=, there exist k € 7= such that p is geometrically
modular of weight (k,1).

Proof. Note that if p is geometrically modular of some weight (kg, /y), then multiplying
by the constant section e; of weight (0, n(p — 1)), we can replace lp by lop + n(p — 1)
for any n € Z and hence assume /o, > [; for all r € 2. The corollary then follows from
Theorem 10.4.2 by induction on ) __(lo,z — I¢). n

10.5. Normalised eigenforms

We continue to assume for simplicity that / = OF is chosen as an ideal class representa-
tive.

Definition 10.5.1. Suppose that (k, /) is an algebraic weight (i.e., k; > 2 forall t € X).
We say that f* € My ;(Uy(n); E) is a normalised eigenform if

« T =1
e f is an eigenform for Ty, for all v } p, and for S, for all v } up;

o fi € My o(U(nm?); E) is an eigenform for T}, for all v | p and all characters
§:{ae (AR) ap € OF ,}/ Ve — (E)

of weight —/, conductor m prime to p, and values in extensions E’ of E.
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It is straightforward to check that if f; is an eigenform for T, (where v | p and & has
weight —/ and conductor prime to p), then so is fg, ¢, for any characters &1, & such that
£1&, = £ (where the &; have conductors m; prime to p and weights —/; such that [ =
[1 + [5). In particular, it follows that if f is a normalised eigenform in My ; (U;(n); E),
then fg, is a normalised eigenform in My ;4;, (Uy(nm?); E) (enlarging E if necessary).

We have the following strengthening of Lemma 10.4.1 for algebraic weights:

Proposition 10.5.2. If p is irreducible and geometrically modular of weight (k,l) with
ky > 2 for all t, then p arises from a normalised eigenform of weight (k, 1) and level
Uy (n) for some u prime to p.

Proof. Suppose first that / = 0. Then Lemma 10.2.1 implies that p arises from an eigen-
form f € My o(Ui(n); E) for some n prime to p (and some E). Recall that in this case
(I =0 and all k; > 2), we have defined Hecke operators T, for all primes v | i p, com-
muting with each other and with the operators T, and Sy for v } np, so we may further
assume that f is an eigenform of T, for all v and of S, for all v } np. It suffices to prove
that rOF (f) # 0.

Suppose that rlo F(f) = 0; we will show that f = 0, yielding a contradiction. Recall
from Lemma 10.1.1 that the absolute irreducibility of p >~ p, implies that rOJ (f)y=0
for all J. We will prove that r,i (f) =0 forall J and m € J;l by induction on n =
Nmp,q(mJ).

Ifn=1,thenmJ = Ofp,s0J = O, m € 01’,5’+,andr,gF(f) = rloF(f) =0.

Now suppose that n > 1 and r,{l(f) = 0 for all m, J with Nmpg,q(mJ) < n, and let
my, Jq be such that Nmg,q(m1J1) = n. Let v be any prime dividing m Jy. If v2 ymyJy
or v | up, then Propositions 9.5.1, 9.6.1 and 9.7.1 give

Tl (f) = (T f) = avrp ().

where myJ; = vmmJ and a, is the eigenvalue of T, on f. We have r,ﬁ(f) = 0 by the
induction hypothesis, and hence r,{,ll (f) = 0.If v2|myJ; and v } np, then Proposi-
tion 9.5.1 gives

ol (f) = 1 (To f) = Nmp)rp2 (Su f) = avr) (f) — dy Nmp g (0)r;2 (f),

where m;J; = vmJ = v%myJ, and a, (resp. dy) is the eigenvalue of T, (resp. Sy) on f.
By the induction hypothesis, we have ) (f) = r#z (f) = 0, so again r,i'l (f) = 0. This
completes the proof of the proposition in the case [ = 0.
Now consider the case of arbitrary /. Let m (prime to p) be such that there is a char-
acter
tE:lae (AR) | ap € OF ,}/ Vi — E

of conductor m satisfying &(«) = o foralla € Fyn 0;5’ - Then pgr @ p is geomet-
rically modular of weight (k, 0), and therefore arises from a normalised eigenform f €
M o(Uy(n); E) for some n prime to p. Furthermore, we may assume m | nt (for example
by replacing n by mn). Then f¢—1 is a normalised eigenform in My ; (U (mn); E) giving
rise to p. [
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10.6. Stabilised eigenforms
We assume for the rest of the section that the weight (k, 1) is algebraic.

Definition 10.6.1. We say that a normalised eigenform f € My ;(U;(n); E) is stabilised
if 7 (f) = 0 for all (m, J) such that m € J;l and mJ is not prime to n. Note that this
is equivalent to the condition that T, f = 0 for all v | .

Lemma 10.6.2. If p arises from a normalised eigenform in My ;(U;(m); E), and n C m
is an ideal prime to p, then p arises from a normalised eigenform in My ;(Uy(n); E)
(enlarging E if necessary). Moreover, if m and n satisfy

e ord,(nm~1) > 1 forallv|m,
o ordy(nm~1) #£ 1 forallv } m,
then p arises from a stabilised eigenform in My ; (U (n); E).

Proof. The first assertion immediately reduces to the case 1 = mv where v is a prime not
dividing m p. Suppose that f € My ;(U;(m); E) is a normalised eigenform giving rise
to p, and let « € E (enlarging E is necessary) be a root of X2—a,X +d, Nmp,q(v), the
characteristic polynomial of p(Frob,), so a, (resp. dy) is the eigenvalue of T}, (resp. Sy)
on f. A standard calculation then shows that

-1

7=t =Nmpr (7o )ar

is a normalised eigenform in My ;(Uy(n); E). Moreover, f’ has the same eigenvalues
as f, except that T, f' = (a, — @) f’, and therefore psr >~ py.

In view of the first assertion, the second immediately reduces to the case 1 =1m Hvlm v.
So suppose that f € My ;(U;(m); E) is a normalised eigenform giving rise to p, and for
each v | m, let B, be the eigenvalue of T, on f. A similar standard calculation then shows
that

/ -1 zvv_1 0
£ = 10 - Nmgow) ( ; 1)ﬂv)f
v|jm

is a normalised eigenform in My ;(Uy(n); E). Moreover, f’ has the same eigenvalues
as f, except that T,, f’ = O for all v | n. Therefore f’ is stabilised and gives rise to p. =

Remark 10.6.3. A more careful analysis easily shows that the first assertion of the lemma
requires at most a quadratic extension of E, and the second holds over the original field E.

Definition 10.6.4. We say that a stabilised eigenform f € My ;(U;(n); E) is strongly
stabilised if r,i (f) = 0 for all (m, J) such that m € J;l U {0} and mJ is not prime
to p.’

Note that our conventions allow a stabilised eigenform to have rOJ (f) #0inthecasen = OF,
but a strongly stabilised eigenform necessarily has rOJ (f)y=0.
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Thus a stabilised eigenform is strongly stabilised if and only if T, fg = O forall v | p
and characters £ of weight —/. (Note that given m € J+_1 U {0}, we can always choose &
of weight —/ and conductor prime to mJ unless m = 0 and v # 1 for some v € O;‘,, 4
in which case we automatically have r,{l (f)=0)

Lemma 10.6.5. There is at most one strongly stabilised eigenform f € My ;(Uy(n); E)
giving rise to p.

Proof. If p arises from f, then T, f = a, f and S, f = d, f for all v } np, where
a, = tr(p(Froby)) and d, = Nmp,q(v)~'det(p(Froby)).

Suppose then that /" and f’ are strongly stabilised eigenforms giving rise to p, and let
f" = f — f' It suffices to prove that r,) (f) = 0 for all (m, J) with m € Jytu{o}.
Since f and f’ are strongly stabilised, we have r,;} (f”) = 0 whenever mJ is not prime
to np, so we can assume mJ is prime to up. We then proceed as in the proof of Proposi-
tion 10.5.2 by induction on n = Nmpg,q(mJ).

Ifn=1,thenmJ = Op,s0J = Op,m € OF . and " (f") =m~'r{F(f")=0
sincerloF(f) =r10F(f/) =1.

Now suppose thatn > 1 and r;2 (/") = 0 for all m, J with Nmp,q(mJ) < n, and let
my, J1 be such that mJ; is prime to np and Nmp,;g(m1J1) = n. Let v be any prime
dividing m1 J;. If v? } mJy, then Proposition 9.5.1 gives

réll (f//) — ml—lmlavri(f//),

where m1J; = vmJ. so the induction hypothesis implies that r,{fl (fy=0.Ifv } up,
then we get instead

Tl (f"y = mitmlayr (f) — my mbhdy Nmp)r2 (f7).

where m1J; = vmJ = v2m, J,, and again the induction hypothesis implies that r,{,‘l f"
=0. ]

Remark 10.6.6. Note that if f is a normalised (resp. stabilised, strongly stabilised)
eigenform, then the same is true for both Ha, f and ®; f for any t (assuming k; > 3 if
7 # Frot in the case of Ha; f).

Remark 10.6.7. If p is geometrically modular of weight (k, /), then it does not neces-
sarily arise from a strongly stabilised eigenform of weight (k, /) (for any level n); for
example, there may be a prime v | p such that ;7 (f) # 0 whenever mJ = v. We do
however have the following two ways of establishing the existence of strongly stabilised
eigenforms. One is to apply partial ®-operators to a stabilised eigenform (hence changing
the weight); the other is to use Theorem 10.7.1 below, or more precisely its corollary.

10.7. Ordinariness

The forthcoming Theorem 10.7.1 can be viewed as stating that if an eigenform is ordinary
in a suitable sense, then so is the associated Galois representation. For the proof, we need
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to verify certain compatibility properties for the operators T, for v | p (assuming k is
algebraic and / = 0), which we shall do using their effect on g-expansions at more general
cusps than the ones used above.

Fix a set {a} of ideal class representatives and a set {g} of coset representatives for
Py \SL,(OF /). For consistency with previous computations, choose a = Of and g = 1
for the trivial classes. Also fix choices of t : O /NOF ~ un ® (ad)~! for each a (inde-
pendent of J) and s : O /NOf ~ (NJ) 'a/J la for each a, J. The cusps of Xy for
U = U(n) are then in bijection with the quadruples (J, a, w, g), where the corresponding
cusp is the one associated to the Tate semi-HBAV T, p, where b = aJ —1 with canonical
polarisation and level structure 7y, © rg—1, where 1y, (x, y) = 1(y)g™**) . Then for v | p,
we find (by the same proof as for Proposition 9.7.1) that the effect on g-expansions of the
action of T, on My (U E) is given by

re(Tof) =rgh (f). (10.9)

where the g-expansion coefficients lie in Ek’o, and if C is the cusp corresponding to
(J,a,w, g), then Cy corresponds to (J, a, wy, g) for Jy, wy, B1 € Fy such that vJ =
B1J1 and 1w, 'ws(1) = wys1(1) mod N ~'ub; (where by = aJ; ! and s; is the chosen
isomorphism).

Finally, we need to consider the action of T;, on My o(U’; L) for v | p, where U’ =
U NU(p) and k € Z>,. Note that this may be defined in the usual way as the operator
[U ! ( o ?)U ! ] on forms in characteristic zero, making it compatible with the action of
T, on the space Ay o(U’) of automorphic forms. Recall from §6.4 that Xy denotes the
minimal compactification of Yy, and that its cusps are in bijection with triples (C, {, P)
where C is a cusp of Xy, f is an ideal such that pOr C f C Of and P is a generator
of b/bf, and the corresponding cusp may be identified with the (9-scheme Spec (9% rep-
resenting generators of /1, ® f(ad)™'/p(ad)~! (where a and b are as in the description
of C). We only need to consider those cusps for which { = Op; for each cusp C of Xy,
we write C’ for the unique such cusp of Xy lying over it. We assume L contains the pth
roots of unity, so that the components of C; are copies of Spec L in bijection with the
generators £, of 1,(L) ® (ad)~!. We may then compute the effect of T, on the comple-
tion at each component of C i exactly as in Proposition 9.6.1 (see also (10.3)) to conclude
that if f € My o(U'; L), then

rS (T f) = rgh (). (10.10)

where the notation is as in (10.9), except that the g-expansion coefficients lie in the fibre
of j;;ﬁlfj’f) at C7, which we may identify with P (D*% ®¢ L) (where ¢, runs over

generators of i, (L) ® (ad)™h).
Theorem 10.7.1. Suppose that k € ZF with k; > 2 for all T, U is an open compact

subgroup of GL2(6F) containing GL2(OF,p), Q is a finite set of primes containing
all v| p and all v such that GLy(OF,,) ¢ U, and vy is a prime over p. Suppose that
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f € My o(U; E) is an eigenform for T, and S, for allv & Q and Ty, f = ay, f for some
ay, # 0. Then (possibly after enlarging E and semisimplifying pr)

X1 %
PrlGr, = ( 0 X2)7

. . 1-k
where y1 is an unramified character, y1(Froby,) = a,, and )(2|1Fv0 = HTEE‘UO € T

Proof. We may assume that U = U(n) for some sufficiently small u prime to p and that
0O is sufficiently large; in particular, we assume [ yp (Q) C O for some N € n.
Recall that the proof of Theorem 6.1.1 in §6.5 yields injections

My —1(UE) > My _(U' 1 E) - Mypy2 1(U";0) ®0 E,

which are compatible with T, and S;, for v 4 nup, where U = U(n), U’ = U(n) N Uy (p),
k' is nearly parallel and m is a (sufficiently large) positive integer. Tensoring with the
(pull-backs of the) canonical section e; € H%(Yy, :62,’1), we may replace / = —1 by
[ = 0. Since the first injection is defined by multiplication by partial Hasse invariants,
which have g-expansions equal to 1 at every cusp, we see from (10.9) that it is also
compatible with T, for v | p. We may therefore replace k by k' and assume that k is
nearly parallel.

Recall that for a cusp C of Xy, we let C’ denote the unique cusp of Xy with f = Op.
For @-algebras R, let Q'g,‘fz’o denote the completion at C, of j . (Ky’ r R0y, éﬁrg;}R)
(in the notation of §6, and as usual omitting subscripts if R = @ and using ~ in the case
R = E). From the description of j, Ky in §6.5, we see that Q?,’L 1%’0 is canonically
isomorphic to

pmt2.0 Ko H0m§cAR (§C’,R, §C,R) ~ Homg (@bF, Dm+2’0) Ko §C,R

as a module over §c/,R ~ (9’0F ®0o §c,R.
Letting S denote the set of cusps of Xy, we have natural g-expansion maps

2,0
Mpui20(U"; R) — C@S Q?TR ,
€

which are injective if R = L (and hence R = O) since | [g C; includes cusps on
every connected component of Xy 1. We define My,42,0(U’; O) to be the preimage of
Bces Q?TZ’O in Myy42,0(U’; L) under the g-expansion map to @< Q'C’.'/Jrzo We thus
have an inclusion M,42,0(U’; Q) C Mm+2,0(U’; ) with finite index, so in particular
Mm+2,0(U ' 09) is finitely generated over O.

We see directly from the definition that, for v  pu, the Hecke operators 7}, and Sy on
My42,0(U’; O) also act on the modules Q'g,Jr 2.0 compatibly with the g-expansion map,
from which it follows that the operators preserve My, 12,0(U’; ©O). Furthermore, from
(10.10) and the fact that the isomorphism

m+2,0 _ nm+2,0 e
Ocr” = D"""®0 Sc,L
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induced by the Kodaira—Spencer isomorphism Ky j =~ é‘i%j/_i is the same as the one
induced by the canonical isomorphisms

Hom@(O’OF,L) ~PL ~ (D/OF Qo L,

9%

we see that 1\7Im+2,0(U ;@) is also stable under T, for v | p, with the action on
g-expansions being defined by the same formula, but with coefficients in the fibre
Homg (O, . D™*2:9) (and a reconciliation of the duplicate use of m).

Now consider the commutative diagram

Mi o(U: E) —— Myp12.0(U':0) @9 E —— Myi2,0(U":0) @9 E

J l (10.11)

k0 m+2,0 m+2,0
Dces Qﬁ — Dces Q@f — Dces Q¢ ®o E

The proof of Theorem 6.1.1 shows that the first map on the bottom row is injective and
the second is an isomorphism. Since the left vertical arrow is injective by the g-expansion
principle, it follows that the top composite is also injective. Furthermore, the right vertical
arrow is injective since My12,0(U’; O) — @Pces Q'é'fr 9 s injective with torsion-free
cokernel (by construction).

We already saw in the proof of Theorem 6.1.1 that the map
My o(U; E) = Mpi2,0(U":0) ®0 E

is compatible with the operators T, and S, for v } pu, and it follows that the same holds
for the composite on the top row of (10.11). We claim that this composite is also compati-
ble with the operators Ty, for v | p. To see this, note that we have actions of these operators
on Pees Q%O and Pees ng—z,o >~ @Dces Q'C'-'/+2’0 ®@ E which are compatible with
the vertical maps of (10.11). Since these maps are injective, the claim will follow from
the compatibility of the bottom row of (10.11) with these operators. The desired compat-
ibility then follows from the fact that the first map on the bottom row is induced by the
O s-dual of the pull-back to S = Spec S% — C of the isomorphism 7 4. (9Y5 ~P, EZ’O
constructed in the proof of Theorem 6.1.1, which is given with respect to the canonical
trivialisations over S by an isomorphism

—,0
0y, ® E~@D"".
K
We have now shown that the top row of (10.11) defines an injective homomorphism
My o(U: E) = Mui2,0(U":0) ®¢ E.

compatible with the operators T, for v  n and Sy for v } np. It is therefore a homo-
morphism of T-modules, where T is the (commutative) (9-algebra of endomorphisms
of My 42,0(U’; O) generated by T, and the operators Ty, and S, for v ¢ Q. The same
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(standard) argument as at the end of the proof of Theorem 6.1.1 now shows that (after
enlarging @, L and E if necessary), there is an eigenform f € My42,0(U’; L) for the
operators 7' € T such that the eigenvalues are lifts of the corresponding ones for f. In
particular, p 7 and pr have isomorphic semisimplifications, and Ty, f = dy, f for some
y, € O%.

We now deduce that pr|g Fug has the desired form from the analogous fact for the
characteristic zero modular Galois representation p 7 which is a special case of local-
global compatibility at vg for the corresponding automorphic and Galois representations.
More precisely, suppose first that f is cuspidal and view it as a vector fixed by U '/in

the associated automorphic representation IT, so dy, is an eigenvalue for T, on Hv(f 0,

where IT,, is the local factor of IT at vy and U,jo = Ui(vo) N GL2(OF,,). We may
assume for simplicity that m > 0, so that IT,, must be a principal series representa-
tion'? of the form I(y1| - |2, ¥»| - |'/?) where ¥, ¥, are characters FY — Q" such
that ¥ is unramified with ¥ (@wy,) = dy, (and Y, is at most tamely ramified with
Y2 (@) Nmp/g (vo)™™~! € ©@>). The main theorem of [57] (adapted to our conventions)
then implies that p f~|G Fug is potentially crystalline with labelled Hodge—Tate weights
(m + 1,0) and associated Weil-Deligne representation yr; @ v, (writing v; also for the
representations of Wg, —to which they correspond by local class field theory). A standard
exercise in p-adic Hodge theory then shows that p f|G Fy TOUSE be of the form

0 72
m—+1

for some ¥1. x> : Gf,, — L™ with ¥y unramified and ¥ (Froby,) = Gy, (and 72 x¢j.
at most tamely ramified). The theorem then follows in this case from the fact that ps is
(up to semisimplification) the reduction mod m of p 7 together with the description of
det(py) in Remark 6.5.1.

Suppose on the other hand that f is not cuspidal, in which case its eigenvalues for 75
and Sy, for v & Q are the same as those of an Eisenstein series associated to a pair of Hecke
characters 1, ¥, such that ¥;(x) = 1 and ¥ (x) = x ! for x € F - Moreover
vy, = Vi (wy,) for some i such that y; is unramified at vo, and we must have i = 1 since
vy, € O*. In this case the (semisimplification of the) associated Galois representation p 7

is Y1 @ 72, where J1 (resp. Y2 x%a ') is the character associated to ¢y (resp. ¥ - ["*1)
by class field theory. The theorem thus follows as before on reduction mod 7. ]

Corollary 10.7.2. Let f € My (Ui(n); E) be a normalised eigenform and vy a prime
of F over p. If Ty, f¢ # 0 for some character § of weight —I, then (possibly after enlarg-

ing E and semisimplifying pr)
X1 %
P16y, = ( 0 XZ)

10permitting m = 0 would allow the possibility that Ty, be an unramified twist of the Steinberg
representation, which could anyway have been treated similarly.
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for some cha]:aclters X1, X2 GFUO — E* such that y, |1Fv0 = HreEuo er_lf and X2|1Fv0 =
1—kc L
HIEZUO €r ‘ .

Proof. Since py, >~ pr ® pg and pg/|1FUO = Hrezvo e? , we may reduce to the case / =0
and f = fg, which is immediate from Theorem 10.7.1. |

11. The inert quadratic case

We now specialise to the inert quadratic case, with a focus on non-algebraic weights, and
in particular the case of “partial weight 17 since it exhibits phenomena not present in the
classical case. We provide evidence and an approach to Conjectures 7.3.1 and 7.3.2 by
deducing results in this setting from ones in the case of algebraic weights.

11.1. Notation

For the rest of the paper, we let F' be a real quadratic field in which p is inert, and we
let p = pOF and K = Fj, so K is the unramified quadratic extension of Q. Fix an
embedding 79 : F — @p and write X = {19, t1}. We identify ¥ with Yg and hence
with the set of embeddings Or /pOfp — 1171,. We shall write weights k € Z* in the form
(ko, k1) where k; = k; for i = 0, 1. Recall that our conventions for Hodge-Tate types
and weights of crystalline lifts of two-dimensional representations are given in §7.2.

11.2. p-adic Hodge theory lemmas

Let y: Gk — F; be a character such that |7, = eio with 1 <7 < p — 1. Then the Fp—
vector space H!(G K,Fp (x)) is two-dimensional, and we recall from [5, §3] the definition
of a certain one-dimensional subspace. Note that y|7, = eiglef], so x has a crystalline
lift ¥ : Gk — O with Hodge-Tate type (1 — i, —p) € Z* (where O is assumed to be
sufficiently large that y takes values in £). Such lifts are unique up to twist by unrami-
fied characters with trivial reduction, and we choose'' the one such that if g corresponds
via local class field theory to p € K*, then ¥(g) is the Teichmiiller lift of y(g). A stan-
dard argument shows that the space H fl (Gk, L())) classifying crystalline extensions is
one-dimensional over L, with pre-image Vy C H 1(Gk, O()) free of rank 1 over .
We then define Vy = Vz ®¢@ F,. Similarly, y has a crystalline lift ' : Gk — O* with
Hodge-Tate type (—i, 0), unique up to unramified twist, and we choose the one sending g
(corresponding to p) to the Teichmiiller lift of y(g). We again find that H ; (Gk, L(Y"))
is one-dimensional, with pre-image Vi C H'(Gg., O(})) free of rank 1 over @, and we
define V; = Vg ®0 Fp.

1By [12, Remark 7.13], or more generally [34, proof of Thm. 9.1], the subspace Vy turns out to
be independent of the choice of unramified twist, but we fix it for clarity and consistency with [5].
Similarly the proof of Lemma 11.2.1 below shows the same holds for V)é.
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Lemma 11.2.1. With the above notation, V, = V)é.

Proof. We use the description of V), obtained in [12] together with a similar analysis
of V)é. All references in this proof are to [12].

In the notation of [12], the (¢, I')-module corresponding to £ () (the one-dimen-
sional E-vector space E () equipped with G -action by y) has the form Mz with

c=(p—1—i,p—1),

and Proposition 5.11 (for p > 2), Proposition 6.11 (for p = 2) and Theorem 7.12 show
that Vy is the subspace corresponding to the span of the class [Bo] € Ext! (M, Mcz).

We may analyze V)é similarly as follows. We can write the (¢, [')-module correspond-
ingto E(x~!) in the form M,; where @ = (i,0) and A = C !, and consider the subspace
of bounded extensions

Exthgq(Mz, M) C Ext! (M5, My)

defined exactly in Definition 5.1 (dropping the assumption that one of a; or b; is non-zero
for each i). As in §5.1, we have an isomorphism

¢ : Ext! (My;, Ma) ~ Ext! (Ma, Mcg).

A straightforward adaptation of part (2) of the proof of Proposition 5.11'% then shows that
the image of Extl, (M 4z, M) under ¢ is again spanned by [By].

By the same argument as in the proof of Theorem 7.8 (with the appeal to Lemma 7.6
replaced by a direct application of Proposition 7.4), one finds that V} is contained in (the
extension of scalars to I, of) the image of Extly,(M,;, Mj). Therefore V, C Vy, and
equality follows on comparing dimensions. ]

Remark 11.2.2. In [62, Chapter 5], Wiersema gives an alternative proof of the preced-
ing lemma by first generalising methods and results of [34, 35] to the setting of two-
dimensional crystalline representations of Gx whose t-labelled weights wy ;, w2, need
not be distinct. One can then appeal to those results instead of the ones in [12] (see [62,
Lemma 5.3.2]). Similarly the following lemma can be proved using those results instead
of Fontaine—Laffaille theory (see [62, Lemma 5.4.7]).

Lemma 11.2.3. Suppose that 2 < ko < p. A representation ¢ : Gxg — GLZ(FP) has a
crystalline lift of weight ((ko, 1), (0, 0)) if and only if either

* . . 1-k . . .
L I o (x01 xz) with y unramified, y2|1, = €, ° and associated extension class in

V

— r
xax'?

o 0 ~ Ind%k & where K’ is the unramified quadratic extension of K and [, =€ ko
Ggr 4q K T,
0

for some extension T, of Tg to the residue field of K'.

12Strictly speaking, this is Proposition 6.11 in the case p = 2, but the proof there is omitted since
it is essentially the same as that of Proposition 5.11, using the cocycles constructed in §6.3.
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Proof. For the “if” direction, in the first case, let ¥; be an unramified lift of y; and
let 7o = 71(¥')~', where x = x1x5!. By Lemma 11.2.1 and the definition of Vy, the
representation y, ' ® o is isomorphic to the reduction of an @ [Gg]-module 7 associated
to an extension class

0->0F)>T—-0—-0

such that T ® g L is crystalline. It follows that ¢ has a crystalline lift T ® 9 L(}2) with
79-labelled weights (ko — 1, 0) and t;-labelled weights (0, 0), as required.

In the second case, note that the character £ has a crystalline lift gof Hodge—Tate type
(ko —1,0,0,0) (where the first coordinate corresponds to 7, € Xg), so that Indg’;/ gis
a crystalline lift of o with the required labelled weights.

The other direction can be proved as follows using Fontaine—Laffaille theory. We fol-
low the notation of [28]; in particular, see §0.9 for the definition of the category ml{,}p /,
but we take (their) £ to be Q, and consider objects with an action of (our) E. The results
of [28, §§7-8] imply that there is an object M of the category @[{,’rp " and an embedding
E — End(M) (for large enough E) such that

o >~ Hompg (QS(M),FP)

as representations of G g ; moreover, decomposing M = My & M; (according to the idem-
potents of Ox ® E corresponding to 7g, 71), each component is two-dimensional over E
and

M ifj <O,
FiVM = 3 Exo if0 < j < ko,
0 lf] > ko,

for some non-zero xog € M.

We claim that bases (x;, y;) for M; over E can be chosen so that Fil'M = Exo
as above and the Og ® E-linear morphisms ¢/ : Fr* Fil/ M — M are defined so that
$*0~1xg = x1, $°yo = y1, and one of the following holds:

o ¢°x1 = axg + byo, ¢°y1 = cyo for some a,c € EX, b € {0,1},
e ¢%x; = yo, 9%y, = ax, for some a € E*.

Indeed, choose any basis xq for Fil'! M and let x; = ¢k0_1xo. If ¢0x1 € Fil' M, then
we are in the first case with b = 0. Otherwise let zo = ¢%xy, y; = ¢°z¢, write ¢p°y; =
axg + Bz for some o, B € E, and note that o # 0. If 8 = 0, then let yy = zg, giving the
second case; otherwise let yo = zg + B~ 'axg, giving the first case with b = 1.

In the first case, M is reducible (as an object of mi’rp " with E-action), fit-
ting in an exact sequence 0 - M’ - M — M"” — 0, where M’ = Eyy & Ey;.
It follows that o has the form ()%1 ;2) where y; (resp. x2) is obtained by apply-
ing the functor Homg (Ug(-), Fp) to M’ (resp. M”). Moreover, x; (resp. x2) has
a crystalline lift of Hodge-Tate type (0, 0) (resp. (ko — 1, 0)) and the subspace of

H'(Gg, Fp (1 Xgl)) obtained from such extensions is one-dimensional. Therefore y; is
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. 1—k, . .
unramified, x» |7, = €z, . and since the subspace must contain V);
142

L= me;"these
subspaces in fact coincide, so o has the required form.

In the second case, consider o|g,.,, which (in view of the compatibility noted at the
end of §3 of [28]) is isomorphic to Homg (Ug(M’),F ), where M’ = M ® o, Ok’ and
Uy is the Fontaine-Laffaille functor on the category @[{;rp " defined with K replaced
by K’. Assuming E is chosen sufficiently large (in particular containing the residue field
of K'), we may decompose M’ = @ M/ according to the embeddings 7/ = Fr' oz for
i =0,1,2,3, where 7 is a choice of extension of 7. Writing x/, xlf+2 (resp. y;, y{+2)
for the image of x; ® 1 (resp. y; ® 1) in the corresponding component, observe that M’
decomposes as

(Exy @ Ey| @ Ey, @ Ex}) @ (Eyy @ Ex] @ Ex), @ Eyj).

It follows that o|g,, >~ & @ & where the character £ has a crystalline lift of Hodge—Tate

type (ko — 1,0,0,0), so that £|7,, = erl/_ko (note that similarly £ = eifko) and o has the
0 2

required form. ]

Remark 11.2.4. For completeness, note that o has a crystalline lift of weight
((1, 1), (0,0)) if and only if it is unramified.

Remark 11.2.5. The non-semisimple representations of Gx occurring in the statement
of the lemma are precisely those which are gently (but not tamely) ramified in the termi-
nology of [17, §3.3]. This is a special case of [17, Conjecture 7.2], proved in [7].

Lemma 11.2.6. Suppose that 2 < ko < p. A representation o : Gxg — GLz(Fp) has a

crystalline lift of weight ((ko, 1), (0, 0)) if and only if all of the following hold:

(1) o has a crystalline lift of weight ((ko — 1, p + 1), (0,0)) if ko > 2, and of weight
((p+1.p).(0,0)) ifko = 2;

(2) o has a crystalline lift of weight (kg + 1, p + 1), (—1,0));

(3) o is not of the form (Xol x*z) where x1|1,x = €q.

Proof. We firstly prove the “only if” direction. Suppose that o has a crystalline lift of
weight ((ko, 1), (0, 0)).

First consider the case that o is reducible, so by Lemma 11.2.3, it is an unramified
twist of a representation of the form ((1) xi' ) with |7, = e’fg ~! and the associated exten-
sion class in V.

For (1), note that x|, = elfoo_zef] (resp. e%efl_l) if ko > 2 (resp. ko = 2), so that
x has a crystalline lift ¥ of Hodge-Tate type (2 — ko, —p) (resp. (—p, 1 — p)). Since
H;(Gk, L(¥") = H'(Gk. L(7")) and the map H'(Gg.O(7")) — H'(Gk. E(x)) is
surjective, it follows as in the proof of Lemma 11.2.3 that ¢ has a crystalline lift of the
required weight.

For (2), we instead write x|7, = elfé’e;p and use the lift ¥ in the definition of V.
Since the extension class associated to o lies in V), it follows that o has a crystalline lift
with ty-labelled weights (ko,0) and t;-labelled weights (0, —p). Twisting by a crystalline
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character of Hodge-Tate type (—1, p) and trivial reduction, we conclude that o has a
crystalline lift of the required weight.
Finally, (3) is clear since €, is not e%o_ ko or the trivial character.

Now suppose that o is irreducible, so o >~ Indg ox E Where 1 = e ” ko for some

extension t;, of 7o. ertmg & I, = 62, € /p (resp € P! o CPyif kg > 2 (resp ko = 2),
%o

we see that £ has a lift E of Hodge-Tate type (ko — 2, 020 p) (resp. (0,0, p, p — 1)), and
IndGi , i—‘ is a crystalline lift of o of the required weight for 1).

For (2), we proceed similarly by writing |7, = 61/ ko /p €7 to see that € has a
7

crystalline lift of Hodge-Tate type (ko — 1, p, —1, 0) whose induction to Gg has the
required weight.

Finally, (3) is clear since o is irreducible.

We now prove the “if direction". Suppose that (1)—(3) all hold. We will use the results
of [34] and their extension to p = 2 in [61], which show that if ¢ has a crystalline lift of
weight (k, /) with2 < k; < p + 1 for all 7, then ¢ is of the form prescribed in [5] for the
corresponding Serre weight (i.e., W (o) C WPlicl()) in the terminology of [35], but
note that the conventions for Hodge—Tate weights in [34,35] are opposite to ours).

First suppose that o is reducible and write o ~ ()E,‘ x*z ) From condition (1) and
[34, Thm. 9.1] (extended to p = 2 in [61]), it follows that if kg > 2, then ¢ is isomorphic
to the reduction of a lattice in a crystalline representation of the form

(5 %)
0 22)

where ¥; and y, are of Hodge-Tate types (ko — 2, p) and (0, 0) (in either order) or
of Hodge-Tate types (ko — 2, 0) and (0, p) (again in either order). Furthermore, in the
first case, if y; has Hodge-Tate type (ko — 2, p), then the representation is necessarily
decomposable, so we may exchange ¥ and X». We therefore conclude that o |7, is of the

form
1 * e;ol * 630 ko o
0 ko) 2—ko or )
€10 0 e 0 €2
If ko = 2, then the same reasoning shows that o |7, is of the form
1 p—1 4
(o) (% &) = (T &)
0 E‘Co 0 €19 0 €19
Similarly, from condition (2), we find that o |7, is of the form

1-k
(E‘EO —*ko) ( 1 1*k0) or (6-:0 0 *)
0 ey 0 e 0 1

Moreover, in the second case, the associated extension class lies in V) (where we
exchange y1 and yx» if necessary if o splits, and use the fact that V) is independent of the
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choice of unramified twist in its definition). That o has the required form is then imme-
diate on comparing the possibilities resulting from (1) and (2), taking (3) into account in
the case kg = p = 2, and applying Lemma 11.2.3.

Finally, suppose that o is irreducible. Then condition (1) and [34, Thm. 10.1]
(extended to p = 2) imply that 0 ~ Indgg, £ for some & with £[;,, of the form

e e = e, (if the balanced subset J in [34, Thm. 10.1] is {zg. 75} or its
p— -_— —_ —_— 2 . . .

complement) or ef, k"er,p = ef, ko=p (f J = {z{, 71} or its complement), with the
0 1 0

p—p*-p?

%

latter possibility replaced by € if k9 = 2. Similarly condition (2) implies that

1-k P> p%—ko

o~ IndgK &’ for some &’ with £'|;, of the form e_, "° or €%, ~*o_Since neither €7,
K’ K 7y L) K0
1—p2k0

nor its conjugate €, agrees with any of the possibilities resulting from condi-
0

1—ko
7
Lemma 11.2.3. [

tion (1), we deduce that &| I, =€ , and the desired conclusion again follows from

Remark 11.2.7. Note that we only needed to use condition (3) in the case kg = p = 2,
so it is otherwise implied by (1) and (2).

11.3. Weight shifting

We now prove an analogue of Lemma 11.2.6 in the context of geometric modularity.
(See [62, Chapter 4] for generalisations to the setting of arbitrary totally real F' in which
p is unramified.)

Lemma 11.3.1. Suppose that2 < ko < p and that p : G — GLZ(FP) is irreducible. If
p is geometrically modular of weight ((ko, 1), (0,0)), then
(1) pis geometrically modular of weight (ko — 1, p + 1), (0,0)) if ko > 2, and of weight

((p + lv p)’ (Ov O)) lfk() = 2’ and

(2) p is geometrically modular of weight (kg + 1, p + 1), (—1,0)).

Moreover, the converse holds if we assume in addition that

(3) plGy is not of the form ()E,1 X*z) where y1|1x = €4

Proof. Suppose first that p is geometrically modular of weight ((ko, 1), (0, 0)), i.e. p is
equivalent to ps for some eigenform f € M, 1),0,0)(U; E). Multiplying f by Hag,
(resp. Ha, Ha;,) if ko > 2 (resp. ko = 2) yields an eigenform giving rise to p of the
weight required for (1). Conclusion (2) is immediate from Theorem 10.4.2.

Conversely, suppose (1)—(3) all hold. First consider the case ko > 2. By Proposi-
tion 10.5.2, hypotheses 1) and 2) imply that p arises from normalised eigenforms in
Mkog—1,p+1),00,0)(Ur(m1): E) and Mxy41,p+1),(-1,0) (U1 (m2); E) for some ideals my,
m, prime to p (and sufficiently large £). We may then choose n satisfying the con-
ditions in Lemma 10.6.2 with m = m; for i = 1,2 (for example take 1 = mim3) to
deduce that p arises from stabilised eigenforms in fi € Mk,—1,p+1),0,0)(U1(n); E) and
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2 € Mky+1,p+1),(~1,0) (U1 (n); E). By Proposition 9.4.1, O, ( f1) is a strongly stabilised
eigenform in Mk, 2p+1),(—1,0)(U1(n); E). By Corollary 10.7.2 and hypothesis (3), so is
Ha;, f>. Lemma 10.6.5 then implies that ©,(f1) = Hag, f>, and now it follows from
Theorem 8.2.2 that f| = Hag, f for some f € M,,1),(0,0)(U1(n); E), so p is geometri-
cally modular of weight ((ko, 1), (0, 0)).

The case ko = 2 is similar, but instead one has fi; € M(p+1,p),00,0)(U1(n); E), and
obtains f € M(p+2,0),00,0)(U1(n1); E). Theorem 1.1 of [19] now implies that f is divisible
by Ha,,, so that p is geometrically modular of weight ((2, 1), (0, 0)). |

11.4. Geometric modularity in partial weight 1

Theorem 11.4.1. Suppose that 2 < ko < p and that p : G — GLZ(FI,) is irreducible
and modular. Suppose that [5, Conjecture 3.14] and Conjecture 7.5.2 hold for p. Then p
is geometrically modular of weight ((ko, 1), (0, 0)) if and only if p|G, has a crystalline
lift of weight ((ko, 1), (0, 0)).

Proof. Suppose first that p|g, has a crystalline lift of weight ((ko, 1), (0, 0)). Then
Lemma 11.2.6 implies that p|g, has crystalline lifts of weight (ko — 1, p + 1), (0,0))
(resp. ((p + 1, p), (0,0))) if ko > 2 (resp. ko = 2) and ((ko + 1, p + 1), (—1,0)), and
that p|g, has no subrepresentation on which /g acts as €,. Conjecture 3.14 of [5] then
implies that p is algebraically modular of the two indicated weights, and then Conjec-
ture 7.5.2 implies it is geometrically modular of those weights. It then follows from
Lemma 11.3.1 that p is geometrically modular of weight ((ko, 1), (0, 0)).

Now suppose that p is geometrically modular of weight ((ko, 1), (0, 0)). Reversing the
argument above then shows that p|g has crystalline lifts of weight ((ko—1, p+1).(0,0))
(resp. ((p + 1, p), (0,0))) if kg > 2 (resp. kg = 2) and ((ko + 1, p + 1), (—1,0)). If
p > 2, then as noted in Remark 11.2.7, this already implies that p|g, has a crystalline lift
of weight ((kg, 1), (0, 0)). To conclude, we can assume kg = p = 2, and we just need to
rule out the possibility that p|g, ~ (){)' ;2 ) where y1|7, = €,- We do this by an ad hoc
argument.

It is more convenient to work with p’ = p ® pg/, where £ is a character of weight
(1,0). Then p’ is geometrically modular of weight ((2, 1), (1, 0)), Conjecture 7.5.2 holds
as well for p’, and we assume for the sake of contradiction that p’|g, has an unramified
subrepresentation. We let vg = 20F.

By Lemma 10.2.1, p arises from an eigenform fo € M2 1),(1,0)(U1(111); E) for some
m; and E. Moreover, by Lemma 10.4.1, we can assume that O, (fo) # 0,1i.e. 7. (fo) #0
for some m, J such that m ¢ 2J~1. The same argument as in the proof of Proposi-
tion 10.5.2 then shows that we may assume fj satisfies the first two conditions in the
definition of a normalised eigenform. (With regard to the third condition, note that we
have not defined T, in this context.) Therefore ©,(fo) is a normalised eigenform in
M3 3),00,0)(U1(m1); E); note that it is an eigenform for Ty, since r7 (04, (fo)) = 0 if
m € 2J~1. By Theorem 8.2.2, we have v(Oq,( o)) <ua (4, 1) (where the notation is as
in §5), and [19, Thm. 1.1] then implies that V(O (fo)) <ua (2,2). We may therefore



F. Diamond, S. Sasaki 3530

write O, (fo) = Hay, Ha;, fi for a normalised eigenform fi € M(2 2),c0,0)(U1(m11); E)
with 7] (f1) = O forallm € 2J 1.

We have shown in particular that p’ is geometrically modular of weight ((2,2), (0, 0)),
hence algebraically modular of weight ((2, 2), (0, 0)) by our supposition of Conjec-
ture 7.5.2. Therefore (for example by [5, Prop. 2.5]), o’ >~ p 7 for a characteristic zero

eigenform f of weight ((2, 2), (0, 0)); we may further assume that f is a newform in
M2 2),0,00 (U1 (m2); @) for some m,, enlarging L if necessary, so it is a normalised
eigenform for T, for all primes v, and for Sy for all v } m,. By local-global compatibil-
ity, p f~|G « 18 crystalline with 7;-labelled weights (1, 0) for i = 0, 1, and the characteristic

polynomial of ¢? on D(p f~|GK) is X2 — aX + 4d where a is the eigenvalue of Ty,

on f and d € O is the eigenvalue of S,,. Using for example that p f~|G x 1s dual to a
representation arising from a 2-divisible group over Ok, we see from the form of p’|g

that
X1k
Prlox = ( 0 )72)

with y; unramified and x;(Frob,,) = d € O* (and ycyc X2 is unramified with
Xeye X2(Froby,) = a~'d). The reduction of f is thus a normalised eigenform f; €
M2 2),00,0)(U1(m2); E) giving rise to p’, with the property that the eigenvalue of Ty,
on f, is non-zero.

As in the proof of Lemma 11.3.1, we can choose n so that the conditions in
Lemma 10.6.2 are satisfied for ni; and m,, and the proof of the lemma then yields eigen-
forms g1, g2 € M(2,2),(0,0)(U1(1n); E) such that g is strongly stabilised, whereas g, is
stabilised and satisfies Ty,,82 = ags for some a € E*. Now consider the form f3 =
a~'(g> — g1); its g-expansion coefficients are given by r,fl (f3) =O0unlessm € 2J 71, in
which case r,{l (f3) = r,{l/z(gz). In particular, f3 € ker(®q,), so f3 = $y,(g3) for some
83 € M(1,1,00,00(U1(n); E). By Proposition 9.8.1, we have r)(g3) =1 (g2) forallm, J,
so g» = Ha,, Ha;, gs.

Furthermore, note that v(g3) = (1, 1); otherwise [19, Corollary 1.2] would force
v(g3) = (0,0), making g3 locally constant and contradicting the irreducibility of p. Now
consider O, (g3) € M(3,2),(0—1)(U1(n); E). By Theorem 8.2.2, ©, (g3) is not divisi-
ble by Ha;,. We claim that ©,, (g3) is not divisible by Ha,, either. Indeed, if it were,
then we would have v(®¢, (g3)) <ua (4,0), and [19, Thm. 1.1] would imply divisibil-
ity by Ha, . Therefore Theorem 8.2.2 implies that ©,©, (g3) is not divisible by Ha,
(and in fact a similar argument gives v(®,0¢, (g3)) = (4, 4)). Note that ©,,0, (g3) €
M4,4),(-1,—1) (U1 (n); E) is a strongly stabilised eigenform giving rise to p. However so is
eyHa? Ha2 g1, where e, is the constant section in Mg g),(—1,—1)(U1 (n): E) with value 1.
We therefore conclude that ©,0-, (¢3) = e; Ha? HaZ, gy is divisible by Hay,, yielding
the desired contradiction. ]

Remark 11.4.2. Note that the theorem holds just as well for weights of the form
((ko.1),1) and ((1,kg),!) forany [ € Z*.
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Recall from Proposition 7.5.4 that one direction of Conjecture 7.5.2 holds if k is pari-
tious in the sense of Definition 3.2.1. Recall also that [5, Conjecture 3.14] has been proved
under mild technical hypotheses by Gee and collaborators (see especially [33, 34]), with
an alternative to part due to Newton [50]. In particular, it holds under the assumptions
that p > 2, P|GF(<,,) is irreducible, and if p = 5, then P|GF(55) does not have projective
image isomorphic to A5 ~ PSL,(FF5). It might be possible to treat this exceptional case
with p = 5 using the same methods along with [3, Thm. 3.2.1], but we only need to do
this in a particular instance in order to obtain one direction of Theorem 11.4.1 for odd k¢
unconditionally.

Theorem 11.4.3. Suppose that 3 < ko < p, ko is odd and p : GF — GLz(Fp) is irre-
ducible and modular. If p|G, has a crystalline lift of weight ((ko, 1), (0, 0)), then p is
geometrically modular of weight ((kg, 1), (0,0)).

Proof. We first show that the local condition at p implies that p|g Fep) is irreducible.
Indeed, if it is not, then p is induced from G g/ for a quadratic extension F’/F which is
ramified at p, and hence p|g, is induced from G- for a ramified quadratic extension
K'/K. This in turns implies that p|r, >~ y1 @ y2 for some characters yi, y» such that
x1x5" is quadratic. However, the explicit description of the possibilities for p|z, from

£ko=1) 1 Ehko-D(P?=1) . 0
r/ 9

Lemma 11.2.3 shows that y1 x5 ' would have the form ez, or

gives a contradiction since such a character has order (p? — 1)/i or (p? + 1)/i for some
i<p-—1

We may therefore apply [35, Thm. A] to conclude that p is algebraically modular of
weights ((ko — 1, p + 1),(0,0)) and ((ko + 1, p + 1), (—1,0)), unless p = 5 and p|GF(c5)
has projective image isomorphic to PSL, (Fs). Aside from this exceptional case, it follows
from Proposition 7.5.4 that p is geometrically modular of weights ((ko — 1, p + 1), (0,0))
and ((ko + 1, p + 1), (—1,0)), and then from Lemma 11.3.1 that p is geometrically mod-
ular of weight ((ko, 1), (0, 0)).

Suppose then that p = 5 and p|¢g F(cs) has projective image isomorphic to PSL, (Fs),
so that of p is isomorphic to PSL; (IF5) or PGL, (F5). Again using the explicit descriptions
in Lemma 11.2.3, we see this is only possible if ko = 5 and p|g, =~ y1 @ x2 where y; is
unramified and y»|7, = 6;04 has order 6. In this case the conjectural set of Serre weights
for p¥ = Homg, (p, Fs) (with the notation of §7) is

Vi4,6),00,0): V(2,2),(=1,0): V(6,6),=1,0) V(6,4),(4,0)}

In particular, if  is a character of weight (1,0), then (p ® pg/)" |G, has a Barsotti-Tate lift
(necessarily non-ordinary), and the argument of [30, §3.1] (using the method of Khare—
Wintenberger [43]) then shows that (p ® pg/)Y is modular of weight V(2 2) (0,0), from

which it follows that p is algebraically modular of weight ((2, 2), (—1, 0)).

Similarly p¥|g, has a potentially Barsotti-Tate lift of type [¢2 €2 ] @ 1, so the same

0 T]
argument (but now using [3, Thm. 3.2.1] for the existence of ordinary lifts) shows that

oY is modular of some weight in the set of Jordan-Holder constituents IndgLZ(OF /p) v
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v((§ 1)) =o@n@t

namely {V(4,6).00,0), V(3.5),(3,0): V(4,2).(2,4)}. Therefore p is algebraically modular of
weight ((4, 6), (0, 0)), ((3,5), (3,0)) or ((4,2), (2,4)). Since p|g, has no crystalline
lifts of weight ((3, 5), (3,0)) or ((4,2), (2,4)) (by [34, Thm. 2.12], but in fact already
by [28]), these possibilities are ruled out by local-global compatibility and the discussion
before Proposition 7.5.4. Therefore p is algebraically modular of weight ((4, 6), (0, 0)).
We have now shown that p is algebraically modular of weights ((4, 6), (0, 0)) and
((2,2), (=1,0)), so also geometrically modular of these weights by Proposition 7.5.4.
Therefore p is also geometrically modular of weight ((6, 6), (—1, 0)), and it follows from
Lemma 11.3.1 that p is geometrically modular of weight ((5, 1), (0, 0)), as required. =

where

Remark 11.4.4. Again the theorem holds also for weights of the form ((kg, 1), /) and
((1,ko), 1) forany [ € Z=.

Remark 11.4.5. We remark that the assumption that F is unramified at p ensures that
the conditions at p = 5 in the modularity lifting theorems of [3, 29, 47] are satisfied. If
p = 5isramified in F, then a more exceptional case can arise, and is treated in work of
Khare and Thorne [45].

11.5. An example

Consider the Galois representation defined in [17, §9, Example IIIb;], so F = Q(«/g),
p =3and p: G — GL,(Fy) is absolutely irreducible and has the property that p|g, =~
(% 7o) where il = €;; for appropriately chosen 7; : O / p =~ Fo. Setting x = 145",
we have y|7, = er_oz, and the discussion in [17] shows that the associated extension class
lies in the line V), of Lemma 11.2.1. It follows that p has a crystalline lift of weight
((37 1)» (O’ _1))

The modularity of p is strongly indicated by the data exhibited in [17, §10.4]. In
particular, it follows from the explicit computations described there that there is an eigen-
form f € M 4),0,—1)(U1(11); Fo) with n = (10+/5) whose eigenvalue for T, coincides
with trp(Frob,) for all v t 30 such that Nmp,q(v) < 100, and whose eigenvalue for
Sy is 1 = Nmp/q(v)~! det p(Frob,) for all v } 30. We assume for the rest of the dis-
cussion that it is indeed the case that py >~ p. It then follows from Theorem 11.4.1 that
p is geometrically modular of weight ((3, 1), (0, —1)), i.e., p = pg for some eigenform
8 € M@.1),0.-1)(Ur(n); Fy)

Consider also the form g¢ for a character £ of conductor (+/5) and weight (0, 2),
in the sense of Definition 10.3.1. (There are two such characters, both of order 4, dif-
fering by the quadratic character corresponding to the extension F(u5).) Then we have
8¢ € M3,1),00,1)(U1(n); Fy), and as the weight ((3, 1), (0, 1)) is paritious (in the sense of
Definition 3.2.1), it is natural to ask whether g¢ lifts to a characteristic zero eigenform of
partial weight 1.
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