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Abstract. We describe the boundary of linear subvarieties in the moduli space of multi-scale
differentials. Linear subvarieties are algebraic subvarieties of strata of (possibly) meromorphic dif-
ferentials that in local period coordinates are given by linear equations. The main example of such
are affine invariant submanifolds, that is, closures of SL(2, R)-orbits. We prove that the boundary
of any linear subvariety is again given by linear equations in generalized period coordinates of the
boundary. Our main technical tool is an asymptotic analysis of periods near the boundary of the
moduli space of multi-scale differentials which yields further techniques and results of independent
interest.
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1. Introduction

Let w = (U1, ..., Un) € Z" with Y 7_, u; = 2g — 2. The stratum J(w) is the mod-
uli space consisting of pairs (X, @) where X is a Riemann surface of genus g and w
is a meromorphic differential with multiplicities of zeroes and poles prescribed by .
The projectivized stratum PJ(w) is the quotient of (i) by C*, where C* acts on a
differential by rescaling. Strata have a natural linear structure, i.e. a set of coordinates,
distinguished up to the action of the linear group, called period coordinates, such that the
transition functions are linear. A special class of subvarieties of strata is given by linear
subvarieties.

Definition 1.1. A (C)-linear subvariety M is an irreducible algebraic subvariety of a
stratum J€(u) that, at any point, is given by a finite union of linear subspaces in local
period coordinates.

A particularly important class of linear subvarieties are affine invariant submanifolds.
Those are linear subvarieties in strata of holomorphic differentials where the linear sub-
spaces are defined over the real numbers. By a combination of [7] and [8], affine invariant
submanifolds are exactly orbit closures of the natural SL(2, R)-action.
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Linear subvarieties in projectivized strata are usually not compact. For example, affine
invariant submanifolds are never compact since one can use cylinder deformations to
degenerate to a stable curve.

Recently in [2] the authors constructed a modular compactification PE Mg , (1) of
the projectivized stratum PJ (u), the moduli space of projectivized multi-scale differen-
tials. The goal of this paper is to study the boundary of a linear subvariety in P E M, ,, (1).

The boundary P E Mg , (1) \ PH (1) parametrizes multi-scale differentials, i.e. stable
curves together with a collection of meromorphic differential forms on the irreducible
components, subject to several technical conditions, which we recall in Section 2.4. Fur-
thermore, the boundary decomposes into a union of open boundary strata, each of which
possesses a natural linear structure induced by generalized period coordinates. We will
explain the structure of the boundary in more detail in Section 2.7.

For technical reasons we work with the “unprojectivized” moduli space of multi-scale
differentials EMg ,(1). The group C* acts on E Mg , (1) by rescaling and P E M, , (1)
= EMg »(1)/C* is the quotient. Our main result is as follows.

Theorem 1.2 (Main theorem). Let M C H (i) be a C-linear subvariety. Then the inter-
section of the closure M € M ¢ () with any open boundary stratum Dt of the moduli
space B Mg (1) of multi-scale differentials is a levelwise linear subvariety, for the nat-
ural linear structure on the boundary stratum Dy C 0B Mg ,(10).

Furthermore, the linear equations for 9M N Dy are explicitly computable from the
linear equations for M near the boundary.

For this statement, we recall that the irreducible components of stable curves in the
boundary of EMg , (1) are stratified by levels, depending on the vanishing order of the
differential on each component along one-parameter families. By a levelwise linear sub-
variety we mean that each linear equation only relates periods of the differential along
curves contained in the same level.

This version of the main theorem is only a preliminary qualitative result. In the course
of the paper we state several more precise versions. Once we define the linear structure of
the boundary, we can make a more precise, but still qualitative statement, given in Theo-
rem 2.3. Later, in Sections 7, 8 and 10, we will be able to determine the explicit equations
defining the boundary M N Dy provided we know the linear equations defining M at a
point near the boundary. In Proposition 8.2 we give an explicit formula in local coordi-
nates, while Proposition 10.1 gives a coordinate-free description of the linear equations
defining oM .

Our main technical tool is a detailed asymptotic analysis of the behavior of peri-
ods near the boundary of .M, , (). When integrating differentials over cycles passing
through nodes of the limiting stable curve, the period might diverge logarithmically. In
particular, periods do not extend as holomorphic functions to the boundary 08 Mg , (1),
but they do extend after subtracting their logarithmic divergences. We call the resulting
functions log periods. The first part of the paper is devoted to properly defining log periods
and computing their limits at the boundary.
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Log periods can also be viewed naturally in the context of Hodge theory. Stated in this
language, the extension of log periods can be seen as an analogue of Schmid’s nilpotent
orbit theorem [13] in the flat setting. We discuss the relations to Hodge theory in Section 7.
See also [6] for similar discussions.

The linear equations of the boundary

We now explain how to obtain the linear equations defining the intersection of a boundary
stratum with the closure of a linear subvariety M from the linear equations defining M
near the boundary.

Let (X, ) be a multi-scale differential in the boundary of M N D The stable curve X
has two types of nodes: vertical nodes connect irreducible components of different lev-
els, while horizontal nodes connect components of the same level. Near the boundary
stratum Dy of EM, ,(14), every smooth surface can be cut by simple closed curves into
subsurfaces of different levels. The subsurface of level i specializes to the irreducible
components of X of level i under degeneration.

In a period chart inside (i), a linear equation for M is a homology class F =
>, A;y1] where the collection {y;} is a suitable basis for relative homology, called a T-
adapted homology basis. We define the notion of T"-adapted basis in Section 4.5. Roughly
speaking one starts by choosing a homology basis for each subsurface of level i and
extends those to a basis on the whole surface by only passing through lower levels.

We say F is of top level at most i if it can be represented by a sum of paths, each
of which is completely contained in the subsurface of level < i. To obtain the equations
for the boundary proceed as follows. Start with the defining equations Fi, ..., Fi for M,
written in terms of a T'-adapted bases and put into reduced row echelon form. Then for
each Fj repeat the following steps.

(1) Determine the top level T (F}) of Fj.
(2) If the equation Fj crosses horizontal nodes of level T (Fj), delete it.

(3) Otherwise, restrict Fj to each irreducible component of X of level T (F7). The result-
ing cycle then defines an equation for dM N Dg.

We describe the restriction procedure more explicitly in Section 4. The collection of linear
equations obtained in this way are then the linear equations defining the boundary of M.
In Section 9 we give an explicit example illustrating the above process.

Potential applications

The main theorem gives a novel tool to study the classification problem for affine invariant
submanifolds. Let M C Jf(u) be an affine invariant submanifold. Then by Theorem 1.2
the intersection of dM with any boundary stratum is a lower-dimensional linear subvari-
ety. One can now try to iterate this process inductively. A useful consequence of Theo-
rem 1.2 for this approach is the following corollary.
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Corollary 1.3. Ifthe linear equations for M are defined over a field K < C, then the lin-
ear equations OM intersected with any open boundary stratum of E Mg ,(11) are defined
over a subfield of K.

Another consequence of the proof of Theorem 1.2 are restrictions on the possible lin-
ear equation defining M inside J(u) arising from considerations of invariance under
monodromy. The precise statement is given in Remark 7.7. This should be compared to
the cylinder deformation theorem [16, Thm. 5.1] which also restricts the possible lin-
ear equations, albeit in a slightly different language and thus the results are not directly
comparable. In [5] we investigate in detail the relation of our approach to cylinder defor-
mation results, together with applications to describing the geometry and combinatorics
of possible degenerations of affine invariant manifolds. More precisely, we show that the
cylinder deformation theorem for affine invariant submanifold is a direct consequence of
algebraicity. Furthermore, we determine the explicit analytic equations for the closure of
linear subvarieties in plumbing coordinates in a neighborhood of the boundary, rather than
just describing the boundary.

Algebraicity

We stress that our setup only works for algebraic subvarieties that are locally given by
finitely many linear subspaces, and does not apply to merely analytic subvarieties. By [8]
affine invariant submanifolds, i.e. analytic subvarieties given by subspaces defined over
the real numbers, are always algebraic. On the other hand, [3] have communicated to us
an example of an analytic subvariety of a meromorphic stratum which is locally defined
by linear equations with rational coefficients, which is not algebraic.

Algebraicity is only used once in the argument, in Section 7.3, where we use the classi-
cal fact that the Euclidean closure of an algebraic variety in an algebraic compactification
coincides with the Zariski closure and in particular is an analytic variety.

Afterwards, we use the fact that every boundary point of an analytic variety is the
limit of a holomorphic one-parameter family, and not just of some sequence. This will
ultimately allow us to avoid the cautionary example from [4, Section 4] and take limits of
linear equations. We will discuss the cautionary example in more detail in Remark 7.11.

1.1. Relationship to previous work

Degenerations of affine invariant submanifolds have been considered in [4, 12]. If we
consider a family of differentials inside the Hodge bundle, the limit on a stable curve is a
collection of differentials on each irreducible component with at most simple poles at the
nodes and opposite residues at each node. In [4,12] the authors consider a partial compact-
ification J (i) of H () which is constructed by removing all nodes and filling them in
with marked points, and contracting all components where the differential vanishes. Thus
they only consider the top level part of a limit multi-scale differential in the boundary.
Each differential (X0, wso) € Je () is contained in a stratum J (weo) of possibly dis-
connected differentials with at most simple poles. The resulting partial compactification is
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called “WYSIWYG” compactification because only the parts of the limit are considered
that are represented by flat surfaces of positive area. The following is a description of the
boundary of an affine invariant submanifold inside # (u).

Theorem 1.4 ([4, Thm. 1.2]). Let M be an affine invariant submanifold and (X o, Wso)
e J () with no simple poles. The intersection of the boundary oM C Je (p) with the
stratum H (woo) < Je (w) is an algebraic variety, locally given by finitely many subspaces
in the period coordinates of H(wso). Furthermore, assume that a sequence (X, wy,) of
points of M converges to (Xoo, Woo). After removing finitely many terms, the sequence
(X, wn) may be partitioned into finitely many subsequences such that for each subse-
quence the tangent space to a branch of M N H (wso) at (Xoo, Weo), inside Je (W), is
equal to the intersection of the tangent space of a branch of M at (X, wy,) and the tan-
gent space of H (weo), for n sufficiently large. Here we use the fact that, since (X oo, Woo)
has no simple poles, the tangent space to H(weo) is naturally a subspace of F(u)
at (Xp, wy).

Theorem 1.2 should then be seen as an analogue of Theorem 1.4 for the moduli space
of multi-scale differentials. Roughly speaking, Theorem 1.4 says that the boundary of an
affine invariant submanifold is given by linear equations on all components of the limit
where the differential does not vanish. After suitable rescaling, the limits become non-
zero on the remaining components, and we show that, after rescaling, the whole boundary
is given by linear equations.

There exists a forgetful map p : EMg (1) — 57 () by sending a multi-scale dif-
ferential to its top level piece. In Section 11 we will see that our results quickly imply
Theorem 1.4. The crucial observation is that p has compact fibers. In the presence of
simple poles and multiple levels, the description of the tangent space to the boundary
in E-Mg » (@) is much more involved than Theorem 1.4, and the complete description is
given by Proposition 10.1.

The proofs in [4, 12] use the theory of cylinder deformations and thus only work for
affine invariant submanifolds in strata of holomorphic differentials, our results on the
other hand work for linear subvarieties with arbitrary coefficients and in meromorphic
strata, provided that they are algebraic. In particular, Theorem 1.4 is true for arbitrary
linear subvarieties in meromorphic strata.

1.2. Outline of the proof

The proof of Theorem 1.2 can be roughly divided into two parts. The first part is to deter-
mine a set of linear equations that are satisfied by any boundary point of dM . Afterwards
we need to show that every point on the boundary satisfying those linear equations is
indeed in M.

After choosing a homology basis {y1, ..., yq}, M can locally near xo € M be written
as the zero locus of kg = codimge(,)(M) linear equations. In particular, we can find a
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matrix A = (Ag;)x; in reduced row echelon form such that

d
M= {(X,a)) eH(w): ZAk,/ w=0fork = 1,...,k0}.
I=1 Vi

Naively one would now take the limit of these equations as @ approaches the boundary
of Mg (1), but the periods fy] , which are locally holomorphic functions on # (i),
cannot be extended holomorphically to the boundary. Firstly, due to monodromy one can-
not continuously extend the cycles [y;] to a whole neighborhood of the boundary and
secondly, along a sequence converging to the boundary the period might diverge. In Sec-
tion 5 we thus study the asymptotic behavior of periods as they approach the boundary
of EMg (). The main result of that section, Theorem 5.2, says that after subtract-
ing suitable, explicitly given, multivalued, logarithmic terms, the period fy o becomes
monodromy-invariant and extends holomorphically to E.M, ,(1). The resulting extended
“periods” are called log periods. In Theorem 5.2 we additionally compute the limit of the
log periods at the boundary dE Mg , ().

We can now describe our strategy to produce linear equations satisfied on the boundary
of M, which is the content of Section 7. Let by € M be a boundary point of the linear
subvariety M contained in an open boundary stratum. We can choose a one-parameter
family f : A — M which is generically contained in M and such that £(0) = by. Since
M is a linear subvariety, the linear equations are invariant under the monodromy of the
Gauss—Manin connection, and this forces the linear equations to be of a special form;
see Proposition 7.6.

The special form of the linear equations together with the explicit formula for the
limit of log periods then immediately implies that, at least along one-parameter families,
we can take the limit of the linear equations defining M. Thus we get necessary linear
equations satisfied on dM . The precise statement is Corollary 7.9.

In Section 8 we then show that the linear equations obtained in Section 7 are actually
the defining equations for the boundary dM intersected with an open boundary stratum.
On EMg , () the linear equations for M cannot be extended to the boundary, even if
rewritten in log periods, but on a suitable cover of EMg , (1), which we call the log
period space LPS, they do extend. The proof of Theorem 1.2 is then obtained by a detailed
analysis of the extended linear equations on LPS. For technical reasons, instead of a sin-
gle cover LPS, we need to consider a countable collection LPS, of such. The indexing
set corresponds roughly to different monodromies of the periods along one-parameter
families.

As a result of the proof of Theorem 1.2 we obtain an explicit formula, in local coordi-
nates, for how obtain linear equations for M intersected with an open boundary stratum,
given the linear equations for M. In Section 10 we interpret these results in a coordinate-
free way by constructing natural maps in relative homology relating the tangent spaces of
the stratum J(u) and the boundary D.

In Section 11 we apply the results of Section 10 to prove Theorem 1.4.
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2. Basic setup and notation

2.1. Setup for families
We fix a stratum F (1) of meromorphic differentials with

o= (R1seeeshrs Brttseees frts) €L, 145 =n,

where

r+s

Domi=28=2 mZ e 20> g =2 .

i=1
Our setup for families of differentials is as follows. A family of differentials (7 :
X — B,w, ) is a family (& : X — B, §) of pointed stable curves with sections
S =(S81,...,8r45) over the base B, together with a section w of wx;/p(— Z;;SH WLiSi)
defined on the complement of the nodes. By abuse of notation we will sometimes denote
the family of differentials by w. For generic b € B we require ordg, ) wp = p; and
additionally require @ to have no other zeroes or poles outside of the nodes. A family
of flat surfaces of type u is a family of differentials where all fibers X are smooth and
wp € H () forall b € B.

We will often write

Z=(Z1:=81,....2Zr =8,), P =(Pr:=8r41,.0,Ps:=Sr1s)

for the zero and pole sections, respectively.

For equisingular families (X, @) of differentials we let ( X, o) be the associated family
which is obtained by fiberwise normalization. Here the differential on X is simply the
pullback of w from X and by abuse of notation we denote it also by w. In this case we let
(,‘2;IE be the sections of the preimages of the nodes on X.

We usually consider families over a smooth base B = (A*)? x A® for non-negative
integers d, e, most of the time arising as the complement of a simple normal crossing
divisor. Our convention is that A¥ is a polydisk in C¥ centered at the origin of sufficiently
small radius, to be chosen, and possibly further shrunk.

The moduli space of multi-scale differentials. We now start recalling the moduli space
of multi-scale differentials E.M, ,(u) and its projectivized version PE Mg , (1) con-
structed in [2].

The main features of interest for us are:

o EMg (1) and P E M , (1) are smooth algebraic orbifolds and their respective bound-
aries 0B Mg (1), IP E Mg (1) are normal crossing divisors;

the boundary has a modular interpretation in terms of multi-scale differentials and
assigned prong-matchings, which we will recall next;

o PEMg (1) is compact.
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Orbifold structure. The moduli space Mg , (1) of multi-scale differentials and its pro-
jectivization PEMg , (1) are smooth, algebraic DM-stacks. All our results are true for
linear algebraic substacks of # (w). We usually omit the stack structure and only work
with the underlying varieties.

2.2. Enhanced level graphs

To describe the boundary of E.M (), we need to add additional decorations to the
dual graph of a stable curve. Our setup mostly follows the conventions from [1], where we
simplify some conventions to focus on the features that are important to us, avoiding some
of the more technical notions. A level graph T = (T, £) is a stable graph T = (V, E, H)
with half-edges H corresponding to marked points of the stable curve, together with a
total pre-order on the vertices V' defined by a level function

¢:V — L*(T)

where L*(T) := {0, —1, ..., —£(T)} is the set of levels. Following the convention of
[2] we write L(T') := L*(T) \ {0}, and refer to it as the set of lower levels. An edge
is called horizontal if it joins vertices of the same level, and vertical otherwise. We let
EYer, EPr C E be the sets of all vertical and horizontal edges, respectively. An enhance-
ment is an assignment of an integer x, > 0, called the number of prongs, to each edge e,
so that k, = 0 if and only if e € E". If an edge e joins the vertices v and v’ such that
L(v) > £(v’) then we let £(e+) be the level of v and similarly £(e—) the level of v’. Fur-
thermore, we set v(e+) := v and v(e—) := v’. At horizontal nodes we make a random
choice. Similarly, for a half-edge & we let v(h) be the vertex connected to %, and £(h) the
level of v(h).

We let T'(<;) be the restriction of T to levels at most i, i.e. we remove all vertices
from T with levels above i and all edges and half-edges adjacent to those vertices. The
restrictions f(,-), f(>,-) are defined similarly.

For later use we define

a;j = lem(k,), Mg 1= ai/ke 2.1

where the Icm is taken over all edges connecting I'(<;) and I'-;), and m. ; is defined for
any edge e such that £(e+) > i > {(e—).

2.3. Stable curves and level graphs

Let T be an enhanced level graph and (X, S) be a stable curve with marked points S and
dual graph I". Usually we omit the marked points in our notation. We denote by X, the
irreducible component of X corresponding to v € V. Similarly we let X(;) be the sub-
curve consisting of all irreducible components of level i. We refer to X (o) as the top level
of X. There are analogous definitions for the subcurve X (<;y consisting of components of
level < i, for X(>), and X(-;). For each node e let qj and g, be the preimages of the
node that are contained in Xy .+) and X, ), respectively.
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Let S = Z U P be the marked points, partitioned into marked zeroes and poles.
On the normalization X of X we define

Z::ZU{q::eeEver},
ﬁ::PU{qe_:eeEVCr}U{qsc:eeEh"r},
=ZUP.

Sell

We denote by X (i) the normalization of X ;) and consider it as a possibly disconnected
curve with marked points S(;) where

Z(i) =ZnN Xy, ﬁ(i) =Pn X(i)s §(i) =8N X(i)- (2.2)

We define Z v ﬁv, §v on the normalization X. » of X, analogously.

2.4. Multi-scale differentials

The boundary of EMg ,(1) can be described in terms of multi-scale differentials.
A multi-scale differential (X, S, n) compatible with an enhanced dual graph T is a stable
curve (X, S) and a collection n = (3,))yey of meromorphic differentials on the normal-
ization X, of each irreducible component X, satisfying

« (Prescribed vanishing) Each differential 5, is non-zero, and has no zeroes or poles
outside S;. Moreover, the order of vanishing at the marked point Sk is .

« (Matching orders) For every node e we have

ord + fy(e) = ke = 1,

ordgs Nye—y = —Ke — L.
+ (Matching residues at horizontal nodes) At horizontal nodes e € E™", we have

1€S, + Ny(e+) T 1€Sq7 Ny(e—) = 0.

« (Global residue condition) For every level i and every connected component Y
of X(>;) that does not contain a marked point with a prescribed pole, i.e. such that
P NY = @, the following condition holds. Let {ey, ..., ep} denote the set of all nodes
where Y intersects X(;y. Then

b
Zresqe—j T,U(ej—) =0.
Jj=1

Instead of grouping the differentials by irreducible components, it is often useful to group
them level by level. In this case we write § = (1)), ¢ L+(T)- We usually omit the marked
points S in the notation, since they are already encoded as the zeroes and poles of n away
from the nodes.
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2.5. The structure of the boundary

The boundary components of the moduli space of multi-scale differentials E Mg , (1) are
indexed by the discrete data of enhanced level graphs. The open boundary stratum corre-
sponding to the enhanced level graph T is denoted by Dg. A point of Dy C 08 Mg » (1)
corresponds to a pair (X, ) where X is a stable curve with dual graph I', and 5 is a
multi-scale differential compatible with T". Additionally there needs to be a choice of a
prong-matching at every vertical node. Since we only work locally, we do not need to
keep track of the prong-matching, and refer to [2, Section 5.4] for a proper discussion.
Two multi-scale differentials (X, 5) and (X’, ') correspond to the same boundary
point of D if they are related by the action of the level-rotation torus which acts simul-
taneously on the different levels by rescaling and on the prong-matchings; we refer to
[2, Section 6] for the precise definitions. For our purposes we can again mostly ignore
the action: near a boundary point (X, ) with a chosen prong-matching, the boundary
component D can be parametrized by a small neighborhood in the space of multi-scale
differentials compatible with T', considered up to scaling each differential 1) on lower
levels by an arbitrary non-zero complex number, one complex number for each level.

Remark 2.1. Suppose (X, 5) and (X, 5’) are two multi-scale differentials with the same
underlying differential but different prong-matchings. Since n and 5’ have the same peri-
ods it seems interesting to ask: if (X, 5) is contained in the boundary of a linear subvariety,
is the same true for (X, #’) and furthermore are the linear equations the same? Our meth-
ods are purely local inside the moduli space of multi-scale differentials, i.e. they only
allow us to describe the linear subvariety in a small neighborhood of (X, ) which might
not contain (X, 5’), and thus do not seem to be applicable to this question.

2.6. Local coordinates on the boundary

It is classically known that the stratum J¢ (1) has local coordinates given by the relative
cohomology H'(X \ P, Z;C). The boundary stratum Dy has a similar local description,
which we now discuss.

The prescribed vanishing and matching orders conditions for multi-scale differentials
imply that a multi-scale differential # is contained in the product of strata [ [, oy H (iv),
where each 11, is completely determined by p and the enhanced level graph T'. Thus
the space of multi-scale differentials, i.e. unprojectivized and without a choice of prong-
matchings, can be identified with the subspace [ ],y H (1) ORE of [Tyey #(1tv), con-
strained by the matching residues at horizontal nodes, as well as the global residue condi-
tions. To describe the boundary component Dy, we need to additionally projectivize the
differential on lower levels, and choose the prong-matchings. This causes the stratum Dy
to be a cover of [ [,y # (uy)°RE, suitably projectivized. We can use this to describe local
coordinates on D. For every level i we set

Hi(X:Z) == H' (X4 \ Pgy. Ziy: ). (2.3)
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where 15(,-), Z(,-) are defined in (2.2). We sometimes simply write H(ll.)(X ) instead of
H{;)(X;Z) and also write H(;(X; C) := H{;)(X; Z) ®z C. We additionally denote by
H%i)(X )GRC ¢ H(li)(X ) the subspace satisfying the global residue and matching residue
conditions at horizontal nodes. We will revisit the global residue condition in Section 4.2.
See in particular (4.3) for an explicit definition of H}i) (X)©RC. The boundary stratum Dy
then has local projective coordinates given by

H'(X.T) := Hipy)(X:C) x [] PHE,(X;C)%C).
ieL(T)

By this we mean that, after choosing local coordinates on each projective space, we get
local coordinates on Dy. Note that this statement is only meaningful because the transi-
tion functions in those coordinates are given by projective linear maps. We will discuss
the transition functions in more detail in Section 2.7. We refer to those coordinates as gen-
eralized period coordinates. Similarly, the boundary PDy of P E M , (1) has projective
local coordinates given by P(H!(X,T)), where additionally the homology H(IO) (X) of
the top level is projectivized.

Let U C Dy be such a generalized period chart centered at by = (Xp,, 11,)- Then
over U there exists an equisingular family

(X —>U,n) 2.4)

of stable curves with dual graph I', where 7 is the multi-scale differential determined by
generalized period coordinates. We define (X ;) — U, 1;)) to be the potentially discon-
nected family consisting only of irreducible components of level ;. From time to time it
will be useful to consider the fiberwise normalization

(X > U,7p). (2.5)

which is a family of smooth, possibly disconnected, Riemann surfaces, where we make
a choice of marking of the preimages of all nodes. Notice that while a point in U only
parametrizes an equivalence class of multi-scale differentials, choosing local charts on
each projective space P (H%l.) (X)ORE) allows us to choose for each u € U a representative
(Xu, nu), varying holomorphically in u.

Convention 2.2. From now on, by € Dy will denote a boundary point, chosen once and
for all, in a neighborhood of which in E Mg , (1) we will perform all of our constructions
and computations. We will usually write (X, n) instead of (X3, 1p,). Furthermore, from
now on, X always denotes a stable curve contained in Dy and X a smooth curve in J ().

2.7. The linear structure of the boundary

After choosing a homology basis on X;) for each i, the changes of coordinates for D
are given by linear transformations in GL(T') := GL(d;, Z) x [Lier ) PGL(d;, Z) where
d; := dim Héi) (X)ORC. Thus Dy possesses a GL(T')-structure or what we call a levelwise
linear structure. We call a subvariety of Df levelwise linear if locally in generalized
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period coordinates it equals a finite union of products

Vox [] P(i) cH'(X.T)
ieL(T)
where V; C H%l.)(X ; C) are some linear subspaces. Since on PDg also the top level is
projectivized, PD admits a [ [, L*(T) PGL(d;, Z)-structure, i.e. coordinate changes live
in [[;c o) PGL(di, Z), and a subvariety is levelwise linear if locally it is given by
[Tic o) P (Vi). Note that if a subvariety M C Dr is levelwise linear, the same is true for
its image PM C PDy. We can now give a more precise, though still qualitative, version
of our main result, Theorem 1.2.

Theorem 2.3 (Main theorem, levelwise version). Let M C J€ () be a linear subvariety.
For each open boundary component Dy € BMg , (1) the intersection 0M N Dy is a
levelwise linear subvariety of Dy. The same is true for the projectivization PM C PJ ().

We stress that this statement already greatly restricts the possible linear equations of
0M N D, since each linear equation only involves periods contained in the same level.

In Section 10 we will describe how to relate the levelwise linear structure on the
boundary stratum Dg to the linear structure on the stratum J¢ ().

Remark 2.4. We stress that all levelwise projectivizations above are taken with respect to
the standard action of CZ® on [T, L@ H (li)(X ), not to be confused with the triangular
action which will be introduced in (2.10), following [2, (11.1)].

2.8. The model domain

We now recall the local structure of the moduli space of multi-scale differentials near the
open boundary stratum D. In [2, Section 8], the authors first introduce an auxiliary space,
the model domain, and then show later in [2, Section 10] that it is locally biholomorphic
to E Mg »(1t). Local coordinates of the model domain EM, , (1) near by € D can be
given by B

B = U x AUD=1 5 AIE™] (2.6)
where U C Dy denotes a generalized period chart.

Convention 2.5. From now on, unless stated otherwise, U € D will always refer to a
generalized period chart in Dy centered at bg, which we allow to be further shrunk as
needed. Furthermore, we often implicitly identify U with U x (0,...,0) € B.

We call B the local model domain and denote its coordinates by b = (3, t, h) with
scaling parameters t = (1;);¢ L(T)> horizontal node parameters h = (he)pepror, and 7 a
multi-scale differential. We omit the stable curve X from the notation.

Notation 2.6. Throughout the text we denote
N :={T)—1+|E"|, M :=dimU = dim Dr. (2.7)
In particular,dim B = N + M.
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Note that our notation here differs from [2] where N denotes the number of levels,
not including the count of horizontal nodes. We recall that we denote the number of levels
by £(T).

Let p : B — U denote the projection onto the first factor. On B we consider the
pullback family (p*X — B, n) where (X — U) is the family from (2.4), which we call
the model family. We usually omit the projection map p and only write

(X — B,n) (2.8)

for the model family.
We will explain the role of the parameters ¢#; and &, more precisely in Section 2.9. For
the moment we only define, following [2],

-1
iy =[] e~ (2.9)
k=i
where the exponents ay, are defined in (2.1), and define the triangular action of ¢ on 5 by

t*xn = (tfi177(i))ieL'(F)- (2.10)

We also define the plumbing parameters

Le+)—1 me i .
; t. at vertical nodes,
5 = {H:ue—) i 2.11)

he at horizontal nodes.

where the exponents m,; are defined in (2.1). Note that at vertical nodes we have the
relation
Te(e—)] = Se“tree+)]- (2.12)

We define the (local) boundary D C B as the normal crossing divisor given by the

equations
p:={T] & [T he=0}. 2.13)
ieL(T)  e<EM™
The boundary component U >~ DN B = U x (0,...,0) C D is called the most degener-
ate boundary stratum, while the complement D \ D corresponds to partial undegener-
ations of I'. We will not need the precise definition of undegenerations, and instead refer
the reader to [2].

2.9. The universal family of multi-scale differentials

In [2, Section 10] the authors use plumbing to construct the universal family (¥ — B, w)
of multi-scale differentials over the base B defined in (2.6). We refer the reader to [2, Sec-
tion 11] for the precise definition of families of multi-scale differentials. For our purposes
we only need the following properties of the universal family ¥:

(1) Forany b € B\ D the differential wy, is a flat surface in the stratum # (w).
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(2) On the most degenerate stratum, i.e. for any b € U x (0, ..., 0), the differential wy, is
a multi-scale differential in D.

(3) There exist families of unions of disks U C Y, U C X containing S, and a biholo-
morphism
WY\ U~X\U. (2.14)

Near a marked point, U and U are homeomorphic to a disk, while at nodes they are
homeomorphic to a union of two disks intersecting at the node.

(4) Suppose K € Y\ U is compact and W(K) € X(;). Then

1
lim —ow0)|xk =14
o Ok =ng)
uniformly, where b = (n, ¢, h) and in the limit all ¢; and %, go to zero. In other words,
as b approaches a boundary point, n € D, on the i-level wg)(b), rescaled by tf;7,
converges uniformly to 7, away from the nodes and marked points.

(5) Along the most degenerate boundary stratum Dy the map W extends to an isomor-
phism
y'DF ~ X |DF'

3. Constructing the universal family of E M, , (1)

In this section we outline the construction of the universal family ¥. We follow [2, Sec-
tion 10] in notation and setup, but we only highlight the features of the construction
necessary for our discussion.

3.1. Modification differentials

For a multi-scale differential, the residues match at horizontal nodes, while at vertical
nodes the multi-scale differential is holomorphic at ¢ and has a pole at g . On the other
hand, for the plumbing construction in Section 3.2 it will be important to have differentials
with matching residues at every node. The solution, as found in [1], is as follows. It is a
consequence of the global residue condition that we can add a “small” differential £ to
n such that the residues of ¢ x § 4+ £ match at all nodes. The precise definition is as
follows (see also [2, Def. 9.1]). A family of modifying differentials ¢ for the model family
(X — B, n) is a family of meromorphic differentials (X — B, &) with § = (&,)yey such
that

« & is holomorphic except for possible simple poles along nodal and polar sections of 7,
and we allow £ to have residues at horizontal nodes;

« &) is divisible by #;_17 foreach i € L(F), and E(—e(f)) =0;

o t * § + £ has matching residues at all nodes.
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3.2. Plumbing setup

In [2, Section 10] the authors introduced a plumbing setup for multi-scale differentials
which we will now recall and use subsequently. We will work on a polydisk B, € B of
radius ¢ = e(bg) > 0. We define the standard annulus in C:

Asy 5, =161 < |z] < 82}

For § = 6(bg) > 0 to be determined, we define the standard plumbing fixture to be

Ve := {(b,u,v) € Be x A : uv = s.(b)}
where s.(b) is defined by (2.11). We consider V, — B, as a family over B, with
fibers (V,)p. We equip V, with the relative one-form €2, given by

Qe = (rge-p1u™ — ré)a;—u = —(t1ge—nv " + ré)?
with residue 7/, to be determined. We also consider the families of disjoint annuli 47, 4
C V, given by
AL = {(b,u,v) : /R < |u| <8}, A, :={(b,u,v):8/R < |v] <8},

for some constant R > 0.

Definition 3.1. For » € B \ D, we define the vanishing cycle A, € (V,)p to be the
standard generator of the fundamental group of the annulus (V,)p in u-coordinates, rep-
resented by a path encircling the origin once with counterclockwise orientation.

Our convention for the orientation on A, has the following interpretation: If one
chooses a tangent vector ¥ on the curve pointing from lower levels to higher levels, then
the frame (i, ¥) is positively oriented where # is the tangent vector along A., as seen in
Figure 1. At horizontal vanishing cycles the orientation depends on the random choice of
e+ and e—.

Ae

Xv(e—)

Fig. 1. Orientation on vanishing cycles.
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We stress that we consider A, as an actual path and not just a homology class. If no
confusion is possible we will not distinguish between A, and its class.

For each marked zero Zj of order my, we define a family of disks, equipped with a
relative one-form Q g, , by

Dzk = B, x Ag, sz = zMkdz.
We define a family of annuli Az, € Dz, by
Az, = Bg X As/R 3.

3.3. Standard form coordinates for multi-scale differentials

The idea of the plumbing construction for the universal family ¥ is to find local coordi-
nates near marked zeroes and nodal sections in which the families (X, ¢ x n) and (X, *
n + &) have a simple form. The difference between the two families is that the order of
vanishing at the nodes and marked points is constant for the first family (X, ¢ x 5) but it
can jump for the second family (X, ¢ = 5 + £). In [2] the authors introduce the following
solution. For the family (X, ¢ » ) we can find local coordinates near each nodal section
and each marked point, in which the differential has a simple form, while for the second
family (X, x n + &) this is only possible on an annulus such that the disk bounded by it
contains the marked zeroes and the nodes. The results are as follows. We begin with the
family (X, * 3).

Theorem 3.2 ([2, Thm. 4.1]). There exists a constant 61 > 0 such that for each edge e
and for each marked zero Zy, of T there are families of conformal maps of disks

:_ B X As; = Xeet), Do Be X Agy = Xig(e—), ¢z, - Be x As, — XK(zk)
such that the following properties are satisfied:

(1) The restrictions of these maps to B x 0 coincide with the nodal sections @+, @.—
and the marked sections Zy, respectively.

(2) The pullback of t x y has standard form, that is,
+\ Ke dz
(@™ % 1) = freey (2% = resqz (¢ x M) —,
—\ % —Ke dZ
(92" (t * ) = —t1o(e— (27 +resq; (1 % 1)) 5
(Pz, )" (t x ) = tryz, 2" dz.
The next result concerns the family (X, ¢ x 5 + &).

Theorem 3.3 ([2, Thm. 10.4]). For any R > 1, there exist constants €,8 > 0 such that
for each edge e and each marked zero Zy of T there are families of conformal maps of
annuli

U 1 Bex Asirs = Xier). VU i BexAs/rs — Xy, vz, i BexAsjrs — Xozy)

such that the following properties are satisfied:
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(1) The images of v, v, , vz, are families of annuli B, , B, , Bz, not containing any
zeroes of (X, t x n + &). The families of annuli bound families of unions of disks
‘L(j, U, . Uz, containing the nodal sections (,‘22', Q, and the section Zy, respec-
tively.

(2) The pullback of t x § + & has standard form, that is,

+* Ke dz

(W)™ %0+ €) = free (2% —resgz (¢ xm +6)) —.

—\* —Ke dz
W) @ *xn+&) = —troe-) (z +resg (r xn + E)) P

(vz, ) (@t % + &) =tz z"*dz.

(3) The holomorphic maps v}, v}, vg, agree with the corresponding maps ¢, B, bz,
on the most degenerate boundary stratum, i.e. on (U x (0,...,0)) x As/gs.

Definition 3.4. By a slight abuse of notation, we refer to the family of coordinates given
by ¢ as ¢ -coordinates, and similarly for ¢, ¢y, v, v;, vz, . If we do not want to
specify whether we refer to a preimage of a node or a marked point, we simply write ¢
or v.

The maps v;", v, , vz « are not determined uniquely. Following [2], note that the maps
can be specified uniquely by choosing base points near the marked zeroes and nodes. We
choose sections 7,6, ", sz, : B — ¥ such that the image is contained in a chart centered
at ¢}, q, , Zy respectively. Fix pg := §/~/R € As/Rr,s as the base point of the annulus.
Then by [2, Thm. 4.1] there exist unique Ue+ , U, , Up such that

U:—(ba pO) = §€+(b)9 Ue_(bs pO) = gg_(b), UZk(b7 [70) = §Zk(b),
forany b € U x (0,...,0).

Convention 3.5. From now on, we fix once and for all a choice of nearby sections ¢.

3.4. The plumbing construction

For each node e and each marked zero Z; we define conformal isomorphisms Y :
AF — BF and Yz, : Az, — Bz, by

T:(b,u,v) = U:'(b,u), Y, (b,u,v) :=v, (b,v), Yz, (b, z):=vg (b, z).

We define ¥ to be the family obtained by removing the disks ‘u;t, Uz, from X and
attaching V, and Dz, by identifying the +- and B-annuli via the Y-gluing maps. Since
t *n+ €& and QT Q z, are identified via Y, the family ¥ inherits a relative one-form w.

We denote by U the union of ‘Llj, U, , Uz, over all nodes and marked points, and
similarly we denote by U the union of the families of disks B x As/rs S Y over
all marked points and nodes. The families U and U are exactly the families of disks
from Section 2.9, (3).
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We have thus locally described the universal family (¥ — B, w). It will be needed
to compare the periods of w and the limit multi-scale differential  in Theorem 5.2. We
will in particular need the particular form of v-coordinates to analyze what happens in a
neighborhood of the nodes.

4. Level filtrations

In this section we introduce various notions of level for paths and homology classes. This
will be necessary since the asymptotics of periods | , @ are governed by the level of y.

We now introduce the setup for the rest of this section. We let ¥ be a topological
surface homeomorphic to surfaces in #(p), which is obtained from a nodal Riemann
surface using the plumbing construction from Section 3. In Definition 3.1 we have defined
the vanishing cycles on an annulus. Using the plumbing maps from Theorem 3.3 we can
pull back A, from the annulus to . By abuse of notation we denote the resulting curves
again by A.. We define A := {1, : e € E} C X considered as a multicurve, and then
topologically a stable curve in Dy is obtained by pinching A. As before, we fix a stable
curve X € Dr.

4.1. Thickenings of vanishing cycles

For each vanishing cycle A, let A7 be a small open neighborhood of A, that deformation
retracts onto A, and denote by A° C X the union of all such thickenings.
We decompose
A = AV Ahor

into vanishing cycles corresponding to vertical and horizontal nodes, respectively, and
further decompose

ver __ ver hor __ hor
A= LA A= ] AR
ieL*(T) ieL*(T)
where
Azle)r ={de:e € EY, Liet+) =i, Lle—) < i},

ARy = {he e € E™, U(e+) = L(e—) = i}.

In words, Azl"’)r consists of vertical vanishing cycles connecting X ;) to lower levels and
/\1(110)r consists of horizontal vanishing cycles contained in X;).

For each edge ¢ € E the boundary dA¢ consists of two boundary circles, A} U A7,
with A} C Z(g(e4)) and A, C Z(ge—))- At horizontal nodes we randomly choose which
boundary component is denoted A;". We need to be careful about choosing orientations
for A£. Our convention is that 1} has the same orientation as A, while A has the oppo-
site orientation. We write

AT =2 e B}, A" :={),:ec E¥}U{AT . eec EM}
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We define analogues of Ay and A¥" for A° and A*. For example, Agiver consists
of A} for all vertical nodes e with £(e+) = i and £(e—) < i, while A?::’)r consists of A2
for all vertical nodes with £(e+) > i and £(e—) < i.

Figure 2 illustrates the definitions.

Fig. 2. Thickenings of vanishing cycles.

We now introduce several different ways of filtering the Riemann surface X by levels.
If we remove all vertical vanishing cycles from X, then the remaining surface decomposes
into a disjoint union of surfaces of a fixed level, i.e.

> \ AO,ver = |_| E(i).
ieL*(T)

Each of the resulting subcurves X(;) is a connected compact surface potentially with
boundary. We note that we remove A°¥" instead of just A¥®" since we want the result
to be compact. If instead of removing all vertical vanishing cycles, we only remove verti-
cal vanishing cycles that cross the i-th level transition, i.e. exactly the vanishing cycles in
Afzvf)r , then we decompose ¥ into two surfaces: the part of X that is at least of level i and
the part of X below level i. We write

¥\ /\?’ZVIC)r =: E(zi) U E(<i).

So far we have only removed the vertical vanishing cycles but later we will also need
to remove the horizontal ones. We thus define

3 = S \ A 4.1)

to be the surface obtained from X ;) by cutting along all horizontal vanishing cycles. Note
that the resulting surface is usually a disconnected compact surface with boundary. See
Figure 3 for an example illustrating the different ways of filtering X.

4.2. Global residue condition revisited

We later want to compare period coordinates on J¢ (i) and generalized period coordinates
on Dr. In the terminology of this section, we have

Hiy(X:C) = H' (S \ P.ZU A C)
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N4 \

S i

Fig. 3. The different ways of filtering X by level.

where H(li)(X ) is defined in (2.3). Thus local coordinates on Dy and () are given by

@ieL‘(f) HI(Z‘E;.’)‘ \P,ZU Ag)’ver; Z)ORC and H'(Z \ Z, P; C), respectively.

Instead of working with cohomology we phrase everything in this section in terms of
homology, where we think of a linear subspace of cohomology as being the annihilator of
a subspace in homology. For the rest of the section we follow the convention that, unless
stated otherwise, homology is taken with Z-coefficients. We first need to set up various
spaces modeling residue conditions on multi-scale differentials. Let ¥ be a connected
component of X(~;) with P N'Y = @, and denote by {ey, ..., ep} the set of all nodes

where Y intersects X ;). Then we define

b

Ay i= ) e € Hi(So) \ P.ZUAG™),
k=1

and we denote by GRC{;) € Hi(2¢) \ P, Z U A‘('ie)r’+) the linear span
GRC‘(’ie)r := (Ay : Y aconnected component of X(~;) with P NY = f)c. 4.2)
In words, GRCES~ is the span of all the equations defining the global residue conditions of
level i. We stress that this does not include the matching residue conditions at horizontal
nodes at level i. We analogously define GRCE’)r’c“t C Hi(ZH\ P, ZU AZf)r’Jr) by the
same cycles Ay, now considered as elements of Hy(X(}) \ P,Z U AZS’JF).
To include the matching residue condition at horizontal nodes, we let
MRH() := (AT =27 : 1 € A{¥)c € Hi(ZF\ P.ZUAG™).
and finally we define
. Ver,cul u ver,+
GRC(;) := GRC;y™" + MRH(;) € Hi (3 \ P, Z U AG™),
GRC := @ GRC(,‘) .
ieL*(T)
In particular, GRC consists exactly of all global residue equations including the
matching residue condition at horizontal nodes. We obtain the following description for
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H 1(28’; \P,ZU AZSVST)GRC, which is exactly the subspace in cohomology satisfying all
global residue and matching residue conditions:

HY(ZH\ P.ZU Ag;V“)GRC = Ann(GRC;))
~ (H(E3\ P.Z U A () /GRC(p)*. (4.3)

4.3. Level and vertical filtration

In this section we define the concept of level for homology classes. Additionally, we
introduce two filtrations Lo and W, of H;(X \ P, Z). Roughly speaking, L; will consist
of all cycles which can be represented by paths supported in the subsurface X (<;y of level
at most i, while cycles W; C L; can additionally be represented by paths disjoint from
the horizontal vanishing cycles of level i.
The motivation for introducing W; is that it will come with a surjective linear map
fi : Wi > Hi(S(5\ P,Z U A ™) /GRC ),
the specialization morphism, with kernel L;_;, and we will thus have

@ Wi/Lin~ @ H(SH\P,ZUAGT)/GRCg).
ieL*(T) ieL*(T)
This will allow us to compare the local coordinates on # (1) and on D.

We start by describing the specialization morphism in words. Any class [y] in W; can
be represented by a collection of smooth curves in X(<;) which are all disjoint from the
horizontal vanishing cycles. Suppose for simplicity that [y] can be represented by a single
curve o in X(<;), disjoint from the vanishing cycles. We then restrict o to the subsurface
X of level i, i.e. we remove all the parts of o that go into lower levels. The result is a
path o’ in ;) but since « is disjoint from all horizontal vanishing cycles, &’ is actually
contained in EE’)‘ We then define

filyD) =o'

The rest of the section is concerned with making the definition of f; precise and showing
that it is well-defined in homology. The specialization morphism is illustrated in Figure 4.

Fig. 4. The specialization morphism fp.
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To simplify notation, for the rest of this section we adopt the convention that for
B, A C C the relative homology H;(B, A) is always to be understood as Hy(B, A N B)
(which is simply equal to Hy (B, A) if A C B).

Definition 4.1. The inclusion X(<;) € ¥ induces a map
vi t Hi(Z<p\P.Z)—> Hi(Z\P.Z),
and we define the level filtration Lo by
L :==Im(v;) € Hi(2\ P,Z).
By naturality v;_; factors over the natural map
Hi(Zi-n\ P.Z2) > Hi(E<i) \ P.Z),

andthus L;_y € L;. Wesayacycle [y] € H1(X\ P,Z)isof top leveli if [y] € L; \ Li_1,
and we then write
T(yD =i

We let
(A =AY € HI(S\ P.Z) : ([y].A) =0 VA € A}

where (-,-) : H1(Z\ P,Z) x H{(Z\ Z, P) — Z denotes the algebraic intersection pair-
ing. We then define the vertical filtration W, by

Wi:=Li 0 (ARD" € Li.

By construction every cycle in L;_; can be represented by a collection of paths con-
tained in X (<;_1). Since X (<;—1) is disjoint from all horizontal vanishing cycles, of level 7,
we have in particular

LiD2W;2 L.

Example 4.2. To demonstrate some of the features of the level and vertical filtration
we consider the example from Figure 4. Here A; is a horizontal vanishing cycle and A,
and A3 are vertical vanishing cycles separating ¥ into Xy and ¥ ;). Since « is a path
completely contained in ¥ () and is not homologous to any path contained in Xy,
we have [«] € Lg. Furthermore, o has zero intersection number with A; and thus [«] is
contained in the vertical filtration W;. On the other hand, the path B intersects X o) but is
homologous to a path completely contained in X (1), thus [8] € L_;. Since there are no
horizontal vanishing cycles in X (_y), the —1-th piece of the level filtration coincides with
the —1-th piece of the vertical filtration, i.e. L_; = W_;. Thus [f] € W_; = L_;. All
three vanishing cycles A1, A, and A3 are homologous (up to orientation), thus A; € L_;
fori = 1,2, 3. In Figure 5 (b) we exhibit an explicit basis for each graded piece of the
filtration L_; = W_; € Wy C Ly.
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(a) Cautionary examples (b) A basis for Le and W,

Fig. 5. The level filtration Le and the vertical filtration W,.

The specialization morphism
Our goal is now to make the construction of the specialization morphism
fi i Wi = Hi(S(5\ P,Z U A(T)/GRC )

precise. As a technical step we first construct an auxiliary map

gi:Li—> Hi(Z) \ P,ZUAG™)
which is defined on the whole level filtration L; and not just the vertical filtration W;.
Both f; and g; are basically restriction maps: Given a path of level i, the map g; simply
restricts the path to the i-th level, i.e. the result is a path in X ;). The map f; is similar;
the difference is that if a path is disjoint from all horizontal vanishing cycles, then its
restriction is actually contained in Eff)t =Zn\ A'(‘l")r . There is an ambiguity in how a
cycle in W; can be represented by a collection of curves disjoint from the vanishing cycles.
It turns out that the ambiguity is an element of GRCy;) and thus f; will give a well-defined
map to Hy (S04 \ P, Z U A{5)")/GRC;) and not to Hy (S8 \ P, Z U A™).

We now start the description of f; and g;. We first describe then on the level of paths
and then show that they give well-defined maps on homology.

Let [y] € L;. By the definition of the level filtration we can write [y] = > axyk
where y; are simple smooth curves contained in X (<;). For each y; we let y; := yk|x;,
be the restriction to X ;) considered as a relative cycle with boundary in Z U Azf)r’“L and
then define

gi(]) = Y _aklyil € Hi(Sq) \ P.Z U AG™).
k

Now that we have constructed g; we need to define an auxiliary map 4;, and after-

wards we will define f; as the composition of /4; and g;. Set

Wi = (AR S Hi(S) \ P.ZUAG™).
Note that in particular g; (W;) C W;. We are now going to define a map
hi : Wi > Hi(Zg)\ P, Z U A5y ™)/GRC
as follows.
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\/
[

Fig. 6. A band move.

Let[y] € W;. Write [¥] = Dk cko as a sum of smooth simple curves. Since the inter-
section number with any horizontal vanishing cycle is zero, we can make the collection
{ag } of curves disjoint from any horizontal vanishing cycle of level i by a series of band
moves, as depicted in Figure 6 or [10]. Thus we can write [y] = ), cxay) where o) is a
collection of smooth simple curves in EC“‘ We then define

hi([y]) ==Y cxloy] € Hi(EG\ P, Z U A ™) /GRC),
and finally set
fi == hiogilw,.
The maps f; are not well-defined as maps to H1 (@) \ P,Z U AVer *), since different
choices of band moves can differ by multiples of the vamshlng cycles as seen in Figure 7,

but we will see that f; is well-defined as a map to Hy (2} \ P,Z U A‘(’g’Jr)/GRC(i). See
Figure 8 for an illustration of the map f;.

f()/ B - \fO

A e A
. H} [\ 1 "”//\\ H! (\‘\4‘

T W T sy

la—B=M - A\ e GRC

Fig. 7. The ambiguity of band moves.

Fig. 8. The map fp.
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Proposition 4.3. The linear maps
gi:Li—> Hi(Ze) \ P,ZUAG™),
fi i Wi > Hi(S(5\ P,Z U A(T)/GRC )
are well-defined and surjective. Furthermore,
ker fi =kerg; = L;_;.
Proof. We start with the map g;. From the long exact sequence of the triple
ZSEE-n\PHUZS(E=\P)UZ,

we obtain an exact sequence

Hi(Zi-n\ P, Z) 25 Hi(S<i\ P,Z) — Hi(Z(<i)\ P, (Z(<i—ny \ P)U Z)

=

.+
Hl(E(,-)\P, A\(Iie)r UZz)
where the vertical isomorphism is induced by excising X(<;—1) \ Ag’)‘ .
Since the excision map is defined via barycentric subdivision, it follows that for a
simple smooth curve « the composition
H\(Z<i)\ P, Z) > Hi(Z;) \ P,A5 T U 2Z)
is given by the restriction o’ to X(;y and thus the map coincides with g;. From the exact
sequence we then obtain ker g; = L;—_q. To see that g; is surjective, take any smooth

ver,+

closed curve y representing a class in H; (X \ P, Z U A(i) ). By [1, Lemma 3.9] we

can connect the boundary points of y in AZf)r’+ to marked zeroes in X (<;) by only passing
through levels below i and thus creating a g;-preimage for y. This proves all claims
about g;; it remains to prove the analogous statements for f;.

To show that f; is well-defined, it is enough to show that h; is well-defined.
Let [y] € Wi and represent [y] = Y, crax = 3, dify € Hi(Zgy \ P, Z U Azf)r’+
in two different ways by collections of smooth simple curves contained in Ez’;
We let @ = ) ; cxax and B = ) ; d;f; be the associated cohomology classes in
H I(ZE‘; \P,ZU A‘('f)r’Jr) considered as relative cohomology classes in E‘a’; We want
to show that @ — 8 € GRC;).

We will apply the relative version of Mayer—Vietoris. We set

A=\ (AJUP) =S\ P, B:=AS".
In particular, we have A N B = A}(‘lf’)r’i and AU B = X(;) \ P. We need the following
part of the Mayer—Vietoris sequence:

or (bx:t%) u ver or,0 ksl ver,
Hy(AQ™) — H(SH\P. ZUAG D@ HL (AL ") ——> Hi(S)\P, ZUAG™

wheret:ANB—A,/:ANB—-B,k:A— AUBand!: B— AU B are inclusions.
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By construction (« — f,0) € Hy (2 \ P,Z U Agf;*) ® H, (A'g;’)”) lies in the kernel
of ki« — I, and thus in the image of (t«, (},). Note that we have (4, t})(aAT + A7) =
(@At + bA7, (@ + b)A). We conclude that « — B = a(AT — 17) € GRCy;) and thus &;
and f; are well-defined.

Observe that A; fits into a commutative diagram

Wi 4 L H{(SM\ P.ZUATT)

@) @)
\\\\;?\\\\\$ k/////Th/////

Hy(Z\ P,Z UAG™)/GRC

where p; is the natural map induced by the inclusion X{}} € X(;) and ¢; is the natural
quotient map. Thus #; is surjective and ker ; = p; (GRC;)).

Since g; and h; are surjective, sois f; = h; o g;. It remains to show thatker f; = L;_;.

We define G(;) € W; to be the subspace generated by Ay as in (4.2). Then g;(G(;)) =
Pi(GRC(;)) = ker h; and thus ker f; = Gy + kerg; = Gy + L;—1. We claim that
G() € L;—1. This can be seen as follows. Let ¥ be a connected component of X ()
with P N'Y = @, and denote by {e1, ..., ep} the set of all nodes where Y intersects X ;)
and additionally by {ep41.,....ec} the nodes where Y intersects X(<;). Then Y j_; Ae,
is zeroin Hy (X \ P, Z) since this collection of vanishing cycles is separating, and thus

b c
Ay =) ey =— Y e €Lin. .
k=1

k=b+1

4.4. Top level

So far we have defined the level of cycles [y] € H1 (X \ P, Z) but it will be convenient
to be able to talk about the level of paths. There has to be some care when comparing the
level of a path and of its homology class.

Definition 4.4. For a collection of curves y on X we define its (top) level to be the
largest i such that y N X(;) # @ and then write T(y) = i. Note that this is only well-
defined as long as none of the curves are contained in A°. We then define the top level
restriction yT to be the intersection of y with X (,)). By considering X (1)) as a sub-
surface of X we can also define the level of a collection of curves on the stable curve X .
In this case we define yT to be the restriction of y to X(t(y))-

The following example shows that one has to be cautious when comparing the level
of a path and a homology class.

Example 4.5 (Tilted cherry). Figure 9 depicts a smooth genus 3 curve with vanishing
cycles corresponding to a tilted cherry level graph. The two vanishing cycles A; and A,
are homologous and thus T([A1]) = T(JA2]) = —2. On the other hand, both y and y’ are
simple closed curves representing [A1], but T(y) =0, T(y') = —1.
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Fig. 9. A smooth genus 3 curve and the tilted cherry level graph.

The example shows that even if a cycle is represented by a simple curve, we cannot
necessarily read off the level of the cycle from a path representing it. But since every cycle
[y] € L; can be represented by a collection of paths supported on X(<;) we have

T([y]) = inf{T(y) : y is a collection of simple smooth curves representing [y]}.

4.5. An adapted homology basis

In this section we construct a homology basis suited to analyzing linear equations.
Roughly speaking, we only want to consider paths that cross different levels as little as
possible. This will allow us later to compare the local coordinates on # (1) and on Dg.
For the remainder of this section we let X be a topological surface in # (1) and X a stable
curve in Df.

Definition 4.6. We say a cycle [y] € H{(Z \ P, Z) crosses anode e € E(T) if ([y], Ae)
# 0. A cycle [y] is called a horizontal-crossing cycle if it crosses some horizontal node at
level T ([y]), and non-horizontal otherwise. Note that non-horizontal cycles are allowed
to cross horizontal nodes below the top level. Similarly, for [y] € H{(X \ P, Z) we say
that [y] crosses e, is a horizontal-crossing cycle or is non-horizontal if the same is true for
some lift of [y] to H1(X \ P, Z).

If [y] € Hi(2\ P, Z) has top level i and is a horizontal-crossing cycle, then
[y] € L; \ W;. On the other hand, if [y] is non-horizontal, then [y] € W; \ L;_;.

Example 4.7. We consider the dual graph in Figure 10 with two components of top level
and three horizontal nodes. The diamond indicates a marked pole. The cycle y; crosses €1,
but y» is non-horizontal, since it can be deformed away from e,.

Fig. 10. Crossing and non-crossing curves.
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Definition 4.8. A basis {y1,..., ¥} of Hi(Z \ P, Z) is called T'-adapted if there exists
a partition

b= | Qe e u P e e EiSY
ieL*T)

into horizontal-crossing cycles SS) € L; \ W; and non-horizontal cycles a](ci) e Wi\ Li—
such that

_ ) (]) () . hor
Li <|_| o7 Gy US! (;O>})
j<i
Li/Wi ~ (80 e € E)c.
Wi/Lioy = (e, ail)e,
and additionally
. 1 ife=¢€'
8§D Aoy = ’ foralle € EMY ¢ € EMr,
( ¢ ) { 0 otherwise, @

As a first remark, we note that the definition of T-adapted basis only depends on the
level graph and not on the enhancement. The basic statement is the existence of I'-adapted
bases.

Proposition 4.9. For every enhanced level graph T there exists a T -adapted homology
basis.

Proof. We claim that the natural map

Ehpr
pi i Li = CPOL [yl (V) Ae)) et
is surjective and thus
Li/W; ~ (CIE(,")
Assuming this, the existence of a I'-adapted basis can now be seen as follows. We
have the filtration
Hl(E\P,Z) 2 LO 2 WO 22 L((f) 2 Wg(f)
with graded pieces

Li/W; =~ CES Wi/Lioy ~ H(S8\ P,Z U AGH)/GRCg) .

We are now going to construct a I'-adapted basis inductively by lifting a basis

from each graded piece. We start by choosing a basis {d(i) ceey ~,(j()l)} for

H(ZG\ P.Z U A\('le)r )/GRC;y and then let a(l) be a preimage of Ol( D under the spe-

cialization map f;. Afterwards we let {55’) } be p;-preimages of the unit basis in C Lt
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It thus remains to prove the surjectivity of the map p;. For this we construct explicit
cycles 85’) with

1 ife=¢
! forall ¢’ € E™",

6D Ay = {

0 otherwise

We fix a horizontal node e € E?I")r If both v(e+) and v(e—) are local minima for

the level order, then they contain a marked point which is not a pole or a preimage of
any node (see [1, Lemma 3.9]), and we can then connect these marked points by a path
that goes through the node e once and does not cross any other horizontal nodes. On the
other hand, if for example v(e+) is not a local minimum then consider a path y’ in the
dual graph connecting v(e+) to a local minimum v’ by only passing through vertical
edges connecting to levels below i. Then by the same argument as before, X,/ contains a
marked point P as above. We can run the same argument for v(e—) and find a marked
point P_. By embedding the dual graph into X we can represent )’ by a path Sg) in X
connecting Py and P_. By construction, 83) intersects A, once and is disjoint from all
other horizontal vanishing cycles. ]

The motivation for introducing T-adapted bases is that this allows relating the coor-
dinates on the boundary Dt to the coordinates on the open stratum # (i), which we
recall are given by B, Lo H (ll.)(X )ORC and H1(Z \ P, Z), respectively. We now fix a

T-adapted basis {y1, ..., ¥a}, once and for all.

Example 4.10. We now illustrate this definition with some examples. Figure 11 depicts
a level graph T and two different homology bases for H; (X \ P, Z). The numbers inside
the vertices denote the genus of the corresponding irreducible component of the stable
curve. Note that the decorations k. and the zero orders at the marked points are irrelevant
for our discussion (since the notion of a T'-adapted basis only depends on the level graph
and not on the choice of an enhancement) and thus we omit them. The stable curves are
degenerations of genus 3 curves and the multi-scale differentials live in the codimension 4
boundary stratum Dg. The homology basis of Figure 11 (b) provides an example of a T-
adapted basis while the basis in Figure 11 (c) violates the definition in two ways. Firstly,
every horizontal node is crossed by multiple basis elements and secondly, all paths have
top level 0, thus when restricting to the top level they are linearly dependent. In particular,
the top level restrictions together with the vanishing cycles generate H1(X (o) \ P(0). Z(0))
but fail to generate H1(X(1) \ Py, Zq))-

The second example, as depicted in Figure 12, is a degeneration of a genus 7 curve
in a codimension 4 boundary component of E.Mg ,(1t). Bullets and diamonds represent
marked zeroes and marked poles, respectively. We omit the orientation of paths. In this
slightly more complicated example one can see all the features of a I'-adapted basis. First
we start by choosing a basis for the vertical filtration W_; = (ai_l), ag_l)) and extend
this to a basis of L_; = (8§_1), 85_1)) @ W_; by adding paths that cross the horizontal
nodes in level —1. On the top level we have

Wo=L_1® (Olgo), . ..,Olz(;o)).
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(a) A level graph T
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(b) A T-adapted basis (c) A non-T-adapted basis

Fig. 11. A level graph T and an example and a non-example of T-adapted bases.

Level 0 (2
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Level —1 P
e /0 /1\ O\

(a) A level graph T

(b) A T-adapted basis

Fig. 12. An example of a ['-adapted basis.

(0)
1

Here we started by choosing a symplectic basis {&; , ..., ozéo)} on each irreducible com-

ponent and then extended it by paths encircling marked nodes, in this case only aso), as
well as paths connecting marked zeroes, in this case océo). Finally, for the vertical filtra-

tion L one has to add paths crossing horizontal nodes in level 0. In this case we have

Lo =Wo (8.8 .6).
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5. Log periods

In this section we only work with the universal family of multi-scale differentials
(Y — B,w). Our goal is to study the asymptotics of relative periods as we approach
the boundary D of the local model domain B. When integrating differential forms over
cycles, we will not usually distinguish between a cycle [y] and a representative y.

5.1. The definition of log periods

We fix a cycle [y] € H1(X \ P, Z) represented by a path y. We want to investigate the
behavior of the periods of w(b) as b approaches the boundary. Thus we need a way of
deforming the cycle [y] from X = X, = Y}, to nearby fibers of ¥ — B. In Section 5.2
below we will give an explicit construction of a continuous family of cycles [y(b)] €
Hi(Yp \ Pp, Zp) deforming [y]. The family of cycles [y ()] is only well-defined locally.
By a process analogous to analytic continuation, it can be considered as a multivalued
family with multiple branches; the values of different branches differ by integral multiples
of the vanishing cycles A,.

In Section 5.5, we perform a second construction, making the family of cycles [y (b)]
invariant under monodromy, thus obtaining a family [y (b)] of relative cycles well-defined
on B\ D. By repeating the process for all elements of a basis {y1, ..., y,} of homology
we construct a family of bases for Hy(Xp \ Pp, Zp; C) for all b € B\ D that varies
continuously over B \ D. In algebro-geometric terms, we construct an explicit frame for
the dual of the Deligne extension of the local system of relative cohomology (see for
example [14, Section 3]). Postponing the explicit constructions of [y(b)] and [y (b)] for
now, we are able to define log periods. We define the vanishing cycle period

1
re(b) = 2l Ae w(D).

Definition 5.1. We define the log period v, : B\ D — C of w along y by

1 1
b) = b) = b) — ,Ae)Te (D) In(s,
) = /y Lo = [ /y FCCEDWARICITE )}

ecE

where [y(b)] and [p(b)] are the families of cycles that will be constructed in Sections 5.2
and 5.5, respectively, and (-, -) denotes the intersection pairing. Recall that the plumbing
parameters s, were defined in (2.11).

Several comments are in order. Heuristically, the scaling factor 1/f;;1 comes from the
fact that on X;), at least away from the nodes, the differential w behaves like (t x 7)) =
I[T(y)1M since the contribution from the modification differential & is small. The logarithm
In(s, ) is to be understood as follows. One starts by choosing a branch of the logarithm for
each coordinate #; and /. at some base point xg € B \ Dy. Next, we extend the branches
via analytic continuation. By requiring that In(s,) = foZZ:)l a; In(t;) we then define
branches for all parameters s.. This of course only defines a multivalued function but
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later on we will see that v, is single-valued, where we recall that the deformation y(b) is
also multivalued, and this multivaluedness will cancel out the multivaluedness of In(s,).
The idea is that ‘fy ®) @ and In(s.) behave similarly under analytic continuation and thus
their difference is single-valued. We stress that there is not a unique function v, but a
countable collection of such depending on the choices of representatives y on the fixed
based surface and branches of the logarithms, but once those initial choices are made, ¥,
is a well-defined and single-valued function on B \ D. From now on we always fix such
an initial choice.
The following is the main result of this section.

Theorem 5.2. For any homology class [y] € Hi(X \ P, Z), the log period v, is single-
valued and extends to an analytic function on B. Furthermore, the limit of Y, at b =
(1,0,...,0) € Dy is

Uy (b) = /y o 1O = 3 (e resg (e

e Ehor

where ¢, is a constant and the holomorphic part fy(b) Hol(n) will be defined in (5.2).
The constants c, only depend on choices of the normal coordinates and branches of the
logarithm.

While we postpone the definition of Hol(w(b)) in general to Section 5.6, we mention
here a special case. If b € Dy and y is non-horizontal, then our definition will yield

/yHol(w(b)) =/y27.

Recall that non-horizontal cycles were defined in Definition 4.6. We thus obtain the fol-
lowing corollary.

Corollary 5.3. If y is non-horizontal, then

.00 = [ .
yT
Remark 5.4. We will see in Section 7.2 that Theorem 5.2 can be seen as a version of
Schmid’s nilpotent orbit theorem [13] for flat surfaces with the following difference in
the setup. Instead of a whole basis for stable differentials we only have a single multi-
scale differential and instead of absolute homology we integrate over relative homology.

Comparing log periods and perturbed periods

In [2] the authors introduce a coordinate system on B given by so-called perturbed
period coordinates. Perturbed periods come in two different types, depending on whether
y crosses any horizontal nodes or not. If y only crosses vertical nodes, one truncates yx
at the nearby section ¢ of such a node and the perturbed period along y is obtained by
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integrating w(b) over the truncation of y. In particular, the perturbed period forgets about
the period inside the plumbing cylinder. We use log periods in this paper because it is
easier to compare them, rather than perturbed periods, quantitatively to the actual periods
/; V(b) w(b). The downside of using log periods is that the collection of all log periods over
a relative homology basis does not give local coordinates on B, since one cannot recover
the plumbing parameters /. at horizontal nodes.

The rest of the section is devoted to the setup for and the proof of Theorem 5.2.

5.2. Deforming cycles to the universal family

We now describe the construction of the family of cycles [y(b)]. We first explain the
construction at the level of paths.

The construction proceeds in two steps. In the first step we deform y from X to nearby
curves X of the model family. In the second step, we parse through the explicit construc-
tion of the universal family in Section 3.4 to deform the cycles to Y.

We now start with the first step. First, lift y to a path on the normalization X . Since the
family of normalizations (56 — B, 1) is a family of (possibly disconnected) smooth Rie-
mann surfaces, we can, after possibly shrinking B, find a C *°-trivialization of (DE —B,7),
by Ehresmann’s lemma. Furthermore, we can choose the trivialization so that it identifies
the marked points and nodes. Via the trivialization we construct a family of paths on X
deforming y, which we still denote by y. Since we chose a trivialization that preserves
the nodes, the family of paths y descends to X. By abuse of notation we denote this new
family of paths on X also by y.

Suppose we now start with the homology cycle [y] € H{(X \ P, Z) represented by
the original path y. By deforming y as above and then taking the associated homology
class, we get a family of cycles in H; (X3 \ Py, Zp) for all b € B deforming [y]. Note that
the cycles still live in the appropriate relative homology since we chose the trivializations
to preserve the marked points.

5.3. Thin and thick part of y

We now prepare for the second step of the construction. Again we work with actual
paths first. For every node or marked point that y goes through, we modify y through
a homotopy such that, locally in a ¢-coordinate neighborhood of by, where we recall ¢-
coordinates from Definition 3.4, the path y coincides with the straight line from pj to the
origin. By choosing the trivialization from the first step appropriately, we can achieve this
for the whole family of paths y over B. Afterwards, we define the thick part Y™k of y
to be the path contained in X \ U, obtained by truncating y at the nearby sections ¢ (bg).
The remaining part of y, given by the straight lines from py = ¢(bg) to the origin in
¢-coordinates, is denoted by y™" and is called the thin part of y. By construction, y is
the collection of disjoint paths y™c and y"i". See Figure 13 for an example.
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thick

Fig. 13. The separation of y into y and ythin

5.4. Second construction step

We now proceed with the construction of y(b). Recall that so far we have constructed a
family y of paths on X. We will define the thick part y(b)"k and the thin part y(b)h"
separately and finally let y(b) be the composition of y(h)"® and y(b)™". The thick part
y(b)iek is simply

y(b)thick = \I,—l(ythick)’

where W was defined in (2.14). The construction now differs near nodes and near marked
points. We focus on a marked point Zy first. In vz, -coordinates the endpoint of y (b)thick
is (Un,p) (s (bo)). We denote by )/(b)}?i“ the straight line from (vg )~ (4 (bo)) to the
base point (vk,bo)fl (cn(bo)) = po, followed by the straight line from py to the origin.

At nodes the construction is more involved. As before we can connect
(v:b)_1 (s (bo)) to po via a straight line in v} -coordinates and similarly
(U;b)_l(ge_ (bo)) to po via a straight line in v, -coordinates. We denote by pgr and pg
the images of po in 4} and 4, respectively. To finish the construction it remains to
connect p(')" and p; on the plumbing fixture V.

At b € B, we identify (V,)p 1= {(u,v) € As : uv = s,} with the annulus A :=
{u :8/|se| < |u| <38} in u-coordinates. Under this identification we have

pd =8/NR, py =se/R/6.

We divide the annulus A into finitely many sectors Sec;, each with a chosen base point x;.
Suppose sev/R/8 € Sec;. We then choose a path from §/+/R to x; and connect x; to
sev/R /8 via a straight line, as depicted in Figure 14.

The resulting construction is continuous on Sec; but depends on the choice of a path
from §/+/R to x;; different choices differ by a multiple of the vanishing cycle A.. We can
make all choices in such a way that the construction is continuous on the intersection of
two sectors but has monodromy if we try to extend it to all of A. We have thus constructed
a (multivalued) path y(b)" from pJ to py . We let y™i" be the composition of y(b)Hin
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Sec;

. h . .
Fig. 14. The path y (b)P" in u-coordinates.

and y(b)}?i“ for all nodes and marked zeroes S crossed through by y. We finally let y(b)
be the composition of y(b)hik and y (b)™in.

We stress that while y ™k and y ™" are paths on the model family X, the paths y (b)™",
y(b)"ik and thus also y(b), are on the universal family Y.

The family y(b) is multivalued, with different branches differing by integral mul-
tiples of the vanishing cycles. Furthermore, if y and y’ are homologous on X but differ
by multiples of the vanishing cycles, then y(b) and y’(b) yield different branches of the
same multivalued function. Thus we can define a multivalued family of cycles [y (b)], but
which branch is picked out depends on the choice of a representative y for [y] on X.

5.5. Monodromy-invariant cycles

Due to monodromy the family [y(b)] € H1(Xp \ Py, Zp; Z) is not well-defined on all of
B\ D. By subtracting suitable logarithmic terms we are going to construct a new family
of cycles which will be monodromy-invariant. We now choose, once and for all, branches
of logarithms for #; and %, locally near a base point xo € B \ D, and then define branches
for s, at vertical nodes, locally near x¢, via

Lle+)—1

In(s,) := Z a; In(t;)

i=L(e—)

where a; was defined in (2.1).
To make the family [y (b)] monodromy-invariant we set

O] = O)] — 5 3 (r A InGolhe] € L0\ P Z5:C). (1)
ecE

We call [y(b)] the invariant cycle associated to y since [p(b)] is invariant under analytic
continuation along any path in 7;(B \ D, x¢). The invariant cycle is well-defined on
B\ D but not unique, since both [y(b)] as well as the branches of In(s.) involve certain
choices. From now on we fix one set of those choices.
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5.6. Holomorphic part of a period

We can now define the holomorphic part of the period which appeared in the statement
of Theorem 5.2. We recall that b = (n, ¢, h). We set

[Hoioni= [ aenrors [ @enrer 52)
v ythick pthin (p)
where (¢t » n + £)" is the holomorphic part of the Laurent expansion of ¢ x n + £
of n in ¢ei-coordinates near the nodes. We stress that we are not defining a differen-
tial Hol(w (b)) but only the expression fy Hol(w(b)). We define fy Hol(n) in the same
way With [ (€ * 7 + £)M! replaced by Soymin M-

Note that in particular fymin nh"l = Jyuin N if y is non-horizontal and we thus obtain
Corollary 5.3.

We have now defined all the objects appearing in Theorem 5.2 and can thus proceed
with the proof.

Proof of Theorem 5.2. We first show that the log period is indeed single-valued. Recall
that both fy(b) w(b) and re(b) In(s.) are multivalued; analytic continuation along a
path encircling the origin k. times counter-clockwise in s.-coordinates changes y(b)
to y(b) + ke(y(b), Ae)Ae, where A is the vanishing cycle of the node e. Thus both
fy(b) w(b) and re(b)(y(b), Ae) In(s.) change under such an analytic continuation by the
addition of

ke / 0(b) = kere®)(y(®). Xe).
Ae

and in particular their difference is single-valued. Our goal is to compare the periods of
fy n and fy(b) w(b). For this we need to use the plumbing construction of w reviewed
in Section 3.4. We split the period over y into the thick and thin part, i.e.

/V ®) 0= /y(b)m vOr /y(b)min ().

Over the thick part we have

/ | w(b)=/_ (t %0+ ED))
¥ (b)thick pthick
lim

1
[ et =]
t,h=0 [T (y)] Jy(b)tick ythick

since on X ;) the modification differential £ is divisible by f[;_7. It remains to compute
the integral over y (b)™".

We discuss the situation at vertical nodes, horizontal nodes and marked zeroes sepa-
rately. We start with the case of vertical nodes. We recall from the construction that, in
this case, y(h)™" consists of two parts, the straight line from Uy L(¢(b)) to poi and then a
chosen path from pg' =§/v/Rto Do = sev/R /8. We analyze both parts separately.

and thus
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Near a vertical node e, in u-coordinates, we have

§/vR §/vR du
txn+§)= / fe(e) U e —re(b)) —
[ epcnro=[ e —reon

(8/VR)*e — (sev/R/8)*
Ke

— re(b)[In(8/v/R) — In(sev/R/8)].

= I1e(eD)]

Note that there exist integers o, such that
In(sev/R/8) = In(se) — In(8/v/R) + 27ice.

We thus define ¢, := 2miae — 2In(§/+/R). Additionally, we compute

8/v / R)ke
/ n = / nhOI = / ! Ru"e—ldu = (S/—RK
Yoy o 0 Ke

Finally, we need to estimate the period along the straight line segment from v, L(c(b))
to po. Recall from Section 3.3 that Uho 1(¢c(bo)) = po for all multi-scale differentials 5 and
thus

. . )
t,II}r_I}o Vi (S, 2, 1)) = po.

We conclude that

Vst (S (1,21
/ (1 +§) = Olteen (1 + h).
Po
The notation O(f[;1(t + h)) here means that the left-hand side is analytic in b =
(¢, h, n) and every monomial in the power series expansion is divisible by tr;1#; or f1;1he
for some i or e.
Putting everything together, we conclude that at vertical nodes,

/ _w(b) = tre<e+)1/ "+ re(b) In(se) + O(tpeeen (¢ + )
y ()" yin

where we have used r¢(b) = O(t[g(e)1(t + h)).

We now turn to the case of a marked zero Zj. In this case y(b)}?i“ consists of the
straight line from (vg,5) ™' (54 (b0)) t0 (Uk,p,) " (sk(bo)) = po combined with the straight
line from py to the origin.

As before we have

vl st.h)
/ (txn+§)= O(ZW(e-&-)](l + h)).
D

0

And furthermore

Po Po
(txn+§)= | (treenu* ™) du = t1geet) /hm N = 1Te(e+)] [ U

.
Yy v
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Finally, we address the case of horizontal nodes. In that case we have y"°' = 0 in
¢e-coordinates and

§/VR §/VR du
/ (t*n+§)=/ B
sev/R/8 sev/R/§ u

= re(b) In(se) + O(tre(e+)1(t + h)). u

6. Setup for one-parameter families

Our method for studying the boundary of a linear subvariety is based on the observation
that every point in the boundary can be approached along a holomorphic one-parameter
family. This will enable us to do computations in one-parameter families, which is more
useful for our purposes since it allows controling the relative growth rates of the parame-
ters t; and h,. We first collect some simple facts about one-parameter families.

6.1. Short arcs
See [11] for an introduction to this circle of ideas.

Definition 6.1. A (complex) analytic arc on a complex analytic space X is a holomorphic
map f : A — X. Given a subset Z C X, a short arc on (X, Z) is an analytic arc with
f7Y(Z) = {0}. We say an analytic arc f connects two points x and y if both are contained
in the image of f. Similarly we say f passes through x if x is contained in the image.
Furthermore, we say a short arc f is smooth if f(A*) C X, where X, denotes the
smooth locus of X.

Unless stated otherwise, we denote the coordinate on A by z. Recall that we do not
specify the radius of A in order to lighten the notation. The following is a simple conse-
quence of the ideas developed by Winkelmann [15].

Lemma 6.2. Let X be an irreducible complex analytic space and let Z C X be a complex
analytic subspace. Then for any pair of points x € X \ Z, z € Z there exists a short arc
f 1A= Xon(X,Z) connecting x and z. Furthermore, if x € Xeg \ Z, then there exists
a smooth such arc f.

Proof. By [15, Thm. 5] there exists a holomorphic map f : A — X passing through x
and z. Since f~1(Z) is a proper subspace, after possibly shrinking A, we can assume
that £~1(Z) is a finite set. We can choose a Jordan curve in A such that z and x are in
its interior component while all other points of f~!(Z) lie in the exterior component.
By the Riemann mapping theorem the interior component is biholomorphic to A. For
the second claim we proceed similarly. Again, after shrinking, we can assume that the
preimage f~1((X \ Z)sing) of the singular locus is finite. Again we choose a Jordan
curve containing z and x in its interior and all singular points in its exterior. ]
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6.2. Log periods along one-parameter families

Along a one-parameter family f we immediately get the following slight improvement
of Theorem 5.2. We define o, to be the order of vanishing of s, o f atz = 0.

Corollary 6.3. Let f : A — B be a one-parameter family of differentials with multi-scale
limit f(0) =by = (X,n)andlety € Hi(X \ P, Z). The log period W;f along f defined
by

1
vl () = [ /y I OE (X2 f20ee) 1n<z)}

T +eE

is single-valued, analytic in a neighborhood of the origin, and satisfies

WO = [ Holt + Yty de) resyr (o,

YT ecE

Here c|, are constants and yT is the restriction of y to its top level.

Proof. Along f we can write s.( f(2)) = z%e8¢(® for some analytic function g,. Then
for each e there exists an integer k. such that

In(se) = 0e In(z) + g(z) + 2wike,.

We thus compute

(@) =9 @ - 320 LS (02 4 2k,

(
icE URNEOY

and then the result follows directly from Theorem 5.2 by setting ¢, := ¢, + g(0) + 27wik,.
[

We note that since by is contained in the most degenerate stratum Dy C D, all inte-
gers 0, are strictly positive.

The usefulness of log periods 1//{ along f stems from the fact that the logarithmic
divergence now only depends on one variable z. Thus in order to get sufficient control over
the divergence of w,,f on the punctured disk A* we only need to control one expression

ZeeE(f) (y1,Ae)re(f(2))0e.

7. Monodromy of complex linear varieties

7.1. The Gauss—Manin connection

In this subsection we let (& : T — A, ®) be an arbitrary family of flat surfaces over an
arbitrary smooth base A.

We let L be the local system, or equivalently the vector bundle with flat connection,
of relative cohomology over A, with fiber L, ~ H (T, \ #,, Z,: 7). More explicitly,

L :=R'(z|r\p)«/1Z
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where j : Z — T \ P is the inclusion of the reduced zero-divisor of w. For any given pair
of points a,a’ € A choose a path y connecting them. The Gauss—Manin connection asso-
ciated to IL allows us to identify different fibers L., ~ L,/ via parallel transport along y.
For the convenience of the reader, we recall the details. On any contractible neighborhood
W C A we can trivialize IL and thus identify L, ~ L, foralla,a’ € W.Lety :[0,1] > 4
be a path and let V' C L, (o) be a subspace. By covering y ([0, 1]) with finitely many con-
tractible neighborhoods, we get an induced isomorphism ¢y, : I, oy = IL,,(1) and we define

GM, (V) := ¢y (V) S Lyq),

which only depends on the homotopy class of y and not on how it is covered by con-
tractible neighborhoods.

7.2. Hodge-theoretic description of log periods

We now describe the monodromy action on the relative cohomology near the boundary
of EMg »(1). As a byproduct, we get a more conceptual definition of log periods. In this
subsection we work with the local universal family (¥ — B, w) of multi-scale differen-
tials. For the remainder of this subsection only, we relabel the local coordinates on B. We
set

(Z1se e ZM ZM 415+ ZN+M) =D = (4,1, )

where we recall from (2.7) that N = ¢(T') — 1 4+ |E""| and M = dimU.

The boundary D of B in these coordinates is then D = (H,?’IZ%V_H zr = 0). The
universal family (¥, w) over B\ D = AM x (A*)" is a family of flat surfaces contained
in # (). We now restrict the local system L. from Section 7.1 to B \ D with associated
monodromy action

ZN ~ 71 (B \ D. x0) = GL(H{;,(Xx \ Pxo- Zxo: Z))
for some base point xg.

Convention 7.1. From now on, xo € B \ D always denotes a base point in J¢(u) with
corresponding fiber (X, wx,).

Let Ty be the monodromy operator, i.e. the image under the monodromy action, of
the standard generator of 71 (B \ D, x¢) encircling the origin once in the coordinate zj
and constant otherwise. We sometimes write 7; or T, instead of Ty if z; = t; or z; = s,.
The monodromy action can be computed explicitly from the construction of &M ,, (1)
in Section 3. We have

Te([yD) = [y] + (r. Ae) [Ael. (7.1)
i.e. T, acts as a Dehn twist along A.. Similarly,
Ti(ly) = [yl + > Me,i (v, Ae)[Ael, (7.2)

ecEver {(e—)<i<l(e+)
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i.e. T; acts as a multitwist along all curves A, with £(e—) < i < £(e+) where the multi-
plicities m, ; were defined in (2.1). Note that in particular (/ — T)? = 0 for all k.
We set
Ny i=—logTy =1 —Tg. (7.3)

We choose a basis {yi1(d), ..., ya(b)} of Hi(Xx, \ Pxy, Zx,) Where d :=
dim H1(Xxo \ Pxo» Zx,) = dim # (). Due to the multivaluedness of yi (b), there are
two ways of defining a relative period map, which we now explain. We choose one of the
branches yy (b) near x, as explained in Section 5.4.

Definition 7.2. Locally in a period chart W around xo € B \ D we can define ¢ : W — C?

by ,
b) = .
(p( ) (/yk(b) w)k:l

Note that ¢ does depend on the choice of branches for y (b). We cannot extend ¢ to all
of B\ D due to the monodromy action but we still have the following analogue. The
fundamental group Z"V ~ 7, (B \ D, xo) acts on C¢ ~ H'(Xxo \ Pxgs Zx,) by

(my,....my)-v=T""o---0 Ty (v)

and we denote by 7 : C¢ — C?/ZN the quotient by the monodromy action. On B \ D
we define the relative log period map ¢ : B\ D — C¢/Z" by setting ¢ := 7 o ¢. Note
that ¢ does not depend on the choice of branches for yi (b), since different branches of
log periods differ exactly by the monodromy action for some path y € 71(B \ D, xo).

Via the universal cover
7 AM xHY - AM x (AM)V,
(Wi, .. Wy ) > (W, ..., Wy, @2TWMAL | Q2TIWM AN
we obtain a lifting ¢ of ¢ that fits in the following commutative diagram:

AM N —* . cd

| I

AM s (AYN Py cdygN
The map
v AM x HY — Cc?  (wi,....wN+M) > eley:vﬁ w"N"—Mq;(w),
is ZN -invariant and thus descends to a map ¥ : AM x (A*)N — C?.

Proposition 7.3. The map  : AM x (A*)N — C? is, up to rescaling of each component
by the scaling parameters of the top level of the corresponding curve, given by log periods.
More precisely,

V(W) = (o1 W)i_, forallw e AM x (A*)N.
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Proof. In (7.1) and (7.2) we described the action of 7; and T, on homology. Thus, if we
locally write w, = 217 In(se), w; = ﬁ In(#;), we can compute

d
— 2k Wk Nk, — _L
e i =(f o i e[ o)mea)

Now compare this with Definition 5.1, where we defined log periods. ]

7.3. Setup for complex linear varieties

Let M C J (1) be a linear subvariety. Since M is algebraic, the Euclidean closure M C
EMg (1) is an algebraic variety. This uses the algebraicity of E Mg , (1) [2, Thm. 1.3].
We stress that this is the only time where we use algebraicity of M. From now on we
assume that our chosen base point bg is contained in 9M N Dg. Locally near by, the
variety M has finitely many irreducible components. Note that this only uses the fact M
is an analytic variety, i.e. we do not have to use algebraicity a second time.

Assumption 7.4. For now we will assume that M is irreducible near by and will work
under this assumption. In Section 8.4 we explain how to extend the results to the general
case.

Note that a linear subvariety is only near a smooth point defined by a single linear
subspace. Near singular points it looks like a union of multiple linear subspaces. For
example, affine invariant submanifolds are manifolds immersed in a stratum and the points
of self-intersections correspond exactly to the singular locus.

We choose xg € M N B in the smooth locus My, of M. In a local period chart
near xo, the variety M coincides with a linear subspace V C H!(X xo \ Pxo» Zxy)-
By abuse of notation we do not distinguish the subspace V' from the analytic subva-
riety it defines in a period chart. We let {y{, ...,y } be a basis of H;(X \ P, Z)
where d’ = dim H{(X \ P, Z) and choose a I'-adapted basis {y1 (), ..., yq(b)} of
Hi(Xx, \ Pxy. Zx,) such that each cycle is a deformation of either y; for some k as
described in Section 5.2, a vanishing cycle or a horizontal-crossing cycle. In coordinates
given by the T'-adapted basis we can write

V= {4 () =0}

..........

putations easier, we will always assume that the matrix A is in reduced row echelon form.
This will be useful in two ways: this determines the matrix A uniquely, and allows us to
read off the rank of A easily, for computations in Section 8. We consider linear equations
on H'(Xx, \ Pxy, Zx,) as elements of the dual and thus as homology classes.

We let

Ll =T(nl, Lk):= l:rrllé}d{ﬁ(l) : Agr # 0}
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Let A® = (Agl)) %1 denote the matrix obtained from A by defining

4D . {Akl if L(k) = (1) =1,
Kl =

0 otherwise,

and deleting all zero rows. In words, A® collects all the linear equations of top level i
and restricts them to the subsurface X;), i.e. forgets about all terms in the linear equations
corresponding to cycles of levels below i. Furthermore, let A%)-¥" denote the submatrix
of A® only containing rows corresponding to non-horizontal equations. We refer to A
as i-th level equations and to AD¥" as vertical i -th level equations.

From now on, xo denotes a point in M and by a point in M N Dy. If not stated
otherwise, we denote by f a short arc on (B, B N D) connecting xo and by. We recall
that these notions were defined in Section 6.1. We also denote by zg € A* an f-preimage
of xg, i.e. f(z¢) = xo.

Definition 7.5. A short arc f on (B, B N Dy) is called an M-disk if f(A*) C Mic,.

7.4. Monodromy along arcs

Let f be as above. Then the monodromy of the local system f™*(I| g\ p) can be described
directly as follows. For every level i and every horizontal node e we define o; and o, to
be the orders of vanishing of #; and &, respectively, as functions of z. At vertical nodes

we set
Lie+)—1

O¢ 1= E Me i0j.

i=t(e—)

Thus o, is defined for all nodes e € E as the vanishing order of s, o f at z = 0. We call
the tuple

of = ((01);erm): (Oc)ecpmr) € ZV (7.4)

the monodromy type of f. We let Ty be the monodromy of the standard generator on A*
and denote Ny = I — T its monodromy logarithm. We have the explicit equation

Np= > oiNi+ Y 0cNe (7.5)

ieL(T) e€Ehor

where the monodromy logarithms Ny are defined in Section 7.2. In particular, the mon-
odromy action on the homology H;(Xx, \ Px,, Zx,) is completely determined by the
monodromy type.

We now study one-parameter families of differentials contained in a linear subvari-
ety. For an arc f : A — B the monodromy of f*(IL) is controlled completely by the
monodromy type 0. Along a one-parameter family contained in a linear subvariety, the
monodromy acts trivially on the defining subspaces and this forces the linear equations
for V to be of a special type. That is precisely the content of the next proposition.
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Proposition 7.6. Let f be an M -disk. Then
Ne(V) <V,
i.e. the linear subspace defining M is invariant under the monodromy logarithm.

Proof. Let zy € A* be a preimage of xo under f and y € A* an arbitrary point. Further-
more, we choose a path y : [0, 1] — A* starting at z¢ and ending at y. We let

S :={t €[0, 1] : 3 open period chart W 3 f(y()) such that GM,,(, (V)N W =M N W}.

Note that by abuse of notation we do not distinguish between the vector space GM,,;)(V)
and the analytic variety it defines in a small period chart around y(¢). A period chart here
is any open contractible subset W C # (1) such that periods are injective. For any point
y € S, let W be an open period chart as in the definition of S; then W C S. Thus §
is open and it is also non-empty since zg € S. Let (#;); be a sequence in S converging
to ¢. After passing to a subsequence we can assume that the whole segment f(y([t1,1]))
lies in a contractible period chart W around f(y(¢)). Furthermore, we can choose W
such that the analytic variety GM,,,)(V) N W is irreducible. By assumption there exists
a contractible period chart Wy € W containing f(y(¢1)) such that

GMV(t)(V) N Wl = GMy([l)(V) n Wl = MnN W1

where the first equality follows since GM,,(;)(V) and GM,,(;,) are obtained from each
other via parallel transport along y|[;, ;] and thus both vector spaces define the same ana-
lytic variety. Since both GM,,()(V) N W and M N W are irreducible it follows that we
have equality, GM, (V) N W =M N W.

Let y’ be another path connecting zg and y. We then have

GM,(V\)NW =MNW =GM, (V)N W

and thus GM,, (V) = GM,/ (V).
The second statement follows by choosing a loop y starting at xo. Since GM,, (V)
=V, the monodromy operator Ty = I — Ny sends V' toitself and thus Ne(V) S V. m

Remark 7.7. Proposition 7.6 should be seen as a type of cylinder deformation theorem
(see [16, Thm. 5.1]) in the sense that it constrains the possible linear equations of complex
linear varieties. In period coordinates the equations for M are

d

ZAH/ w(b) =0 fork =1,... codim(M). (7.6)
= 1 (b)

and the condition Ny (V) € V can be written as

d
ZAkl(Z(yl,/\e)oere(b)) —0 fork=1,...,codim(M). 1.7)
=1 ecE
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Thus every linear equation for M forces an additional relation between the vanishing
cycle periods. Furthermore, note that the coefficients of (7.7) involve the monodromy
type of f. In particular, the monodromy type of M -disks is not arbitrary. This is the main
motivation for the complicated construction of the log period space LPS, in Section 8.

Remark 7.8. In Section 9 we give an example of how one linear equation forces an
additional one. In a subsequent work [5] we study this phenomenon in more detail and
obtain several more restrictions among the linear equations. As a consequence we are able
to determine the explicit analytic equations defining M in a neighborhood of a boundary
point, instead of only the defining equations of dM as we do in Theorem 1.2. In loc.cit.
we heavily use the results from this paper. If one could compute the analytic equations by
other means this would potentially give a much quicker proof of Theorem 1.2, avoiding
the technical difficulties of the log period space in Section 8. In the special case of linear
subvarieties defined over the real numbers, in [5, Theorem 1.9] we use the restrictions on
the linear equations to reprove Wright’s cylinder deformation theorem [16].

Along M -disks we can rewrite the linear equations cutting out V' in period coordinates
as linear equations in log periods, and this will allow us to take the limit of the linear
equations as z goes to zero and to obtain necessary linear equations that are satisfied on
the boundary oM.

Corollary 7.9. Let f be an M -disk. Then the boundary point by = f(0) lies in the linear
subvariety of U C Dy locally defined by the equations

AD S (0)=0 foreveryi € L*(T), (7.8)
where 7 (0) 1= (Iﬂf; (0))3—, is the vector of log periods.
Proof. Locally near xo we know that

d d
= A = ,)Le ele b)1
> an fy o= i ( /y o= T o) n(z))

ecE

d
> A - trean vy (),
=1

where the second equality follows from (7.7). After rescaling each equation by 1/#[¢()7
it follows that the function
140
3 0Ly

I=1 trk

is identically zero on A*. We then take the limit as z — 0. Since

lim

t[((l)] . 1 if&(l) = L(k),
20 fregey)

0 ife(l) < (k)
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we conclude that

d
. fean ., r )., f
lim A ——; (z2) = A v (0). ]
750 Pt 0y Yi ; ki Yi

Remark 7.10. Equation (7.8) depends not only on the limit point by, but also on the short
arc f. On the other hand, if we restrict ourselves to the vertical equations, we can write

A@sver | 1pf(()) - ( Z Al(cil)/ ;7) =0 (7.9)
o+ Jk

L e(D)=L(k)=i

where the index k runs only over non-horizontal equations. Note that (7.9) is independent
of f and only depends on the limit point by. The goal of the next section is to show that
given any boundary point by € D satisfying (7.9), we can choose a short arc f such
that (7.8) is satisfied along f, that is, showing that bg lies in JM and thus proving suffi-
ciency of the linear equations which were shown above to be necessary in Corollary 7.9.

Remark 7.11 (Avoiding the cautionary example). In [4, Section 4] the authors give an
example of a continuous family f : [0,&9) = E M, (1) that satisfies certain linear equa-
tions for ¢ € (0, g¢) such that the limit at # = 0 does not satisfy the limit of the equations,
which is in stark contrast to Corollary 7.9. The limit (X, wg) is a multi-scale differential
which contains two horizontal nodes such that their plumbing parameters along f behave
like e~/ and thus are not real-analytic at ¢ = 0. The proof of Corollary 7.9 breaks down
since one cannot find suitable rescaling parameters #;1. On the other hand, for families
that extend real-analytically to the boundary an analogue of Corollary 7.9 holds, since all
periods and plumbing parameters asymptotically grow like a power of the base parameter
and are thus comparable to each other.

8. The defining equations on the boundary

This section contains the proof of Theorem 1.2. The setup of this section is the same
as in Section 7.3. We recall that given any boundary point by € M N Dg, we need to
show that in a small neighborhood U € Dy of by the subvariety M N U of U is defined
by linear equations in generalized period coordinates, as introduced in Section 2.6. In
(7.9) we have found a collection of necessary equations satisfied by 0M N Dy C Dy in
a neighborhood of by, and our goal is now to show that these equations define dM N Dy,
i.e. any point in Dy near by satisfying them is indeed contained in dM .

Definition 8.1. We define V'™ to be the subvariety of U C Dy defined by (7.9), that is,
Vlim = (A(i),ver A q)ver(”) =0.i¢ L.(F))

where ¢*' (1) := ([, Mi-
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Recall that geometrically this means we take the equations defining M, restrict them
to each level subsurface of the stable curve, and forget about all horizontal-crossing equa-
tions.

The following proposition says precisely that 9M N Dy is defined by the linear equa-
tions V™ i e. satisfying the linear equations defining V'™ are both necessary and suffi-
cient conditions for a point of D to be contained in M N Dr.

Proposition 8.2. After possibly shrinking U, we have
IMNU =yhm

For now we only prove the inclusion dM N U € V™ which follows readily
from Corollary 7.9. The proof of the remaining inclusion V'™ C M N U is the core
argument, which we will give in Section 8.2.

Proof of OIM NU C V'™ Letbhy € dM N U. By Lemma 6.2 there exists an M -disk con-
necting by and x¢. By Corollary 7.9 the limit f(0) = by satisfies

AD -y S0 =0,

which in particular implies
A(l),ver . (pver(”) =0

as explained in Remark 7.10. ]

8.1. Proof of the main theorem

Assuming the proof of Proposition 8.2 for now, we show how to finish the proof of our
main theorem.

Proof of Theorem 1.2. We stress that at the moment we still work under the additional
assumption that dM is locally irreducible near by. The general case will be handled in
Section 8.4.

We recall our setup for convenience. Let by € 0M N Dy and U C Dy a period chart
containing bg. To finish the proof we need to exhibit linear equations defining M in a
neighborhood of by. The content of Proposition 8.2 is exactly that M N U is defined by
the linear equations defining V™. n

8.2. The log period space

Our goal is now to show the remaining inclusion dM N U 2 VM  after possibly further
shrinking U . For this we need a new concept, the log period space, which we now moti-
vate. We have already seen in Proposition 7.6 and Remark 7.7 that along one-parameter
families the monodromy type of a short arc is restricted by the linear equations for V.
Instead of working on E.Mj , (1), where the monodromy around the boundary is unre-
stricted, we will thus work on a suitable cover LPS, the log period space. On U the linear
equations defining M are only well-defined in a small period chart, and they do not extend
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to a whole neighborhood of the boundary due to monodromy. But LPS,; will be defined in
such a way that the linear equations extend to a whole neighborhood of the boundary and
thus define a subvariety V, € LPS,. By studying the limiting behavior of the equations
for V, explicitly, we will be able to prove the inclusion above. We remark that there is not
just one log period space, but rather a collection ( V, € LPSy)sex indexed by the set X of
possible vanishing orders of coordinates #; and /., along one-parameter families. In con-
trast to E Mg , (1), on LPS, the vanishing of the plumbing parameters s, is controlled by
a single parameter z, and the discrete data o controls how fast each plumbing parameter
tends to zero. Thus LPS, has monodromy properties similar to a holomorphic arc. Before
giving the (technical) definition of LPS,, we state those of its properties that we need,
and then demonstrate how LPS, can be used to finish the proof of Proposition 8.2.

Proposition 8.3. There exists a collection (17(y C LPSy)geyx of varieties with maps s :
LPS, — B such that

(1) every M-disk f can be lifted to a short arc f :A = Vyon (Vg Ve 7, Y(Dy)) for
some o € X;

(2) for every short arc f on (170, Vy Ny 1 (Dy)) passing through some preimage of xo
under 1y, the composition gz o f is an M -disk;

(3) Vy is smooth at any point of the preimage ;' (Dy);

(4) the restriction ”0|I7(,nn;1(Df) is open, and m,(lz,) NnU c plim,

Assuming the above proposition for now, we can prove the other containment
in Proposition 8.2, finishing its proof, and thus also the proof of our main theorem.

Proof of Proposition 8.2. We prove the containment M N U 2 V'™ Choose an M -disk
fo connecting bo and x¢. By (1) there exists a lift fo to a short arc on Vj for some o.
Let bg, %o be some 74- preimages of bg, x¢ contained in fO(A) respectively. Let Z be
the irreducible component of V, containing fO(A*) Since Vj is smooth at b by (3),
only one irreducible component of Vs passes through bo and thus there exists an open
neighborhood W C V. of bo contained in Z. We define Up, = ms(W N x;W(U)) =
s (W) N U, and note that Uy, is an open neighborhood of bg by (4). It remains to show
that
IM N Upy, 2 V™ N Up,.

By definition of Uy, for any point z € V™ 0 U, there exists a 7, -preimage Z € W C Z
of z. Since Z is irreducible, there exists a short arc on (Z, Z N 7' (Dy)) connecting
Z and X¢. Composing with 7, yields an M -disk connecting z and xo by (2). By the
definition of M -disks, this shows z € 0M. [

8.3. The construction of LPS,

We now start constructing the log period spaces LPS, . In this section we write an element
o e ZV as

0 = ((Ui)ieL(f)v (0e)ecptor).
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We consider the positive cone
€:={anN:ol- >0,ae>0}§ZN.

In analogy to the monodromy logarithm N s of a short arc (see (7.5)), for any 0 € €
we define the associated monodromy logarithm

Ny = Z o; N; + Z 0o N, .

ieL(T) e€ Ehor

Additionally, we define the V -preserving cone to be the set of those monodromy loga-
rithms that preserve V:
Y:={0€€:N;(V)V}

This ¥ will be the index set for LPS, stipulated in the proposition above. By Proposi-
tion 7.6 we have 0y € €y for any M-disk f, where o ¢ is defined in Section 7.4.

Our construction of LPS, proceeds in two steps. First we define a covering space
7y : LPS; — B\ D, and then construct LPS, by adding suitable limit points to LPS,
such that the map extends to a holomorphic map 5 : LPS, — B.

We start by describing LPS,. For any o € X, we let ny : LPS; — B \ D be the
covering of B \ D corresponding to the cyclic subgroup (o) € Z" = 71 (B \ D). Denote
coordinates on A* x C¥N~1 x AM py

b= (Zv V= ((Vi)ieL(f), X = (Xe)ecEror), 7])~

If T has at least two levels, we set Ve = 0. On the other hand, if £(T) = 0, we choose
one horizontal node eg € E™" and set y,, = 0. This notation will simplify the following
formulas.

Explicitly, we can describe LPSS € A* x CV=1 x AM as the domain (that is, open
connected subset) given by

LPS; := {(z,v. x.n) : Imy; > 7L log|z|, Im g > 2 log|z|}.

Note that LPS?, is diffeomorphic to A* x HY=1 x AM since the conditions on the imag-
inary parts define a family of smoothly varying horizontal half-planes over the punctured
disk, and thus in particular 1 (LPS]) ~ Z.

The covering map

g 1 LPSS — A* x (AN "1 x AM = B\ D
is explicitly given by
2=z, f=2z%2Vi = 702X =y,
Additionally, the universal cover H x H¥ =1 x AM — LPS} is given by

2wit
z=e"" i =0, —0iT, he=Pe—0.T, N=19
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where (z, (a,) (Be). m) are the coordinates on H x HY=1 x AM At horizontal nodes
we set se(b) := he (b) = 7% ¢27iXe and we are now going to also define functions s, :
LPS; — C at vertical nodes. For any vertical node e we define

L(e+)—1 Lle+)-1
Y meioin gei= Y, Meivi, 8.1
i=t(e—) i=t(e—)
Se(b) 1= z%¢ ?mixe, (8.2)

Here o, and y,. are so defined that the relation

Le+)—1

L(e—)

is satisfied, where m,; was defined by (2.1). The fact that N preserves V' is then equiv-
alent to

ZAkl Z Vi, Ae)re(b)o, =0 forallk = 1,...,codim(M).
ecE

Note that this follows from (7.7) together with (8.1).
We let finally

LPSy := LPSS U ({0} x CV"1x AMy c Ax CN71 x AM,
Observe that LPS, = int(LPSg) € A x CN~! x AM and thus LPS, is open.

Remark 8.4. The space LPS, can be seen as a family of products of horizontal half-
planes {Im z > c(b)} parametrized over the punctured disk with limp_,¢ c(b) = —o0.
Each half-plane becomes a copy of C in the limit » — 0 and taking the interior closure of
LPS;, fills in the limiting copies of C.

Furthermore, since 7y : LPS] — B\ D is the restriction of a holomorphic map
CN+M _, CN+M it extends to a holomorphic map of the closures, LPS, — B, which
we still denote 7. The boundary D of LPS, is

={z =0} = n,'(B N Dy) = LPS,; \ LPS. C LPS,.

Arc log periods

Now that we have explicitly described the log period space LPS,, we describe a variant
of log periods which is suitably adapted to LPS,.

Definition 8.5. We define the arc log period l/fyA :LPS, — C by

[ [ o=t 1n(z)]
y(b)

ecE

vy o) = T

where o, is defined by (8.1).
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As in the case of one-parameter families in Corollary 6.3, we can use the asymptotics
of log periods from Theorem 5.2 to obtain the limit of arc log periods at the boundary D.

Proposition 8.6. The arc log period wyA :LPSy — C is single-valued and analytic. Fur-
thermore,

Uy 0.v p.m) = [/ Hol(n) + ) (yr. Ae) res + () (xe + 5&}
yT e€E

where C, are certain constants, depending only on the choice of normal form coordinates
and branches of logarithms.

Proof. We write b = 7, (5) for the rest of the proof. For all nodes e, there exist integers k.,
such that
In(se (b)) = 0e In(z) + xe + 2mik,

by (8.1). We thus have

V() = - [ [ o)1= X trrre 1n<se)}
[T Ly ecE
- re(b) :
=97 (0) = D (1 Ae) = (xe + 2miky).
ecE [T
Thus the result follows from Theorem 5.2 with ¢, := ¢, + 2mik,,. [ ]

The subvariety Vy

We now come to the definition of 170 C LPS;. On the stratum we can only define the
linear equations defining M in a small period chart. Due to monodromy, periods do not
extend as holomorphic functions to the boundary d E Mg , (1). On the other hand, we have
seen that log periods do extend to EMg , (1). Thus naively one would try to convert the
linear equations defining M into equations involving log periods. The naive idea does not
work since the logarithmic divergences do not cancel out. The space LPS, is constructed
in such a way that the logarithmic divergences cancel out, and thus we will be able to
rewrite linear equations in period coordinates as equations in arc log periods. We let A’ =
(A;d)lskscodim(M), 1<l<d be the matrix with

Ireq
U705)

being the equations for V, suitably rescaled, and define
Vy:=1{b eLPS, : A" - y2(b) = 0} C LPS, (8.3)

where 2 = (wyAk (5))k. The rescaling factors in the definition of A4}, are motivated by
the proof of Corollary 7.9.
The next result says that, over a period chart, V; is just the m,-preimage of V.
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Proposition 8.7. For any sufficiently small period chart W C B\ D containing x¢ we
have

(V) NW =V NW, (8.4)
VW)=V, naL(W). (8.5)

Proof. Forany b € m; ' (W) we compute

d d
D Auitpuan ¥y (0) =Y Ak [ / ® =Y (V1. he)Oere(b) 1n(z)}.
I=1 I=1 i

ecE

Since the matrix A are the defining linear equations for the linear subvariety M near xo,
it follows from Proposition 7.6 or equivalently (7.7) that

ZAH (Z yl,ke)oere(b)) =0 fork=1,...,codim(M).

ecE

Thus 7, }(V N W) = V, N 7 1 (W) and the first claim follows since W is contained in
the image of . ]

We now study the limiting behavior of the equations defining V, on the boundary D
of LPS,, for arbitrary o.
Consider one of the defining equations Zf 4] llﬁyA[ = 0 of V, and restrict it to

= {z = 0}. In the limit z — 0 only the arc log periods Wy with £() = £(k) contribute.
Thus, using Proposition 8.6 the equations for V,, N D can be written as

> Akz[[ Hol(n>+Z((VI)T,Mrese(n)(xe+c~e)]=o. (5.6)
{1 £()=L(K)} DT ecE

Thus on the boundary D, the equations for V, and for ;! (Vim) coincide except for the
equations involving horizontal nodes. As a corollary of this discussion we obtain

Corollary 8.8. The image ,(Vy N D) is contained in V'™,
The following step is crucial in the proof of property (3) of Proposition 8.3.

Proposition 8.9. For any 1;0 € 170 N D, the subvarieties 170 and Vg N D are smooth at 150
and furthermore the restriction

.1 N lim
”0|I7005 Vo ND—>V
is a submersion at by.

Remark 8.10. This proposition is the key technical component of the proof of Theo-
rem 1.2. The proof uses both the asymptotic analysis for log periods and the notion of
T-adapted basis in a crucial way.



The boundary of linear subvarieties 53

Proof of Proposition 8.9. For the rest of the proof we write £ = £(T). We start with the
smoothness of V. We choose a T'-adapted basis

_ y5(0) 0) ) (0) (‘3) ) ) )
i.....vat =18 ""Sc(o)’o‘l , ad(o),...,Sl , SC(L),al ,. O‘d(e)}
where we recall that oz(l) .. at(;() , are non-horizontal cycles of level i and § @ 5%)

are horizontal-crossing cycles of level i. We will write )( ! ) instead of Xe Where e is the
unique horizontal edge crossed by 81(’). For each level i we order the T'-adapted basis in
such a way that f(“ﬁz T n # 0. Additionally, if T has only one level, we also arrange that

8;(2)) crosses only the horizontal node eq, where y,, is the omitted coordinate on LPS.

Let F1, ..., Feodim(a) be the defining equations for Vo in LPS., considered as func-
tions on LPS;. Our goal is to show that the Jacobian matrix of the Fi, ..., Feogim(ar) has
full rank with respect to a suitable coordinate system on LPS,. For this we recall that
LPS,, has different coordinates, depending on whether T has only one or multiple levels.

In the case of only one level we can describe a coordinate system as follows. We
choose a horizontal edge eo such that the coordinate ., is omitted. Then z, y. for
e € E"\ {ey) and f()’/((»)T nforl =1,...,d(0) are coordinates on LPS,,.

On the other hand, if T has multiple levels, coordinates on LPS, are given by z, v;
fori =1,...,4 —1; y. fore € Ehor;f(a(i))TnfOFi =0,....,4and/ =1,...,d@@)—1;
1

and f @©

%a (0)
We are now going to compute the Jacobian with respect to the coordinate systems just

described. According to (8.3) we can write

! Wlﬂ
Fr =Y Ay
IX; 1o Vo

where Ag; are the coefficients of the linear equations defining V. We assume, as always,
that the matrix A = (A;) is in reduced row echelon form and we denote by Ay, ) the
pivot of the k-th row. Each pivot Agp) corresponds to some element y, k) of the T'-
adapted basis. For the rest of the proof we write ¥ := codim(M) and we let Fy, ..., Fy
be the linear equations such that y,) is a horizontal-crossing cycle, and Fy/ 41, ..., Fy
the remaining equations. In the former case, we let e(k) be the unique horizontal edge
crossed by Y (k).

We now distinguish the two cases described above. First we assume that T’ has more
than one level.

For every 1 < k < u’ we can write, using Proposition 8.6,

Fi = Tego(Xeto) + o) + hic(b) + zgi (b)

where gy, hy are analytic. Furthermore, by inspecting Proposition 8.6 closely we see that

N o (k) (£(k))
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Similarly, the remaining equations Fy/41, ..., F, can be written near l;o as
Fk:/ '7+hk(/ n/ '7)+ng(5)
e e s

where again Ay and gj are analytic.
We note that in this case p(k) # d(i) since otherwise f(a(i) o = 0, which can be
d(i)
seen by taking the limit of the equations at by. Thus for any equation F, k > u’, the pivot

f(a(e(k))_r n is a coordinate on LPS,. Thus the submatrix of the Jacobian corresponding
(k)

t0 Yek) fork =1,...,u’ and f(a;l&k)))_r nfork =u’ +1,...,u has full rank at 50 and

therefore Vj; is smooth at by. Smoothness of V; N D follows similarly, by noting that
additionally z is one of the coordinates on LPS,.

The argument is very similar in the second case where T has only one level, with
some care needed to make sure everything works out well for the omitted coordinate
Xeo = XE%)' We recall that we ordered the T-adapted basis in such a way that Xe(i) 1s the

omitted coordinate on LPS,;. We claim that 85?())) does not correspond to any of the pivots
p(k), since otherwise we would have res,, (1) = 0 by Remark 7.7, which is impossible.
Thus, as before, each pivot corresponds to a coordinate on LPS,, and thus the Jacobian
has full rank.

‘We now come to the final claim that 7z, |170rw hE 170 N D — Vim is a submersion at 150.
Let Q C {I,...,d} be the set of all non-pivotal rows and let Q" C Q be the non-pivots
corresponding to cross cycles 83). In particular, we can then use the periods { f(VI)T n}
for | € Q \ Q' together with y, for e € Q' and v; for i € L(T') as local coordinates on
Vo N D.

Similarly, we can use f(w)-r n forall/ € Q\ Q/, as coordinates on V'™, and thus 7,

is a submersion near by. [

The proof of Proposition 8.3

We now have all the necessary ingredients for the proof of Proposition 8.3; it is a matter
of summarizing what we have proved so far.

Proof of Proposition 8.3. We have seen in Proposition 8.9 that V, is smooth at any
point of m, 1(DF)’ thus proving (3). Furthermore, Proposition 8.9 also shows that
ol 7,05 (D) is open and maps into V"™ by Corollary 8.8, and we have thus proved (4).
We now address the lifting properties of short arcs, (1) and (2). Let f : A — B bea
short arc with 0y = 0. Since fi (1 (A*, X)) = (0 ), there exists a lift f" :A* — LPS,.

More explicitly, we can write
i = ZaieZnivi(z)’ Se = 20362710(?(2)7 n=1(2), (8.7)

where v; and y. are holomorphic. In particular, v; and y, are holomorphic at z = 0.
Recall that on LPS, there exists either a level i with v; = 0 or a horizontal node e with
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Xe = 0. We assume that v; = 0 for some i; the other case can be treated analogously.
After a change of coordinates z > ze27%Vi (9)/9i we can arrange that v; (z) = 0 and then

define
1°@) = (2, 0i(2))i, (xe(2))es n)-
Since f is holomorphic at the origin, f ¢ extends to a short arc f : A — B. Now suppose
f is an M-disk and W a period chart containing xo. Then f(A)NW < V N W and
by (8.5) the lift f maps into V,, thus showing (1).
Similarly, if g : A — V, is a short arc on (IZ,, Vo N 5) passing through a preimage
of x¢ on, then by (8.5) the composition 7, o g is an M -disk. This proves (2). ]

8.4. Multiple components

So far we have assumed that M is locally irreducible near by. In general we can write M =
Uy M locally near by where M,, are the finitely many, local irreducible components
of M. For every « we choose a base point x, and a subspace V,, such that M,, coincides
with V near x,. We can then apply Proposition 8.2 to each irreducible component M
and thus obtain
MmnuU =|Jvem
o

for a suitable neighborhood U. In particular, dM is defined by a finite union of linear
subspaces at any boundary point by € M N D and this finishes the proof of Theorem 1.2
for the case of multiple components.

9. An example

We now demonstrate how to obtain the linear equations on the boundary from the lin-
ear equations on a nearby smooth surface in an example. We stress that we do not claim
that there exists an actual linear subvariety which is locally defined by those linear equa-
tions; the example is only hypothetical. In Figure 15 we see a smooth genus 7 curve X,
just chosen sufficiently complicated to illustrate all possible phenomena. We consider the
degeneration X obtained by simultaneously pinching the cycles A;, i = 1,...,6, with
normalization X — X. By abuse of notation we denote homology cycles on X and X
with the same name. The level structure on T’ can be seen in Figure 16.

We note that the image of the vanishing cycles in H;(X \ P, Z) is generated by
(A1, A2). Furthermore, the images of {«, y1, ¥2, 81, 62, V3, Y4, B} on the stable curve X
can be extended to a I'-adapted basis. The advantage of using a I'-adapted basis is that
we can read off the equations directly. We assume that at all vertical nodes the number of
prongs is one, i.e. ko = 1.

Suppose M C H () were a linear subvariety which locally near ¥ is given by the

linear equations
/w—i—/w—i—i&/w:(), 9.1)
o 72 B
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Fig. 15. A smooth genus 7 curve.

Level 0 (e \\v//7 1
Level —1 0——=a———2~0

Fig. 16. The level graph T.

/a)—i—/w:O, 9.2)

1 Vs

3/0)—5/0):0, 9.3)
81 8>

3/ a)—lO/a):O, 9.4)
A Ao

/ a)=/ w. 9.5)
73 V4

Before describing the linear equations of dM N Dy we describe the implications of
Proposition 7.6 in this case. Since (9.3) crosses the horizontal vanishing cycles A1 and A,
as well as the vertical vanishing cycles A3 and Ag, there has to be an additional equation
of the form

3(m1/ w+m3/ w—i—mg,/ w)—S(mzf a)—i—mg/ w+m3/ a)) (9.6)
A A3 A6 A A3 A6

for some positive integers m 1, m, and m3. Here we use the fact that the number of prongs
at each of A3 and Ag is 1, thus the coefficient m3 is the same for both. Note that A3 + Ag
= 0 since the sum of the two vanishing cycles is separating. We decide, for the sake of
an example, that m; = 1, m, = 2 and thus (9.6) reduces to (9.4). Similarly, the equation
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[,, @ + [,. @ = 0 forces a linear equation

m3/ a)—i—m3/ w = 0.
A3 As

Since Ag = —A3 this equation is vacuously true and thus does not impose an additional
constraint.

Fig. 17. The normalization X.

We now describe the linear equations defining dM N Dy near X. For each of the
defining equations F' € H{(X \ P, Z) for M we repeat the following steps.

(1) Determine the top level T(F) and write F = ) ;, dxyx ina T-adapted basis.
(2) If the equation F is a horizontal-crossing cycle, delete it.

(3) Otherwise, restrict F to its top level T (F'), i.e. we consider f(r)(F) in the language
of Section 4. The resulting cycle then defines an equation for the boundary M N Dy
at level T(F).

First, since (9.3) crosses the horizontal vanishing cycles §; and §,, we omit it from
the equations of M N Dy. We then restrict all remaining equations to their respective
level. Equations (9.1), (9.2) and (9.4) are of level 0, while (9.5) is of level —1. When
restricting (9.1) we loose |, g since £(f) = —1. We thus arrive at the following equations:

/ﬂ‘f‘/ﬂ:O, 9.7)
(02 Y2
/ n —/ n =0, (9.8)
T ws)T
3/ 17—10/1]=O, 9.9)
Al A
7.

Jr=l,

(9.10)
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We remark that the global residue condition for T" imposes the additional constraint /. sl
=/ A which does not come from the linear equations for M but simply from the fact
that A3 and Ag are homologous.

10. Comparing the linear structures

We now give a coordinate-free way of interpreting the linear equations for dM on the
boundary, which will give the final and most precise formulation of Theorem 1.2. Again
we suppose that M is locally irreducible near by and for the general case we just apply
the results on each local irreducible component separately. We still use the same setup as
in Section 7.3. In the course of the proof of Theorem 1.2 we described how to obtain the
subspace defining M in terms of defining equations.

Suppose TxyM =V € HY(Xx, \ Pxy» Zxo; C) is the linear subspace defining M
near xo. We consider an equation in H!(Z \ P, Z; C) as an element of the dual
H(2\ P, Z;C). Suppose

F =7 Ailyi] € Hi(Xxy \ Py, Zxy: C)
I
is an equation vanishing on V' of level i. If F is a horizontal-crossing cycle we want
to ignore F, and otherwise we restrict it to its top level to obtain an equation vanish-
ing on dM. In order to makes this precise, we need to recall some of the setup from
Section 4.3. The only difference is that now we exclusively work with homology and
cohomology with C-coefficients; to lighten notation all spaces here are simply obtained
by tensoring their analogue from Section 4.3 by C. For example, the vertical filtration

Wi € Hi(Xxo \ Pxy> Zx,:C)

consists of paths of level at most i that do not intersect any horizontal vanishing cycles of
level i. We denote by a; : W; — Hi(Xx, \ Pxy. Zx,: C) the inclusion. The specialization
map cut ver,+
Ji:Wi—> Hi(ZG)\ P, ZU A(l.)’ )/GRC;)
is obtained by restricting a path in W; to the surface ZE’)‘ We recall that EE;‘; consists only
of the i-th level piece of X and is furthermore cut along all horizontal vanishing cycles of
level i.

The following proposition is now a matter of rephrasing what we have proved so far
in the language of Section 4.3. We denote by f;* and a; the dual maps of f; and a;,

respectively.

Proposition 10.1. Let M be a linear subvariety, by € M N Dy and X9 € Mg N (B \ D)
with TyyM = V. Then 0M N Dy is near by defined by the linear subspace

p( I (fi*)fl(a;“(V))) C Hly (X:C)x [] P(HE,(X:C)%),
ieL*(T) ieL(T)

where p : [];epe ) Hipy (X: C©)9FC — Hig) (X) X [Tie ) P (H{; (X5 ©)RC) is the nat-

ural quotient map.
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Proof. We write V = Ann(E) where E C H{(Xx, \ Px,.Zx,:C) are the linear equations
defining V. More explicitly, E = (H!(Xx, \ Pxy, Zxy; C)/V)*.

The restriction £ N W; corresponds to all equations with top level < i which do not
pass through any horizontal nodes, and f; (E N W;) is then generated by their restrictions
to level i. Note that fi (E N W;) € H(Z()\ P.Z U AZS’JF; C)/GRCy;) and

Ann(f; (E N W;))

N

C (Hi(ZH\ P, Z U AT C)/ GRC(iy)*

_ 1 cu —+,ver, GRC __ 171 . GRC
=H (Z(i)‘, ZUAG “.0) = H;(X:C)”™.
By Proposition 8.2 and the explicit form of (7.9), we see that the defining equations
for M near x¢ on the i-th level are exactly given by f;(E N W;). In particular, 0M is
given by the linear subspace p(]_[ieL.(f) Ann( f; (E N W;))).
It now follows from properties of the annihilator that

Ann(fi(E 0 W) = Amn(fi(a; ' (E))) = (")~ (Ann(a; ' (E)))
= ()7 a; (). =

Remark 10.2. We now explain how Proposition 10.1 relates to the results of [12]. Since
fi is surjective, its dual f;* is injective, and we can identify (f;*)7'(a(V)) with its
image under f;* inside W;*. We obtain

(/7N af (V) = af (V) NIm(f;") = a7 (V) N Ann(ker f;) € W,

In the special case where J (i) is a stratum of holomorphic differentials and T has
no horizontal nodes, we have H(X \ P, Z) = Lo = Wy and L = W} = ker fp. In this
case the tangent space for the top level part only is given by

(™' (V) = V 0 Amn(W).

This coincides with the tangent space description of [12, Thm. 2.9]. We stress that the
space of vanishing cycles in [12] coincides with W in our notation and should not be
confused with the collection of vanishing cycles A.

11. The boundary in the “WYSIWYG” partial compactification

We now show how to quickly deduce Theorem 1.4 from Proposition 10.1, re-proving one
of the main results of [4].

First we recall some of the setup. We work on a fixed stratum # () which is allowed
to be meromorphic (note that in [4] only holomorphic strata are considered). For a multi-
scale differential (X, n) we define w (X, ) = (X(g), @(0)) to be the top level projection
and recall the partial compactification

H (W) = EMgn(1)/(w(X, m) = (X', ).
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with the natural projection map

P EMga(i) — H ().

The fibers of p are compact, being given by a cover of a finite union |_J w PEMg (u).

Let M C J# () be a linear subvariety, potentially defined over the complex num-
bers. We now fix a boundary point (X, @so) € p(dM) in a stratum H (weo). Our goal
is to show that p(0M) N H (wo) is a finite union of linear subvarieties. While Chen and
Wright [4, Thm. 1.1] show that J () is not a complex analytic space and in general p is
only continuous, the restriction p|,—1 (g (wo)) P H(H (wo)) = H(woeo) is in fact alge-
braic and proper. Thus p(dM) N H (w) is algebraic. Furthermore, we have computed
at each point x of p™! (X0, woo) N (AM N Dy) the linear equations defining M N Dr.
We now want to show that there are only finitely many different linear equations for the
top level when we vary the point x over p~!(Xoo, woo) N dM. While so far we have
worked on each open boundary component Dy separately, p maps different boundary
strata into (@) and thus [4, Thm. 1.2] does not just follow as part of the statements
we proved. Before we can proceed with the proof we thus need some preparation.

Given (X, ) € p7 ' (Xoo, Woo) N D our first goal is to determine which nearby
boundary strata map into p ™ (Xo0, weo). Let B € E M, » (1) be a small chart containing
(X, n).

We define

D_l = {t_l = 0} - B

where 7_; was defined in Section 2.8. Thus D_; is a union of boundary strata, corre-
sponding to undegenerations of T" with the same top level graph as T. Since on # (1) all
zeroes and preimages of nodes are marked, we have the following observation.

Lemma 11.1. Let (X, 1) € BN p~ ' (Xoo, wso) as above. Then
BN p ' (Xeo, wo0) € D_1.

We need to study the asymptotic of log periods on D_;. While the general asymptotic
for undegenerations is complicated, for paths of top level O there is a formula similar to
Theorem 5.2. We only state it in the case of curves not crossing horizontal nodes but it
can be adapted in general.

Lemma 11.2. Let y be a path of top level 0 not crossing any horizontal nodes. Then

Yy (b) = / n forallb € D_,.
y®)T

Note that this shows that the top level equations for dM N Dy are constant on D_j,
at least along a local irreducible component of dM .

Proof of Lemma 11.2. The proof of Theorem 5.2 works almost verbatim, the only dif-

ference being that vb_ol (ce(bo)) = po is only true for nodes with £(e+) = O since the

modifying differential on the top level vanishes.
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Thus at nodes with £(e+) = 0 we have

Vit m s @t.h)
/ n = 0(t_1).
14

0

On lower levels, we only know that Uho (¢, (bo)) is bounded, but the integrand is divisible

by 7_; and thus
U<_n¥t.h)(§(rl,t,h))
/ (t*n+§) =0(@-)
P

0
as well. [

We have now assembled all the tools to give an independent proof of Theorem 1.4.

Proof of Theorem 1.4. Let (Xoo, Weo) € IM N J~€(,u). Foreachy € W := p™ 1 (Xoo, 0o0)
we let T'(y) be the associated enhanced level graph. If y € M we choose U, such that
U,nN M has only finitely many irreducible components and Uy N D+ satisfies the condi-
tions of Proposition 8.2 for each local irreducible component.

We write )M N DrNU, = g Mp(y) as aunion of its local irreducible components.
We choose arbitrary points zg(y) in Mg(y) N J?(/L) andlet Vg (y) = Tz4(y) Mp(y) be the
corresponding tangent space. Note that so far in Proposition 8.2 we assumed that z, (y) is
a smooth point of M. We now claim that this assumption can be removed as follows.

In a small period chart around zg(y) we can choose a smooth point of Mg(y) and
then transport the linear subspace for the given branch via the Gauss—Manin connection
to zg(y).

We set Vﬁ(o)(y) = (f5) N (@0)*(Vg(y)). In the case we has no simple poles, by
Remark 10.2, we can identify Vﬂ(o) (y) with the intersection of the tangent space to Mg(y)
at zg(y) and the tangent space to #(weo).

We can assume that Uy, is a product Uy, x Uy of polydisks where Uy <
Hi(X©) \ Py, Z)) is a polydisk in the coordinates of the top level. By compact-
ness of W we can cover W N M by finitely many U,,,, ..., U,, with y; € M. We
set U := (s Uy, -

We claim that

1
M N H(we) U = JV" () n U
k=1 B

Let (x,) be a sequence in M converging to (X, w.,) € U N p(IM). After removing
finitely many elements, the sequence is contained in U§c=1 Uy, . We partition it into sub-
sequences (x,(lk)) contained in Uy, . After passing to a subsequence we can assume that
(x,(,k)) converges to x*) € M N Uy, . Now if x® lies in the same open boundary com-
ponent D as g, it follows from Proposition 10.1 that p(x®) e Vﬂ(o) (yx)) for some S.
If x lies in an undegeneration, then it follows first from Lemma 11.1 that xD e D_4,and
then the claim follows from Lemma 11.2.

On the other hand, if x® ¢ Vﬂ(o) (yx) N U, then we construct a multi-scale differential

(X, n) by gluing x® and the lower level parts of y. Since the equations are levelwise, it
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follows that (X, w) is contained in U,, N M, and thus there exists a sequence (x,) in M
converging to (X, ) and by continuity (x,) converges to x* in §%4 (p). This proves the
first claim.

The second claim follows since we can choose zg(y) arbitrarily inside the branch
Mg (y) and thus we can take zg(y) = Xp. [
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