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Abstract. In this paper, we propose a new scheme for the integration of the periodic nonlinear
Schrodinger equation and rigorously prove convergence rates at low regularity. The new integrator
has decisive advantages over standard schemes at low regularity. In particular, it is able to handle
initial data in HS for 0 < s < 1. The key feature of the integrator is its ability to distinguish between
low and medium frequencies in the solution and to treat them differently in the discretization. This
new approach requires a well-balanced filtering procedure which is carried out in Fourier space.
The convergence analysis of the proposed scheme is based on discrete (in time) Bourgain space
estimates which we introduce in this paper. A numerical experiment illustrates the superiority of
the new integrator over standard schemes for rough initial data.

Keywords. Numerical analysis of nonlinear Schrodinger equations, discrete Bourgain spaces, low
regularity, error analysis

1. Introduction

We consider the cubic periodic Schrodinger equation (NLS)
idu = —Biu + [ul*u, (t,x)eRxT, (1.1)

which, together with its full space counterpart, has been extensively studied in the literat-
ure. In the last decades, Strichartz estimates and Bourgain spaces allowed various authors
to establish well-posedness results for dispersive equations in low regularity spaces (see
[2,3,20,21]). The numerical theory of dispersive PDEs, on the other hand, is still restric-
ted to smooth solutions, in general. In the case of the nonlinear Schrodinger equation (1.1)
this stems from the following two reasons:

Alexander Ostermann: Department of Mathematics, University of Innsbruck,
Technikerstr. 13, 6020 Innsbruck, Austria; alexander.ostermann @uibk.ac.at

Frédéric Rousset: Laboratoire de Mathématiques d’Orsay (UMR 8628), Université Paris-Saclay,
CNRS, 91405 Orsay Cedex, France; frederic.rousset@universite-paris-saclay.fr

Katharina Schratz: LJLL (UMR 7598), Sorbonne Université, UPMC,
4 place Jussieu, 75005 Paris, France; katharina.schratz@ljll.math.upme.fr

Mathematics Subject Classification (2020): Primary 65M10; Secondary 65M70, 35Q55


https://creativecommons.org/licenses/by/4.0/
mailto:alexander.ostermann@uibk.ac.at
mailto:frederic.rousset@universite-paris-saclay.fr
mailto:katharina.schratz@ljll.math.upmc.fr

A. Ostermann, F. Rousset, K. Schratz 3914

(A) Standard time stepping techniques, e.g., splitting methods [13] or exponential integ-
rators [6], are based on freezing the free Schrodinger flow S(¢) = e’ % during a step
of size r. Such freezing techniques, related to Taylor series expansion of the linear
flow, however, produce derivatives in the local error terms restricting the approx-
imation property to smooth solutions. More precisely, for first-order methods, the
expansion of the free flow S( + &) = S(t) + O(102), 0 < £ < t, requires the
boundedness of (at least) two additional derivatives, while higher-order approxima-
tions increase the regularity requirements by two more derivatives for each additional

order.

(B) Standard stability arguments in addition require smooth Sobolev spaces. Indeed, they
rely on classical product estimates

Ifgllas = Clflasliglas. s> 1/2,

to handle the nonlinear terms in the error analysis. This restricts the global error
analysis to smooth Sobolev spaces H® with s > 1/2 leaving out the important class
of L? spaces.

The standard local error structure introduced by the Schrodinger operator, i.e., the loss
of two derivatives, together with a standard stability argument thus restricts global first-
order convergence to H2+1/2+¢ solutions (for any & > 0). Using a refined global error
analysis, by first proving fractional convergence of the scheme in a suitable higher-order
Sobolev space (which implies a priori the boundedness of the numerical solution in this
space [13]), allows one to obtain stability in L2 for H'Y/2%¢ solutions. Howeyver, due to
the standard local error structure (9(128)26), the first-order convergence rate is neverthe-
less only retained for H? solutions. The latter is not only a technical formality. The order
reduction in the case of nonsmooth solutions is also observed numerically (see, e.g., the
examples in [10, 16] and Fig. 1 in Section 9 below). Very little is known on how to over-
come this problem.

Recently, the first obstacle (A) could be overcome partly by developing specifically
tailored schemes which optimize the structure of the local error approximation. This has
been achieved by employing Fourier based techniques that are able to discretize the central
oscillations in an efficient and correct way (see [7, 16, 17, 19]). The second obstacle (B),
on the other hand, is much harder to circumvent. The control of nonlinear terms in PDEs
is an ongoing challenge in (computational) mathematics at large, and in contrast to the
parabolic setting no pointwise smoothing can be expected for dispersive PDEs. On the
continuous level, however, important space time estimates featuring a gain in integrability
can be used to extend well-posedness results to lower regularity spaces H® with s < 1/2.
On the full space, the Strichartz estimates
itd>

|le ”0||L‘,’L§ <cgrluollz for2 <gqg,r <oo0,2/q+1/r =1/2, (1.2)

can be used. In the periodic setting, though waves do not disperse, one can gain integrabil-
ity by using Bourgain spaces (we shall give the definition of these spaces in Section 2).
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For (1.1) on the torus, the crucial estimate used in the analysis is

lullLs@xry = Cllullxo.ss (1.3)

which leads to global well-posedness for initial data in L2. We refer for example to [2, 3,
20,21].

The natural question therefore arises: To what extent can we inherit this subtle smooth-
ing property on a discrete level? The critical issue here is twofold: the estimates (1.2)
and (1.3) are not pointwise in time and moreover their gain lies in integrability and not
regularity. Discrete versions of these estimates are therefore delicate to reproduce. At the
same time they are essential for establishing numerical stability in the same space where
we have stability of the PDE. While discrete Strichartz-type estimates were successfully
employed on the full space R4 (see, e.g., [8,9, 15]) a global low regularity analysis on
bounded domains © C R¢ remains an open problem. The step from the full space to the
bounded setting is — as in the continuous setting — nontrivial due to the loss of dispersion.
Strichartz estimates are weaker on bounded domains as the solution cannot “disperse” to
infinity in space. Nevertheless bounded domains are computationally very interesting as
spatial discretizations of nonlinear PDEs are in general restricted to truncated domains.

In this work we introduce discrete Bourgain spaces for the periodic Schrédinger equa-
tion (1.1). This will allow us to break standard stability restrictions on the torus. In
particular, we establish a discrete version of (1.3) permitting L2 error estimates in H*
also for s < 1/2. Note that the resulting stability analysis can be extended to various other
numerical schemes, e.g., splitting methods. For the discretization of (1.1) we propose a
new twice-filtered Fourier based technique that correctly discretizes the central oscilla-
tions of the problem. In particular, it involves a frequency localization through a filter [Tg
(see (1.8)) which projects on frequencies |k| < K and which will allow us to optimize
the total (time and frequency) discretization error. This novel discretization approach can
be applied to a larger class of dispersive equations. For simplicity, however, we restrict
our attention here to the cubic Schrodinger equation. The precise form of the proposed
scheme is given in (1.11) below. Employing the particular structure of its local error in
combination with the stability bounds that result from our discrete Bourgain type estim-
ates we can prove the following global error estimate.

Theorem 1.1. Forevery T > 0anduy € H*°, 0 < 59 < 1, denote by u € €([0,T], H*°)
the exact solution of (1.1) with initial datum uo, and by u” the sequence defined by the
scheme (1.11) below. Then we have the following error estimates:

() for K=1"Y2and 0 < s¢g < 1/4, there exist tg > 0 and Ct > 0 such that for every
step size T € (0, 1o],

[u? —u(ta)| 2 < Cre™/?, 0<nt <T; (1.4)

(i) for 1/4 < 59 < 1/2, and any ¢ > 0 such that 1/4 + & < so, with the choice K =

_so+l/878/2
T Sot1/2 there exist g > 0 and Ct > 0 such that for every step size Tt € (0, o],

__ 1
" = u(tn)llp2 < Crr™ o zost G+ g < < T, (1.5)
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(iii) for 1/2 < s9 <1 and ¢ € (0, 1/4), with the choice K =t 50 (1/8+8/2), there exist
19 > 0 and Ct > 0 such that for every step size T € (0, 79],

lu? —u(tn)ll g2 < Cprso~ U84/ 0 <pr < T. (1.6)

In case (i), the error estimate we obtain for our new Fourier based discretization is not
better than the one we would expect for standard schemes (based on classical Taylor series
expansion techniques). The interesting feature, however, is that the analysis we develop is
able to provide an error estimate even for data at this low level of regularity. So far error
estimates (even with arbitrarily low order of convergence) were restricted to solutions (at
least) in H®, s > 1/2. We note that our analysis can be employed for a large class of
schemes, e.g., splitting methods or exponential integrators.

In cases (ii) and (iii), we observe that we get a better estimate than 750/2 which is the
one we would expect for standard numerical schemes with a loss of two derivatives in the
local error (cf. (A)). Observe, for example, that for so = 1, we get an error estimate of
order 7/8, which is much better than the standard /2. Note that it is even (slightly) bet-
ter than the convergence order 7°/¢ which we obtained with the help of discrete Strichartz
estimates on the full space in [15], though dispersive effects are much weaker in the peri-
odic case. This comes from our improved Fourier based discretization with the use of
the two different filters I1,—1,> and I1g. The favourable error behaviour is numerically
underlined in Fig. 1 (see Section 9 below).

It seems also possible to extend the analysis developed in this paper to higher dimen-
sions and more general nonlinearities. A large part of the framework that we introduce
can be readily extended; the central task would be to establish the corresponding discrete
counterpart of the continuous Bourgain estimates given in [2] in the various cases, as done
here in Lemma 3.6.

The main idea in our discretization is the following. Instead of attacking (1.1) directly,
we discretize the projected equation

i0,u® = —02uX + 2T g (TT,—1/2u® T -1 00 Ty uX)
+ Og (T —1/2u® T 120X TIguK), (1.7)

where the projection operator I1z for L > 0 is defined by the Fourier multiplier
—id —
n, = xz(T") =T, (1.8)

and where I+ projects on the intermediate frequencies V2 < k| < K, ie.,
g+ =g — I —1/2. (1.9)

Here y is a smooth nonnegative even function which is 1 on [—1, 1] and supported in
[—2,2]. The number K > 1 is considered as a parameter that will later depend on the step
size 7. Note that the projection operator I1x in Fourier space reads

— — L
Ng¢y = ¢ZX2(E)’ teZ.
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Splitting methods with numerical filters have been successfully introduced in [1] for non-
linear Schrodinger equations in the semiclassical regime with attractive interaction to
numerically suppress the modulation instability.

Here, the relation between K and t can be seen as a CFL-type condition linking
the time discretization parameter to the highest frequency in the system. We optimize
this relation in such a way that the optimal rate of convergence is achieved for a given
regularity; see Theorem 1.1.

The reason why we base our discretization on (1.7) is twofold. First, we consider

10,05 = —020K 4 Mg (INgoX P TigoX),  vE(0) = Tguo, (1.10)

as an intermediate problem for the single-filtered equation where all high frequencies are
truncated. The difference between solutions of (1.1) and (1.10) is estimated in Corol-
lary 2.6 and easy to control. Second, we refine the truncated model (1.10) by consid-
ering a second projection IT_—1,2 to low frequencies. Roughly speaking, each function
with frequencies below K is then decomposed into two parts: low frequencies for which
|k| < t='/2 and the remaining intermediate frequencies. Since the original problem is
cubic, these two projections lead to six terms in total. For our discretization, we only con-
sider those terms in which two of the factors are of low frequencies. This motivates us to
consider the twice-filtered equation (1.7) as an approximation to (1.1).

The discretization of the twice-filtered Schrodinger equation (1.7) is carried out in
such a way that the terms with intermediate frequencies t~'/2 < |k| < K are treated
1/2 are approximated in a
suitable manner. This approach allows low regularity approximation of solutions of (1.1).
Motivated by our previous work [11], we thus propose the following numerical scheme:

exactly, while the lower order terms with frequencies |k| < 7~

n+l _. 5K ,n
uy =107 ul)
_ itd3 n_ 9Tl iraigr(n 7 10 n T n)
=e'"%y] —2illge T 12Uy, Mg+ ul, T —1/2u7
. iT02 —n
—iMge' > g3 (Mguy, T —12uf, T —12u7),

= Mku(0),

(1.11)

=}

where

I 02 a3 a2
3’{(1}171)2»”3) = Ee itd7 [(e”axaxlvz)e”axaxl(v1v3)]

i _ — —_
- 5(3xlvz)axl(vlv3) + 7(v2)ov1v3 + T(v2 — (v2)0) (V1V3)0,
(1.12)
5‘;(01 Vs, U3) — %e—ir?ﬁ 3;1 [(e—m‘ﬁ a;lvl)(eirﬂ)zc U21)3)]
i B I _ -
- §8x1(v2v38x1v1) + 1(v1v2v3)0 + T(v1)o(v2v3 — (V2V3)0).

(1.13)
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Here, for any function f € L2(T) we define the operator 9, ! by

L () =D (k) feekE

k#0

Note that »? in (1.11) is considered as an approximation to the exact solution of the
nonlinear Schrodinger equation (1.1) at time ¢, = nt.

Outline of the paper. The paper is organized as follows. In Section 2, we recall the main
steps of the analysis of the Cauchy problem for (1.1) and we use them to estimate the dif-
ference between the exact solution of (1.1) and the solution of the projected equation (1.7).
In particular, we prove that

1
sup flu —u®| 2 < CT( + rm); (1.14)
[0.7] Ko

see Corollary 2.6 and Proposition 2.7.

In Section 3, we introduce a notion of discrete Bourgain spaces for sequences (1), €
(L*(T))N and prove their main properties. The crucial property for the error analysis is
the following L* estimate:

1/2y1/2
Mk unllags < COKTY2) 2 lunllyo3s,

which holds uniformly for K > t=!/2 and 0 < ¢ < 1. This estimate is proven in Sec-
tion 8. The /Z norm for vector valued sequences is defined in (3.21). From this property,

we see that the choice K = t~1/2

allows one to get an estimate without loss similar to
the continuous case (1.3). Nevertheless, such a choice of K yields a rather bad space dis-
cretization error (1.14). We shall thus optimize K by taking it of the form K = t~%/2 for
a € [1,2] to get the best possible total error.

In Section 4, we establish embedding estimates between discrete and continuous
Bourgain spaces.

In Section 5, we analyze the local error of our scheme, and in Section 6 we provide
global error estimates. Finally, in Section 7, we prove the main error estimate of The-
orem I.1.

We conclude in Section 9 with numerical experiments underlying the favourable error
behaviour of the new scheme for rough data.

Notations. We close this section with some notation that will be used throughout the
paper. For two expressions a and b, we write a < b whenever a < Cb with some constant
C > 0, uniformly in 7 € (0, 1] and K > 1. We further write @ ~ b if b < a < b. When
we want to emphasize that C depends on an additional parameter y, we write a <, b. In
cases where a certain estimate holds for all parameters p > g (with constants that might
blow up for p tending to ¢) we say that this estimate holds for ¢ . In the same way, we
use the notation ¢g_ to indicate the number g — ¢ for any (fixed) € > 0. Further, we denote
()=0+]-P2
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2. Cauchy problem for (1.1)

Let us recall the definition of Bourgain spaces. A tempered distribution u (¢, x) on R x T
belongs to the Bourgain space X*? if the following norm is finite:

2s
[l yseo = ([ Z(1+|k|) (14 |o + k2))?P|ii(0, k)|? do) /2, 2.1)
RkeZ

where # is the space-time Fourier transform of u:
(o, k) = / eT1OTIRxy (1, x) dt dx.
RxT

We shall also use a localized version of this space: u € X*?(I') where I C R is an open
interval if [|u| xs.0(fy < 00, where

lllxs.ocry = inf{{lllys0 2 2lr = u}.

When I = (0, T') we will often simply use the notation X2 (T).
We shall now recall well-known properties of these spaces. For details, we refer for
example to [2], and the books [12,21].

Lemma 2.1. For n € €°(R), we have

192

@)™ fllxss <np | fllas, seR, beR, feH(T), (2.2)

In@ullxse <pp llullxss, s€R,beR, (2.3)

G/ Tyullgss g TP ullyss, se€R,—1/2<b' <b<1/2,0<T <1,

(2.4)

t

Hn(z) / ! F(5) ds ) <ub | Fllxso—1, seR, b>1/2, (2.5)
—00 Xs-

||u||Loo(]R,Hs) sb ||M||Xs.b, b > 1/2, s € R. (26)

We actually have the continuous embedding X ** ¢ €(R, H®) for b > 1/2. Note that
we shall discuss below an extension of the definition of the Bourgain spaces and of this
lemma to a discrete setting suitable for the analysis of numerical schemes and give the
proofs in this discrete setting.

The crucial estimate for the analysis of the cubic NLS on the torus T is the following:

Lemma 2.2. There exists a constant C > 0 such that for every u € X°3/8, we have the
estimate

”u”L“(]RxT) < C||lullxo.3/8-
Again, we refer to [21, Proposition 2.13] for the proof. Note that, by duality, we also
obtain

lullxo.~3/s < llullLa/3 @)
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By combining the two estimates with Holder, this further implies that
lvvwllyo.-3/s < [lullxo.sssllvlixo.sslwlxosss. 2.7

For (1.1), we have the following global well-posedness result.

Theorem 2.3. For every T > 0 and ug € L?, there exists a unique solution u of (1.1)
such that u € €([0, T], L?) N X%5(T) for any b € (1/2,5/8). Moreover, if ug € H* for
some so > 0, then u € €([0, T], H%0) N X%0:5(T).

Proof. Let us recall the main steps of the proof. The existence is proven by a fixed point
argument for the following truncated problem:

v F(v)

where

F)(t) = n(t) e ug —in(r) /O 9% (n(s/8)[v(s)Pv(s)) ds,  (2.8)

with 7 € [0, 1] a smooth compactly supported function which is equal to 1 on [—1, 1] and
supported in [—2, 2]. For |¢| < § < 1/2, a fixed point of F gives a solution of the original
Cauchy problem, denoted by wu.

Thanks to Lemma 2.1, there exists C > 0 which does not depend on u such that

192
In(t) € ugllx0. < Clluol 2

Moreover, by using Lemma 2.1 and (2.7), we can estimate the Duhamel term by

o [ (o5 porow)as) <o 5 o

2 3 3
< C8%[|lo(s)Pv(5) | yo.-3/s = C8°lvl30.3/58 = CECl0 30,

X0.b—1

where C > 0 is again a generic constant and &9 = 5/8 — b > 0 by the choice of b. There-
fore, we have obtained

IF)llx0.0 < ClluollL2 + C8vl30.-

In a similar way, we show that if vy and v, are such that |[v1]y0» < R, ||va]lx0» < R,
then
| F(v1) — F(v2)|lxor < 4C8% R? v, — V2|l xo0.5.

Consequently, by taking R = 2C ||u¢||z.2, we find that there exists § > 0 sufficiently small
that depends only on ||ug| ;2 such that F is a contraction on the closed ball B(0, R)
of X%%_ This proves the existence of a fixed point v for F and hence the existence of a
solution u of (1.1) on [0, §]. By using Lemma 2.1, we actually see that u € €([0, §], L?).
Since for s > 0,

IF@)lxs.0 < Cliuollzs + C8°vllZoslvllxss,
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we also see that if ug is in H* then u € X*?([0, §]). Since the L? norm is conserved
for (1.1), we can reiterate the construction on [§,24], . . . to get a global solution. Moreover,
since § depends only on the L? norm of ug, we deduce that if ug is in H®, s > 0, then
u € X5P(T) and thus u € €([0, T], H®) for every T. [

Let us now consider vX that solves the frequency truncated equation
10,08 = —320K 4 Mg (INgoX P igoX),  vK(0) = Tguo. (2.9)
As in Theorem 2.3, we can easily get

Proposition 2.4. For ug € H*0, s > 0, and K > 1, there exists a unique solution vk

of (2.9) such that vK € X502 (T) for b € (1/2,5/8) and every T > 0. Moreover, for every
T > O, there exists Mt such that for every K > 1, we have the estimate

K
v ||X50~b(T) < Mr.

We shall not detail the proof of this proposition that follows exactly the lines of the
proof of Theorem 2.3.

Remark 2.5. Since [I,x[1x = IIg, we see that [T,z vX solves the same equation (2.9)
with the same initial data. Hence, by uniqueness,

Moxv&(r) = v&(t) foralls € [0, 7).
We can also easily get the following corollary.

Corollary 2.6. Forug € H*, sqg > 0, and every T > 0, there exists Ct > 0 such that for
every K > 1 we have the estimate

lu = v& 0.y < Cr K™,
where b is as in Theorem 2.3.

Proof. For appropriately chosen 8§ > 0 and 7 as in (2.8), we observe that on [0, §], v is
the restriction of VX e X%0-3/8(RR) that solves

VE (1) = n(t)e vk (0) —in() / i (n(g)HK(anVK(s)FHKVK(s))) ds.
0

Consequently, denoting by U € X%0-3/8(R) the fixed point of F such that on [0,8], U = u,
we obtain

U@ = V@) = n@e" (1~ Txug
—ino) [0 (o 3) e (UORUG) - INEUOPTIU) o

i) fo it (n(g)nK(mKU(s)FnKU(s) - |HKVK<s)|2nKVK(s>)) ds

i) /0 ol =)0 (n(§)<1 - HK)(|U(s)|2U(s))) ds.
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Now, let us fix Mt independent of K > 1 such that
1V ¥l xs0.6 + 1Ullxs00 < Mr.
Note that for every f,
1
I/ =k fllxor < ﬁ”f”x”‘ol%

By employing the same estimates as before, we thus obtain

1
IU = VE¥xos S K50 luollrso + 8°IU — Ok U llxo.s 1U 50
+ 80U = V0.6 (1U 1305 + 1V E 30,
1 2
+ §%0 e NUPU | xs0.6-1
1
< g (wollarso + M3) + 8 MZIU — VE|xos.

For ¢ sufficiently small, this yields the desired estimate. We can then iterate in order to
get the estimate on [0, T']. m

Instead of performing directly a time discretization of equation (2.9), it will be con-
venient for our analysis to study a slightly modified equation. Let uX be the solution
of

iazuK
= —0%uX + 2N g (T =120 T 120K T e ™) 4+ T (T =120 B T 1 2w K T K

(cf. (1.7)), again with the initial data u%(0) = ITgu,. Note that the difference between
this truncated equation and (2.9) is in the trilinear terms, where we can always project at
least two factors on frequencies less than ~'/2. Further, note that X depends also on ©
though we do not explicitly mention it in order to keep reasonable notation. However, we
will henceforth link K and t by the relation

K=1%2 q>1,

with the (optimal) value of « still to be determined.
Again, we have existence and uniqueness of the solution.

Proposition 2.7. For ug € H%, so > 0, and K > 1, there exists a unique solution uk

of (1.7) such that uX € X50(T) (with b as in Theorem 2.3) for every T > 0. Moreover,
for every T > 0, there exists Mt such that for every K > 1, we have the estimate

||”K||X50-b(r) < Mr.
Further, uniformly for K > 1,

¥ — UK“XOJ’(T) < Crt'.
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Observe that by combining the last estimate with the estimate of Corollary 2.6, we
actually get
lu = u¥ |00y < Crr*o®/? (2.10)

for K = 172 and @ such that 1 < o < 2.

Proof of Proposition 2."7. The proof of the first part follows again the lines of the proof of
Theorem 2.3. Let us explain how to prove the error estimate. Let us denote by G, x )
the nonlinear term on the right-hand side of (1.7). We first observe that we can write

N (INgv* PIgv%) = G g (0F) + R (05),
where the remainder is a sum
RgwX) = > Tg(0:,v%0,vK01,05)
(i1,i2,5i3)

and where Q; can be I1,—1/2 or (1 — IT1,-1/2)I1x and at least two different Q; are (1 —
I1,—1/2)Tg. Let us again denote by UX and VX the fixed points of the corresponding
Duhamel term extended by 7 such that uniformly for K > 1, we have

||VK||XX(),3/8 + ”UK||X.Y(),3/8 < Mr.

Then

0K = VR0 = =in) [ ¢ (5(3) G X o)~ eV F 1)) s

i) /0 QECEN (n(g)RKWK(s))) ds.

By using the properties of Bourgain spaces and the estimate

If = T2 f g0 S T2 fllgson. ¥ € X0,

we obtain

IUK = VE|xos < 8V*NUK = Voo MF +IIVE = TL—12VE |20, IV E |50,

S SYHNUE —vE|yos M2 + v M3
and we can conclude the proof as before. ]

We shall need the following corollary about the propagation of higher regularity with
respect to the b parameter.

Corollary 2.8. Let b € (5/8, 1] and assume that so > 0. Then for every 0 < sy < s¢ and
every T > 0, uniformly in t,

[ Mr.

/ <
XSO'b(T) =
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Proof. Since uX solves (1.7), we have

t
uK (@) = B Tgug + / 9% F K (5)) ds,
0

where we set for short
iF ) = 2T g (T —120X T —1 208 T g4 u®) + T (T ,— 120X T -1 2 u K T 7K.

Let %" denote the solution of the truncated Duhamel equation
t
k(0 = n0 o + 1) [ F@ )8 2
0

which belongs to the global Bourgain space X*0*(R x T) for b € (1/2,5/8) as estab-
lished in the previous proposition. From the same estimates as before, we obtain

K, K,
WS g < ol g + IFQEDI g amr-
In order to estimate F'(u K’"), we first just use b — 1 < 0 so that

HF @R s 51 S 140x)°0 F @) L2 @)

where (0, )® stands for the Fourier multiplier (k)®. Then, by using the generalized Leibniz
rule (which reads, see for example [14],

10:)* (S lLr < 10x)° fllLor lglear + 1 Lr21(9x)° g llLa2 (2.12)

forevery s > 0andall p € (1,00), p1, P2, q1, g2 € (1, +00] such that p~1 = p7! + ¢!

=py' +q;") we get
IFGEM o < 1080005 2 g - 2.13)

To conclude, we use another X **? space estimate due to Bourgain [2]: for every ¢ > 0 and
b’ > 1/2, we have the continuous embedding X" ¢ L®(R x T), that is to say, for every
fe Xe,b/’

If le@xmy < IS llxe.n-
By using this last estimate in (2.13), we thus get

K, K,n)3
HE@ED g o1 S MU e

Since we can choose b’ < 5/8 and ¢ > 0 such that s() + & < 59, the right-hand side is
already controlled thanks to Proposition 2.7. This ends the proof. ]

3. Discrete Bourgain spaces

For a sequence (4,,)nez, we shall define its Fourier transform as

Frluy)(o) =1 Z U™ (3.1)

meZ
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This defines a periodic function on [—7/, 7w /7] and we have the inverse Fourier transform

formula
1 T/t )
Uy = — Fr(up)(0) e " do.
27 J—n/e

With these definitions the Parseval identity reads

lunlliz = 11 Fe )l L2(n/2,m/0)-
where the norms are defined by

/Tt

1 o
|un|| =T Z |”n|2 |f'r(un)||22(_ﬂ/r’,r/r) = Z/ |J",(un)(0')|2d0.

nez —n/T

In this section, we write L2 instead of L?(—m/t, /) for short. We stress that this is not
the standard way of normalizing the Fourier series.
We then define in a natural way Sobolev spaces H f’ of sequences (Uy)nez by

||”n||Hf = ||(dt(0)>b$r(un)”L2»

with d; (o) = so that we have equivalent norms

b
||”n||1-1§1 = [[(D<) ”n”l%v

where the operator D, is defined by (D (1)), = (*2=L=*2), since by definition of the
Fourier transform,

F2(Drup)(0) = do(0) Fr(un)(0).

Note that d; is 27/ t-periodic and uniformly in 7, we have |d;(0)| ~ |o| for |to| < 7.
For sequences of functions (u,(x)),<z, we define the Fourier transform u,, (c, k) by

T

FexUn)(0,k) = (0,k) =7 ) tm(k) ™%, i (k) = % [ um (x) €% dx.

meZ -
Parseval’s identity then reads
nllz2i2 = lunlljz2 2 3.2)
where
wle 2 2 2
I122p0 = [ Y e P o, funlZy, =7 / e ()12 dix.
/% kez mez

We then define the discrete Bourgain spaces X ;v’b fors >0,b € R, 7 > 0by

—intd?

”un”Xgﬁ =le x”n”Hth = |(D )b(ax)s(eimraxun)”ﬂLZ- (3.3)

As in the continuous case, we obtain the following properties.
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Lemma 3.1. With the above definition, we have
lnllgso ~ () (delo = k)i (0, k)l 22 (34)
Moreover, for s € R and b > 1/2, we have Xg’b CIXHS:
litnllige s o Tl (35)

The weight d; (o — k?) obviously vanishes if (0 — k?) = 2mn for m € Z. For a
localized function such that k is constrained to |k| < t~'/2 this weight will behave as
in the continuous case with only a cancellation when o = k2. For larger frequencies,
however, there are additional cancellations that will create some loss in product estimates.

Note that the seemingly different behaviour that we have here in the discrete case
compared with the definition (2.1) in the continuous case comes from our definition (3.1)
of the discrete Fourier transform. Let us recall that in the continuous case

Ullys.o = ||[U]|ys.
l[ullxs.o = | ”X;ikz’

where [[u|ys.0 = [[{k)* {0 — k2)bi | 2R xz) so that we can easily deduce the properties
2

o=k

of X;’=b 4> from the properties of X b,

Proof of Lemma 3.1. Letusset f,(x) = e_""’ai‘un (x). From the definition of ¥, we get
E(O', k) =1 Z ﬁr\n(k) eimr(cr+k2)
meZ
so that _
Therefore,

/T
a2 = Y- [ 1) ) (o + K2 D do
Y kez’TTIT
and the result follows by a change of variables.
To prove the embedding (3.5), it suffices to prove that

I fnlligomrs < N full gt s

Since
/Tt

falk) = Fon(0,k)e™"% do,

—n/t

from Cauchy—Schwarz we get

R /Tt 1 1/2 e
ol ( [ - Wd") 1 (de0))? 0. Bl 2.

The result then follows by multiplying the above inequality by (k)* and taking the L?
norm with respect to k. u
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Remark 3.2. From Lemma 3.1, we can make the following useful observation:

; 2
sup ||emr58)‘un||xg.b b ||Mn||Xg~h- (3.7

se[—4,4]
Note that this follows at once from |d;(c — k? + 8)| < (d (0 — k?)).

Remark 3.3. Since (d;(0)) < 1/, the discrete spaces satisfy the embedding

1
lnllygs S 5 lnllyorr. b= b (3.8)

Indeed, from the above observation we find that the inequality is true for b > 0, b" = 0.
Next, by interpolation we obtain the case b > b’ > 0. The case 0 > b > b’ then follows
by duality, and the general case by composition.

We shall now establish the counterpart of Lemma 2.1 at the discrete level.

Lemma 3.4. Forn € €°(R) and v € (0, 1], we have

; 2
In(e)e™ ™ fllyso Snp I llms, se€R, beR, feH", (3.9)
In(e)unllyss Snp lunllyss. seR. beR u, e XS, (3.10)
”n(”—f)un St TP unllysn. s €R=1/2<b <b<1/2,
T ng’h T
0<T=Nz<1,N>1. (3.11)
In addition, for
n
Un(x) = n(no)e Y e @m0y, (x),
m=0
we have
1Unllyso <nb llunlyso-r, s €R,b>1/2. (3.12)

We stress that all the above estimates are uniform in t.
Proof. We begin with (3.9). Let us set u, (x) = r)(nr)ei”’a—?f f(x). We first observe that
(0. k) = Fe(n(n1)) (0 — k2) f (k).
The function g(0) = F;(n(nt))(0) is fast decreasing in the sense that
|d=(0)"g(0)| < 1. (3.13)

where the estimate is uniform in t and o for every integer L > 1. Indeed,

dr(O')g(O') =1 Z 7’]((1’1 _ I)T) — T}(l’l‘L’) einrcr

T
neZ

and therefore
|d:(0)g(0)] <1 (3.14)
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by the smoothness of 1. We easily get the boundedness of higher powers by induction.
The estimate then follows easily from Lemma 3.1.
Let us prove (3.10). We recall that

1 /T )

n(nt) = —/ g(o)e™"9 do.
27 J—nje

We deduce from (3.13) that for every L > 1, there exists C > 0 such that for every t €

(0,1] and o with 7o € [—m, 7],

lg(0)| < C /o)L (3.15)

This yields, by using the fast decay of g(o),
7/t )
ool < | R
Next, since F x (1, €7"790) (0, k) = Uy, (0 — 09, k) and
{de(0 — 00— k*))" < (00)"N(de (0 — k)",
we get

/Tt 1
. R oy < ¢
ool < | o 9o Il S el

by choosing L sufficiently large.

We turn to the proof of (3.11). We follow the steps of the proof of the continuous
case in [21]. We observe that by composition it suffices to handle the cases 0 < b’ < b or
b’ < b < 0. By duality, it suffices then to establish the inequality in the case 0 < b’ < b.
By standard interpolation, we have

nt nt 1=b'/b nt b'/b
— < — —
HU(T)u" x5t HH(T)W X350 n(T)un x5
It thus suffices to prove that
nt
(5 Y], =ty 616
and
D Vw| < TPl (3.17)
i T " x3:0 - g Xg'b )

for b < 1/2, where the estimates are uniform for 7 € (0, 1]. We start with the first estimate.

Note that we cannot use (3.10) directly to get an estimate uniform in 7. Let us set f,, =
. 2 .

ey, and U, = n(nt/T) f,. We want to estimate

nt
H”(?)f"

= ||Unll gy 75 -
e
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‘We have

_ 1 /Tt -
T (0, k) = E/ / gr(o — o)) fn(o”, k) do,
—TT/T

@)=ty n(’%’) i,

Using the same argument as above, we observe that for every L > 0,

where we have set

T
lgr(0)] <L To)E (3.18)

In particular, this yields

lerllLt cnjemsey S 1. 10287 L2Cnjrmsmy S TP, a19)
) grllot Cjrmsey S T2
We can first write, by using Young’s inequality for convolutions,
1{dz(0))2Un (o, k)2 < llgrllpt I{de)’ fn (. K) 2
T/t -
4 / (de(o — o) gr(o — o) fanlo’. )| do”
-/t L2

To estimate the last integral, we split f,;,(a', k)= ﬁn(o’, )iorr)<1 + ﬁ;(o’, ) lioTi>1-
For the first contribution, we write

/T -
H [ leto =0 1o =01t Blormici o]
L

-/t

<10V g7 N2 femsoy I o1t fn (0. )l
S TYEPTEV2) £ (),

where we have used Cauchy—Schwarz to get the last estimate. For the second contribution,
we use

/Tt -
H / ldeo =P (o =)o R 7 0

L2
S 0V grllpt CnjemsoyllioTi1 fin (0. Kl 2
S T2 oris1 fn G )22 S 10)8 fin Bl 2,

where we have used 7% < (0)? for [0T| > 1. We have thus obtained

(o) U )2 S 1de)? fon K 2

It suffices to multiply by (k)* and to take the L? norm in k to get (3.16).
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We next prove (3.17). Again, it suffices to prove that
1Unllizezs S T2 full o s
To establish this estimate, we split f, = fn.1 + fu,2 With
Fr1(©@.0) = fn@ )\ roiz1, Fn2(0.K) = fn(0.0) 70121
For the first part, we readily deduce from the definition of the norm that
| fuallzs < T2 fallgs s

since 1 < T?|o|? on the support of integration. Since 7 is bounded,

(7}

. T/t _
Talk) = / |01 Lo <ol Fin(o. k) do

-/t

b
T ”fn”Hny
12HS

For the other part, we use

This yields, by Cauchy—Schwarz,

Foa )P < sz—l( /

—n/t

/Tt .
<dr(a)>2b|fm(o,k>|2da)

and therefore, for every n,

2 72 2b—1 2
12l = 1166)° fu2llie S T2 W mll2 s

This yields

() e,

L. i ) T

nt
San(7) T2 fulBa e S TT 0
n

and we get (3.17), which concludes the proof of (3.11).
We finally prove (3.12). Let us set
F,(x) = emintd Un(x), falx)= emintd Uy (x)
so that

Fo(x) = n(n0)T Y fon.
m=0

It suffices to prove that
”Fn”Hll?Hs < ”fn”H{?*le-
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We shall only prove the estimate for s = 0; the general case follows by applying (d,)*.
Let us use the function g(0) = F;(n(nt))(0) as above. By direct computation,

. T/t 1 _e—i(n+l)t00
F,(k) = n(nt)t e fm(00,k) T—oTwoo doy
and therefore
~ /Tt eiroo — .
Fao) = [ = Fao0k)(e0) ™50 — on) doo.
-/t d(09)

We then split
Fu(o.k) = Fu1(0,k) + Fnpa(o, k),

where we replace f:, by ﬁ;(oo,k)l\gdzl in I*:;,/l (0,k), and f:;, by ﬁ,(ao,k)l|00|51 in
Fu.2(0, k). By using the fast decay (3.18) of g, this yields
T/t 1

_ 1/2 _
(@ |t ] < (012 [ / o) N ke

T/t -
+ / (d2 (00))? | (00, k)] (0 — 00)>L dao.

—n/t

Therefore, by taking the L2 norm in o, and by using Young’s inequality for convolutions
for the second term, we obtain, since b > 1/2,

1) Forn ()22 < 1 o (g1

To estimate F-,: 2, we observe that for |og| < 1, we can use Taylor’s formula to get

<d1(00)>b —iTO l
————(gl0) —e""g(0 —00))| £ T—-
d(00) ( ) (o —a0)t
The estimate then follows from the same arguments.
We have thus proven that
do)? Fn ) 22 S 1 fin () 1.
To conclude the proof, it suffices to take the L2 norm with respect to k. [

Remark 3.5. Note that in the proof of (3.10), we have also established a useful time

translation invariance property of discrete Bourgain spaces:
sup e unllysp Sp lttnllyso- (3.20)
§e[—4,4] ' '

To end this section we shall study the discrete counterpart of Lemma 2.2 which is
crucial for the analysis of nonlinear problems.
In the discrete setting, for a sequence (u,) € [?(Z, X) with X a normed space, we

use the norm y
P
lanlliz ey = (v 32 Iuall) (321)

nez
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Lemma 3.6. For K > 17 V2 we have
IMgunllsgs S (K222 unllyos. (3.22)

The above inequality is important for our paper, but understanding its proof requires
tools not yet introduced and is not necessary to continue reading the paper. Therefore, we
postpone the proof to Section 8.

By duality, we also deduce from (3.22) that

[Mgunllyo-3/s < (K212, 273 as3- (3.23)

As a consequence, we obtain the following crucial product estimates for sequences
Uy, Uy, and wy,.

Corollary 3.7. We have the following product estimate:

Mg (I1,—1/2u, T —1/20, T g wy) ||X9—3/8
< Ko unllyo.s/sllvnllyo.ss lwnllyosss.  (3.24)

Moreover, for any s1 > 1/4,

||HK(HT_1/2unHr—uzv,,HKw,,)HX?A—s/s
< (K</)12 |y, ||X9.3/8 lvn ||X?,3/8 lwallagsi. (3.25)

||HK(H,—1/2MnHt—l/2vnHKwn)||Xg.—3/8
5”un||Xg1-3/8||vn”X-;1v3/8||wn||l,°°L2v (3.26)

and for s; > 1/2,

”HK(Hr—l/2unHt—1/2vnHKwn)”X2~—3/8
S lunllgos/sIT—1/20n 2 sy |wnligems2, - (3.27)

||HK(Hfl/zunHfl/zv,,HKwn)HXg,fs/s
S llunllyos/slvnlyossslwnlligomsz. (3.28)

Note that (3.26) is of particular interest if the two lower frequency factors have at
least 1/4 regularity. Then we do not need the factor K t!/2 which is large if & > 1 (recall
that K = t=%/2). This will be useful to prove the stability of the scheme for o > 1. The
estimate (3.25) will turn out to be useful to optimize the convergence rate of the scheme
when s is large enough.

Proof of Corollary 3.7. We start by proving (3.24). We first deduce from the estimate
(3.23) that

Mg (1,120, 1 —1/2V, HKw,,)HX?A—s/s

< (KT1/2)1/2 [T g (M—1/20p T —1/2 UnHKwn)||1§/3L4/3~
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From the continuity of ITx on L” and the Holder inequality, we next get
[Tk (TT,—1/2uy T —1/2 v,,HKwn)HXg,—z/s
< (Kr1/2)1/2||1—1r_1/2u,, ||I§L4 [T —1/20n ”l;‘L“ [Tk wn ||I?L4' (3.29)
By using again (3.22), we thus find
IR (Tt 2 T /200 T )08 S K2 ungo7s [oml o378 fm o375

This proves (3.24).

For the proof of (3.25), we use again (3.29). However, we only estimate
ITX—1/20pllja 4 and [TIz—1/20nll;4 74 With the help of (3.22). For the last term, we use
the Sobolev embedding H' C L* to get

||HKwn||1;‘L4 < ||HKwn||1;‘HS1-
To get (3.26), we just use
Mg (I —1/2up 1120, HKwn)HX?,fs/s
< ||HT—1/2unHT—1/2vnHKwn||X9,o (3.30)
and employ Holder’s inequality to get
T1,—1/2u, 1 —1/2 vnHKu)nHX?,i%/s
s ”Hr—l/zurt”l;‘Loo||Hr—1/2vn||1§Loo||HKwn||l?°L2-
We then use (3.5) to write
Mg walligor2 < lwallyo.e.,
and the Sobolev embedding W*1:* C L® and (3.22) to obtain
I e—1r2unllyapoo < Munllysiars.  IMe—12vnlliapee < fonllysiass.

This concludes the proof of (3.26).
For (3.27) and (3.28), we just use (3.30) again, and then the inequality

I —1/2up I —1/2v, T gwp | x0.0 S || —1/2uy ”l?L“ [TI,—1/2vp ”l;‘L“ ITT g wy ||I?OL<X>.

To conclude the proof, we use Lemma 3.6 and the Sobolev embedding H*2 C L*° or
Lemma 3.6 and the Sobolev embeddings H2 C L>®, HS! C L*. [

Remark 3.8. Another version intermediate between (3.25) and (3.26) will also be useful.
We have

Tk (TT—1/2un T —1/20, T g W) ||X9,—3/8

< (Krl/2)1/2||un ||X?,3/8 |vn ”X‘,” 3/8]|wp ”l;‘Lz (3.31)
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with s; > 1/4. Indeed, we first use (3.23) to get

Mg (1,120, 1 —1/2 UnHKwn)”Xg—NS
< (KeV)Y2 | Mg (M =120, T =172V, HKw,,)||l;1/3L4/3

and we employ Holder’s inequality to get

Mg (I1,-1/2u, 1 —1/20, HKw")||l?/3L4/3
< [[Mgwy ||1§L2 [TT,—1/20, ||1§Loo [T —1/2up, ”l;‘L“'

We conclude the proof by using the Sobolev embedding WS14 C L and (3.22).

4. Estimates of the exact solution in discrete Bourgain spaces

In this section, we shall prove that the sequence uX(,) is an element of X. ;v’b for suit-
able s. It will be convenient to use the following general lemma.

Lemma 4.1. For any b > 0, b’ > 1/2 and s € R, consider a sequence of functions
(Uy(X))nez of the form u, (x) = u(nt, x). Then

lunllyso <o lullgsoro-
Proof. By setting f = e~y and fn(x) = f(nt, x), it suffices to prove that

Il S W lgotor g2

extension to general s being straightforward. Since by definition

fmlok) =13 fnt.k)e"™,

nez

Poisson’s summation formula implies that

Fulo,k) = Zf( +—m k)

mezZ

Therefore,

b
(00 Fotok) = 3 a0+ 2 )) 7o+ k).

meZ

since d; is also a 27 /t-periodic function. Since |d(0)| < (o), this yields, by Cauchy—

Schwarz,
~ 2
f(cr + —nm, k)
T

2

>2b+2b/ 2

(de(0))? Fu(0. k) S )
o

1 21
—(0 N o )Zb’ Z<O’ + Tm

T MK mezZ

277 2b+2b’ _
S Z <0 + 7m>

meZ
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since 2b’ > 1. By integrating with respect to o, we obtain
(de)® G 2 sy < 10T F RO 2 -
We finish the proof by summing over k. ]
As a consequence of the previous lemma, we obtain the following result.

Proposition 4.2. Let uX be the solution of (1.7) and define u,lf(x) =ukmr + 1, x).
Assume that ug € H®, sg > 0. Then, for every s1 such that 0 < s; < s,

sup ||77(”T)M,§||Xs1.3/8 <Cr.
t’€[0,47] T

Proof. Tt suffices to combine Lemma 4.1 and Corollary 2.8 by taking b’ arbitrarily close
to 1/2. |

5. Local error of time discretization

In this section we analyse the time discretization error which is introduced when discret-
izing the twice-filtered Schrédinger equation (1.7) with the scheme (1.11).
Setting
A= {K = (Kl,Kz, K3) tK1,K2,K3 € {1_1/25 K+}s i 7é J cKi = Kj = [_1/2}
— {(_C—I/Z, _’:—1/2’ _[—1/2)’ (_5—1/2’ _[—1/2’ K+),

(r_l/z,K+,T_1/2),(K+,f_1/2,r_1/2)} (51)
allows us to express the filtered Schrodinger equation (1.7) as follows:

i0uX = —2uK + 3 T (M, uX T, 7 X T,y uX) (5.2)
KEA

and Duhamel’s formula (with step size t) takes the form

Kty + 1) = K (1) = ik ™S Y T (@), (5.3)
KEA

where

T
Zc(uK)(Tv th) = / e_lsa)zc (quuK(tn + s)nxzﬁK(tn + S)chsuK(ln + S)) ds. (5.4)
0
Henceforth, we will use the following notation:

Ve (s.0) = PR T (), W (s.0) = B e Tk Y Tou)(s.0).
TEA

Iterating Duhamel’s formula (5.3), i.e., plugging the expansion

HKZMK(tn +5) = fo(s»tn) _iWKIE(Svln)
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into (5.3), yields the representation
T
uK (ty 4+ 1) = e”a’zcuK(tn)—iHKe”ag‘ Z/ e—”"’%[VK’f(s,tn)sz(s,tn)fo(s,tn)] ds
ke 0

—iTge™ 3" E(.ty) (5.5)
KEA

with the remainder

T
Ec(t.ty) = / e_lsa’% (EK,I + EK,2 + Ee 3+ EIC,4 + E¢s+ Ece+ EK,7)(sv tn)ds
0

(5.6)
defined by

. —K
Ecr(s.tn) = iVE s )W, (5. t)) VE (5. 1),
1K —K K
EIC,Z(Sa tn) =1 VIC] (S’ tn)sz (Sa tn)WK3 (S, tn)a
. —K
Ee3(s.tn) = —iWE(s. 1)V, (5. 1) VE (5. 1),
—K
Eea(s.tn) = WE(s.t) W, (5. 1)) VE (5. 1), (5.7
—K
Ees(s.tn) = —WE(s.ta)V o, (5. t)) WE (5.1),

—K
E6(s.tn) = VE (s t)) W, (5. ta) WE (5, 1),

Eer(sitn) = =i WK (s, 0) W, (5. 1) WE (5. 12).
It remains to analyse the error introduced by the time discretization of the integrals in
(5.5), where the discretization is carried out in such a way that the dominant terms in
(5.5), i.e., the intermediate frequency terms 2 < |k| < K, are treated exactly, while
the lower-order frequency terms |k| < 7=1/2 are approximated in a suitable manner.

Lemma 5.1. For sufficiently smooth functions v, w,
T
/ e ) 5% w 2] ds = FE (W, v, w) + Ry (W, v, w) (5.8)
0

with g7 defined in (1.12) and the remainder given by

Ri(v1,v2,v3) = —2i[

T s
_iso2 | 592 (551192 1/ —ist 92 i 92
e—is0% [(etsaxl}z)/ el(s sl)ax[(e zslaxaivl)(emlaxv3)

0 0

+ (@193 9, 01) (197 9, v3)] dsl} ds. (5.9
Proof. The proof is in two steps. First we will show that in fact

T
9w, v, w) = / eI (593 1)el % | |?] ds. (5.10)
0
The Fourier expansion of the above integral together with the relation
(—k1 + ka + k3)® — (k3 + (—k1 + k3)?) = 2ka(—ky + k3)

yields
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T
/ e—zs3§ [(elsc')% v)ezs3§ |w|2] ds

T
_ = A~ ik i s(—k1+ko+k3)? —is(kZ2+(—ki+k3)>
— E wklvkzwlqel x/(; eis (k1o +ks)= s—isky +(=k1+k3)7) 4o

k1 ,k2,k3€Z
k=—ki+ko+k3

T
— § : lZ)kl ﬁk2wk3eth/ eZzskz(flq +k3) ds
k1,ko.k3€Z 0
k=—k1+ky+k3

T —_
= Z W, Dk, Wi, %™ / e2isk2kitks) g5 4 20 w|? + (Jw|?)o(v — Do)
kl,kz,k3€Z 0

ko #0, k1#k3
k=—k1+ko+k3

B " e2itha(—ki+k3) _ 5 —
= Do g Dy, e N + thow|” + T(|w[7)o(v — Do)
kl,kz,k3€Z 2 ! 3
ko #0, k1#k3
k=—ki+ky+k3

i . . i )
= S R R e R A w ) — S (35 ) Twl + wdofwl?

+ T(W)o(v — D),

which implies (5.10). Thanks to (5.10) we can furthermore conclude by (5.8) that

2
X

T
R (W, v, w) =/ e_”agf[(e"“‘a?fv)[le"sagwmz—e"s8 lw|?]] ds. (5.11)
0

We note that
5 2 ) o 92 )
—Zi/ ez(s—sl)ax[(e—zslaxaiw)(ezslaxw)+ |e”13xaxw|2]ds1
0
. =~ i (— is(— 2
— —2; Z welwezel( €1+Zz)xe is(—L1+42)
(],ZzEZ s . 2 2 2
x / eIl it =6) (2 1 ¢105) dsy
0
— Z Eelwezei(—h+62)xe—is(—ﬁl+€2)2(eis(—€1+62)zeis(2%—£%) 1
Zl,ezeZ
- . i o (p2_p2 ie(— 2 P92 i c92
— Z wﬁlwﬁzel( 41+€2)x(ezs(€1 £3) —e is(—€1+4£2) )= |elsZ)Xw|2_ezs6x|w|2‘
L1, 4>€Z

Plugging the above relation into (5.11) yields (5.9). This concludes the proof. ]
Lemma 5.2. For sufficiently smooth functions v, w,
T
/ e R (e 1505y (R w)?] ds = (T, w, w) + Ra(¥, w, w) (5.12)
0

with §3 defined in (1.13) and the remainder given by

T
R>(vi,v2,v3) = —2i/

e—isai |:(e—is3/2V v 1)
0

S
x/ ei(s_s‘)ai(e”‘aiaxvz)(e”‘a)zfaxv3)dsl]ds. (5.13)
0
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Proof. Again we prove the assertion in two steps. First we show that in fact
T
$ w,w) = / emis? [(eﬂsa-%i)(elsai w?)] ds. (5.14)
0
This follows by Fourier expansion of the integral together with the relation

(—k1 + ka + k3)® + ki — (k2 + k3)* = =2k (—k1 + k2 + k),

which implies that
Foisdp—isd2o isdd. 2

/ e PR [(e7 %) (e w)] ds
0

T
= N A~ ; Fo(— 2 2_ 2
— E vklwkzwk3elkx[) e”( k1+ko+k3) elS(kl (ka+k3) )dS

ki,ky,k3€Z
k=—ki+ko+k3

T
— § : ﬁklwkzwk3ezkx/ e—21sk1k ds
k1kak3€Z 0
k=—ki+kr+ks3

= A o~ ik
= E Vg, Wk, Wiz
ki,ko,k3€Z
k=—ki+kor+ks3

e—Ziklk‘L’ -1

—2ik1k

2
+ 7b0 (w? — (w?)o). (5.15)

— l_e—irai a;l [(e—irai 8;16)(&’3)26 wZ)] _ %8;1 (wZB;lv) + ‘E(sz)o

Thanks to (5.14) we can furthermore conclude by (5.12) that
T i a2 P2 ) )
Ry(v,w,w) = / e 5 [(e 75 ) [(e v w)? — e Pxw?]] ds. (5.16)
0
We note that
S
—2i / el =193 (e 7 dxw)? ds,
0

s
. P i i 2 ; 2 i (2442
=2 2 : wzlwlzel(él+lz)xe is(l1+42) / ets1(€1+£2) e ls1(€l+£2)€1£2 ds,

61,6262 0
s
. A A i —i 2 i
— 21 Z wélwlzel(€1+62)xe lS((]‘Ffz) / e2lS1(1(2£1£2 ds1
N/ 0

_ Z 12)[1 wezei(él+Z2)xe—is(£1+€2)2 (eis(e]Hz)Ze—is(z%Hg) —1
51 ,ezéz

— (eisai w)2 _ eisa)z( w2,

Plugging the above relation into (5.16) proves the assertion. ]
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Lemma 5.3 (Local error). The local error
E(t,ty) = ”K(tn +1)— ch(uK(ln))
of the time discretization scheme (1.11) applied to the filtered Schrodinger equation (1.7)
equals
(T, tn) = =2i Mg ™% Ry (127K (1), Mg+ uX (1), T—1/2uK (1))
- iHKeira)z‘ RZ(HKEK(t,,), Hf—l/zuK(tn), Hr—l/zuK(tn))
—iMge’ ™ Y Ee(t, 1), (5.17)
KEA

where E(t,t,) is defined in (5.6) and the remainders Ry and R, are given in (5.9) and
(5.13), respectively.

Proof. The assertion follows by the expansion of the exact solution uX (¢, + ) given in
(5.5) together with Lemmas 5.1 and 5.2.

More precisely, employing Lemma 5.1 to approximate the integral arising for k1 =
KT orks = K™ in(5.5) and Lemma 5.2 to approximate the integrals arising for ky = KT
ork| = ky = k3 = /2 in (5.5) yields
uK (ty+1) = %K (1,)=2i g 0% g7 (T =125 (1), g+ uX (t0), T =125 (1))

—i T ge ™% g2 (X (60), T m1/2uX (1), T —120% (1))

—2iTlge' ™% Ry (M= 125 (1), T g+ uX (60), = 120K (1))

—i HKeira)zf RZ(HKﬁK(t,,), Ht—1/2uK(tn), Hr—l/ZMK(ln))

—iTge' ™ 3" Ec(t.tn). (5.18)
KEA

The assertion thus follows by taking the difference of the expansion of the exact solution
given in (5.18) and the numerical flow defined in (1.11). [

6. Global error analysis

Let "t = u&(t,1) — u"*1 denote the time discretization error, i.e., the difference
between the numerical solution u’T’H = <I>f (u?) defined in (1.11) and the exact solution
of the filtered Schrédinger equation (1.7). Inserting a zero in terms of :b@f WXy, ie.,
using

"t = MK(tn+l) - qu(MK(tn)) + q)f(uK([n)) - (Dfui-l,

we obtain, by the definition of the numerical flow ®X in (1.11),

"t = eira)%en — ZiHKeira)zf [gf(Ht_l/zﬁK(tn), HK+MK(tn), Hr—l/zuK(tn))
— T (12U, Mg, T—12u7?) ]
— iHKe”a)zf [g;(HKﬁK(t,,), Hr—l/2uK(tn), Hr—l/zuK(ln))
— $5 (Mg, T —1pul, T —12ul)]
+ &(1,1y), (6.1)
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where 7 and g7 are defined in (1.12) and (1.13) and the local error (5.17) is given in
Lemma 5.3.

By solving the above recursion, we find that for 0 <n < Ny = |[Ty/t| with T} < T,
the global error e” satisfies

n—1

: kt

e = ‘ET](tn) E el(n—k)ra)zgn(T) HKGk —+ ﬁl,n + CRZ’", (62)
k=0 !

where

—2i _
G, = 7[3{(1‘1,_1/21/(([,,), HK+MK(I,,), HT—I/ZMK(Zn))
— JT (M =127, Mg+ ul, Hr—l/zu’r’)]
i _
- ;[g;(HKuK(tn), -1 2uX (tn), -1 2uX (1))

— $5(Mgut, M —1/2u?, Hr—l/zu;’)], (6.3)

and
n—1 ) )
Rim = 0(ta) Y PR @) M Fi (1), 0= 1,2,
k=0
with

1
Fi(tn) = ;(_21'1'1,{1@1(11{71/25’((:,,), Mg+ uX (), Tom1/20K (1))
— i Tk R (T (1), T2 (00). Wm0 % (1) ). (64)
i
Falt) = =Tk ) Ee(T.tn). (6.5)
KEA

Note that E, is defined in (5.6) and Ry, R in (5.9) and (5.13). We have introduced the
truncation function 7 in order to work with global Bourgain spaces. As before, we will
assume that u” and uX are globally defined, though they coincide with the actual solutions
of the scheme and the PDE on a finite interval of time. We will choose 7 sufficiently small
later.

We shall first estimate R ,, which gives the dominant contribution to the error.

Lemma 6.1. Let sg € (0, 1] and b € (1/2,5/8). For sg > 0,
[R1nllyor < CrKt!'/2gl0)-, (6.6)
Moreover, if so > 1/4, then
IR allyos < Cr(Ke!/2)! 220D+, (6.7)

and ifSo > 1/2, then
||<Rl n” 0.6 = CT 770 (1/8) . (68)
L4 X-[



Fourier integrator for periodic NLS 3941

Proof. By using again (3.11) and (3.12), we get
[R1nllyor < 151 ()l go.—3/5-
By using (6.4) this amounts to estimating
1 _
Il = ; || Rl (Hr—l/zllK(l‘n), HK+MK(tn)a Hr—1/2uK(tn)) HX?,—s/g,

1
I = ;” Ro(Tgu™ (1), TT—12u® (1), -1 2uX (1)) ||ng_3/8_

We first prove (6.6). We start with the estimate of /5. We use (5.13), (3.24) and Remark 3.2
to obtain
I £ K2 u® @) go.3/s 117205 /26 (1) 3 0.35-

By using Proposition 4.2, this yields

12 S KT1/2||MK||XSO.}3 ||'L'1/28x HT—1/2MK|I§152.b

with sg > s, > 0, 5, arbitrarily small and b € (7/8, 1). Consequently, from the frequency

localization, we find that

I < 072 (K Y2 [uK | gso0 [ TT—12uK | < Crr*o™2(K1'/?),

2
X50:b
where we use Corollary 2.8 for the last estimate.
It remains to estimate /. By using the definition (5.9) and the same arguments, we
get
I 5 Ko 200 T at g TS g 5 s

1/2 K 1/2 K2
+ KT 2 [u s It /20, T m1 20X 2,

again with so > s, > 0 and s, arbitrarily small. The second term is similar to the one
before. For the first term, by using frequency localization, in particular the fact that
t1/2|&] > 1 on the support of I+, we then obtain

1(2'/20:)2 T -1 2ullysns S T2 yo,
IT g uXlysnn < 2607220 50

This also yields
Iy < Crt*™2 (K7'/?),

which concludes the proof of (6.6).
To prove (6.7), we follow the same lines, but we use (3.25) instead of (3.24) since
so > 1/4. This yields

K K
IR1nllyor S (K22 k@) s o 171720 T m1/2u% () 5075
+ (Kfl/z)m”(Tl/zax)znr—l/zuK(fn)||Xg.3/s||HK+MK(ln)||,§H<1/4>+

I Ht—l/zuK(tn)HX?s/g.
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By using again the same estimates as above, it only remains to estimate || X (¢,) | 1Ag/ay
T

and || TTg+uX(t,)| . We can just use

1 H @+
K K K
e @) llya gparos S T4 e o S TV X lIgson, b > 172,

and, by frequency localization for |§| > 771/2,

Lign—
”HK-!-MK(tn)“l;‘H“/‘“Jr <r 7200 (1/4)+)I|MK||L‘7>9HSO- (6.9)

This yields (6.7).
Finally, to get (6.8), we follow the same lines but we now use (3.27) and (3.28) . This
yields

1/2 K 2 K
||=ﬂl,n||XQ~h S Y OxITo—1/2u (tl’l)”X?.i%/S”u (tn)||lgoH<‘/2)+
1/29 2 K K K
+ 12002 T 120 (00) g0 1T K (1) 3 gt (05 ) o /o0
We then use the same estimates, in particular (6.9) and the fact that
K K
[l @)l 00 sy < llu ||L%<:H(1/2)+-
This ends the proof. ]

We shall next estimate R .

Lemma 6.2. For sy > O0andb € (1/2,5/8),
IR2nll 0.0 < Cr(cV4(Kt'/2)? + o12(K o' /2)3 4 32 (K124, (6.10)
Moreover if sg > 1/4, then
|R2nll 00 < Cr(Kz'/)/22/8, (6.11)

and if so > 1/2, then
[R2.nllx0s < Crr. (6.12)

Proof. We first use (3.12) and Remark 3.2 to estimate
[R2.nllyor < 1 F2(t)lly0-3/s.

Next, by using (5.6) and the product estimate (3.24), we get

[ F2.nlly0.~3/8 < K7'/? Z(HMK(ln)H)Z(o,s/s||97c(uK(fn))||Xg,3/8
KEA

+ ||"K(fn)||xg»3/8||r/7c(uK(tn))||§(o.3/8 + ||77c(uK(tn))||;0.3/s)~
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Next, by using (5.4), we get

a K
17 ™ (1)) | 0.3/

Stosup Y e uf(tn + )M, w™ (0 + s w™ (10 + 1) [ yo3s5.
t,G[O’T]KeA t

By using (3.8), we thus obtain

- K
| T (u™ (t2)) ”X?'3/8

St sup YT u® (ty + M0 (1 + )05 (1 + 1) | y0.-3/8.
t'€[0,7] o4 ’

Consequently, by using the product estimate (3.24) again, we find that

1T X @) yo3s < T4 (KT'/?) up_ X (1 + )1 0.35-
t’€l0,T T

Then, by Proposition 4.2,
| Te@X ()l gors < T4 (KTV2)Cr
and hence
|Ramllyor S K2 (V4K T12) + V4K eV/2)? + (/4 (KT2)7) Cr.

This proves (6.10).
To get (6.11), we use (3.23) and (3.25) to get

[R2.nllxor < I F2(t)lly0.-3/s

< (K2 Y (HUK(tn)“;?,s/s 1 @ @)1 gy
KEA

K K -, K

+ [l (@)l 0378 1™ @)l 3 graarars (1T ™ (20)) 0.3/
- K K

+ | T (u (tn))”)z(g,.?/s”u (tn)llja grasany

K K K

+ 17 @™ (@) o378 1™ (@) | 0,378 [T ™ (1)) |4 i
T K 2 T K

1T @) l0.3/8 17 (u (tn)llja gy )-

We can again use (3.8) and the trivial estimate
K K
X @)l grarmy S TV4HU5 ) oo gasas

so that it only remains to estimate ||'J7C(MK(tn))||X0,3/g and ||?7C(uK(tn))||l4H(1/4)+. For
T T
the first one, we use again (3.8) to write

- K
7o e ()l o275

S8 sup YT u® (ty + )M 1y + 1) M uX (1 + 1) g00.
'€[0,7] oy v
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Next, from Holder’s inequality and the Sobolev embedding W (1/4+4 ¢ L we get

T (, K
175 ™ (22)) | 0.3/

K K
SRl wp T 1726t + ) a1 U™ (4 1) o2
t’€l0,t

and hence by using (3.22), Proposition 4.2 and (3.7) we get, for 5o > 1/4,
1T X @) 058 < T uK 350 < Cre®.
Next, we estimate || T (uX (t,)) Il ;4 57404 . We begin with

(1 K
(| Tie (u (ln))“l;tH(l/zt)Jr

Stosup Y e uf(n + )M u™ (6 + ) Myu® (0 + ) s garoy . (6.13)
Z/E[O’T]KEA i

Then we observe that for all sequences (1), (v,), (wy), and s > 0, we have
1T g+ 1n T =120, T —1/2Wh || Es
S WM g+unllas 1T =1720n ||Loe [T —1/2wy ||Loe.  (6.14)
Indeed, by using the generalized Leibniz rule (2.12), we have
M g+un 120, 0 —12ws |ms S | Hg+tnlas | =120, || oo [T —1/2wy || oo

+ Mgt tnll 2 1(9x) To—1/20n [ Loo [T —1/2Wn [l Lo

+ 1M g+2unll 2 [T =1/20n | Loe [[{0x) T —1/2wh | oo
By frequency localization, we observe that
IMg+unllzz S T2 unllms, 100 Tm1/20allz00 S 1/7%/?[|val| oo,
10" T zwnlzoe £ — sl

and hence (6.14) follows. We thus deduce from (6.13) and (6.14) that

1 K
[T ™ @)l grasany

K K 2
< 51[1p ]r||u (t, + l/)||1§>oH(l/4)+ [T—12u™ (tn + t/)||l§W“/4’+'4
t’€l0,T

K K
< sup % sup tllu (tn + )0 grasary M —1/2u (t"+t/)”124w<‘/4>+'4'
t’€l0,7] t’€[0,7] T

Hence by using (3.22), Proposition 4.2 and (3.7) again we finally get
||f/7<(uK(tn))”1§H(1/4)+ < CTT3/4

if so > 1/4. We thus deduce (6.11).
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It remains to prove (6.12). We now use (3.27) and (3.28) to get

|Ronllyo.0 S 172 (tn) lyo-s/s

< IIMK(tn)IIf(g,s/sII’J'K(MK(tn))III?oH<n/z>+
+ 112" @) o378 1 Tee X )3 g [0 (@) oo s
+ IIMK(tn)leg.s/s 1 @™ @) 3 gy 1/ 1T @ @) o0 s
+ ||77c(uK(fn))||12§H(1/4)+ ||’],'<(uK(tn))||l?oH(1/2)+ .
Note that for the last term in the above right-hand side, we have used the fact that in the

estimate (3.27), we can replace in the right-hand side the norm |[|u, [y 0.3/s by the norm
T
lunll,4 /o4 by using the Sobolev embedding in space instead of the Bourgain estim-
T

. . . K K
ate (3.22). Since we have the obvious estimate ||u (t")”l?OH“/”Jr < lu ||L<7>9H(1/2)+

and since
||Z<(”K(tn))||l§H(l/4)+ N T1/4||77c(uK(tn))”l?oH(l/2)+ )

it only remains to estimate |7, (uX(2,))] joo (1724 - From standard product estimates,
T
since H(1/2+ is an algebra, we get
(1, K K 3
(| 7 (u (tn))||l$oH(1/2)+ < tllu (tn)||l$oH(l/2)+ < Crr

This concludes the proof. ]

7. Proof of Theorem 1.1

We first observe that thanks to (2.10), the triangle inequality yields
le(tn) = w72 < Cre®o®? + [uX (1) = ulllL2 < Cre0®? + " g2, (7.1)

where e” solves (6.2). To get the error estimates of Theorem 1.1, it thus suffices to estim-
ate ||e” ||X1(?.b for some b € (1/2,5/8) thanks to (3.5). Note that there are two parts in
the total error, the space discretization part above and the time discretization error on the
right-hand side of (6.2), which is estimated in Lemmas 6.1 and 6.2. We shall optimize the
total error by choosing the best possible « as regularity allows.

We first prove (1.4). For very rough data, when 0 < so < 1/4, we need the estimate
(3.22) without loss. This forces us to choose K = t~1/2, hence = 1 without allowing
us to optimize the error. We thus deduce from Lemmas 6.1 and 6.2 that

IR 1allgos + [Ramllyor < Cr(x*070 + %) < Crr®o~0+, (7.2)

Next, we decompose
Gn = Ln - Qn + Cn (7'3)
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with
L, = [#7 (T -1/28" g u® (). T-1/2uX (1))
+ F1 (M1 20 (1), g+ €™, T —12uX (1))
+ g;(nr_l/zﬁK(tn)» Mg+ uX(tn), ,—1/2€")]
—l;[%(HK?", -1 2u® (), -1 20X (1))
+ $5 (Mxu™ (ty), M1 /2e™, T m1/2u® (24))
+ g5 (Mg (1), -1 2uk (tn), T —1/2€") ], (7.4)

2i
T

[3’{(1‘[,4/2?", Mg+e”, Hrﬂ/zuK(tn))
+ ¢1(M1/22", Mg+ uX (1), M-1/2€")
+ {p’f(ﬂr—uzﬁK(tn), Og+e” M -1/2¢")]

Qn:

2i
T

[35(1‘[1(5", M -1/2€", Hr—l/zuK(tn))
+ gl;(HKE", Hr—1/2uK(tn), Hr—l/Zen)
+ 4 (TxuX (ty), -1 /2€" -1 0uX (1)) (7.5)

i
T

and

1
C, = —[—21‘5({(1'[,71/2?", HK+€n, Hrfl/zen) — i&’g(HKEn, Hr—l/zen, Hrfl/zen)].
T
(7.6)
By using Lemma 3.4 and (7.2), we deduce from (6.2) that

||en||X9<b < CrTy°|G, ||X9ﬁ3/8 + Creo O+ nr <y,
where g9 = 5/8 — b > 0. Next, we have
1Gnllxo—3/s < I Lnllyo—3/s + [|Qnllyo.~3/5 + [ICally0.-3/s.

To estimate the right-hand side, we use the equivalent definitions (5.10), (5.14) and again
(3.24) and (3.20) (we recall that for this case we choose Kt'/2 = 1). This yields

le"llyo.r < CrTi°(lle" g0 + ||€”||,2(94b + IIe”II;gb) + Crr*om O+,
By choosing 7 sufficiently small we thus get
||€n||X0,b < Crr*o~ O+,

This proves the desired estimate (1.4) for 0 < n < N; = T;/t. We can then iterate the
argument on 77/t <n <277/t and so on to get the final estimate. We thus finally deduce
from (7.1) that

lu(ta) = wfll2 < Cr (277 4 220~ @),
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which means that for every 0 < & < 59, we have for some C7 (depending on ¢) the estimate
lu(t) =2 < Cr(x/? + £%07°),

Since we can always choose ¢ small enough so that so — & > 59/2, we get (1.4).
We next prove (1.5). We follow the same lines, but we can now optimize the total
error. From Lemmas 6.1 and 6.2, we get

”3?1’””ng + ||=R2,n||X9sb < CT((KTI/Z)I/ZTSO_(1/8)+ + (Kt1/2)1/2_[5/8)
< CT(KTI/Z)I/ZTSO_(1/8)+.

We now choose K such that (K¢'/2)1/2¢5%0=(/8)+ — | /K% which gives

_soH(1/8)— 1/8)_ 1 3
K=1"%2 =1 sotl/Z  g= ZM =2(1- ) ). an
So —|— ]/2 2S() —|— 1 4 +

Note that a € [1, 2] since 1/4 < sg < 1/2, and further
[Ruallyos + | Ranllgos < Cre™0 z0rr @90, (1.8)
By using Lemma 3.4, from (6.2) we get
le"lixo.r < CrT{*(ILnllyo—3/5 + 1 Qnllyo.~3/8 + [Callyo—3/5)
+ Cpr 00 zmF1 /94, (7.9)
To estimate L,, we use the product estimates (3.25), (3.26) to get
ILnllyo-3s8 < ||”"||)2(£1/4>+,3/8||€"||1,°°L2 + e lyossllu” llyorsllu™ll e s
and hence by using again Proposition 4.2 and (3.5), we obtain
ILnllgo—3s S Crlle” o, (7.10)
To estimate C,, we use again (3.24) and (3.20). This yields
ICallgo.-s/s < CrKz'2le" [3oas- (7.11)
To estimate Q,,, we use (3.25) and (3.31) and again Proposition 4.2. This yields
| Qullyo-srs < Cr(Kz" ) 2(e" |3, (7.12)

So(l—molﬁ(3/4)+)

since 5o > 1/4. By setting Y = [|e" ||, 0.5 /7 , we deduce from the above

estimates and (7.9) that

Y < CTTlso <Y + (Kr1/2)1/2130(1’1/”0“(3/4)”Y2

1

+ ((K‘[l/z)l/z‘[SO(l_stJrl (3/4)+))2Y3> + CT~
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We can then check that with the choice (7.7), for 1/4 < s¢ < 1/2, the exponent f of

B = (Krl/z)1/2TS()(172_yO‘ﬁ(3/4)+)

is positive. Hence, we can argue as before to get (1.5).
It remains to prove (1.6). From Lemmas 6.1 and 6.2, we now get

| R1nllyos + [Ranllyos < Creso=/O,

We thus choose K such that 750=(1/8)+ = 1/K%0 in order to optimize the total error. We

find L /1
1 —
K = ¢so/®+1 a=2——(—) . (7.13)
So 4 +

We can use (7.10)—(7.12) to infer from (6.2) that

le™ Iyor < CrT{O(le" o + (KT 2 (€20, + K2 [130,) + Creo=V/O+.
Again, by setting Y = ||e” ||Xo,b/rs°*(1/8)+, we get
Y < CTTIS()(Y + (Ktl/Z)l/zrso_(l/8)+ Y2 + ((K‘L'I/Z)I/ZISO_(1/8)+)2Y3) +Cr

and we conclude the proof as before, by observing that the exponent of t in

(KTI/Z)I/ZTSO_(I/S)Jr

is positive with the choice (7.13).

8. Proof of Lemma 3.6

We have to prove (3.22). For this purpose, we adapt the proof in [21] (which is attributed
to N. Tzvetkov). We first observe that

TR (720 = (T g2n)? [ 22 8.1)

By the definition of the X 3 ® horm and by setting f, = e inTR ] KUy, it is equivalent to
prove that

intd2 2 1/2 2
I fu)llj22 < K2V 1fn s -

By using the space-time Fourier transform we shall decompose ]F‘,v,,(o, k) by using a
Littlewood-Paley decomposition with respect to ¢. Note that since o € [—n /1, /7],
there are actually a finite number of terms. We write

fn = Z fn,l

>0
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where ]/”;_}( k) is supported in 2!7! < (o) < 2!*1 for every k. By symmetry and the
triangle inequality, it is sufficient to prove that

intd? 92 1
DN S p € gz S KT Sl s

pP=q

We shall actually prove that there exists € > 0 (we shall see that we can take ¢ = 1/8)
such that for all p,q with p <g¢q,

. 2 _
”eln‘rax fn, lnfal fn 11”12L2 < K.L.I/Z 28(P q)(23p/8||fn,p||]$L2)(23q/8”fn,l]”]%L2)'
(8.2)

Once this inequality is proven, the result follows easily. Indeed, let us set a,, =
238 fom l;2125 bm = 2°™ Ln<o. By Parseval, we have |am| < || fu,mll 375> and
T

lamllz < N full g3r8) -
HY®L

Moreover, assuming that (8.2) is proven we obtain

; 2 ; 2
D 1€ f pe T g2 S KTV % @ mam) i S K2 |am|) 7
p=q

from Cauchy—Schwarz and Young’s inequality for sequences (observe that b € /1), which
is the desired estimate.
We shall now prove (8.2). From Parseval and by using (3.6), we have

”emcaxfn etnraxfn’q 2

|12L2
_Z[

Now let us notice that we have a nontrivial contribution if o — kf is in the support of

—_— —_— 2
/ Jnp (01 — k3. k1) fo.g(02 — k3. k2) doy | do
/T ki +ko=k 1+ox=0

f,:,(-, k1) and o5 — k2 in the support of ﬁ:,; (+, k2). By periodicity in the o variable, this
means that there exist m1, m, in Z such that

2mymw 2mo T
Y% il P L Ay & Rl P T

~

In other words, 01—k? € E,, 0,—k3 € E4 where E; = UlmlSN[2mn/r—21,2mn/r+21].
Note that since the frequencies klz, k% are smaller than K2, we can take N < tK2.
By using Cauchy—Schwarz again, we thus get

intd? intd2 T2 T2
e *%x fu,pe™™* xfn,q” 272 <M, q”fn,p”Lzlz||fn,q||L212» (8.3)

where

Mp4 = sup doy.

k,o ki +ko=k /01 +02=U,01—k%€Ep,02—k%€Eq
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To estimate M,, 4, we observe thatonly o € k? + k2 + E, + E; C k% + k3 + 2E, gives
a nonzero contribution and that the integral is bounded by a constant times 2”. Since
k1 + ko = k, we have

ki + k3 = 3(k* + (k1 — k2)?)

and hence
(k] — k2)2 €20 —k?— 4Eq.

Therefore, ki — k» is constrained to intervals of length < 29/2 and there are at most 2t K2
such intervals. As a consequence,

My, < tK224/29p — 1 g20(p—a)/493p/4934q/4

Taking the square root, we thus deduce (8.2) from (8.3). This concludes the proof
of (3.22).

9. Numerical experiment

In this section we illustrate our main result (Theorem 1.1) on the L? error estimate by a
numerical experiment. For this purpose, we solve the periodic Schrodinger equation (1.1)
with initial value

2sinx

—cosx

on the torus. Here fy1 is arandomized H! function normalized in L? (see [11] for details
on the construction of fz1). We compare our new integrator (1.11) with the previously
introduced single-filtered Fourier based method [15, 16] and two standard integration
schemes for periodic Schrodinger equations: a Lie splitting and exponential integrator
method (see, e.g., [4, 13]). For the latter, we employ a standard Fourier pseudospectral
method for the discretization in space and we choose as largest Fourier mode K = 2!°
(i.e., the spatial mesh size Ax = 0.0061). On the other hand, for our twice-filtered Fourier
~/2 with o given in (7.13), as we are
in case (iii) of Theorem 1.1 (recall that so = 1). This results in K ~ t~5/6.

We observe from the experiment that the new twice-filtered Fourier integrator is con-

based integrator, we have to use the relation K = t

vergent of order 1 for rough solutions in H!, whereas the standard discretization tech-
niques as well as our previously introduced single-filtered Fourier based method all suffer
from order reduction; see Figure 1. In particular, the numerically obtained order for the
exponential integrator is reduced down to 0.3, whereas the results for the standard Lie
splitting scheme are highly irregular. Both integrators are thus unreliable and inefficient
for such low regularity initial data. The single-filtered Fourier based integrator shows a
more regular error behaviour for the example considered, but its order is reduced to 3/4.
The only method that is able to appropriately integrate the low regularity problem under
consideration is the twice-filtered Fourier based scheme (1.11) proposed in this paper. For
smooth solutions the new twice-filtered Fourier integrator performs similarly to the Lie
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0.002 T {
5 5 0.001
g =
(5} [
IS IS
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103 . 1072 0.0005 0.001 . 0.002

Fig. 1. L? error of the new twice-filtered Fourier based scheme (1.11) (purple), the Lie splitting
scheme (yellow), the exponential integrator (blue), and the original single-filtered Fourier based
scheme (red) proposed in [ 15, 16]. Left: the slope of the (black) reference lines is 1 and 3/4, respect-
ively. Right: zoom into the region of the left lower corner; the slope of the (black) reference line
is 1.

splitting and the exponential integrator. More precisely, for initial values at least in H?
all three schemes converge with first-order accuracy t; see, e.g., [5] for the analysis of the
Lie splitting method for H? data.
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