J. Eur. Math. Soc. 25, 3833-3911 (2023) DOI 10.4171/JEMS/1273

© 2022 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

JEMS

Jian Ding - Ewain Gwynne

Tightness of supercritical Liouville first passage
percolation

Received June 16, 2020

Abstract. Liouville first passage percolation (LFPP) with parameter £ > 0 is the family of random
distance functions {D}El}€>0 on the plane obtained by integrating ebhe along paths, where h¢ for
€ > 0 is a smooth mollification of the planar Gaussian free field. Previous work by Ding—Dubédat—
Dunlap—Falconet and Gwynne-Miller has shown that there is a critical value & > O such that
for & < &, LFPP converges under appropriate re-scaling to a random metric on the plane which
induces the same topology as the Euclidean metric (the so-called y-Liouville quantum gravity metric
fory = y(§) € (0.2)).

We show that for all £ > 0, the LFPP metrics are tight with respect to the topology on lower
semicontinuous functions. For § > &4, every possible subsequential limit Dy is a metric on
the plane which does not induce the Euclidean topology: rather, there is an uncountable, dense,
Lebesgue measure-zero set of points z € C such that Dy (z, w) = oo for every w € C \ {z}. We
expect that these subsequential limiting metrics are related to Liouville quantum gravity with matter
central charge in (1, 25).
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1. Introduction

1.1. Definition of Liouville first passage percolation

Let /1 be the whole-plane Gaussian free field (see, e.g., the expository articles [11 61, 64]
for more on the GFF). For ¢ > 0 and z € C, we define the heat kernel p;(z) := L e-lzl?/2t
and we denote its convolution with £ by

hi(z) = (h* Pe2/2)(2) = / h(w) pez,(z — w) dw?, VzeC, (1.1
C

where the integral is interpreted in the sense of distributional pairing.
For a parameter £ > 0, we define the e-Liouville first passage percolation (LFPP)
metric associated with /1 by

1
D (z, w) :=igf/ PO /(1) dt, Vz,weC, 1.2)
0

where the infimum is over all piecewise continuously differentiable paths P : [0,1] - C
from z to w. We will be interested in (subsequential) limits of the re-normalized metrics
a;'D 5> Where the normalizing constant is defined by

1
a, := median of inf{/ eéh;(P('))lP'(tﬂ dt : P is a left-right crossing of [0, 1]*}.
0
(1.3)
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Here, by a left-right crossing of [0, 1] we mean a piecewise continuously differentiable
path P : [0, 1] — [0, 1]? joining the left and right boundaries of [0, 1]2.

The goal of this paper is to prove that the metrics a; ! Dy, admit subsequential scaling
limits when the parameter £ lies in the supercritical phase. The phase transition for LFPP
is described in terms of its distance exponent, the existence of which is provided by the
following proposition.

Proposition 1.1. For each & > 0, there exists Q = Q(&) > 0 such that

ap = ! 7E2Fo) g5 e 0.
Furthermore, § — Q(£) is continuous, strictly decreasing on (0, 0.7), non-increasing on
(0, 00), and satisfies limg_, 00 Q(§) = 0.

We will prove Proposition 1.1 in Section 2.4 (see also the end of Section 4.3). The
existence of Q(§) follows from a subadditivity argument, the fact that Q(§) > 0 fol-
lows from [27], and the other asserted properties of Q (&) follow from results in [49]. We
remark that Proposition 1.1 in the subcritical phase (see definitions just below) follows
from [26, Theorem 1.5], so the result is only new in the supercritical phase.

The value of Q(£) is not known explicitly except when £ = 1/+/6, in which case
Q = 5//6[26]." See [5,26,49] for bounds for Q(£).

We define

Eie ;= Inf{€ > 0: Q(§) = 2}. (1.4)

The best currently known bounds for & come from [49, Theorem 2.3], which gives
0.4135 < &5 < 0.4189. (1.5)

We do not have a conjecture as to the value of & (but see [26, Section 1.3] for some
speculation).

We call (0, &) the subcritical phase and (€., 00) the supercritical phase. It was
shown in [22] that in the subcritical phase & € (0, &), the re-scaled LFPP metrics a;l Dy
are tight with respect to the topology of uniform convergence on compact subsets of
C x C. Moreover, every possible subsequential limit is a metric on C which induces
the same topology as the Euclidean metric. Subsequently, it was shown in [47] (building
on [31,44,45]) that the subsequential limiting metric is unique. This limiting metric can
be thought of as the Riemannian distance function associated with a so-called Liouville
quantum gravity surface with matter central charge ¢y = 25 — 602 € (—o0, 1), or equiv-

'As per the discussion in Section 1.3 below, £ = 1/+/6 corresponds to Liouville quantum
gravity with parameter y = \/8/7 (equivalently, matter central charge ey = 0), and the fact that
0(1/+/6) = 5/+/6 is a consequence of the fact that /873-LQG has Hausdorff dimension 4.

2The bounds in [5,26,49] are stated for LFPP defined using slightly different approximations
of the GFF from the one defined in (1.1). However, it is not hard to show using basic comparison
lemmas from [5,25,26] that the different variants of LFPP have the same distance exponents.
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alently with coupling constant y € (0, 2) satisfying Q = 2/y + y/2. See Section 1.3 for
further discussion.

The main results of this paper, stated just below, give the tightness of a; ! Dy, for all
& > 0 and some basic properties of the subsequential limiting metrics. In the supercritical
phase £ > £, the subsequential limiting metric Dy, does not induce the same topology as
the Euclidean metric. Rather, there is an uncountable, dense, but zero-Lebesgue measure
set of “singular points” which lie at infinite Dj-distance from every other point. As we
will explain in Section 1.3, we expect that in the supercritical phase, Dj, is closely related
to Liouville quantum gravity with matter central charge ¢y = 25 — 602 € (1, 25). For
& = &4, which corresponds to y-Liouville quantum gravity with y = 2, we expect (but
do not prove) that the subsequential limiting metric induces the same topology as the
Euclidean metric.

1.2. Main results

Since we do not expect that the limit of a; ' D is a continuous function on C x C when
& > &4, we cannot expect tightness of these metrics with respect to the local uniform
topology. Instead, we will show tightness with respect to a slight modification of the
topology on lower semicontinuous functions on C x C introduced by Beer [9] (actually,
Beer treats the case of upper semicontinuous functions but everything works the same for
lower semicontinuous functions by symmetry). Under this topology, a sequence of lower
semicontinuous functions f, : C x C — R U {£ o0} converges to a lower semicontinuous
function f if and only if the following holds:

(A) If {(z,, wn) }nen is a sequence of points in C x C such that (z,, w,) — (z, w), then

liminfy o0 fn(Zn, wn) = f(z, w).

(B) For each (z, w) € C x C, there is a sequence (z,, w,) — (z, w) such that

lim, oo fn(Zn, wn) = f(z,w).

It is easily verified that if f, — f in the above sense and each f;, is lower semicontinuous,
then f is also lower semicontinuous.

It follows from [9, Lemma 1.5] that the above topology is the same as the one induced
by the metric dj, defined as follows. Let ¢ : R — (0, 1) be an increasing homeomor-
phism. Set ¢(—o00) = 0 and ¢ (c0) = 1. We endow the set R U {+o00} with the metric
dg(s,t) = |p(s) — ¢(¢)], so that R U {00} is homeomorphic to [0, 1]. Let K be the
space of compact subsets of C x C x (R U {+o00}) equipped with the Hausdorff dis-
tance dyays induced by the product of the Euclidean metric on C x C and the metric dg
on R U {£o0}.If f:C x C — R U {x00} is lower semicontinuous, then the “overgraph”

Uf) ={(z,w,t1) e CxC x (RU{Foo}): f(z,w) <t}

is closed, so for each r > 0 the set U, (f) := U(f) N B,(0) x B, (0) x (R U {£o00}) is
compact. We then set

dio(f.g) 1= /0 e (Auans(Up (1), Up (g)) A 1) dr.
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Theorem 1.2. Let & > 0. For every sequence of positive e-values tending to zero, there is
a subsequence & for which the following is true.

1) a;t Dj converges in law to a lower semicontinuous function Dj, : C x C — [0, o0]
with respect to the above topology as ¢ — 0 along &.

(2) Each possible subsequential limit Dy, is a metric on C, except that pairs of points are
allowed to have infinite distance from each other.

3) {a;lDz (4, V) }y ez = {Dr(U, )}y peq2 in law as e — 0 along &, jointly with the
convergence a;lDfl — Dy,

(4) For each rational r > 0, the limit ¢, := limgs, rag,/as exists and satisfies ¢, =
r§Qtor) gsr 5 0 orr — oo.

We will also establish a number of properties of the subsequential limiting metric Dy,
of Theorem 1.2. Let us first note that (by the Prokhorov theorem) after possibly passing
to a further subsequence of the one in Theorem 1.2 we can arrange that the joint law
of (h, a;lDZ) converges to a coupling (h, Dy) (here the first coordinate is given the
distributional topology). Following [51], for & > 0 we say that z € C is an a-thick point
of h if

hr(2)

lim inf >, (1.6)
r—0 logr

where /,(z) is the average over h over the circle of radius r centered at z. It is shown
in [51] that for « € (0, 2), a.s. the set of «-thick points has Hausdorff dimension 2 — a? /2,
and for @ > 2, a.s. the set of a-thick points is empty.

Theorem 1.3. Let (h, Dy,) be a subsequential limiting coupling of h with a random metric
as in Theorem 1.2. Almost surely, the following is true.

(1) Dp(z,w) < oo for Lebesgue-a.e. (z,w) € C x C.
(2) Every Dy-bounded subset of C is also Euclidean-bounded.

(3) The identity map from C equipped with the metric Dy to C equipped with
the Euclidean metric is locally Holder continuous with any exponent less than
[E(OQ + 271 If &€ > £, the inverse of this map is not continuous.

(4) Say that z € C is a singular point for Dy, if Dy (z, w) = oo for every w € C \ {z}.
Then Dy, is a complete, finite-valued metric on C \ {singular points}.

(5) Any two non-singular points z, w € C can be joined by a Dy,-geodesic (i.e., a path of
Dy-length exactly Dy (z, w)).

(6) If &€ > &y and o > Q, then a.s. each a-thick point z of h is a singular point, i.e., it
satisfies Dy (z, w) = oo for every w € C \ {z}.

Assertion (3) should be compared to [22, Theorem 1.7], which shows that in the sub-
critical phase the identity map from (C, Dj) to (C, | - |) is locally Holder continuous
with any exponent less than [£(Q + 2)]! and the inverse of this map is Holder contin-
uous with any exponent less than £(Q — 2). The latter Holder exponent goes to zero as
& — &, so it is natural that the inverse map is not continuous for & > &..
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Assertion (6) implies that in the supercritical phase, the set of singular points for D,
is uncountable and dense. We can visualize these singular points as infinite “spikes”.
However, Dj-distances between typical points are still finite by assertion (1). This is
because two typical points are joined by a Dp-geodesic which avoids the singular points.
Assertion (6) has several interesting consequences, for example the following.

e (C, Dp) has infinitely many “ends” in the sense that the complement of a Dj-metric
ball centered at a typical point has infinitely many connected components of infinite
Dy,-diameter (a proof of this assertion appears in the subsequent paper [56]).

e A Dj-metric ball cannot contain a Euclidean-open set (since every Euclidean-open set
contains a singular point).

e The restriction of Dy to C \ {singular points} does not induce the Euclidean topology.
This is because any z € C can be expressed as a Euclidean limit of points z, which are
not themselves singular points, but which are close enough to singular points so that
Dy (zy,z) = o0.

e (C \ {singular points}, Dy,) is not locally simply connected. This is because any Jordan
loop in C surrounds a singular point, so cannot be Dj-continuously contracted to a
point. In particular, (C \ {singular points}, Dy,) is not a topological manifold.

As a partial converse to assertion (6), one can show that points z such that
limsup, _,, i1, (z)/logr < Q are not singular points; see [56]. We do not know if points
of thickness exactly O are singular points, and we expect that determining this would
require much more delicate estimates than the ones in the present paper.

See Figure 1 for a simulation of supercritical LFPP metric balls.

In the supercritical phase, Dy, satisfies many properties which are either similar to the
properties of the limit of subcritical LFPP which were established in [22,31,44,46,47,50]
or are related to properties of LQG with ¢y € (1, 25) which are discussed in [43]. Several
such properties are established in the subsequent works [42,56]:

e Measurability: Dj, is a.s. given by a measurable function of 4 (cf. [31, Lemma 2.20]).

e Weyl scaling: Adding a continuous function f to & corresponds to scaling the Dj-
length of each path by a factor of &/ (cf. [31, Lemma 2.12]).

e Moments: For any fixed z, w € C, Dj(z, w) has finite moments up to order 2Q /£.
More generally, if o, B € (—oo, Q) and h*? = h —alog| - —z| — Blog| - —w],
then Dje.s(z, w) has finite moments up to order %(Q — max{c, B}) (cf. [31, Theo-
rem 1.11]).

e Confluence of geodesics: Two Dj-geodesics with the same starting point and differ-
ent target points typically coincide for a non-trivial initial time interval (cf. [44]).

o Hausdorff dimension: A.s. the Hausdorff dimension of (C, Dy,) is infinite (cf. [43,
Theorem 1.6]).

e KPZ formula: If X C C is a random fractal sampled independently of /, then the
Hausdorff dimensions of X with respect to Dy, and with respect to the Euclidean metric
are related by the variant of the KPZ formula from [43, Theorem 1.5] (note that this
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Fig. 1. Simulations of LFPP metric balls for & = 0.5 (top left), § = 0.9 (top right), £ = 1.3 (bottom
left), and & = 1.7 (bottom right), produced from the same GFF instance. The colors indicate distance
to the center point (marked with a black dot) and the black curves are geodesics from the center point
to other points in the ball. Note that all of these values of £ are supercritical by (1.5). In particular,
the metric balls for the subsequential limiting metrics have empty Euclidean interior (despite the
appearance of the figures). The simulations were produced using LFPP with respect to a discrete
GFF on a 1024 x 1024 subset of Z2. It is believed that this variant of LEPP falls into the same
universality class as the variant in (1.1). The geodesics go from the center of the metric ball to
points in the intersection of the metric ball with the grid 20Z2. The code for the simulations was
provided by J. Miller.

formula shows that the Hausdorff dimension of X with respect to Dy, is infinite if the
dimension of X with respect to the Euclidean metric is sufficiently close to 2).

We also expect Dy, to satisfy the following further properties, which have not been proven
yet.

e Uniqueness: The metric Dy, is uniquely characterized (up to multiplication by a deter-
ministic positive constant) by a list of axioms similar to the list in [47].

e Coordinate change: If ¢ € C \ {0} and b € C, then a.s. Dy(az + b,aw + b) =
Dpa-1+5)+010g)al(z, w) for all z, w € C (cf. [47]). More generally, if we extend the
definition of Dy, to the case when /4 is a field on a general open domain U C C (e.g., via
local absolute continuity) then for a conformal map ¢ : U—U,as. Dy, (P(2),0(w)) =
Dpog1010gi¢(z, w) forall z, w € U (cf. [46]).
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It may be possible to prove these last two properties by adapting the arguments of [46,47]
(which prove analogous results in the subcritical case), but these papers use the fact that
the metric induces the Euclidean topology, so non-trivial new ideas would be needed.
Alternatively, it would also be of interest to find a completely different proof of these
properties.

Remark 1.4. The reader might wonder whether one has the convergence a; ! Dj — Dy,
in law with respect to some local variant of the Gromov—Hausdorff distance. We expect
that no such convergence statement holds when & > &.;. The reason for this is that for
& > &, Dp-metric balls are not Dj-compact (this is proven in [56]).

1.3. Connection to Liouville quantum gravity

Liouville quantum gravity (LQG) is a one-parameter family of random surfaces which
describe two-dimensional quantum gravity coupled with conformal matter fields. LQG
was first introduced by Polyakov [57] in order to define a “sum over Riemannian metrics”
in two dimensions, which he was interested in for the purposes of bosonic string theory.

One way to define LQG is in terms of the so-called matter central charge ¢y €
(=00, 25). Let O be a simply connected topological surface.® For a Riemannian met-
ric g on D, let Ag be its Laplace—Beltrami operator. Heuristically speaking, an LQG
surface with matter central charge ¢y is the random two-dimensional Riemannian man-
ifold (D, g) sampled from the “Lebesgue measure on the space of Riemannian metrics
on D weighted by (det A g)_cM/ 2 This definition is far from making literal sense, but
see [6] for some progress on interpreting it rigorously. In physics, one thinks of an LQG
surface as representing “gravity coupled to matter fields”. The parameter cy; is the central
charge of the conformal field theory given by these matter fields, and (det A g)_cM/ 2 can
be thought of as the associated partition function.

We refer to the case when ¢y € (—o0, 1) (resp. ey € (1,25)) as the subcritical (resp.
supercritical) phase. As we will see below, these phases correspond to the subcritical and
supercritical phases of LFPP. We refer to Figure 2 for a table of the relationship between
the parameters in the subcritical and supercritical phases.

LQG metric tensor in the subcritical phase. The so-called DDK ansatz [17,29] is a heuris-
tic argument which allows us to describe the Riemannian metric tensor of an LQG surface
directly in the subcritical (or critical) case, ¢y € (—o0, 1]. The DDK ansatz implies that
the Riemmanian metric tensor of an LQG surface with ¢y € (—oo, 1] should be given by

e’ (dx? + dy?) (1.7)

3LQG can also be defined for non-simply-connected surfaces, but we consider only the simply
connected case for simplicity. See [20,41] for works concerning on LQG on non-simply-connected
surfaces.
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Phase LFPP LFPP Coupling Matter central
parameter exponent constant charge
ubcritica € (0, &crit > € (0, cm € (—oo,
Subcritical 0 2 y € (0,2 1)
Supercritical | § > & 0 €(0,2) ryT(inglex’ ceMm € (1,25

Fig. 2. Table of the parameter ranges for LQG / LFPP in the subcritical and supercritical phases.

where 4 is a variant of the Gaussian free field, dx? + d y2 is a fixed smooth metric tensor
(e.g., the Euclidean metric tensor if O C C), and the coupling constant y € (0,2] is related
to ¢y by

14

2 2
cM=25—6(—+—) . (1.8)
y 2

Remark 1.5. Another way of thinking about the DDK ansatz (which is closer to the orig-
inal physics phrasing) is that the partition function of LQG can be obtained by integrating
(det A g)_cM/ 2 times the partition function of Liouville conformal field theory (LCFT)
over the moduli space of D. The central charge of the LCFT corresponding to LQG with
matter central charge ¢y is ¢ = 26 — ¢p. See [19, 20,41, 52] for rigorous constructions
of LCFT on various surfaces.

The Riemannian metric tensor (1.7) does not make literal sense since 4 is a distri-
bution (generalized function), not an actual function. However, one can define various
objects associated with an LQG surface rigorously via regularization procedures. For
example, one can construct the volume form, also known as the LQG area measure
“Up = e dx dy” (where dx dy denotes Lebesgue measure) [36, 54, 58] (see [34, 35]
for the critical case ¢y = 1, y = 2). Similarly, one can construct a natural diffusion on
LQG, called Liouville Brownian motion [10,40] (see [60] for the critical case).

As explained in [26], for y € (0, 2] a natural way to approximate the Riemannian
distance function associated with (1.7) is to consider LFPP with parameter £ = y/d,,,
where d,, > 2 is the dimension exponent associated with y-LQG, as defined in [26,28].
It is shown in [50] that d,, is the Hausdorff dimension of a y-LQG surface, viewed as a
metric space. For this choice of &, one has [26, Theorem 1.5]

Q=06 =2/y+vy/2 (1.9)

It is shown in [26, Proposition 1.7] that y/d,, is strictly increasing in y, which means that
y € (0,2) corresponds exactly to £ € (0, &) and

Eit = 2/d>. (1.10)

It is shown in [22, 47] that subcritical LFPP converges to a random metric on C
which can be interpreted as the Riemannian distance function associated with LQG for
cp € (—o0, 1).
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LQOG in the supercritical phase. LQG in the supercritcal phase ¢y € (1,25) is much less
well-understood than in the subcritical and critical cases. Part of the reason for this is
that when ¢y € (1, 25), the coupling constant y in (1.8) is complex with modulus 2.
Consequently, analytic continuations of certain formulas from the case ¢y < 1 to the case
ey € (1,25) (such as the KPZ formula [36,55] or predictions for the Hausdorff dimension
of LQG [26, 63]) yield nonsensical complex answers. Moreover, it is not clear whether
there is any natural notion of “volume form” or “diffusion” associated with supercritical
LQG. The recent paper [53] shows how to make sense of random distributions of the form
“e? dx dy” for complex y, but |y| = 2 falls outside the feasible region for the techniques
of that paper. See [0, 43] for further discussion and references concerning supercritical
LQG.

However, it is expected that there is a notion of Riemannian distance function (metric)
associated with supercritical LQG. The paper [43] provides one possible approximation
procedure for such a metric, based on a family {S;}¢~o of random tilings of the plane
by dyadic squares constructed from the GFF, depending on the central charge cy. The
collection {8} }¢~¢ of squares is a.s. locally finite for ey € (—00, 1). In contrast, for ¢y in
(1,25) there is an uncountable, zero-Lebesgue measure set of “singular points” z € C such
that every neighborhood of z contains infinitely many small squares of §; (these singular
points are analogous to the points which are at infinite Dy-distance from every other
point in the setting of Theorem 1.3). It is conjectured in [43] that the graph distance in the
adjacency graph of squares of §Z, suitably re-scaled, converges to the metric associated
with LQG for all ¢y € (—00,25).

Another possible approximation procedure is supercritical LFPP. Indeed, if y and ¢y
are related by (1.8) then for ¢y € (1,25) the parameter Q from (1.9) lies in (0, 2). Hence,
analytically continuing the relationship between LFPP and LQG to the supercritical phase
shows that LQG for ¢y € (1, 25) should correspond to LFPP with & > .. More pre-
cisely, (1.8) and (1.9) suggest that £ and ¢y should be related by

on = 25-60(8)>% (1.11)

Further evidence of this relationship comes from the dyadic tiling model of [43]. As dis-
cussed in [43, Section 2.3], it is expected that if §; is the dyadic tiling above for a given
value of ¢y, then the S7-graph distance between the squares containing two typical points
of C is of order e~ €+t°(1) where £ is as in (1.11). This is analogous to the relationship
between LFPP and Liouville graph distance in the subcritical phase, which was estab-
lished in [26, Theorem 1.5]. Consequently, in the supercritical phase the subsequential
limiting metrics Dy of Theorem 1.2 are candidates for the distance function associated
with LQG with ey € (1, 25).

Remark 1.6. Many works [3,4,7,13,15,16,18,37] have suggested that LQG surfaces with
cMm > 1 should correspond to “branched polymers”, i.e., they should look like continuum
random trees. At a first glance, this seems to be incompatible with the results of this
paper since the metric Dj of Theorem 1.2 is not tree-like. However, as explained in [43,
Section 2.2], the tree-like behavior should only arise when the surfaces are in some sense
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conditioned to have finite volume. In our setting, we are not imposing any constraints
which force the LQG surface to have finite volume so we get a non-trivial metric structure.
We expect that similar statements hold if we condition the surfaces to have finite diameter
instead of finite volume.

Remark 1.7. We do not expect that LQG with ¢y € (1, 25) and supercritical LFPP are
related to the purely atomic LQG measures for y > 2 considered in [8,32,33,59]. Indeed,
by (1.8) the matter central charge corresponding to y > 2 is the same as the matter central
charge corresponding to the dual parameter y’ = 4/y € (0, 2), so lies in (—o0, 1). Matter
central charge in (1, 25) corresponds to a complex value of y.

1.4. Outline

Here we will give a rough outline of the content of the rest of the paper. More detailed
outlines of the more involved arguments in the paper can be found at the beginnings of
the respective sections and subsections. We will also comment on the similarities and
differences between the arguments in this paper and those in [22-24, 30], which prove
tightness for various approximations of LQG distances in the subcritical phase.

In Section 2, we fix some notation, then introduce a variant of LFPP based on the
white noise decomposition of the GFF which we will work with throughout much of the
paper. In particular, we let W be a space-time white noise on C x R and for m,n € N with
m < n welet @y 4 (2) 1= ﬁfzz__zz,,m Jc pej2(z —w) W(dw, dt) where p,/, is the heat
kernel. We let Dy, , be the LFPP metric associated with @, ,, i.e., it is defined as in (1.2)
but with @, ,, in place of i}. As we will see in Section 4, Dy, is a good approximation
for Dj. However, due to the exact spatial independence properties of the white noise,
Dy, is sometimes easier to work with than DZ.

We will also record several estimates for Dg , which were proven in [22] (for general
values of £). In particular, this includes a concentration bound for Dy ,-distances between
sets (Proposition 2.4) which will play a crucial role in our arguments. We note that, unlike
in other works proving tightness results for approximations of LQG distances, we do not
need to prove an RSW estimate or any a priori estimates for distances across rectangles.
The reason is that we can re-use the relevant estimates from [22], which were proven for
general £ > 0. Finally, we will establish a variant of Proposition 1.1 for Dy, (Proposi-
tion 2.5) using a subadditivity argument. Proposition 1.1 will be deduced from this variant
in Section 4.3.

In Section 3, we will establish a concentration result for the log left-right crossing
distance log Ly ,,, where

1
Loy := inf{/ es¢0-”(P(t))|P/(t)| dt : P is a left-right crossing of [0, 1]2}
0
(cf. (1.3)). This is the most technically involved part of the paper and will be done using

an inductive argument based on the Efron—Stein inequality. See Section 3.2 for a detailed
outline of the argument.
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The papers [22-24, 30] also use the Efron—Stein inequality and induction to prove
similar concentration statements (in the subcritical phase), but the arguments in these
papers are otherwise very different from the ones in the present paper. Here, we will
briefly explain the differences between our argument and the one in [22].

We want to prove a variance bound for log Ly, by induction on 7. To do this, we fix
a large integer K (which is independent of n) and assume that we have proven a variance
bound forlog Lo ,—x. Let Sk be the set of 27K x 27K dyadic squares S C [0, 1]?. In [22],
the authors use the Efron—Stein inequality to reduce to bounding ) ¢ « ElZ g], where
Z s is the change in log Lo , when we re-sample the restriction of the field to the square S,
leaving the other squares fixed. A necessary condition in order to bound this sum is as
follows. If P : [0, Lo ] — [0, 1]? is a Dy ,-geodesic between the left and right boundaries
of [0, 1]?, then the maximum over all S € Sk of the time that P spends in S is negligible
in comparison to L ,. In [22], this condition is achieved by a crude upper bound on the
maximum of the field ®¢ g (see [22, Proposition 21]).

In the supercritical case, the bound for the maximum of ®¢ g is not sufficient: indeed,
there will typically be squares S € Sk such that the D ,-distance between the inner and
outer boundaries of the annular region B, (S) \ S (here B, (S) is the Euclidean 2~X -
neighborhood of ) is larger than L ,. In order to get around this difficulty, instead of
applying the Efron—Stein inequality to bound Var[log Ly ,| directly, we will instead apply
it to bound Var[E[log Lo, | Px.»]] (actually, for technical reasons we will work with
a slightly modified version of & ,). We will bound E[Var[log Lo, | Pk .]] separately
using a Gaussian concentration inequality, then combine the bounds to get our needed
bound for Var[log Lo ,].

For our application of the Efron—Stein inequality, we will show that the contribution to
E[log Lo, | @k ] from each square S is negligible in comparison to E[log L¢ , | Pk, »].
This can be done because, even though there will typically be some squares S for which
the Dy ,-distance across B,—x (S) \ § is larger than Ly ,, for a fixed square S the Dy ,-
distance across B,—x (S) \ S is typically much smaller than L ,. We can show (using our
inductive hypothesis) that this continues to be the case even if we condition on ®g 5. This
allows us to get much better bounds than we would get by just looking at the maximum
of the coarse field, but requires us to argue in a quite different manner from [22].

Thanks to the concentration result for D ,-distances between sets from [22] (Proposi-
tion 2.4), once the concentration of log Ly, is established, we immediately obtain strong
up-to-constants tail bounds for Dy ,-distances between general compact sets (see Proposi-
tion 3.2). The purpose of Sections 4 and 5 is to use these tail bounds together with various
“concatenating paths” arguments to establish our main results, Theorems 1.2 and 1.3. The
arguments in these sections are more standard than the ones in Section 3, but some care
is still needed due to the existence of singular points (which makes it impossible to get
uniform convergence for our metrics).

In Section 4, we will use the concentration of log L, to establish the tightness of
Do (z, w) (appropriately re-scaled) for fixed points z, w € C. This is done by summing
estimates for the Dy ,-distances between non-trivial connected sets over dyadic scales
surrounding each of z and w. We will then transfer our estimates for Dy , to estimates
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for Dj using comparison lemmas for different approximations of the GFF. We will work
with D} for the rest of the paper.

In Section 5, we will consider a sequence of e-values tending to zero along which
a certain countable collection of functionals of the re-scaled LFPP metrics a; ! D§ con-
verge jointly. This will include the as_lDZ-distances between rational points as well as
a; !-distances across and around annuli whose boundaries are circles with rational radii
centered at rational points. We will then use these functionals to construct a metric Dy,
which satisfies the conditions of Theorems 1.2 and 1.3. The proofs in this section have
essentially no similarities to the arguments in [22-24,30]. This is because we are showing
convergence with respect to the topology on lower semicontinuous functions rather than
the uniform topology; and because our limiting metric can take on infinite values.

Appendix A contains some basic estimates for Gaussian processes which are needed
for our proofs.

2. Preliminaries

2.1. Basic notation

Integers and asymptotics. We write N = {1,2,3,...} and Ng = N U {0}. Fora < b, we
define the discrete interval [a, bz := [a,b] N Z.

If f:(0,00) > R and g : (0,00) — (0, 00), we say that f(g) = O.(g(g)) (resp.
f(e) = o0.(g(e))) as e — 0if f(g)/g(e) remains bounded (resp. tends to zero) as ¢ — 0.
We similarly define O(-) and o(+) errors as a parameter goes to infinity.

If f,g:(0,00) — [0, 00), we say that f(e) < g(e) if there is a constant C > 0 (inde-
pendent of ¢ and possibly of other parameters of interest) such that f(g) < Cg(e). We
write f(g) < g(e) if f(¢) < g(e) and g(e) < f(¢).

We will often specify any requirements on the dependencies on rates of convergence
in O(-) and o(-) errors, implicit constants in <, etc., in the statements of lemmas/propo-
sitions/heorems, in which case we implicitly require that errors, implicit constants, etc.,
appearing in the proof satisfy the same dependencies.

Metrics. Let (X, D) be a metric space. For a curve P : [a,b] — X, the D-length of P is

defined by
#T

len(P: D) := sup »  D(P(t;). P(ti-1))
T =1
where the supremum is over all partitions 7 : @ =ty < --- < ty7 = b of [a, b]. Note that
the D-length of a curve may be infinite.
For Y C X, the internal metric of D on Y is defined by

D(x,y;Y):= Pnég len(P; D), Vx,yeY, 2.1

where the infimum is over all paths P in Y from x to y. Then D(:,-;Y) is ametricon Y,
except that it is allowed to take infinite values.
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We say that D is a length metric if for any x, y € X and each § > 0, there exists
a curve of D-length at most D(x, y) + § from x to y. We say that D is a geodesic
metric if for any x, y € X, there exists a curve of D-length exactly D(x, y) from x to y.
By [14, Proposition 2.5.19], if (X, D) is compact and D is a length metric then D is a
geodesic metric.

Subsets of the plane. We write S = [0, 1]? for the unit square. For a rectangle R C C with
sides parallel to the coordinate axes, we write d. R and dg R for its left and right sides.
Foraset A C C and r > 0, we write

B, (A) := {z € C : Euclidean distance from z to A is < r}

For z € C we write B, (z) = B, ({z}) for the Euclidean ball of radius r centered at z.
An annular region is a bounded open set A C C such that A is homeomorphic to an
open or closed Euclidean annulus. If A is an annular region, then dA4 has two connected
components, one of which disconnects the other from co. We call these components the
outer and inner boundaries of A, respectively.

Definition 2.1 (Distance across and around annuli). Let D be a length metric on C. For
an annular region A C C, we define D (across A) to be the D-distance between the inner
and outer boundaries of A. We define D(around A) to be the infimum of the D-lengths of
paths in A which disconnect the inner and outer boundaries of A.

Note that both D(across A) and D(around A) are determined by the internal metric
of D on A.

2.2. White-noise decomposition

Here we will introduce a variant of LFPP defined using the white noise decomposition of
the GFF, which we will use in place of Dj for all of Section 3 and part of Section 4.

Let W be a space-time white noise on C x [0, 1], so that W is a distribution (gen-
eralized function) and for any L? functions f, g : C x [0, 1] — R, the random variable
fol Jo fu,1)g(u,1) W(du,dr) (with the integral interpreted in the sense of distributional

pairing) is centered Gaussian with variance fol fC f(u,t)g(u,t)dudt. Also let

(2) L -5 (2.2)
z) = —e .
Pt 2t

be the heat kernel on C. For m,n € No with m < n, we define

2—2m

nn@)i= [ [ ppte =) Weau.an). 23)
2—2n JcC
Then ®,, , is a smooth centered Gaussian process with variance

Var @, ,(z) = (n —m)log2. 2.4)
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It is clear from the definition that for any z € C, ®,, (- — 2) 4 D1 (). The pro-
cesses @, , also have the following scale invariance property (see [22, Section 2.1] for
an explanation):

D (25 L Oy i i (). 2.5)

We will also need the following basic modulus of continuity estimate for ®¢ ,, which is
proven in [22, Proposition 3].

Lemma 2.2 ([22]). For each bounded open set U C C, there are constants cg,cq > 0
depending on U such that for eachn € N,
]P’[T" sup |[V®o.n| > x] < coe™ 1%, Vx> 0. (2.6)
zeU
Proof. The special case when U = S is the unit square is [22, Proposition 3]. The general

case follows by covering U by translates of [0, 1]? and using the translation invariance of
the law of @g . [

For any z, w € C, the correlation of ®,, ,(z) and ®,, ,(w) is positive. In some of
our arguments this property is undesirable since we want to use percolation techniques
and/or the Efron—Stein inequality, for which exact long-range independence is useful.
We therefore define a truncated version Wy, , of ®,, , which lacks the scale invariance
property (2.5) but has a finite range of dependence. In particular, let y : [0,1] — C be a
smooth, radially symmetric bump function which is identically equal to 1 on B;(0) and
identically equal to 0 on C \ B(0). Also fix a positive constant &9 € (0, 1/100) which
will be chosen later (in a universal manner). Using the notation (2.2), we define

~ 1
pi(z) := pi(2)x(z/0:) where o := mx/ﬂlogzﬂac- (2.7)

The reason for the choice of o; is that a Brownian motion is unlikely to travel distance
more than o, in ¢ units of time, so the mass of p;(z) is concentrated in the o;-neighbor-
hood of the origin. This makes p; a good approximation for p;.

For m,n € N with m < n, we define

272m
W n(z) = /_M /Cﬁt/z(z —u) W(du,dt). (2.8)

Since p; is smooth, W, , is a smooth centered Gaussian process. Furthermore, since
Dy is supported on the Euclidean ball of radius 20, centered at zero, it follows that
Wy, 2 (2) and Wy, ,(w) are independent if |z — w| > 20,-2m, which is the case provided
|z —w| = 27"m®,

The following lemma, which is [22, Proposition 5], allows us to transfer results
between &, , and Wy, 5.

Lemma 2.3 ([22]). Let U C C be a bounded open set. There are constants cg,c1 > 0
depending only on U such that for x > 0,

]P[sup sup |®o(2) — Vo n(2)] > x] < coe_clxz. (2.9)
neN zey
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Proof. The special case when U = S is the unit square is [22, Proposition 5]. The general
case follows by covering U by translates of [0, 1]? and using the translation invariance of
the joint law of ®¢ ,, and Yo ;. [

2.3. Basic definitions for white noise LFPP

Fix £ > 0. For m,n € N with m < n, we define the LFPP metric associated with the field
Dy of (2.3) by

1
Dpn(z, w) := igf/ eEPmn (PO p(1)| dt (2.10)
0

where the infimum is over all piecewise continuously differentiable paths P : [0,1] — C
joining z and w. We also define

Loy = Do (3LS, 0rS;S), (2.11)

i.e., Lo is the Dy ,-distance between the left and right boundaries of the unit square
restricted to paths which are contained in the (closed) unit square. The random variable
Ly, will be the main observable considered in our proofs.

For p € [0, 1] and n € N, define the pth quantile

Ly(p) :=inf{x e R:P[Lo, < x] < p}. (2.12)

It is easy to see from the fact that @, is a Gaussian process with non-zero variances that
in fact P[Lo, < £,(p)] = p. We define the median

An = Ln(1/2). (2.13)

which will be the normalizing factor for distances in our scaling limit results (note that A,
is defined in the same way as a, from (1.3) but with ®g , in place of 1}). We also define
the maximal quantile ratio

An(p) i= maxen(l—;p), Vp e (0,1/2). (2.14)

We define 5,,,,,,, Zo,n, ln (p), and An (p) in the same manner as above but with the
field W,, , of (2.8) in place of ®,, ,. The starting point of our proofs is some a priori
estimates for Dy, and 50,,,. These estimates were established (for general values of §)
in [22, Section 4] using comparison to percolation.

Proposition 2.4. For each &€ > 0, there is a constant p € (0, 1/2) such that the following
is true. Let U C C be an open set and let K1, Ko C U be disjoint compact connected sets
which are not singletons. Recall the definition of the internal metric Do, (-, ;U) on U
from Section 2.1. There are constants cgy,cy > 0 depending only on U, K1, K5, & such that
forne Nand T > 3,

P[Don (K1, Kp:U) < T~ (p)] < coe€100eT? (2.15)
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and

P[Don (K1, K2:U) > TAn(p)ln(p)] < coe €100 T)*/loglos T (2.16)
The same is true with 50,,, in place of Dy .

It is easy to see from Proposition 2.4 that both estimates from the proposition also
hold with Dy, (K1, K2; U) replaced by either Dy ,(around A) or Dy ,(across A) for an
annular region A (Definition 2.1), with the constants cg, ¢; depending only on A and &.

Proof of Proposition 2.4. Itis shown in [22, Corollary 17 and Proposition 18] that there is
a constant p € (0, 1/2) as in the proposition statement and constants ag,a; > 0 depending
only on £ such that if R := [0, 1] x [0, 3], then forn € N and T > 3,

P[Don (3R, 3xR; R) < T~ 0, (p)] < coe <107’ (2.17)

and
P[Do,,(duR, drR; R) > TAn(p)ln(p)] < coe €1 0oeT)*/loglog T (2.18)

To deduce (2.15) from (2.17), we choose a finite collection of rectangles
Ri,..., Rk C U (in a manner depending only on U, K7, K») which each have aspect
ratio 3 with the following property: any path from K; to K, in U must cross one of the
Ry’s in the “easy” direction (i.e., it must cross between the two longer sides of Ry). We
then apply (2.17) together with the scale, translation, and rotation invariance properties of
®y , to simultaneously lower-bound the distance between the two longer sides of Ry for
each k € [1, K]z. This gives (2.15).

To deduce (2.16) from (2.18), we apply a similar argument. We look at a collection
of rectangles R, ..., Rg C U with aspect ratio 3 with the following property: if w3 for
k €[1, K]z is apath in Ry between the two shorter sides of Ry, then the union of the 7z ’s
contains a path from K; to K,. We then apply (2.18) to upper-bound the Dy ,-distance
between the two shorter sides of each Ry and thereby deduce (2.16).

The bounds with 50,,1 in place of Dy, follow from the bounds for Dy, combined
with Lemma 2.3. ]

2.4. Existence of an exponent for white noise LFPP
We will need a variant of Proposition 1.1 for the white noise LFPP metrics Dy .

Proposition 2.5. For each & > 0, there exists Q = Q (&) > 0 such that
Ay = 274D o) sy s 0, (2.19)

Furthermore, § — Q(£) is continuous, strictly decreasing on (0, 0.7), non-increasing on
(0, 00), and satisfies limg_,00 Q(§) = 0.

From now on we define Q(§) as in Proposition 2.5. We will show that Proposition 1.1
holds (with the same value of Q) in Section 4.3.
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In this subsection, we will establish all of Proposition 2.5 except for the statement
that @ > 0, which will be proven in Section 2.5 using the results of [27]. To prove the
existence of O, we will use a subadditivity argument. We first need an a priori estimate
for the maximal quantile ratio from (2.14).

Lemma 2.6. Let p be as in Proposition 2.4. There is a constant ¢ > 0 depending only
on & such that for eachn € N,
An(p) < V™. (2.20)

Proof. The random variable log Ly, is a §-Lipschitz function of the continuous cen-
tered Gaussian process @g . Since Var ®g ,(z) = nlog2 for each z € C, we can apply
Lemma A.1 to get

Varlog Lo, <n 2.21)

with the implicit constant depending only on &. We now obtain (2.20) by a trivial bound
for quantile rations in terms of variance (see, e.g., [22, Lemma 3.2] applied with Z =
log Lon). [

Instead of proving the subadditivity of log A, directly, we will instead prove subaddi-
tivity for a slightly different quantity which is easier to work with. For a square S, let As
be the closed square annulus between dS and the boundary of the square with the same
center and three times the radius of S. Forn € N, let

Un := E[Dg ,(around #g)]; (2.22)

we recall that S is the closed unit square. The following lemma allows us to compare A,
and up,.

Lemma 2.7. For each p > 0, there are constants ¢y, c1 > 0 depending only on p and &
such that
coe_c“/ﬁ/\fl’ < E[Do,n(around As)?] < coecl“/ﬁkﬁ. (2.23)

Proof. By integrating the estimates of Proposition 2.4, we obtain
£n(p)? X E[Do,n(around As)”] < (An(p)€n(p))”.
Combining this with Lemma 2.6 yields (2.23). ]
For m € N, define the collection of squares
S = {27 x 27™ dyadic squares contained in #g}. (2.24)

The reason for the hat in the notation is to avoid confusion with the collection Sg of dyadic
squares used in Section 3. Due to the scaling property of LFPP, we have the following
formula, which will be a key input in the proof of the submultiplicativity of 1.

Lemma 2.8. Letm,n € N withm < n. Foreach S € §m

E[Dmn(around As)] = 27" tp—m. (2.25)
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Proof. By the scaling property (2.5) of ®,,, and the translation invariance of the law
of @, 5,

d
Dy, p(around Ag) = 27" Do —p (around Ag).
Taking expectations now gives the lemma statement. ]

We can now prove the existence of an exponent for (.

Lemma 2.9. Let ju, forn € N be as in (2.22). For each § > 0, there exists« = a(§) € R

such that

|
lim —2Hn _ g (2.26)
n—00 ]()gn

Proof. We will show that forn,m € N withn > m,

2/3
Un =2 22" HmMn—m (2.27)

with the implicit constant depending only on &. By a version of Fekete’s subadditiv-
ity lemma with an error term (see, e.g., [21, Lemma 6.4.10]) applied to log w,, this
implies (2.26). Throughout the proof, ¢y and ¢; denote positive constants depending only
on £ which may change from line to line.

Step 1: regularity event for ®q ,,. Let U be a bounded open subset of C which con-
tains +Ag. For T > 0, let

log 2
Epn = {2—’" sup [V @0 0(2)] < inm}, (2.28)
zeU g
so that by Lemma 2.2,
P[Emn] = 1 —coexp(—cin*/?). (2.29)

Step 2: lower bound for Do, in terms of a sum over 27™ x 27™ squares. Let Pg
be a path around As with Dy ,-length Dy, (around 4g), parametrized by its Do, -
length. Let fp = 0 and let Sy € §m be chosen so that Py ,(0) € So. Inductively, suppose
that j € N and #;_; and Sj_; have been defined. Let #; be the first time # > #;_; for
which Po s, (t) ¢ By—m—1(S;—1), or t; = Do m(around +As) if no such time exists. Also
let §; € §m be chosen so that Py, (f;) € S;. Note that S; necessarily shares a corner or
a side with Sj_;. Let

J :=min{j € N :¢; = Dg ,(around Ags)}. (2.30)
By the definition of Dy, on E,, , it holds for j € [0, J — 1]z that
liy1—1tj = D(),m(aCI’OSS Bz—m—l (SJ) \ S,)
(s min | 30nt)
> exp(§ zengjﬂ (s, 2o (2)

> z—m—n2/3e§q>0‘m(vs_,-)’ (231)
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where Us; is the center of S; and the implicit constant in > is universal. Therefore,
on Em,n,
J—1
Dom(around sg) > T~127m77*7 5™ EPoms;), (2.32)
j=0
Step 3: upper bound for Dy, in terms of a sum over 27" x 27™ squares. Since the
squares S; and S;j4; share a corner or a side for each j € [0, J — 1]z, if ; is a path
around g for j € [0, J — 1]z, then the union of the paths 7r; contains a path around As.

Consequently,
J—1

Dy, (around #Ag) < Z Do n(around Ag; ). (2.33)
j=0

Since ®@p,,, = Po,;m + Py n, it follows that on E,, ,,

Do, (around Ag;) < exp (é mjx Do, (Z)) Dy n(around As;)
z€As;

<27 EPoms) p L (around A, ). (2.34)
Hence, on Ey, 5,
J—1
Do,n(around Ag) < T Z es%"”(vsf)Dm,n (around s, ). (2.35)
j=0

Step 4: comparison of |, and fimpln—m. The event E, , and the squares S; for j €
[0, J]z are a.s. determined by Py ,,, which is independent of D, ,,. Therefore,

E[Dy,, (around #As)1E,, ]

J—1
< 2"2/3191[2 eg%:m(vs./)]lEm’n]E[Dm,n (around As;)] (b (2.35))
=0

=< 2m+2”2/3]E[D0,m (around As)] X 27" y—m (by (2.32) and Lemma 2.8)
= 22" o o - (2.36)
We need to show that the left side of (2.36) is not too much smaller than p,. We have
pn < E[Do,n(around #4s)1g,, ,] + E[Do,, (around As)1gg . (2.37)

By the Cauchy—Schwarz inequality followed by Lemma 2.7 and (2.29),

E[Do,, (around #4s)1gg, ]
< E[Dy,, (around A)S)z]I/Z]P’[Efn,n]l/2 (by Cauchy—Schwarz)
< coecl‘/ﬁk,, X coe_cl"“/3 (by Lemma 2.7 and (2.29))

C]n4/

< cpe” 3;L,, (by Lemma 2.7). (2.38)
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By plugging (2.38) into (2.37), we obtain
jtn < E[Do.,(around Ag)1g, ]+ coe """ 1.

Since cge ¢ 1nt/3 < 1 for large enough n, we can re-arrange this last inequality to get, for
large enough n,
Un < 2E[Dg(around As)lEg,, ] (2.39)

Plugging (2.39) into (2.36) gives (2.27) when n is sufficiently large. By possi-
bly increasing the implicit constant to deal with finitely many small values of n, we
obtain (2.27) in general. ]

Proof of Proposition 2.5. Let o = a(§) be as in Lemma 2.9. By Lemmas 2.9 and 2.7, we
have A, = 200y, = 27@n+on() Therefore, (2.19) holds with Q := (1 — ) /£.

We prove that Q > 0 for all £ > 0 in Lemma 2.10 below. The remaining properties
of Q asserted in the proposition statement are essentially proven in [49], but the results
there are for LFPP defined using the circle average process of a GFF instead of the white
noise approximation. The median left-right crossing distance of S for the two variants of
LFPP can be compared up to multiplicative errors of the form 27 due to [25, Propo-
sition 3.3]. Hence, we can apply [49, Lemma 1.1] to find that § — Q(§) is continuous
and [49, Lemma 4.1] to deduce that £ — Q (&) is strictly decreasing on (0, 0.7), non-
increasing on (0, 0o), and satisfies limg_, o, Q(§) = 0. ]

2.5. Positivity of Q
To conclude the proof of Proposition 2.5 it remains to check the following.

Lemma 2.10. There are universal constants co, cy > 0 such that with Q = Q(§) as in
Proposition 2.5,
Q(&) = cot Te 1, VE> . (2.40)

In particular, Q > 0 forall £ > 0.

Lemma 2.10 will be extracted from [27, Theorem 1.1], which gives a similar result
for LFPP defined using the discrete GFF. To explain this result, for n € N, let 8, :=
[—27,2"]2 and let hZ be the discrete Gaussian free field on B,, with zero boundary
conditions, normalized so that E [h% (z)h% (w)] = 5 Grg, (z,w) forany z, w € B,,, where
Grg, is the discrete Green function. For £ > 0, we define the discrete LFPP metric with
parameter £ associated with hZ by

|P|
D,%(z, w) = Phizn_f)w Zeéh%(”")), Vz,w € By,
: =

where the infimum is over all nearest-neighbor paths P : [0, | P[]z — B, with P(0) = z
and P (| P|) = w. We define the discrete square annulus

*A’n = [zn—l/2,2n—l/2]% \ [zn—l,zn—l]% C D(Bn
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and we define DZ (across ) to be the DZ-distance between the inner and outer bound-
aries of A,,.
It is shown in [27, Theorem 1.1] that there are universal constants c¢g, ¢; > 0 such that

lim P[D,(across A,) > exp(coe ¥n)] = 1/2. (2.41)
n—o0o

To deduce Lemma 2.10 from (2.41) we need to establish that distances in discrete LFPP
can be described in terms of Q.

Lemma 2.11. With Q as in Proposition 2.5, for each § > 0,

lim P[2"¢2=9 < DZ(across A,) < 2"E2TI] = 1. (2.42)

n—>00

Proof. Let 4 := [271/2,271/2]\ [271,271] be the continuum analog of +,. By Propo-
sition 2.5, we have A, = 277(1—£Q)+ox(1) By combining this with Proposition 2.4 and
Lemma 2.6 (saying that £, (p) < A, and A, (p) =< 1), it follows that for each § > 0,

lim P[27"1=€2+9 < p . (across A) < 2717629 = |, (2.43)

n—oo

We now want to apply the main result of [5] to transfer from (2.43) to (2.42). How-
ever, [5] considers LFPP defined using the circle average process of the GFF rather than
the white noise approximation so we need an intermediate step. Let i be a zero- boundary
GFF on [—1, 1]? and deﬁne Dh in the same manner as Dy , but with the radius 27" circle
average process hz n for h in place of ®g 5. By applylng [25, Proposition 3.3], to compare
hz—n and @y ,, we see that (2.43) remains true with Dh in place of Dy ;.

We now apply [5, Theorem 1.4] to deduce (2.42) from the version of (2.43) with D,’E
in place of Dy ,. Note that in our setting, space is re-scaled by a factor of 27" as compared
to the setting of [5, Theorem 1.4] (which considers a GFF on [0, n]? and averages over
circles of radius 1). This is the reason why the estimates in (2.42) and (2.43) differ by a

factor of 27". We also note that the factor of //2 in [5] does not appear in our setting
due to our normalization of the discrete GFF. ]

Proof of Lemma 2.10. This is immediate from Lemma 2.11 and (2.41). ]

3. Concentration of left/right crossing distance

3.1. Statement and setup
The goal of this section is to prove the following proposition.

Proposition 3.1. Let £ > 0, let p be the constant from Proposition 2.4, and define the
maximal quantile ratio Ay, (p) as in (2.14). We have

sup A, (p) < oo. (3.1)
neN
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As an immediate corollary of Propositions 2.4 and 3.1, we get the following improve-
ment on Proposition 2.4.

Proposition 3.2. Let £ > 0 and for n € N let A, be the median D ,-distance across
S, as in (2.13). Let U C C be an open set and let K{, K, C U be disjoint compact
connected sets which are not singletons. There are constants cg, c; > 0 depending only
on U, K1, K, & such that forn e Nand T > 3,

P[Don(K1, K2:U) < T™'2,] < coec10oeT)? (3.2)

and
P[Don (K1, K2:U) > Thy] < coec10oeT)?/loglog T (3.3)

The same is true with 50,,, in place of Dy. In particular, the random variables
)L;l Dy.» (K1, K2; U) and their reciprocals as n varies are tight.

Proof. This follows since Proposition 3.1 implies that the quantities ¢,(p) and
A, (p)L, (p) appearing in Proposition 2.4 are bounded above and below by &£-dependent
constants times A,,. [ ]

Due to Lemma 2.3, Proposition 3.1 is equivalent to the analogous statement with
distances defined using the truncated field Wy, of (2.8) instead of the original field ®g ;.
Recall that objects defined with Wy ,, instead of ®q ,, are denoted by a tilde. For the proof
of Proposition 3.1, we will mostly work with Wy 5 since the long-range independence of
Wy, is useful for our application of the Efron—Stein inequality. We will bound the quantile
ratio A, (p) in terms of the variance of the log of the left-right crossing distance ZO,,,. This
will be accomplished using the following elementary lemma.

Lemma 3.3. There is a constant ¢ > 0 depending only on & such that for eachn € N,

% < exp(c/ Var[log Lo »]). (3.4)

Proof. By exponentiating both sides of the estimate from [22, Lemma 22], applied with
Z =log Ly, we get

E,,SI_—p) < exp(\/?E\/Var[log Zo,n]), Ype(0,1/2), (3.5)

where £, (+) is the quantile function for ZO,n- By Lemma 2.3, £,,(p) > C, (p) and £, (1 —p)
<{L,(1 —p) for p € (0,1/2) depending only on p, £ (hence only on §). Therefore (3.4)
follows from (3.5) applied with p = p. ]

In light of Lemma 3.3, to prove Proposition 3.1 we need a uniform upper bound for
Var[log Ly ]. To prove such a bound we fix a large constant K (to be chosen later, inde-
pendently of #) and we use the decomposition

Var[log Lo »] = E[Var[log Lo, | Wk 4]] + Var[E[log Lo » | ¥x.x]]- (3.6)
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The expectation of the conditional variance is easy to control using a Gaussian concentra-
tion bound, as explained in the following lemma.

Lemma 3.4. Almost surely,
Var[log Lo» | ¥k a] < K, 3.7)
with a deterministic implicit constant depending only on §.

Proof. If we condition on Wk ,, then under the conditional law the random variable
log Z(),n is a measurable functional of the continuous centered Gaussian process Wy x|s,
which satisfies Var Wy g (z) < K log?2 for each z € S. Furthermore, if f is a continuous
function on S then adding f to Wy x can increase or decrease the value of ZO,n by a
factor of at most &1/l where || f|oo is the L norm. From this, we infer that log Ijo,n
is a &-Lipschitz continuous function of Wy x|s with respect to the L norm under the
conditional law given Wk ,. By Lemma A.l (and a simple approximation argument to
reduce to the case of a finite-dimensional Gaussian vector), we now obtain (3.7). [

The main difficulty in the proof is bounding the variance of the conditional expectation
in (3.6). This will be done using the Efron—Stein inequality and induction. Let us first
describe the setup for the Efron—Stein inequality.

Definition 3.5. Let g( be the positive constant from (2.7). We define Sk to be the set of
27K x 27K dyadic squares S which are contained in the 2~ +1 K#0_neighborhood of the
Euclidean unit square S.

Asin [22, (2.18)], for a 27K x 27K dyadic square S € Sx and z € C, let

Vi = |

where p; is the truncated heat kernel as in (2.7). By the spatial independence property
of the white noise W, the random functions ;g ,, Tor different choices of § are indepen-

2—2K

/L;ﬁ,/z(z—u) W(du,dt), (3.8)

—2n

dent. Furthermore, since p;,, is supported on the 2~ K K#0_neighborhood of 0 for each
t < 272K it follows that %? , is supported on the 2~ K K#0_neighborhood of S and

Wi, = Z ng,n on S.
SESK

Let \IJIS(n = Wi, — wl“?n + &;En where &;gn is a copy of wl@n sampled indepen-
dently of everything else. Also let

Wy, =g, + Yo k. 3.9)

Then ¥§, < W,
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Write 569 ,, for the LFPP distance defined with \IJ(‘i ,, in place of Wy ;. Define Zg’n in
the same manner as ZO,n but with ‘-I-'(*in in place of Wy ,, i.e.,

L5, = D§ (S, 3S:S). (3.10)

Let us now record what we get from the Efron—Stein inequality.

Lemma 3.6. Foreachn € N,

Var[E[log Lo | ¥k al] < Y E[ > (EllogLy, | Y% ,]—EllogLox |wK,n])’i].
SeSk SeSk
(3.11)

Proof. Consider the measurable functional F from continuous functions on S to R
defined by

F(Y):=E[log Lo | g = V. (3.12)

Since Wy, x and W , are independent, to define F'(y), we can first sample Wy g from its
marginal law and then consider the LFPP metric on S with Wy g + v in place of Wy .
From this description, we see that

Eflog Loy | ¥k ] = F(¥k,n) and E[logLy, |Wg,]= F(¥g,). VS e Sk.
(3.13)

The random function Wk , is the sum of the independent random functions v I‘gn of (3.8).
Consequently, we can apply the Efron—Stein inequality [38] to get (3.11). ]

3.2. Outline of the proof

The rest of this section is devoted to bounding the right side of (3.11). To do this, we will
fix C > 1 and K € N and assume the inductive hypothesis

An—g(p) < VK, (3.14)

We will show that (3.14) implies that the right side of (3.11) is bounded above by
2~«K+ok(K) for an exponent o > 0 depending on £ (see Proposition 3.9). By com-
bining this estimate with Lemma 3.4 and (3.6), we will find that (3.14) implies that
Var[log ZO,n] =< K, with the implicit constant depending only on £. By Lemma 3.3, this
will show that (3.14) implies A, (p) < eCVK provided C and K are chosen to be suffi-
ciently large, depending only on £.

Before getting into the details, in the rest of this subsection we give an outline of
how (3.14) leads to an upper bound for the right side of (3.11). To lighten notation, let

Zs = (Ellog L§ , |V ,] —Ellog Lo | Yk.a))+
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be the quantity appearing inside the expectation on the right side of (3.11). By the
Cauchy—Schwarz inequality,

e[ X ) <=((X 2] el(mr2) ] 69

SESK SESK

We will show that (3.14) implies upper bounds for each of the two factors on the right
side of (3.15).

Section 3.3: bound for Zg. In Section 3.3, we upper-bound Zg in terms of a quantity
which is easier to work with. For each 2= X x 27K square S € Sx, we let Ag be an annulus
surrounding S with aspect ratio 2 and radius approximately 2~ X K0 (which we recall is
an upper bound for the range of dependence for the function Wk ,; see the discussion just
after (2.8)). See (3.24) for a precise definition.

If P is a path between the left and right sides of S which gets within Euclidean dis-
tance 27K K0 of S, then P must cross Ag. By replacing a segment of P by a segment of a
path around A, we get a new path between the left and right sides of S which stays away
from S and whose 50,n—1ength is at most the 50,n—length of P plus 50,,, (around Ag).
This leads to the a.s. bound

1 ~
Zg < ]E|:Z 1Fg Do, (around Ag) ’ lIJK,,,i|, (3.16)

0,n

where Fg is the event that the 50’n—geodesic between the left and right sides of S gets
within distance 27K K?0 of §. See Lemma 3.8 for a precise statement.

Section 3.4: proof conditional on estimates for the right side of (3.15). We explain
how to conclude the proof of Proposition 3.1 assuming upper bounds for each of the two
factors on the right side of (3.15) (given in Propositions 3.10 and 3.11). The rest of the
section is devoted to the proofs of these two propositions.

Section 3.5: bounds for distances around and across annuli. With a view toward
bounding the right side of (3.16), we use our inductive hypothesis (3.14) and the a priori
estimates from Proposition 2.4 to show that with high probability the following is true.
Foreach S € Sk, the 50,,, -distance across Ag and the ﬁo,n-distance around Ag are each
comparable to 2K, _gef®o.x(s) \where vg is the center of S. See Lemma 3.13 for a
precise statement. Combined with (3.16), this shows that with high probability,

Zs < 2_K+°K(K)An_KE[~1 1 pgef®0.xWs) ‘ \pK,,,}, VS € Sk. (3.17)
LO,n

Section 3.6: bound for } .. Zs. Our bound for the first factor on the right side

of (3.15) is stated in Proposition 3.10 and proven in Section 3.6. We first note that a

50’,, -geodesic between the left and right boundaries of S must cross each annulus Ag for

S € Sk for which Fs occurs. After accounting for the overlap of the Sk’s, this implies
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that with high probability,

Z 1Fg 50,,, (across Ag) < ZOK(K)ZO,,, (3.18)
SeSk

(Lemma 3.16). By the annulus estimates described just above, (3.18) also holds with
“around” in place of “across” (Lemma 3.17). Using (3.16), we therefore conclude that
with high probability,

Z Zg < 20k K, (3.19)

SeSk

Sections 3.7 through 3.9: bound for maxges, Zs. Our upper bound for the second fac-
tor on the right side of (3.15) is more involved than the upper bound for the first factor, and
is carried out in Sections 3.7 through 3.9. This upper bound is based on the combination
of two estimates. The first estimate (Lemma 3.19) says that with high probability,

ZO n = 2_(1_EQ)K+OK(K)A-YL—K9 (3.20)

and is proven by looking at the times when a Dy, k- or Dy ,-geodesic between the left and
right boundaries of S crosses the annuli Ag (this is similar to the subadditivity argument
of Lemma 2.9).

The second estimate is based on the following observation. The random variable
®g,x (vs) is a centered Gaussian random variable of variance K log 2 and is indepen-
dent of Wk . On the event Fg that the 50,,, -geodesic between the left and right sides of
S gets close to S, the contribution to the 50,n-length of this geodesic coming from its
crossing of Ag must be at most ZO,n~ By (3.17) and the lower bound for 50,,, (across Ag)
discussed above, this implies that on Fg, with high probability,

2~ Ktox(K)y  ef®Pokvs) < Eo,n(across Ag) < ZO,n < 2~ (1-EQ)K+og(K))
(3.21)

Re-arranging this bound shows that on F, typically ®o x(vs) < (Q + ok (1)) K log2.
Hence, with high probability, 65¢0~K(”S)11FS is bounded above by efX Ix <(Q10g2+40x (1)K
where X is a centered Gaussian random variable of variance K log 2 which is indepen-
dent of Wk ,. By a straightforward calculation for the standard Gaussian distribution
(Lemma A.2) this shows that E[e‘S%sK(”S)]lFS | Wk nl < 2 EEND)—(EnQ)? /21K +ok (K)
Combined with (3.17) and (3.20), this shows that with high probability,

1
max Zg <2 Ktox(K)y o max IE|:~ JlFSeS%K(”S) ‘ lI/K,,,i|
SESK SESK LO,n

< KHox(K)y o % 2(1—EQ)K+0K(K),'\—1K « 2 EEAD)~(EAD)? /21K +ok (K)

= - e

— p~aK+og(K) (3.22)
where « is an explicit, positive, £-dependent constant.

Conclusion. Plugging (3.19) and (3.22) into (3.15) and then into (3.11) shows that
Var[E[log Lo » | Yk »]] < 27*K+ox(K) Combined with (3.6) and Lemma 3.4, this gives
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Var[log ZO,n] =< K, which by Lemma 3.3 implies that A,,(p) < eCVK provided C is cho-
sen to be large enough (depending only on &). This completes the induction, hence the
proof of Proposition 3.1.

Remark 3.7. The estimates in Sections 3.6 through 3.9 are all consequences of the esti-
mates for distances around and across annuli from Section 3.5, Holder’s inequality, and
the fact that the “scale K™ field ®¢ g is a centered Gaussian process independent of Wk
with Var @y g (z) = Klog2 for each z € C. The use of this description of the conditional
law of @ g, rather than just estimates for the maximum of ®¢ g, is the key idea which
allows us to establish the tightness of LFPP for all £ > 0, not just for £ < &.;. More
precisely, the description of the conditional law of ®y g given Wk , is used in the proofs
of (3.76) of Lemma 3.23 and Step 2 in Section 3.9, which are perhaps the most interesting
parts of the argument in Sections 3.6 through 3.9.

3.3. Upper bound for Efron—Stein differences in terms of annulus crossings

Instead of estimating the differences of conditional expectations appearing in (3.11)
directly, we will instead estimate certain functionals of Dy ,. To describe these func-
tionals, let mg € N be chosen so that

2TMK < KE0 <2—m1<+1‘

For S € Sk, let
vs := (center of ) (3.23)

and define the annulus

As = By—k—mgpr+1(vs) \ By—k—mg) (vs). (3.24)

The reason for the definition of Ag is that its aspect ratio is of constant order and the field
W, — \IIIS( ,, vanishes outside of B,—x—m)(vs) (see the discussion just after (3.8)).

Lemma 3.8. Let ﬁO,n . [0, ZO,n] — S be a path in' S between the left and right boundaries
of S of minimal Dy ,-length. For S € Sk, let

Fs := {Pon N By-mg (vs) # 0}, (3.25)

Almost surely,

Eflog Lg , | V% ,] — Ellog Lo | Yk ]

1 ~
< IE|:Z 1Fg Do, (around As) ’ \IJK,,,i|, VS eSkx. (3.26)
0,n

Once Lemma 3.8 is established, we will never work with the left side of (3.26) directly.
Instead, we will prove bounds for the right side of (3.26).
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Fig. 3. Illustration of the proof of Lemma 3.8 in the case when B,—(x—m) (vs) does not intersect
dS (left) and the case when B,—(k—mg)(vs) intersects LS (right). In each case, the union of

ﬁO,n|[0,r0]v 1'50’,,|[tl Lonl* and the path wg around Ag contains a path in S between the left and

right boundaries of S which does not intersect B,—(x—m ) (vs). Note that in the figure on the right,

we have 79 = 0 and the starting point of the new path is not the same as the starting point of 130,,,.

Proof of Lemma 3.8. We first note that by the definition of Wk ., the fields W IS( ,and Vg
agree on C \ By—k—my) (vs). Since W3, —Wg = Wo, — Wk, = Yo k, it follows that
\Ilg’n and Wy, agree on C \ B,—(k—mg)(vs). We will now use this fact to compare Zg,n
and ZO,n~

If 130,,, does not enter B,—x—mg)(vs) (i.e., Fs does not occur), then the 5(in—length
of ﬁO,n is the same as its 50,n-length, SO Zgn < ZO,n-

If Isoyn enters B,—«x—mg) (vs) (i.e., Fg occurs), let 7o be the first entrance time and let
71 be the last exit time of ]”50,,, from B,—(x-mg) (vs). Note that it is possible that 7o = 1 or
that 1, = ZO,n if vg is within Euclidean distance 2~ (K=mK) of the left or right boundary
of S. Also let s be a path in Ag of minimal 50,n—length, i.e., the 50,n—length of g is
50’,1 (around Ag). Then the union of ﬁO,n l[0,20]> s, and ﬁO,n |[T] Lol contains a simple
path in S between the left and right boundaries of S (see Figure 3). This path does not enter
B,—(k—my)(vs), so its ﬁo,n—length is the same as its 5(in—length. Therefore, on Fg, a.s.,

Z(‘in <71+ (Zo,n —11) + ﬁo,n(around Ag) < ZO,n + ﬁo,n(around Ags).
Combining the preceding two paragraphs shows that, a.s.,
Z(‘in < Zo,n + 1Fg 50,,, (around Ag).
By the mean value theorem, a.s.,

log Zg’n —log Z/O,n < log(zo,n + 1rg ﬁo,n (around AS)) —log Z/O,n
< Ly 1 g Don(around As). (3.27)
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The random variable log ZO,n + Zg; 1rg 50,,1 (around Ag) is o (Wo,,)-measurable, hence
it is conditionally independent of \IJIS(’n given Wk ,. On the other hand, log Zg,n is a mea-
surable function of \Ilg: ,, 50 is conditionally independent of Wk , given \IJI‘S;J[. Therefore,
Eflog L3, | WE ] = Eflog L3, | WK . Vi)
< E[log Lo + Ly 1 Fg Do.n(around As) | Wg .. Wk.n]  (by (3.27))
= E[log Lo, + Ly 4 175 Do,x(around Ag) | Wk . (3.28)

Subtracting E[log ZO,n | Wk »] now gives (3.20). |

3.4. Proof of Proposition 3.1 assuming moment estimates

As explained in Section 3.2, to bound E[Var[log ZO,n | Wk ,»]], and thereby prove Proposi-
tion 3.1, we will induct on , taking (3.14) as our inductive hypothesis. The main estimate
which we prove using (3.14) is the following proposition. For the statement, we introduce
the £-dependent exponent
_£2 <
o) = {SQZ £2/2. £<0.
07/2, §>0.

Note that « (&) > 0 since Q > 0 (Proposition 2.5).

(3.29)

Proposition 3.9. Assume the inductive hypothesis (3.14). Let «(€) for € > 0 be as
in (3.29). For each fixed { > 0,

1 5 2
E[ > (]E[., 1 pg Do n(around Ag) ‘ \yKD } < 2~ @®-OK (3.30)
SeSx 0.n

with the implicit constant depending only on , &, C.

Note that due to Lemma 3.8, Proposition 3.9 implies an upper bound for the right
side of (3.11) from Lemma 3.6. As we will explain just below, Proposition 3.9 is an easy
consequence of the following two propositions, whose proofs will occupy most of the rest
of this section.

Proposition 3.10. Assume the inductive hypothesis (3.14). We have

1 ~
IE|:( Z IE|:]1FS Z_Do’n (across Ag)

241/2
\P"’KD } < Kexp(K*?), (330
SesSk 0,n

with the implicit constant depending only on &, C.

Proposition 3.11. Assume the inductive hypothesis (3.14). Let a(§) for &€ > 0 be as
in (3.29). For each fixed ¢ > 0,

1 - 291/2
IE|:(maXIE|:]1FSZ Do n(across As) \IJ"’KD} <2 @®O-DK (339

SesSk 0.n

with the implicit constant depending only on ¢, &, C.
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Proof of Proposition 3.9, assuming Propositions 3.10 and 3.11. To lighten notation, let

1 =~
Xs:=E |:J1FS =— Do n(across Ag)
LO,n

\Ijn,K:|- (3.33)

By the Cauchy—Schwarz inequality,

o[ 5 18] =] e ) (X 10)] =2y x0T 5[5 1)

SeSk SeSk SeSk
(3.34)

We use Proposition 3.11 to bound the first factor on the right in (3.34), and Proposi-
tion 3.10 to bound the second factor on the right in (3.30). This gives

E[ 3 X§] < 2~ @O-DK g exn(K2/3).
SesSk

Slightly shrinking ¢ to absorb the factor of K exp(K?/?) now gives (3.30). n

Before proving Propositions 3.10 and 3.11, we explain how to deduce Proposition 3.1
from Proposition 3.9.

Lemma 3.12. Assume the inductive hypothesis (3.14). Also let a(§) be as in (3.29) and
fix £ > 0. We have
Var[E[log Lo | Wk x]] < 27@E-0K (3.35)

with the implicit constant depending only on ¢, &, C.

Proof of Lemma 3.12, assuming Proposition 3.9. By plugging the estimate of Lemma 3.8
into the estimate of Lemma 3.6, we get

~ 1 - 2
Var[E[log Lo, | ¥x,n]] < ]E[ > (E|:~ 1 Fg Do n(around Ag) ‘ \IJK,,D }
SeSk 0.n
(3.36)

which we can then bound by means of Proposition 3.9. ]

Proof of Proposition 3.1, assuming Proposition 3.9. Fix { > 0, K € N, and C > 0 to be
chosen later in a manner depending only on £. We proceed by induction on n € N to show
that

An(p) < VK (337)

for all n € N. By Lemma 2.6, if C > 0 is chosen to be large enough (depending on &)
then (3.37) holds for n € [1, K]z. This gives the base case.

For the inductive step, assume thatn > K 4+ 1 and A,_g(p) < ec*/i. Let M be the
implicit constant in Lemma 3.4 (which depends only on &) and let N¢ be the implicit
constant of Lemma 3.12 (which depends on £, &, C). By plugging the estimates of Lem-
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mas 3.4 and 3.12 into (3.6), we see that our inductive hypothesis implies that
Var[log Lo »] < MK + N2~ @®-DK (3.38)

Since a(£) > 0, we can choose ¢ € (0, @(§)). Henceforth fix such a ¢.

There exists K¢ € N (depending on ¢, & C) such that if K > K¢, then
Nc2~@®-9K < K For K > K¢, (3.38) implies that Var[log Lo ,] < (M + 1)K. By
Lemma 3.3, this implies that

tn(1-p) < exp(cy/(M + DK) (3.39)

£n(p)

for a constant ¢ > 0 depending only on . Since A,/ —g(p) < Ay—k(p) for any n’ < n,
we infer that if A,_g(p) < ¢CVK then (3.39) holds with n replaced by any n’ < n and
hence A, (p) < exp(c/(M + 1)K).

Therefore, if the constant C from (3.14) is chosen to be at least c+/M + 1 (note that
this last quantity depends only on &) then so long as K > K¢ we find that A,_g(p) <
eCVK implies A, (p) < ¢CVK_ This completes the induction, so we obtain (3.37) for
every n € N.

Since C and ¢ have each been chosen in a manner depending only on £, and K has
been chosen in a manner depending only on ¢, £, C (hence only on £), the constant eCVEK
depends only on &. Thus (3.1) holds. |

3.5. Bounds for distances around and across annuli

A key tool in our proofs of Propositions 3.10 and 3.11 are bounds for the Dg ;- and 50,,,—
distances across and around the annuli Ag from (3.24), as given by the following lemma.
For the statement, we recall that vg is the center of S.

Lemma 3.13. Assume the inductive hypothesis (3.14). For T > 2K1/2+320,
log T')?
]P’[bgreusr[l( e_S%K(”S)DO,n(acmss Ag) < T_IZ_K)L,,,K] < COSK exp(—cl ( (1)5380)
(3.40)

and

]P’[;n%x e_é%”((vS)Do,n(around Ag) > T2_K)L,,_K]
€9K
log T')?
< co5% exp —clL ., (341
K30 loglog T

where cg, c1 > 0 are constants depending only on & and C. Moreover, the same estimates
also hold with Dy ,, replaced by Dy, and/or with As replaced by the smaller annulus

=B, x(S)\S. (3.42)

To prove Lemma 3.13, we first need the following trivial extension of Proposition 2.4
where we do not require that the sets under consideration are of constant-order size.
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Lemma 3.14. Let £ > 0 and let p be as in Proposition 2.4. Let U C C be an open set
and let Ky, K, C U be disjoint compact connected sets which are not singletons. There
are constants cg,c1 > 0 depending only on U, K1, K5, £ such that forn € N, each R > 1,
and each T > 3,

P[Don(RK1, RKy; RU) < T~ ,(p)] < coRe™¢10eT)? (3.43)
and
P[Don(RK1, RKy: RU) > TRA,(p)ln(p)] < coRec100eT)*/loglog T (3.44)

Proof. To prove (3.43), choose (in a manner depending only on U, K1, K») a smooth,
bounded path IT in U which disconnects K; from K. There are constants 0 < ¢ < C
depending only on U, Ky, K, such that for each R > 1, we can cover Il by m < CR
Euclidean balls B.(z1),. .., B¢ (zn) such that the balls B,.(z;) fori € [1,m]z are disjoint
from K and K,. By Proposition 2.4, the translation invariance of the law of ®¢ ;, and a
union bound over i € [1, m]z, there are constants cg, ¢ as in the lemma statement such
that

P[ Do, (across Bac(z:) \ Be(z:)) = T y(p), Vi € [1,m]z] = 1 — coRe 10T,

Every path in U from K to K, must cross between the inner and outer boundaries of one
of the annuli B>.(z;) \ Bc(z;). This gives (3.43).

To prove (3.44), choose (in a manner depending only on U, K, K5) a smooth path I1
in U from K; to K,. Since K; and K, are connected and not singletons, there are
constants 0 < ¢ < C depending only on U, K1, K> such that for each R > 1, we can
cover Il by m < CR Euclidean balls B.(zy), ..., Bc(zn) such that the balls B,.(z;) for
i € [1,m]z are contained in U; any path separating the inner and outer boundaries of
Bs.(z1) \ B¢(z1) must intersect Ky; and any path separating the inner and outer bound-
aries of Boc(zm) \ Be(zm) must intersect K,. By Proposition 2.4 (applied with C™!T
in place of T), the translation invariance of the law of ®g ,, and a union bound over
i € [1, m]g, there are constants cg, ¢1 as in the lemma statement such that

P[Do,n (around Bac(zi) \ Bc(zi)) = C_ITAn(p)En(p)7 Vi e [1»m]Z]
> 1 —coRe~c10e T logloeT (3 45)

If 77; is a path around the annulus B (z;) \ B.(z;) foreachi € [1,m]z, then the union of
the 7r;’s contains a path in U from K to K. Since m < CR, if the event in (3.5) holds then
we can find such a path with Dy ,-length at most TRA, (p)€, (p). This gives (3.44). =

We can now establish bounds for the Dg ,-distances across and around 4s and A’S.

Lemma 3.15. Assume the inductive hypothesis (3.14). For each T > 2“/?

]P’[Smgn Dx.n(across As) < T‘12_K)kn_1<] < co5K exp(—c1(log T)?)  (3.46)
€K
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and
(log T)?

P[max Dk n(around Ag) > T2_K)tn_K] < 95K exp| —c; ——
’ loglog T

SeSx

), (3.47)

where cg, c1 > 0 are constants depending only on & and C. Moreover, the bounds (3.46)
and (3.47) also hold with A’y from (3.42) in place of As.

Proof. Throughout the proof ¢y, ¢; denote constants which depend only on £ and C and
which are allowed to change from line to line. Basically, the idea of the proof is to re-scale
space by a factor of 2K then apply Lemma 3.14 to each of the annuli 2K A’y which have
size of order 2K . We will then take a union bound over all S € Sk to conclude.

Step 1: re-scaling space. By the scale and translation invariance properties of ®g ,
(see (2.9)),

Prn() £ Dok (2K + ). (3.48)
Therefore,
Dk n(across Ag) 4 27K Dy (across Bymg+1(0) \ Bymk (0)) (3.49)
and the same holds with “around” instead of “across”.
Step 2: proof of (3.46). By (3.43) of Lemma 3.14 (applied with R = 2"K),

P[Don—k (across Bymg+1(0) \ Bamg (0)) < T~ u_g (p)] < 02X exp(—cy(log T)?).
(3.50)

We now apply (3.50) to estimate the right side of (3.49) for each S € Sk, then take a
union bound over all S € Sk. This gives

P[Smgn Dk n(across Ag) < T_l_SZ_KZ,,_K(p)] < ¢g22K+mK exp(—cy (log T)?).
€9k

(3.51)
To simplify the estimate (3.51), we first use (3.14) to deduce that £,_g(p) >

e_c‘/iﬁn,K(l/2) = e_c“/k)tn,K. We also note that since mx < log, K, we have
22K+mk < 5K Therefore, (3.51) implies that

P [Srgjgn Dxn(across Ag) < T~1-§2-K—CVK An_K] < co5K exp(—c1 (log T)?). (3.52)
K

We now apply (3.52) with T replaced by (TZ_C“/E) 1/a+8) which is bounded above and
below by &, C-dependent constants times &, C-dependent powers of T since T' > 2K,
This gives (3.46) after possibly adjusting ¢ and c; .

Step 3: proof of (3.47). The proof of (3.47) is similar to the proof of (3.46). By (3.44) of
Lemma 3.14,

]P’[Do,n_K(across Bymg+1(0) \ Baymg (O)) > TZmKAn_K(p)Z,,_K(p)]
(log T)?

< c2"K exp| —c1 ———
=0 xp( ClloglogT

). (3.53)
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By applying (3.53) to estimate the right side of (3.49), then taking a union bound over all
S € Sk, we obtain

P [ max Dk ,(around Ag) > T1+§2_(K_m’()/\n—K(p)En—K(p)]

SeSkg
(log T)?

< g2?KFMK exp (—cl loglog T

). (3.54)
To simplify this estimate, we apply (3.14) to get Ay— g (P)Ln—gx(p) < ec*/z)tn_K, use
that 2K < K < ¢VK to absorb the factor of 27K into a factor of eVX , and apply the
bound 22K+™mk < 5K a5 above. This gives
P| max Dxn(around As) > 7' 27 KHCDVEN, (o)t g (v)]
€oK
(log T)?

< ¢o5K P - Sl
= <o exp( ClloglogT

). (3.55)

We apply this last estimate with T replaced by by (72~ (€ +DVE)1/(+8) (4 oet (3.47).
The proof of (3.46) and (3.47) with A’ in place of Ay is essentially identical, except

that we are working with an annulus of size of order 2~X instead of 2~(K=£) 50 we do

not have to worry about extraneous factors of 2K . ]

Proof of Lemma 3.13. Basically, the idea of the proof is that adding the coarse field ®¢ g
to @k, in order to get Pp, scales distances in each annulus Ag by approximately
e5®0.x(vs)  Since ®g,k is not constant on Ag, we need some basic modulus of conti-
nuity estimates to compare the maximal and minimal values of @y x on As to ®o x (vs),
which we now explain.

By Lemma 2.2,

]P’[Z_K sup |[V®q x(z)] > log T] < codKemeroeT)?, (3.56)
z€S

For each S € Sk, each point of Ag N S is joined to vg by a line segment in S of length
at most 2~ (K—mx)+1 By the mean value theorem and (3.56),

]P[max sup |®o x(z) — Po.x (vs)| > 2K+ log T] < codKeme100eT? (3 57)

SeSk zZ€Ag

Since 2™K < 2K°?0 we deduce from (3.57) that

P[max sup |®g x(z) — Po,x(vs)| < 4K®0 log T] < c04Ke_c‘(l°gT)2. (3.58)

SeSk z€Ag

By combining (3.46) and (3.58), we therefore find that for 7 > 2‘/?, it holds with
probability at least 1 — co5% exp(—c(log T)?) that for each S € Sk,

Dy, (across Ag) > exp(é m1i4n CIDO,K)DK,,, (across Ags) (since ®g, = Po,x + Pk ,n)
Z€EAg

> exp(§Po,k (vs) — 46K log T) Dk (across As) (by (3.58))
> TT174EK0)=K E0.k(v5) ) o (by (3.46)). (3.59)



J. Ding, E. Gwynne 3868

K1/2+380

7 >2 , we can apply this last bound with 71/ +46K°0) iy place of T to get

P[Smlsn e ‘S%K(”S)Do,,(across As) < T712” Ly K]
€9k

log T')?
< C()SK exp(—cl (log 7) )

(1 + 46K%0)2log K

Since (1 4+ 4£K®0)?log K is bounded above by a constant times K30, this implies (3.40).

We similarly obtain (3.41) using (3.47) instead of (3.46). The estimates with A’
in place of Ag follow from the same argument, using the analogs of (3.46) and (3.47)
with A’S in place of As. The estimates with ﬁo,n in place of Dy, follow from the esti-
mates for Dy, together with Lemma 2.3. |

3.6. Proof of Proposition 3.10

In this section we will prove Proposition 3.10, which is the easier of the two
unproven propositions in Section 3.4. The idea of the proof is to show that
3 Sesk 1Fg 50 . (around Ag) is very unlikely to be much larger than ZO,,,. This will be
done in two steps. First, we show the analogous statement with “across Ag” in place of

“around Ag” using the fact that the Do n-geodesic Po » must cross each annulus Ag for
which Fg occurs (Lemma 3.16). Then, we show that DO,,, (around Ag)/ DO’,, (across Ag)
is small with high probability using Lemma 3.13 (Lemma 3.17).

Lemma 3.16. Let 130,,, be the path as in Lemma 3.8 and define the event Fs for S € Sk
as in (3.25). Almost surely,

> 1y Don(across As) < KLou. (3.60)
SesSk

Proof. If Fs occurs, then ﬁO,n enters the region surrounded by the annulus Ag, so ﬁO,n
must cross between the inner and outer boundaries of Ag at least once (it must cross
between the inner and outer boundaries twice if Ag does not surround the starting or
ending point of ﬁO,n)~ For each S € Sg for which Fs occurs, let [as, bs] C [0, Zo,n] be
a time interval such that ﬁO,n ([as.bs]) C As and 130,,, (as) and 130,,, (bs) lie on opposite
boundary circles of Ag. If Fs does not occur, instead set ag = bs = 0. Then

bs —as > 1fg 50,n(across As). (3.61)

We want to prove (3.60) by summing (3.61) over all S € Sx. However, we need to deal
with the potential for overlap between the intervals [as, bs].

For S, S’ € Sk, the intervals [as, bs] and [as’, bs’] can intersect only if Ag N Ag/
# (), which can happen only if the Euclidean distance between S and S’ is at most
2~ (K=mg)+1 Since Sk consists of dyadic squares of length 27X it follows that for
each S € Sk there are at most a constant times 227K squares S’ € Sk for which
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l[as,bs] N[as’, bs/] # @. Therefore,

Lon> Y 227K (bs —as) = 3 227Kl g Bon(across As).
SeSk SeSk

Recalling that mg < log, K% < % log, K, we now obtain (3.60). ]

Now we upgrade the statement of Lemma 3.16 from a bound for distances across
annuli to a bound for distances around annuli using Lemma 3.13.

Lemma 3.17. Assume the inductive hypothesis (3.14). Let ﬁO,n be the path as in
Lemma 3.8 and define the event Fs for S € Sk as in (3.25). Foreach T > 2K1/2+380,

(log T)?

P[ Z 1rs Do.n(around As) > TKZO’”] <cos® eXp(_cl K?3¢0loglog T

), (3.62)
SesSk

where cg, c1 > 0 are constants depending only on & and C.

Proof. By combining the two estimates from Lemma 3.13 (each applied with 7'/2 in
place of T'), we get

D dA log T)?
]P’|:max M > Ti| < 5K exp(—cl3(0g—)). (3.63)
SeSk Dy (across Ag) K->¢0loglog T
Combining (3.63) with Lemma 3.16 gives (3.62). [

By integrating the bound from Lemma 3.17, we can convert from a probability esti-
mate to a moment estimate.

Lemma 3.18. Assume the inductive hypothesis (3.14). Let 1307,, be the path as in
Lemma 3.8 and define the event Fs for S € Sk as in (3.25). Foreach T > 1,

1 _ 2
IEI[( — > 1ggDou(around AS)) ] < K2 exp(2K?/3), (3.64)
Lon SeSx

with the implicit constant depending only on & and C.

Proof. By Lemma 3.17 (for T > exp(K?/?)) and a trivial bound (for K € [0, exp(K?/3)))
we have

1 ~
IF’[ = Z 1rgDo,(around Ag) > Ti|
LO,n SESK

. =K . (log T)? 2/3
S co5% exp(—¢1 gmgor—7 ]Og]OgT), T > exp(K?/3),
1, T < exp(K?/3).



J. Ding, E. Gwynne 3870

Integrating this estimate over T' € [0, 00) gives

1 ~ 2
E[(Kio,n Z 17g Do, (around AS)) }

SES[(

[ele) 1 ~
= 2/ TIP’|: = Z 1gg Do,n(around Ag) > T] dT
0 KLO,n SeSx

00 1 T 2
=< exp(2K2/3) + SK/ exp(—cl3(0g—)) dT
exp(K2/3) K3¢0loglog T

< exp(2K?/?) + 5K exp(—c1 K*/373%0 /log log K)
=< exp(2K2/3). ]

Proof of Proposition 3.10. By Jensen’s inequality (to move the power of 2 inside the con-
ditional expectation) followed by Lemma 3.18,
5 2
E [( Z ]E[ —— 1 g Do n(around Asg) qu,nD ]
sesx LLon

2
§E|:]E|:( Z ~1 ]lpsﬁo,n(around As))

Sesxg ~on

1

v |

1 - 2
< E[( —— Y 1rgDon(around AS)) } < K?exp(2K??).  (3.69)
0n sesg

Taking the 1/2 power of both sides of (3.65) now gives (3.31). ]

3.7. Bound for left-right crossing distance

In this section we use Lemma 3.13 to prove a bound for the left-right crossing distance
Lo, assuming the inductive hypothesis.

Lemma 3.19. Assume the inductive hypothesis (3.14). Also fix { > 0. For each T >
2K1/2+380

>

2
i ~15—(1-§0+DK K (log T)
P[Lo’n <T7 2 An—K] < cp5 exp(—clm (3.66)

and

(3.67)

~ 1 T 2
]P)[L()’n > T2_(1_SQ_Z)KA,,_K] < C()5K exp(—cl (Og ) )

K3¢0loglog T
for constants cqy, c; > 0 depending only on ¢, &, C.

For the proof of Lemma 3.19 we will need an a priori estimate for Lo, which holds
without assuming the inductive hypothesis (3.14).
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Lemma 3.20. Fix a small parameter ¢ > 0. For eachn € N and each T > 1,

(log T)?

P[T—lz—(1—§Q+§)n < Lon < T2—(1—§Q—§)"] > 1 —c¢gexp|—c; ———
- T - loglog T

) (3.68)

for constants cqy, c; > 0 depending only on ¢, €.

Proof. Lemma 2.6 implies that there is a constant ¢ > 0 depending only on £ such that
for each n € N, we have £, (p) > e~V ), and A, (p)ln(p) < €V ),,. Furthermore,
Proposition 2.5 implies that 2~(1=§C+8n < 3 = < 2=(1=60=On \ith implicit constants
depending only on ¢, £. Plugging these estimates into Proposition 2.4 and absorbing the
factor of ¥ into a small power of 2" gives (3.68). |

Proof of Lemma 3.19. We first prove (3.66). The proof is similar to the proof of
Lemma 2.9. Let ﬁo,n . 0, ZO,n] — S be a path in S between the left and right bound-
aries of S with minimal ﬁo,n—length. We will approximate ﬁo,n by a path of squares
in Sk, then use this path of squares together with Lemma 3.13 to build a path between the
left and right boundaries of S whose 50, k-length is bounded above. We will then use our
a priori estimates for 5()’ k to deduce (3.66).

Let o = 0 and let Sy € S be chosen so that ﬁO,n (0) € Sy. Inductively, if j € N and
Sj—1 and #;_1 have been defined, let #; be the first time after #;_; at which ﬁO,n hits a
square S € Sk which does not share a corner or side with S;_1; and let S; be this square.
If no such time ¢; exists, we instead set f; = Lonand S 7 = Sj_1. Let J be the smallest
integer for which ¢; = Zo,n-

For each j € [0, J — 1]z, the path ﬁo,,, crosses between the inner and outer boundaries
of the annulus A&j = B,-x(S}) \ S; during the time interval [¢;, ¢;+]. Consequently,

J—1
Lon=1;> Z Do » (across A’Sj).
Jj=0

By combining this bound with the variant of (3.40) of Lemma 3.13 for A’ > we find that

1/2+43¢
foreach T > 2K 0

(log T)?

J-1
P[LO’” = T2 Ak ) eE%’K(ij)] > 15 exp(_c1 K3%

Jj=0

). (3.69)

For S € Sk, let A be the annular region consisting of the union of the 16 squares
S’ € Sk which do not share a corner or a side with S, but which share a corner or a side
with a square which shares a corner or a side with S. Then for each j € [1,J — 1]z,
we have §; C Agj_l. Consequently, if 7; is a path in Agj which disconnects its inner
and outer boundaries of Agj for each j = 0,...,J — 1, then the union of the paths 7;
contains a path in S between the left and right boundaries of S. Therefore,
J—1
T n "
Lox <) Do,k (around 4%). (3.70)
j=0
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The bound (3.41) of Lemma 3.13 holds with Ag in place of Ag, with the same proof.
By combining (3.70) with this bound in the case when n = K (note that the inductive

hypothesis (3.14) holds vacuously in this case), we find that for 7 > 2K 1/2+3¢0 ,

]P’[ZO x <TV2K Ji eE‘I’O-K("Sf)] > 1 - co5K exp L oe D ) gy
T = - K3®0loglogT )’ '

By (3.69) and (3.71),

(3.72)

L i log T)?
PlLon = Tan—xLox] > 1—co5X exp(—cl (log T) )

K3 loglog T

By Lemma 3.20 with K in place of n along with Lemma 2.3 (to transfer from Lg g
to Lo,x),

(3.73)

~ 1 T 2
P[Lox > T—12—(1—$Q+Z)K] >1—co exp(—clw).

loglog T

Combining (3.73) with (3.72) and replacing T by T''/2 gives (3.66).
The proof of the bound (3.67) is essentially identical, with the roles of Dy , and Dy g
interchanged. u

As an immediate consequence of Lemma 3.19, we get the following bounds for the
median of L, which improve on Proposition 1.1.

Lemma 3.21. Assume the inductive hypothesis (3.14). For ¢ > 0,

2~ (-E0+DK) o <), <2 U-EC-DK,
with the implicit constants depending only on {, &, C.

Proof. This follows from Lemma 3.19 combined with Lemma 2.3 (to transfer from ZO,n
to LO,n)~ ]

3.8. A variant of Proposition 3.11 without the indicator function

In this subsection we prove a variant of Proposition 3.11 in which we do not include the
factor of 1F, inside the conditional expectation. This factor will be added in Section 3.9,
which will lead to a better exponent in the upper bound.

Lemma 3.22. Assume the inductive hypothesis (3.14). Also let ¢ > 0 and p > 0. We have

1 ~ 291/2
E[(max]E[ZTDO,n(amundAS)P WK’"D} < 2(P?E2/2-pEOFOK (3 74)

0,n

with the implicit constant depending only on ¢, p, &, C.
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Note that for p = 1 (which is the relevant case in the setting of Proposition 3.11), the
exponent on the right in (3.74) is £2/2 — £Q, which is negative if and only if £ < 20Q.
As a consequence of this, Lemma 3.22 can be used in place of Proposition 3.11 to prove
Proposition 3.1 when § < 2Q. However, when £ > 2Q > 0, Lemma 3.22 is not sufficient
for our purposes and we instead need the stronger estimate of Proposition 3.11 (which is
proven using Lemma 3.22).

To prove Lemma 3.22, we will separately prove a lower bound for ZO,n via
Lemma 3.19 and an upper bound for maxgses, 50,,, (around Ag) via Lemma 3.13, then
combine these bounds via Holder’s inequality. We start with tail estimates, which are
provided by the following lemma.

Lemma 3.23. Assume the inductive hypothesis (3.14). Also fix ¢ > 0 and p > 0. For
T>92 K1/2+3¢9

2
i-» (1-§0+0K 3 =P K _ (ogT)*
P[E[LyY | Wk ] > T27 APkl < o5 exp(—c1 K0 loglog T (3.75)
and
]P’[;n@x E[ﬁo,n(around As)? | Yk ] > T2_(1’_1’252/2_§)K15_K]
€9K
log T')?
< cOSK exp —61& ,  (3.76)
K3¢ologlog T

where the constants cg,c1 > 0 depend only on ¢, p, & and C.

Proof Step 1: defining a good event. We will first build a “good” event G on which
Do n(around Ag) can be bounded above and LO » can be bounded below with high con-
ditional probability given Wk ,. For j € N, let

E; = {Sm%x e §20.k08) 5 (around As) € 2 K A, g[27 7] 211}
€9k

Ej:={Loy € 2708CHOKY (277 27/H1]} (3.77)

By Lemmas 3.13 and 3.19, each applied with 2/~ in place of T we get, for j > K 1/2+3¢0,

2
— . K —_— —j
E[P[E; | Yka]] = P[E;] < co5 exp( 1 235 logj)' (3.78)

By Lemma 3.19, the bound (3.78) also holds with E ]/ in place of £;. By Markov’s inequal-
ity,

P|P[E; | Wkn] > ex —CJL <co5K ex —C—IL- (3.79)
Knl=€xp 2 K30 loglog j o> EXP 2 K3ologj )’ '

and the same is true with £ }’ in place of E;.



J. Ding, E. Gwynne 3874

1/2+3¢
For T > 2K 0 define

2

) .
Gr = {max{P[Ej | W] PIE) | W]} < exp(— J

1 .
A _J ) vj>10e,T!
2 K35010gj) J =08 }

(3.80)

Since log, T > K 1/24320 _ the probabilities on the right side of (3.79) for j > log, T are
each bounded above by a constant depending only on &, C, and these probabilities decay
superexponentially fast in j. By a union bound, we therefore have

oo %)
K 1 J

J=[log, T'
(log T)? )

B PP — 3.81
K3 loglog T (3.81)

>1-— cOSK exp(—c1

where we have replaced co and c; by possibly different constants in the last line.
Henceforth assume that G occurs. We will bound the conditional expectations of
Lo4 and Do ,(around As)? given Wk .

Step 2: bound for Zo_,ﬁ . We use the definition (3.77) of E J’ and the definition (3.80) of
Gt to get

1
IE[.,—
LG,

qu,n:|

[e.]

N P I

0.n j=[logy T J=[logy T1 0,n

lIJK,ni|

o} P2
<t (s S Pren(-G g ) 09
J=log> T1 &/

oo
fzp(l—SQ+§)KA;fK(TP+ > 2ij[E]/~|qJK,n])
J=[log> T1

with the implicit constants depending only on ¢, £, C. Since log, 7 > K1/2+3¢0 the sum
on the last line of (3.82) is of order o(T) < O(T?). We therefore get, on G,

1
E[T
LO,n

q/K,,,} < 7PopU—£2+DK,~P (3.83)

By replacing T by a constant times 7''/? (and reducing the value of ¢; to compensate)
we now obtain (3.75) from (3.83) together with (3.81).

Step 3: bound for 50,,, (around Ag)P. We now prove (3.76) via an argument similar to
the one leading to (3.75), but slightly more complicated. The extra complication comes
from the need to estimate E[epf%-K(”S)JlEj | Wk ] for each S € Sk instead of just
P[E; | Wk n]-
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By the definition (3.77) of Ej, for each S € Sk,

E[Do »(around Ag)? | Wk ,]
o0
< Z_PK/lﬁ_K(TP]E[e”@"*’((vS) [Ukal 4+ D 2P E[lgerttorts) |\IJK’”])‘
Jj=[log> T1
(3.84)

The random variable ® x(vs) is independent of Wk , and is centered Gaussian with
variance K log?2, so for each s € R we have

E[eS®0.k©S) | gy ] = 257K/2, (3.85)

This already gives us a bound for the first term in the parentheses on the right in (3.84).
To bound the sum in (3.84), we apply Holder’s inequality with exponents g :=
(14+¢)/¢and 1 + ¢ to find that for each j > log, T,

E[ﬂEjePECPO,K(vS) | Wk ] < P[Ej |\I’K,n]l/q]E[e(1+§)p§¢0~K(US) | ‘I"K,n]l/(l+§)-

By combining this estimate with (3.85) and the definition (3.80) of G, we get

2
‘1 ]— 2(1+§)2P2§'2K/2. (3.86)
2q K3¢0log j
We now use (3.86) to bound each term in the sum on the right side of (3.84), and (3.85)
to bound the first term in the parentheses on the right side of (3.84). We find that on G,

Eflg;e" ! TORORE) Wk ,] < exp(—

2PKQ P L E[ Do » (around As)? | Wk 4]
oo %3
€1 J
< TParPEKI2 4 HUHPPEK exp(__ )
- 2q K3 log j
j=Tlog T' 1 o8/
< TP2172§2K/2 + 2(1+§)2P2§2K/2 < TP2(1+§)2P2§2K/2. (3.87)
Note that in the second inequality, we use the fact that log, T > K 1/24320 to ensure
that the sum is of at most constant order. By replacing 7 with 7'/? (and reducing the
value of ¢; to compensate) we deduce from (3.87) and (3.81) that (3.76) holds with

2~ (P=(1+0)?p?82/2)K jngiead of 2-(P=P*6*/2-DK We can now apply this variant of (3.76)
with an appropriate choice of { = {(p, &) < ¢ in place of ¢ to obtain (3.76). L]

We now use Holder’s inequality to combine the bounds from Lemma 3.23.
Lemma 3.24. Assume the inductive hypothesis (3.14). Also fix p > 0 and ¢ > 0. For

T - 2K1/2+380

1 ~
P [ max E |:~— Dy (around Ag)?
SeSk Lgn

\I/Kn] o Tz(pzéz/z—psg+z)1(]

(log T)?

K —_— —
< co5 exp( c1K38010g10gT

), (3.88)

where the constants cgy, ¢y > 0 depend only on ¢, p, &, and C.
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Proof. Let g = (1 +¢)/¢, so that 1/g + 1/(1 4+ ¢) = 1. By Holder’s inequality with
exponents ¢ and 1 + ¢, for each S € Sk,

1 ~
E [TDO’” (around Ag)?

0,n
<E |:~L
- qu

0,n

lIlK,ni|

/g
qu,,,] E[Do, (around Ag) 9 | Wy ,]V0+D  (3.89)

. . o _ K . (log T)?
By Lemma 3.23, it holds with probability at least 1 — co5* exp(—¢1 zzgo 2 —= g Iog —) that

]E[Zo_,ﬁq | Wx a2 < Tl/qu(l—éQH)KA;fK

and

max E[Do.n(around Ag) 9P | W |/ < p1/A+8)7—(p=E2p%/2=0c (1)K ) P P
SeSk ’ ’ - n—Re

where o¢ (1) denotes a deterministic quantity which tends to zero as { — 0 and depends

only on p, £. Plugging these last two estimates into (3.89) and canceling the factors of
(log T)? )

—p p . aqe K
A,”g and A, . shows that with probability at least 1 — co5 exp(—cl K50 10g10aT

1 ~
max E |:~— Dy (around Ag)?
Loy

\pKn:| < 72?82 pEQ+oL (DK
This gives (3.88) with o¢(1) instead of {. We then apply this variant of (3.88) with an
appropriate choice of { = {(p, &) < ¢ in place of { to obtain (3.88). |

To conclude the proof, it remains to transfer from a probability estimate to a moment
estimate.

Proof of Lemma 3.22. To lighten notation let

1 ~
Y = [E|:~—D0,,, (around Ag)”
LP
0,n

Vi |

By Lemma 3.24, for each T > exp(K?/3),

(log T)?

p[ Yo > Tz(pzs2/z—psg+z>1<] < o5k . (ogT)*
max rg = Co exXp C1 K320 IOg log T

SesSk

). (3.90)

We use the bound (3.90) for 7 > exp(K?2/3) and the trivial bound P[---] < 1 for T <
exp(K2/3) to get

IE[<2_(”2§2/2_1’§Q+5)K max Ys)z] = 2/00 TP [2_(1’52/2_1’EQ+§)K max Yg > T] dT
SeSk 0 SeSk

o] loc T 2
=< exp(2K2/3) + SK/ exp(—cls(Og—)) dT
exp(K2/3) K?3%0loglog T

=< exp(2K2/3) + 5K exp(—c1K4/3_350/log log K) < exp(2K2/3).
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Hence -
E[(max YS) ] / < exp(K2/3)2(P2$2/2—p$Q+§)K.
SeSk -
We now slightly increase ¢ to absorb the factor of exp(K?2/3). This gives (3.74). ]

3.9. Proof of Proposition 3.11

The idea of the proof is as follows. Just below, we will define a high-probability regularity
event E. We will then use the bound

1 2
E[(max ]E[]lFS — Do’n(across As) ‘ ‘Iln,K:D ]
SeSx Lon

1 2
< ZE[(max E[ﬂFSmE ~— Do, (across As) ‘ lPnKD }
SGSK LO,n

2
+ 2E|:(max E[ﬂEc - ﬁo,n(across Ag) ‘ ‘-IJ,,,K:D i| (3.91)

SeSk Lo,n

We will show (using a Gaussian estimate) that the first term on the right in (3.91) is
bounded above by a constant times 2-@®-HDK Aq for the second term, we will use the
Cauchy-Schwarz inequality together with the fact that P[E€] is small and Lemma 3.22
to show that this term is smaller than any negative power of 2K

Step 1: high-probability regularity event. Let E be the event that the following is true:
(1) Loy < 27(60-DKFK)

(2) Lop > 27ATEQ+OK-K0) o

(3) minges, e_5¢0~1<(”5)50,n(across Ag) > 2_K_K2/3)k,,_K.

(4) maxgsesy e‘gq’O’K(”S)ﬁo n(around Ag) < 2_K+K2/3)tn_1<.

Lemmas 3.19 and 3.13 (applied with T = 2K?/ ) give us bounds for the probabilities of
each the four conditions in the definition of E. Combined, these bounds yield

K4/3

_ K
PIE]=E[P[EF | Yk n]] < co5 e"P(_"1 K30 log K

) <coexp(—c1 K*/373%0 /log K)

(3.92)
where in the last inequality we decreased c; to absorb the factor of 5X.

Step 2: bound for the conditional expectation on E. The key observation for this step is
that if S € Sk is such that Fg occurs, then the Do n-geodesic PO » must cross between
the inner and outer boundaries of the annulus Ag at least once. Consequently,

Fs = {50,,[ (across Ag) < ZO,n}- (3.93)

We will now investigate what this bound gives us on the event E. By (3.93) together with
conditions (1) and (3) in the definition of E, for each S € Sk,

FsNEC Hg := {efd’o,K(Us) < 2(§'Q+€)K+2K2/3}'
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By conditions (2) and (4) in the definition of E, we also have

Do n(actoss Ag) < 2-EQ-DK+2K>/ 500,k vs)

1=
0,n

Combining the above two inequalities gives

1 =~
E |:]1 FsnE =— Do n(across Ag)
LO,n

\II”’K:I < 2—(§Q—§)K+2K2/3E[eS%,K(vs)ﬂHS | W, k).
(3.94)

The random variable ®¢ g (vs) is centered Gaussian with variance K log?2 and is
independent of W, k. By the definition of Hg in (3.9) and a basic estimate for exponential
moments of a Gaussian random variable (Lemma A.2 applied with R = K log 2 and with
B slightly larger than Q), we get

E[ef®0.£0) 1y | W, k] = E[ef Pk ], | = 2EEAQ~EA0)?/ 240 (DIK+O0x (K2/2)

where the o¢ (1) tends to zero as { — 0 at a deterministic rate which depends only on &;
and the implicit constant in the Ox (K?/3) is deterministic and depends only on £, {. By
combining this last estimate with (3.94), we arrive at

1 ~ 3
E[ﬂanEz—Do,n(across Ag) ‘Ifn,K:| < 27(d(£)+0z(1))K+2K2/*7 VS € Sk,
0,n

where (&) is as in (3.29). Consequently,

1 =~
E[(max E |:]1F5F1E Z_Do’n (across Ag)

2
“Ijn,KiI) i| < 7—2(@®)+os (N)K+4K>/3
SGSK on

(3.95)

Step 3: bound for the conditional expectation on E€. By the Cauchy—Schwarz inequality,

1 -~
IE|:JlEc —— Dy n(across As) ’ \I/,,,K}
0,n

1 - 1/2

< P[E®| lIJK,,,]I/ZIE[TDO,n(across Ag)? ‘ lIJ,,,K] .
LO,n

Therefore,

1 - 2
E[(max E|:ﬂEc 7 Dy n(across As) ‘ lIJ,,,Ki|) ]

SGSK o.n

1 ~
< IE|:IP’[E‘ | ¥k n] max E[~—D0,n(across As)? ‘ \IJn,K:|:|
SeSg L%n

1 - 241/2
5E[[P’[E"|lIJK,n]2]1/2]E|:(§nax E[ZTDO,,,(across As)? \IanD }

€Sk 0.n

(by Cauchy—Schwarz).  (3.96)
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Since P[E€ | Wk ] < 1 and by (3.92),

12 _ ]P,[Ec]l/z < ¢o exp(—clK4/3_38°).

(3.97)

E[P[E® | Wk a?]"> < E[P[E | Wk.]]

By Lemma 3.22,

1 - 291/2 R
E[(max E[ZTDO’n(across AS)2 ‘ \Ijn’KiD :| < 2E0287+DK (3.98)
0,n

By plugging (3.97) and (3.98) into (3.96), then absorbing a power of 2X into a power of
K370 we arrive at

1 - 2
E[(max IE|:]1EC —— Do _n(across Ag) ‘ \Ifn,KD } < coexp(—cy K*/373%0). (3.99)
SeSk Lon

Step 4: Conclusion. By plugging (3.99) and (3.95) into (3.91) and adjusting ¢, we
obtain (3.32). [

4. Tightness of point-to-point distances

This section has two main purposes.

e We establish tightness for the A, ! Dy ,-distances between points (not just between non-
trivial connected sets, which is the setting covered by Proposition 3.2).

e We transfer our tightness results for A, ! Dy , to tightness results for the variant of LFPP
used in Theorem 1.2, namely a;l sz’ which is defined using convolutions of the GFF

with the heat kernel rather than the white noise decomposition (see (1.2)).

The following proposition is the main result of this section, and will be proven in Sec-
tion 4.3.

Proposition 4.1. Let £ > 0. Let U C C be a connected open set and let K1, K, C U
be disjoint compact connected sets (allowed to be singletons). The random variables
aE_IDZ(Kl, K,;U) and (as_lDZ(Kl, K>:U))7! for e € (0, 1) are tight. Moreover; there
are constants co, ¢y > 0 depending only on £ such that if n = log, ¢!, then*

co<a;'An <cy. 4.1)

Our proof of Proposition 4.1 combined with Lemma 3.21 will also yield bounds for
the scaling constants a, appearing in Theorem 1.2, which will eventually be used to obtain
assertion (4) of Theorem 1.2.

#Note that n is not required to be an integer, but the definition of A, in Section 2.2 still makes
sense for non-integer values of n.
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Proposition 4.2. Let £ > 0. For each ¢ > 0, we have

pE0+s < Te/r (80-¢ v ¢ (0,1), Ve € (0, 1), (4.2)
Qg

pE0t < IO <L E0HE yr s 1 Ve e (0,1), (4.3)
Qg

with the implicit constants depending only on , &.

The rest of this section is structured as follows. In Section 4.1, we prove the tightness
of Dy ,-distances between points by applying the estimate of Proposition 3.2 at dyadic
scales, then summing over scales. In Section 4.2, we explain why our estimates for Do,
continue to hold when # is not required to be an integer (this is important since we do not
restrict to dyadic values of ¢ in Proposition 4.1). In Section 4.3, we prove a comparison
lemma for Dy, and Dfl (Lemma 4.10) and use it to extract Propositions 1.1, 4.1, and 4.2
from the analogous results for Dy 5. In Section 4.4, we record some basic estimates for DZ
which are consequences of our previously known estimates for Dy .

4.1. Pointwise tightness for white-noise LFPP

Proposition 3.2 shows that A, 1 Dy ,-distances between infinite connected sets are tight.
In this subsection, we will show that also A, ! Dy ,-distances between points are tight.

Proposition 4.3. Let £ > 0. Let z, w € C be distinct and let U C C be a con-
nected open set containing z and w. The random variables A,' Do n(z, w; U) and

(A, 'Don(z,w; U))! forn € N are tight.

The tightness of (A,'Dgn(z, w; U))~! follows directly from Proposition 3.2,
so the main difficulty in the proof of Proposition 4.3 is showing the tightness of
2,1 Dg n(z, w; U). The idea of the proof is to first apply Proposition 3.2 at dyadic scales
to build paths around and across dyadic annuli surrounding each point whose A, ! Dy .-
lengths are bounded above. We will then string together such paths to build paths between
points whose Dy ,-lengths are bounded above. We first need a variant of Proposition 3.2
which can be applied at multiple scales.

Lemma 4.4. Fix { > 0. Let U C C be open and let K1, K, C U be disjoint compact
connected sets which are not singletons. There are constants cg, c1 > 0 depending only
on ¢, U, Ky, Ky, & such that the following is true. For each n,k € Ng with k <n and each
T > 3,

P, Don(2 %Ky 2% Ky: 27FU) < T7127 €20k ER0 0] < ¢ oe102T)* (4 4
and

]P)[A;l DO,n (2_kK1 , 2_kK2; 2—k U) > Tz—(EQ—é')keECDO.k (0)] S COe—cl (log T)Z/loglogT.
(4.5)
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Proof. The idea of the proof is to re-scale space and then apply Proposition 3.2. By the
scale invariance property (2.5) of ®g ,

d
Dy () = Do i (2F).

Therefore,
Din(2 %Ky 27FKy: 275 U) £ 2% Do i (K1, Kp: U).

By Proposition 3.2 applied with n — k in place of n, we thus obtain
PDin ¥ K . 27%Ky: 275 U) < T7V227K ), 4] < coe™10e D (4.6)
and
P[Din %K1, 2% Ky;27FU) > TV227F A, 4] < coe1Goe D logloeT) (4.7

We now temporarily impose the assumption that U is bounded (we will remove this
assumption at the end of the proof). We want to transfer from estimates for Dy , to
estimates for Dg , using the fact that ®¢, = P, + Pox. To this end, we first use
Lemma 2.2 (with k in place of ) and the mean value theorem to get

1
]P’|: sup | ®gx(2) — Po i (0)] > = log T] < coec1oeT)?, (4.8)
ze2— kU 2%-

Since ®¢,,, = P n + Dok,
. —k —k .~—k
exp(§ min ®ox(2)) Den(2 ¥ K1, 2% K274 )
ze2— kU

< Don(2* K1, 27¥ K27 U)
gexp(g max q>0,k(z))Dk,,,(2—kK1,2—’<K2;2—kU). (4.9)
ze2—kU

By (4.8) and (4.9), with probability at least 1 — cge =100 7)?|

T712820k )y (27K Ky, 27% Ky 27FU)
< Don(27% K1, 27%K2:27FU)
< TV2e5%0k0s) p (07F K 27F Ky 27k D). (4.10)

Combining (4.10) with (4.6) and (4.7) shows that

P[Don(2 ¥ K12 % Kp:275U) = T7127% 0, 4] = 1 — cpe—1 00D

4.11)
P[Don(2¥ K1, 27%K»:27FU) < T27% 2, 4] = 1 — coe1 08 T)*/loglog T

By Lemma 3.21, 20=§C=0k) < ) < 20-60+0k)  with the implicit constants
depending only on £, {. Combining this with (4.11) gives (4.4) and (4.5) when U is
bounded.
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To deduce (4.4) when U is unbounded, choose a compact set K’ which discon-
nects K; from K, and a bounded open set U’ C C which contains K, K>, K’. Then
apply (4.4) with U’ in place of U and K’ in place of K,. The estimate (4.5) in the case
when U is unbounded is immediate from the bounded case since increasing U causes
Do (27*K,,27%K»:27%U) to decrease. ]

The following lemma is the main input in the proof of Proposition 4.3.

Lemma 4.5. Fix { > 0, a bounded open set V- C C, and an open set U C C withV C U.
There are constants cg,cy > 0 depending only on £, V, U, & such that for each n € N and
each T > 3, with probability at least 1 — coe €112 7)?/loglog T 4o following is true. For
eachz,w € V with |z —w| <2 dist(V, dU) (here dist denotes Euclidean distance),

n
A;l DO,n (Z, w; U) <T Z 2—(§Q_§)J (654’0,1(2) + egd)().j (w)) 4.12)
Jj=[logs [z—w]
Proof. See Figure 4 for an illustration of the proof. Throughout the proof, ¢, c¢; denote
deterministic constants which depend only on ¢, V, U, § and which are allowed to change

from line to line. We also require all implicit constants in < to be deterministic and depend
onlyon¢, V,U,E&.

SPNINS

Fig. 4. Illustration of the proof of Lemma 4.5. The red (resp. blue) curves are Dy ,-geodesics
around (resp. across) Euclidean annuli surrounding z (resp. w). We upper-bound the Dg ,-lengths
of these geodesics using Proposition 3.2, then use that the union of these geodesics is connected to
upper-bound Do, (z, w).

Step 1: defining a high-probability regularity event. For k € [0,n]z, let X be a collection
of Oy (4%) points x € C so that the balls B,—k—2(x) for x € Xy cover V. For x € X} and
T > 3, let Ex(x, T) be the event that

Ayt Do n(across By x4 (x) \ Byk—2(x)) < T2 2Tk EP0k(x) (4.13)
and

Ay Do u(around By—k41(x) \ Byx (x)) < T2 E270k R0k () (4.14)
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By Lemma 4.4 (applied with £/2 in place of ¢ and 2¢/2* T in place of T') and the trans-
lation invariance of the law of ®g j,

k +log T)?
PlE(x.T)] < co exp(—clﬁ), VkeN, Vxe X,  (4.15)
Therefore,
¢ (k +1og T)?
P Ep(x,T < codk ———="7 ) 4.16
(N Ecx.D) ] =co exp( cllog(kHOgT)) (4.16)

xexk

The events Ey(x, T') are not quite sufficient for our purposes since they only allow
us to bound distances in terms of ®g x(x) for x € X, but we want to bound distances
in terms of ®q x(z) for an arbitrary z € U. For this purpose we also need a continuity
condition for ®¢ ;. By Lemma 2.2 (applied with x = %(Iog T + Ck)), foreach k € N it
holds with probability at least 1 — co exp(—c; (log T + log k)?) that

1
275 sup VP (2)| < £ (log T + k). (4.17)
2€B>(U) 3

For k € N, let E(T) be the union of Uxexk Ep(x,T) and the event in (4.17). Then
P[Ek(T)] < co4* exp(—ci %). Therefore, if we set

E(T):= () Ex(T) (4.18)

k=0

then by a union bound over k € [0, n]z,

PIE(T)] <co Y 4 eXp(—cl (k + log T)? )

log(k +1ogT)

k=0
n+|logT ] j2
< 4j—10gT —
_Co. Z exp( Cllogj)
Jj=|logT|]
log T)?
< co exp —01M . 4.19)
loglog T

Step 2: building a path using (4.13) and (4.14). Henceforth assume that £(7") occurs, so
that (4.13) and (4.14) hold for every k € [0, n]z and x € X and (4.17) holds for every
k € [0, n]z. We will show that (4.12) holds.

Forz € U and k € [0,n]z, let x; € X be chosen so that z € By—x—2(x). Also let P
(resp. ﬁkz) be a path across (resp. around) By—x+4(x7) \ By—k—2(x7) (resp. By—k+1(x7) \
B,—« (xi )) of minimal Dy ,-length. Note that the Dy ,-lengths of these paths are bounded
by (4.13) and (4.14). For k € [1, n]z, the annuli

By—k+1(x5) \ By—x (xg) and  By—r+2(xi_;) \ By—k+1(x5_;) (4.20)
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are each contained in By—x+4(x;) \ By—x—2(xj). Consequently, the union of the paths
PZ, ﬁ,f, and ﬁkz_l is connected. By iterating this, for each k € [0, n]z, the union of the
paths P/ and 13;.2 for j € [k, n]z is connected. In particular, since P? C By—n+2(z), we
can use (4.13) and (4.14) to get

n
Don(By-n+2(2). P7) + (Don-length of PF) < 27 ) " 27¢C=0)J eE®0 G 40
j=k

Step 3: comparing @ i (x7) and ®g i (z). Since |x; —z| < 27772 for each j € [0,n]z,
it follows from (4.17) that

1
|Pok (xg) = Pok(2)] < g(logT + $k). (4.22)

Furthermore, by integrating e£®02() along a straight-line path from z to u and
using (4.17), we obtain

AL sup Don(u,z) < TA 127 H208%0n(@) < pp=EQ=0nE®0n(2) (4 23)
u632,n+2(z)

where in the last inequality we use that A, > 2-(1=§2+5" (Proposition 2.5). Plug-
ging (4.22) and (4.23) into (4.21) gives

Ay Don(z, PE) + A, (Do n-length of PY)
<A, 'Doyn(By-nt2(2), PE) + A, (Do n-length of PE) + A1 sup  Don(u,z)
UEB, 412 (2)

n
< T2y 27E020) (%0, ), (4.24)
j=k

Step 4: distance between two points. If z,w € U with |z — w| € [27%,27%+1], then the
paths sz and P,;” necessarily intersect. Moreover, if dist(z, w) < 2 dist(V, daU), then the
paths P and P’ are contained in U. Therefore, by (4.24) (applied to each of z and w)
together with the triangle inequality, we obtain that on E(T),

n
A;1D0,n (z,w;U) < T? Z —(0-28)j (eé'%,j(Z) + e$<1>o‘j(w)). (4.25)
j=k

Replacing T by T/ and ¢ by £/2 (which results in an adjustment to cg, ¢; in (4.19))
now gives (4.12). [ ]

Proof of Proposition 4.3. To establish the tightness of 1,1 Do ,(z, w; U), we note that the
random variables ®¢ x(z) and @ (w) for k € N are centered Gaussian with variance
k log 2. From this, it is easily seen that if ¢ is chosen to be small enough that §Q — ¢ > 0,
then the sum on the right side of (4.12) converges a.s. as n — oo (with 7', z, w fixed).

If |z — w| < 2dist({z} U {w}, dU), then we can find a bounded connected open
set V with V C U such that z, w € V and |z —w| < 2dist(7, dU). Therefore, in
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this case the tightness of A, 'Dg,(z, w; U) follows from Lemma 4.5. If |z — w| >
2dist({z} U {w}, dU), then we can find finitely many points z = zg,...,zy = w in U
such that for each j € [1, N]z, we have |z; — z;_1| < 2dist({zj—1} U {w;}, dU). The
tightness of 1,1 Dy, (z, w; U) then follows from the triangle inequality and the tightness
of )L;IDO’,,(ZJ'_I, zj;U) foreach j € [1, N]z.

To check tightness for (A, 'Dgn(z, w))~!, let A be a Euclidean annulus which
lies at positive distance from each of z and w and which disconnects z from w.
Then Dy ,(z, w) > Dy n(across A). Proposition 3.2 implies that the random variables
(2,1 Do (across A))~! are tight, so also the random variables (1, ! Do, (z, w))~! are
tight. ]

4.2. Tightness for non-dyadic scales

So far, all of our results have only been proven for dyadic scales, i.e., for Dy, with an
integer value of n. However, our main theorems are stated for general values of ¢ which
are not necessarily dyadic. So, we need to extend our results to the case of non-dyadic
scales.

We extend the definition (2.3) of ®,, , to the case when m and n are not necessarily
integers. We similarly extend the definitions of D,, , and A, from (2.10) and (2.13),
respectively, to non-integer values of m, n. The purpose of this brief subsection is to show
that our tightness results for Dy, continue to hold if # is not required to be an integer.

Proposition 4.6. Propositions 3.2 and 4.3 continue to hold when n is allowed to be any
positive real number, not just an integer.

Throughout the rest of the paper, we will use Propositions 3.2 and 4.3 when # is not
necessarily an integer, without comment. The key input in the proof of Proposition 4.6 is
the following lemma.

Lemma 4.7. Foreachs € [—1,1] and eachn € N, there is a coupling of two white noises
W, W' on C x R such that the following is true. Suppose that ®q , is defined using the
white noise W and q>6,n+s is defined in the same manner as Pg s but with W' in place
of W. For each bounded open set U C C, there are constants cy, c1 > 0 depending only
on U such that for each T > 1,

P[sup [@),.45(2) — Do (2°2)| > T] < ce™!T". (4.26)
zeU

Proof. We will treat the case when s > 0; the case when s < 0 is treated similarly but
with the roles of ®¢ , and P , 4+ interchanged. The relation (2.5) continues to hold with
non-integer values of n, m, k. In particular,

d
cDO,n (2s ) = q>s,n+s(')-

Hence, we can find a coupling of two white noises W L W' such that if D6 1150 Poso
and @’ are defined with W' in place of W, then a.s. &g, (2°) = ¥, (+). Recalling

s,n+s s,n+s
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=@

s,n+s

SUp |Bf 45 (2) — Po.n(2°2)] = sup |, (2)]. @27)
zeU zeU

that @/

/
0n+s + dDOJ, we have

The function CD()’S is continuous and centered Gaussian with pointwise variance s log 2.
By the Borell-TIS inequality [12, 62] (see, e.g., [2, Theorem 2.1.1]), there are constants
co,c1 > 0 depending only on U such that foreach 7" > 1,

]P’|:sup [P 5 (2)] — E[sup |<I>6’S(z)|] > T:| < coe™ 177, (4.28)
zeU zeU

By Fernique’s criterion [39] (see [1, Theorem 4.1] or [28, Lemma 2.3] for the version
we use here) together with [22, Lemma 4], E[sup, ¢y |9 ;(z)[] is bounded above by a
constant depending only on U. By combining this with (4.28) and recalling (4.27), we
get (4.26) (with possibly modified values of cg, c1). [

Lemma 4.8. For eachn € N and each s € [—1, 1], we have A,1s < A, with the implicit
constant depending only on &.

Proof. For p € (0, 1), let £ (p) be the pth quantile of Dy ,(2°9LS, 2°0rS; 2°S), i.e.,
£5 (p) is defined in the same manner as £,(p) from (2.12) but with 2°S instead of S.
Lemma 4.7 implies that there is a p € (0, 1) depending only on £ such that £5(p) <
Ants < £ (1 — p). By Proposition 3.2, £ (p) and £5 (1 — p) each differ from A, by at
most a £-dependent positive constant factor. Thus the lemma statement holds. |

Proof of Proposition 4.6. This follows by combining Propositions 3.2 and 4.3, respec-
tively, with Lemmas 4.7 and 4.8. [

4.3. Comparison of Do, and Dj,

Recall the definitions of A} from (1.1), Dy, from (1.2), and a, from (1.3). Before we
transfer our above results for Dy , to results for D?, we need some further preliminary
facts and definitions concerning Dj.

The metrics Dj, possess an important scale invariance property which is easy to check
from the definition (see [31, Lemma 2.6]). To state this property, we let i, (z) for r > 0
and z € C be the average of & over the circle dB,(z) (see [36, Section 3.1] for more on
the circle average process). Then our scale invariance property reads

d 1 —
(D} (z.w))zwee = (e O DE(r2, rw)) wee.  Vre > 0. (4.29)

The random variable /7 (z) does not depend locally on % since the heat kernel p,2,
is non-zero on all of C. For this reason we will also need to work with a localized version
of h}, which we will denote by l;: The same function l;: is also used in [31, Section 2.1].

For ¢ > 0, let y. : C — [0, 1] be a deterministic, smooth, radially symmetric bump
function which is identically equal to 1 on B,1/2/,(0) and vanishes outside of B,1,2(0) (in
fact, the power 1/2 could be replaced by any p € (0, 1)). We can choose y in such a way
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that € > y. is a continuous mapping from (0, co) to the space of continuous functions
on C, equipped with the uniform topology. We define

ﬁ:(z) = / h(w) xe(z —w) pe2jp(z, w) dw, (4.30)
C

with the integral interpreted in the sense of distributional pairing. Since v, vanishes out-
side of B,1/2(0), it follows that 2} (z) is a.s. determined by £ |B€1/2(Z). It is easy to see that

ﬁ: a.s. admits a continuous modification (see Lemma 4.9 below). We henceforth assume
that A7 is replaced by such a modification.
As in (1.2), we define the localized LFPP metric

IRN

Dj(z.w) = inf / eEhe PO p/ (1)) dt, (4.31)
Z—>w 0

where the infimum is over all piecewise continuously differentiable paths from z to w. By

the definition of A},

for any open U C C, the internal metric ﬁft (,-; U) is a.s. determined by /| B,12(U)
(4.32)
(we make this a numbered equation for ease of reference later).
The following lemma is essentially a restatement of [31, Lemma 2.1].

Lemma 4.9 ([31]). Almost surely, (z,¢) — ﬁ: (2) is continuous. Furthermore, for each
bounded open set U C C, a.s.,

lim sup |h¥(z) — h*(z)| = 0. (4.33)
e—>0 __++
zeU
In particular, a.s.,
) ﬁ; (z,w;U) . .
lim —+—— =1, uniformly overall z, w € U with z # w. (4.34)

e—>0 Dp(z,w;U) -

The same is true if we replace h by a zero-boundary GFF on an open subset V of C and
we require that U C V.

The last part of Lemma 4.9 (concerning the zero-boundary GFF) is not explicitly
stated in [31], but it follows from the same proof as in the case of a whole-plane GFF.
The following lemma is our main tool for transferring results between Do, and Dj.

Lemma 4.10. Let U C C be a bounded open set. Let ¢ € (0, 1) and let n := log, ¢!
(note that n is not required to be an integer). There is a coupling of h with the white noise
W from (2.3) and constants cg, c1 > 0 depending only on U, & such that

P[sup |Po.n(z) —hi(z)| > x] < o1 4 0g(1), Vx>0, (4.35)
zeU

where the 0¢(1) is deterministic and tends to zero as ¢ — 0.
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Proof. Throughout the proof, cg, ¢; denote deterministic positive constants depending
only on U, § which may change from line to line. Let U” D U’ D U be bounded open sets

with U c U’and U’ C U”. Lethbe a zero-boundary GFF on U”. Define l(;;f (z)forzeU”
as in (1.1) but with /4 in place of & (we take i = 0 outside of U"). By [22, Proposition 29],
there is a coupling of 4 with @, such that

IP’[ sup | @, (2) — ﬁ:(z)| > x] < coe_c‘xz. (4.36)

zeU’

To transfer from h to &, we use the Markov property of & (see, e.g., [48, Lemma 2.1])
to couple /4 and Jiin such a way that h|y» = h + b, where §) is a random centered Gaussian
harmonic function on U”. Since } is continuous on U’, the Borell-TIS inequality implies
that

P[sup 15(z)| > x] < coe™1%, (4.37)
zeU’

We want to use (4.37) to compare 4 (z) and }i;" (z), but we cannot do this directly since
h%(z) is not determined by 4|g7. So, we instead need to use localized versions of 4} (z)

and hoj (z). Define ﬁ: as in (4.30) and define hO: as in (4.30) with ho in place of /1. Also note
that by the mean value property of by, if we define b (z) as in (4.30) with b in place of

h, then BZ (z) = h(z) whenever B,1/2(z) C U”. Since l?: (z) (resp. }C;;“ (2)) is determined

by the restriction of & (resp. &) to B,1/2(z), it follows from (4.37) that whenever el/2 s

smaller than the Euclidean distance from U to dU’,

IP’[suEV?:(z) - li:(z)| > x] < coe™ 1%, (4.38)
zeU

On the other hand, by Lemma 4.9, a.s.,

lim sup max {[A (z) - h*(2)|. |h*(z) = hX(2)]} = 0. (4.39)
€20 eT
By combining (4.36), (4.38), and (4.39) we obtain (4.35). [

Proof of Proposition 4.1. First assume that U is bounded. By Lemma 4.10, if we setn =
log, ™! then the metrics Dy, and Dy, can be coupled together so that the corresponding
internal metrics on U are bi-Lipschitz equivalent, and moreover the laws of the Lipschitz
constants in each direction can be bounded independently of ¢. From this bi-Lipschitz
equivalence applied with U equal to a neighborhood of the unit square S, it follows that
there exists p € (0, 1/2) depending only on & such that in the notation (2.12),

Ly(p) < as <L,(1—p).

Due to the tightness of the law of A 1Ly ,, we have £,(p) = A, and £,(1 — p) < Ay,
with the implicit constants depending only on £. Thus (4.1) holds.
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The tightness of a,! Dy (Ky, K2; U) and its reciprocal for bounded U now fol-
lows from the analogous tightness statement for A, ! Do , (K1, K; U) (Propositions 3.2
and 4.3) together with Proposition 4.6 (to allow for non-integer values of 7).

We now treat the case when U is unbounded. Let V' C U be a bounded connected open
set which contains K7 and K5. Then D} (K1, K2;U) < D} (K1, K2; V) so the case when
U is bounded already implies that aE_IDZ (K1, K3; U) is tight. To get the tightness of
(a;? Dj; (K1, Ka; U))~!, let IT be Jordan curve in V which disconnects K from K, U 9V
Then

D§(Ky. K2:U) = Dy(K1.TLU) = Dj(K1.TL: V) (4.40)
so the tightness of the reciprocal (a;! Dj(Ky, K23 U ))~! follows from the tightness of
(as_lDZ(Kl,H;V))_l. |

Proof of Proposition 1.1. This is immediate from Proposition 2.5 and (4.1) (plus
Lemma 4.8 to deal with non-integer values of 7). ]

Proof of Proposition 4.2. By Lemma 3.21 combined with Lemma 4.8 (to allow for non-
integer n and K), it holds for each n > K > 0 that

A
2~ (1-§0+DK < ﬁ < 2~ (1=§0-DK (4.41)
ne

with the implicit constants depending only on £, &. To prove (4.2), we apply Lemma 3.21
with n > 0 such that e = 27" and K > 0 such that 2=X = r, then use (4.1) to compare ag
with A, and a,/, with A,_g. To prove (4.3), we apply Lemma 3.21 with n > 0 such that
e/r =27" and K > 0 such that 27K =1, then use (4.1) to compare a,/, with A, and a,
with A,,_g. [ ]

4.4. Additional estimates for Dy,

With Proposition 4.1 established, we can now prove some useful estimates for the LFPP
metric DZ. We first have a variant of Lemma 4.4 for DZ. For the statement, we recall that
h,(0) is the average of & over the circle of radius r centered at 0.

Lemma 4.11. Let U C C be a bounded open set and let K1, Ko, C U be disjoint compact
connected sets which are not singletons. There are constants cg, c; > 0 depending only
on U, K1, K3, & such that for each r > 0, each ¢ € (0,1), and each T > 3,

P[D§(rKy1,rK2;rU) < TV rag), e8] < coeme1®1” 4 o (1) (4.42)
and
P[DS(rKy, rK2; rU) > Tragefir©] < coec1toeT??osloe T o (1) (4.43)

where the rate of convergence of the o¢(1) depends on U, Ky, K», &, T, r.
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Proof. By Proposition 3.2 combined with Lemma 4.10 (to compare Dj; and Do)
and (4.1) of Proposition 4.1 (to compare a, and A,), we obtain the lemma statement
in the case when r = 1. For a general choice of r, we use (4.29) which gives

DI (K1, Kap; U) £ = 1e 8O D 1Ky 1Ky rU).

So, the lemma for a general choice of r follows from the case when r = 1 (with &/r in
place of r). ]

Our next lemma tells us that, in a certain precise sense, Dj -distance from a compact
set to oo is infinite.

Lemma 4.12. For each fixed r > 0 and each T > 1,

dim_lim Pla; ! D; (3B, (0), dBR(0)) > T] = 1. (4.44)
—00 £—>

Proof. Fix a small constant ¢ > 0. By Lemma 4.11 (applied with T = 2%%), for each
k €N,

2ka,«
lin})P[aE_lDZ (across By (0) \ Byi—1(0)) > bk 2 M27ke ehy (0)] =1. (445
£—> ag
By Proposition 4.2, 2Fa,«,./a, = 28Qk+0k (k) a5 k — o0, uniformly over all & € (0, 1).
Since /,« (0) is centered Gaussian with variance k log 2, it holds with probability tending
to 1 as k — oo that /i,x (0) < %k log 2. By combining these last two estimates with (4.45)
and shrinking the value of ¢, we get

lim lim P[a; "' Dj (across By (0) \ Bye—1(0)) > 2¢2~DF] = 1. (4.46)

k—o00 >0
If ¢ € (0,£Q), then limy_, o, 26279% = oo, Furthermore, if 2F € [2r, R], then
D;(3B,(0), 0Bg(0)) > Dj (across Bk (0) \ Byx—1(0)).

Hence (4.44) follows from (4.46). ]

5. Tightness of LFPP

5.1. Subsequential limits

In this subsection we will extract a subsequence of e-values tending to zero along which a
number of functionals of a;! Dy, converge jointly in law. In Section 5.2, we will use these
convergence statements to produce a subsequential limiting metric Dj. The rest of the
section is devoted to showing that Dy, satisfies the conditions of Theorems 1.2 and 1.3.
We start with some definitions which will be convenient since we can only show the
subsequential convergence of the joint law of countably many functionals of a; ! Dy.
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Definition 5.1. A rational circle is a circle of the form O = 9B, (u) for r € Q N [0, c0)
and u € Q2. In order to make statements more succinct, we view a point in Q? as a rational
circle with radius 0. A rational annulus is the closure of the region A between two non-
intersecting rational circles with positive radii. We say that a rational circle with positive
radius or a rational annulus surrounds z € C if it does not contain z and it disconnects z
from oo.

By countably many applications of Proposition 4.1, for any sequence of e-values tend-
ing to zero we can find a subsequence & and a coupling of the GFF h with random
variables 13;,( 01, O) for rational circles O1, O, random variables Dj (around A) for
rational annuli A for which the following is true. Let 4° for ¢ € & be a random variable
with the same law as /1, and assume that DZ has been defined with 4° in place of 4. Then
we have the following joint convergence in law as & > ¢ — O:

ae_lDfl(Ol, 0,) — 5;,(01, 0,), V rational circles Oy, O,, (5.1)

a;l Dj (around A) — Doh (around A), V rational annuli A4, (5.2)

h¢ — h, in local uniform topology and #° — h in the distributional topology.  (5.3)

The reason why we write Doh instead of Dy, for the limiting random variables is that we do
not know a priori that these quantities are distances with respect to the metric Dy which
we define below. Nevertheless, by a slight abuse of notation, for a rational annulus A4, we
define

13h(acr0ss A) = Doh(Ol, 0,), 5.4)

where O1, O, are the boundary circles of A.

In order to use various scaling arguments and also to check assertion (4) of Theo-
rem 1.2, we will also need to extract subsequential limits of the ratios of scaling constants
a.. By Proposition 4.2, after possibly replacing & by a further subsequence we can arrange
that there are numbers ¢, > 0 for each r € Q N (0, co) such that

ra
lim —" = ¢, . (5.5)
&3¢ ag
Note that Proposition 4.2 implies that
e =rf2torM 95 Q35r >00rQ > r — . (5.6)

Throughout the rest of this section we fix a sequence & for which the convergences of
joint laws (5.1), (5.2), and (5.3) hold and also (5.5) holds.
By the Skorokhod embedding theorem, we can find a coupling of {(4®, D})}cce With

the random variables 5h(01, 0;) and Doh (around A) such that the convergences (5.1),
(5.2), and (5.3) occur a.s. Note that with this choice of coupling, {Dj }ccg are defined
using h® < 1 instead of .

We have the following elementary relations between the random variables defined
above, which are the starting point of the proofs in this section.
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O Os
(O

Fig. 5. Left: Illustration of the proof of Lemma 5.2 (i) in the case when k = 5. Note that here Os is a
rational circle of radius O (i.e., a point). The lemma follows since any path from Og to Os must pass
through O1, Oz, O3, O4. Right: Illustration of the proof of Lemma 5.2 (ii). The paths of minimal
ae_lDz-length from O; to Oi and from O to 03 must each cross A. So, the union of these two
paths with a path of minimal as_l th -length around A is connected. This gives us an upper bound
for ag_1 Dfl(Ol, 03). Note that it does not matter whether O; and O lie in the same connected

component of C \ A or not. Also note that one or more of Oy, Oi, 07, 05 is allowed to be equal
to the inner or outer boundary of A.

Lemma 5.2. Almost surely, the following is true.
(i) Let Oq, ..., O be disjoint rational circles such that O; disconnects O;_; from Oj 1
foreach j € [1,k —1]z. Then Dh(OO, Or) > Z Dh(Oj, 0j_1).
(ii) Let O1, Of, O,, O be rational circles and suppose that A is a rational annulus

whose interior is disjoint from each of Oy, Oy, Oz, O). Suppose also that Oy, Oy
lie in different connected compOnem‘s of C\ A and O, 0), lie in dlﬁ‘erent con-

nected components of C \ A. Then Dh(Ol 0,) < Dh(Ol, o)) + Dh(Oz, 0;) +
Dh (around A).
(iii) If Oy, O, are disjoint rational annuli then ﬁh(ol, 0,) > 0.

Proof. To prove assertions (i) and (ii), note that the analogous statements with a;lDfl

in place of 5}61 are obvious from the fact that a;! Dj is a length metric (see Figure 5).
Passing through to the limit gives these two assertions. Assertion (iii) follows since the
random variables (a; ' Df (01, O2))~" are tight (Proposition 4.1). n

Roughly speaking, Lemma 5.2 says that the random variables 13;,(00, Oy) and
Dy (across A) behave like distances with respect to a length metric, even though we do
not know that these random variables are actual distances with respect to a length metric.

5.2. Definition of the limiting metric

We now define the subsequential limiting metric appearing in our main theorem state-
ments. For z, w € C, let

limp_ . 04w Dn(0z, Oy), z # w,
0, zZ=w,

Dp(z,w) := { (5.7)
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where the limit is over any sequence of rational circles with positive radii O, surround-
ing z and O,, surrounding w whose radii shrink to zero. The following lemma tells us
that (5.7) is well-defined.

Lemma 5.3. Almost surely, the limit in (5.7) exists for all pairs of distinct points z,w € C
(it is allowed to be equal to 00) and does not depend on the sequence of approximating
circles.

Once Lemma 5.3 is established, it is immediate from (5.7) that Dy is symmetric.
Furthermore, Lemma 5.2 (iii) (together with the monotonicity considerations described in
the proof of Lemma 5.3 just below) implies that Dy, is positive definite. We will check
that Dy, satisfies the triangle inequality in Lemma 5.10 below, so that Dy, is a metric on C,
although it is allowed to take on infinite values. For the proof of Lemma 5.3 we need the
following definition.

Definition 5.4. We say that a sequence {O™},,eN of rational circles with positive radii
nests down to z if O™ surrounds O™ 11 for each m € N, O™ surrounds z for eachm € N,
and the radii of the O™’s tend to zero as m — oo.

Proof of Lemma 5.3. The key observation is as follows. If O, O] are rational circles
surrounding z and Oy, O), are rational circles surrounding w such that O, N Oy, = @,
O; surrounds O, and O, surrounds O, then by Lemma 5.2 (i),

Di(0:. 0y) < Dy(0., 0L,). (5.8)

This gives us a monotonicity property for the limit in (5.7) which will allow us to check
convergence. We remarlg that this monotonicity property is the main reason why we define
Dp(z, w) in terms of Igh—“distances” between rational circles which shrink to z and w
rather than in terms of Dj,-“distances” between rational points which converge to z and w.
We first check convergence for sequences { O} },,en and { O} },en of rational circles
which nest down to z and w, respectively. By (5.8), 13;,(0;”, O;7) is non-decreasing
in m provided m is large enough that the radii of the circles are smaller than |z — w]/2.

Therefore, the limit
B:= lim D,(O™, O™ (5.9)

m—oQ0

exists (it is allowed to be equal to co).

We will now check that this limit does not depend on the choice of {O}},;en and
{07 }men. Let {5;” }men and {5,’{} }meN be another pair of sequences of rational circles
which nest down to z and w respectively, and let ,g = limy, o0 l%h(Og", o). We will
show that 8 < ,§ (the inequality in the other direction follows by symmetry). Indeed, since
the radii of the O}"’s and O}}’s tend to zero, for each m € N there exists m; > mg such
that 5;”0 surrounds O} and 53} 9 surrounds O for each m > my. By (5.8), it follows
that

Dp(0™0, 0m0) < Dy (0™, 0™),  Vm > my. (5.10)

Sending m — oo and then my — oo shows that ,g < B, as required.
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If {O7}men and {07 }en are arbitrary sequences of rational circles surrounding z
and w, respectively, whose radii shrink to zero (which are not necessarily nested) then
there is a subsequence m; — oo along which 07" and Oy’ nest down to z and w,
respectively. By the preceding paragraph it follows that every subsequence of the num-
bers Doh(Og”, O;") has a further subsequence which converges to 8. This implies that

limy, 00 Dy (O, O') = B. Hence the limit in (5.7) exists and equals S. L]

We have the following trivial consequence of Lemma 5.2 which allows us to bound
(<]
Dj,-distances instead of just Dj-*“distances”.

Lemma 5.5. Almost surely, the following is true.

(i) Let z,w € C be distinct and let Oy, . .., Oy be disjoint rational circles such that O;
disconnects Oj_y from O; 41 for each j € [1,k — 1]z, Op disconnects z from Oy,
and Oy disconnects w from Oy_y. Then Dy (z, w) > Zle Doh(Oj, Oj_1).

(ii) Letz,w,z’, w’ € C and suppose that A is a rational annulus which does not contain
any of z, w, z', w'. Suppose also that z, z’ lie in different connected components of
C\ A and w,w' lie in different connected components of C \ A. Then Dy (z, w) <
Dy(z,2") + Dp(w, w') + lsh(around A).

Proof. This follows by applying Lemma 5.2 with some of the rational circles equal to the
circles O} and O} in the definition (5.7) of Dy, then taking a limit as m — oo. [ ]

5.3. Lower semicontinuity
We now check assertion (1) of Theorem 1.2.

Proposition 5.6. In the coupling defined in Section 5.1, we have as_lDZ — Dy, a.s. as
& > ¢ — 0 with respect to the topology on lower semicontinuous functions defined in
Section 1.2. In particular, Dy, is lower semicontinuous.

To prove Proposition 5.6, we will check the two conditions for convergence of lower
semicontinuous functions in terms of sequences of points. The following lemma corre-
sponds to condition (A).

Lemma 5.7. Almost surely, the following is true. Let z, w € C and let {z%}.cg and
{w?}¢ecg be such that z° — z and w® — w. Then

Dp(z,w) < liminfa, ' D (2%, w®). (5.11)
E3e—0

Proof. Form € N, let O be a rational circle surrounding B,—m—1(z) with radius 27".
Similarly define OZ. For small enough ¢ € & we have z° € B,—m—1(z) and w® €
By—m—1(w), in which case O}* (resp. O}}) surrounds z* (resp. w®). Therefore,

a; ' DE(z%, wf) > a, ' Di (O, OM). (5.12)
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Taking the liminf of both sides gives
liminfa; ! DS (25, we) > D, (O™, O™), Vm e N, (5.13)
&3e—0
By (5.7), the right side of (5.11) converges to Dj(z, w) as m — oo. Hence (5.13)
implies (5.11). ]
The next lemma corresponds to the other condition (B) needed for convergence.

Lemma 5.8. Almost surely, the following is true. For each z,w € C, there exist sequences
{z%}cecg and {w®}eeg such that z° — z, w® — w, and

Dy(z,w) = 8ii€rr_1>0 a ' Di (25, wh). (5.14)

Proof. Let {O]'}men and {O7},,eN be sequences of rational circles nesting down to z
and w, respectively. For ¢ € & and m € N, let z>™ € O] and w®™ € O} be such that

a; ' Dj (5" w™) = ag ' D (0T, O}).

Then for each fixed m € N, we have a;lDZ(zs’m, wé™) — 13;,(0;", O;r) along &, so
by (5.7) we have a;lDfl(ze”", w®™) — Dy (z,w) as ¢ — 0 and then m — oo.

We will now pass to a suitable “diagonal subsequence” of z®™ in order to get a
sequence satisfying (5.14). For m € N, choose &, € & such that

a7 DE(z5™ ™) — Dp(O, 07)| <27, Ve € & withe < g, (5.15)

We can take &, to be strictly decreasing in m, so that &, — 0 as m — oo. For
each ¢ € [y, em+1) N &, we define z° := z5™ w® := w®™, and m(g) := m. Since
m(g) — oo as g, — 0, it follows that the radii of 02"(8) and O} © tend to zero as
& — 0. Therefore, z° — z, w® — w, and the definition (5.7) of Dy (z, w) implies that
lim,_o Dy (07, 01®) = D} (z, w). By (5.15),

a7 DE (25, wF) — Dp(07®, 0m @) <27E) 0 as€ 5 — 0.
Therefore, (5.14) holds. ]
Proof of Proposition 5.6. Combine Lemmas 5.7 and 5.8. ]

We note that Lemma 5.7 immediately implies the following.

Lemma 5.9. For any fixed z, w € C, a.s. Dy(z,w) < oo.

Proof. By Proposition 4.1, the random variables a ! D 5 (2, w) are tight. Consequently, it
is a.s. the case that there is a random C > 0 and a random subsequence &’ C & such that
ae_lDZ (z,w) < C foreach ¢ € &'. Hence a.s. liminf,_ as_lDZ (z, w) < co. The lemma
statement now follows from Lemma 5.7. [
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5.4. Triangle inequality

Our next goal is to check the triangle inequality for Dy, and thereby establish that Dy, is
a metric.

Proposition 5.10. Almost surely, the function Dy, satisfies the triangle inequality, i.e., for
all x,y,z € C we have

Dp(x,z) < Dp(x,y) + Du(y, 2). (5.16)

Hence Dy, is a metric on C.

The proof of Proposition 5.10 is more involved than one might initially expect, for the
following reason. Suppose { O’ }meN, {0} lmen, and {O7" }men are sequences of ratio-

nal circles nesting down to x, y, z, respectively (Definition 5.4), so that l%h(O)’C”, OJ',”) —
Dy (x, y) and similarly for (y, z) and (x, z). It is not necessarily the case that

By(02. 01 < D0, 01 + By(0. O, (5.17)

The heuristic reason for this is that the points on O} at “minimal Doh -distance” from each
of O and O* are not necessarily the same. To deal with this difficulty, we need a way
to “join up” a “path” from O}’ to Oy and a “path” from O} to O7" into a “path” from
O7" to OF (the reason for all of the quotations marks is that we do not know that “Doh-
distances” come from an actual length metric). We will do this by showing that we can
choose Oy in such a way that there is an annulus 47" with OJ as its inner boundary such
that Dh (around AT') is small, then using Lemma 5. 2 (i1). See Figure 6.

In order to ensure the existence of the annulus A}, we will work with a certain spe-
cial sequence of rational circles nesting down to y, which we construct in the following
lemma.

Lemma 5.11. There is a deterministic constant C > 0 depending only on & such that
the following is true almost surely. For each z € C, there exists a sequence {O™ };eN
of rational circles nesting down to z (Definition 5.4) with the following properties. For
m € N, let O™ be the circle with the same center as O™ and twice the radius and let
A™ be the rational annulus between O™ and O™. Then for each m € N, O™ surrounds
O™+ and

Doh (around A™) < CDO;, (across A™). (5.18)

As discussed above, the reason why the control on l%h (around A™) from condi-
tion (5.18) is useful is that it allows us to “link up paths from O™ to points outside of
O™” via Lemma 5.2 (ii). Before we prove Lemma 5.11, we record the following supple-
mentary lemma which will often be useful when we apply Lemma 5.11.

Lemma 5.12. Almost surely, the following is true. Let z € C and let {O™}eN be a
sequence of rational circles nesting down to z satisfying the conditions of Lemma 5.11.
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Also let A™ be the rational annuli as in Lemma 5.11. If there exists w € C \ {z} such that
Dp(z,w) < oo, then

lim Dy(around A™) = lim Dy (across A™) = 0. (5.19)
m—>00 m—00

Proof. By (5.18) we only need to show that lim,,_, s Doh (across A™) = 0. Fix a point
w € C \ {z} such that Dy (z, w) is finite. By possibly ignoring finitely many of the A™’s
we can assume without loss of generality that w is not contained in or disconnected from
oo by A'. By Lemma 5.11 the annuli A for m € N are disjoint. Therefore, Lemma 5.2 (i)
together with the definition (5.7) of Dy (z, w) implies that

o0
Dy(z.w) = > Dy(across A™). (5.20)

m=1

Since Dy (z, w) is finite by hypothesis and Doh (across A™) > 0 for every m € N, the sum
on the right side of (5.20) can have at most finitely many terms larger than any ¢ > 0. It
follows that lim,,,—,, Dp (across A™) = 0, as required. |

We now turn our attention to the proof of Lemma 5.11. We first prove an analogous
statement for the LFPP metrics D} using the tightness of distances around and across
Euclidean annuli (Proposition 4.1) together with the near-independence of the restriction
of the GFF to disjoint concentric annuli [45, Lemma 3.1].

ForC > 1,u € C,k € Ny, and ¢ > 0, let

E;(u;C):={Dj (around B,—x+1(u)\ By« (1)) < CDj,(across By—i+1(u)\ By (u))}.
(5.21)

Define E,i (u; C) similarly but with the localized LFPP metric ZSZ of (4.31) used in place
of Dj. We now check that Ef (u; C) occurs with high probability when C is large.

Lemma 5.13. For each p € (0, 1), there exists C > 1 (depending only on &) such that
for eachu € C and each k € Ny,

PIEf(u; C)] > p —o0(1), Ve € (0,1), (5.22)

where the 0.(1) tends to zero as € — 0 at a rate depending only on &, k, p (not on u). The
same holds with Ef (u; C) in place of Ef (u; C).

Proof. By Proposition 4.1, the random variables a;lDZ (around B,(0) \ B1(0)) and
(a; ! Dj (across B>(0) \ B1(0)))~" are tight. Consequently, we can find C > 1 such that

P[E§(0;C)] > p, Vee(0,1). (5.23)
By (4.29), we have the scaling relation

(DF*(z. )z wec £ (26e~Eh+© pr 27k 27k u)) (5.24)

z,weC’
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where h,—« (0) is the average of & over dB,—« (0). Since scaling D by a constant factor
does not affect the occurrence of E,i (u; C), we infer from (5.23), (5.24), and the transla-
tion invariance of the law of & modulo additive constant that

P[Ef(u;C)] > p, Ve e (0,27F). (5.25)

This gives (5.22).

We obtain (5.22) with £ t(u; C) in place of Ef(u; C) by replacing C by 2C and
applying Lemma 4.9 together with the translation invariance of the law of }7:, modulo
additive constant. ]

The following lemma is the main technical estimate needed for the proof of
Lemma 5.11.

Lemma 5.14. Fix a bounded open set U C C. There exists C > 1 depending only on &
such that for each K € N and ¢ € (0, 1), it holds with probability 1 — Og (27%) — 04(1)
that the following is true (here the implicit constant in the Og(-) depends only on
U, & and the rate of convergence of the 0.(1) depends only on K, U, £). For each u €
(2=K=4Z2) N U, there exists k € [K/2, K]z for which E} (u; C) occurs.

Proof. Fix p € (0, 1), close to 1, which we will choose later in a universal manner. Let C
be as in Lemma 5.13 for this choice of p, so that

P[E;(u:C)] = p—o0s(1), Vee(0,1), Vu € C, Vk € Np. (5.26)

By the locality property (4.32) of }7: (u), the event E,i (u; C) for k € [0, K]z is deter-
mined by the restriction of & to By—k+1441/2(u) \ By—«_g1/2(u). In fact, E,i (u; C) is
determined by this restriction of 2 viewed modulo additive constant since adding a con-
stant to & results in scaling 52 by a constant. In particular, if & is smaller than 272K=2,
then E ¢ (u; C) is determined by the restriction of & to By—«+2(u) \ By—«—1(u), viewed
modulo additive constant.

By a basic near-independence estimate for the restrictions of the GFF to disjoint con-
centric annuli (see [45, Lemma 3.1, assertion 1]), it follows that if p is chosen to be
sufficiently close to 1 (in a universal manner) and ¢ is sufficiently small (depending on K),
then the following is true. For each u € C,

P[E,i(u; C) occurs for at least one k € [K/2, K]Z] > 1— 0g(273K). (5.27)

By a union bound over the Ok (22X) points u € (27X#Z2) N U, we now obtain the
lemma statement with £ t(u; C) in place of EZ (u; C). The statement for EZ (u; C) (with
a slightly larger value of C) follows from the statement for E ¢ (u; C) together with
Lemma 4.9. u

Lemma 5.15. Fix a bounded open set U C C. There exists C > 1 depending only on &
such that for each K € N, with probability 1 — Og (27K) for each u € 272K72) N U,
there exists k € [K/2, K]z for which

Dy, (around By—x+1(u) \ By—k () < C Dy, (8By—ict1 (), 3By—k (u)). (5.28)
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Proof. This follows by passing to the (subsequential) limit in Lemma 5.14. ]

Proof of Lemma 5.11. Fix a large R > 1. It suffices to prove that the lemma statement
holds a.s. for each z € Br(0). By Lemma 5.15 and the Borel-Cantelli lemma, it is a.s.
the case that for each large enough K € N and each u € (27X=*7Z2) N Bg(0) there exists
k = k(u, K) € [K/2, K]z such that

Dy (around By—x+1(u) \ By—x (u)) < C Dy (across By—k+1(u) \ By—x (u)).  (5.29)

For a given z € Br(0) and K € N large enough that the preceding statement holds, let
uk e (2_K_4ZZ) N Br(0) be chosen so that z € B,—x (uX) andlet AX := B, i1 (uX)\
32 k (u ). Then each AK is an annulus surrounding z which satisfies the bound (5.18)
(with AK in place of A™) and the radii of the AK ’s tends to zero as K — oo. If we let
{A™}men be a sufficiently sparse subsequence of the AX’s, then the A™’s are disjoint
and A™ disconnects A™*! from oo for each m € N. Thus the lemma statement is true
with O™ equal to the inner boundary of A™. ]

Fig. 6. Illustration of the proof of Proposition 5.10. We use the short (by Lemma 5.12) red “path”
around AY' to join together “paths” from OF' to O} and from Of to OF" into a “path” from OF'
to OF. Note that the paths in the figure are meant to illustrate the intuition behind assertion (ii)

o
rather than to represent literal paths, since we do not know that Dy -distances are the same as Dj,-
o
distances or that Dy, is an actual metric.

Proof of Proposition 5.10. Since Dy (w,w) = 0 for any w € C, we can assume without
loss of generality that x, y, z are distinct. We can also assume without loss of generality
that Dy (x, y) and Dy (y, z) are both finite (otherwise, (5.16) holds trivially).

Let {0 }men, {0y men, and {O"}nen be sequences of rational circles nesting
down to x, y, z, respectively, which satisfy the conditions of Lemma 5.11. Also let
AT, AT, A7 be the corresponding annuli as in Lemma 5.11. By possibly dropping a
finite number of m-values, we can assume without loss of generality that O}, 01 and O}
are disjoint. By Lemma 5.2 (ii) applied with 01 = OF*, 0> = 07", Oy = 0; = Oy, and
A = A™, we have

Dy(07, 0") < Dy(O7, OI") + Dy(O, O") + Dy (around A™); (5.30)



J. Ding, E. Gwynne 3900

see Figure 6 for an illustration. By Lemma 5.12 and our assumption that Dy (x, y) < oo,
we have limy, o, Dy (around A;”) = 0. By the definition (5.7) of Dy, the triangle inequal-
ity now follows by sending m — oo in (5.30). Since Dy, is positive definite and symmetric
by definition (see the discussion just after Lemma 5.3) it follows that Dy, is a metric. =

5.5. Consistency at rational points

Recall that points in Q? are considered as rational circles of radius 0. In particular,
Dy (u, v) is defined for each u, v € Q2. The goal of this subsection is to establish the
following proposition, which implies assertion (3) of Theorem 1.2.

Proposition 5.16. Almost surely, for any u,v € Q2, we have Dy (u,v) = l%h (u, v).

The proof of Proposition 5.16 is based on Lemma 5.11 together with the following
lemma, which is a consequence of the explicit bounds for point-to-point distances from
Lemma 4.5.

Lemma 5.17. For each fixed z € C, we have a;! D;(z,w) — Oinlaw as ¢ — 0 and then
w — Z.

Proof. By Lemma 4.5 and the fact that the random variables ®g x (z) are Gaussian with
variance k log 2, it is easily seen that /X;IDO,,, (z, w) = 0 in law as n — oo and then
w — z. The lemma statement follows by combining this with Lemma 4.10. |

As a consequence of Lemma 5.17, we have the following.

Lemma 5.18. Almost surely, for each u € Q? and each sequence {O™ ) men of rational
circles nesting down to u, we have limy,—o Dp(u, O™) = 0.

Proof. By countability it suffices to prove the lemma for a fixed u € Q2. Let g € Q2 \ {u}.
Since l%h (u,q) =limeoa;! Dj (u,q), it follows from Lemma 5.17 that Doh (u,q) = 0in
law (hence also in probability) as ¢ — u. If g is not surrounded by O}, then Lemma 5.2 (i)
(applied with O; = {u}, O, = O™, and O3 = {q}) implies that Bh(u, om < Bh(u,q).
Since the radius of O™ tends to zero as m — oo, we infer that Bh (u, O™) — 0 in proba-
bility as m — oo. Since 13;, (u, O™) is decreasing in m (Lemma 5.2 (i)), it follows that in
fact Bh(u, 0O™) — 0as.asm — oQ. |

Proof of Proposition 5.16. If u = v then obviously Dy (u,v) = Doh (u,v) = 0. By count-
ability it therefore suffices to prove the lemma for a fixed choice of distinct points
u,v € Q% with u # v. Let {O™},yen and {O™}men be sequences of rational circles
nesting down to u and v, respectively, which satisfy the conditions of Lemma 5.11. Also
let 5;” 51’)” and A", A7' be the corresponding outer circles and rational annuli as in
Lemma 5.11. Then Dy, (u,v) = limy, e Doh(O;", O"). It is obvious from Lemma 5.2 (ii)
that Doh(O;", or) < Doh(u v) for each m € N, whence Dy, (u,v) < Doh(u, v). We only
need to prove that Doh (u,v) < Dp(u,v).
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Fig. 7. Illustration of the two applications of Lemma 5.2 (ii) in the proof of Proposition 5.16. In each
case, the lengths of the purple and red “paths” are each at most §. Note that the paths in the figure
are meant to illustrate the intuition behind assertion (ii) rather than to represent literal paths, since

we do not know that Dh -distances are the same as Dy,-distances or that D 5 1s an actual metric.

By Lemmas 5.12 and 5.18, we find that for each § > 0 and large enough m € N,
Dp(u.0™) <8, Dy(around A™) < §, (5.31)

and the same is true with v in place of u.

See Figure 7 for an illustration of the next steps of the proof. By Lemma 5.2 (ii)
(applied with Oy = {u}, O] = 5;”, 0, = O], 0, = O, and A = A}) together
with (5.31),

Bh(u, 0y) < Doh(OL", om + l%h(u, 5,;") + 5h(around A7) < 5;,(0;”, o) + 26.
(5.32)

By another application of Lemma 5.2 (ii) (with Oy = {u}, O] = O, O, = {v}, O} =
01')", and A = A7) together with (5.31),

Dp(u,v) < Dy(u, O™) + Dy(v, O™) + Dy (around A™) < Dj(u, O7) +25.  (5.33)

Applying (5.32) to bound the right side of (5.33) gives Doh (u,v) < Dp(O7, O) + 46.
Sending m — oo gives Dy, (u,v) < Dp(u,v) + 44. Since § > 0 is arbitrary this concludes
the proof. ]



J. Ding, E. Gwynne 3902

5.6. Holder continuity and thick points

In this subsection we will prove several quantitative properties of Dy which are part of
Theorems 1.2 and 1.3. We start with the following proposition, which is assertion (2) of
Theorem 1.3.

Proposition 5.19. Almost surely, limg—, o Dy, (K, dBr(0)) = oo for every compact set
K C C. In particular, every Dy-bounded subset of C is also Euclidean bounded.

Proof. Choose a rational r > 0 such that K C B,(0). By Lemma 4.12 and (5.1), for any
T >1,

ollim P[D4(3B,(0), 0Bg/2(0)) > T] = 1. (5.34)

By Lemma 5.5 (i) (applied with z € K, w € 0Bg(0), Op = 0B, (0), and O, = 0Bg/2(0)),

we have Dy, (K, dBg(0)) > 13;, (0B, (0), 0Bg/2(0)). The proposition statement therefore
follows from (5.34). [

The next proposition is assertion (3) of Theorem 1.3.

Proposition 5.20. Almost surely, the identity map from C equipped with the metric Dy,
to C equipped with the Euclidean metric is locally Holder continuous with any exponent

less than [£(Q + 2)] L.
For the proof of Proposition 5.20 we need yet another variant of Proposition 2.4.

Lemma 5.21. Let A C C be a rational annulus and define the constants c, for r in
Q N (0, 00) as in (5.5). There are constants cgy, c1 > 0 depending only on A, £ such that
for each rational r > 0, each q € Qz, and each T > 3,

P[l%h(across rA + q) < T Ve, efhr@] < ¢gec1llog T)? (5.35)

and
P[Doh(around rd +q) > Tcregh’(‘”] < coe_cl(logT)2/1°g1°gT. (5.36)

Proof. We first note that by the translation invariance of the law of &, modulo additive

constant, e_gh’(q)lgh (across rA + q) 4 e—éhr(O)ﬁh (across rA), and the same is true for
l%h (around rA + g). Therefore, it suffices to prove the lemma in the case when g = 0. In
this case, the lemma follows from Lemma 4.11 upon sending ¢ — 0 along &, using (5.3) to
deal with the convergence of circle averages, and using (5.5) to deal with the convergence
of ra,/¢/as. [ ]

Proof of Proposition 5.20. Fix R > 1. We will show that a.s. there is a random constant
¢ € (0, 1) such that

Dp(z,w) > clz — w|‘§(Q+2)+§, Vz,w € Bgr(0). (5.37)
For k € N and u € (27%74Z2) N Bg(0), define the rational annulus

Ax(m) := By—k (u) \ By—x—1(u). (5.38)
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By Lemma 5.21 (applied with 7 = 2%% and r = 27%), there are constants co, c; > 0
depending only on £ and ¢ such that for each such k and u,

]P’[Doh (across Ay (u)) < Z_Ekcz—k etk (0)] < coe_clkz. (5.39)

By taking a union bound over all u € (2¥74Z2) N Bg(0) and possibly adjusting co, ¢
to absorb a factor of Ok (4X), we find that for each k € N, with probability at least

—c1k2
1 —cope 1%,

13h(across Ar(u)) > Z_Ckcsz ek @ vy € (2_1‘_422) N Br(0). (5.40)

Each of the random variables h,-x(u) is centered Gaussian with variance
klog2 4+ Og(1). Therefore, the Gaussian tail bound and a union bound over all u in
(27%=272) N Bg(0) shows that with probability at least 1 — co2~[2+8)?/2-2)k],

|hy—i ()] < 24 O)klog2, Yu e (27%742%) N Bg(0). (5.41)

By the Borel-Cantelli lemma, a.s. there exists K € N such that (5.40) and (5.41) both
hold for all k > K. Henceforth assume that this is the case. For distinct z, w € Br(0) with
|z —w| <27%72 choose k = k(z, w) > K such that 27%*1 < |z — w| < 27%%2, There
isau € (27%74Z2) N Bg(0) such that z and w lie in different connected components of
C \ Ag(u). By Lemma 5.5 (i), followed by (5.40) and (5.41),

Dy(z,w) > 13h(across Ar(u)) > 2_(25+(1+5)§)kc2_k. (5.42)

Since c,—x = 27§%k+ox () by (5.6), we deduce from (5.42) that Dj(z, w) >
27 [EQ@+2)+C+Ek where ¢y > 0 is a deterministic constant depending only on &, ¢ (note
that we have absorbed the 2%+ ®) into an extra factor of 26%). By replacing ¢ by £/(2 + &)
and recalling our choice of k = k(z, w), we find that a.s. for each large enough K € N,

Dy(z,w) > col|z — w|E(Q+2)+§, Vz,w € Br(0) with |z —w| <27K71. (543)

We now obtain (5.37) by replacing co by a smaller, K-dependent constant ¢ to deal with

the case when |z — w| > 27K-1, |

Finally, we prove assertion (6) of Theorem 1.3.

Proposition 5.22. Let « > Q. Almost surely, for each a-thick point z of h, we have
Dy(z,w) = oo foreveryw € C \ z.

Proof. Fix R > 1. We will prove that the condition in the lemma statement holds a.s. for
each «-thick point in Bg(0). By Lemma 5.21 (applied with T = 2k2/3) and a union bound
over all u € (272K7Z2) N Bg(0), there are constants o, ¢; > 0 depending only on R, ¢, &
such that with probability at least 1 — coe_clk4/3,

Dy (across By—« (u) \ By—x—1(u)) > yk?3 ket k@ vy e 272 72) N Bg(0).
(5.44)
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By the Borel-Cantelli lemma, a.s. (5.44) holds for all large enough k € N. By a basic
continuity estimate for the circle average process (see, e.g., [51, Proposition 2.1]), a.s.
there exists a random constant C > 1 such that for all z, w € Br(0) and all » € (0, 1),

|y (2) = by (w)| < Cr 12|z —w|1=9/2, (5.45)

Henceforth assume that (5.44) holds for large enough k € N and (5.45) holds. Let
z € Bg(0) be an a-thick point, so that s,—« (z) > (@ + 0x(1))k log2 as k — oo. For
k € N, choose uy € (272Z2) N Br(0) such that z € By—2k+1(ug). By (5.45),

|hy—ic (2) = hyi (ug)| < C27H2Q72AHU=D/2 — 5, (1) ask — 0. (5.46)
Therefore, hy—« (ur) > (o + o (1))k log 2. By (5.44),
13;, (across By« (ug) \ By—k—1 (uk)) > Ch—k pfaktor (k) (5.47)

By (5.6), cy—x = 282k+0x () 50 the right side of (5.47) is at least 26 @~ Qk+ok &) which
tends to 0o as k — oo. For any w € C \ {z}, the annulus B,—« (ux) \ By—x—1(ug) dis-
connects z from w for large enough k. Therefore, Lemma 5.5 (i) implies that

Dy(z, w) > limsup Dy (across By—k (ug) \ By—k—1(ug)) = oo. n

k—o00

5.7. Singular points, completeness, and geodesics

We know from Proposition 5.22 that Dy, takes on infinite values when & > &.;. We now
provide additional detail on which pairs of points can lie at infinite distance from others.
As in Theorem 1.3, we say that z € C is a singular point for Dy, if Dy(z, w) = oo for
every w € C \ {z}.

By Lemma 5.9, for a fixed z € C, a.s. z is not a singular point for Dy. In particular,
the set of singular points a.s. has Lebesgue measure zero. On the other hand, by Proposi-
tion 5.22, a.s. each a-thick point of /# for @ > Q is a singular point for Dj,. In particular,
if O < 2 (equivalently, £ > &) then a.s. the set of singular points is uncountable and
dense.

We will now show that two points can be at infinite Djp-distance from each other
only if at least one of them is a singular point. In particular, Dy, is a finite metric on
C \ {singular points} (we already know that Dy, is a metric from Proposition 5.10).

Lemma 5.23. Almost surely, the following is true. Suppose z,z’', w, w’ € C such that
z#£z, w#w, Dy(z,z') < oo, and Dp(w,w’) < 0o. Then Dy(z,w) < oo. In particular,
if z,w € C are such that Dy(z, w) = oo, then either z or w is a singular point for Dy,

Proof. See Figure 8 for an illustration. Let A, be a rational annulus such that z (resp. z’)
lies in the bounded (resp. unbounded) connected component of C \ A, and let O, be the
inner boundary of A,. Similarly define Ay, and O,,.

By Lemma 5.8, we can find sequences of points zg, Zé for ¢ € & such that z, — z,
zl — 7/, and a; ' Dy(z¢,z.) — Dy(z,z'). For small enough ¢ € &, z; (resp. z.) lies in the



Tightness of supercritical Liouville first passage percolation 3905

bounded (resp. unbounded) connected component of C \ A;. Using that Dj is a length
metric, we can concatenate paths (see Figure 8) to get

Dj(ze, Ow) < Dj(2¢.2,) + D; (O, Oy) + Dj(around A;). (5.48)

Dividing by a; in (5.48), taking the liminf of both sides, and applying Lemma 5.7 on the
left gives

Dy(z, 0p) < Dy(z,2') + Dp(0;, Ow) + Dy(around 4;) < oo. (5.49)

We will now use a similar argument to prove an upper bound for Dy (z, w) in terms
of Dy(z, Oy,). To this end, let x € Oy, be chosen so that D (z, x) < Dp(z, Oy) + 1. We
use Lemma 5.8 to choose sequences of points w, — w, w, — w', ze — z,and x; — x
such that

lim Dj(we,w,)=Dp(w,w’) and lim Dp(ze,x;)=Dp(z,w) <Dp(z, Oy)+38.
E3e—0 &30

Using that Dj is a length metric, we can concatenate paths (see Figure 8) to get
Dj(ze. we) < Dj(we, wy) + Dj (around Ay) 4+ Dj, (we, X). (5.50)

Dividing by a; in (5.50), taking the liminf of both sides, and applying Lemma 5.7 on the
left gives

Dy(z,w) < Dp(w,w) + Doh(around Ay) + Dp(z, Oy) + 1, (5.51)

which is finite due to (5.49).

To get the last assertion of the lemma, we note that if neither z nor w is a singular
point then there exist z # z and w’ # w such that Dy (z,z’) < oo and Dy (w, w’) < oo,
which implies that Dy (z, w) < oo by the first assertion. |

To complete the proofs of our main theorems, it remains to establish that Dy is a
complete geodesic metric on C \ {singular points}. We start with completeness.

Proposition 5.24. Almost surely, every Dy -Cauchy sequence is convergent. In particular,
the restriction of Dy, to C \ {singular points} is complete.

Proof. Let {z,}nen be a Cauchy sequence with respect to Dy. Then {z,},eNn is Dp-
bounded, so by Proposition 5.19, {z, }neN is contained in some Euclidean-compact subset
of C. By Proposition 5.20, {z, }»eN is also Cauchy with respect to the Euclidean metric,
so there is a z € C such that |z, — z| — 0. We need to show that Dy(z,,z) — 0. To
this end, let ¢ > 0. By the Cauchy condition, we can find n, = n«(¢) € N such that
Dy(zn, zm) < € for all n,m > n,. By lower semicontinuity (Proposition 5.6), for each
n > ny we have Dy (z, z,) < liminfy,_, o Dp(zm, zn) < &. [ ]

Proposition 5.25. Almost surely, the restriction of Dy, to C \ {singular points} is a
geodesic metric, i.e., for any z,w € C with Dy(z, w) < oo, there is a path from z to
w of Dy-length exactly Dy (z, w).
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Fig. 8. Illustration of the proof of Lemma 5.23. Left: The union of the red paths includes a path
from z; to Oy, which leads to (5.48). Right: The union of the blue paths contains a path from wg
to zg, which leads to (5.50).

Proof. Recall that Dy, is a complete metric on C \ {singular points} (Proposition 5.24).
So, by [14, Theorem 2.4.16], it suffices to show that for any non-singular points z,w € C,
there exists a midpoint between z and w, i.e., a point x € C such that Dy(z, x) =
Dy(w,x) = %Dh (z, w). Note that Lemma 5.23 implies that Dy (z, w) < oo.
To produce such a midpoint, let z°¥ — z and w® — w be sequences as in Lemma 5.8,
so that
Dyp(z,w) = }31191; a, ' Df(z5, w®). (5.52)

Since DZ is a smooth Riemannian distance function, it follows that DZ is a geodesic
metric. Therefore, for any z, w € C there is a point x® € C (i.e., the midpoint of the
Dy -geodesic from z® to w®) such that Dy (z%, x*) = Dj(w®, x¥) = %Dfl(zg, w?). By
Proposition 5.19, it holds with probability tending to 1 as ¢ — 0 and then R — oo that
x¢ € Bg(0). Since Br(0) is compact, we can a.s. find a subsequence &’ of & and a point
x € C such that x* — x. By Lemma 5.7,

1 1
Djy(z.x) < liminf a; ' Dj (z°, x°) = = liminf a; ' D} (z°, w®) = = Dy(z,
n(z,x) < glglsmo ag Dy (z°,x°) 281/1;18130(18 n (25, w*) 7 n(z,w)

where the last equality is by (5.52). Similarly, Dy (w, x) < %Dh (z,w). By combining this
with the triangle inequality (Proposition 5.10), we get

Dy(z,w) < Dy(z,x) + Dp(w, x) < %Dh(z, w) + %Dh(z, w) = Dyp(z,w). (5.53)
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Hence both inequalities must in fact be equalities, which is only possible if Dy (w, x) =
Dp(z,x) = %Dh(z,w). L]

5.8. Proofs of main theorems

We have now proven all of the assertions of our main theorems. Here, we record exactly
where each assertion was proven.

Proof of Theorem 1.2. Assertion (1) is proven in Proposition 5.6. Assertion (2) is proven
in Proposition 5.10. Assertion (3) follows from Proposition 5.16 and the fact that our
original coupling was chosen so that a1 Dy (u,v) — Dp(u,v) foreachu,v € Q2. Asser-
tion (4) follows from (5.5) and (5.6). ]

Proof of Theorem 1.3. Assertion (1) is proven in Lemma 5.9. Assertion (2) is proven
in Proposition 5.19. Assertion (3) is proven in Proposition 5.20. Assertion (4) follows
from Lemma 5.23 and Proposition 5.24. Assertion (5) follows from Proposition 5.25.
Assertion (6) is proven in Proposition 5.22. |

Appendix A. Gaussian estimates

Here we record some elementary estimates for Gaussian random variables which are
needed for our proofs.

Lemma A.l. Let X = (X1, ..., Xn) be a centered Gaussian vector such that
max;e([i ], varX; = 02 LetC >0andlet F :R" — R be a function which is C -Lipschitz
continuous with respect to the L>° norm. We have

Var F(X) < C%¢? (A.1)
with a universal implicit constant.

Proof. Let m be the median of F(X) and let B := F~!((—oco0, m]) and B’ :=
F~1([m, 00)). Then P[X € B] > 1/2 and P[X € B’] > 1/2. By a standard Gaussian
concentration inequality (see, e.g., [28, Lemma 2.1]), there is a universal constant ¢ > 0
such that for each T > ¢y0,

T — 2
IE”[min|X—x|oo > T] < ¢ exp —ﬂ (A.2)
XEB 202

and the same is true with B’ in place of B. Hence, with probability at least 1 —
2¢o exp(—%), there exist x, X' € R” such that F(x) < m, F(x') > m, and

max {|X — X|eo, |X — X'|oo} < T. Since F is C-Lipschitz, this means that

FX)—m < F(X)— F(x) < C|X —x|oo < CT, (A3)
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and similarly F(x) —m > —CT. Hence for T > cy0,

P[[F(X) —m| > CT] < co exp(—%). (A4)
By substituting S = CT in (A.4), we compute
Var F(X) < E[(F(X) —m)?]
= Z/OOOSIP[|F(X)—m| > S1dS
)2
< Czcg(r2 + 2¢p /Ccoo S exp(—%) ds. (A.5)

The last integral is equal to 27 CoE[(Y + Ccpo)l(y>0)] Where Y is a centered Gaussian
random variable with variance C202. Hence this integral is bounded above by a universal
constant times C 202, Combining this bound with (A.5) now yields (A.1). n

Lemma A.2. Let R > 1 and let X be a centered Gaussian random variable with variance
R. Also let &, 8 > 0. We have

E[egx]l(X<ﬂR)] — e(f(é/\ﬁ)—(f/\ﬂ)z/Z)R-i-o(R) as R — oo. (A.6)
Proof. By the Gaussian tail bound,

E[e** 1x<pr)] = " PRP[X € [ AB)R—1.(5 A B)R]]
> e(S(EAﬁ)—(E/\ﬁ)Z/Z)R+o(R). (A.7)

This gives the lower bound in (A.6).

To prove the upper bound, fix a small parameter { > 0. Let0 = op < o] < -+ < an
= B be a partition of [0, 8] with max;e[1, 51, (@ —i—1) < . By the Gaussian tail bound,
foreachi € [1, N]z,

P[X € [0;-1 R, a; R]] < e %-1R/2, (A.8)

We can therefore compute

N
E[e*1x<pr)] = Ele™ Lx<o)] + D Ele™ Lixeo;— Ry )]
i=1

N
§1+Ze(§a,‘—(¥l—2_l/2)R < 1 + max e(i—'o{—az/z-f't)g(l))R (A9)
P wel0.]

where in the last line we used that o; — ;1 < {. Here, 0¢(1) denotes a deterministic
quantity which converges to 0 as { — 0 and depends only on &, 8. The maximum of
£ —a?/2overall @ € [0, B] is attained at £ A B, where it equals £(§ A B) — (€ A B)?/2.
Plugging this into (A.9) and letting { — O sufficiently slowly as R — oo now gives the
upper bound in (A.6). ]
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