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Abstract. The effects of spatial heterogeneity on the dynamics of reaction-diffusion models have
been studied extensively. In particular, global dynamics of general spatially heterogeneous (but tem-
porally static) Lotka—Volterra competition-diffusion systems were completely clarified by He and
Ni in 2016. However, the evolutionary impacts of temporal periodicity combined with spatial het-
erogeneity in population ecology remain a challenging issue. In this work, we consider a population
model of two competing species in a both spatially varying and temporally periodic environment,
where the two species only differ in their random dispersal rates but are otherwise ecologically
identical. In a pioneering 2001 work on this model by Hutson et al., by constructing various choices
of resource functions and dispersal rates of the two species, the authors demonstrated that all the
following three types of dynamics are possible: (i) stable coexistence of the two species; (ii) the
slower diffuser invades the faster one but not vice versa; (iii) the faster diffuser invades the slower
one but not vice versa. This is in drastic contrast with the spatially heterogeneous but temporally
static case, where Dockery et al. showed in 1998 that the slower diffuser always wipes out the
faster one. In this paper, we completely and explicitly characterize the asymptotic stability of both
semitrivial periodic solutions in terms of the two dispersal rates and the resource function, when
either dispersal rate is sufficiently small or large. In particular, the direction of selection on the dis-
persal rate during the evolution can be elucidated in these instances. Some novel analytical methods
are developed to investigate asymptotic behaviors of the underlying time-periodic parabolic eigen-
value problem and its adjoint problem. We hope that these methods are of independent interest in
the area of time-periodic parabolic equations.
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1. Introduction

Nonlinear periodic-parabolic equations arise naturally, e.g., in problems stemming from
population ecology, where the environment depends periodically on time (seasonal or
daily variations). Temporal and spatial variations of those physical conditions, such as
temperature, light and nutrients, are believed to be important factors which can interrupt
or even reverse competitive interactions [21].

On the other hand, dispersal is a vital life-history strategy in population ecology and
evolutionary adaptability. To understand the mechanism behind the evolution of dispersal
as clearly as possible, we choose the simplest dispersal strategy, namely (random) diffu-
sion or unconditional dispersal in our model. To motivate our discussion, we consider the
following two-species Lotka—Volterra competition-diffusion system:

U; =dAU +U@m(x,t) —U —=V) inQ x (0, 00),
Vi =d AV + V(im(x,t) —U —V) inQ x (0,00),
LU =0,V=0 on 92 x (0, 00),
U(x,0) = Up(x), V(x,0) =Vo(x) in€,

(1.1)

where U(x, t) and V(x, t) represent the population densities of two competing species at

location x and time ¢ in a bounded domain 2 C RY with smooth boundary Q2. We are

therefore only interested in nonnegative solutions U, V' > 0. The parameters d;, d, > 0 are

the dispersal rates of the species with density U and V respectively; A = vazl £C—22 is the
1

usual Laplace operator, and 9, = v - V, where v denotes the outward unit normal vector
on 0€2, is the normal derivative on the boundary. The zero Neumann (no-flux) boundary
condition is imposed on d€2 to ensure that no individual crosses the boundary of the
habitat. For simplicity, we assume throughout this paper that the initial data Uy and Vj
are nonnegative and nontrivial, i.e., not identically zero. The function m(x, t) represents
the local carrying capacity or intrinsic growth rate of the two species, which reflects the
environmental influence on the species.

System (1.1) describes the evolution of two ecologically equivalent competitors with
different dispersal rates. It seems natural to ask the following questions motivated by
[9,14,23]:

Question. Is the fast diffuser or the slower diffuser selected for during the competition?
What are the selection mechanisms behind the dispersal rates in a both spatially hetero-
geneous and temporally periodic environment? In particular, is there an optimal dispersal
rate in the sense that the species adopting such dispersal rate can never be invaded by its
competitor adopting a different dispersal rate?

When the environment is spatially heterogeneous but temporally static, the evolution
of dispersal is relatively well understood. For instance, Hastings [14] considered the inva-
sion of a small number of mutant species using a different random dispersal rate to a
resident population. It is shown that the mutant species can invade when rare if and only
if it has a smaller random dispersal rate. Later in 1998, Dockery et al. [9] confirmed that
the slower diffuser actually always wipes out its faster counterpart regardless of their ini-
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tial values — this is known as “the slower diffuser always prevails”. Since then, the effects
of spatial heterogeneity have been studied extensively in the past few decades, from many
different perspectives. See [3-6,9, 12, 13,15-19,22,27,31,32] and references therein.

To state the result of Dockery et al. [9] precisely, we now introduce the following
(single species) logistic equation:

{gt =dAO +0(m(x,t)—0) inQ2xR*, (1.2)

9,0 =0 on I x RT,

where d > 0 is the random dispersal rate of the species with density 6(x,?). Let T > 0
be a fixed constant which represents the time periodicity. Throughout this paper, for any
given function space E defined on 2 x R, we set

Er :={u € E|u(x,t)is T-periodic in ¢}. (1.3)

For each m € C;‘f""/z(fz x R) with m > 0 on  x R, where C%%/2(Q x R) is the usual
“parabolic” Holder space with & € (0, 1), (1.2) admits a unique positive T -periodic clas-
sical solution, denoted as 6. Moreover, 6, is globally asymptotically stable with respect
to positive initial conditions. For the proof of the existence and uniqueness of 64, see e.g.
[20, Theorem 28.1].

It is easy to see that (1.1) has a trivial steady state (0,0) and two semitrivial 7'-periodic
solutions (64, ,0) and (0, 64, ).

We say that m is spatially homogeneous/constant (or independent of x) if m(x,t) =
m(y,t) forany x, y € Q and ¢ € R, and m is temporally homogeneous/constant (or inde-
pendent of t) if m(x,t) = m(x,s) forany x € Q and ¢, s € R.

Note that when m is temporally (resp. spatially) constant, the solution 8; to (1.2) is
also temporally (resp. spatially) constant.

We now state the result by Dockery et al. [9]:

Theorem A ([9]). Suppose that m(x,t) is spatially heterogeneous but temporally homo-
geneous, i.e., m(x,t) = m(x). Then the semitrivial steady state (04, ,0) of (1.1) is globally
asymptotically stable when dy < d, i.e., every solution (U, V) of (1.1) converges to
(04,,0) as t — oo, regardless of initial data (Uy, V5).

Theorem A indicates that in a spatially varying but temporally constant environment,
faster dispersal is always selected against if dispersal is completely random. In particu-
lar, the two species can never coexist. However, when additional temporal periodicity is
incorporated into the model, the situation changes drastically. In a pioneering work by
Hutson et al. [23] in 2001, by considering various choices of resource function m(x, t)
and dispersal rates dy, dy of the two species, the authors demonstrated that the following
three outcomes of dynamics for system (1.1) are possible:

(a) stable coexistence of the two species;
(b) the slower diffuser invades/wipes out the faster one but not vice versa;

(c) the faster diffuser invades/wipes out the slower one but not vice versa.
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Their results indicate that the situation is substantially different from the spatially hetero-
geneous but temporally static case. Slower diffuser is not always selected for and interac-
tions between spatial and temporal variations can change or even completely reverse the
effects of spatial heterogeneity alone.

To study the evolution of dispersal, many researchers follow the adaptive dynam-
ics approach [7, 8, 10, 11,25, 26]. Roughly speaking, for a pair of given dispersal rates
(d1, d>), the primary focus is to determine the local stability of the two semitrivial peri-
odic solutions (84,,0) and (0, 84,) of system (1.1). For instance, let the species with
density U be a resident species. If (64, , 0) is locally stable, then biologically it means that
the mutant species with density V' cannot invade when rare; otherwise, the mutant spe-
cies with density V' may invade when rare. Mathematically, this is confirmed by studying
the sign of the principal eigenvalue of the underlying time-periodic parabolic eigenvalue
problem introduced in Section 3 below. In fact, the concept of principal eigenvalue of
time-periodic parabolic operators plays a crucial role in the study of dynamics of sys-
tem (1.1).

At this point, we would like to point out that in [23], most results concerning (a)—(c)
above are obtained when one of the two dispersal rates is fixed and the other one is suffi-
ciently small or large. In [23, Theorem 5.2], a class of resource functions m is constructed
such that the faster diffuser is globally asymptotically stable when di, d, are close to
some dy > 0. However, that class of functions m and the corresponding dy are given in an
implicit way. In other words, for a given m, it seems difficult to decide whether it belongs
to that class or not.

Our goal in this paper is to understand the selection mechanisms for the evolution of
different dispersal rates in a more systematic way for system (1.1) when m is both spatially
heterogeneous and temporally periodic. Based in part on the foundational monograph of
Hess [20] and the pioneering work of Hutson et al. [23], we develop some novel analyt-
ical methods to investigate asymptotic behaviors of a time-periodic parabolic eigenvalue
problem and its adjoint problem. Note that in contrast to the study of self-adjoint elliptic
eigenvalue problems, it is usually necessary to study both the time-periodic parabolic
eigenvalue problem and the time-reversed adjoint problem, so that one can obtain prop-
erties of the corresponding principal eigenvalue. Therefore, temporally periodic systems
are substantially more diffcult to analyze than temporally static systems. We believe that
our methods and results in Section 3 below are of independent interest in the area of
time-periodic parabolic equations.

We briefly summarize our main results as follows:

e When one of the dispersal rates d; and d, is sufficiently large, the slower diffuser,
so long as it is not too slow, wipes out its faster competitor, just as in the spatially
heterogeneous but temporally static case.

e When one of the dispersal rates d; and d5 is sufficiently large, while the other one is
sufficiently small (relative to the larger dispersal rate), both semitrivial periodic solu-
tions are unstable and the two species coexist regardless of their initial data.
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e When both dispersal rates d; and d, are sufficiently small, the situation becomes very
delicate. Nevertheless, in this case, we completely characterize the dynamics of system
(1.1) in terms of m, dq and d,. In particular, necessary and sufficient conditions for
each of the outcomes (a)—(c) listed above to take place are provided explicitly.

Based on our results, to a large extent, whether a selection on the dispersal rates or coex-
istence of the two species can now be determined, and our picture of understanding the
underlying mechanism seems more complete.

Our paper is organized as follows. In Section 2, we state our main results. In Sec-
tion 3, we recall some preliminary results concerning time-periodic parabolic eigenvalue
problems. Then, we establish the asymptotic behaviors of the principal eigenvalue and
the principal eigenfunction of a time-periodic parabolic operator, together with that of
its adjoint operator. In Section 4, we establish properties of the solution 6, to equation
(1.2) and its asymptotic behaviors when d is small or large. Sections 5 and 6 are devoted
to proving our main theorems. Some miscellaneous remarks are included in Section 7.
In the Appendix, we establish an important a priori estimate for solutions of quasilinear
periodic-parabolic equations by modifying the Moser—Alikakos iteration procedure [1].

2. Statement of main results

In this section, we state our main results precisely. Throughout this paper, we assume that
meCTZJI(QxR) and m>0,Vm #0,m; #0onQ xR. (M1)

Here, for each n,k € N, C™k(Q x R) is the classical space defined by

C" QO xR):={feCQxR)|DPf fi..... ;P e C(Q xR) with [8| <n}., (2.1)

where 8 = (B4, ..., Bn) is a multi-index and its order is defined as || = 81 + -+ + Bwn,

DB f = % and f,(i) is the i -th partial derivative of f with respectto?,fori € N.
Xl XN

Note that the last two conditions in (M1) mean that m is both spatially and temporally
heterogeneous.

We now introduce the following notation for the temporal and spatial averages of a
function & € C7(Q x R), which will be frequently used throughout this paper:

A T -
h(x) := %/(; h(x,t)dt, h(@t):= ﬁ/ﬂh(x,t)dx.

In particular, we have

S

N 1 T
=h=—/ /hx,tdxdt.
el Jo "0

Since system (1.1) is symmetric with respect to the line d; = d> in the diffusion plane

@ := (0,00) % (0, 00),
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it is sufficient to state our results only in the region @ N {(d;, d2) | d1 < d>}. In other
words, we will always assume in this section that

0<d1<d2.

Thus, the species with density U always represents the phenotype with the slower dis-
persal rate.

We first study linear stability of the two semitrivial periodic solutions (64,,0) and
(0, 64,) when both d; and d» are small. For technical reasons, we need to impose the
following additional condition on m(x,t):

dym =0 ond2 xR. (M2)

When m(x, t) has a very special form, the dynamics of system (1.1) sometimes
behaves quite differently. Therefore, we exclude those situations by assuming that

m(x,t) # o b 454(x) + b(t) for any functions a(x), b(¢). (M3)

Note that these two conditions also show up in [23, Lemma 3.4 and Theorem 4.1].
To state our results precisely, we introduce the following auxiliary function and quant-
ity. For each x € Q, let p(x, t) be the unique positive solution to the following ODE:

{pt =pm—p), teR, 2.2)

p is T-periodic in ¢,

T T
I(p) :=/|:exp(i/ lnpzdt)/ gdt] (2.3)
Q T Jo o P

Theorem 2.1. Assume that (M1) and (M2) hold. Then there exists some g9 > 0 small
such that for all (dy, d2) € (0,e0)> N{(dy.d>) | dy < dy}, the following statements hold
for system (1.1):

@) If I(p) > 0 and min g fOT %(x, t)dt > 0, then (84,,0) is linearly unstable and
(0, 84,) is linearly stable.

(ii) If I(p) > 0 and min g fOT %(x, t)dt <O, then (64,,0) is linearly unstable
and there exists a continuously differentiable function 621 : (0, g9) — (0, g9) with
di(d2) € (0, d») such that (0, 04,) is linearly unstable for all di € (0, di(d2))
and linearly stable for all dy € (di(d>), d»). Moreover, limg, ¢ d1(d>), d;(0) and
limg, ¢ d;(d>) exist with

and

lim di(d2) =0 and lim d}(dy) = d}(0) € (0, 1).
d2—>0 d2—>0

@iil) If I1(p) < 0 and (M3) holds in addition, then (0, 84,) is linearly unstable and
tflere exists a continuously differentiable function dy : (0, &) — (O, 80) with
di(dz) € (0, d») such that (04,,0) is linearly unstable for all di € (0, di(d2))
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and linearly stable for all dy € (d (d2), d2). Moreover, limg, d (d2), c?{ (0) and
limg, .o di(d>) exist with

lim d(dy) =0 and lim d}(dy) = d}(0) € (0, 1).
d2—>0 d2—>0

For an illustration of Theorem 2.1 (i)—(iii), see Figure 1 (a)—(c) respectively.

da da da
di =dsy dy =dy dy = da
o oo b—d2) . di(dz)
0 €0 di 0 20 d 0 20 dy
(a): Theorem 2.1 (i) (b): Theorem 2.1 (ii) (c): Theorem 2.1 (iii)

Fig. 1. An illustration of Theorem 2.1 (i)—(iii). In the blue regions, the faster diffuser can invade the
slower one but not vice versa; in the green regions, the slower diffuser can invade the faster one but
not vice versa; in the yellow regions, both species persist regardless of initial data.

Theorem 2.1 almost completely clarifies local dynamics around (64, , 0) and (0, 64,)
for all d, d, sufficiently small, for given m satisfying conditions (M1)—(M2), and in
addition (M3) in the case of /(p) < 0. It seems interesting whether all three possibilities
in (i), (i1), or (iii) of Theorem 2.1 can actually occur. The answer is affirmative — see
Lemma 7.1 for explicit examples.

Our next result clarifies linear stability of the two semitrivial periodic solutions
(64,.0) and (0, 84,) when d> is sufficiently large.

Theorem 2.2. Assume that (M1) holds and 0 < di < d,. Then there exists a constant
D, > 0 large such that the following statements hold:

(1) If M2) and (M3) hold, then there exists a continuously differentiable strictly decreas-
ing function

dy : (D3, 00) = (0,00) with dy(ds) = O(1/d>) as d» — 0o

such that for all dy € (D2, 00), (04,,0) is linearly unstable for all d; < dr (dz) and
linearly stable for all dy > d1(d,).

(ii) Ifm # const, then (0, 04,) is linearly unstable for all d» > D>.

For an illustration of Theorem 2.2, see Figure 2 (a).

We now clarify the global dynamics of system (1.1) when d, is large while d; is not
too small. The conclusion is that the slower diffuser, so long as it is not too slow, still
wipes out the faster diffuser, just as in spatially heterogeneous but temporally static case
in Theorem A.
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do fdild do 4 di(da)
T dy = do 1 dy = dg
D.f-

Dy D,
1
1
1
1

S 1 S
0 ~ dq 0—=¢ ~ dq
(a): Theorem 2.2 (b): Theorem 2.3

Fig. 2. An illustration of Theorems 2.2 and 2.3. The green region and the yellow region have the
same meanings as in Figure 1; in the red region, the slower diffuser wipes out the faster diffuser,
ie., (64,,0) is globally asymptotically stable.

Theorem 2.3. Assume that (M1) holds and 0 < d; < dy. Then for each & > 0, there exists
a large constant Dy > 0 such that (04, ,0) is globally asymptotically stable for all d, > &
and d» > D,.

For an illustration of Theorem 2.3, see Figure 2 (b). Note that in [23, Theorem 5.3],
the authors showed that for fixed d1, (64, , 0) is globally asymptotically stable when d> is
sufficiently large. However, their arguments cannot be applied to the case when (d1,d>) €
(D,, 00)2, i.e., when both d; and d, are sufficiently large.

By Lemma 5.7 below and similar arguments to those in [23, proof of Theorem 5.2],
we obtain the following result where the fast diffuser is the global attractor — which is
“completely opposite” to the spatially heterogeneous but temporally homogeneous case
in Theorem A.

Corollary 2.4. Assume that (M1) and (M2) hold and 1(p) > 0. Let g9 > 0 be as in
Theorem 2.1. Then for each dy € (0, &9) and d, > dy sufficiently close to dy, the fast
diffuser (0, 04,) is globally asymptotically stable.

By monotone flow theory [20], we can easily obtain conditions under which both
species persist regardless of initial data. Note that in the spatially heterogeneous but tem-
porally homogeneous case, the two species can never coexist!

Corollary 2.5. Assume that (M1) and (M2) hold and 0 < d; < d,. Then system (1.1) has
a stable coexistence T -periodic solution and the two species persist regardless of initial
data in each of the following cases:

(@ I(p) >0, min g fOT %(x,t) dt <0, dy € (0,g9) and dy € (0, dAl (d2));
(b) I(p) <0, (M3) holds, d» € (0,50) and dy € (0, dy(d>));
(c) 1 % const, (M3) holds, d € (D, 00) and d; € (0, d1(d>)).

Here, ¢, 521 ), di () are as in Theorem 2.1, and D, and c?l(-) are as in Theorem 2.2.
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3. Asymptotic behaviors of periodic-parabolic eigenvalue problems

In this section, we mainly study the asymptotic behaviors of the principal eigenvalue
and the principal eigenfunction to a time-periodic parabolic eigenvalue problem, together
with those of its adjoint eigenvalue problem defined below. Our results in this section will
play a central role in determining the local and global stability of both semitrivial peri-
odic solutions (64, ,0) and (0, 64,) of system (1.1) when either of the two dispersal rates
is sufficiently small or large. Furthermore, we believe that the methods and techniques
developed in this section can be applied to other time-periodic parabolic equations.

We first recall some preliminary results. Given / € C;f’a/ 2(5_2 x R), we introduce the
following periodic-parabolic eigenvalue problem:

¢t —dAp = h(x,t)p + pp in Q2 xR,
dyp =0 on 02 x R, (3.1
@ is T-periodic in ¢.

It is well-known [20, Sect. 14] that (3.1) admits a unique principal eigenvalue pu; =
1(d, h) possessing a positive eigenfunction ¢ € C%+°"1+°‘/ 2(9 x R) which is unique up
to scaling. Furthermore, w1 (d, h) is also the principal eigenvalue of the following adjoint

eigenvalue problem:

- —dAY =h(x, )y +puy  inQ xR,
Yy =0 on I x R, (3.2)
Y is T-periodic in ¢.

The sign of the principal eigenvalue wi(d, h) of (3.1) plays an important role in
determining local stability of the two semitrivial periodic solutions of system (1.1). (See
Lemma 4.5 below.) For comparison purposes, we consider a linear elliptic eigenvalue
problem for g € L°°(2):

dA =0 inQ,
{ ¢+ g(x)p + ne in (33)

dyp =0 on 0$2.

Note that when / is temporally homogeneous, the periodic-parabolic eigenvalue problem
(3.1) reduces to the elliptic case (3.3); see e.g. [20, Remark 16.5]. Hence, without causing
any confusion, we also use w1(d, g) to denote the principal eigenvalue of (3.3). There
are extensive studies on the principal eigenvalue of the eigenvalue problem (3.1) and its
variants. For recent progress in those directions, see e.g. [24, 28-30, 39] and references
therein. We now state properties of the solution w1 (d, ) and pq(d, g) for (3.1) and (3.3)
respectively:

Lemma 3.1. Assume that h € C;f’a/z(S_Z X R). Then the following hold:

@) & i mingeq(~h(x,0)dt < pi(d.h) < —h forall d > 0. Moreover, juy(d ) = —h
if and only if h is spatially homogeneous.
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A

(i) limyg_o p1(d, h) = ming(—h) and limg_ o0 jt1(d, ) = —h.
(i) pq1(d, h) < p1(d, f;) for all d > 0, where equality holds if and only if h —his
spatially homogeneous.

(iv) Assume that g € L°°(2) and g # const. Then 1(d, g) is strictly increasing in d
foralld > 0.

Lemma 3.1 (i,ii) follows from the Maximum Principle and [23, Lemma 2.4]. The
proof of Lemma 3.1 (iii) can be found in [24, Theorem 2.1]. The proof of Lemma 3.1 (iv)
is standard: see e.g. [6, Corollary 2.2].

It follows from Lemma 3.1 (iv) that, for a spatially heterogeneous but temporally con-
stant function #, the corresponding principal eigenvalue is strictly increasing in d > 0.
However, when / is both spatially and temporally heterogeneous, i1 (-, ) is not neces-
sarily monotone; see [23, Theorem 2.2] for an example. Nevertheless, we will show in
Lemma 3.3 below that @ (d, h) is still strictly increasing in d for all d sufficiently large
under mild conditions on /.

3.1. Asymptotic behavior for large diffusion rates

In this subsection, we show the following result which plays a significant role in studying
the dynamics of system (1.1) when either of the two dispersal rates d; and d5 is suffi-
ciently large.

To state our result precisely, we emphasize the dependence on d and / of the principal
eigenfunctions ¢ and ¥ of (3.1) and (3.2) respectively by writing them in the form of
@(x,t;d, h) and ¥(x,t;d, h). For each t € [0, T] fixed, we define I',(-, ) to be the
unique solution satisfying

—ATp, =h—hin€, 3,05 =00nds,
(3.4)

Jo Th(x.1)dx = 0.

Proposition 3.2. For each constant K > 0, there exist constants dg, Cx > 0 such that
foranyd > dg and h € C;f’a/z(Q x R) with hy € L2((0, T), L*(Q)) satisfying

[AllLe@xo.1y) + 1hell2(0,1),L2(0) < K. (3.5)

the principal eigenfunctions ¢(x,t;d, h), ¥ (x,t;d, h) of (3.1) and (3.2) corresponding
to ju1(d, h) respectively with normalization ||¢|| 120, 1),22(2)) = ¥ lL2(0,1),22(Q)) = 1
can be rewritten into the following form:
@:d. MTy(x. 1)  @2(x,15d.h)
d d? ’
U(t;d, MTh(x, 1) Ya(x,t:d, h)
d e

o(x,t;d,h) = @(t;d, h) +
(3.6)

V(x,t:d, h) =y (t;d, h) +

where the spatial averages satisfy

1 -
e S @(t:d, h),¥(t:d, h) < Ckx Vit e[0,T], (3.7
K
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and @(x,t;d, h) and Yo (x,t; d, h) satisfy

lo2llL2¢0,m).5 @) < Ck  and |[Y2llL2¢0,1),581 ) = Ck- (3.8)

Furthermore, for each constant 1 > 0, there exists a constant dy g > 0 depending
only on n and K such that if h satisfies in addition

IVTrllz20,7),22(2)) = 1

then
op1(d, h)

% >0 foralld > dy k. (3.9

Proof. For simplicity of notation, we suppress the dependence on d and % of ¢, ¥, @, V¥,
@2, Y2 and denote 1 = p1(d, h) during this proof.
Set ¢(x, 1) := @(t)'n(x,1).

Claim. There exists some constant Cg > 0 such that
61l 220,1),L2 @) = Ck, (3.10)
P ll2¢0,1),L2(02)) < Ck- (3.11)

We first prove (3.10). Indeed, for each ¢ € [0, T'] fixed, multiplying both sides of
the equation for T, in (3.4) by I'j, and integrating over 2, as IT',(¢) = 0, by Holder’s
inequality, Poincaré inequality and (3.5), we obtain

L|vrh|2=Lrh<h—ﬁ>s(/Qri)l/z-(/Q(h—Z)Z)WscK(/Qwrhﬁ)l/z.

This implies that for all 7 € [0, T], [ [VI4|* < Ck and hence [, I'7 < Ck. Integrating
those two inequalities from 0 to 7', we see that
IThll L2¢0, 1), 11 (2)) = Ck- (3.12)

By Holder’s inequality and the normalization of ¢, we see that

T
/ /@251. (3.13)
0 Q

Therefore, (3.10) follows from Holder’s inequality, (3.12) and (3.13).
Next we prove (3.11). Differentiating the equation for I'y, in (3.4) with respect to ¢,

we obtain B
{—Aatrh =h,—h,inQ, 9,8, =0ondx,

Jo 0:Th(x,1)dx = 0.

By similar arguments to the proof of (3.12), we deduce that

19:Tall 20,7y, 51 @) = Ck- (3.14)



X. Bai, X. He, W.-M. Ni 4594

We now estimate (). Integrating the equation for ¢ over €2, we obtain
_ = 1 _
5=+ w0+ [ b0 -, (3.15)
1©2] Ja

By Lemma 3.1 (i) and (3.5), |p1]| < [|2]| oo @x(0,1)) < K. Therefore, by direct calculation,

T
/0 /Q (@1)* < Ck. (3.16)

Since ¢y = @; I'y + @ 9: Ty, (3.11) follows from Holder’s inequality, (3.12)—(3.14) and
(3.16).
Now, to prove the proposition, we rewrite

d(x,t)  @a(x,1)
a T ar

It is easy to see that ¢, is T-periodic in ¢ with @2(¢) = 0 for any ¢. Moreover, by direct
computation and (3.15), it is easy to check that ¢, satisfies the following equation:

p(x.1) = g(1) + (3.17)

1 1 1 1 .
Eath—A¢2—g(h+/L1)<Pz = (h+/L1)¢—¢t—@/Q(¢+E<pz)h in Q xR,
dypr =0 on Q2 xR.

Since @5 (¢) = 0 for any £, fOT Jowi<C fOT Jo IV@2|* by Poincaré’s inequality. Mul-
tiplying the equation for ¢, by ¢, and integrating over 2 x (0, '), we see that

/[|wz|2 //(thm)‘Pz //m(mmw o]
/|V¢2|2+/ [e/¢§+0(e, K>/<¢?+¢>2>]
5(—+8C)/ /|w2|2+c<e K)/ /(¢>t+¢)

Therefore, choosing dg even larger such that dx > 4Cg and ¢ < (4C)™!, we deduce
from (3.10) and (3.11) that

T T
/ / Vg, < Cx  and / / (pg <Cg Vd > dg.
0 Q 0 Q

This finishes the proof of (3.6) for ¢. By similar arguments, we can prove the inequality
for .
We now prove (3.7). Denote

1 1
« .= @—¢@ and t:=—/ —_hz—/ .
@ »—@ o(1) Is] Q(w ®) 1] pr
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Using the variation of constants formula, we can solve the ODE (3.15) on [0, T] and
obtain

2(0) = (0) exp( /0 (Gi(s) + 1) ds) + (). (3.18)

(1) :=exp( /0 (E(s)+u1>ds) /O g(s)exp(— /0 (E(s)wl)ds) ds.

Multiplying both sides of the equation for ¢ by ¢ and integrating over Q x (0, T'), we

obtain
T T
d/ [|V<p|2=/ /(h+m)<pzscK.
0 Q 0 Q

Since g« (¢) = 0 for any ¢ and Vg = V¢, by Poincaré’s inequality and the above estimate,

we see that
T ) CK
/ / Q% = e (3.19)
0o Jo

This implies by Holder’s inequality that for any ¢ € [0, T'],

T T 1/2 C
|r<r)|scK/0 |Q(f)|dt§CK(/0 /prf) <

Now assume for contradiction that @(0) — 0 as d — oo (passing to a subsequence
of d if necessary). Then (3.18) and the above estimate imply that () — O uniformly
on [0, T]. Since ¢ = ¢ + (p — @) = @ + @«, this combined with (3.19) ensures that
lell2¢0,7),L2()) —> 0 as d — oo, which contradicts the normalization of ¢. Therefore
©(0) is uniformly bounded from below by a positive number depending only on K for
all d sufficiently large. Similarly, we can show that ¢(0) is uniformly bounded from above
for all d sufficiently large. This finishes the proof of (3.7).
It only remains to prove (3.9). It follows from [23, proof of Lemma 2.3] that

where

du1(d, h) fo Jo Ve VW
9d fo fsz 2
Therefore, by (3.6) we obtain, for all d > dk,

optc h)/ | vf—ﬁ/ ¢<r>v7(r)[g|vrh|2
s (@(z)/ﬂm-vwzw(r)/gvrh-v%)+%fOT/QV¢z-Wz-

Since fOT o)y (t) [ IVTh|? = n?/C2 > 0 for all d > dx, choosing dy x > dk even
larger if necessary, we see from (3.7), (3.8) and (3.12) that W > Oforalld > d, k.
This finishes the proof of the proposition. ]

(3.20)
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For given h € C;f’a/ 2(S_Z x R) fixed, actually we can obtain more precise asymptotic

expansions of pi(d, h), ¢ and ¥ as d — oo, based on the proof of Proposition 3.2.
Although this result will not be used directly in this paper, we think it might be of inde-
pendent interest.

Lemma 3.3. Let h € Cg’a/z(ﬁ x R) with h; € L?((0, T), L?(R)) be spatially hetero-
geneous. Then the principal eigenvalue ju1(d, h) and the corresponding principal eigen-
functions ¢, ¥ of (3.1) and (3.2) respectively with normalization ||¢|12(0,1),12(Q)) =
1Vl L2(0.1).L2()) = 1 satisfy the following asymptotic expansion as d — oo:

2 ] — 1
h) = —h+—=|VIy|? —
pa(d.h) = i+ 5TV +0(d2),

7() = §(0) exp(/ot z(s)_ﬁds)[1+$(/0’ |vrh|2<s)—|/v/rh\|2ds)}+o(%),

%(t)=J(0)eXp(—/O i_z(s)—lids)[l—é(/o |vrh|2(s)_mds)}+o(%),

where the second and third O-notations are understood in the sense of L>((0,T), H'())
norm, and limg_, 0 @(0) and limg_, o5 ¥ (0) exist.

We postpone the proof of Lemma 3.3 to the Appendix.

3.2. Asymptotic properties of linear periodic-parabolic equations with small diffusion
rates

In this subsection, we establish asymptotic behavior of normalized solutions to a class of
linear periodic-parabolic equations when the “diffusion rate” tends to 0.

To motivate our discussion, we first consider a simpler toy case. Let hy €
C;“:“/Z(Q x R) for all d > 0 small. Let ¢(-; d) and ¥ (-; d) be the principal eigen-
function and the principal adjoint eigenfunction corresponding to w1 (d, hg) respectively
with normalization

levliLzo,m).L2@) = 1-
In other words, ¢(-; d) and ¥ (-; d) are strictly positive and satisfy the following equa-
tions:
¢r —dAp = hg(x,0)¢ + p1(d, ha)p in Q2 xR
dyp =0 on 92 x R, (3.21)

@ is T-periodic in ¢,
and

—Vr —dAY = ha(x,.0)¥ + p1(d. hqg)y inQ xR,
0y =0 on 92 x R, (3.22)
Y is T -periodic in ?.
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Define v(-;d) := @(-;d)¥ (-;d). Then |[v|2(0,7),L2(0)) = 1 and v satisfies

v; =—=dV:-(Vv—-2vVIng) = —d(Av—2Vv-Ving 4+ 2vAlng) in Q2 xR,
0,v =0 on 02 xR,
v is T-periodic in ¢.

(3.23)

The above equation has a very special structure as now we can divide both sides by d and
view the parameter 1/d as the time frequency. Note that the coefficients of the equation
for v depend on d through ¢(-; d). In general, we can ask:

Question. Assume that ¢(-; d) converges in a suitable function space as d — 0; can we
say anything about the convergence of v(+; d), and in which sense?

An affirmative answer to this question means that the eigenvalue problem (3.21) and
its adjoint problem (3.22) are correlated as d — 0. It is this observation that gives us the
key insight to the local dynamics of system (1.1) when both the dispersal rates d; and d,
are small in Section 6.

Our goal in this subsection is to address the above question concerning a more general
linear equation than (3.23) in the following nondivergence form (using A as the “diffu-
sion” parameter instead):

pr = AlAp+Vp-Vby(x,t) + ca(x,1)p] inQ xR,
dyp =0 on 02 X R, (3.24)

p is T-periodic in ¢,

where Vb, € (C;f’“/z(fz xR))Y and c; € C;’f’a/z(ﬁ x R). For notational convenience,
for any function f € L® (2 x (0, T)), we use || f || Lo (@x(0,1)) and || f ||« interchange-
ably to denote the essential sup-norm of f. We now state the following result which plays
a significant role during the study of the dynamics of system (1.1) in Section 6:

Proposition 3.4. Let p) be a nonnegative classical solution of (3.24) which is T -periodic
int for all A small and

leallz20,7),22(0)) = 1- (3.25)
Assume that
}1_13) 1 — boll c(qo.11.c1 @) = O- /%1_13) llea — colloo = O. (3.26)
Then
o — po  in L*((0,T), HY(Q)) as A — 0, (3.27)

where py € H'(Q) is a weak solution to

Apo + Vpo - Vbo(x) + é9(x)po = 0 in R, (3.28)
8vp0 =0 on 942, |

satisfying || poll 2y = 1/VT.
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Before we proceed to the proof of the above proposition, we would like to mention that
a similar problem has been considered in [28, 37], where the authors studied asymptotic
behaviors of the principal eigenvalue to a general linear time-periodic parabolic eigen-
value problem in the following form:

td,u = V[A(x,t)Vu] + Vb(x,t) - Vu + c¢(x,t)u + Au  in Q x R,
[AVul-v=0 on Q2 x R,

u is T-periodic in ¢.

Here © > 0 is a constant referred to as the frequency, and A is a symmetric and uniformly
elliptic matrix field. Proposition 14.4 in [5] ensures the existence and uniqueness of the
principal eigenvalue, denoted by A(7), of the above problem, which is real, simple, and its
corresponding eigenfunction u(z) can be chosen positive in € x [0, T]. When  — o0, the
asymptotic behavior of (A(t), u(7)) and the limiting equation satisfied by lim;_,oc u(7)
have been obtained in [28, 37].

Remark 3.5. At a first glance, Proposition 3.4 looks very similar to [37, Theorem 3.10]
and [28, Theorem 1.3 (ii)]). However, we cannot apply their results directly in our paper
for the following reasons:

(i) As we pointed out at the beginning of this subsection, our study of problem (3.24)
is motivated by the analysis of the local dynamics of system (1.1) in terms of the
two dispersal rates d; and d,. Therefore, the coefficients in (3.24) are not fixed but
naturally depend on the parameter A involved, which would be d; and d, instead
when we apply Proposition 3.4 in the study of system (1.1). This is usually the case
when one studies dynamics of a system rather than a scalar equation.

(i) More importantly, in the proof of [37, Theorem 3.10], one only has to show that the
normalized eigenfunction u(t) converges strongly in L2([0, T], L2(2)) but weakly
in L2([0, T], H'(R)) as T — oo to get the conclusion. However, for our purposes,
we need to show in Proposition 3.4 that p, converges strongly in L2([0, T], H'(2))!
This is the particular reason why we need to establish Lemma A.1 in the Appendix
to obtain a technical uniform a priori estimate (3.29) below as a first step during our
proof.

Proof of Proposition 3.4. We first claim that for each A > 0, if |b [ ¢(q0.71.c1 (@) 1€2 loo
and | pallL2(0,7),L2()) are uniformly bounded in A € (0, A], then there exists a con-
stant C depending only on sup, [|ballc(o.77,c1(6))> SUPA ll€alloo and A such that for all
A€ (0,A],

lpalloe = C. (3.29)

Indeed, (3.29) follows directly from Lemma A.1 by choosing k = 0 there.
It only remains to prove (3.27). For simplicity of notation, we suppress the subscript A
in p,, in the remainder of this proof. Multiplying both sides of the equation for p in (3.24)
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by p and integrating over 2 x (0, T'), we deduce from (3.26) and (3.29) that

T T T
/ /lVP|2=/ /PVP‘VbA‘F/ /sz
0o J@ 0o Ja 0o Ja
T 1/2 T 1/2
e o) ([ ) e
0o J@ 0o J@

Therefore, fOT Jo |[Vp|? is uniformly bounded for all A > 0 small, which together with
(3.29) implies that for all A > 0 small,

lollL2 .1y, m1(2)) =< C- (3.30)
Next, we claim that for all A > 0 small,
o /MlL20,7),22(2)) < C- (3.31)

Indeed, multiplying both sides of the equation for p in (3.24) by p; and integrating over
Q x (0, T), we obtain

/OT/QP?:_%/OT/Q(WPFL+A/0T/Qp,(vp.vm+qp)
§)LC(/0T[Q'0?)1/2[(]0T/Q |Vp|2)1/2+ (/()T/sz)l/z},

which combined with (3.30) imply (3.31).
For each ¢ € [0, T'] fixed, by elliptic regularity, we see that
lolla2@) < CllipllLz) + o/ AlL2@))

which implies that

lollLz2 .7y, 2 = CUlPlL20,1),L2(2) T+ ot/ AllL2(0,7),L2(2)))-

This combined with (3.30) and (3.31) indicates that [|p||z2¢0,1),H2(q)) is uniformly
bounded for all A > 0 small. Since H?(2) C H'(Q) C L?(R) and the two embeddings
are compact, passing to a subsequence of A if necessary, we may apply the Aubin-Lions
Lemma [41, Theorems 2.1 & 2.3] to conclude that

p— poin L*((0,T), H'(2))asA -0 and |poll2o.ryz2@y =1 (3:32)

Passing to a subsequence of A again if necessary, we may assume that there exists a set
N C [0, T] of measure zero such that p(-, 1) — po(-,¢) in H'(Q) forall t € [0,T]\ N&
as A — 0. Let ¢ € H'(Q) be a test function. Multiplying both sides of the equation for p
in (3.24) by ¢ and integrating from s to ¢, where 5,7 € [0, T] \ N, we see that

/Q[p(x,n—p(x,s)]«p(x)dx=—Afst/gzv,a-v(pH/St/g(pvp.w)ﬂ/:/Qcpgs

T 1/2 T 1/2
sx(/o /Q |Vp|2) (/0 /Q |V¢|2) + 2C Bl 2 10l 2o 1 @,
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Letting A — 0 in the above estimate, we find from (3.30) that

/Q [0 (x. 1) — po(x. )] (x) dx <.

Since ¢ € H'(Q) is arbitrary, we may replace ¢ by —¢ and still get the above inequality.
This implies that

/ [po(x,1) — po(x,8)]p(x)dx =0 Vs,t €[0,T]\ N, V¢ € H(Q).
Q

By a density argument, it is easy to see that the above identity holds for all ¢ € L?(2).
This combined with (3.32) indicate that pg (-, t) is independent of z for all ¢ € [0, T]\ V.
Therefore, without causing any confusion with the notations being used, we denote

po(x,t) = po(x) Vtel[0,T]\N. (3.33)

Multiplying both sides of the equation for p in (3.24) by ¢ € H'(Q) and integrating over
Q x (0,T), we obtain

0:—/OT/QV,O~V¢+/0Tj;2¢>Vp-Vb+/OT/QCp¢.

Letting A — 0, we conclude from (3.26), (3.32) and (3.33) that
=1 [ Vo Vo4 T [ 99p0-Too+ T [ copot =0
Q Q Q
Therefore, py € H'(RQ) is a weak solution to (3.24) with lpollL2) = 1/+/T. This fin-
ishes the proof of the proposition. ]

To end this subsection, we answer the question raised at its beginning concerning the
limiting behavior of v = @ satisfying (3.23). This result will not be used in the rest of
this paper, but it may be of independent interest.

Corollary 3.6. Lethy € C;‘f""/z(s'z x R) forall d > 0 small, and let p(-; d) and ¥ (-; d)
be the principal eigenfunction and the principal adjoint eigenfunction of (3.21) and (3.22)
corresponding to p1(d, hyq) respectively with normalization @V ||2¢0,1).02Q) = |-
Assume that there exists some function @q such that

L}i_r)r}) lng —Ingollcqorci@y =0 and }i_r)r}) [Alng — Alngp|leo = 0.

Then
Lt ) 1
V= @Y — vg = coexp T Ingydt) inL=((0,T),H (Q))asd — 0,
0

where co > 0 is a constant uniquely determined such that ||vo||p2(q) = 1/ JT.

This follows directly from Proposition 3.4 and a direct computation to verify that vy
is a positive solution to (3.23). Hence, we omit the proof.
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4. Asymptotic behaviors of 6,4

In this section, we study the asymptotic behaviors of 6, and its derivatives as d goes to 0
or oo.

Lemma4.1. Assume f € Cr(Q x R). Then for each § > 0, there exists f3 € P (2 xR)
with 9y, fs = 0 on 02 x R such that

Ifs = fllc@xpo.ry <96

Furthermore, if f € C?’I(Q x R), then fs can be chosen with fs € C%’I(Q x R) such
that
Ifs = fllco.r@xpo,rpy <9
Lemma 4.2. Assume that f7,hg € C(Q xR) forall d > 0 small and there exist fy,ho €
C7(2 X R) such that
(}i_fﬂ) I fa — fo”c(g'zx[o,T]) = L}i_fﬁ) lha — h0||c(Qx[o,T]) =0 and ﬁo <0onQ.

Letug € Cr(Q x R) be the unique strong solution to the linear periodic-parabolic prob-
lem
ur=dAu+hgu+ fy3 inQ xR,
dyu =0 on 02 xR, 4.1)
u is T-periodic in t.
Then
t}ig}) lua —uollcgxpo,rpy = 0

where ug is the unique solution to the following ODE:

{ (uo)r = houo + fo in 2 xR,

4.2)
ug is T-periodic int.

Remark 4.3. Lemma 4.2 also holds true when the Laplacian operator A is replaced by a
more general uniformly elliptic operator +(#) defined as in [20, Section I1.12].

For the proofs of Lemmas 4.1 and 4.2, see the Appendix.

Lemma 4.4. Assume that m satisfies (M1). Then the following hold:

) 10 loo < Wmllos and 6.4l 220.1,126@ < ClmllZ. Moreover, supgy .71 fa <
SUPgG 0,7 M and infg, o 71 0a > infg, (o 71 m.

(ii) Let (U(x,t),V(x,t)) be a coexistence T -periodic solution of system (1.1), if it exists.
Then

[Ulloe < 110d, lloo < Imlloss 11V lloo < 18a;lloo < lm]loo,
10201y, L20) = Climllze:  1VellL2omy.L2@) < Climll,

where C > 0 is a constant depending only on Q2 and T
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Proof. The proof for part (i) is standard except for the second inequality. To prove it,
multiplying the equation for 8 by 6, , and integrating over  x (0, T'), we obtain

T T T
/ /9§t=d/ /Qd,tAQd-i-/ fed,ted(m_ed)
0o JQ 0 JQ 0 Q
d T ) 1 T 5 T ) 1/2 T ) 1/2
5—5/ /(|v0d| »—5/ /<9d)t+||m||oo//9d //ed,t
0 Q 0 Q 0 Q 0 Q

T 1/2

scnmnio(/o /995,,) .

This implies that [|64,[|12(0,7),L2(2)) < C [m||%,. The proof of (ii) uses the Maximum
Principle and similar arguments to those above. ]

The linear stability of the two semitrivial periodic solutions (64, ,0) and (0, 64, ) relat-
ive to system (1.1) can be characterized as follows. For a proof, see e.g. [20, Sect. IV.31]
and [23, Lemma 3.2].

Lemma 4.5. Assume that condition (M1) holds. Then the trivial solution (0, 0) is lin-
early unstable for all dy, d> > 0. The semitrivial periodic solution (04, ,0) is linearly
stable (resp. linearly unstable) if j11(d2,m — 04,) > 0 (resp. jt1(d2,m — 04,) < 0). Ana-
logously, (0,04,) is linearly stable (resp. linearly unstable) if j11(d1, m — 04,) > 0 (resp.
pa(dy,m = 4,) < 0)

Now we study the asymptotic properties of 8; as d — 0.

Lemma 4.6. Assume that m satisfies (M1) and (M2). Let p(x,t) be defined in (2.2) and
w(x,t) be the unique solution to the following ODE:

w; =wim—2p)+ Ap, teR, @3
w is T-periodic int. ’
Then
1 .
a}lino d H Oa —p —dw ”CO-I(Qx[o,T]) =0, c}li;no 1A0a = Ap”C(fzx[o,T]) =0, 44
and for each q € (1, 00),
(}imo 102 (1) = pC.O)llw2.a(@) =0 wuniformlyint € [0, T]. (4.5)
.
In particular,
Jim {10 = pllcqo.r.cr @) = 0- (4.6)

Proof. Since m > 0 on Q x [0, T], for each x € Q there is a unique positive and lin-
early stable T'-periodic solution p(x,-) of (2.2). As m belongs to the classical space
C%’I(Q x R), so does p(x,1). It follows from [23, proof of Lemma 3.4] that

‘}i_r)no 162 — P”c(s'zx[o,r]) =0 4.7
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and
dyp =00n 02 x R. 4.8)

Differentiating the equation for 6; with respect to ¢, we can easily see that 6, is a
strong solution to

Uy —dAY =30(m—204)+m0; in Q2 xR,
0,0 =0 on 02 xR,
¥ is T-periodic in ¢.

Since pq(d,m —2604) > u1(d,m — 0;) = 0 for all d small, the above periodic-parabolic
problem has a unique strong solution, which must be 65 ;. By (4.7) and Lemma 4.2,

}iino 16a.: — Pt||C(s‘zx[o,T]) = 0. 4.9)

Denote
wg = (04 — p)/d.
It follows from (4.8) and the equations satisfied by 6; and p that w, satisfies

dywg —dAwg = wg(m—03 — p) + Ap in Q2 xR,
dywg =0 on 02 x R, (4.10)

wy is T-periodic in 7.
It then follows from (4.3), (4.7) and Lemma 4.2 that
}i_>mo [(6a — p)/d — w”c(g‘zx[o,T]) =0. (4.11)
Differentiating the equation for w with respect to 7, we see that w; satisfies

Wy = we(m —2p) +wimy —2p;) + Apr inQ xR,
dyw; =0 on Q2 x R,
¥ is T-periodic in ¢.

Since m, p € C*1(Q x [0, T]), we see from the equation satisfied by p that Ap; € C( x
[0, T']). Differentiating (4.10) with respect to ¢, we see that d,w, is a strong solution to

0:(0rwg) —dAdywg = 0wy (m—04 —p)+waq(my—04,—p:)+Ap; in 2xR,
0yd;wg =0 on dQ2 xR,

d;wg is T-periodic in ¢.
Hence it follows from (4.7), (4.9)—(4.11) and Lemma 4.2 that
‘}i_n)lo (0, — pe)/d — we ||c(s'2x[o,T]) =0. (4.12)

This combined with (4.11) finishes the proof of the first equality in (4.4).
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For each t € [0, T'] fixed, we can rewrite (4.10) as follows:
Aa—p) = 3Oas—p)— 30a—p)m—64—p)—Ap inQ,
s —p)=0 on 0$2.

By (4.3), we see that

1 1
A(0g—p) = E(Gd,t—pt)—E(Od—p)(m—Od—p)—Ap

1 1
= [3(9(1,1 —pz)—wz} +w(m—2p)+Ap—g(9d —p)(m—04—p)—Ap

1 1 1
= | 50a—po)—wi |=| 5 Oa—p)—w |(m=2p)+~(Ba—p)*. (4.13)
d d d
Hence, it follows from (4.7), (4.11) and (4.12) that

lim [|A6s—Apllc@xpo.r) = 0-

which finishes the proof for the second equality in (4.4). Consequently, for each ¢ € [0, T

fixed, (4.5) follows directly from elliptic regularity theory for equation (4.13) satisfied by
04(-,t)—p(-,t). Finally, (4.6) follows from (4.5) and the Sobolev embedding theorem. m

If m does not satisfy conditions (M1) or (M2), we may use Lemma 4.1 to approximate
it by functions that satisfy those conditions. Then we can obtain the following result:

Lemma 4.7. Assume that m € CYQ’I(Q xR) andm > 0 on Q x [0, T]. Then
164 — P||CO-1(Qx[0,T]) —0 asd — 0. (4.14)

Since Lemma 4.7 is independent of the other parts of this paper, its proof is postponed
to the Appendix.
To end this section, we characterize the behavior of 6; when d — oo.

Lemma 4.8. Assume that m € C;'f""/z(s'z xR) andm > 0 on Q x [0, T]. Then
Jim 116a — &llc@xpo.ry = 0-
where &(t) is the unique positive solution to

{st=s(m—5), t €R,

(4.15)
& is T-periodic in t.

The above lemma can be proved by similar arguments to those in the proof of [23,
Lemma 3.7] and hence we omit the details.

5. Proofs of Theorems 2.2 and 2.3

In this section, we first prove Theorem 2.3 under condition (M1).
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Proof of Theorem 2.3. We will only prove the theorem for di < d», as the case d, > d;
follows by symmetry. Throughout the proof, we assume that condition (M1) holds.

Claim 5.1. Assume that (M1) holds. There exists a constant D > 0 depending only on m
such that the following hold:

(i) Any coexistence T -periodic solution (U, V') of system (1.1) with dy,d, > D, if it

exists, satisfies

y ~0 Vd>D. (5.1)
Gi) Fori = 1,2,

dui(d.m— 0,

W ~0 Vd.d; > D. (5.2)

To prove Claim 5.1, we first show there exists D > 0 depending only on m such that
any coexistence 7T -periodic solution (U, V') of system (1.1) with dy,d, > D, if it exists,
satisfies

IVTm—v—v llL20,1).2@) = 31V mllL20,7),L2@)) > O- (5.3)

To see this, it is easy to observe that I';,_y—y = 'y, — 'y — I'y. Therefore
IVTm—v—vL2¢0,1).22¢2)) = IVTmllL2(0,1),2202)) (5.4)
—IVTu 20,1y, .2) — IVIVIL2(0,1),22(2))

Multiplying both sides of the equation for 'y by 'y and integrating over 2 x (0, T'), as
Ty (t) = 0, by Holder’s inequality and Poincaré’s inequality, we obtain

/oT/QWFUIZZ/()T/Szru(U—U)fs/OT/QF?]JrC(g)/OT/Q(U_U)z

1T ) T _
5—/([wnn+0@/‘/w—vy (5.5
2Jo Ja 0o Jo

where the last inequality follows by choosing ¢ sufficiently small. Multiplying both sides
of the equation for U by U and integrating over 2 x (0, 7'), we obtain

dlfoT/QWUP:/OT/QUZ(m—U—V).

By Lemma 4.4 and Poincaré’s inequality, we see that

T _ T C
/./W—Ufscfl[WUPS—,
0o Ja 0o Ja di

where C is a constant depending only on m and €2 and may change from place to place.
This combined with (5.5) implies that |VTy ||z 2(0,7),22(Q) = C/+/d;. Similarly, we
can show that VT |20, 1),22(Q) = C//d,. Therefore, (5.3) follows from (5.4) by
choosing D sufficiently large.
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By similar arguments, we can show that fori =1, 2,

IV Tty IL20.1).22@) = 31V mll20.1).22@) > 0 Vdi > D. (5.6)

Hence, Claim 5.1 follows directly from (5.3), (5.6), Lemma 4.4 and Proposition 3.2,
by choosing D even larger if necessary.

Claim 5.2. Assume that (M1) holds. If (d1, d3) € (D, 00) X (D, o0) and 0 < dy < d»,
then (64, ,0) is globally asymptotically stable for system (1.1).

To prove Claim 5.2, we first show that for any (dy, d2) € (D, 00) x (D, co) with
dy > dy, system (1.1) has no coexistence periodic solution. Assume for contradiction that
(U, V) is a coexistence T -periodic solution. Then we see from the equations satisfied
by U and V that u;(dy,m —U — V) = pu1(da,m — U — V) = 0, which contradicts
(5.1). Moreover, it is easy to see from (5.2) that ju1(d2,m — 0g,) > u1(d1,m —04,) =0
and p1(di,m — 0g,) < u1(d2, m — 04,) = 0, Therefore, (64,,0) is linearly stable and
(0, 64,) is linearly unstable. Now, Claim 5.2 follows directly from the theory of monotone
dynamical systems (see e.g. [20, Theorem 34.1]).

Claim 5.3. Assume that (Ml) holds. For each € > 0, there exists some ﬁa > 0 such that
forall (dy,d>) € [g, D] X (Dg, 00):

(i) (04,.0) is linearly stable;

(ii) (0,04, ) is linearly unstable;
(iii) system (1.1) has no coexistence periodic solution.

Consequently, (84, ,0) is globally asymptotically stable for all (d1,d>) € [e, D) x (58, Q).

To prove Claim 5.3, note that parts (i)—(iii) follow by a standard perturbation argument
from the proofs of Lemma 3.3 (c), Lemma 3.6 (c) and Theorem 5.3 (a) in [23] respectively
(see also [23, Remark 1]). Note that it is sufficient to assume that Vm £ 0 in their proofs.
Hence, we omit the proofs of (i)—(iii). Now for each (d1, d>) € [, D] X (55, o0) fixed, we
may apply [20, Theorem 34.1] to conclude that (64, , 0) is globally asymptotically stable.
This finishes the proof of Claim 5.3.

Theorem 2.3 now follows directly from Claims 5.2 and 5.3 by setting D, :=
max {D, D e} |

Next, we prove Theorem 2.2, which characterizes the stability properties of the two
semitrivial periodic solutions (0, 84,) and (64,,0) when d5 is sufficiently large.

Proof of Theorem 2.2. We divide the proof into several claims.

Claim 5.4. Assume that (M1)-(M3) hold. There exist constants &1 > 0 small and

531 > ﬁsl large such that for each d, > 581 fixed, wi(da, m — 64,) is strictly increas-

mg in dl € (0, £1). Moreover, there exists a unique contmuously differentiable function
(D‘91 ,00) — (0, &1) such that for (dy,d3) € (0,e1) x (Dsl , 00),

/Ll(d2,m — GJ] (dz)) =0 <= d, = 6?1 (dz) 5.7
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To prove Claim 5.4, for each ¢ > 0, let 58 be as in Claim 5.3. For each d, > 55
fixed, it follows from [23, Lemma 3.4] and (M1)—(M3) that (64, , 0) is linearly unstable
for all d; sufficiently small. By Claim 5.3, (64, 0) is linearly stable for all d; € [e, D].
Therefore, 141(d2, m — 04,) must change sign at least once when d; increases from 0 to ¢.

Now, to show the existence and uniqueness of the function d 1 in Claim 5.4, it suf-
fices to show that there exist &1 > 0 small and 581 > 581 large such that for each
dy € (5,;1 ,00) fixed, pi(d2, m — 6y,) is strictly increasing in d; € (0, £1). Indeed, let
¢ and ¥ be the principal eigenfunction and the principal adjoint eigenfunction corres-
ponding to w1 (d2, m — 04, ) respectively, normalized so that

lellz2¢o,7), L2y = 1V L2¢0,7),02(02)) = 1-
In other words, ¢ and ¥ are positive and satisfy the following equations respectively:
@1 —daAp = (m —0a))¢ + p1(da,m —64)¢  in Q2 xR,
o =0 on IQ x R, (5.8)

@ is T-periodic in ¢,

and
Yy —doAY = (m— 0¥ + pi(da,m —0g,)y inQ xR,
Y =0 on 02 x R, 5.9)
Y is T -periodic in ¢.

Differentiating the equation for ¢ in (5.8) with respect to dj, denoting pq :=
wi(da,m —6g,) and’ = % for simplicity, we obtain

0:¢9' —da A’ = ¢'(m —0,4,) _‘p%l +ui¢’ + ple inQ xR,
e’ =0 on 92 x R,

¢’ is T-periodic in ¢.

Multiplying the equation for ¢’ by ¥ and the equation for v by ¢’, integrating over
Q x (0, T) and subtracting, we obtain

T T
u&/ /W=/ /w/fe,;,. (5.10)
0 Q 0 Q

Differentiating the equation for 64, with respect to d;, we see that

3,9(’11 - dlA%l = 9:11 (m—264,) + Abg, inQxR,
Bv%l =0 on Q2 x R,
6, is T-periodicin .

Then it follows from Lemmas 4.2 and 4.6 that

li 0, — =0 5.11
dllg()” 4 Wlleo ' G-AD
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where w is the unique solution to the ODE (4.3). Dividing the equation for w by p and
integrating over (0, T'), we see that

/Tw(m—Zp)+/Tg=/Tﬁ=/T%=/Tw(m—p)
0 p o P o P o P? 0 p ’

which implies that
T T Ap
w = —. (5.12)
0 o P

Integrating the above identity over €2 and using the divergence theorem, we obtain

T _ T |Vp|2
w = —>0. (5.13)
0o JQ o Jo P

It is easy to see from (M3) that m — p is spatially heterogeneous. Therefore, by Lem-
ma 4.6, we have

||Vrm_9dl ||L2((0,T),L2(Q)) > %”VFM—P”LZ((O,T),Lz(Q)) >0 Vd] small. (514)

Moreover, by Lemmas 4.4 and 4.6, [[m—0y4, | Lo (@x(0,7)) and [[m;—0: 04, [l .2(0.1).L2(%))
are uniformly bounded for all d; small. Consequently, by Proposition 3.2 and (3.18), there
exists a constant C > 0 such that for all d; small and d, sufficiently large,

o
o) = (0) + 2Tt 0D (D)

ds a2
T &(I)Fm—edl (X,t) 1//2(x,t)
vx,1) =9()+ 4 + i

where
() = 5(0) exp( fo (=82, () + 1) ds) + ().

t

7(0) = 70) exp(—/ (m—Gay(5) + 1) ds) 70,
0

le2ll2¢0.m).81 @) < C. 1V2llL2q0.1),81 @) < C»

(t) = 0( (1) = 0( and 1. o), v(t)<C Vtel0,T].

ﬁ)’ ﬁ) Cc~

Plugging the above estimates into (5.10), we deduce from (5.13) that

ua/OT/Qw:/OT[QWO,;,=fOT/Qsaww+/oT/Q<pw(egl—w)

T
=¢(0)1/7<0>/0 /Qw+o(jd_2)+a<d1)

__ovzon [T VPP RS
g0 [ [ +0(@)+a<d1),
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where a(d;) := fOT Jo ey (0 —w) = o(1) as di — 0 by (5.11). Therefore, there exist
&1 > 0 small and 551 > 561 large such that u} > 0 for all (d1,d>) € (0,&1) X (551,OO)~
Hence, the existence and uniqueness of the function d;(d>) : (Dg,, 00) — (0, &1) are

proved. Moreover, d (d>) is continuously differentiable by the implicit function theorem.
This finishes the proof of Claim 5.4.

Claim 5.5. The function dy : (531 ,00) = (0, 1) defined in Claim 5.4 is strictly decreas-
ing and satisfies

2

v 1
dy(dy) = O(d_) as d, — oo.
To prove Claim 5.5, we first show that
di(dz) = 0 asdy — . (5.15)

Assume for contradiction that lim sup,, _, d (d2) = di € (0, &1]. Then there exists a
sequence {d{}% | C (Ds,.00) such that d{” — oo and dy(d{”) — d} as n — oc.
Therefore, there exists some N * € N such that d; (dz(")) >d;/2foralln > N*. Itfollows
from Claim 5.4 that ,ul(dz("), m—0g4,) <O0foralln > N*andd; <dj/2 < c?l(dz(")).
On the other hand, choosing ¢ = d{ /4 in Claim 5} we see that (8,4,,0) is globally
asymptotically stable for all (dy,d>) € [d] /4, D] x (Ddf /4, 00), which is a contradiction

since (d} /2. d{") belongs to that set for all 7 sufficiently large such that &\ > ﬁd? Jas

while (4 (d2("), m— 9d1~/2) < 0. This finishes the proof of (5.15).
To finish the proof of the claim, it suffices to show that

v 1 ~
2

To see this, let ¢ and IZ be the principal eigenfunction and principal adjoint eigenfunction
of (5.8) and (5.9) respectively with d; replaced by d1 (d2) and p1(da,m — Gd (> )) =0

normalized so that || @l ;2((0,7),L2(2)) = ||1//||L2((0 o) LZ(Q)) = 1. Differentiating the equa-
tion for <p with respect to d, multiplying the equation for 3 d by 1// and the equation for

1// by a dz’ integrating over 2 x (0, T') and subtracting, we obtain

00, r . .
d<d2>/ Loisgel == [ [ vi-vi. (5.17)
d=d;(d2) 0 JQ

By a similar calculation to that in the proof of Claim 5.4, we can show that for all d,

in (D, , 00),
864
/ /www+/ [ww 5 —w
d= d](dz) d=d,(d2)

[ [
— 30)70) /0 [ p’i|2+0(¢d—2)+5‘("2)’ 19
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i(dy) = [OTLW(%

by (5.11) and (5.15). By similar arguments to the proof of (5.14) and calculation as in the
proof of Claim 5.4, we can show that

T R TrY - , |
/0 [g V- Vi = /0 309 () /Q Vot | +0(d—23)

1 r 1
e — Vil + 0 —= ). 5.19

Now, (5.16) follows from (5.17)—(5.19). This finishes the proof of Claim 5.5.

where

5 —w):o(l) as dy — o0
d=dy(d2)

Now we are ready to finish the proof of Theorem 2.2 (i). Let ¢; be as in Claim 5.4.
Then for all d» > D,,, where D, is defined as in Theorem 2.3, it follows from the
proof of Theorem 2.3 that (64, , 0) is linearly stable for all d» > D;,. Now setting D> :=
max{Dy,, 531 }, we can deduce Theorem 2.2 (i) from Claims 5.4 and 5.5.

It only remains to prove Theorem 2.2 (ii).

Claim 5.6. Assume that (M1) holds and m # const on Q. Then there exist 3 > 0 small
and D, > 0 large such that (0, 84,) is linearly unstable for all (di, d>) € (0, &2) x
(D2, 00).

To prove this, note that since 7 # const on Q, there exist some Xxo € 2 and a constant

n1 > 0 such that 7i1(xo) — m = n; > 0. By Lemma 4.8,

dzliinoo ||9d2 - §||C(QX[0,T]) = 0.
Therefore, choosing D, sufficiently large, we see that for all d; > D>,

m—0g, >m—£—n1/2 onQxR. (5.20)

By Lemma 3.1 (ii) and the fact that g? = m, we see that

d]imoﬂl(dlsm —§-m/2) = —maé(ﬁ? —m —n1/2) < —(@ir(xo) —m) + n1/2 < 0.
1= X€E

(5.21)

By [20, Lemma 15.5], pt1(d1,m — 04,) < p1(d1,m — & — n1/2). Therefore, by choosing
g2 > 0 sufficiently small, we see that p1(di, m — 64,) < 0 for all (d1,d>) € (0, 62) x
(D3, 00). This finishes the proof of the claim.

Let &5 and D5 be as in Claim 5.6. Then choosing D, even larger such that D, > 582,
where D, is as in Claim 5.3, we deduce Theorem 2.2 (ii). ]

By Lemma 4.5, the linear stability of (64,,0) is determined by the sign of
1(d2,m — 04,). To end this section, we prove the following result which will be used in
Section 6.
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Lemma 5.7. Assume that (M1) holds. Then there exists a constant D > 0 depending only

on m such that
o1 (da,m—0g,)

>0 Vd; > D. (5.22)
dd, dy=d,
If further (M2) holds, then
dpu1(da,m—6 1
tim 212 = 0a,) - - (2) L 523)
d;—0 dd, dr=d, TfQ exp(% fO In p2 dl)

Proof. Note that (5.22) is a special case of (5.2). Hence it only remains to prove (5.23).
Let ¢ and v be the principal eigenfunction and principal adjoint eigenfunction satisfying

(5.8) and (5.9) respectively, normalized so that [|¢ V|| 12((0,7),.2(2)) = 1- Differentiating

the equation for ¢ with respect to d>, denoting (1 = pu1(da,m — 64,) and’ = % for

simplicity, we obtain

019 —daAg" = ¢@'(m —04)) + 19" + Ap + e inQ xR,
dyp' =0 on 092 X R,

¢’ is T-periodic in ¢.

Multiplying the equation for ¢’ by ¥ and the equation for ¥ by ¢, integrating over € x
(0, T') and subtracting, we obtain

T T T AQD
uﬁ/ / oY = —/ / YAp = —/ / oY —. (5.24)
o Jg o Ja o Ja %

When d, = d;, we know that p(d2, m — 64,) = 0 with ¢ being a constant multiplier
of 04, . It follows from Corollary 3.6 and Lemma 4.6 that

1 T
Y —cp exp(T/ In p? dt) in L2((0,T), H'()) when d» = dy and d; — 0,
0

where the constant ¢, > 0 is uniquely determined such that ||c, exp(% fOT In p2dt)|| L2(Q)
= 1/+/T. Plugging the above estimates into (5.24), we obtain

1T 1T A
[,L/IT/ exp(—/ lnpzdt) =—/ |:exp(—/ lnpzdt)/ —pdti|.
Q T Jo Q T Jo o P

This finishes the proof of (5.23). ]

6. Local stability of semitrivial periodic solutions for small dispersal rates

In this section, we characterize the stability properties of the two semitrivial periodic
solutions (0, 64,) and (84,, 0) of system (1.1) when both d; and d> are sufficiently small.
Throughout this section, we always assume that m satisfies conditions (M1) and (M2).
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Recall that p is the unique positive periodic solution to (2.2). We consider the follow-
ing indefinite-weight eigenvalue problem:

1 [T ) 1 (T Ap ,

AD + — Vinp©dt - Vo —A(p)| = —dt|®=0 inQ,
T Jo TJo »p

0, =0 on 0L2.

6.1)

We say that A(p) is a principal eigenvalue of (6.1) if (6.1) has a positive solution. The
adjoint eigenvalue problem of (6.1) is

v (T 1 (T A
v-(v\p——/ Vlnpzdt)—A(p)(—/ —pdz)quo inQ,
T Jo TJ)o »p (6.2)

0, ¥ =0 on 092.

Notice that 0 is always a principal eigenvalue of (6.1) and (6.2) with principal eigenfunc-
tions 1 and exp(% fOT In p? dt) respectively.

Recall that I(p) is defined in (2.3). The following result can be easily obtained
from [40].

Lemma 6.1. Problem (6.1) has a nonzero principal eigenvalue, denoted by A1(p), if and
only iffOT % dt changes sign in Q and 1(p) # 0. Furthermore, when fOT % dt changes
sign in 2, the following hold:

(@) if I(p) > O, then A1(p) > 0,
(i) if I(p) <O, then A1(p) € [—1,0) with

A1(p) = —1 <= p(x.1) = elob@)ds

b =0anda(x) > 0on Q. (6.3)

a(x) for some b(t) satisfying

Proof. Except for (ii), the lemma follows from [40, Theorem 2]. We now show that
A1(p) = —1if I(p) < 0. To see this, denote by W the principal eigenfunction of (6.2)
corresponding to A1(p). Dividing the equation for ¥ by W and integrating over €2, we

obtain 5 5
\YJ WA \Y V\IJ
Ay )/ | pl _7 Q| | // Vp

\V/ 2
>—f / Vol (6.4)
Q
Therefore, A1(p) > —1.

Assume that p(x,t) = e b(s) 454 (x) for some b(t) satisfying h = 0 and a(x) >0
on . It is easy to check that A1(p) = —1 and ¥ = a. Now, we assume that A (p) = —
Then it follows from (6.4) that

IS
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Therefore, VIn p(x,) = VIn¥(x) on  x [0, T], which implies that there exists b(r)
with foT b(t) dt = 0 such that p(x,t) = eli b) ds\y(x). This finishes the proof of (6.3)
and the lemma. ]

Remark 6.2. Since p is the unique positive periodic solution to (2.2), it is easy to check
that p(x,t) = el b(s) 4sq(x) if and only if m(x,1) = elo b6 dsq(x) + b(1), where b =0
and a(x) > 0 on . In other words, m satisfies condition (M3) if and only if A (p) # —1
by Lemma 6.1 (ii).

Now we are ready to prove Theorem 2.1. Note that since the dynamics of system (1.1)
is symmetric with respect to the line d; = d, in @ = (0, 00)?, we stated our results in
Theorem 2.1 concerning the linear stability of both (64, ,0) and (0, 64,) only in the region
(0, 80)%2 N {(d1,d») | di < d»}. Equivalently, we can also state our results concerning
only the linear stability of (64, ,0) but in the region (0, £9)?. In either case, the other half
information which is not stated there can be inferred by exchanging dy and d,. Since it is
smoother to conduct our proof in the latter form and to make things clear, we now state
the following equivalent version of Theorem 2.1 and prove it.

Theorem 2.1'. Assume that (M1) and (M2) hold. Then there exists some gy > 0 small
such that for all (dy, dy) € (0, &9)?, the following statements hold on the linear stability
of (04,,0):

(i) IfI(p) > 0 and min, ¢ fOT %(x, t)dt > 0, then (04,,0) is linearly unstable for all
dy < d and linearly stable for all d1 > d».

(ii) If I(p) > 0 and min g fOT %(x, t)dt < 0, then there exists a continuously dif-
ferentiable function ds (0,80) — (0 £9) with c?z(dl) € (0, dy) such that (64,,0)
is linearly unstable for all dy € (0, dz(dl)) U (dl, go) and linearly stable for all
dy € (dz(dl) dy). Moreover, limg, dz(dl) d} 5(0) and limg, ¢ d. 2 (d1) exist with

R a N 1
lim d(d;) =0 d lim dy(dy) = d;(0) = ————— € (0,1).
dllgo 2(d1) an dllgo 2(d) 2(0) 14+ A1(p) ©.1
(i) If 1(p) < 0 and in addition (M3) holds, then there exists a continuously differ-
entiable function di : (0, g9) — (O, go) with dl(dz) € (0, d2) such that (84,,0)
is linearly unstable for all dy € (0, dl(dz)) U (dz, go) and linearly stable for all
d, € (dl (d2), d»). Moreover, limg, ¢ dl(dz) d! 1(0) and limg, ¢ d] 1(d2) exist with

lim dy(dy) =0 and lim d|(dy) = d}(0) =1+ A(p) € (0, 1).
dz—)() d2—>0
Note that 622 = 521 by symmetry, where c?z is defined in Theorem 2.1’ (ii) and 621 is
defined in Theorem 2.1 (ii).

Proof of Theorem 2.1'. Recall from Lemma 4.5 that the linear stability of (6,4, 0) is
determined by the sign of j11(d2, m — 84,): (64,,0) is linearly stable if p(da,m — 04,)
> 0 and linearly unstable if p11(d2,m — 04,) < 0. It is obvious that p1(d2,m — 04,) =0
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when d» = d; with principal eigenfunction 64, . Let ¥ be the adjoint principal eigenfunc-
tion to 1 (d2, m — 64,) defined in (5.9) and denote v = 6,, . By direct computation, we
see that v satisfies

0~y V- (Vo =20V In64,) — (di —d2) golv = 11 (dy.m—64,)v  in xR,
1
dyv =0 on 02 xR,

v is T-periodic in 7.
(6.5)

We now consider the following one-parameter family of eigenvalue problems (with para-
meter A):

i — oV - (V§ 29V In0g)) — A5, ¢ = 7(N) i@ xR,
1
dyp =0 on 02 X R, (6.6)

¢ is T-periodic in ¢

and the adjoint eigenvalue problem

pr —drAp—2d>,Vp-Vinby — /X_eAdgdl p=x(Mp inQ xR,
1

dyp=0 on IQ x R, 6.7

p is T-periodic in 7.

Denote by y1(4) the principal eigenvalue of both (6.6) and (6.7) with principal eigenfunc-

tions ¢, and p; respectively, normalized so that [[$x || 220, 7, 22(2)) = P2 lL2(0,7),2(2))
= 1. Then it is easy to see that

, 1T
x(0) =0 with po=1//|Q|T and ¢ = €y, exp(T/O ln9§1 dt), (6.8)

where the constant cg, > 0 is uniquely determined such that PollL2(0.7).L2) = 1-
By Lemma 4.6, we easily obtain

1 T
$o —cp exp(— / In p? dt)
T Jo

where the constant ¢, > 0 is uniquely determined such that ||c, exp(% fOT In p2 dt)|| L2(Q)

=1/JT.
Differentiating the equation for ¢, in (6.6) with respect to A, integrating over Q X
(0, T) and evaluating at A = 0, we see that

Xm r A9a’1
——(0) = .
R (0) /0 /Qfﬁo b,

Hence, it follows from (6.9) and Lemma 4.6 that

. dyi 1 T 2 T Ap
1 22(0) = — | 1np?d —Zl=c,I(p). 6.10
aam (0) cp/Q[eXp(T/O np-dt /0 » cpl(p) (6.10)

lim
dy,d>»—0

=0, (6.9)

L2((0,T),H' ()
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Since foreachr € R, [o Abg, = [3q VO, -v = 0and Ay, # 0, it is obvious that

T —A§ d —Af
/ (mip dl)dt <0</ (max dl)dt Vd; > 0.
0o \xe@ 0, 0o \xe& g

Therefore, the following claim follows from [20, Lemmas 15.2 & 15.5]:

Claim 6.3. The function y1(A1) is concave in A. Moreover,
lim A)=—
A—>to00 1 ( )

We now characterize the zeros of y1(A) and consider the following indefinite-weight
eigenvalue problem:

—dyAp—2d>Vp - Vinby — A —o0d A""l p=0 inQxR,

dyp =0 on I x R, (6.11)
p is T-periodic in .
By [20, Theorem 16.3], problem (6.11) has a unique nonzero principal eigenvalue

A1(dy, dy) for all dy, d, > 0 if and only if dX‘ 1 (0) # 0. Moreover, 1f (0) # 0, we
see from Claim 6.3 that

Xx1(A) =0 < A =0o0ri = A1(d1,d>). (6.12)

We now assume that
I(p) #0.

Then by (6.10), there exists g9 > 0 small such that < <EL(0) has the same sign as I(p) for
all (d1.d>) € (0, &9)?. Therefore, to determine the sign of 11 (d2, m — 6,4,), we see from
(6.5) and (6.7) (or (6.6)), (6.12) and Claim 6.3 that it suffices to locate A;(dy, d») and
then determine the sign of y;(4) according to the relative positions of 0, A1(d;, d2) and
d] — dz when (d], dz) € (0, 80)2.

We now study the asymptotic behavior of A;(d;, d») when dy and d, are sufficiently
small and consider the following two cases separately:
Case (i): I(p) > 0.
Case (ii): I(p) <O.

We first treat Case (i). Then by (6.10), we see that d’“ - (0) > 0 forall (dy,d>) € (0, £0)?,
which implies by [20, Theorem 16.3] that

Ai(di,d2) >0 Y(di,d») € (0,g0)>. (6.13)

Since x1(0) = x1(A1(d1,d2)) = 0, it follows from Claim 6.3 that

(6.14)

x1(A) >0 forall A € (0,A1(dq,d?)),
x1(A) <0 forall A € (—o0,0) U (A1(dy,d>), 00).

We need to further consider the following two subcases:
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Case (i)(a): min, g fOT %(x,t) dt > 0.

Case (i)(b): min, g fOT %(x, t)dt <0, i.e., there exist x* € € and 7, > 0 such that

T

A
/ ZP (e 1ydt =: —n, < 0. (6.15)
o 7
For simplicity of notation, we denote
—Aby

Vg = —+

1 edl

in the remainder of this proof.

For Case (i)(a), by Lemma 4.6, we see that 1§d1 <0o0nQ forall d; € (0, &) by choos-
ing g9 smaller if necessary. Fix A¢ > &g. For each d; € (0, &9), by [23, Lemma 2.4 (c)],
the principal eigenvalue (1) of (6.7) satisfies

lim y1(Ao) = —maxkolgd] (x) > 0.
dr—0 xeQ

Therefore, choosing &y smaller if necessary, we see from continuous dependence of
x1(Ao) ondy € (0, &) and [20, Lemma 15.5] that
A,l(dl,dz) > AO > &9 > 0 V(dl,dz) (S] (0,80)2.

In particular, this combined with (6.5), (6.7) and (6.14) implies that 1 (d2,m — 04,) > 0
when di — d> € (0, 89), while w1 (d,m — 04,) < 0 when dy — d> < 0. This finishes the
proof of Theorem 2.1" (i).

For Case (i)(b), by Lemma 4.6 there exist x* € Q and a constant r > 0 such that

Ba,(?) := min, .5 Vg, (x,1) satisfies

T
/ le (t) > 7]2/2 >0 Vd; €(0,¢), (6.16)
0

where Q¢ := B(x*,r) CC Q and B(x*, r) is the ball centered at x* with radius r.

Claim 6.4. There exists a constant C1 > 0 such that

_Mddy) _
d> -

To prove Claim 6.4, we consider the periodic-parabolic Dirichlet eigenvalue problem

0 C1 V(dy.da) € (0,¢0)>. (6.17)

0w —d2Aw —2d,Vw - VInbg —A%qw = y(Mw  in Qo xR,
w=0 on 02 X R, (6.18)

w is T -periodic in ¢.

Since ¥4, is independent of x € Qy, it follows from [20, Lemma 15.3] that

A T
1) = 1)~ /0 Ba,(5) ds.
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We now claim that there exists a constant C, > 0 independent of d; and d; such that
0 < x(0) < Cady  ¥(d1,d2) € (0,80)°. (6.19)

Indeed, the fact that y(0) > 0 follows from [20, Prop. 17.1], since it is obvious that 0 is the
principal eigenvaluer (6.18) for A = 0 with the Dirichlet boundary condition replaced by
the Neumann boundary condition on 929 x R. To show the second inequality in (6.19),
we follow the idea in the proof of [2, Lemma 2.6] to construct a positive supersolution
of (6.18) with A = 0. For this purpose, let ® > 0 be the principal eigenfunction of —A
with zero Dirichlet boundary condition on 9€2 normalized so that |||y = 1, ie.,
0 e C?(Q) satisfies

—A® = 11(2)OinQ, O =00ndx, (6.20)

where A1(R2) > 0 is the principal eigenvalue corresponding to ®. Denote 0 =
exp(k®) — 1, where k > 0 is constant to be determined. By a similar computation to the
proof of [2, Lemma 2.6], we can show that there exists a sufficiently large « depending
only on ® and supg, ¢(o.¢0) [V In 4, [loo such that

9,0 — dyA® —2d,VO - VIn by, < drC(k. O] c2())©-

Then, by the comparison principle for time-periodic parabolic eigenvalue problems (see
e.g. [2, Prop. 2.2]) and Lemma 4.6, there exists a constant C> = C(k, [|O[[¢2(g,) such
that the second inequality in (6.19) holds.

Next we consider the periodic-parabolic Dirichlet eigenvalue problem

dew —dr2Aw —2doVw - Vinby, — Adq, (x,)w = y(MHw  in Qo xR,
w=0 on 029 x R, (6.21)

w is T -periodic in ¢,

where y(4) is the principal eigenvalue of (6.21). Since ¥4, (x, ) = 84, (1) on Qo x R,
we see from [20, Lemma 15.5] that l(/\) < l(/\). By [2, Corollary 4.2], we find that
x1(A) = x(A). Consequently,

1) < 1) < x() = 1(0) — % /0 " 3y () ds.
In particular, plugging A = A1(d;, d») in the above inequality and using the fact that
x1(A1(d1,d2)) = 0, we find by (6.16) and (6.19) that
Mldi,da) _ x0) T _2GT _
dy T dy [Tg,dsT m
This combined with (6.13) finishes the proof of (6.17) and hence Claim 6.4.

:C1 V(d1.d>) € (0,50)>

Claim 6.5.
0A1(dy, d2)

=A 0. 6.22
aam o5 1(p) > (6.22)
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To prove Claim 6.5, denote by ¢; the principal eigenfunction of (6.11) and y; the
principal eigenfunction of its adjoint eigenvalue problem corresponding to the eigenvalue
A1(dy, d>) normalized so that

leilli2o.m).220) = I¥1llL2(0.1).220) = 1-
In other words, ¢, and y; satisfy respectively

04,

—A .
8,<p1 —dzA(/)l —2d2V(p1 -Vln@dl —Al(dl,dz) ed] 01 = 0 inQ XR,
dyp1 =0 on dQ2 x R,

¢ is T-periodic in ¢,

(6.23)
and

—Af .
—0:91 = &V - (V91 =291V In0g,) = Ai(dr,do) 59 =0 in @ xR,

a1 =0 on dQ2 x R,
Y is T-periodic in 7.

(6.24)
Differentiating the equation for ¢; with respect to d» and denoting ' = %, AL =
A1(dy, d>), we obtain

81‘()0/1 — dzA(pi - 2d2V(ﬂi -Vin 9d1 - (A(pl + 2V(p1 -Vin ed])

—Af, —AB, .
—Xy =g er — =g ey =0 inQ xR,
dvp; =0 on 02 x R,

¢} is T-periodic in 7.

Multiplying the equation for ¢ by ¥ and the equation for ¥; by ¢}, subtracting the
resulting equations and integrating over 2 x (0, '), we obtain

i) [T fo(Ver —2y1VInby,) - Vi
- T —Af ’
0d; Jo Ja edldl P11

By Proposition 3.4, Lemma 4.8 and (6.17), we conclude that, passing to a subsequence of
(d1, d>) if necessary,

(6.25)

@1 — @1,y — ¥ in L2((0,T), HY(Q)),

asdy,d, — 0, (6.26)
A(dy,da)/dy — A €[0,Cy],

where ®;, U; € H'(Q) are the principal eigenfunctions to (6.1) and (6.2) respectively,
with A being the corresponding principal eigenvalue, satisfying

@12 = 112 = 1/VT.

Since fOT Jo % dt = fOT Jo |Vp’;|2 dt > 0, we see from (6.15) that fOT % dt changes sign
in Q. Hence, it follows from Lemma 6.1 that A;(p), the nonzero principal eigenvalue



A time-periodic parabolic Lotka—Volterra competition system 4619

of (6.1), exists and A1(p) > 0. Therefore, we have either A = 0 or A = A1(p). We now
claim that A # 0. Assume for contradiction that A = 0. Then it is easy to check that
U =c¢p exp(% fOT In p? dt). However, integrating the equation for vr; over Q x (0, T'),

we see that
AB
(dldz)/[gdl -
Q dy

Since A1 (dy,d>) > 0, letting dq, d — 0 we deduce from (6.26) and Lemma 4.6 that

n=a | feol(F [ mra)?
=c exp| = Inp°dt |— =c¢,I >0,
T4 d2—>0/ / 6, VT )y Joo\T ) P p — @)

which is a contradiction. Hence A # 0 and thus we must have A = A (p). Multiplying
the equation for ®; by W, and integrating over €2, we obtain

fQ(TV(Dl 2\111 fO Vlnp) V\I’I
Jo Jo =P @1ty

Letting dq, d> — 0 in (6.25), and then combining the result with (6.26) and (6.27), we
derive (6.22). This finishes the proof of the claim.

Av(p) = (6.27)

Claim 6.6. There exists a unique continuously differentiable function c?z 1 (0, &) —
(0, 00) with d»>(dy) < dy such that for (dy, d») € (0, &9)?,

)tl(dl,dz) =di—dy < dy = 6?2(0’1)

Moreover,

A A 1 ~ 1
li = 4 = 1 li ! = 1).
Jim da(d) =0, &(0) = s e O, Jim d(d) = s € (0.
(6.28)

To prove Claim 6.6, note that by (6.17) and (6.22), we may extend the definitions of
A1(dy, dp) and %‘2’@) so that

921(0,0)

A1(-,0) =0in [0,g9) and od,

=A1(p) > 0. (6.29)
Choosing ¢( smaller if necessary, we may assume that %‘2’@) > 0 for all (dy,d») €
(0, £9)2. Therefore,

[A1(d1,dz) —di + db]
ddy

Now for each dj € (0, &) fixed, by (6.13) and (6.29) we see that A;(d1,0) —d; + 0
= —d; <0 and A{(dy,dy) — dy + d; > 0. Hence, by the intermediate value theorem
and (6.30), for each dq € (0, g9) there exists a unique d, = c?z(dl) € (0, dq) such that
M(dy,dy) —dy + dy = 0if and only if dy = dy(dy). It is obvious that limg, o da(d})
= 0. Since A;(dy, d») is analytic, c?z(dl) is actually analytic in dq € (0, &¢).

>1 V(di,d») € (0,g0)>. (6.30)
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It only remains to prove the last two identities in (6.28). Dividing both sides
of the equation d; — dy(dy) = A1(dy, d2(dy)) by da(dy) and letting d; — 0, since
limg, 0 d2(d1) = 0 we see by (6.22) and (6.29) that

di—dy(dy) .. M(di.da(dy)) . Ai(dy.da(dr))—Ai(dy,0)
m —f|——— = lim — = = lim =
di=>0  dy(dy) =0 dy(dy) d1—0 dy(dy)—0

= A1(p).
(6.31)

From this, we deduce the second identity in (6.28). Since d; — c?z(dl) = A1(dy, dAz(dl)),
by (6.5)—(6.7) and (6.12) we see that pi(d2(di), m — 64,) = 0. Denote by ¢
and ¥ the principal eigenfunction and adjoint principal eigenfunction corresponding to
m1(da(dr), m — 04,) = 0 respectively normalized so that

16/0a, llL2@x0,7y) = 1¥0a, | L2@x(0,1) = 1- (6.32)

In other words, ¢ and 1} are positive and satisfy respectively

G1 — do(d1)AG = (m—04))§ in Q xR,
0,9 =0 on 99 x R,
¢ is T-periodic in ¢,
and
VU — 6?2(d1)A1z = (m— Gdl)x} in Q x R,
thﬂ =0 on 02 x R,
¥ is T-periodic in .

Differentiating the equation for ¢ with respect to d; and denoting " = %, we obtain

i = do(d)AG + (m — 04))@' + dy(d)AG — 0 § inQ xR,
81)@/ =0 on 942 XR,

@’ is T -periodic in ¢.

Multiplying the above equation by 1/~/ and the equation for 1,7/ by ¢’, integrating over Q x
(0, T') and subtracting the resulting equations, we deduce from the divergence theorem

that T -
_ fO fQ 96/111//@
foT fsz V@}'V‘ﬁ

Let b = ¢/, . By direct computation, we see that ¥ satisfies

dy(dy) = (6.33)

~ 5 - 2 - A di—dy(d;) AOay ~ .
Uy = da(dy)[AD —|—Vln9dl -Vv]—dz(dl)-w . Vllv in Q xR,

0,0 =0 on 02 x R,

v is T-periodic in ¢.
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Therefore, by Proposition 3.4, Lemma 4.6, (6.31) and (6.32), we conclude that
3 =¢/04, — &1 inL*((0,T), H' () asd; — 0, (6.34)

where ®; > 0 on  is the principal eigenfunction of (6.1) corresponding to A(p) > 0
and satisfying || @1 2(q) = 1/ VT Similarly, we can prove that

V04, — ¥y in L2((0,T), H'(Q)) as d; — 0, (6.35)

where W; > 0 on  is the principal eigenfunctions to (6.2) corresponding to A;(p) > 0
and satisfying ||V 12(q) = 1/+/T. By Lemma 4.6, (6.34) and (6.35), we obtain

¢ — p®rand ¥y — Wy /p in L2((0,T), H(Q)) as d; — 0.

Consequently, as d; — 0,

T B T T vp T Ap
/ /VWV(,Z—)/ /VW]‘V@l—Z/ /CIDI—-VlIJ1+/ /—@1\1’1,
0o JQ 0o JQ o JQ p o Jo P
and - -
_ A
/ /%IW/’—)/ /_pCDI\IJh
0o JQ o Jo P

where in the last limit we have used (5.11) and (5.12). Now letting d; — 0 in (6.33), the
last identity in (6.28) follows from the above two limits and (6.27). This finishes the proof
of Claim 6.6.

We now finish the proof for Case (i)(b). Since A;(d1, d2) — (d; — d5) is strictly
increasing in d, € (0, &g) by (6.30), we see from Claim 6.6 that

di —dy € (A\1(d1.d»), 00) foralldy € (0,0) and d» € (0, da(d)).
dl — d2 € (O,Al(dl,dz)) for all d1 € (0,80) and d2 € (ciz(dl),dl), (636)
dl — d2 € (—O0,0) for all dl € (0,80) and dz € (d],e()).

This combined with (6.5), (6.7) and (6.14) finishes the proof for Case (i)(b) and hence the
proof for Theorem 2.1’ (ii).

Finally, we deal with Case (ii) and assume that /(p) < 0. Then by (6.10), we see that
%(O) < 0 forall (d,d>) € (0,59)?, which implies by [20, Theorem 16.3] that

Ai(dy,d2) <0 V(dy.d>) € (0.80)°. (6.37)

Since x1(0) = y1(A1(d1,d32)) = 0, it follows from Claim 6.3 that

x1(A) >0 forall A € (A1(d1,d>),0), 6.38)
x1(A) <0 forall A € (—oo, A{(d1,d>)) U (0, 0). '
Claim 6.7. " (de.d
-1< Mldnd) Ydy,d> > 0. (6.39)

d>
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To prove Claim 6.7, recall that ¢; is the principal eigenfunction of (6.23) correspond-
ing to A1(d1, d2), normalized so that |1 || 2¢0,1),22(@)) = 1. Dividing both sides of the
equation for ¢ by ¢ and integrating over 2 x (0, 7'), we obtain

(dl,dz)/ / V0, / / |w1|2+2/ / Vor .Ved]
Q 91 d]

>_/ V64,1
~ o Ja 6

This combined with (6.37) finishes the proof of (6.39) and hence of Claim 6.7.
Claim 6.8. Assume that m additionally satisfies condition (M3). Then

i 0A1(dy,d2)
im ———=

om ods = A1(p) € (—1,0). (6.40)

To prove Claim 6.8, recall that ¢; and v are the principal eigenfunction and the
principal adjoint eigenfunction satisfying (6.23) and (6.24) respectively, normalized so
that

le1ll2o.7)..2@) = IV1llL2¢0,1).02(0) = 1-

By (6.39) and similar arguments to the proof of Claim 6.5, passing to subsequences of
(d1, d») if necessary, we see that

o1 — O, — ¥y in L2((0, T), HY(Q)),

asdy,d, — 0, 6.41)
Al(dl,dz)/dz — A* € [—],0],

where @1, W, € H'(Q) are the principal eigenfunctions to (6.1) and (6.2) respectively
with A* being the corresponding principal eigenvalue and

@112 = 112 = 1/VT.

Since /(p) < 0 and fOT Jo %dl = fOT Jo |Vp’" dt > 0, we see from (2.3) that fT Ap gy

changes sign in 2. Hence, it follows from Lemma 6.1 that A;(p) exists and Al( p) €
(—1,0), where A1(p) # —1 follows from (M3) and Remark 6.2. By similar arguments
to the proof of Claim 6.5, we can show that A* # 0 and hence we must have A* =
A1(p) € (—1,0). Similarly to the proof of Claim 6.5, letting dy, d> — 0 in (6.25), and
then combining the result with (6.41) and (6.27), we derive (6.40). This finishes the proof
of the claim.

Claim 6.9. Let

& =é&(gg, p) i= g0 € (0,80/2).

1+ Au(p)
2

There exists a unique continuously differentiable function d, : (0,8) — (0, 00) with da(d1)
€ (d1, &9) such that for (dy,d3) € (0,&) x (0, &),

A(dy,dy) = dy —dy <= dy = dy(dy).
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Moreover,

_ _ _ 1
lim d(d{) =0, d;0)= lim d)(d]))= —— > 1. (642
dllgo 2(d1) »(0) dllgo 5(d1) T AL (p) > 1. (6.42)

We now prove Claim 6.9. By (6.39) and (6.40), we may extend the definitions of
A1(dy, d>) and %12"12) so that

.
14+ Ai(p)

921(0,0)

Al(’, 0) =0in [O, 8()) and TJZ

= A1(p) € (—1,0). (6.43)
For notational convenience, denote

F(d],dz) = Al(d],dz) —dy + d,.

3F (dy,d . .
We see from (6.43) that F(aa}z 2) |(d1’d1)=(0’0) =14 A1(p) > 0. Choosing &, smaller if
necessary, we may assume that

0F (dyi,d>) . 1+ Ai(p)
dad, 2

Then for each d; € (0, &), by (6.37) and (6.43) we see that

>0 V(di.d») € (0,g0)>. (6.44)

F(dl,dl) = Al(dl,dl) —dy+di <0
and there exists £ € (0, 1) such that

0F(dy, d3) 4+ 1-1-1\1(17)(8
ortdr. 42) —dy + 21

0= _dl + é > 07
> dr=¢e0§ 2

F(dy,80) = F(d1,0) + &0
Hence, by the _intermediate value theorem and (6.44), for each d; € (0, &), there exists a
u_nique dy = d»(dy) € (dy, &¢) such that A1(dy,d) —dy + dp = 0 if and only if d; =
d»(dy). For each dy € (0, &), there exists some £’ € (0, 1) such that

dy = Ai(dy, dx(dy)) + d2(dy)
= [Ai(dr, da(d1)) — dy + da(d))] — [A1(d1,0) — dy + 0]

0F (d1,d») - 1+ Au(p) 5

ij(dl) dz(d]),

0z lay=t'dra) 2

where we use (6.44) in the last inequality. Consequently, limg, o d>(dy) = 0. Since
A1(dy, d2) is analytic, d>(dy) is actually analytic in d; € (0, ). The proof of (6.42) now
follows from similar arguments to those for (6.28) and hence is omitted. This finishes the
proof for Claim 6.9.

Choosing ¢ even smaller if necessary, we see from (6.42) that da(d;) is strictly
increasing in (0, £). Now, replacing g9 by d»(¢), we may define the inverse function of
d>(dy) by dy : (0,80) — (0, 00). To summarize, we have the following result:
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Claim 6.10. There exists a unique continuously differentiable function dy : (0, 89) —
(0, 00) with dy(d>) € (0, da) such that for (dy, d2) € (0, g9)?,

M(drdy) = di —dy & di = di(do).
Moreover,
Jim di(dy) =0, d(0)=1+A(p)e(0,1), Jim d|(dy) =1+ Ay(p) € (0,1).
(6.45)
We now finish the proof for Case (ii). Since A1(dy,d>) — (d; — d>) is strictly increas-

ing in d, € (0, &9), we see from Claims 6.9 and 6.10 that

dy —dy € (0, +00) for all d, € (0, &9) and d; € (d3, &),
d1 — dz € (Al(dl, dz), 0) for all dz € (O, 80) and dl € (d~1 (dz), dz), (646)
dy—d; € (—OO,Al(dl, dz)) forall d; € (0, &o) and d, € (O, dl(dz))

This combined with (6.5), (6.7) and (6.38) finishes the proof for Case (ii) and hence the
proof of Theorem 2.17 (iii). n

7. Miscellaneous remarks

In this section, we first construct explicit examples of m’s such that the conditions in
Theorem 2.1 (i, ii, iii) hold respectively. Recall that 0 < ® € C2(L) is the principal eigen-
function of (6.20) normalized so that [®]|¢g) = 1, and 41(£2) > 0 is the corresponding
principal eigenvalue. Define n € C°°(R) by

Cexp(=—) if 1,
n(r) = exp(—=7) 1 Ir| <
0 if [r] > 1,

where the constant C > 0 is selected so that fR yndx =1.
Lemma 7.1. Let h € CZ(R) with min,efo,71h (1) = 0 and max;ejo,71h(t) = M > 0. For
each§ > 0and B € (1,2), set

N5 (xX) 1= 8P1(1x]/8).

Then the following hold:
(1) Define
p(x.t) =kh(t —&-x)O(x)* + ko, (7.1)
where 0 # £ € RN and 0 < k € R. Then for o > 0 sufficiently small and k > 0 suffi-
ciently large, m = p;/ p + p satisfies conditions (M1) and (M2), and (—Ap/ p)" <0
on Q, i.e., the conditions in Theorem 2.1 (i) hold.
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(i1) Denote
S ={0<pe C%’I(S_?. xR) | m = p;/p + p satisfies (M1) and (M2),
and (—Ap/p)" < 0on Q). (7.2)
Let p1 € S, x¢ € Q and define

p(x9t) = pl(X,Z) + 77,3,3()6 - X()).
Then for all § > O sufficiently small, m = p,/ p+ p satisfies (M1) and (M2), I(p) >0
and (—Ap/ p)*(xo) > 0, i.e., the conditions in Theorem 2.1 (ii) hold.
(iii) Let
p(x.1) =a(x)(b() + k) + o,
where 0 < a € C2(Q) satisfies d,a = 0 on 32, b € CTI(R) with minjo. 71 b > 0,
and k,o € (0,00). Then for all 6 > 0 sufficiently small and k > 0 sufficiently large,

m = p;/p + p satisfies conditions (M1)—(M3) and I(p) < 0, i.e., the conditions in
Theorem 2.1 (iii) hold.

Proof. We first prove part (i) of the lemma. By direct calculation, we see that

Ap =kh"(t —&-x)O2|E|> —4kh'(t —& - x)OF - VO + 2kh(t — & - x)(OAB® + |[VO|?).

Therefore,
T
—A
/ T N (1.3)
0 p
where
T ' (t —& . x)O2|E|? T W(t —§ - x)02 2
him o [(IUE N [T( A E 00 Y,
o h(t—£€-x)0%2+0 o \h(t—£-x)0%2+0

&2 ( (T W@—£-x)0? 2P [
S_T(/o hi—E00% +o ‘”) 5_7(/,,x

_ ke [m(wﬂ)]zo,

o

h(t—§£-x)0?
h(t—§-x)0%2+0o

2
a)

T Wit—£&-x)05-VO
=4 =
Jo | h(t E-x) > dt 0,

T ht—£-x)
L 2
J3 1= -2(OA6 + |VO| )/0 h(t_g.x)®2+odt
T h—¢.
=2(11(Q)0* — |V®|2)/0 h( —(; . j)@);)—i- o .

Note that in the estimation of Jy, #{,¢5 € [0, T'] are chosen such that h(tf — £ - x) =
min;efo,77 1 () = 0 and h(t5 — & - x) = max,eqo,71 1(t) = M. In the computation of J3,
we have used the identity (6.20).
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Let Q, := {x € Q| dist(x, d2) > &}. Then by the Hopf boundary lemma, there exists
¢’ > 0 small such that

0o := min ([VO]> —1;(R)®%*) >0 and o; =min® > 0.
Q\Qg/ Qs’

Since J3 is uniformly bounded on Qs/ with respect to o > 0, for all o > 0 sufficiently
small we can guarantee that

T —A 2r (M 2 -
/ pd[—J1+J2+J3 |E| |: ( 01 ~|—1)i| + J3 <0 onQ,.
0 4 o

On Q \ Q, it follows from the positivity of o and the above estimations that

T _A T hi—-¢-
f 2P i = i+ Jo+ Js < J3 < —200 C=5% 4 o
0

p -0~ o ht—£-x)02+¢

It is easy to check that m = p;/p + p > 0 on  x R by choosing k sufficiently large
and m satisfies (M1) and (M2). Note that in the construction of p(x, ) in (7.1), we have
chosen ®2 other than © to make sure that condition (M2) is satisfied. This finishes the
proof of part (i) of the lemma.

We next prove part (ii). It follows from (i) that the set S defined by (7.2) is nonempty.
Without loss of generality, we may assume that 0 € €2 and set xo = 0 in the rest of the
proof. By direct calculation, we see that

Anﬁ,(g(X)=8’“[ (' |)+(N—1)| K (%)} (7.4)

Note that \fc_|77/ (%) is uniformly bounded and continuous in Bg(0) \ {0} and we can
extend its definition to x = 0. Since An, ,(0) = §B=2Ny"(0), n”(0) < 0and B € (1,2),
we can show that

T _A T _Ap1(0,1) —82N7"(0)
/0 T(O,t)a’t—/0 0.0 £ C dt - 400 asé — 0.

On the other hand,

1 (T T A
I(p) = / [exp(—/ lnpzdt)/ —pdtj| dx
2\B;5(0) T Jo o P
1 (T T A
+/ [exp(—[ lnpzdt)/ —pdti| dx =: 11(p) + L(p).
Bs(0) T Jo o P

Since p = p; on Q \ Bs(0) and p; € S, we see that I;(p) > 0 and I;(p) is decreasing
in § > 0. We now estimate /5(p). Let K1, K> > 0 be chosen such that

KlfplszonS_Zx[O T], |Api| < Ky onQ x[0,T],

n"(Ix]) + (N

<K, in B(0).
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By direct computation, we have
Ap

L(p)] < /Bsm)[e’“’(; /Tlnp d’)/o ;

Apl + A'IM
pl + 7733

dt:| dx

< (K, + C8P)? dtdx

Bs(0)
8N K2 +8
K, —55
<8(Ky +C)w, (8N +8NTP2) /Ky -0 as§ — 0,

< (K2 + C8%)%w

where w,, is the volume of the unit ball B1(0) in R . Consequently, 7(p) > 0 for all
8 > 0 sufficiently small. This finishes the proof of (ii).
Finally, we prove (iii). By direct computation,

T
I(p—0)=-T exp(%/o In[(b + k)?] dt) /Q |Va|?dx < 0.

Therefore, choosing k > 0 sufficiently large first and then o > 0 sufficiently small, we
can make sure that /(p) < 0Oand m = p;/p + p satisfies conditions (M1)-(M3). ]

For a general spatially heterogeneous and temporally periodic function m(x, t) satis-
fying conditions (M1) and (M2), we have shown in Theorem 2.3 that when the diffusion
rates of both species are sufficiently large, the fast dispersal is selected against. On the
other hand, when the two diffusion rates are sufficiently small and close, and in addition
I(p) > 0, we know by Corollary 2.5 that the phenotype with the faster diffusion rate is
selected for. Therefore, when I(p) > 0, it is interesting to know whether there exists an
optimal dispersal rate in the sense that if the resident species U adopts such dispersal
rate, then a small number of mutant or exotic species V' using a different random dis-
persal rate can never successfully invade. Such an optimal dispersal rate is usually called
a globally evolutionarily stable strategy (ESS), which is an important concept in adaptive
dynamics introduced by Maynard Smith and Price [35]. See also [7,8, 10, 11] for the gen-
eral approach of adaptive dynamics. We now recall the definition of local ESS for system
(1.1) motivated from [25, 26].

Definition 7.2. A strategy d;" is a local ESS if there exists § > 0 such that pt1 (d2, m— er)
>O0foralld, € (df —68,dy +8)\{d]}.

When d, = dy, u1(da, m — 04,) = 0 with 6, being the corresponding eigenfunction.
By Taylor’s theorem,

dp1(da,m —04,)
3d2 d2=d1

pi(da,m—0g,) = (d2 — dy) + O((d2 — d1)?).

.. O (da,m—6, . .. . .
Hence, if M(;T’Zdlw do=d, 18 Positive (resp. negative), then a rare mutant V' with

strategy d; slightly less than (resp. greater than) d; can invade the resident U successfully.
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Therefore, it is important to first seek the existence of evolutionarily singular strategies,
defined as follows:

Definition 7.3. We say that d|" is an evolutionarily singular strategy if
8,u1 (dz, m — le*)

=0.
3d> dr=d?

Then Lemma 5.7 implies
Lemma 7.4. If I(p) > 0, there exists at least one evolutionarily singular strategy.

If there is a unique evolutionarily singular strategy, we suspect that it should be
an ESS.

Appendix

In this appendix, we derive a global boundedness result for nonnegative classical solutions
of quasilinear time-periodic parabolic equations by modifying the Moser—Alikakos itera-
tion procedure [ 1]. We believe that this result will be of interest in its own right in the study
of periodic-parabolic equations. As we could not find a precise reference with accurate
dependence on all the parameters involved in the equation, and some major modifications
to the original procedure are also necessary, we include a detailed proof here for the sake
of completeness.
Consider the following periodic-parabolic equation:

ur =V-Ax,t,u,Vu) + B(x,t,u,Vu) in Q2 xR,
A(x,u,Vu)-v=20 on 02 x R, (A.1)
u is T-periodic in ¢,
where the functions A : Q x RXxRXxRY > R¥ and B: QxR xR xRY — R are
measurable and 7 -periodic in 7.
We assume that A and B satisfy the structure conditions
A(x,t,u,Vu)-Vu > A|Vu|> —ua-Vu —f- Vu,

A2
B(x,t,u,Vu) < |b| |Vu| + |du| + |g|, (A2)

where A > 0is a constant, a = (a',...,a™), b= (b, ....bY). f=(f',..., fV),d
and g are measurable functions and a*,b’, ', d, g : @ x R — R are T-periodic in ¢ for
i =1,..., N.To simplify the form of these inequalities, we write

i=lul+k b=21"2(a + b +k2f?) +A17(d] + k7 g) (A3)
for some k > 0. Using the Schwarz inequality, we then obtain, for any 0 < € < 1,
A _
A(x,t,u,Vu)-Vu > §(|Vu|2 — 2bii?),

2 b (A4)
B(x,t,u,Vu)u < 5(6|Vu|2 + —122).
€



A time-periodic parabolic Lotka—Volterra competition system 4629

Lemma A.l. Let u be a nonnegative classical solution of (A.1) which is T -periodic

int andu € LP((0,T), H?(Q)) for some p > 1. Let y > N and 6 = N((Izig € (0,1)

be two given constants, where N=N for N >2and?2 < 2 < y. Assume further that
a b, ft e LY0=90,T),LY(Q)), i =1,....N, d.g € LYO=9((0,T), L"*(Q)).
Thenu € L*°((0,T), L*(2)) and

1 VB - (CAH k
sup u < (— + Ae“) CXP(—)CHl/ﬁ |:||u||L/3((0,T),Lﬁ(Q)) + —], (A.5)
QxR T B A

where C = C(N, R, T,v,p), b is defined in (A.3),

V(l —0)
L [ MEE /([(b+z>) .

Proof. Let w = u + k. For B > 2, multiplying (A.1) by w#~! and integrating over €,
using the structure (A.4) and taking € = 1/2, since Vw = Vu, we obtain

%(/Qwﬂ)t = —%/Q(,B—l)w‘g_zA-Vu+§/QBwﬁ_l
s—%/{zwwﬂ/ﬂ%ﬂ%z}w‘%
[t o) f e

_6-1C
ELD g 2 [0+ B0+ 2l

= ﬂ Lﬁ_z(g) LV Z(Q)
< _ (.8 1)Cl ” ﬁ/2||2
s 2
LN—-2(Q)
A 2(1-0
- B /Q w? + BB + 2l @l P17 w23,

LN-2(Q)

where C; = C1(N, Q2) is a positive constant. It is clear that the structure (A.4) and con-
sequently the above estimate continue to hold for & = 0 provided in (A.2) the terms
involving f and g are set equal to zero. Choosing k as in the statement of the lemma and
using Young’s inequality

T 2(1-6
B2 + 2l 2y WP 217 w270
LN-2(Q)

,3 LN—2(Q)

p = /2
Hgtoe ) BRI 2 g 0

we eventually get

1
— B _ )
A(/ﬂw )t < /Q + GBI b+ 2| 1,/Z(Q)Hw ||L1(Q), (A.6)
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where C; = C»(N, 2, v, B) and we have used the fact that § > 2. Denote

1

Y1) = [Q wh, h(@) = b+ 25 hg 2O =P g, Hi= /OTh(t)dt-
Then we can rewrite (A.6) as

V() < =Ay(t) + CoABT (1) (1), (A7)
Let 5o € R be such that y(so) = inf; y(¢) and ¢ € s, so + T'] such that y(¢9) = sup, y(¢).

Integrating both sides of (A.6) from sg to so + 7', we see that

so+T

Ty(s0) < [

S0

y(@)dt < CzHﬂ% supz(t). (A.8)
t

On the other hand, applying the variation of constants formula to (A.7) and integrating
from s¢ to ¢y, we obtain

o
V(i) < 0D y(19) < y(s0) + CABTT f M =Oh(1)z (1) dr

S0

< y(so) + Ae”CzH,Bﬁ sup z(1).
t
Plugging (A.8) into the above inequalities, we see that

1
sup y(¢) < (? + )Le’\T)CzH,BIZO sup z ().
t t

This implies that

2

1 1.
sup [[w @) < C /B gr e sup |2, (A.9)

where C3 = (1/T + /\eAT)CzH. Therefore, for any B > 2, the inclusion of w €
L%((0, T), LB/2(Q)) implies the stronger inclusion, w € L>®((0, T'), L#()). By iter-
ation of the above estimate, we may assume that w € ﬂ1§ﬂ<oo L%((0,T), LB(Q)) and
by (A.9),

u g 20
SLtlp ||w||L21<5(m < (l_[ C, (zmﬂ)u—e)zmﬂ) Sltlp lwllLe )
m=1

) Inp 2 In2
=g en( g0+ g Bk sl

where o = Y X_ 27 < 1andk = "X_, m27. Letting K — 0o and denoting ko =
Y oo, m27™, we obtain

) 1/8
lwllzoo(0,7), L0 (@) =< (7 + le”) HYBCyllwll poogo.7.L8(02))- (A.10)
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where § > 1 and

Cy = C4(N.Q.y,8) = CJ/P exp(—

ln,3+ 2  In2
1-6 B "1-6 g °f

By (A.6) and Holder’s inequality, we see that

(/Q wﬂ) §C5Ah(t)/ﬂw5,

where C5s = C5(N,Q,y,B8) = Czﬁﬁ. Hence, for any s, ¢ € [0, T'] with ¢ > s, it follows
from the above inequality that

/ w(x, )P dx < eCsM.fh(é)ds/
Q

w(x,s)’3 dx < eCSAH/ w(x,s)ﬂ dx
Q Q

and

s+T
/ w(x,s)‘g dx = / w(x,s + T)ﬂ dx < et h(g)dS/ w(x,t)’3 dx
Q Q Q
< eCSAH/ w(x, )P dx.
Q

Thus, we have showed that for any s,¢ € [0, T'],

e~ CsAH/B lw(, CsAH/B w(,

sy < lwC Dl <e s
which implies that

lwllzooo.my.Lo@y = 9P W Dllscgy = e

inflw(, DllLsg)
< T VBeCS I w) L 0.1).L8@)-

Combining the above estimate with (A.10), we obtain

1 1/B B
lwllzeso.m L@y = (7 + Ae”) HYPeSHIECT P wl| s 0,7,
(A.11)
Now, letting C(N, Q. T, y, B) := max {Cs, C4T~"/#} and k = k /A, the desired estimate
(A.5) follows from the definition w = u + k. [

Proof of Lemma 3.3. By Proposition 3.2, for all d sufficiently large, there exist ¢, (x,7;d)

and Y (x, t; d) with |92l 20,701 (@) and [|¥2llL2¢0.1).H1(x)) uniformly bounded
in d such that

POTh(x.1) | e2(x.1)
d PR

YOTh(x.0) | Ya(x.1)
d PR

px.1) = () +

Y(x, 1) =y (@)+
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where the dependence on d of all the functions involved is suppressed for notational con-
venience. Denote 1 := p1(d, 1) in the remainder of this proof. Integrating the equation
for ¢ over 2, we see that

_ 1 — 1 1
- :_h N h — 0 :_h O —— hF —_— h .
¢r =@(h+ 1) + |s2|/g (¢ —9) =o( +u1)+<pa’,|9|fs2 h+d2|9|ngA<1p;

Dividing the above equation by ¢ and integrating from O to 7', we deduce from (3.7) that

=0

0=

| =— 1
—hT' ol —= ),
+ 1+ Ty + (d2)

Multiplying the equation for ', by T'j, and integrating over 2, we find that ATy, = |V |2.
Hence . :
=—h+—|VI,2++0(—|.
M1 +5 Vs[> + + ( 7 2)

Plugging this back into (A.12), we see that
_ |- = 1 TTmT) 22 1
ot =¢@|(h—h) + E(|Vrh| —|VIW?) |+ O 72
Therefore, using the variation of constants formula, we deduce the asymptotic expression
for ¢. Similarly, we can deduce the asymptotic expression for . ]
Finally, we prove Lemmas 4.1, 4.2 and 4.7.

Proof of Lemma 4.1. First of all, for any § >0, we can approximate f by f eCy? (2xR)
such that

1f = flle@xory < 8/2-

Hence, it suffices to prove the lemma assuming that f* € C5° (2 x R).

For each x € @, let d(x) := dist(x, d2) and Q¢ := {x € Q| d(x) > €}. Since 0 is
smooth, there exists some €y > 0 small such that for each € < €y and any x € 92, there
exists a unique nearest boundary point y, € 92 such that |[x — y,| = d(x). Moreover, the
points x and yy are related by

x = yx —v(yx)d(x),

where v(yy) is the unit outer normal to 92 at yy.
Now for € < €y/3, define

~ L 0 in Q3€,
Jelx): {f(yx,-) inQ\ Q.

Then f;( )€ C;"((S_Z \ Q23¢) x R) with 8,,f~€ = 0 on 02 x R. Moreover,

I fe = Flleq@vasoxiorn = 3€llflcr@asoxio, -
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Recall that n € C*°(R) is the standard mollifier defined at the beginning of Section 6.
For each € > 0, set ne(x) := n(|x|/€)/eV. Let ¢ := Aoy, ,n * /2 where Xos. ) is the

characteristic function of the set 3./,. Extending ¢ by setting {(x) = 0 in Q\ Q. /2, it
is easy to see that { € C*°(Q) and that { = 1 in Q¢ and { = 0in Q \ Q.. Let f, =
’f + (11— {')fe Then it is easy to verify that f, € C*®(Q x R) is T-periodic in ¢ with
dy fe = 00n d2 x R and

Ife = fllc@xio.rp <98

for all € sufficiently small. ]

Proof of Lemma 4.2. Since ho <0on <, Bi=-—max, .5 ﬁo(x) > 0. For all d sufficiently
small, we have
hg <ho+B/2 on x[0,T].

Hence, it follows from [20, Lemma 15.5] that wy(d, hg) > pn1(d, ho + B/2). By [23,
Lemma 2.4],

Jim pa(d.ho + B/2) = —mag(/%(x) +B/2) = B/2> 0.

Therefore, t1(d, hgz) > 0 and hence by [33, Proposition 4.4.8], for all d sufficiently small
equation (4.1) has a unique T -periodic strong solution u, in the sense of [33, Defini-
tion 4.4.1].

Since ﬁo < 0 on ©, we can show that for each x € Q, there is a unique T-periodic
solution u¢(x, -) of the ODE (4.2). Indeed, by direct calculation, we see that

Jo e Jo P ds fy(x 1) de
e—fOT ho(x.s)ds _ |

t
wo(x,1) — oJoho(x.9) ds|: +/ o= Jo ho(x.s) deO(x’T)dT].
0

(A.13)
For each ¢ > 0 small, let uf,’i be the unique strong solution of (4.2) with f, replaced
by fo & 2¢. It follows from (A.13) that

. £
Therefore, there is a constant C > 0 depending only on fj and /¢ such that for all ¢ < 1,
£
o™l c(@xto.rp) = C-

By Lemma 4.1, for each ¢ > 0 small, there exists ftf)’i € C%’l (2 x R) such that

€
2(||h0||c(s‘2><[0,T]) +1)

~e,+

+ o,k
g™ —ug™ o @xpo.r < dyity™ = 0on 92 x R.

(A.15)
Moreover, there exists d; > 0 such that

& &
I fa — fO“C(Qx[O,T]) = B and |[|hg —h0||c(s‘zx[o,T]) = 2C Vd < ds.
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Then by direct computation, we have

sty — dAiyT —haiigT — fa

= (0,dig™ —0,ug™) —d AdigT +ug T (ho—ha) + ha(ug™ =15 ") + (fo— fa) +2¢
—e/2—dAi§T —e/2—/2+ 2¢

=¢/2—dAuy".

v

Similarly, we can show that
Oty —dAilg —hgiig” — fg < —¢&/2—dAug".
Therefore, by choosing d. > 0 smaller if necessary, we see that for all d < d,
Qi — dAUYT — haily” — fq <0 < ddigT —dAigT —haiuy™ — f4.
Consequently, by the comparison principle for periodic-parabolic equations, we obtain
e <ug <ust vd <d..
Hence, letting d — 0, we see that
liminfu,; > “0 and limsupuy < ﬁf,’Jr.
d—0 d—0
Finally, letting ¢ — 0, we see from (A.14) and (A.15) that
lua —uollco.r@xio,rpy — 0 asd — 0.

This finishes the proof of the lemma. ]

Proof of Lemma 4.7. By Lemma 4.1, for any € > 0, there exists m¢ € C%’I(S_Z x R) with
dyme = 0 on 92 x R such that

[me —mllcoraxry < €/2.

Define m;t = m¢ *+ €. Then

- + +
m, <m < m:', €/2<|mg —mlpooaxr) <3€/2, lmc, —mill Lo @xr) < €/2

(A.16)
Let Qg’i be the unique positive T -periodic solution to

—dAu:u(m;t—u) in Q x R,
dyu =0 on 02 x R,

u is T-periodic in .

Then it is easy to check that GZ’i is a pair of sub- and supersolutions to (1.2) and that
0< 9;’_ < 9;’+ for all e sufficiently small. Therefore, by the sub- and supersolution
method and uniqueness of a positive periodic solution to (1.2), we must have

05" <0y <05 (A.17)
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On the other hand, by Lemma 4.6 we have
165 — Pl coraxpory = 0 asd >0,
where p© is the unique positive solution to the ODE
Py = poE(mE - poF),
and it follows from (A.16) that

“F - Pllcor@xpo,rpy >0 ase — 0.

lp
Therefore, letting d — 0 in (A.17), we deduce from (A.18) that

liminf6; > p&~ and limsupf; < p&+.
d—0 d—0

Since € > 0 is arbitrary, letting ¢ — 0 we see from (A.19) that
104 — P”c(g‘zX[o,T]) —0 asd — 0.
By similar arguments to the proof of Lemma 4.6, we can show that
10a,c — Pellc@xpo.ry =0 asd —0.

This finishes the proof of the lemma.

(A.18)

(A.19)
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