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Abstract. For a smooth quasi-projective surface S over C we consider the Borel-Moore homology
of the stack of coherent sheaves on S with compact support and make this space into an associative
algebra by a version of the Hall multiplication. This multiplication involves data (virtual pullbacks)
governing the derived moduli stack, i.e., the perfect obstruction theory naturally existing on the non-
derived stack. By restricting to sheaves with support of given dimension, we obtain several types
of Hecke operators. In particular, we study R(S), the Hecke algebra of 0-dimensional sheaves. For
the case S = A2, we show that R(S) is an enveloping algebra and identify it, as a vector space,
with the symmetric algebra of an explicit graded vector space. For a general S, we find the graded
dimension of R(S), using the techniques of factorization cohomology.
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0. Introduction

0.1. Motivation

A large part of the classical theory of automorphic forms for GL, over functional fields
can be interpreted in terms of Hall algebras of abelian categories [32, 33]. Relevant here
is Coh(C), the category of coherent sheaves on a smooth projective curve C /F,. Taking
the Hall algebra of Bun(C), the subcategory of vector bundles, produces (unramified)
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automorphic forms, while Coho(C), the category of torsion sheaves, gives rise to the
Hecke algebra.

The classical Hall algebra of a category such as Coh(C) consists of functions on
(IF4-) points of the moduli stack of objects and so admits various modifications (cf. [14,
Ch. 8]). Most important is the cohomological Hall algebra (COHA) where we take the
cohomology of the stack instead of the space of functions on the set of its points [37]. This
allows us to work over more general fields such as C.

Study of Hall algebras (classical or cohomological) of the categories Coh(.S) for vari-
eties S of dimension d > 1 can therefore be considered as a higher-dimensional analog of
the theory of automorphic forms. In this paper we consider the case of surfaces (d = 2)
over C and study their COHA. In this case we have a whole new range of motivations
coming from gauge theory, where cohomology of the moduli spaces of instantons is an
object of longstanding interest [1, 8,49].

0.2. Description of the results

The familiar 2-fold subdivision into automorphic forms vs. Hecke operators now becomes
3-fold: we have the categories Coh,,(S), m = 0, 1, 2, of purely m-dimensional sheaves
(see §4.1). Here, Coh,(S) consists of vector bundles, while Cohy(S) is the category of
punctual sheaves. An important feature is that the COHA of Coh,,—;(S) acts on that of
Cohy, (S) by Hecke operators.

We denote by R(S) the COHA of the category Cohy(S). It is the most immediate
analog of the unramified Hecke algebra of the classical theory and we relate it to objects
studied before.

In the flat case S = A2, the algebra R(A?) is identified with the direct sum, over
n > 0, of the GL,-equivariant Borel-Moore homology of the commuting varieties of gl,,.

Our first main result, Theorem 6.1.4, shows that R(A?) is an enveloping algebra and
is identified, as a graded vector space, with the symmetric algebra of an explicit graded
vector space ©. It is convenient to write ® = HEM(A?) ® ®', where the first factor is
1-dimensional, in homological degree 4.

For a general surface S, the algebra R(S) is non-commutative. Our second main
result, Theorem 7.1.6, provides a version of the Poincaré-Birkhoff-Witt theorem
for R(S). It exhibits a system of generators as well as determines the graded dimension
of R(S). More precisely, it establishes an isomorphism of graded vector spaces

o : Sym(HEM(S) ® ®) ~ R(S). 0.2.1)

Like the classical PBW isomorphism for enveloping algebras, o is given by the sym-
metrized product map on the space of generators.

0.3. Role of factorization algebras

Our proof of Theorem 6.1.4 is based on the techniques of factorization homology [9, 18,
21,44]. More precisely, we consider the cochain lift R(S) of R(S). This can be seen as
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a homotopy associative algebra whose cohomology is R(.S). For any open set U C S we
have a similarly defined algebra R(U). Further, one can consider U to be any open set
in the complex analytic topology. In this case Cohg(U) can be considered as an analytic
stack and so its Borel-Moore homology and our entire construction of the COHA make
sense.

We prove in Theorem 7.5.4 that the assignment U — R (U) is a factorization coalge-
bra in the category of E1- (i.e., homotopy associative dg-) algebras. This is a reflection
of a more fundamental fact: U + Coho(U) is a factorization algebra in the category
of analytic stacks (see Proposition 7.4.3). These considerations allow us to lift o to a
morphism of factorization coalgebras in the category of dg-vector spaces and deduce the
global isomorphism from the local one, i.e., from the case when S is an open ball which
is equivalent to that of S = A2,

In fact, the identification (0.2.1) is suggestive of non-abelian Poincaré duality (NAPD)
(compare [44, Thm. 5.5.6.6]), although it does not seem to be a formal consequence of
it. NAPD can be extended to include, for instance, the classical Atiyah—Bott theorem on
the cohomology of Bung (X), the moduli stack of holomorphic G-bundles on a compact
Riemann surface X (see [18]). In the latter setting, we have H*(BG) = Sym(V') (with V/
being the space of characteristic classes for G-bundles), and

H*Bung (X)) ~ Sym(He(Z) ® V).

0.4. Derived nature of the COHA

As a vector space, our COHA is the Borel-Moore homology of the Artin stack Coh(S)
(the moduli stack of objects of Coh(S)), i.e., it is the cohomology of the dualizing com-
plex:

HEM(Coh(S)) = H™*(Coh(S). weon(s)).

Since S is a surface, Coh(S) is singular due to obstructions encoded by Ext?, so the
dualizing complex is highly non-trivial. However, Coh(S) is in fact a truncation of a finer
object, the derived moduli stack RCoh(S), smooth in the derived sense [62,63]. While the
vector space underlying our COHA depends on Coh(S) alone, the multiplication makes
appeal to the derived structure: we use the refined pullbacks corresponding to the perfect
obstruction theories on Coh(S) and on the related stack of short exact sequences. So
our construction has the appearance of applying some cohomology theory to the derived
stack RCoh(.S) itself and using its natural functorialities for morphisms of derived stacks.
More recently, this approach has been implemented by M. Porta and F. Sala [55] at the
K-theoretical level.

0.5. Relation to other work

The COHA of a surface that we consider here is a non-linear analog of the COHA asso-
ciated to the preprojective algebra of the Jordan quiver considered in [58]; see, e.g., [59]
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for the case of arbitrary quivers. M. Kontsevich and Y. Soibelman [37] introduced coho-
mological Hall algebras for 3-dimensional Calabi—Yau categories, by taking cohomology
of the moduli stack of objects with coefficients in the natural perverse sheaf of “vanishing
cycles” with respect to the Chern—Simons functional. Although the details of the approach
have been worked out only for quiver-type situations (see, e.g., [10] for a comparison with
[58]), it seems applicable, in principle, to the category of compactly supported coherent
sheaves on any 3-dimensional Calabi—Yau manifold M. In particular, our COHA for a
surface S should be related to the Kontsevich—Soibelman COHA for M the total space of
the anticanonical bundle on S.

Instead of Borel-Moore homology of the stack Coh(.S), one can take its Chow groups
or its algebraic K-theory, in particular one can study K-theoretic analogs of the Hecke
operators. This approach was developed by A. Negut [48] who studied the K-theoretic
effect of explicit Hecke correspondences on the moduli spaces, and very recently by
Y. Zhao [65] who defined independently the K-theoretic Hall algebra of 0-dimensional
sheaves by a method similar to ours. On the other hand, algebraic K-theory, being a more
rigid object than homology, does not easily localize on the complex analytic topology and
so determining the size of the resulting objects is more difficult.

In the particular case where S is the cotangent bundle of a smooth curve, other ver-
sions of the COHA (of 0-dimensional sheaves and of purely 1-dimensional sheaves) of S
appeared recently in [47,57].

After this paper first appeared on arXiv, there have been some important new devel-
opments. Thus, M. Porta and F. Sala [55] have defined a categorical and a K-theoretical
version of the COHA for surfaces, using the derived enhancement of the stack of coherent
sheaves. Further, A. Khan [36] introduced a motivic framework for Borel-Moore coho-
mology for Artin stacks which could potentially simplify the treatment of some questions
considered in this paper.

0.6. Structure of the paper

In §1 we discuss the basic generalities on groupoids and stacks, including higher stacks
understood as homotopy sheaves of simplicial sets. We pay special attention to Dold—Kan
and Maurer—Cartan (Deligne) stacks associated to 3-term complexes and dg-Lie algebras.
These constructions are used in §2 to describe stacks of extensions (needed for defining
the Hall multiplication) and filtrations (needed to prove associativity).

In §3 we define and study the Borel-Moore homology of Artin stacks. This concept,
which is a topological analog of A. Kresch’s concept of Chow groups for Artin stacks [38],
can be easily defined once we have a good formalism of constructible derived categories
and their functorialities £, Rfx, Rf., f'. While in the “classical” approach (sheaves
first, complexes later) this may present complications (cf. [39, 50] for a discussion), the
modern point of view of homotopy descent [19] allows a straightforward definition of
the enhanced derived category of a stack as the co-categorical limit of the corresponding
categories for schemes. The desired functorialities are also inherited from the case of
schemes. We study virtual pullback in this context.
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The COHA is defined in §4, first as a vector space, then as an associative algebra.

In §5 we consider subalgebras in the COHA corresponding to sheaves with vari-
ous conditions on the dimension of support. These subalgebras play the role of Hecke
algebras, since they act on other subspaces in COHA (corresponding to sheaves whose
dimension of support is bigger) by natural “Hecke operators” (operators formally dual to
those of the Hall multiplication).

In §6 we study the flat Hecke algebra R(A?) by relating it to the earlier work on
commuting varieties in gl,. Here we prove Theorem 6.1.4.

Finally, in §7 we globalize the considerations of §6 by describing the global Hecke
algebra R(S) as the factorization (co)homology of an appropriate factorization (co)al-
gebra. This leads to the proof of Theorem 7.1.6 .

The paper has two appendices. Appendix A, logically preceding the entire paper, pro-
vides a reminder on co-categories and dg-categories. Appendix B spells out the homotopy
unique nature of Euler (top Chern) classes and orientation classes at the cochain level. It
logically depends on §§1-3 (i.e., assumes the formalism of stacks presented in these sec-
tions) but precedes §7 for which it provides necessary material.

1. Generalities on stacks

1.1. Groupoids and simplicial sets

A groupoid is a category G in which all morphisms are invertible. We write G =
{G1 = Gy} where Gy = Ob(G) is the class of objects and G; = Mor(G) is the class
of morphisms. For an essentially small groupoid G let 77¢(G) be the set of isomorphisms
classes of objects of G. For any object x € Gy let 71(G, x) = Autg(x) be the automor-
phism group of x. All groupoids in what follows will be assumed essentially small.

The small groupoids form a 2-category &pbd. For any groupoids G, G, we have a
groupoid whose objects are functors G; — G, and morphisms are natural transformations
of functors. We will refer to 1-morphisms of &pb as simply morphisms of groupoids.
Considered with this notion of morphisms, the groupoids form a category which we
denote Gpd. Let Eq C Mor(Gpd) be the class of equivalences of groupoids.

Proposition 1.1.1. Let f : G — G’ be a morphism of groupoids. Suppose that | induces
a bijection of sets wo(G) — mo(G') and, for any x € Ob(G), an isomorphism of groups
7(G,x) = m1(G’, f(x)). Then f is an equivalence of groupoids.

Proof. The conditions just mean that f is essentially surjective and fully faithful hence
an equivalence. ]

For a category C let A°C be the category of simplicial objects in C. In particular, we
will use the category A°Ser of simplicial sets and A°Ab of simplicial abelian groups. For a
simplicial set X let | X | be its geometric realization. A morphism f : X — X of simplicial
sets is called a weak equivalence if it induces a homotopy equivalence | X | — | X’|. In this
case we write X ~ X’. Let W be the class of weak equivalences.
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We also associate to any simplicial set X its fundamental groupoid I1X. Objects of
ITX are vertices of X, i.e., elements x € Xy, and for x, y € X, the set Hompx (x, )
consists of homotopy classes of paths in | X | joining x and y. Let 77¢(X) be the set of con-
nected components of | X |, and for eachi > 1 and x € X let 7; (X, x) be the topological
homotopy group of | X| at x.

Dually, the nerve NG of a groupoid G is a simplicial set with the set of m-simplices
being

NG = Gy Xg, G1 X6, -+ XG, G1 (m times). (1.1.2)

The topological homotopy groups of NG match those defined above algebraically for G:
70(NG) = 19(G). m1(NG.x) = m(G.x), m(NG.x)=0, i2>2.

A simplicial set is of groupoid type if it is weak equivalent to the nerve of some groupoid.
We denote by A°Ser=' C A°Ser the full subcategory of simplicial sets of groupoid type.

Proposition 1.1.3. (a) A simplicial set X is of groupoid type if and only if w; (X, x) = 0
foreachi > 2 and x € Xy. In that case X ~ NII1X.
(b) The functors 11 and N yield quasi-inverse equivalences of homotopy categories

A°Ser='[W~1] ~ Gpd[Eq~"]. u

Let 4 be an abelian category. We denote by C(w4) the category of cochain com-
plexes K = (K",d" : K" ! — K™),cz over # bounded below, with morphisms being
morphisms of complexes. For n € Z we denote by C="(+4) the category of complexes
concentrated in degrees < n. For K € C(+4) we denote by

<n dn—l n—1 dan " <n
K=" ={..—5 K — K" 50— .-} € CZ"(A),
n—1 n
<, K ={- d—> K"t d—> Ker(d"t1) - 0 — ---} € C="(A)

its stupid and cohomological truncation in degrees < n. Note that t<, sends quasi-iso-
morphisms of complexes to quasi-isomorphisms.

Examples 1.1.4 (Dold—Kan groupoids). Let Ab denote the category of abelian groups.

(a) Given a 3-term complex over Ab
d° d!
K={K'!— K°— K},
we have the action groupoid
wK = Ker(d')//K™' := {K~! x Ker(d') = Ker(d)}

whose set of objects is Ker(d!) and whose morphisms s — ¢ are given by {h €
K=': s +d°h) = t}. Then we have

no(wK) = H*(K), mi(wK,s) = H Y(K), VseOb oK.
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(b) The Dold—Kan correspondence DK : dg=°Ab — A°Ab associates to a 7 <p-graded
complex K the simplicial abelian group DK(K) such that
e DK(K)o = K°,
o the set of edges joining s, € K%is{h € K~ '; s +d°h) =1},
e 2-simplices with given 1-faces are in bijection with certain elements of K2, and

so on; see, e.g., [64, §8.4.1].

For each i > 0, we have an isomorphism 7; (DK(K)) ~ H~(K) which is indepen-
dent of the base point. In fact, the correspondence preserves the respective standard
model structures. In particular, for a 3-term complex K as in (a), we have

wK = IIDK(t<0K). (1.1.5)

Examples 1.1.6 (Maurer—Cartan groupoids). We will use a non-abelian generalization
of Examples 1.1.4, due to Deligne; see [22,23] and references therein, Hinich [27] and
Getzler [20].

(a) Consider a (possibly infinite-dimensional) dg-Lie algebra g over C situated in degrees

[0,2]:
do al
g=1{g" —g' — ¢’

Thus g° is an ordinary complex Lie algebra. We assume that it is nilpotent, so we
have the nilpotent group G® = exp(g®). By definition, G° consists of formal symbols
e?,y € g° (so GY is identified with g° as a set), with the multiplication given by the
Campbell-Hausdorff formula. The set of Maurer—Cartan elements of g is

me(g) = {x € g'; d'x + L[x,x] = 0}.

The group G° acts on me(g) by the formula

J 1 — ) )
e’ xx = (y)(x) + ———[d " (»)) (1.1.7)
ad(y)
(see [23, p. 45]). We define the Maurer—Cartan groupoid' (or Deligne groupoid) of g
to be the action groupoid

MC(g) = me(g)//G® := {G® x me(g) = me(g)}.

Note that if the dg-Lie algebra g is abelian, i.e., if it reduces to a 3-term cochain
complex, then G® = g° and it acts on me(g) = Ker(d!) by translation, so we have
MC(g) = @w(g[1]) where w is as in Example 1.1.4 (a).

'In this paper we use the terms “Maurer—Cartan groupoid” and “Maurer—Cartan stack” in order
to avoid clashes with the algebro-geometric notion of Deligne—-Mumford stacks.
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(b) More generally, let g be any nilpotent dg-Lie algebra over C. The Maurer—Cartan
simplicial set mco(g) is defined by

me, (g) = me(g ®c 254(A"),

where QI:O](A") is the commutative dg-algebra of polynomial differential forms on
the standard n-simplex [20, 27]. Further, in [20] it is proved that if g is concentrated
in degrees [0, 2] then No(MC(g)) is weak equivalent to mc.(g).

Proposition 1.1.8. A quasi-isomorphism ¢ : g1 — g2 of nilpotent dg-Lie algebras
induces a weak equivalence of simplicial sets mce(g1) — Mce(q2). In particular:

(a) If g1, g2 are concentrated in degrees [0, 2], then ¢ induces an equivalence of
groupoids MC(g1) — MC(g2).

(b) A quasi-isomorphism K1 — K5 of cochain complexes as in Example 1.1.4 (a) induces
an equivalence of groupoids wK; — @wK>. ]

Let now p : ¢ — b be a surjective morphism of dg-Lie algebras, both situated in
degrees [0,2]. Let u C g be the kernel of p and assume that there is an embedding i : ) — g
with p oi = 1 such that ¢ = § x u is the semidirect product.

We have a functor of groupoids p. : MC(g) — MC(}). Recall that for a functor ¢ :
C — D and an object x € Ob(D), the fiber category ¢ /x consists of pairs (v, h) with y €
Ob(C) and & : ¢(y) — x amorphism in D, with the obvious notion of morphisms of such
pairs. If C, D are groupoids, so is ¢/ x. We apply this when C = MC(g), D = MC(}) and
¢ = p«. We get the fiber category p./x. On the other hand, the object x € Ob(MC(}))
being an element of me(h), it gives a new differential d, = d — ad(x) on n, where we
abbreviate x = i(x). Let n, be the dg-Lie algebra with underlying Lie algebra n and
differential d.

Proposition 1.1.9. The fiber category p«/x is equivalent to the groupoid MC(1iy). |

1.2. Stacks and homotopy sheaves

Let .7 be a Grothendieck site. We recall that a stack (of essentially small groupoids) on
7 is a presheaf of groupoids B : T + B(T), T € Ob(.Y), satisfying the 2-categorical
descent condition extending that for sheaves of sets (see [52] for background). The stacks
on . form a 2-category &t . We will refer to 1-morphisms of &t » as morphisms of
stacks and will denote by St the category of stacks on . with these morphisms. Let
Eq C Mor(St.~) be the class of equivalences of stacks.

Remark 1.2.1. For most purposes, the above 1-categorical point of view on stacks will be
sufficient. However, in various constructions below such as gluing, the full 2-categorical
structure on &t & becomes important. In particular, as with objects of any 2-category, to
define a stack “uniquely” (e.g., naively, in a way “independent” of some choices) means,
more formally, to define it uniquely up to an equivalence which is defined uniquely up to
a unique isomorphism.
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A stack of groupoids B gives rise to a sheaf of sets 7 ,(B) on .7, obtained by sheafify-
ing the presheaf 7'+ 7o (B(T')). Similarly, for any 7' € Ob(.¥) and any object x € B(T')
we have a sheaf of groups &, (B, x) on 7, i.e., on the site ./ T, obtained by sheafifying
the presheaf T’ + 71 (B(T’), x|1/), where x|7- is the pullback by the morphism 7’ — T.

Proposition 1.2.2. Let f : B — B’ be a morphism in St which induces an isomorphism
of sheaves of sets 7w, (B) — 1y (B’) and an isomorphism of sheaves of groups m (B, x) —
(B, f(x)) forany T € Ob(¥), x € Ob(B(T)). Then f is an equivalence of stacks.

Proof. Follows from Proposition 1.1.1 by sheafification. |

Let A°Set.» be the category of presheaves of simplicial sets on .. Recall [63] that
such a presheaf X is called a homotopy sheaf or an oo-stack if it satisfies descent in
the homotopy sense. We denote by St% the category of homotopy sheaves of simplicial
sets on . and by W C Mor(St%)) the class of weak equivalences (defined stalkwise).
A homotopy sheaf X gives rise to a sheaf of sets 7, (X) on .# and, for any T € Ob(.¥”)
and any vertex x € X (7)o, a sheaf of groups x; (X, x) on ./ T. We have:

Proposition 1.2.3. Let [ : X — X' be a morphism in St%. Suppose f induces an iso-
morphism of sheaves of sets wy(X) — ny(X') and, for each T € Ob(#) and x € X(T)o,
an isomorphism of sheaves of groups w;(X,x) — w;(X’, f(x)). Then f is a weak equiv-
alence.

Proof. 1If . is a point, this is the standard: a map of simplicial sets is a weak equivalence
iff it induces an isomorphism of homotopy groups. The case of general . is obtained
from this by sheafification. |

Any homotopy sheaf X gives a stack of groupoids I1X on .7, defined by taking

T — I1X(T). Any stack of groupoids B on .# gives rise to a homotopy sheaf N(B)

taking T to the nerve of the groupoid B(T'). A homotopy sheaf X is called of groupoid
00,<1

type if it is weak equivalent to N(B) for some stack B. We denote by St ;=" C St%, the
full category of homotopy sheaves of groupoid type.

Proposition 1.2.4. (a) A homotopy sheaf X is of groupoid type if and only if w;(X, x)
=0foreachT € Ob(¥), x € X(T)p andi > 2.

(b) The functors T1 and N induce mutually quasi-inverse equivalences of homotopy cat-
egories St?’Sl W™ ~ St [Eq!]. L]

1.3. Artin and f-Artin stacks

In this paper all schemes, algebras, etc., will be considered over the base field C of com-
plex numbers. Let ;z?f}‘ be the category of affine schemes over C equipped with the
étale topology. We refer to [40, 52] for general background on Artin stacks, i.e., stacks
of groupoids on ﬁ?f}‘ with a smooth atlas and a representable, quasi-compact, quasi-
separated diagonal.
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Examples 1.3.1. (a) Let G = {G; :S; Gy} be a groupoid in the category of schemes of
t

finite type such that the source and target maps s, ¢ are smooth morphisms. It gives rise
to an Artin stack which we denote by ||G||. By definition, ||G|| is the stack associated
with the prestack

T + {Hom(T, Gy) == Hom(T, Gy)}.

(b) In particular, let G be an affine algebraic group acting on a scheme Z of finite type.
Then we have the action groupoid {G x Z = Z} in the category of schemes of
finite type. The corresponding Artin stack is denoted Z // G and is called the quotient
stack of Z by G. Explicitly, for T € ;z?ff the groupoid (Z//G)(T) is identified with
the category of pairs (P, u), where P is a G-torsor over T (locally trivial in étale
topology) and u : P — Z is a G-equivariant map.

Definition 1.3.2. An Artin stack B is called

(a) of finite type if it is equivalent to the stack of the form ||G || for a groupoid G as in
Example 1.3.1 (a);

(b) an f-Artin stack if it is locally of finite type;

(c) a quotient (resp. locally quotient) stack if it is equivalent (resp. locally equivalent) to
the stack of the form Z //G where Z, G are as in Example 1.3.1 (b).

All the stacks we will use will be f-Artin. Let the 2-category ©¢ and the category St
be the full 2-subcategory in &t ot and the full subcategory in St o formed by f-Artin
stacks.

Let &ff C 437]‘ be the category of affine schemes of finite type with its étale topology.
We note that f-Artin stacks are determined by their restrictions to .&7ff, and so we can and
will consider them as stacks of groupoids on </ff.

Given an f-Artin stack B, let ©tp be the 2-category of f-Artin stacks over B, i.e.,
of f-Artin stacks X together with a morphism of stacks X — B. Objects of &fp can,
equivalently, be seen as stacks of groupoids over the Grothendieck site 27ff g formed by
affine schemes T of finite type together with a morphism of stacks f : T — B. Thus, an
f-Artin stack X over B can be seen as associating to each T € @7ffp a groupoid X (7).

2. Stacks of extensions and filtrations

2.1. Cone stacks

We refer to [50,52] for general background on quasi-coherent sheaves on Artin stacks. For
an f-Artin stack B we denote by QCoh(B) (resp. Coh(B)) the category of quasi-coherent
(resp. coherent) sheaves of @ g-modules. By a vector bundle we mean a locally free sheaf
of finite rank.

Let B be an f-Artin stack and R = @D,y R’ be a graded quasi-coherent sheaf of
O p-algebras such that R® = O, R is coherent and R is generated by R! locally over B.
The relative affine B-scheme C = Spec R is called a cone over B (see, e.g., [5, §1]).
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If & is a coherent sheaf over B, we get the associated cone C(&) = Spec(Symg,, (€))

which is an affine group scheme over B. Its value (the set of points) on (T 1) B) € o/ffp
is Home - (f*&, Or). We call such a cone an abelian cone.
For instance, the fotal space of a vector bundle & over X is defined as

Tot(€) = C(€Y) = SpecSymg,, (€")
where &V is the dual sheaf of @g-modules. For any affine B-scheme f : T — B we have
Tot(E)(T) = H(T, *8). (2.1.1)

Thus, a section s € H%(B, &) is the same as a morphism B — Tot(&) of schemes over B.
Any cone C = Spec R is canonically a closed subcone of the abelian cone
Spec(Symg,, (RY)), called the abelian hull of C.

Example 2.1.2. Let d : & — ¥ be a morphism of vector bundles on B. We denote by
Ker(d) C & the sheaf-theoretic kernel of d. On the other hand, let v : Tot(§) — B be the
projection. The morphism d determines a section s of the vector bundle 7*¥ on Tot(§),
and we define the abelian cone Ker(d) C Tot(&) as the zero locus of this section. We note
that H°(B,Ker(d)) C H°(B, &) consists precisely of those sections s which, considered
as morphisms B — Tot(&), factor through the substack Ker(d).

A morphism of abelian cones over B is, by definition a morphism of group schemes
over B. Given a morphism of abelian cones £ — F, we have an action of the affine group
scheme E over B on F. Hence, we can form the quotient Artin stack F//E. Stacks of
this form are called abelian cone stacks.

2.2. Total spaces of perfect complexes

Let B be an f-Artin stack. We denote by Cycon(B) the category formed by complexes of
O g-modules with quasi-coherent cohomology. Let qis be the class of quasi-isomorphisms
in Cyeon(B) and Dyeon(B) = Cyeon (b)[gis™!] be the corresponding derived category. For
any integers p < q let Cq[fo’g ] (B) C Cycon(B) be the full subcategory formed by complexes

situated in degrees from p to q.

Definition 2.2.1. Let € € Cyn(B) and p < g be integers.

(a) € isstrictly [p, q]-perfect if € is quasi-isomorphic to a complex of vector bundles

qar+1 ar+2 da
(e’ 2 s eptl — .. — €Y}

situated in degrees from p to g. This complex is called a presentation of €.

(b) €is[p, q]-perfect if, locally on B, it is strictly [p, g]-perfect, and moreover the set of
open substacks U C B such that €|y is strictly [p, g]-perfect is filtering with respect
to the partial order by inclusion.
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For a [p, g]-perfect complex € and an open U C B as above we will refer to a quasi-
isomorphism €|y — €y, with €y strictly [p, g]-perfect, as a presentation of € over U.

A [p, q]-perfect complex € has a virtual rank vik(€) which is a Z-valued locally
constant function on B, i.e., a function constant on each connected component of B. It is
defined in terms of a presentation of € as

q
vik(€) = ) (=)' rk(e?).
i=p
We will be interested in making sense of total spaces of perfect complexes using
(2.1.1) as a motivation (cf. [62, §3.3]).

Definition 2.2.2. (a) Let € € Cqscgh(B). We define the simplicial presheaf Tot* (€) on
“ffp by

Tot™(€)(T) = DK(H(T, £*€)), (T 5 B) € o/ff5.

(b) Let€ € C q[C_O}lI’O] (B). We define the prestack of groupoids Tot(€) on </ff g by

Tot(€)(T) = w(HO(T, f*€)), (T > B) e c/ffy.
We call Tot(€) the rotal space of €.

Proposition 2.2.3. (a) Let € € qucgh(B). The simplicial presheaf Tot*™ (€) is a homo-
topy sheaf. For any x € Tot*(€)(T)o we have (independently of the choice of base
points)

7;(Tot™(€)) = H™'(€), i>0.

A morphism ¢ : €1 — €, in Cqscgh(B) induces a morphism of homotopy sheaves

¢p : Tot>®(€1) — Tot>*(€,), which is an equivalence if ¢ is a quasi-isomorphism.

(b) Let € € Cq[;)}]’o](B). The prestack Tot(€) on </ffp is a stack. The homotopy sheaf
Tot*>(€) is of groupoid type and T1Tot™® (€) = Tot(€). In particular, the total space

is functorial and takes quasi-isomorphisms ¢ to isomorphisms ¢y.

Proof. Part (a) follows from the fact that € is a sheaf and from the properties of the
Dold—Kan correspondence. Part (b) follows by Proposition 1.2.4. ]

Recall that a stack morphism f is called an Lc.i., i.e., a locally complete intersection
morphism, if it factorizes as f = p oi where p is a smooth map and i is a regular
immersion.

Proposition 2.2.4. (a) Let € € Cq[C_O:]’O](B) be strictly [—1, 0]-perfect. Then we have

a canonical equivalence of stacks of groupoids u : Tot(€) — Tot(€?)//Tot(€~1)
on Affp.

(b) Let€ € Cq[c_oﬁ’ol (B) be [—1, 0]-perfect. Then Tot(€) is an Artin stack over B.

(c) For any morphism ¢ of [—1,0]-perfect complexes, the induced morphism ¢y, of stacks
is an lc.i.
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Proof. Part (a) is similar to the proof of [26, Lem. 0.1]. That is, look at any (T L B)
€ /ffp. By definition, the groupoid Tot(€)(T') is the category whose objects are ele-
ments x of H%(T, £*€°) and a morphism x — x’ is an element of H°(T, f*€~1)
mapped by d° to x’ — x. At the same time, the groupoid (Tot(€1)//Tot(€°))(T) is the
category of pairs consisting of an f*€~!-torsor P over T and an f*€~!-equivariant
morphism P — €9 of sheaves over T. We see that the former category is the full sub-
category of the second consisting of data with the torsor P being the standard trivial one,
pP=f *©~1, This defines a fully faithful functor u 7, and such functors for all 7' give the
sought-for morphism of stacks u. Now, since 7 is affine, H(T, f*€~!) = 0 and so any
torsor P above is trivial. This means that the functor u is (locally) essentially surjective,
hence an equivalence of stacks. This proves (a). Parts (b) and (c) follow from (a). [

Example 2.2.5. Now, let € be a strictly [—1, 1]-perfect complex

—14°% o0 4
c={¢" —-¢€’" —el (2.2.6)
The stupid truncation €=0 = {€~! — €9} is strictly [—1, 0]-perfect. We denote by
7 :Tot(€% — B, 7 :Tot(€=%) = Tot(€?%)//Tot(€¢~!) - B

the projections. We recall from Example 2.1.2 (c) the abelian cone Ker(d') C Tot(€?)
given as the zero locus of the section s of 7*€1 induced by d!.

Proposition 2.2.7. (a) If € is strictly [—1, 1]-perfect, then we have a canonical equiva-
lence of stacks Ker(d')//€~! — Tot(t<¢€), i.e., the section s descends to a section
5 of €L, and Tot(t<o€) is the zero locus of 5.

(b) If € is [1, 1]-perfect, then Tot(t<o€) is an Artin stack over B.

Proof. The proof of (a) is completely analogous to the proof of Proposition 2.2.4 (a),
with €9 replaced by Ker(d !). Part (b) follows from (a). n

We call Tot(7<o€) the truncated total space of €.

Proposition 2.2.8. Let € be a [—1, 1]-perfect complex and (T 1> B) € Jffp.
(a) Foralls € Ob(Tot(t<o€)(T)) we have

7o(Tot(<0€)) =~ H*(€), 1, (Tot(t<0€).s) = H™'(f ).

(b) The truncated total space of [—1, 1]-perfect complexes is functorial and takes quasi-
isomorphisms ¢ to isomorphisms @. ]

Proof. Part (a) is a consequence of Proposition 2.2.7. Part (b) follows from (c). More pre-
cisely, a morphism (resp. quasi-isomorphism) ¢ : €; — €, of [—1, 1]-perfect complexes
yields a morphism (resp. quasi-isomorphism) t<o€; — <0 €> and the statement follows
from Proposition 2.2.3 (b). [ ]
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2.3. Stacks of extensions

We now consider the following general situation. Let B be an f-Artin stackand p: Y — B
be a scheme of finite type over B. Let &, ¥ be coherent sheaves over Y which are flat

over B. We can form the object € € D gcoh(B ) given by

€ = Rp« RHomg (¥, &)[1].

Let SES be the stack over B classifying short exact sequences 0 - & - § — F — 0 of
coherent sheaves over Y. That is, for any B-scheme T € &/ff g the objects of the groupoid
SES(T) are short exact sequences

0—>€&lr>%—>5F|r—>0 (2.3.1)

of coherent sheaves of Oy x , 7-modules, and the morphisms are the isomorphisms of such
sequences identical on the boundary terms. We then have

no(SES(T)) = Exty,  (Flr.€lr). mi(SES(T).§) =Extg,  (FIr.€lr)
(2.3.2)

for any object § of SES(T"). This implies identifications of sheaves of sets on <7ffp, and
of sheaves of groups on &/ff7:

7o(SES) = H*(€), x,(SESxpT.§) = H '(€|r). (2.33)
These identifications, together with those of Proposition 2.5.2 (b), suggest the following.

Proposition 2.3.4. Assume that the complex € is [—1, 1]-perfect. Then we have an equiv-
alence Tot(t<o€) = SES of cone stacks over B.

Proof. As aklready pointed out, the 7, and 7, of the two stacks Tot(r<¢€) and SES are
isomorphic. So it remains to construct a morphism of stacks inducing these identifications.
For this, we first make some general discussion.

We recall [7, 35, 61] that for any Artin stack Z the category Dé’coh(Z) has a dg-
thickening, i.e., there is a pretriangulated dg-category Cycon(Z) with the same objects
and spaces of morphisms being upgraded to complexes RHomc,,(z) (K, £) of C-vector
spaces such that

Homg, (K, £) = H° RHomc,,,(z) (K. £).

The complex RHom above can be explicitly found as
RHomc, ., (z)(K, £) = Hom'oz I(K), I(L)), (2.3.5)

where I(K) is a fixed injective resolution of X for each K.
We now specialize to the case

Z =Y xpT, K=3'V|T, i=8|T[l],
where T € @/ff g is an affine B-scheme. The complex of C-vector spaces

t<o RHomc,,,(z) (¥ |1, €[r[1])
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has cohomology only in degrees 0 and —1, given by the Ext groups in (2.3.2). We consider
the simplicial set

X(T) = DK(z<o RHomc,,(z)(F 7. €|7[1])).

which is of groupoid type by Proposition 1.1.3 (a). Its vertices are morphisms of com-
plexes I(¥|r) — I1(&|r[1]). The cone of such a morphism is a complex of sheaves
which has only one cohomology sheaf, in degree —1, and this sheaf § fits into a short
exact sequence as in (2.3.1). In this way we get a morphism of groupoids

W(T) : TIX(T) — SES(T).

At the same time, by (1.1.5), the groupoid I1X(T) is equivalent to the groupoid
T'HO(T, €|r) in Example 1.1.4(a), hence to Tot(t<q€)(T) by Proposition 2.2.8 (a).
Combining these constructions for all T € o7ffp, we get a homotopy sheaf X of sim-
plicial sets on 2/ffp of groupoid type, together with an equivalence and a morphism of
stacks

h
Tot(r<0€) >~ I1X — SES.

The morphism /4 induces the required identification on 1, and x, so it is an equivalence
of stacks. Proposition 2.3.4 is proved. ]

2.4. Maurer—Cartan stacks

We now describe a non-abelian generalization of the construction of §2.2. Let B be
an f-Artin stack and (9, d, [—, —]) be an Op-dg-Lie algebra with quasi-coherent coho-
mology. In other words, § is a Lie algebra object in the symmetric monoidal category
(Cyeon(B), ®@p). We will assume that § is nilpotent. We define the Maurer—Cartan oo-
stack of ‘G to be the simplicial presheaf mco(¥) on &Zff g defined by

me. (9)(T) = meo(HO(T, £*9)).

Here (T L B) is an object of &7ff 5, and we apply the functor me, to the dg-Lie algebra
HOY(T, f*§) over C.

Proposition 2.4.1. (a) The simplicial presheaf mce(§) is a homotopy sheaf.

(b) A morphism (resp. quasi-isomorphism) ¢ : §1 — &, of nilpotent Og-dg-Lie algebras
induces a morphism (resp. weak equivalence) of homotopy sheaves ¢, : mce(§;) —
mc.(5,).

Proof. Part (b) follows from Proposition 1.1.8 by sheafification. ]

Assume that the dg-Lie algebra § is situated in degrees [0, 2], i.e.,

g =1{9° Eogr L g% (2.4.2)
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Then we define the stack MC(¥) of groupoids on 27ff g by
MC($)(T) = MC(H(T, 9|r)).
We call MC(§) the Maurer—Cartan stack associated to a 3-term (9 p-dg-Lie algebra §.

Proposition 2.4.3. If G is situated in degrees [0, 2, then the simplicial sheaf mce(§) is
of groupoid type and TIme, () = MC(9). |

Let ¢ be any O p-dg-Lie algebra with quasi-coherent cohomology. As for complexes,
we call § strictly [0, 2]-perfect if it is quasi-isomorphic, as an O p-dg-Lie algebra, to a
3-term dg-Lie algebra (2.4.2) with each § being a vector bundle on B. We say that §
is [0, 2]-perfect if, locally on B, it is strictly [0, 2]-perfect, and moreover the set of open
substacks U C B such that §|y is strictly [0, 2]-perfect, is filtering with respect to the
partial order by inclusion.

We now assume that § is a strictly [0, 2]-perfect dg-Lie algebra as in (2.4.2). Then we
have the closed substack me(§) C Tot(§1) “given by the equation d ! x + %[x, x] =07,
with two equivalent definitions:

(mcl) For any affine B-scheme T i) B we have a dg-Lie algebra H°(T, §|r), and we
define
me($)(T) = me(H(T, €|7)).

(mc2) The stack me(§) is the zero locus of the section sg of 7*§2 given by the curvature
g' > g% x—d'x+ix.x] (2.4.4)

Since the Lie algebra €9 is nilpotent, we have a sheaf of groups G° = exp(§°) on B
by Malcev theory, which acts on the stack me(§) as in (1.1.7), and we can consider the
quotient stack me(§)// G°. Consider also the quotient stack

Tot(§=!) = Tot(8')//G°
and denote its projection to B by 7.

Proposition 2.4.5. (a) Let § be a strictly [0, 2]-perfect dg-Lie algebra as in (2.4.2).

(al) We have an equivalence of stacks u : MC(§) — me(§)//G®, so MC(§) is an
Artin stack.

(a2) The section sg of the bundle w*§?% on Tot(§') descends to a section Sg of the
bundle g2 on Tot(§='), and the substack MC(€) C Tot(§=') is the zero
locus of sg.

(b) If § is a [0, 2]-perfect Op-dg-Lie algebra, then the simplicial sheaf mce(§) is of
groupoid type. The stack of groupoids MC(§) := [Imce(§) is an Artin stack over B.

Proof. Part (al) is proved similarly to Proposition 2.2.4 (a), using the fact that, G° being
a unipotent sheaf of groups, any f*GO-torsor over any T € &/ffp is trivial. Part (a2)
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follows from (a) and from the equivalence of the two definitions (mc1) and (mc2) of the
stack me(%). Part (b) follows because being of groupoid type and being an Artin stack
over B are properties local on B. ]

Example 2.4.6. If the dg-Lie algebra § is abelian, i.e., it reduces to a [0, 2]-perfect com-
plex on B, then MC(§) = Tot(r<o(¥[1])).

Let us now globalize the considerations of Proposition 1.1.9 as follows. Let p : § =
H x N — H be a split extension of strictly [0, 2]-perfect dg-Lie algebras on B. The
B-scheme mg : me(H) — B carries a strictly [0, 2]-perfect dg-Lie algebra N which is
equal to 3, N as a graded sheaf of Ope(g)-Lie algebras, with the differential dy at a point
x € me(H) defined as above. The action of the sheaf of groups H° on me(H#) extends to
a compatible action on N, so that & descends to a strictly [0, 2]-perfect dg-Lie algebra on
the stack MC(#). We denote this descended dg-Lie algebra by the same symbol N . Note
that MC(C/\7 ) is a stack over MC(#), hence over B. Now, we have the following global
analogue of Proposition 1.1.9.

Proposition 2.4.7. The stacks MC(§) and MC(e/\7 ) over B are isomorphic.

Proof. For each affine B-scheme T € o/ff, we have a split exact sequence of dg-Lie
algebras

0— HYT, N|r) — HYT, 8|r) > HYT, ¥#|r) — 0

which gives rise to a functor px : MC(H(T, §|7)) — MC(H(T, #|7)) with the fiber
category over an object x equivalent to MC(H (T, #|7)). This yields the following
isomorphism of groupoids over MC(H (T, #|7)):

MC(H (T, ¢|r)) = MC(H(T, N|r)). ]

2.5. Stacks of filtrations

Let B be an f-Artin stack and p : ¥ — B be a scheme over B, locally of finite type. Let
&o1, €12, €23 be coherent sheaves over Y which are flat over B. We define FILT to be the
stack over B classifying filtered coherent sheaves &g C &gy C Ep3 over Y, together with
identifications &g; /E¢; ~ &;; forij = 12,23. We have a sheaf of associative dg-algebras
over B defined by

g = @ Rp«RHom(&y;, &;;), 01 <12 < 23. (2.5.1)
ij<kl
We will consider § as a sheaf of dg-Lie algebras using the supercommutator. Then we
have the following generalization of Proposition 2.3.4.

Proposition 2.5.2. Assume that § is a strictly [0, 2]-perfect dg-Lie algebra on B. Then
we have an equivalence MC(§) = FILT of stacks over B.

Proof. Let SESg12 be the stack over B classifying short exact sequences

&o12 = {0 > &y; — B — €12 — 0} 2.5.3)
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of coherent sheaves over Y. Then FILT is the stack over SESg;, classifying short exact
sequences
80123 = {O ad 802 — 803 — 823 — 0}, (254)

and § = J# x N where
N = Rp.Hom(&33, &o1 ® &12), H = Rp.Hom(&2, Ep1).

Since the dg-Lie algebra J¢ is abelian, by Example 2.4.6 and Proposition 2.3.4 the stacks
MC(H), SESp1, are equivalent, and N gives an abelian strictly [0, 2]-perfect dg-Lie alge-
bra N over SES¢1». Further, by Proposition 2.4.7, we have MC(§) = MC(N) as stacks
over SESpj2. So it remains to prove that MC(ﬁ ) is the stack over SESp;, classifying
short exact sequences (2.5.4).

Let T £> B be an affine B-scheme. Suppose the object &p12 of SESg12(7T) is the
cone of a morphism ug;5 in RHom%,XBT(f*é”lz, f*Ep1). Thus, given injective reso-
lutions of f*&;; for each i, j, the complex &g, is quasi-isomorphic to the complex
C(up12) = I12 ® I where the differential is the sum of the differentials of 75, Iy and
the composition with 115, viewed as a morphism of complexes of sheaves 15 — Io1[1].

Next, we have N = 73N as a graded sheaf, and the differential do1> of N at the
point &p15 is given by

do12(u) = d(u) —ad(uo12)(u), VYu € Homyx,r(f*E23, f*E01 ® f*E12);

see Proposition 1.1.9 and the discussion before it. In our case ad(ug12)(u) reduces to
the composition ug1ou. Thus, the condition for u to satisfy the equation dg12(u) = 0 is
equivalent to saying that it lifts to a morphism of complexes f*&,3 — C(up12),1.e.,t0 a
dotted arrow 1123 in the diagram

Coz o

/ \\ 0123

f801<Tf 812<_f &3

u

The cone of such an arrow defines §y3 with a short exact sequence (2.5.4). We have
thus constructed a morphism MC(N) — FILT of stacks over SESy;5, and it is easy to
check that this morphism is an equivalence. |

3. Borel-Moore homology of stacks and virtual pullbacks

3.1. BM homology and operations for schemes

We fix a field k of characteristic 0 which will serve as the field of coefficients for
(co)homology. The cases k = Q or k = QQ; will be the most important. For basics on sim-
plicial categories, oo-categories and dg-categories, see §A and the references there. By
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dgVect = dgVect, we denote the dg-category of cochain complexes over k. We recall the
standard formalism of constructible derived categories of complexes of k-vector spaces
and their functorialities [34], together with its co-categorical enhancement.

Let Sch denote the category of schemes of finite type over C. For a scheme T €
Sch we denote by C(T') the category of constructible complexes of sheaves of k-vector
spaces on T(C). Let D(T') = C(T)[Qis '] be the constructible derived category, i.e.,
the localization of C(7") by the class of quasi-isomorphisms. We denote by D(7")4, and
D(T)oo the dg- and co-categorical enhancements of D(7') defined as in §A.2. If k = Qy,
we can use the étale /-adic version of the constructible derived category [50,51]. It admits
similar enhancements.

These categories carry the Verdier duality functor which we denote by D). For a mor-
phism f : § — T in Sch we have the usual functorialities

Rfu.fy
D(S) —— D(T)
S

with their standard adjunctions; see [34] for the case of classical topology or [50,51] for
the case of étale topology. They extend to the above enhancements and we will be using
these extensions.

We denote by wr = p'k, p : T — pt, the dualizing complex of 7. The Borel-Moore
homology of T and its complex of Borel-Moore chains are defined by

HP(T) = H™*(T, o), CEM(T) = RT(T, ). (3.1.1)
The Poincaré—Verdier duality implies that
H(T) = HX(T)*. (3.1.2)

A morphism f : S — T in Sch is called strongly orientable of relative dimension
m € Z if there is an isomorphism kg — f'ky[m] in D(S). A choice of such an isomor-
phism is called a strong orientation of f. For not necessarily connected S we can speak of
relative dimension being a locally constant function on S, with the obvious modifications
of the above.

Recall that HEM is covariantly functorial with respect to proper morphisms. By
(3.1.1), an oriented morphism f : S — T of relative dimension m gives rise to a pullback
map f*: HM(T) — HEY, (S), and such maps are compatible with compositions of
oriented morphisms.

Examples 3.1.3. (a) A smooth morphism f of dimension d is strongly oriented of rela-
tive dimension 2d.

(b) An l.c.i. (locally complete intersection) morphism is a morphism f : S — T repre-
sented as a composition f = p oi where p is smooth and / is a regular embedding.
Thus an l.c.i. morphism f has a well-defined dimension d, which is a locally con-
stant Z-valued function on S. If the embedding i is strongly oriented, then f is
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also strongly oriented of relative dimension 2d, hence gives rise to a pullback mor-
phism f*. Note that the map f™* still make sense for any l.c.i. morphism; see, e.g.,
[51, §2.17].

Example 3.1.4. Let & be a rank r vector bundle on 7. We recall that the rth Chern class
¢, (8) € H? (T, k) is the obstruction to the existence of a continuous section of & which
does not vanish anywhere. Let s be any section of &. We denote the zero locus of s with

its embedding into 7 by T X T In this situation we have the refined rth Chern class
cr(&.5) € HY(T.k) = H* (Ty.ijky)

whose image in H?" (T, k) is ¢, (&), yieldding a virtual pullback map s' : HEM(T) —
HBM (Ts). More precisely, following [17, §7.3], we introduce the bivariant cohomology

o—2r

of any morphism f : S — T to be

HYS 5Ty = H(S. f'kp).

Recall that:
(a) We have H*(S S §) = H*(S, k), while H*(S — pt) = HBM(S).

(b) For a composable pair of maps S i) T £ U we have the product
L] f ° g ° gf
H*S > T)® H*(T >U)— H*(S > U).

So, taking U = pt, each h € H4(S EA T) gives rise to a map uy, : HEM(T) —

H2M ().
We deduce that ¢, (6, 5) € H? (Ty -> T) defines a map HEM(T) — HEY (Ty).

0

The construction of ¢, (&, s) is as follows. We consider the embedding 7' — Tot(&) as
the zero section. It is strongly oriented of relative dimension 2r [17, Props. 4.1.3, 7.3.2],
hence we get a class 1) € H%’ (Tot(&)). Now Ty is the intersection of 7" with I, the graph
of s inside Tot(&), and ¢, (&, s) is the image of n under the restriction map

HE' (Tot(8).k) — H7nr, (Ts. k) = HF (T.K).
See also [51, §2.17] for a different approach.

Proposition 3.1.5. Let & be a vector bundle on T of rank r and let p : Tot(§) — B be

the projection. The pullback p* : HEM(T) — HP_}YI, (Tot(8)) is an isomorphism. ]

Remark 3.1.6. For T € Sch let A4,,(T) be the Chow group of m-dimensional cycles
in T. We have the canonical class map cl : Ay (T) — HzB},\:[(T). All the above construc-
tions (proper pushforwards, 1.c.i. pullbacks, virtual pullbacks) have natural analogs for the
Chow groups [16], which are compatible, via cl, with the sheaf-theoretical constructions
described above.
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3.2. BM homology and operations for stacks

The formalism of constructible derived categories and their functorialities extends to
f-Artin stacks. For the case k = QQ; and étale topology this is done in [50,51]. Another
approach using co-categorical limits, which we outline below, is applicable for the com-
plex analytic topology, any k, as well as for the case of analytic stacks in §7.3. It is
an adaptation of the approach used in [19, §3.1.1] for ind-coherent sheaves to the con-
structible case. All stacks in this sections will be f-Artin.

Let B be a stack. We denote by Schp the category formed by schemes T of finite type
over C together with a morphism of stacks 7 — B. We define

D(B)eo = lim D(T)os. D(B)gz= lim D(T)q. 3.2.1)
{T—B} {T—B}

the oo-categorical projective limit, resp. dg-categorical (homotopy) projective limit over
the category Schg, with respect to the pullback functors. Note that D(B)e, resp. D(B)ge
also carries the Verdier duality D induced by such dualities on the D(T")oo, resp. D(T') g
above.

We compare this with the following. Let Z be a scheme of finite type over C with an
action of an affine algebraic group G. Then we have action groupoid {G x Z =% Z} in
the category of schemes, so its nerve No{G x Z =3 Z} is a simplicial scheme defined as
in (1.1.2). The Bernstein—Lunts equivariant derived constructible oo-category of Z is

D(Z,G)oo = 1im D(Nup{G X Z 3 Z})oo.
[n]eA°

It is an oco-categorical version of the definition from [6]. Just as in [6], if ¥ *is a G(C)-
equivariant constructible complex on Z(C), then

EXt(7.6). Kz, F°) = Hg () (Z(C), F°)
is the topological equivariant (hyper)cohomology.
Proposition 3.2.2. The co-category D(Z, G) is identified with D(Z // G) so.
Proof. Each N,{G x Z = Z} is an affine scheme over Z, therefore over Z //G. In fact,
NAGXZ 3 Zy=ZXz/6 - XzyG Z (ntimes).

So Ne{G x Z = Z} is the nerve of the (smooth) morphism Z — Z // G, which we can see
as a 1-element covering of Z // G in the smooth topology. Our statement therefore means
that D(—)co satisfies (co-categorical) descent with respect to this covering. A more gen-
eral statement is true: D(—)o as a functor from stacks to co-categories satisfies descent
(for any covering) in the smooth topology. This statement is a formal consequence of
the corresponding, obvious, statement for schemes: D(—)s as a functor from Sch to
oo-categories satisfies descent (for any covering) in the smooth topology. ]
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Given a morphism of stacks f : B — C, the composition with f defines a functor
fo : Schp — Sche, hence a functor which we denote

F1iD(C)oo = lim D)~ lim D(T) =D(B)w.

U=0 (T—>B50)

The right adjoint functor to £ ! is denoted by R fx : D(C)oo — D(B)co.
We further define the functors

f'=Do foD:D(C)eo = D(B)sw, Rfi=DoRfyoD :D(B)s — D(C)eo.

In particular, we have the dualizing complex wp = D(kp) = p'(k), where p : B — pt
(see [39]). Note that, for each affine algebraic group G over C, we have wpg =~
kpi[—2 dim(G)], while for each smooth complex variety S, ws ~ k¢ [2 dim(S)].

We define the Borel-Moore homology and cohomology with compact support of an
(f-Artin) stack B by

HM(B) = H™*(B,wp), HZ(B.kg) = H*(Rpikg). (3:23)

The Poincaré—Verdier duality extends from schemes of finite type to f-Artin stacks and
implies that HEM(B) = H? (B,kg)*. By gluing the corresponding properties of schemes,
we find that HBM is covariantly functorial for proper morphisms and has pullbacks with
respect to l.c.i. morphisms.

Remark 3.2.4. The BM homology for stacks is the topological analog of the Chow
groups for stacks as defined by Kresch [38].

We also note the following (see [38, Thm. 2.1.12]).

Proposition 3.2.5. Let €° = {€~! — €%} be a two-term strictly perfect complex on B
of virtual rank r, with the total space Tot(€®) = €°//€~! X B. Then x is a smooth
morphism, hence it is strongly oriented of relative dimension 2r, and 7w* : HEM(B) —
HB3M(Tot(€)) is an isomorphism if B admits a stratification by global quotients [38,
Def. 3.5.3], in particular if B is locally quotient. ]

3.3. Virtual pullback for a perfect complex

Let B be a stack and & be a vector bundle of rank r over B. Lets € H°(B, &) be a section
of & and
i:By={s=0—B

be the inclusion of the zero locus of s, which is a closed substack. The section s gives a
regular embedding in the total space of &, which we also denote by s : B — Tot(&). The
construction of Example 3.1.4 extends (by gluing) from schemes to stacks and gives the
refined pullback morphism, or refined Gysin morphism,

s': HBM(B) — HEM (By), (3.3.1)
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making the following diagram commute:

HPM(B) —— HPY, (B)

o—2r

HEM(Tot(€)) «—— HIM, (B)

o—2r

Remark 3.3.2. The map s' is the BM-homology analog of the refined pullback on Chow
groups for Artin stacks, which is a particular case of [45, Construction 3.6], or of [38,
§3.1] which uses deformation to the normal cone.

Now, let € be a strictly [—1, 1]-perfect complex on B and
7 Tot(€<%) — B, ¢ :Tot(r<c€) — B

be the obvious projections. The differential d ! of € gives a section se¢ of the vector bundle
x*€1 on Tot(€=2) whose zero locus is the cone stack Tot(r<o€), yielding the diagram

el «2C  To(€=0)

B+~ Tot(€=") + O Tot(r20€)

such that ¢ = m o i. By Proposition 3.2.5 (see also [38, Thm. 2.1.12]), the pullback along
7 defines a morphism

7" HM(B) = HEY o) (ToH(E=),

which is an isomorphism if B admits a stratification by global quotients. Further, we have

the refined pullback map on Borel-Moore homology

Sp HPY, ce=oy (Tot(€=0)) — HZY, o) (Tot(t<0C)).

We define the virtual pullback associated with € to be the composite map
ge =sgon* : HM(B) - HPY, e (Tot(t=0©)).
By Proposition 2.2.8, the stack Tot(t<o€) depends only on the isomorphism class of
the complex € in Dé’oh(B ) and not on the choice of the presentation (2.2.6).

Proposition 3.3.3. Ler € be a strictly [—1, 1]-perfect complex on B. The virtual pullback
q\!e depends only on the isomorphism class of the strictly [—1, 1]-perfect complex € in
D% (B).

Proof. Fix two presentations €y, €, of the complex € as in (2.2.6), with

0 1

d d
G =6 Sed 5Sel k=12,
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and fix a quasi-isomorphism ¢ : €, — €,. By functoriality of the total space and the
truncated total space, we have the commutative diagram

Tot(t<0€1) —2—= Tot(t<0C>)

I

Tot(€=0) — 2 Tot(€59)

||

B

We claim that the following triangle commutes:

de
HM(B) —— HP}Y, e, (Tot(t<01))

(b))«

!
q €y ‘

HPY, ey (Tot(T<0C2)).

To prove this, we must prove that
! * gk ! *
Se, O] =@, ©Se, ©0T5.

By Proposition 2.2.4, the map ¢, : Tot(‘€15°) — Tot(t’zfo) is an l.c.i. Hence there is a
Gysin map (¢,)* and we have expressions through the local Chern classes associated to
the sections s¢; of 7€}, i = 1,2:

! * *vo 1 * *

Se, © 7 —Crk(zsl‘)(ﬂlflvstfl)o% Oy,

* ! * gk *vwl *
¢, 0 Se, 0Ty = ¢, OCrk(ezl)(”zfz»Sﬁz)O”z'

The proposition is a consequence of the following version of the excess intersection for-
mula.

Lemma 3.34. Let f : By — By be a morphism of stacks which is an l.c.i. of relative
dimension ry — ry. Let &1, &> be vector bundles on By, B, of ranks ry, r, and sections sy,
52 of 81, 8. Let h : &1 — f*&, be a vector bundle homomorphism such that h o 51 =
sz o f, which yields a fiber diagram

(Bz)sz¢> By —2— Tot(&)

T

(BI)SI(L) B] L} TOt(E;])
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where g is an isomorphism. Then we have a commutative square

Cry (&1,51)

HPM(By) HY, (B)s))

4 d
Cry (&2,52)

HOB—Nér1+2r2 (B2) ? HP—N;” ((32)52) L]

Finally, let now B be an Artin stack and let € be any [—1, 1]-perfect complex on B.
Let U be a filtering open cover of B consisting of open substacks U such that €|y is
strictly [—1, 1]-perfect. We have

HEM(B) = lim HEMU), HEM(Tot(r<€)) = lim HEM(Tot(t<0€|v)). (3.3.5)
Uelu Uelu
Definition 3.3.6. A coherent perfect system on a [—1, 1]-perfect complex € on B is a
collection of quasi-isomorphisms ¢y : €|y — €y and ¢ycy : €yly — €y for each
U,V € U with V C U such that €y is a strictly [—1, 1]-perfect complex on U with a
presentation as in (2.2.6), and ¢y = ¢dycv o duly.

Given a coherent perfect system on €, we define the virtual pullback
qe : HM(B) = HXY ye) (Tot(z=0€)
as the map
qe = lim (pv)" © g¢,)- (3.3.7)
Uelu

Remark 3.3.8. If € is a strictly [—1, 1]-perfect complex on the stack B, then its total
space has a dg-stack structure given by

Tot(€) = (Tot(€=°), (Sym(x*(€")"[1]). dy)). (3.3.9)

that is, the stack Tot(€=) equipped with the sheaf of commutative dg-algebras which is
the Koszul complex of the section s above. This dg-stack gives rise to a derived stack in
the sense of [62]. The derived stack Tot(€) depends, up to a natural equivalence, only
on the isomorphism class of the complex € in Dfoh(B ). We expect a direct conceptual
interpretation of the virtual pullback q!f in terms of the derived stack Tot(€). However,
this would require a well-behaved Borel-Moore homology theory for derived stacks and
we do not know how to do it.

3.4. Virtual pullback for Maurer—Cartan stacks

Let B be an Artin stack of finite type and § be a strictly [0, 2]-perfect dg-Lie algebra
over B as in (2.4.2). We now define a virtual pullback

qy - HM(B) — HEY, 1e)(MC(9))
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using the diagram
B+ Tot(§51) « O MC(¥).
q

In order to define the map qgg = sé o™ as in §3.3, we must check that the pullback
morphism
x*: H?M(B) — HPEZVFk(gSI)(Tot(ﬁfl))

and the refined pullback

Slﬁ : H.szvrk(gsl)(TOt(gﬁ)) g HP—}YIZVrk(g)(MC(g))

are well-defined. The refined pullback is defined as in the previous sections, using the fact
that MC(§) is the zero locus of the section s of the bundle 7*§2 on Tot(§=!) associated
with the curvature (2.4.4). The pullback map 7* is well-defined, because 7 is a vector
bundle stack, hence is smooth although non-representable.

Next, we study the behavior of the virtual pullback under extensions of dg-Lie alge-
bras. Let € = J x N and N = 73N be as in §2.4. Note that Proposition 2.4.7 allows
us to write the commutative diagram

B < Tor(J=") X OMC(H#)
PN Jra
Tot(=1) Tot(N =1)
Y
MC(¥)
The virtual pullback maps q!g, q!ﬁ and qe!% are defined as above.

Proposition 3.4.1. We have the equality q!g = qi{/ o q}%,.

Proof. Let sg, s, sg be the sections of the bundles ﬂ;gz, 7117 N2, T H 2 associated

with the curvature maps of G, N, H respectively. We must prove that
sy oy =s;70n€:70s!;€ oy

First, observe that we have the diagram whose square is a fiber square

B < Tot(#=1) X OMC(H)

Xw] Jrs

Tot(§=") 2O Tot(N =)

Sl

MC(¥9)
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and the maps py, j, are given by the functoriality of the total space of a [—1, 0]-complex.
Note further that we have vector bundle homomorphisms

mgG% = (p) wyH(H?), TENT = (p) rgE.
These vector bundle homomorphisms being compatible with the sections sg, s 7 and sz,

the claim follows from the functoriality of the refined pullback with respect to pullback
by smooth maps. ]

4. The COHA of a surface

4.1. The COHA as a vector space

Let S be a smooth connected quasi-projective surface over C. Let Coh(S) be the stack
of coherent sheaves on S with proper support. It is not smooth because the deformation
theory can be obstructed due to Ext?.

Proposition 4.1.1. Coh(S) is a locally quotient f-Artin stack.

Proof. This is standard [40, Thm. 4.6.2.1]. Here are the details for future use in Prop.
4.3.2. Let S be a smooth projective variety containing S an an open set. Then Coh(S) is
an open substack in Coh(S). So it is enough to assume that S is projective which we will.
Let O (1) be the ample line bundle on S induced by a projective embedding. The stack
Coh(S) splits into disjoint union
Coh(S) = | | Con™(s),
hek([t]]

where Coh(h)(S ) consists of sheaves ¥ with Hilbert polynomial %, i.e., such that
dim H°(S, ¥ (n)) = h(n), n> 0.
For any N € N, let Coh®™N )(S) Coh(h)(S ) be the open substack formed by ¥ such
that for each n > N two conditions hold:
(a) Hi(S,F(n))=0,i>0,
(b) the canonical map H%(S, ¥ (n)) ® O(—n) — F is surjective.
Now, for any coherent sheaf & on a scheme B, let Quotg be the scheme such that, for any

B-scheme T' — B, the set of T-points Quotg (T) is the set of surjective sheaf homomor-
phisms &|7 — ¥ where ¥ is flat over T', modulo the equivalence relation

G:8lr = F)~(q :8r > F) < Ker(q) = Ker(q)).

Let Quot™N) (S) be the open subscheme of Quotg_yyenw) formed by the equivalence
classes of surjections ¢ : O(—N)®"WV) 5 & with ¥ € Coh™) (S) such that ¢(N)
induces an isomorphism H°(S, ©)®"W) s HO(S % (N)). Then the stack Coh™™)($)
is isomorphic to the quotient stack of Quot™N) (S) by the obvious action of the group
GLy(n)y. It is a stack of finite type and, as N — oo, the substacks Coh®-N )(S ) form an
open exhaustion of Coh® (S). |
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4.2. The induction diagram

Let SES be the Artin stack classifying short exact sequences
086> —->F >0 “4.2.1)

of coherent sheaves with proper support over S. Morphisms in SES are isomorphisms of
such sequences. We then have the induction diagram

Coh(S) x Coh(S) <~ SES % Coh(S), 4.22)
where the map p projects a sequence (4.2.1) to §, while g projects it to (&, F).
Proposition 4.2.3. The morphism p is schematic (representable) and proper.

Proof. For any coherent sheaf § on S with proper support, the Grothendieck Quot scheme
Quotyg is proper. [ ]

4.3. The derived induction diagram

We have the projections

P12 P13, P23
—_—

Coh(S) x Coh(S) <— Coh(S) x Coh(S) x S Coh(S) x S.

Consider the tautological coherent sheaf U over Coh(S) x S and the complex of coherent
sheaves over Coh(S) x Coh(S) given by

€ = R(p12)«RHom(p3; U, pi; WI1]. 4.3.1)

Its fiber at a point (&, ¥) is the complex of vector spaces RHomg (¥, §)[1]. Given a
substack X C Coh(S), let Uy = U|xxs and €y = €lxxx be the restrictions of U
and €.

Proposition 4.3.2. (a) The complex € is [—1, 1]-perfect and admits a perfect coherent
system.

(b) The complex €y is strictly [—1, 1]-perfect if X = Cohg(S).

Proof. As in the proof of Proposition 4.1.1, the statements reduce to the case when S is
projective, which we assume. We also keep the notation from that proof. Fix two poly-
nomials &, i’ € K[t] and let &€ € Coh(h)(S) and ¥ € Coh(h/)(S ) be two fixed coherent
sheaves on S with Hilbert polynomials %, 4’. Since S is smooth of dimension 2, we can
fix a locally free resolution £* = {2 — P~1 — PO} of F. If we know that the P’
are “sufficiently negative” with respect to &, i.e., for each i € [-2,0] and j > O the
space Ext} (P!, &) = H/ (S, (P')¥ ® &) vanishes, then the complex of vector spaces
RHomg (¥, &)[1] is represented by the complex

Homg (P°, &) — Homg (P!, &) — Homg (P2, 8) (4.3.3)
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situated in degrees [—1, 1]. In order to achieve this, we define, in a standard way,
PO = HO(S, F (No)) ® O(—No) —> F, Ny <0,
with evg being the evaluation map. Then we set Ky = Ker(evy) EL PO and
P71 = HOS, Ko(N1)) ® K(=N1) —5 Ko, Ny < No.

and 72 = Ker(evy) & P-1 Then by Hilbert’s syzygy theorem, $ 2 is locally free,

and

5 d72=e3 _q d71=¢jo0ev evo

PN = F

(P~ P

is a locally free resolution of ¥ . Further, if Ny <« Ny < 0 are sufficiently negative with
respect to & and ¥, then the dimensions (denoted by r_q, rg, 1) of the terms of the
complex (4.3.3) are determined by %, i’ and Ny, N;. For fixed N7 < Ny < 0 the locus of
(€, ¥) for which it is true forms an open substack Uy, ng 4,4 in Coh(h)(S) X Coh(h/)(S).
On Un, ,No,h.#» the complex € is then represented by a complex of vector bundles whose
ranks are r_p, rg, r1, so it is strictly perfect. Further, as Ny, No — —oo, the substacks
UN, ,Ny.,n,nv Torm an open exhaustion of Coh(h)(S ) X Coh(h/)(S ). This proves (a).

To see (b), we notice that for 0O-dimensional & and # with given & and 7/, i.e., with
given dimensions of HO(S, &) and HO(S, F), one can choose Ny, N in a universal
way. [

Let now X C Coh(S) be a substack whose points are closed under extensions in
Coh(S). Let SESx C SES be the substack which classifies all short exact sequences of
coherent sheaves over S which belong to X. We abbreviate U = Uy, € = €x and SES =
SESy. Assume further that the complex € over X x X is strictly [—1, 1]-perfect. Fix a
presentation of € as in Example 2.2.5.

Proposition 4.3.4. The stack Tot(t<oC) is isomorphic to SES.
Proof. Apply Proposition 234 withY = X x X x Sand ¥ = p3,U, & = pj;U. =

Thus, for all X as above we have the following diagram of f-Artin stacks:

X x X & Tot(e=0) <> SES B X (43.5)

with ¢ = 7 o i, which can be viewed as a refinement of the induction diagram (4.2.2). We
call this diagram the derived induction diagram.

4.4. The COHA as an algebra

We apply the analysis of §3.3 to all diagrams (5.2.1) as X runs over the set of open
substacks of finite type of Coh(S) such that the complex € in (4.3.1) is strictly [—1, 1]-
perfect over X x X. Note that the stack Coh(S) is covered by all such X’s by the proof
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of Proposition 4.3.2. Since the map p is representable and proper, the pushforward p, in
Borel-Moore homology is well-defined. Hence, we have the maps

qe D+
HPM(X x X) — HJY, o) (SES) — HJXY, ey (X),

which, by (3.3.5), give rise to the maps

q‘!é’ Dx
HJZM(Coh(S) x Coh(8)) — H2Y, i e)(SES) — HZY, i e)(Coh(S)).
Composing the maps qé, P+« and the exterior product
HM(X) ® HM(X) — HM(X x X),
we get the map
m: HM(X) @ HM(X) — H2Y, ey (X)), (4.4.1)
and, by (3.3.5), the map
m : HPM(Coh(S)) ® HM(Coh(S)) — HXY, i ce)(Con($)).

The first main result of this paper is the following theorem. It is proved in the next section.

Theorem 4.4.2. The map m equips HEM(X) and HBM(Coh(S)) with an associative
k-algebra structure. ]

4.5. Proof of associativity

We must prove the associativity of the map m. It is enough to do it for HBM(X). To
do that, we consider the Artin stack FILT classifying flags of coherent sheaves &y; C
Eoz C o3 over S such that the sheaves &g, E12, &3 defined by &;; = &y /Ep; belong
to the substack X C Coh(S). For any i < j we introduce a copy X;; of the stack X
parametrizing sheaves &;;. For any i < j < k we introduce a copy SES;;x of the stack
SES parametrizing short exact sequences

0—>8ij—>8ik—>8jk—>0.

Then we have the fiber diagrams of stacks

FILT ——* s SESqp3 ——— Xo3

| |

SESo12 X Xo5 —2L 4 Xop % Xos 4.5.1)

qxll

Xo1 x X12 x X23
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and
FILT % SES()13 L) X()3
wl ql
Xo1 X SESq23 i) Xo1 X X13 “4.5.2)
lqu
Xo1 X X12 X X23
given by

x(&o1 C 82 C &g3) = (802 C Ep3), y(Eo1 C o2 C Ep3) = (Eo1 C Ep2, E23),
v(Eo1 C oz C Ep3) = (Eo1 C Ep3), w(Eo1 C Ep2 C Eo3) = (Eo1, 812 C &13).

We must prove that

PxoGe o (px x 1) o (ge x 1) = prog o (1x py)o(lxqe).

Note that the morphisms x, z are both proper and representable and that we have the
following equalities of stack homomorphisms:

(gxD)oy=((1xg)ow, pov=pox.
We claim that there are virtual pullback homomorphisms y%, and w,’f such that
X4 0 Ve = qe o (px X 1),
Vs O w\!e = q!f o (1x py), (4.5.3)
yéo(q}exl) =w>!3x(1xqé).

The complex €pp3 = (p x 1)*€ on SESp;12 X X23 and the complex €p13 = (1 X p)*€ on
Xo1 % SES123 are both strictly [—1, 1]-perfect. Since the squares in the diagrams (4.5.1),
(4.5.2) are Cartesian, by Proposition 2.3.4 we have stack isomorphisms

TOt(T§0€023) = SES012 XXoo SES()23 = FILT,
TOt(T50€013) = SESi23 XX 13 SES¢;3 = FILT.

Therefore, we have virtual pullback maps

Ve = Yooy HoM(SESo12 X Xa3) — HEY, o) (FILT),
wé = wéom . HPM(X()l X SESlz3) — HP—?/Izvrk(‘C)(FILT)

associated with the complexes €23 and €p;3. Then the first two equations in (4.5.3)
follow from the following base change property of virtual pullbacks.
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Lemma 4.5.4. Let B, B’ be Artin stacks of finite type, € be a strictly [—1, 1]-perfect
complex on B, and f : B' — B be a representable and proper morphism of stacks. Then
the complex €' := f*€ on B’ is strictly [—1, 1]-perfect and gives rise to the Cartesian
square

Tot(t<0€’) —— Tot(t<¢€)
q’l lq
B— B
Further, we have the following equality of maps:
g«0q'e =g o fu HBM(B) — HEM, | o (Tot(1<0©)). .

Now, we concentrate on the third equation in (4.5.3). To do this, we first apply Propo-
sition 2.5.2 to the stack homomorphism

pIY=X01XX12XX23XS—>B=X01XX12XX23

and to the coherent sheaves &;; = p;"j U with ij = 01, 12,23 given by the pullback of the
tautological sheaf U by the obvious projections ¥ — X x S. The sheaf § of associative
dg-algebras in (2.5.1) is a strictly [0, 2]-perfect dg-Lie algebra on B. So, Proposition 2.5.2
yields an equivalence of stacks over B

MC(¥) ~ FILT.

More precisely, we realize § as a semidirect product in two ways, § = JH x N = H'x N,
where

N = Rp.Hom(&73, 801 ® E12), H = Rp.Hom(&;3, Ep1),
N’ = RpsHom(81, @ €23,801), H' = Rp.Hom(E,3,812).

Then the proof of Proposition 2.5.2 yields the following isomorphisms of stacks:
MC(#) = SES¢12 X X23,
MC(H#’) = Xo1 x SES123,
MC(€) = MC(N) = SES¢12 Xx,, SESo23 = FILT,
MC(§) = MC(N') = SES123 Xx,; SESo13 = FILT.
In particular, we can identify the diagram

T*ELys ¢ Tot(Cry

|

SESg12 X X523 = Tot(‘€052°3) <1—)FILT
— = —
y

with the diagram
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7t N2 T Tol () /N

MC(J) 2 Tot(N 1)/ O O MC(8)
\—/

a5

We deduce that y’t = q}ﬁ. Similarly, we get

! ! ! ! ! !
e X1 =qg, We = q g/ I X ge =qy.

So the third equation in (4.5.3) follows from Proposition 3.4.1. This finishes the proof of
Theorem 4.4.2.

4.6. Chow groups and K-theory versions of COHA

Given an f-Artin stack B, we denote by A.(B) its rational Kresch-Chow groups, as
in [38]. We denote by K(B) the Grothendieck group of the category of coherent sheaves
on B. The construction in §3.3 makes sense as well for A, and K-theory, yielding virtual
pullback morphisms

i : Ae(Coh(S) x Coh(S)) — Aetuice)(SES),
i - K(Coh(S) x Coh(S)) — K(SES),

associated with the complex € in (4.3.1). Composing them with the pushforward p. :
A+(SES) — A4(Coh(S)) and p« : K(SES) — K(Coh(S)) by the map p in (4.2.2), we
get an associative ring structure on Ae(Coh(S)) and on K(Coh(S)).

A definition of the K-theoretic COHA of finite length coherent sheaves over S was
independently proposed along these lines in the recent paper of Zhao [65].

5. Hecke operators

5.1. Hecke patterns and Hecke diagrams

We continue to assume that S is a smooth quasi-projective surface over C. Recall that
Coh(S) is the stack of coherent sheaves on S with proper support.

Definition 5.1.1. A Hecke pattern for S is a pair (X, Y) of substacks in Coh(S) with the
following properties:

(H1) X isopen and Y is closed.
(H2) For any short exact sequence
0>86—->9—>F >0 (5.1.2)

withd € X and ¥ € Y, we have & € X.
(H3) Y is closed under extensions, i.e., if in (5.1.2) we have &, € Y, then § € Y.
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To a Hecke pattern (X, Y) we associate a version of the induction diagram (4.2.2)
which we call the Hecke diagram

X xY < SESyxy > X. (5.1.3)

Here SESyxy is the moduli stack of short exact sequences (5.1.2) with &,§ € X and
F €Y, and the projections ¢q : SESxyxy — X x Y, p : SESyxy — Y associate to a
sequence (5.1.2) the pair of sheaves (&, ) and the sheaf § respectively. We note the
following analog of Propositions 4.2.3 and 4.3.4.

Proposition 5.1.4. (a) The morphism p is schematic and proper.

(b) The morphism q identifies SESxxy with an open substack in Tot(t<oCxy ), where
Cyxy is the [0, 2]-perfect complex on X X Y defined as in (4.3.1).

Proof. The fiber of p over § consists of subsheaves & C g suchthat & € X and §/& €Y.
Because of the property (H2) we can say that it consists of & C § such that §/& € Y.
Since Y is closed in Coh(S), our fiber is a closed part of the Quot scheme of &, hence
proper. Part (a) is proved.

To prove (b), note that, similarly to Proposition 4.3.4, the full Tot(r<o€xy) is the
stack SESy 9y formed by short exact sequences (5.1.2) with & € X, ¥ € Y but § being an
arbitrary coherent sheaf. Now, SESyxy in the intersection of SESysy with the preimage
of X C Coh(S) under the projection to the middle term. Since X is open in Coh(S), we
see that SESyxy is open in Tot(t<oCxy). [

5.2. The derived Hecke action

Let (X, Y) be a Hecke pattern for S. Denote #x = HEM(X) and Hy = HEM(Y). From
the property (H3) we see, as in Theorem 4.4.2, that the derived induction diagram (5.2.1)
for Y makes Hy into an associative algebra. Further, similarly to (5.2.1), we have the
diagram of f-Artin stacks which we call the derived Hecke diagram:

X x Y < Tot(€59) <= SESyxy - X. (5.2.1)

Here i identifies SESy yy with an open subset of the zero locus of a section of the vector
bundle n*‘é)}y and so gives rise to the virtual pullback i'. So as in §4.4, we define the
map

vy @ Hy = HV(X) @ HM(Y) — HXY, ey, (X) = Hx.

Theorem 5.2.2. The map v makes Hx into a right module over the algebra Hy .

Proof. Completely similar to that of Theorem 4.4.2. It is based on considering FILTxyy,
the stack of flags of coherent sheaves &gy C Egp C Epz with Ep; € X and Egp/ 81,
803/802 eyY. | |
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5.3. Examples of Hecke patterns

It is a general phenomenon that sheaves with support of lower dimension act, by Hecke
operators, on sheaves with support of higher dimension. We consider several refinements
of the condition on the dimension of support.

Definition 5.3.1. Let0 <m < 2.

(a) A coherent sheaf ¥ on S with proper support is called m-dimensional if
dim Supp(¥) < m. We denote by Coh,, = Coh<,,(S) C Coh the substack formed
by m-dimensional sheaves.

(b) We say that & is purely m-dimensional if any non-zero @g-submodule ¥’ C ¥ is
m-dimensional.

(c) We further say that ¥ is homologically m-dimensional if it is m-dimensional and for

any C-point x € S we have Extés (O, F) =0for0 < j <m. Wedenote by Coh,,, =
Coh,, (S) C Coh the substack formed by homologically m-dimensional sheaves.

Proposition 5.3.2. (a) For m = 0, the conditions “0-dimensional”, “purely 0-dimen-
sional” and “homologically 0-dimensional” are the same.

(b) For m = 1, the conditions “purely 1-dimensional” and “homologically 1-dimen-
sional” are the same.

(c) Form = 2, the condition “purely 2-dimensional” is the same as “torsion free” while
“homologically 2-dimensional” is the same as “vector bundle”.

Proof. Parts (a) and (b) are obvious, as is the first statement in (c). Let us show the second
statement. Notice that condition of being homologically 2-dimensional, i.e., Ext/ (O, )
= 0 for j < 2 and all x, is nothing but the maximal Cohen—Macaulay condition. Since S
is assumed to be smooth, any maximal Cohen—Macaulay sheaf is locally free. ]

We denote by Coh,,(S) the moduli stack of homologically 2-dimensional sheaves
with proper support, and by Coh(.S) denote the moduli stack of torsion free (i.e., purely
2-dimensional) sheaves.

Proposition 5.3.3. The pairs of substacks (Cohy(S), Cohg(S)), (Cohy(S), Coh;(S)),
(Coh(S), Cohg(S)) and (Cohy(S), Coh;(S)) are Hecke patterns.

To prove the proposition, we note that Coh; (S) and Cohg(.S) are both open and closed
in Coh(S). Further, Coh, (.5), the stack of vector bundles, is open, as is Coh(.S). Further,
all these stacks are closed under extensions. So it remains to prove the following.
Lemma 5.3.4. Suppose we have a short exact sequence as in (5.1.2).

(a) If § € Cohy(S) and ¥ € Cohy—1(S), then & € Cohy, (S).
(b) If§ € Coh(S), then & € Cohy(S).

Proof. (a) Since & C §, it is clear that diim Supp(&€) < m. The vanishing of Ext/ (O, &’)
for j < m follows at once from the long exact sequence of Ext®*(Oy, —) induced by the
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short exact sequence above. Part (b) is obvious: any subsheaf of a torsion free sheaf is
torsion free. ]

This ends the proof of Proposition 5.3.3.

Remark 5.3.5. The non-trivial part of the proposition says that homologically (or, what
is the same, purely) 1-dimensional sheaves govern Hecke modifications of vector bundles
on a surface.

5.4. Stable sheaves and Hilbert schemes

Let S be a smooth connected projective surface and m = 0, 1. We can apply the construc-
tion in §4.4 to the substack of m-dimensional sheaves X = Coh<,,(S) of Coh(S). We
have the derived induction diagram (5.2.1), hence formula (4.4.1) yields an associative
multiplication on HEM(Coh,,(S)).

Now, let P(&) : m — y(&(m)) be the Hilbert polynomial of a coherent sheaf & on S,
and p(&) = P(&)/(leading coefficient) be the reduced Hilbert polynomial. The sheaf &
is stable if it is pure and p(F) < p(&) for any proper subsheaf ¥ C &. Let Mg (r,d,n)
be the moduli space of rank r semistable sheaves with first Chern number d and second
Chern number n. See [30] for a general background on these moduli spaces.

Theorem 5.4.1. (a) The direct image by the closed embeddings Cohy(S) C Coh<;(S) C
Coh(S) gives algebra homomorphisms HZEM(Cohy(S)) — HEM(Coh<;(S)) —
HBEM(Coh(S)).

(b) The algebra HEM(Coh<(S)) acts on Dan HBM(Mg(1,d, n)).

(c) The algebra HEM(Cohy(S))P acts on @, HEM(Ms(1,d,n)) for each d.

Proof. Part (a) follows from base change. Parts (b), (c) are proved as in §5.2. Let us give
more details on (b) part (c) is proved in a similar way.

First, let us consider the following more general setting: Let X = Coh(S) and Y C
Coh(S) be the substack consisting of torsion free sheaves. Note that the substack ¥ C
X is both open and stable by subobjects. We claim that the algebra HEM(X)°P acts on
HBM(Y). To prove this, we consider the restrictions of Tot(€=°) and SES to the stack
Y x X given by

Tot(€=%)|yxx = 771 (Y x X), SES|yxx =¢q (Y x X).

Then the derived induction diagram (5.2.1) gives rise to the commutative diagram

Coh(S) x Coh(S) +—=— Tot(€=%) «+—L- SSES =———— SES —2— Coh(S)

A

Y XX +— 2 Tot(€=%)|yxx +——SES|yxx «~——SES — 2 Y
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where SES = p~!(Y) and j is the obvious open immersion of stacks j : SES C SES|yxx.
Let S¢ be the restriction of the section se of 7*€! to ¥ x X. We define a map

m: HMY) @ HM(X) — HPY, ey (V) (5.4.2)

as the composition of the exterior product and the composite map j o j* o E;f om*. We
claim that the map , above defines an action of the algebra H2M(X)°P on HEM(Y)). Then
the diagrams (4.5.1), (4.5.2) yield the following fiber diagrams of stacks:

p

FILT ———— SES Y
ﬁxXP—XI>YxX (5:4.3)
Y xX xX
and
FILT —Y——SES —— v
Lol
YxSESLYxX (54.4)
lqu
Y xXxX

where FILT C FILT is the open substack classifying flags of coherent sheaves &g; C &g C
&3 over S such that &y, Egz, Eo3 € Y. Then the claim is proved as in §4.5, replacing the
diagrams (4.5.1), (4.5.2) by (5.4.3), (5.4.4).

Now, a rank 1 coherent sheaf is stable if and only if it is torsion free. Thus, setting
X = Coh<;(S) and Y C Coh(S) to be the substack consisting of rank 1 torsion free
sheaves, the argument above proves part (b). ]

Remark 5.4.5. (a) The moduli space Mg (1, Ogs,n) of rank 1 sheaves with trivial deter-
minant and second Chern number 7 is canonically isomorphic to the Hilbert scheme
Hilb”" (S). If S is a K3 surface, then Hilb” (S) is further isomorphic to Ms(1,0, n).

(b) The rings A+(Coh<(S))° and K(Coh<;(S))° act on
P A.Ms1.d.n), EKMs(1,d,n)
d,n d,n

respectively, as in Theorem 5.4.1. The proofs are analogous to the proof in Borel—
Moore homology.
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6. The flat COHA

6.1. R(A?) and commuting varieties

In this section we assume S = A? and denote by
R(A%) = H(Coho(A?))
the COHA of 0-dimensional coherent sheaves on A2. We note that

Coho(A?) = | | Cohf”(a?),

n>0

where Cohg (A?) is the stack of O-dimensional sheaves F such that the length of ¥, i.e.,
dim H°(¥), is equal to n. We further recall that

Coh(A%) ~ C,//GL,.
where Cy, is the n X n commuting variety

acted upon by GL, (simultaneous conjugation). Indeed, a O-dimensional coherent sheaf &
on A2 of length 7 is the same as a C[x, y]-module H (%) which has dimension n over C,
i.e., can be represented by the space C” with two commuting operators A, B, the actions
of x and y. We recall

Proposition 6.1.1. C, is an irreducible variety of dimension n* + n. Therefore
Cohg') (A?) is an irreducible stack of dimension n. [

Accordingly, we have a direct sum decomposition

R(A?) = (D R"(A?). R™(A?) = HM(Coh{” (A?) = HM(Cy//GL).

n>0

where on the right we have the equivariant Borel-Moore homology of the topological
space Cy,. The algebra R(A?) has a Z2-grading (compatible with multiplication), consist-
ing of (in this order)

(a) the length degree, by the decomposition into the J¢ {(;1;
(b) the homological degree, where we put HP™ in degree i.

Define the Z2-graded vector space
O =g 't K[g.1], deg(q) = (0,-2), deg(t) = (1,0). (6.1.2)

The following is well-known (see, e.g., [59, §5.3] and the references there) and goes back
to the Feit—Fine formula for the number of points in the commuting varieties over finite
fields [15, (2)] and the purity of the Borel-Moore homology of the commuting stack
C,//GLy, proved in [11].
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Proposition 6.1.3. As a Z2-graded vector space, R(A?) ~ Sym(0®). [
The goal of this section is to prove the following.

Theorem 6.1.4. (a) O has a natural structure of a graded Lie algebra.
(b) R(A?) is isomorphic to U(®) as a graded algebra.

(c) The symmetrized product map yields a graded vector space isomorphism
Sym(®) ~ R(A?).
Before doing this, let us observe the following.

Proposition 6.1.5. The algebra R(A?) is the same as the COHA considered in [58, §4.4]
in the case of the Jordan quiver.

Proof. To prove this, we abbreviate X,, = C,//GL,, S = A2, and note that the tauto-
logical sheaf U over X, x S is identified with the GL,-equivariant sheaf over C,, x S
given by U = C" ® Oc,, with the Oc, -linear action of Os = C|x, y] such that x, y
actas A ® 1, B ® 1 respectively on the fiber U|4,p). Let p be the Lie algebra consist-
ing of (n, m)-upper-triangular matrices in gl,,, ,,, and let 11, [ be its nilpotent radical and
its standard Levi subalgebra. Let P, U and L be the corresponding linear groups. Write
Xnm = Xn X Xpp and Gy, = C,, X Cppy. We identify Cy, 5, with the commuting variety of
the Lie algebra [ and X, ,, with the moduli stack Cj, ;, // L. We have 1 = Hom¢ (C”*,C™),
and the perfect [—1, 1]-complex € over X, ,, in (4.3.1) is identified with the L-equivariant
Koszul complex of vector bundles over C,, ,, given by

do d!
n® (9Cn,m — 112 ® (9Cn,m —ul® (gcn,m’
where the differentials over the C-point (4, B) in C, ,, are given by
d’(u) = ([A,u].[B,u]), d'(v,w)=[A,w]—[B.v]=[A&v,B & w],

and the direct sum holds for the canonical isomorphism [ x u — p. The total space Tot(€)
of this complex, defined in (3.3.9), is a smooth derived stack over X, ,, such that:

(a) The underlying Artin stack is the vector bundle stack €°//€~! over X,, ,, such that
€' = (Com xn)//L, €°=(Cpmxu®)//L.
It is isomorphic to the following quotient relative to the diagonal P -action:
Tot(€=%) = (Cym x u?)//P.

(b) The structural sheaf of derived algebras is the free P-equivariant graded-commutative
Oc, ,,xu2-algebra generated by the elements of u" in degree —1. The differential is
given by the transpose of the Lie bracket 1 x u — u.
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Therefore, the derived induction diagram (5.2.1) is

Com /L 5 (Com X 42)//P <> Cpm//P 2 Coim//CLuim. 6.1.6)

where ﬁn,m is the commuting variety of the Lie algebra p. We can now compare the
product
m: HPM(Xn) ® HPM(Xm) - HoBM(Xn+m)

in (4.4.1) with the multiplication in [58, §4.4]. We have the fiber diagram of stacks

(Con X W)JJ P L (Cy X 13) )/ P 4> (Cpoys X 1)/ P
1x0 1x0 i

Com )] P 2 (Cpm X 12)}/P +——OC /| P

where 1 is the identity, O is the zero section, f is the projection to the third component
of u? (which is a local complete intersection morphism) and s = 1 x d!. Hence, the
composite map g = f o s is the Lie bracket (4, B; v, w) — [A & v, B & w] and the
composition rule of refined pullback morphisms implies that

g =s"flx) =s'n*(x)

in HBM(C , ,,// P) for any class x € HBM(X,, x X,,). We deduce that the multiplication
map m is the same as the multiplication considered in [58, §4.4]. ]

6.2. R(A?) as a Hopf algebra

As a first step in the proof of Theorem 6.1.4, we introduce on R(A?) a compatible comul-
tiplication.

Let U C C? be any open set in the complex analytic topology. We denote by Coho(U)
the category of O-dimensional coherent analytic sheaves on U. The corresponding moduli
stack Cohg(U) can be understood as a complex analytic stack in the sense of [54], i.e., a
stack of groupoids on the site of Stein complex analytic spaces. It can also be understood
in a more elementary way, as follows.

Let C,(U) C C, be the open subset (in the complex analytic topology) formed by
pairs (A, B) of commuting matrices for which the joint spectrum (the support of the
corresponding coherent sheaf on C?) is contained in U . It is, therefore, a complex analytic
space. Then we can define

Coh{” (U) = Cu(U)//GLn(C).
as the quotient analytic stack, and put

Coho(U) = |_| Coh{” (V).

n>0



M. Kapranov, E. Vasserot 4262

Using this interpretation, we define directly
R(U) = HM(Coho(V)) = @ HIM(Ca(U)//GLa(C)) = P R" (V).
n>0 n>0

The same considerations as in §4 make R(U) into a graded associative algebra.
If U' ¢ U c C? are two open sets, then C,(U’) < C,(U) is an open embedding,
and we have maps of Z-graded, resp. Z?-graded vector spaces

o, - HOM(Ca(U) /) GLA(C)) — HZM(Cu(U") //GLA(C)),
puur =P PGy RU) > REWUY).
n>0
Proposition 6.2.1. (a) py,y’ is an algebra homomorphism.
(b) If the embedding U’ — U is a homotopy equivalence, then py,y- is an isomorphism.

(¢) If U is a disjoint union of open subsets Uy, . .., Uy, then
R(U) ~R(U) ®:--® R(Uy).

Proof. Part (a) is clear from definitions. To show (b), we note that C,,(U) and C,,(U’) are
naturally stratified (by singularities), and, under our assumption, the embedding C, (U’)
— C,(U) is a homotopy equivalence relative to the stratifications, i.e., it induces homo-
topy equivalences on all the strata. By dévissage (a spectral sequence argument) this
implies that the map

HM©(C,(U)) = HE () (Ca(U). 0, )
— H (o)(Ca(U). ¢, ) = HMO(C,(U)

is an isomorphism.
We abbreviate GL,,,. .. n,, = GL,, X --- x GL,,,. Then part (c) follows from the
GL, (C)-equivariant identifications

CGU)= || (GLi(C) %61y, .. (@) Cny (U1) X -+ X Cp,,, (Un)).
ny+-+nn=n

which reflect the fact that a length n sheaf ¥ on U consists of sheaves ; on U; of lengths
n; summing to 1. ]

Corollary 6.2.2. Ifan open U C C? is homeomorphic to a 4-ball, then LRI R(C?) —
R(U) is an isomorphism. L]

Let us now choose, once and for all, two disjoint round balls Uy, U, C C?2. Define a
morphism of Z2-graded vector spaces A : R(C?) — R(C?) ® R(C?) as the composition

—1 —1
5. Pc2.upu0 Pc2.u, ®Pc2 v,
R(C?)

R RUL U Us) ~ R(UY) ® R(Us) — 2“2, R(C?) @ R(C?).

Proposition 6.2.3. (a) A does not depend on the choice of the disjoint balls Uy, U,.
(b) A makes R(C?) into a cocommutative Hopf algebra.
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Proof. Any two admissible choices of Uj, U, are connected by a path of admissible
choices, and A does not change along this path. This proves (a). To prove (b), note that all
the maps in the above chain are compatible with the Hall multiplication, so A is a homo-
morphism of algebras. Its cocommutativity follows from (a) by interchanging U; and Ua,
i.e., by connecting (Uy, U;) and (U,, U;) by a path of admissible choices. Coassociativity
is proved similarly by considering triples of disjoint balls. This proves that R(C?) is a
cocommutative bialgebra.

It remains to prove that R(C?) has an antipode. This is a standard argument using
co-nilpotency (see, e.g., [42, §1.2]). That is, define

A:R(C? = R(CH»®R(C?, AX)=AKX)-(x®1+1®x),

andlet A" : R(C2) — R(C2)®" be the n-fold iteration of A. Then R(C?2) is conilpotent,
that is, for any x € R(C?) there is n such that A" (x) = 0 for m > n. Therefore the
antipode & : R(C?) — R(C?) is given by the following geometric series, terminating
upon evaluation on any x € R(C?):

00
o= Z(_l)nmn Ozn,

n=1
where m,, : R(C?)®" — R(C?) is the n-fold multiplication. m

Let R(C?)prim = {a € R(C?); A(a) =a ® 1 + 1 ® a} be the Lie algebra of primitive
elements with the bracket [a, b] = ab — ba.

Corollary 6.2.4. (a) R(C?) is isomorphic, as a Hopf algebra, to the universal envelop-
ing algebra ofR((Cz)prim.
(b) R(C?)pim = O as a Z*-graded vector space.

Proof. Part (a) follows from the Milnor—Moore theorem. Part (b) follows from the
Poincaré—Birkhoff—Witt theorem and from Proposition 6.1.3. ]

6.3. Explicit primitive elements in R(A?)

For any open U C C? let Cohgnp)l(U ) C Coh((,") (U) be the closed analytic substack formed
by 1-point coherent sheaves, i.e., sheaves whose support consists of precisely one point.
In other words,

Coh{"}(C?) = Cu1n(U)//GLn(C).

where Cy,15(U) C Cy(U) is the closed analytic subspace formed by pairs (4, B) of com-
muting matrices whose joint spectrum reduces to one point in C? (but can be degenerate).
Still more explicitly,

Cn,lpt(U) = U x NGy,

where NC,, is the n by n nilpotent commuting variety

NCy = {(A. B) € g1,(C) x gL,,(C) : [4. B] = A" = B" = 0}
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In particular, we have the closed subvariety

Cnipt = Cn,ip(C?) = C* xNC, C Cp, (6.3.1)
invariant under GL, (C). We recall
Proposition 6.3.2 ([3]). NC,, is an irreducible algebraic variety of dimension n2—1. =m

The proposition implies that Cy, 1 is an irreducible variety of dimension n? +1.So
Coh(lnp)t(Cz), its image in Coh(()")((Cz), is an irreducible stack of dimension 1, and it has

the equivariant fundamental class
en = [Cn,lpt] € HEM(Cn//GLn)

Further, let &, be the trivial vector bundle of rank n on the GL,-variety C,,, equipped
with the vectorial representation of GL,. We call &, the tautological sheaf. Being an
equivariant vector bundle, it has the equivariant Chern characters

ch;(€) € H* (Cp//GLy), i >0,
and, fori > 0,n > 1, we define
Oni = ch;(8,) N6, € H.(C,//GL,) = R (C?). (6.3.3)
Comparing the Z2-grading of ®, we see that the map
a:0® = R(C?, ("¢ ' 0,4, (6.3.4)
is a morphism of Z2-graded vector spaces.

Proposition 6.3.5. (a) « is injective, i.e., each 8, ; is non-zero.

(b) 6y, is primitive.

Proof. The claim (a) follows from [11, Thm. C] and the explicit computations in [11,
§5] in the case of the Jordan quiver. More precisely, let O, be the quiver with one
vertex and g loops. For each integer n > 0, let M(Q,), be the coarse moduli space
of semisimple n-dimensional representations of CQ,, i.e., the categorical quotient of
(gl»)# by the adjoint action of GL,. We will abbreviate M(Qg) = | |, M(Qg)n- The
direct sum of representations yields a finite morphism M(Qg) X M (_Q g) = M(Qyg),
hence a symmetric monoidal structure on the category Perv(M(Q)) of perverse sheaves
on M(Qpg), which allows one to consider the nth symmetric power Sym” (&) for any
object & in Perv(M(Q,)). Let Sym(€) = 6P, Sym" (&). Set g = 3 and fix an embed-
ding O, C Q3. By [11], we have -

P H:(Cu//GLy) = HS (M(Q3).Sym(BPS ® HS (BC)))
n>0

@D H: (Cai//GLy) = H2(M(Q3) 1. Sym(BPS ® HI(BCX))  (63.6)

n>0
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where B8PS = @n>0 BPS, and BPS, is, up to some shift, the constant sheaf sup-
ported on the small diagonal C3 C M(Q3),. For each n, the closed subset M(O3)n,1pt C
M(Q3)y is the coarse moduli space of semisimple representations of C Q5 for which the
underlying C Q,-module has a punctual support in C2. We have

C> C M(Q3)n,1pt C M(Q3)n.
Taking the direct summand in (6.3.6)
BPSy ® HI(BC*) C Sym (BPS ® HI(BC™)),
we get the commutative diagram

H2(M(Q3)n, BPS, ® HY(BCX))" s HEM(C,,//GL,)

al J
HE(M(Q3)n1p. BP Sy ® H(BCX))" ——— HIM(Cy 1 u//GLa)
The map f is invertible, and / is the pushforward by the closed embedding Cy, 1 ,x C Cy.
We deduce that the class ch; (€,) N [Cy,1p] is non-zero in H3™, . (Cy 1 pt//GLy) and that

its image by £ is non-zero. This image is equal to the class 8, ;.
To prove (b), given an open U C C2, we define, in the same way as before, elements

0n,i(U) € R">72(U) = H,;(Ca(U)//GLA(C)).
For U’ C U we have
pu,u Bin(U)) = 0, (U").

For U = U; U U, being a disjoint union of two opens, a length n 0-dimensional sheaf #
on U consists of two sheaves F; on U; of lengths n;, i = 1,2, such that n; + n, = n.
This can be expressed by saying that

C,(Uyul,) = |_| (GLn((C) XGLy 1y (C) (Cn1 (Uy) % an(Uz))), (6.3.7)
ni+ny=n
from which we deduce the identification
R*U)= @ R"(U)® R™U>). (6.3.8)
ni+no=n
Let &,y be the tautological sheaf of C, (U), and similarly for Uy, U,. With respect to the
identification (6.3.7), we have
&v = || Enum0 o0&,
ni+ny=n
Thus, the additivity of the Chern character gives
chi(€np) = Y (chi(€nyu) ®1 + 1®chi(Eny0)). Vi=0. (639

ni+ny=n
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Since, under the identification (6.3.8), we have
0p(U) = 6,(U1) @ 1 + 1 ® 0,(U2),
we deduce that also
0ni(U) =0,;(U)®@1+1®6,,(Uz), Vi=>O0.
Our statement follows from this and from the definition of A via p. ]

Corollary 6.3.10. The space R(C?)pim of primitive elements of R(C?) coincides with
the image a(®). It is closed under the commutator [a,b] = ab — ba. |

Theorem 6.1.4 is proved. The symmetrized product map o : Sym(®) — R(A?) is
considered in detail in (7.1.5) below.

7. The COHA of a surface S and factorization homology

7.1. Statement of results

Let S be an arbitrary smooth quasi-projective surface and R(S) = HEM(Cohg(S)) be
the corresponding cohomological Hall algebra. It is Z2-graded by (length, homological
degree). We introduce a global analog of the space © generating the flat COHA R(A?)

from §6.3. Let

p

s &% Coh{™)($) 5 Cohl" (5) (7.1.1)

be the stack of 1-pointed, length n sheaves on S with its canonical closed embedding i,
into Cohf,")(S ) and projection p, to S (so p,(F) is the unique support point of F).
Proposition 6.3.2 implies that p, is a morphism with all fibers irreducible of relative

dimension —1 and therefore Cohgnp)t(S ) is irreducible of dimension +1. Moreover, we
(n)

have a natural fundamental class in H}™ (Coh; ot

We consider the open subscheme FCoh(()")(S ) := Quor™9(8) of the quot-scheme
formed by the equivalence classes of surjections ¢ : 9" — F with ¥ € Coh(()")(S ) such
that ¢ induces an isomorphism C" — H%(S, ). Let FCOh(ln;t(S ) C FCohé")(S ) be the
closed subscheme formed by the equivalence classes of ¢ such that ¥ is a 1-pointed
sheaf. Then the stack Coh(()n)(S ) is isomorphic to the quotient stack FCohgn)(S )//GLy,
and Cohgnp)t(S ) is isomorphic to the quotient stack FCohi"P)t(S )//GL,,. Further, we have

the projection FCoh(I”p)t(S ) — S with fibers being identified with the variety NC,, of pairs

of nilpotent commuting matrices (see §6.3). Since this variety is irreducible of dimension
n? — 1, the scheme FCoh{™ (S) is an irreducible variety of dimension n2 + 1 and has

(S)) constructed as follows.

1pt
the fundamental class in H f(l\,/llz +1)(FC0h§np)t(S )). So the quotient stack by GL, has the

fundamental class in H2M (Coh(lnp)t (5)).



The COHA of a surface 4267

Therefore we have the pullback map p,z given by the composition

HIM(S) = H**(S) 2 H**(Coh{"(S)) — HEY(Coh{")($)). (7.1.2)

where the last arrow is the cap-product with the fundamental class of Coh(lnp)t(S ).
Define the subspace

On(S) = inwpf HPM(S) C HEM (Coh(S)) = R™(S).
Let &, denote also the tautological sheaf on Cohgn)(S ) and further put, fori > 0,
On,i(S) = On(S) Nchi(E,) C RY(S).
Proposition 7.1.3. The canonical map HEM(S) — ©,,;(S) is an isomorphism.

Proof. As before, we use the subscheme FCoh(()")(S ) whose quotient stack by GL,, is
Coh{"(S). Let T C GL, be a maximal torus. Then the fixed points locus FCoh{™ ($)7 is
isomorphic to FCohgl) (8)" = S". Thus, we have a commutative diagram

P;; 3¢
HEM(S) —— HIMM (FCoh{) (8))10c —— HI™ " (FCohS"” (S))1ce

T |

HBN(S) ® HYy o (HEM(S™) @ HE)E!

where H = H*(BG) and the subscript “loc” means the tensor product by the frac-
tion field H5; .. of H, over HS, . The maps b, ¢ are the pushforward by the closed

embeddings S C FCOhﬁ"p)l(S ) and S” C FCohf)")(S ), which are invertible by the local-
ization theorem in equivariant cohomology. The map A is the diagonal embedding. It is
injective. The map a is equal to Id ®1, up to the cap-product by an invertible element in

H*(S) ® Hy, 1 It s injective. We deduce that the map

7 ,loc”

inepy : HEM(S) — HEMOLn (FCoh{") ()

is injective as well. n

We define
O(S) = P On.i(S) C R(S).

n,i

Thus, for § = A? we see that ©(A?) is identified with the graded space ® from (6.1.2),
embedded into R by the map « as in (6.3.4). We recall that H3M(A?) is 1-dimensional,
concentrated in homological degree 4. Thus shifting the grading by putting

O = [0, —4] = g7 -K[g.1], (7.1.4)
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we have, by Proposition 7.1.3, an identification of Z2-graded vector spaces
O(S) ~ HM(S) @ @ ~ HEM(S//C™) ® tK[t].

We now consider the symmetrized product map 0 = ¢ : Sym(®(S)) — R(S) defined as

1
0= 0n 0w Sy (O(S) > R(S). On(v1 -+ 0vm) =~ 3 vyry %k Vi
n>0 SESH (7.1.5)
Here e is the product in the symmetric algebra and * is the Hall multiplication. The

second main result of this paper is a version of the Poincaré—Birkhoff-Witt theorem for
R(S) which allows us to compute its graded dimension. It is proved in the next sections.

Theorem 7.1.6. The map o : Sym(O(S)) — R(S) is an isomorphism of 7.%-graded vec-
tor spaces. |

7.2. Reminder on factorization algebras

We follow the approach of [9,21]. Let (€, ®, 1) be a symmetric monoidal model category.
In particular, it has a class W of weak equivalences. We will consider three examples:

(a) € = Top is the category of topological spaces (homotopy equivalent to a CW-com-
plex), ® is Cartesian product, and weak equivalences have the usual topological
meaning.

(b) € is the category of Artin stacks, ® is the Cartesian product of stacks and weak
equivalences are equivalences of stacks.

(c) € = dgVect is the category of cochain complexes, ® is the usual tensor product and
weak equivalences are quasi-isomorphisms.

Let M be a C*° manifold of dimension 7.

Definition 7.2.1. A prefactorization algebra on M valued in € is a rule A which asso-
ciates

(a) toany open set U C M an object A(U) € €, so that A(0) = 1;

(b) toany system Uj,. .., U, of disjoint open sets contained in an open set Uy a morphism
,,,,, U AU @ -+ ® A(Up) — A(Up), such that the morphisms “g?
isfy associativity.

.....

p

A morphism of prefactorization algebras o : A — A’ is a datum of morphisms oy :
A(U) — A'(U) compatible with the structures. It is a weak equivalence if each oy is a
weak equivalence.

A prefactorization algebra is, in particular, a precosheaf via the maps “g?’ ie.,itisa
covariant functor from the category of open subsets in M to €.

Definition 7.2.2. An open covering of M is called a Weiss covering if any finite subset
of M is contained in an open set of the covering.
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Example 7.2.3. (a) Let D C R” be the standard unit disk ||x|| < 1. A disk in M is an
open subset which is homeomorphic to D. The open covering D (M) of M generated
by the disks of M is a Weiss covering. By definition, every open subset from D (M)
consists of a finite disjoint union of disks.

(b) A prefactorization algebra is called locally constant if for any inclusion of disks Uy C
U, the map ug‘]’ is a weak equivalence.

Definition 7.2.4. (a) A prefactorization algebra 4 is called a (homotopy) factorization
algebra if:

(al) For any Weiss covering U = {U; };es of any open set U C M the natural mor-
phism

holim N, (U, A) — A(U),

oty = 3 [T A0 3 1] A0 [ AW
i,j,kel i,jel iel
with U;; = U; N Uj, etc., is a weak equivalence (codescent).
(a2) ,ug? Uy is a weak equivalence for any system Uy, ..., U, of open sets with

Uy = U, U --- U Uy, (multiplicativity).

(b) The factorization homology of M with coefficients in a factorization algebra # is the
space of global cosections of +4, viewed as an object of €, which we denote

/M,A, = A(M) € €.

Remark 7.2.5. (a) A multiplicative prefactorization algebra +# is a factorization algebra
if and only if for the particular Weiss covering D (U) of any open subset U C M, the
object A(U) is the homotopy colimit of the diagram

[ Awinuy= [ AW

U],UzED(U) U]E,@(U)

In particular, we have
[ A = holim A(U).
M —
UedD(M)
See [9, §A.4.3] for details.
(b) Any locally constant prefactorization algebra has a unique extension as a locally con-

stant factorization algebra taking the same value on any disk, but possibly different
values on other open sets [21, Rem. 24].

Sometimes it is convenient to use the dual language. By a (pre)factorization co-
algebra B in € we will mean a (pre)factorization algebra in €°P. Thus, we have maps

v B(U) > BUY @ ® B(Uy)
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yielding a presheaf on M. For a factorization coalgebra B we have the factorization
cohomology which we denote as

515 8 =8(M)= holim B(U).
M UeDM)

Let us record the following two statements for later use.

Proposition 7.2.6. If ¥ is a locally constant sheaf of k-dg-vector spaces, then Sym(¥) :
U — Symy (¥ (U)) is a locally constant factorization coalgebra.

Note that Sym(¥), as we define it, is not the same as the symmetric algebra of ¥ in
the symmetric monoidal category of sheaves of (dg-)vector spaces; in fact, it is not a sheaf
in the usual sense.

Proof of Proposition 7.2.6. This is an analog of [9, Thm. 5.2.1] which deals with sheaves
corresponding to C* sections of vector bundles, and their symmetric products in the
sense of bornological vector spaces. In our case the proof is similar but easier due to the
absence of analytic difficulties. That is, call a covering U an n-Weiss covering if each
subset I C M of cardinality < n is contained in one of the opens of U. Then it suffices
to show that Sym” (¥) : U + Symy (¥ (U)) satisfies descent for n-Weiss coverings. This
follows, as in the proof of [9, Thm. 5.2.1], from the fact that FB" is a sheaf of M. [

Proposition 7.2.7. Let o : B — B’ be a morphism of factorization coalgebras. Suppose
that for any disk U C M the morphism oy : B(U) — B(U’) is a weak equivalence.
Then o is a weak equivalence of factorization coalgebras; in particular, o induces a
weak equivalence opr : 92\,1 B — g@w B

Proof. For any open U we realize oy by descent from the Weiss cover D(U). |

7.3. Analytic stacks

For the analytic version of the theory of algebraic stacks we follow [54] (where, in fact,
the case of higher and derived stacks is also considered).

An analytic stack is a stack of groupoids on the category of (possibly singular) Stein
analytic spaces over C, equipped with the Grothendieck topology consisting of open cov-
ers in the usual sense. The analytic stacks form a 2-category Gtan as well as a model
category Stan where weak equivalences are equivalences of stacks.

For every scheme Y of finite type over C we have the analytic space Y *", the analyti-
fication of Y. Further, or any Artin stack X over C we have the analytic stack X", the
analytification X*" defined as the Kan extension of X from the category of affine schemes
of finite type to the category of Stein analytic spaces; see [54, §4] or [29, §3]. Note that
we have a canonical map

nx 1 RT(X, wy) — RT(X™, wya). (7.3.1)
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If X =Y is a scheme of finite type considered as an Artin stack, then X*" = Y " is the
corresponding analytic space considered as an analytic stack.

We will need only analytic stacks of a special form, namely the quotient analytic
stacks Z // K, where Z is an analytic space and K is a complex Lie group. For such
stacks various concepts such as Borel-Moore homology, etc., can be defined directly in
terms of equivariant homology of the topological spaces of C-points, that is,

H*(Z//K,wzx) = HE"(Z(C),C) (73.2)

is the equivariant Borel-Moore homology in the topological sense.

If Y is a scheme of finite type over C and G is an algebraic group over C actingon Y,
then G*" is a complex Lie group and we have the quotient analytic stack Y *"//G*". Note
that in this case we have

Y/)/G)" ~Y*™//G*™, (7.3.3)

and the map 71y//¢ is a quasi-isomorphism, so that

H*(RT((Y//G)™ oy jioym)) = H*(RT(Y//G.wy6)) = HEM O (¥(C).C)
(7.3.4)
is the equivariant Borel-Moore homology in the topological sense, as above.

7.4. The stack Cohg and factorization algebras

Let X be a complex analytic surface. We view it as a C * manifold of dimension 4 and
consider open subsets U C X in the complex analytic topology. For any such non-empty
U we have the category Coho(U) of 0-dimensional coherent sheaves on U (with finite
support). We set Cohy() = {e}. We also have the analytic moduli stack Cohy(U) =
Lo Coh((,")(U ) parametrizing objects of Coho(U), with its components given by the
leng_th, as in the algebraic case. Each component is explicitly realized as a quotient ana-
lytic stack
Coh™ (U) = FCoh{ (U)//GL,(C),

where FCoh(()")(U ) is the analytic space parametrizing pairs (¥, ¢), where ¥ is a O-
dimensional coherent sheaf on U and ¢ : C* — H%(U, ) is an isomorphism. To see that
FCoh(()") (U) is well-defined as an analytic space, we note that the datum of ¢ is equivalent
to the datum of the corresponding surjection ¢ : (9;‘]9" — ¥ . Thus FCoh(()") (U) is alocally
closed analytic subspace in (Quot(")(@ga” ), the analytic analog of the Grothendieck Quot
scheme parametrizing all length n quotients of @ S}”. This makes the following fact clear.

Proposition 7.4.1. Let S be a smooth quasi-projective algebraic surface over C. Then
we have an equivalence of analytic stacks

Coho(S™) ~ Coho(S)™.

In particular, Cohg(C?) is identified with the analytification of the Artin stack Cohg(A?).
[
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If Uy, ..., U, are disjoint open sets contained in the open subset Uy C X, then we
have an open embedding of analytic stacks

ag® . Cohg(Uy) x -+ x Cohg(Uy) — Coho(Up). (7.4.2)

.....

Proposition 7.4.3. Cohy is a factorization algebra on X with values in the category Stan.

Proof. Let U = {U;};e; be a Weiss open cover of U. Let us understand more explic-
itly the analytic stack lm MNe(U, Cohyp), a homotopy colimit in the model category
Stan, or equivalently the 2-categorical colimit of N, (U, Cohy) in the 2-category Gtan.
It is parametrized by pairs (i € I, ¥ € Coho(U;)), the leftmost term in the diagram
Ne(U, Cohy), subject to coherent systems of identifications given by the rest of the dia-
gram. These identifications say that two pairs (i € I, ¥ € Cohog(U;)) and (j € J, F €
Cohy(Uj)) are identified whenever in the second pair ¥ is the same sheaf but living on U; .
This happens whenever ¥ lives in fact on U;; = U; N U;. Further terms in the diagram
MNe(U, Cohy) impose coherence conditions on such identifications. This means that this
homotopy colimit parametrizes 0-dimensional coherent sheaves which live on some U;.
But U is a Weiss cover and every ¥ € Cohg(U) has finite support, which therefore, must
lie in some U;. Thus, our homotopy colimit is identified with Cohg (U ). |

7.5. Chain-level COHA as a factorization coalgebra

For each open set U C X as above we consider the complex of Borel-Moore chains of
Coho(U)
R(U) = CM(Cohy(U)) := RT(Cohg(U). wconyw))-

Proposition 7.5.1. The assignment R : U +— R(U) is a locally constant factorization
coalgebra on S in the category C(Vecty) (complexes of K-vector spaces).

Proof. The fact that R is a factorization algebra follows from Proposition 7.4.3. The fact
that R is locally constant is proved in the same way as Proposition 6.2.1 (b). ]

Next, we upgrade this statement to take into account the Hall multiplication. The
relevant concept here is that of a homotopy associative (E1-)algebra which we now recall.
We will use the language of operads; see, e.g., [9] for a brief background and additional
references.

Definition 7.5.2. Let (€, ®, 1) be a symmetric monoidal category.

(a) Anoperad P in € is a system of

(O1) objects P (r) € € with actions of S, given for r > 0,
(O2) the unit morphism 1 — £ (1),

(03) the operadic compositions for any k, ry, ..., 1,
Ph)QP(r1)) Q- P(ry) = P(ry + -+ + rp).

These data must satisfy the axioms of equivariance, associativity and unit.
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(b) An algebra over an operad P is an object A € € together with S,-equivariant mor-
phisms P (r) ® A®" — A, r > 0, satisfying the axioms of unit and associativity.

We will use the case when € = A°Set, € = Top or € = C(Vecty). We will refer to
these cases as simplicial, topological and dg-operads. Any topological operad P gives
a simplicial operad Sing(#) by passing to the singular simplicial sets of the &£ (r)’s. It
further gives a dg-operad C.(#) formed by the singular chain complexes of the P (r)
(considered, as usual, as cochain complexes with reverse indexation).

A weak equivalence of simplicial operads is a morphism P — @ of such operads such
that for each r the morphism of simplicial sets P (r) — @(r) is a weak equivalence, i.e.,
it induces a homotopy equivalence on the realizations.

Recall (A.1.2) that the category C(Vecty) is enriched in the category A°Set of simpli-
cial sets. Thus, for any simplicial operad S we can speak about J-algebras in dgVect.
Such an algebra is a cochain complex A together with morphisms of simplicial sets

Pr) — Map(A®', A)

compatible with the S,-actions and operadic compositions. It sends the image of 1 = pt
to the identity map. Dually, a J?-coalgebra in dgVect is a complex B with morphisms of
simplicial sets

P(r) — Map(B, B®")

satisfying similar compatibilities. If & is a topological operad, its (co)algebras in
C(Vecty) are understood as (co)algebras over the simplicial operad Sing().

Let m > 1. Let D,, be the topological operad of little m-disks. The space D, (r)
parametrizes families (Bq, ..., B;) of round m-dimensional open balls disjointly embed-
ded into the standard unit ball B = {|x| < 1} of R™; see, e.g., [9] for more details
including the definition of the operadic compositions.

Definition 7.5.3. By an E,,-operad we mean a topological operad weakly equivalent
to Dy,. An E,,-(co)algebra in dgVect is a (co)algebra over an E,,-operad.

We can now formulate our upgrade of the chain level COHA.

Theorem 7.5.4. R is a locally constant factorization coalgebra on % in the category of
Eq-algebras.

An Ej-algebra can be seen as a weakly (homotopy) associative dg-algebra; see dis-
cussion below.

7.6. Proof of Theorem 7.5.4

We first note that D(r) is the union of r! contractible components which are per-
muted by S,. This means that algebras over D; (and so over any FE-operad) can be
described using the concept of a non-symmetric (non-X) operad [46, Def. 9]. A non-
symmetric operad in a monoidal (not necessarily symmetric) category € is a datum @
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of objects @(r), r > 0 (no symmetric group action is required) together with a unit mor-
phism 1 — @(1) and the compositions as in (O3) satisfying the axioms of associativity
and unit. Similarly, an algebra over a non-symmetric operad @ is an object A € € together
with morphisms @(r) ® A®” — A satisfying the axioms of unit and associativity.

Let NDy(r) C D;(r) be the connected component formed by families (By, ..., By)
of disjoint 1-disks (i.e., open intervals) in B = (—1, 1) such that the centers of the B; are
positioned in the increasing order. Then ND; = (ND(r)) is a non-symmetric operad
in Top with each NDj(r) contractible. Let us define an NE;-operad to be any non-
symmetric operad Q in Top with each @ (r) contractible. Given an NE;-operad @, we can
“symmetrize” it, forming an E;-operad S@ with SQ(r) = @(r) x S, and the S, acting
via the second factor. This establishes an equivalence between the categories of NE-
operads and E-operads, with the categories of algebras over the corresponding operads
being identified as well.

Let us now consider dg-versions of the topological operads above and use slightly
different notation for these versions. Let an ne; -operad be a non-symmetric dg-operad K
such that each cochain complex @(r) is situated in degrees < 0 and quasi-isomorphic
to k. Because of Dold—Kan equivalence between C=°(Vect,) and A°Vecty (see Example
1.1.4 (b)), equipping a complex with a structure of an algebra over an NE;-operad is the
same as equipping it with the structure of an algebra over an ne;-operad.

An example of an ne;-operad is given by the non-symmetric associative operad Ass
with #Ass(r) = k for all r and all the compositions being the identities. Dg-algebras over
Ass are the same as associative dg-algebras.

So for the proof of Theorem 7.5.4 we exhibit an ne;-operad KX and equip each R(U)
with the structure of a J-algebra in a way compatible with factorization coalgebra struc-
ture. The argument is an upgrade of the proof of Theorem 4.4.2 (associativity of COHA),
so parts of the treatment will be brief.

For r > 1let FILT"”) = FILT") (U) be the stack FILT"" parametrizing flags of objects
of Cohy(U),

E, C E, CCE,.

For r = 0 we put FILT©® = pt. The stack FILT™) comes with the projections

FILT®) — s Cohy(U)

Coho(U)"

pr(Ey CEyC---CE,)=E,,
qr(E1 CEy C---CE,)=(Ey,Ey/E1,...,E,/JE;—1).

For r = 0 we have Coh(U)° = pt and we define ¢ : pt — pt to be the identity map and
po : pt &> Coh(U) to send pt to the zero sheaf.
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Let &,i =1,...,r, be the ith tautological sheaf on Coho(U)" x U and p, :
Cohy(U) x U — Cohgy(U) be the projection.

Similarly to §2.5, we form the sheaf of associative dg-algebras (and, passing to the
super-commutator, of dg-Lie algebras) on Cohy(U)",

5 =%6U)= @ Rpr.RHoM(E;.E).

1<i<j=<r
and find that FILT®) = MC($,) so that ¢, is identified with the projection of the Maurer—
Cartan stack. Therefore we have the diagram

Coho(U)" & Tot(6=") <= FILT® 2 Coho(U). (7.6.1)

in which the map i, realizes FILT?" as the zero locus of the section s, of n*g? given by
the curvature map. This gives a virtual pullback i r' on Borel-Moore homology. We get, so
far at the level of BM-homology, the map

my = prxoil ot RWU)® — R(U), RU) = HEM(Coho(V)). (7.6.2)

As in §4.5, we see that m, is the r-fold product in the (associative) COHA R(U).
Next, we notice that the family (,),>0 of dg-Lie algebras carries a kind of operadic
structure. For rq, ..., r, > 0 consider the summation map

Oryrn - Cohg(U) 1747 — Coh(U)",

r ri+r2 ritetrn
S T > (D7 B Fi. B F).
i=1 i=ri+1 i=ryt+etryp—1+1

Proposition 7.6.3. We have a semidirect product decomposition, more precisely, an iso-
morphism
A"],m," : (0* rngﬂ) A (grl H---H grn) — g’1+"'+rn

n T]yeeny

of sheaves of dg-Lie algebras on Coh(U )"+ +7n,

The proposition means that we have a split exact sequence

G = G\ 4etry > G, B---BG, >0 (7.6.4)

in which o', . gy is a dg-Lie ideal with quotient &, @ --- 8 G, .

.....

Proof of Proposition 7.6.3. By construction, §,, ..., consists of upper-triangular square
matrices of size r; + --- + r,. We can decompose such a matrix into blocks of sizes
r; xrj, 1 <i < j <n.Ofthese, the diagonal blocks (of sizes r; X r;) are upper-triangular,
since the total matrix must be upper-triangular. These correspond to the §,,. So the
block-diagonal part is §,, & --- 8 §,,. Similarly, the over-diagonal blocks are seen as
representing o, . . (]
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Proposition 7.6.5. The isomorphisms A, ....r, satisfy operadic associativity. That is, sup-
pose that each r; is decomposed as ri = ri 1 + -+ + rim;. Then the isomorphisms
(e = _
A : (O' m; g”:) X (g"i.l BH---H g"i.mi) — g"i,l"‘""""[.mi = g"i ,

Ti1seTim; Fi1seeesli,

together with A’ri ----- rp» COMpose to Arl.l!”'srl.MI’rZ,l ----- T2,myssfn, 15, mp *

Proof. Straightforward verification in terms of matrices whose blocks are decomposed
into further blocks. |

Next, we study the compatibilty of the curvature sections s, on the 7*§? with the
semidirect product decompositions A, .. ,,. Let r =r; +--- 4+ r4. On Tot(ﬁrfl) the
sequence (7.6.4) gives a short exact sequence of vector bundles

0— w0, ,nﬁnzﬂ)ﬂr*ﬁrzinr*(ﬁrzl B---8F)—>0 (7.6.6)

pulled back from Cohg(U)". We apply to this situation the analysis of §B.4, taking
X = Tot($5') and viewing (7.6.6) as an instance of the sequence (B.4.1). The cur-
vature section s = s, of the middle bundle gives rise to the section s” = s/ = B(s)
of (g7 m---@§2) with zero locus Xy» = Tot(§7")y and the section 5" = s of
oS §? over Xy». To describe them we consider, for each i = 1,...,n, the stack

FILT"?) parametrizing flags E; 1 C E;» C -+ C E;,, = E; of objects of Cohg(U). Let

n r
¢ : [ [FILT"? — Coho(U)" = [ ] Coho(U)

i=1 i=1

be the projection which sends a tuple of flags as above to the tuple (E1, ..., E,) of their
maximal elements. We also denote by

n
Trpry  Tol(¢*G=") — [ [ FILTC?
i=1
the projection.
Proposition 7.6.7. (a) s/ is equal to (the pullback of ) the tuple (sy,,...,sy,) considered
as a section of the external direct sum.
(b) Xy is identified with Tot(¢p*G=").
(c) Under the identification of (b), the restriction of 7} o,*l

. * *@e2
withwty . 675,

r G2 1o Xy is identified

.....

.....

(d) Under the identification of (c), the section s,. is identified with the pullback of sy.

Proof. (a) As in the proof of Proposition 7.6.3, let us view sections of §, as upper-
triangular r X r matrices subdivided into blocks of sizes r; x r;. The projection b
(whose pullback is ) associates to such a matrix x its block-diagonal part which we
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denote xa. Thus S(s,) associates to x the block-diagonal part of the curvature, i.e.,
(dx + (1/2)[x, x])a. Since the block-diagonal subspace is a dg-Lie subalgebra, this
equals d(xa) + (1/2)[xa, xa] which corresponds to the pullback of (s, ..., sr,)-

(b) Let us represent a point of Cohg(U)", r = ry + --- + ry, as a sequence of sheaves

lrod lrod lrod
fdl,l,~~~,$1,r1»~f'2,1»-~7f'2,r23~~-,~f'n,l,~~~,$n,rn~

In terms of matrices x € ¥, vanishing of the block-diagonal part of the curvature of x
means that the Ext-data for the ¥; ; provided by x, integrate to n filtrations

EZCE,C-CE;j,, =E;, Ei;/Ej.>~%F; i=1....nj=1...r,

i.e., we have a point of []/_, FILTU?). Further, the summation map oy, _,, on the
sequence of the F; ; corresponds to the projection ¢. The over-diagonal blocks of x
assemble into a section of qb*ﬁnfl, whence the statement.

Part (c) is clear from the above. To see (d), notice that the pullback of s, represents
the over-diagonal blocks of the curvature of x. ]

.....

We now apply the formalism of homotopy canonical Euler classes from Appendix B.
Let X, (U) = Kﬂﬁ‘ﬁrz be the parameter complex for the homotopy canonical orienta-
tion class of the bundle 7 * gf on Tot(ﬁrfl) (see §B.3). Here §, = §,(U), as above.
By construction, each X, (U) maps quasi-isomorphically to k. The semidirect product
decomposition of Proposition 7.6.3 and the pairings (B.4.8) of the K-complexes give
morphisms of complexes

Hn(U) ® K, (U) ® -+ ® Ky (U) = Kry 4t (V).

The operadic associativity of the isomorphisms A, . ., and the associativity of the pair-
ings (B.4.8) imply that K (U) = (K, (U))rso0 is a (non-symmetric) dg-operad. Since each
K (U) is quasi-isomorphic to k, we see that K (U) is an nej-operad. Further, the corre-
spondence U +— K (U) forms a presheaf (in fact, a sheaf up to homotopy, by the above)
of dg-operads on the analytic surface . Let X = J(X) be the operad of global sections.

Finally, let us upgrade the r-fold multiplication map (7.6.2) to the cochain level by
analyzing the ambiguity. This map involves the virtual pullback ir’ which is defined in
terms of the refined Chern class ¢z (7} §?), d = rk(§?). Using the homotopy canonical
cochain lifting ¢ (7}9?), d = tk(8?) (see (B.3.4)), we define a cochain level multipli-
cation

iy Ke(U) @ R(U)E = K, (U) ® CM(Coho(U))®" — C2M(Cohg(U)) = R(U).
(7.6.8)

The multiplicativity of the ¢ in short exact sequences (B.4.10) implies that the y, 7 make
R(U) into an algebra over the ne;-operad KX (U) and therefore over X = K (X). Fur-
ther, these K -algebra structures are clearly compatible with the factorization coalgebra
structure on the presheaf R = (R (U)). This finishes the proof of Theorem 7.5.4. |
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7.7. Proof of Theorem 7.1.6

As before, let ¥ = S*". For any open subset U C X (in the complex analytic topology) we
have the Z?-graded space ©(U) and the symmetrized product map oy : Sym(®(U)) —
R(U). Because of Proposition 7.4.1 and the identification (7.3.4), the map o of Theorem
7.1.6 is identified with the global map oy, corresponding to U = X. Now, if U is a disk,
then oy is an isomorphism by Theorem 6.1.4. We will deduce the global statement (for
U = X) from these local ones.

For this, we upgrade the correspondence U — ©(U) to a complex of sheaves 'V on X
so that ®(U) = H~*(U, V) is the hypercohomology of U with coefficients in V. That is,
we define

V= oy Q0

the tensor product of the dualizing complex wy and the graded vector space ® = ©[0, —4]
(see (7.1.4)). Recall that ® and therefore ®’ is spanned by the basis vectors "¢’ ~!, and
such a vector is identified with 6, ; = ch; (€,) N 6, € R™?721(C?) (see (6.3.3)). Here, as
we recall, &, is the tautological rank n bundle on Coh(()") (C?) whose fiber at a point rep-
resented by a coherent sheaf  is H°(F') and 6, is the fundamental class of Coh(l"p)t (C?).

As before, we denote by the same symbol &, the analogous tautological bundle on
Cohf)") (X) and, if necessary, its restriction to Cohgnp)t(E).

Extending the construction of (7.1.2), we choose a cocycle representing the funda-
mental class of Cohgnp)t(Z) in HPM and define the morphism

PZ : p:;wE e p;sz[z] = wCoh(l'Q(E) 2]

as the cup-product with this cocycle. Here p,, : Cohgnp)t

in (7.1.1). Further, for each i we fix a cocycle representative gfl,- (&) of ch;(&,) €
H? (Coh{")(%).K).

The sheaf 'V and the factorization coalgebra R are both presheaves with values in the
category of cochain complexes. We define a morphism of presheaves & : 'V — R as the

composition of two morphisms: first, the morphism

(S) — S is the projection defined

RT (U, w5) ® t"q'~" — RT(Coh{')(U )> Ceant™ @)

y ®1"q' s chi (8,) N pl(pE (),

(here p;(y) is an element of RF(Cth'p)t(U ), pywy)) and, second, the direct image
morphism

. (n) (n) (n)
&« . RI'(Coh (U)’wCoh(l’;{(U)) — RI'(Cohy ' (U), w, RU)Y™,

1pt COhg"(U)) =

where € : Coh&"p)l(U ) —> Cohf)")(U ) is the (closed) embedding.
Since V is a sheaf with values in the category of cochain complexes, its symmetric

algebra Sym(V) is a factorization coalgebra with values in this category, by Proposi-
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tion 7.2.6. Since R is a factorization algebra in the category of E-algebras, we can define
the symmetrized product & : Sym(V) — R by setting

6=E On.

n>0

where

~ ~ 1 ~ ~
Gn: Sym"(V) > R, Ga(vie--evn) = — D n@g1) ® -+ ® A(vs(my))-
t seSh

(7.7.1)
lifting the map o from (7.1.5). In other words, &, is the symmetrization of the map

fno@® - ®F): VE > R.

The map & is a morphism of factorization coalgebras in the category of Z?*-graded
cochain complexes. Note that we do not claim (and it is not true) that & is a morphism of
factorization coalgebras in the category of E-algebras.

By the above, o is a weak equivalence (of Z2-graded cochain complexes) for any U
which is, topologically, a disk. Therefore & is a weak equivalence (of factorization coal-
gebras in the category of Z2-graded cochain complexes) by Proposition 7.2.7. Taking
U = ¥ we obtain Theorem 7.1.6.

7.8. Eg4-structure on the flat COHA

By [21, 44], locally constant factorization (co)algebras on R with values in C(Vectg)
can be identified with E,,-(co) algebras in C(Vecty), the identification associating to a
(co)algebra B the object B(B) where B C R™ is the standard unit m-ball. Note that
B(B) is weak equivalent to B(R%).

Let us specialize this to the case when B = R and m = 4, since C? ~ R*. In this
case we form the cochain complex R(B) ~ R(C?) whose cohomology is the flat Hecke
algebra R(B) ~ R(C?) studied in §6. The general results above, applied to the category
€ of E-algebras, imply

Corollary 7.8.1. R(C?) is an E;-algebra in the category of E4-coalgebras. |

Remarks 7.8.2. (a) The E4-coalgebra structure on R(C?) is a cochain level refinement
of the comultiplication A on R(C?) (see §6.2). While A is cocommutative, because it
is independent of the choice of two distinct disks Uy, U, C C 2 at the cochain level we
do not seem to have cocommutativity since the space of choices of such pairs of disks
is not contractible (it is precisely the space of binary operations in the operad D).

(b) By forming the Koszul dual to the E;-algebra structure on R(C?), we obtain an
E-coalgebra in the category of E4-coalgebras, i.e., an E5-coalgebra. Alternatively,
forming the Koszul dual to the E4-algebra structure, we obtain an Es-algebra. This
suggests that some 5-dimensional field theory may be relevant to this picture.
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Appendix A. Basics on oco-categories and dg-categories

A.l. oo-categories

Let k be a field of characteristic 0. By Vect = Vecty we denote the category of k-vector
spaces and by C(Vect) = C(Vecty) the category of complexes of k-vector spaces bounded
below, with morphisms being morphisms of complexes. By A°Set we denote the category
of simplicial sets. For a simplicial set Y we denote by |Y | the geometric realization of Y.
We say that Y is contractible if |Y | is a contractible topological space. For a topological
space T we denote by Sing(7’) the singular simplicial set of 7.

An oo-category € is a simplicial set (€,),>0 satisfying the partial Kan condition,
with elements of € called objects and elements of €; called morphisms.

Every oo-category € gives rise to an ordinary category h€ known as the homotopy
category of €. It has the same objects as € and its morphisms are certain equivalence
classes of morphisms in €. Further, € contains the maximal Kan simplicial subset €Xa
with €§* = €, having the meaning of the subgroupoid of (weakly) invertible mor-
phisms. We refer to [43] for more details.

A simplicial category is a category € enriched in A°Set, so that for any two objects
F,§ € € we are given a simplicial set Mape (¥, §) with standard properties. A simplicial
category € gives an oo-category Jt(€) with the same objects, as explained in [43].

A dg-category is a category € enriched in C(Vect), so that for any two objects ¥, §
€ € we are given a cochain complex Homg (¥, §) with standard properties. Any dg-
category € gives rise to a k-linear category H*€ with the same objects as € and

Hompoe(F,9) = H* Homg (7, §). (A.1.1)
Further, € can be made into a simplicial category (with the same objects) by
Map(¥ ', §) = DK(r<o Homg (¥, 9)), (A.1.2)

where DK is the Dold—Kan simplicial set associated to a Z <p-graded complex (see [64,
§8.4.1] and a discussion in Example 1.1.4). So it gives rise to an oco-category denoted
NU(€) (see [44]).

A.2. Enhanced derived categories

Let A be a k-linear abelian category. We denote by C(+) the category of complexes
over + with morphisms being morphisms of complexes. By C(+4)q, We denote the dg-
category with the same objects as C(+4). For any two objects 5, § of C(A)gg, the complex
Homc(a),, (¥, %) is the graded k-vector space Hom (¥, §) with the differential given by
the commutation with dz and dg. Thus C(A) = H°C(+4)g,. By D(A) = C(A)[Qis ']
we denote the derived category of 4, i.e., the localization of C(+4) by the class Qis of
quasi-isomorphisms. There are three closely related enhancements of D(+A) with the same
objects:
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(a) The derived dg-category D(A)g with the property that D(s4) = H9 D(4)g,. If A
has canonical injective resolutions A > I(A), then we define (see [7])

Homp(a),, (¥ §) = Homg ), (I(F). 1(9)).

The complex on the RHS is also denoted RHom® (¥, §).

(b) The simplicial derived category D(+4)a with the property that Homp) (¥, §) =
moMapp(4), (¥, §). There are two homotopy equivalent ways of constructing
MapDM)A(?, g)

(b1) Given the data in (a), we can define, as in (A.1.2),
MapD(A)A (?, g) = DK(Ts() RHOm. (3‘:, g))

(b2) The Dwyer—Kan simplicial localization procedure [12, 13] produces simplicial
sets Map(¥, §), starting from the category C(+) and the class Qis of mor-
phisms. We can take Mapp4), (¥, §) to be the simplicial sets Map(¥, §).
Further, we can use them to get an intrinsic definition of the RHom® (¥, §)
in (a) by taking the normalized chain complexes and stabilizing with respect to
the shift. This allows one to define D(+4)q, even without the use of canonical
injective resolutions.

(c) The derived co-category D(+4)oo With the property that hD(#4)eo = D(4). As in (b2),
it can be defined intrinsically, as the oo-categorical localization of C(+4) by Qis [44].

Appendix B. Homotopy canonical Euler classes

The concept of coherent homotopy uniqueness of objects, morphisms, cohomology
classes, etc., is implicit in the formalism of co-categories, as well as in homotopical
algebra in general. In this appendix we spell out some instances of this concept in the
dg-context.

B.1. Cocycles defined up to a contractible choice

Let V be a cochain complex over k, and let a € H?(V). Viewing a as a morphism

a 1k — V[d]in D(Vecty), we can represent a (non-uniquely) by a diagram of morphisms
of complexes k Sy G V[d], where q is a quasi-isomorphism. Such a diagram is just a
right fraction representing the morphism a in D(Vecty) = C(Vecty)[Qis™ '] asa = ag~!.
We will refer to any such diagram as a d -cocycle defined up to a contractible choice and

say that it represents a up to a contractible choice.

Examples B.1.1. (a) Suppose thata % 0 and H’/ (V) = 0for j <d.Let Z¢(V) c V4
be the space of d-cocycles and y : Z4 (V) — H? (V) be the projection. Let

Vil =5 Va2 5 ydtt Syl ka)) € VE

a
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Then the projection to ka ~ k gives a quasi-isomorphism Vafd [d] 5 k and the diagram
k < V=d] — V[d]

represents a up to a contractible choice.

(b) In particular, let € be a dg-category and x, y € Ob(€) be such that Homg (x, y)
has H/ = 0 for j < 0. Then any non-zero morphism f : x — y in H€ is represented,
up to a contractible choice, by the diagram

k < Homg’(x, y); <> Homg(x, y).

B.2. Homotopy canonical orientation classes

Let X <> Y be a regular embedding of stacks of codimension d. We then have the
canonical orientation isomorphism nyy : Ky = i!l_(Y [2d] in the derived category D(X).

It X < Y < Z are two composable regular embeddings, with i of codimension d
and j of codimension e, then ji is a regular embedding of codimension d + e and
nx/z ky = (ji)'k,[2(d + e)] is equal to the composition

nx/y

;! [2d]
Ky —2% i'ky [2d] 275

i'j'k,[2d + 2e]. (B.2.1)

Passing to the dg-enhancements, we notice that 7x,;y connects two objects which are
quasi-isomorphic to single sheaves in degree 0 and so negative Ext’s between these objects
vanish. We are therefore in the situation of Example B.1.1 (b) and so the diagram

k < Kyy := Homg("x)dg(l_(x,i’l_(y[zd]),,x by Homf)(x)dg(l_(x,i!l_(ypd]) (B.2.2)

represents 7y, y up to a contractible choice. We can write it as a canonical closed mor-
phism in D(X )4, of degree 0,

fix/y : Kx)y ® ky — i'ky[2d]. (B.2.3)

IfX <> Y <5 Z are two composable regular embeddings as before, then the composition
of Hom-complexes in the dg-category D(X ), induces a composition

mx,y,z : Kyyjz ® Kx;y — Kx/z, (B.2.4)

and such compositions are associative for any composable triple of regular embeddings.
The composition my,y,z fits into the commutative square

Ky, z®lx/y

Ky;z ® Kx)y ® ky —————— Ky;z ® i!l_(Y[Zd]
mX.Y.Z@"xl li!ﬁy/z (B.2.5)
Kx/z ® ky itk [2d + 2]

which underlies the identification of 1y,z with the composition (B.2.1).
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B.3. Homotopy canonical Euler classes

Let & be a rank d vector bundle over a stack X. Let s € H%(X, &) be a section. We
consider it as a morphism s : X — Tot(&). Let is : X5 — X be the embedding of the zero
locus of s. We then have a Cartesian square of closed embeddings

X, —2 4 x

,-{ JO (B.3.1)

X — Tot(8)

The zero section embedding 0 : X < Tot(&) is regular of codimension d, so we have the
orientation isomorphism in D(X)

Ne = Nx/Toe) - kx = 0'Kpye[24]. (B.3.2)

Applying i;! to ng, we get a morphism in D(Xj)

o islng . _ BC. . _ .
Ky, =iy 'ky —— i 0'kpo gy [2d] —> ils Koy [2d] = ifky[2d],  (B.3.3)

where “B.C.” means the base change morphism for the square (B.3.1) [34,
Prop. III.1.9 (iii)]. The morphism (B.3.3) can be viewed as an element ¢4 (E, s) in
H)%f (X, k) which is known as the refined Euler (top Chern) class of (&, s). Its image
in H24 (X, k) is the usual Euler (top Chern) class cq (&).

Passing to dg-enhancements, we denote Kg := K3 ITot(E)" We can think of objects of
the dg-categories D(Y')4, associated to various stacks Y as (systems of, see (3.2.1)) com-
plexes consisting of flabby sheaves. Now, for a flabby sheaf the !-inverse image under a
closed embedding is given by the sheaf of sections with support. With this understand-
ing, the base change morphism in a Cartesian square of closed embeddings of topological
spaces is a canonical morphism of sheaves. Therefore our conventions imply that the base
change morphism in (B.3.3) is defined canonically (no choice needed). So lifting ng to
e = Nx/Towe) as defined in §B.2, we upgrade the composite morphism (B.3.3) to a
closed degree 0 morphism in D(X )4,

Ca(8.5): Ke @ Ky, — i Kpye)[2d], (B.3.4)

representing ¢4 (&, s) up to a contractible choice.

B.4. Multiplicativity of homotopy canonical Euler classes

Let .
0836238 >0 (B.4.1)

be a short exact sequence of vector bundles on a stack X, of ranks d’, d, d” respec-
tively, so d = d’ + d”. We explain how to upgrade the multiplicativity relation ¢4 (&) =
cq’(8)cgr(8") in H*(X,K) to the level of homotopy canonical refined classes.
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Lets € H%(X, &) be a section. Then s” := b(s) is a section of &”. Its zero locus iy :
X7 <> X can be described, informally, as the locus of points x — X such that s(x) € &’.
In particular, the bundle i}, &’ on X carries a section s’ given by the restriction of s.
The zero locus (Xg)s of this latter section is nothing but X, so we have a commutative
triangle of closed embeddings

igs
XS = (XS”)S/ e XS”

\ l"” (B.4.2)

X

The multiplicativity of refined Euler classes at the cohomology level can be expressed as
the commutativity of the triangle in D(Xj)

(i3, &.s")

ky, —————ijky ,[2d]
li;,c,n (€”,s"M2d] (B.4.3)

ililky[2d +2d"]

cq(8,s)

To prove this commutativity and to lift it to the homotopy canonical level, we denote by

Tot(E") —%— Tot(8) —2— Tot(E")

\ l,, (B.4.4)

X

the diagram of the total spaces induced by (B.4.1). We note that

Tot(8) —2— Tot()

nl lb (B.4.5)
A

X —5 5 Tot(6”)

is a Cartesian square. Therefore the same base change argument as used in (B.3.3) gives
a morphism of complexes

! ° !
Homp x),, (Ky . 0/ K76 [2d"]) — Homy gy, Kroery» @ Koy 124",
This morphism induces a morphism
Ker = Kx/toue”y = Ktoue)/Tou(€)- (B.4.6)

Also,
Og/ a
X =5 Tot(€') > Tot(8) (B.4.7)
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is a composable pair of regular embeddings with composition Og. Therefore composing
the pairing (B.2.4) of this composable pair with the morphism (B.4.6), we get a pairing

meg g g . Kgr @ Kgr — Kg. (B.4.8)

These pairings are associative for any admissible (locally split) filtration &; C &, C & of
vector bundles.
Further, (B.4.2) and (B.4.7) combine into a diagram

X —2&4 Tot(€") —“—s Tot(€)

iJ L/ Ts (B.4.9)

Xs - X a X

consisting of two Cartesian squares, whose concatenation (i.e., the outer perimeter dia-
gram with horizontal edges composed) is the Cartesian square (B.3.1). We now notice
that:

e The right square recovers ¢z~ (&”,s”) by pullback, as in (B.3.3), from e/ Tow(8)-
This follows from the square (B.4.5) which shows that y(g/)/Tot(e) 1S the image of 7jg
under (B.4.6).

*

&', s") by pullback from 7jg/ = 7x/tei(e7)- This is
because we can subdivide the square into two Cartesian squares

e The left square recovers ¢y (i

Og/
X—& s Tou&)

iS//T )‘\
Oi’f‘ &’

1’
Xs” —é) TOt(l.;// 8/)

iS/T TS’
iy

X, — X

which show that 7; , ¢ is the pullback of 7jg

e The composite (outer) square (B.3.1) recovers ¢4 (&, ) by pullback from 7jg by defini-
tion.

So applying (B.2.5), we obtain a commutative square

Kg//®gd’(i://8/,s/) . ’
Ker ® K @ ky, —————— i ky [2d]

msts,s’@kxsl liéfw/(s”,s”)[w’] (B.4.10)
Ga€s) .y
Ke ®ky, ——<C0 it it ky[2d" +2d"]

which is a lift of (B.4.3) to the homotopy canonical level.
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