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Abstract. In this paper and the companion work [J. Funct. Anal. 281 (2021)], we prove that the
Schrödinger map flows from Rd with d � 2 to compact Kähler manifolds with small initial data
in critical Sobolev spaces are global. The main difficulty compared with the constant sectional
curvature case is that the gauged equation now is not self-contained due to the curvature part. Our
main idea is to use a novel bootstrap-iteration scheme to reduce the gauged equation to an approx-
imate constant curvature system in finite times of iteration. This paper together with the companion
work solves the open problem raised by Tataru.
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1. Introduction

Let .N ; J;h/ be a Kähler manifold. The Schrödinger map flow (SMF) on Euclidean space
is a map u W R �Rd ! N which satisfies´

ut D J.
Pd
iD1 ri@iu/;

u�tD0 D u0;
(1.1)

where r denotes the induced covariant derivative in the pullback bundle u�TN .
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Assume that N is isometrically embedded into RN . Then (1.1) can be formulated as´
ut D JP

N
u .�Rdu/;

u�tD0 D u0;
(1.2)

where PN
u denotes the orthogonal projection from RN onto TuN .

(1.1) plays a fundamental role in solid-state physics and is usually to referred to as the
Landau–Lifshitz flow in physics literature. The various forms of SMF are commonly used
in micromagnetics to model the effects of a magnetic filed on ferromagnetic materials
(e.g. [20]). In the d D 1 and d D 2 case with N D S2, SMF is referred to as the ferro-
magnetic chain equation and the continuous isotropic Heisenberg spin model respectively
(e.g. [42]).

The Schrödinger map flow can be viewed as a Hamiltonian flow on an infinite-dimen-
sional symplectic manifold; see Ding [8]. One of the conservation laws of SMF is conser-
vation of energy defined by

E.u/ D
1

2

Z
Rd
j@xuj

2 dx:

And SMF has the scaling invariance property: u.t; x/ 7! u.�2t; �x/. Thus d D 2 is the
energy critical case. In the case N D S2, SMF has mass as another conserved quantity:

M.u/ D
1

2

Z
Rd
ju � P j2 dx if ku0 � P kL2x <1 for some P 2 S2:

However, the mass is not conserved for a general target N .
We recall the following non-exhaustive list of works on Cauchy problems. The local

well-posedness theory of Schrödinger map flows was developed by Sulem–Sulem–Bardos
[32], Ding–Wang [9] and McGahagan [24]. The global well-posedness theory was star-
ted by Chang–Shatah–Uhlenbeck [7] and Nahmod–Stefanov–Uhlenbeck [28]. And the
d D 1 case with general targets was studied by Rodnianski–Rubinstein–Staffilani [30].
Global existence for small data in critical Besov spaces was proved by Ionescu–Kenig
[14] and Bejenaru [1] independently. The small data global well-posedness theory in crit-
ical Sobolev spaces was developed by Bejenaru–Ionescu–Kenig [2] for high dimensions
d � 4. The dimension 2 case, which is energy critical, was studied by Bejenaru–Ionescu–
Kenig–Tataru [5] where the global well-posedness theory for small data in critical Sobolev
spaces was established for N D S2 with d � 2. And Dodson–Smith [10] studied the con-
ditional global regularity problem for d D 2.

The stationary solutions of SMF are harmonic maps. So far, the dynamical behavior
of SMF near harmonic maps is partly known in the equivariant case with d D 2, N D S2.
The works of Gustafson–Kang–Tsai–Nakanishi [11, 12] studied asymptotic stability vs.
wind oscillating near harmonic maps in high equivariant classes. Bejenaru–Tataru [6]
studied global stability vs. instability of harmonic maps for 1-equivariant 2D SMF. The
type II blowup solutions were constructed by Merle–Raphaël–Rodnianski [25] and Perel-
man [29] for 1-equivariant 2D SMF. And the below-threshold conjecture was verified for
equivariant SMF from R2 into S2 or H2 by Bejenaru–Ionescu–Kenig–Tataru [3, 4].
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All the above mentioned global well-posedness results for SMF with d � 2 are for
targets S2 or H2. Tataru raised the question of small data global well-posedness in critical
Sobolev spaces for general compact Kähler targets in the survey report [18]. This work,
which deals with the energy critical case d D 2, together with the companion work [21],
solves this problem.

1.1. Main results

Before stating our main results, we introduce some notations. For geometric PDEs, it is
convenient to work in both intrinsic and extrinsic Sobolev spaces. For smooth maps from
Rd ! N the intrinsic norms are defined by

kuk
p

Wk;p WD

kX
jD1

kr
juk

p

L
p
x .Rd /

;

where r denotes the induced covariant derivative in u�TN .
Given a point Q 2 N , we define the extrinsic Sobolev space H k

Q by

H k
Q WD ¹u W R

d
! RN j u.x/ 2 N a.e. in Rd ; ku �QkHk.Rd / <1º;

equipped with the metric dQ.f; g/ D kf � gkHk . Define

HQ WD

1\
kD1

H k
Q:

Our main results are the following.

Theorem 1.1. Let d D 2, let N be a 2n-dimensional compact Kähler manifold which is
isometrically embedded into RN , and let Q 2 N be a given point. There exists a suffi-
ciently small constant �� > 0 such that if u0 2 HQ satisfies

k@xu0kL2x � ��; (1.3)

then (1.1) with initial data u0 evolves into a global unique solution u 2 C.RIHQ/.
Moreover, as jt j ! 1 the solution u converges to the constant map Q in the sense that

lim
jt j!1

ku.t/ �QkL1x D 0: (1.4)

Furthermore, in the energy space, we also have

lim
t!1




u.t/ � nX
jD1

<.eit�h
j
C/ �

nX
jD1

=.eit�g
j
C/




PH1x
D 0 (1.5)

for some functions hjC; g
j
C W R

2 ! CN belonging to PH 1 with j D 1; : : : ; n.



Z. Li 4882

Remark 1.1. The asymptotic behaviors (1.4) and (1.5) are new for SMF. The analogous
result of (1.4) for wave maps was obtained in part VII of Tao [38]. A similar result to (1.5)
was recently obtained by the author [22] in the setting of SMF on hyperbolic planes. One
can see that (1.5) is natural by checking the trivial target N D R2n; see [22, Remark 1.1]
for instance.

We also prove uniform bounds and well-posedness results analogous to those of [5].

Theorem 1.2. Let d D 2 and �1 � 0. Let N be a compact Kähler manifold which
is isometrically embedded into RN , and let Q 2 N be a given point. There exists a
sufficiently small constant ��1 > 0 depending only on �1 such that the global solution
u D SQ.t/u0 2 C.RIHQ/ constructed in Theorem 1.1 satisfies the uniform bounds

sup
t2R
ku.t/ �Qk

H
�C1
x
� C� .ku0 �QkH�C1x

/; 8� 2 Œ0; �1�: (1.6)

In addition, for any � 2 Œ0; �1�, the operator SQ admits a continuous extension

SQ W B
�
��1
! C.RIH �C1/;

where we denote
B�
� WD ¹f 2 H

�C1
Q W kf �Qk PH1 � �º:

Remark 1.2. Theorem 1.1 holds for d � 3 as well. This is proved in the companion work
[21]. The main proof in higher dimensions uses ideas of this work and some additional
ingredients on heat flows. We will explain this issue at the end of the introduction.

1.2. Caloric gauge and heat flows

For dispersive geometric PDEs, especially for critical problems, it is important to choose
suitable gauges and function spaces adapted to the structure of nonlinearities (e.g. null
structure). Most of these tools were developed in the study of wave map equations; see
for instance [16,17,19,27,33,34,39,40]. In this work, we will use Tao’s caloric gauge and
function spaces developed in [5, 13]. As observed in [5, 35], the caloric gauge is essential
for eliminating bad frequency interactions in dimension 2 compared with Coulomb gauge.
For convenience, we briefly recall the definition of caloric gauge.

First, let us recall the moving frame dependent quantities and some related identities;
see [26] and [30] for more extensive expositions. Let Greek indices run in ¹1; : : : ; nº.
Let Roman indices run in ¹1; : : : ; 2nº or ¹1; : : : ; dº according to the context. Denote
x̌ D ˇ C n for ˇ 2 ¹1; : : : ; nº.

Let N be a 2n-dimensional compact Kähler manifold. Since R2 � Œ�T; T � is con-
tractible, there must exist global orthonormal frames for u�.TN /. Using the complex
structure one can assume the orthonormal frames are of the form

E WD ¹e1.t; x/; Je1.t; x/; : : : ; en.t; x/; Jen.t; x/º: (1.7)
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Let  i D . 1i ; 
N1
i ; : : : ; 

n
i ; 

n
i / for i D 0; 1; 2 be the components of @t;xu in the frame E:

 ˛i WD h@iu; e˛i;  x̨i WD h@iu; J e˛i: (1.8)

We always use 0 to represent t in subscripts. The isomorphism of R2n to Cn induces a

Cn-valued function defined by �ˇi WD  
ˇ
i C
p
�1  

x̌

i with ˇ D 1; : : : ; n. Conversely,
given a function � W Œ�T; T � �R2 ! Cn, we associate with it a section �E of the bundle
u�.TN / via

� $ �E WD <.�ˇ /eˇ C=.�ˇ /Jeˇ ; (1.9)

where .�1; : : : ; �n/ are the components of �. Then u induces a covariant derivative on the
trivial complex vector bundle over the base manifold Œ�T;T ��Rd with fiber Cn, defined
by

Di'
ˇ
D @i'

ˇ
C

nX
˛D1

�
ŒAi �

ˇ
˛ C
p
�1 ŒAi �

x̌

˛

�
'˛;

where the induced connection coefficient matrices are defined by

ŒAi �
p
q WD hriep; eqi:

Schematically we writeDi D @i CAi . Recall the torsion free identity and the commutator
identity

Di�j D Dj�i ; (1.10)

ŒDi ;Dj �' D .@iAj � @jAi C ŒAi ; Aj �/' $ R.@iu; @ju/.'E/; (1.11)

where R is the curvature rensor. Schematically, we write ŒDi ;Dj � D R.�i ; �j /. With the
notations above, (1.1) can be written as

�t D
p
�1

2X
iD1

Di�i : (1.12)

In [31] it is proved that the heat flow with initial data u.t; x/ below threshold energy
converges to Q as s ! 1 in the topology of C.Œ�T; T �IC1x /. Tao’s caloric gauge is
defined as follows:

Definition 1.1. Let u W Œ�T;T ��R2! N be a solution of (1.1) in C.Œ�T;T �IHQ/. For
a given orthonormal frame E1 WD ¹e11 ; Je

1
1 ; : : : ; e

1
n ; Je

1
n º for TQN , a caloric gauge

is a tuple consisting of a map v W RC � Œ�T; T � � R2 ! N and orthonormal frames
E.v.s; t; x// WD ¹e1; Je1; : : : ; en; Jenº such that´

@sv D
P2
iD1 ri@iv;

v.0; t; x/ D u.t; x/;
(1.13)

and 8<:rsek D 0; k D 1; : : : ; n;

lim
s!1

ek D e
1
k
:

(1.14)
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Denote
HQ.T / WD C.Œ�T; T �IHQ/:

Proposition 1.1. Let u 2 HQ.T / solve SMF with u0 2 HQ. For any fixed frame E1 WD
¹e1
k
; Je1

k
ºn
kD1

for TQN , there exists a unique corresponding caloric gauge as defined
in Definition 1.1. Moreover, for i D 1; 2 and p; q D 1; : : : ; 2n,

lim
s!1

ŒAi �
q
p.s; t; x/ D 0; lim

s!1
ŒAt �

q
p.s; t; x/ D 0:

In particular, for i D 1; 2 and s > 0,

ŒAi �
p
q .s; t; x/ D �

Z 1
s

hR.@sv.zs//; @iv.zs/ep; eqi dzs;

ŒAt �
p
q .s; t; x/ D �

Z 1
s

hR.@sv.zs/; @tv.zs//ep; eqi dzs:

Proof. The proof is standard (see e.g. [31]). The only new issue here is the complex
structure J . But this will not cause any trouble since J commutes with rs .

Given u 2HQ.T /which solves (1.1), let v WRC � Œ�T;T ��R2!N be the solution
to (1.13). Let ¹e˛; Je˛ºn˛D1 be the corresponding caloric gauge. Define the heat tension
field �s to be

�˛s WD h@sv; e˛i C
p
�1 h@sv; Je˛i; ˛ D 1; : : : ; n;

and the differential fields to be

�˛i WD h@iv; e˛i C
p
�1 h@iv; Je˛i; ˛ D 1; : : : ; n;

where i D 1; 2 refers to the variable xi , i D 1; 2, and i D 0 refers to the variable t .

Lemma 1.1. The heat tension field �s satisfies

�s D

2X
jD1

Dj�j : (1.15)

The differential fields ¹�iº2iD1 along the heat flow satisfy

@s�i D

2X
jD1

DjDj�i C

2X
jD1

R.�i ; �j /�j : (1.16)

And when s D 0, along the Schrödinger flow direction, ¹�iº2iD1 satisfy

�
p
�1Dt�i D

2X
jD1

DjDj�i C

2X
jD1

R.�i ; �j /�j : (1.17)

Notations. Let ZC D ¹1; 2; : : : º and N D ¹0; 1; 2; : : : º. We apply the notation X . Y
whenever there exists some constantC > 0 so thatX �CY . Similarly, we will useX � Y
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if X . Y . X . We sometimes drop the integral variable in the integration if no confusion
occurs. And we closely follow the notations of [5] for the reader’s convenience.

Let F denote the Fourier transformation in R2.
Let � W R! Œ0; 1� be a given smooth even function which is supported in ¹z 2 R W

jzj � 8=5º and equal to 1 for ¹z 2R W jzj � 5=4º. Define �k.z/ WD �.z=2k/� �.z=2k�1/,
k 2Z. The Littlewood–Paley projection operators with Fourier multiplier � 7! �k.j�j/ are
denoted by Pk , k 2Z. For I �R, let �I WD

P
i2I �i .j�j/. The low frequency cutoff oper-

ator with Fourier multiplier � 7! �.�1;k�.j�j/ is denoted by P�k , and the high frequency
cutoff is defined by P�k WD I � P�k .

Given e2S1, k 2Z, denote byPk;e the operator with Fourier multiplier � 7!�k.� � e/.
The Riemannian curvature tensor on N is denoted by R. The covariant derivative

on N is denoted by zr, and we denote r the induced covariant derivative on u�TN . The
metric tensor of N is denoted by h�; �i. Let E be a Riemannian manifold with connec-
tion r, and T be a .0; r/ type tensor. For k; r 2 ZC, we define the .0; r C k/ type tensor
rkT by

r
kT .X1; : : : ; Xk IY1; : : : ; Yr / WD .rXk .r

k�1T //.X1; : : : ; Xk�1IY1; : : : ; Yr /

for any tangent vector fields X1; : : : ; Xk ; Y1; : : : ; Yr on E.

1.3. Function spaces built in [5]

We recall the spaces developed by Bejenaru–Ionescu–Kenig–Tataru [5]. Given a unit vec-
tor e 2 S1 we denote its orthogonal complement in R2 by e?. The lateral space Lp;qe is
defined by the norm

kf kLp;qe
WD

�Z
R

�Z
e?�R

jf .t; x1eC x0/jq dx0 dt
�p=q

dx1

�1=p
;

with standard modifications when either p D 1 or q D 1. And for any given � 2 R,
W � R, we define the spaces Lp;qe;� and Lp;qe;W with norms

kf kLp;qe;�
WD kG�e.f /kLp;qw

; kf kLp;qe;W
WD inf

fD
P
�2W f�

X
�2W

kf�kLp;qe;�
;

where Ga denotes the Galilean transform:

Ga.f /.t; x/ WD e
� 12 ix�ae�

i
4 t jaj

2

f .x C ta; t /:

We remark that the lateral space was studied by Linares–Ponce [23], Kenig–Ponce–Vega
[15] and Ionescu–Kenig [14].

We now recall the main dyadic function spacesNk.T /;Fk.T /;Gk.T /. Given T 2RC

and k 2 Z, let Ik WD ¹� 2 R2 W 2k�1 � j�j � 2kC1º and

L2k.T / WD ¹g 2 L
2.Œ�T; T � �R2/ W F g.t; �/ is supported in R � Ikº: (1.18)
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Given L 2 ZC, T 2 .0; 22L�, and k 2 Z, define

Wk WD ¹� 2 Œ�2
2k ; 22k � W 2kC2L� 2 Zº: (1.19)

TheNk.T /;Fk.T /;Gk.T / spaces are Banach spaces of functions inL2
k
.T / for which the

associated norms are finite:

kgkF 0
k
.T / WD kgkL1t L

2
x
C 2�k=2kgkL4xL1t

C kgkL4 C 2
�k=2 sup

e2S1
kgk

L
2;1
e;WkC40

;

kgkFk.T / WD inf
j2ZC;n1;:::;nj2N

inf
gDgn1C���Cgnj

jX
lD1

2nl kgnl kF 0
kCnl

;

kgkGk.T / WD kgkF 0
k
C 2�k=6 sup

e2S1
kgk

L
3;6
e
C 2k=6 sup

jk�j j�20

sup
e2S1
kPj;egkL6;3e

C 2k=2 sup
jk�j j�20

sup
e2S1

sup
j�j<2k�40

kPj;egkL1;2e;�
;

kgkNk.T / WD inf
gDg1Cg2Cg3Cg4

kg1kL4=3 C 2
k=6
kg2kL3=2;6=5e1

C 2k=6kg3kL3=2;6=5e2

C 2�k=2 sup
e2S1
kg4kL1;2e;Wk�40

;

where ¹e1; e2º � S1 is the standard basis of R2. The Gk ; Fk spaces were built by Beje-
naru–Ionescu–Kenig–Tataru [5].

Recall also the refined space for Fk.T /: Let S!
k
.T / denote the normed space of func-

tions in L2
k
.T / for which

kgkS!
k
.T / WD 2

k!.kgk
L1t L

2!
x
C kgk

L4tL
p�!
x

C 2�k=2kgk
L
p�!
x L1t

/

is finite, where the exponents 2! and p�! are defined via

1

2!
�
1

2
D

1

p�!
�
1

4
D
!

2
:

1.4. Overview of the proof

Main difficulty for general targets. The new difficulty arising in the case of general tar-
gets is to control the curvature terms in frequency localized spaces. Since the curvature
term relates to the map itself, it cannot be written in a self-contained form in terms of
differential fields and heat tension fields ¹�x ; �sº. Thus directly working with the moving
frame dependent quantities may lead to losing control of curvature terms, which is much
more serious when frequency interactions are considered. In the wave map setting, the
general targets case was solved by Tataru [41] using Tao’s micro-local gauge and Tataru’s
function spaces. It is important that the wave map equation is semilinear in the extrinsic
form, and the micro-local gauge adapts to the extrinsic formulation well. However, for
SMF, on the one hand, since the extrinsic form equation is quasilinear, one has to use the
intrinsic formulation to obtain a semilinear equation. On the other hand, the intrinsic form
is not a self-contained system where the curvature term is not determined by differential
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fields. The two conflicting sides of the problem make solving SMF for general targets
challenging.

Outline of proof for d D 2. Let us sketch the proof in the d D 2 case. The whole proof
is divided into ten steps. Given ı > 0, let ¹akºk2Z be a positive sequence; we call it a
frequency envelope of order ı ifX

k2Z

a2k <1; and aj � 2
ıjl�j jal ; 8j; l 2 Z:

We call the frequency envelope ¹akº an �-envelope if it additionally satisfiesX
k2Z

a2k � �
2:

Step 1. Tracking L1t L2x bounds along the heat flow direction. Recall the extrinsic
formulations of heat flows: Assume that the target manifold N is isometrically embedded
into RN ; then the heat flow equation can be formulated as

@sv
l
��vl D

2X
aD1

NX
i;jD1

S lij @av
i@av

j ; l D 1; : : : ; N; (1.20)

where S D ¹S lij º denotes the second fundamental form of the embedding N ,! RN . For
u 2 HQ.T /, define


k.�/ WD sup
k02Z

2�ıjk�k
0j2�k

0Ck0
kPk0ukL1t L

2
x
; � � 0; ı D 1

800
:

Denote by ¹
kº the frequency envelope for the energy norm, i.e. 
k D 
k.0/. The first
result of Step 1 is stated for � 2 Œ0; 5

4
�:

Proposition 1.2. Assume that u 2 HQ.T / satisfies

k@xukL1t L
2
x
D �1 � 1; (1.21)

and let v.s; t; x/ be the solution of the heat flow (1.20) with initial data u.t; x/. Then

sup
s�0

.1C s22k/312kkPkvkL1t L
2
x
. 2��k
k.�/

for all � 2 Œ0; 99
100
�, k 2 Z. Moreover, for any � 2 Œ 99

100
; 5
4
�, and k 2 Z, we have

sup
s�0

.1C s22k/302�kCkkPkvkL1t L
2
x
. 
k.�/C 
k.� � 3=8/
k.3=8/:

Remark 1.3. The power of 1C s22k in Proposition 1.2 can be chosen to be anyM 2 ZC
if we additionally assume that �1 is sufficiently small depending onM ; see Proposition 1.3
below.

The second result of this step is bounds of 2.�C1/kkPkvkL1t L2x for � 2 Œ0; 1C j=4�:
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Proposition 1.3 (j -th iteration). Let j 2 N and M 2 ZC. Assume that u 2 HQ.T / sat-
isfies (1.21) with �1 sufficiently small depending on j;M . Let v.s; t; x/ be the solution of
the heat flow (1.20) with initial data u.t; x/. Then for � 2 Œ0; 1C j=4� and any k 2 Z,
v satisfies

sup
s2Œ0;1/

.1C s22k/M2kC�kkPkvkL1t L
2
x
.M 


.j /

k
.�/; (1.22)

where ¹
 .j /
k
.�/º are defined in (3.18)–(3.20).

Step 2. Pretreating curvature terms. The curvature part in the master equation (1.17)
can be schematically written as

<ŒR.�i ; �j /�j �
˛
D

X
1�j0;j1;j2�2n

hR.ej0 ; ej1/ej2 ; e˛i 
i0
i  

i1
j  

i2
j ;

=ŒR.�i ; �j /�j �
˛
D

X
1�j0;j1;j2�2n

hR.ej0 ; ej1/ej2 ; ex̨i 
i0
i  

i1
j  

i2
j :

With abuse of notation, we denote

G D hR.ej0 ; ej1/ej2 ; ej3i

for any given indices j0; : : : ; j3 2 ¹1; : : : ; 2nº. And let �i ˘ �j denote the linear combina-
tions of multiplications of real and imaginary parts of �i , �j , i.e.

P
ij cij�

˙
i �
˙
j , where we

denote �Cj D <�j ; �
�
j D =�j . Then the master equation (1.17) is schematically written

as

�
p
�1Dt�i D

2X
jD1

DjDj�i C

2X
jD1

G�i ˘ �j ˘ �j : (1.23)

Moreover, the connection coefficients inDj also depend on curvatures, and with abuse of
notation can be schematically written as

ŒAj �
p
q .s/ D

Z 1
s

�s ˘ �jG ds0:

We shall perform a dynamical separation of G . In fact, by the caloric condition rsej
D 0 and twice dynamic separation, G can be decomposed into

G .s/ D hR.ej0 ; ej1/ej2 ; ej3i.s/

D �1 � �
1;.1/

l

Z 1
s

 ls .zs/ dzs

�

Z 1
s

 ls .zs/

�Z 1
zs

 ps .s
0/.zr2R/.el ; epI ej0 ; : : : ; ej3/ds

0

�
dzs

D �1 CU00 CU01 CUI CUII ;

where we define

�1 WD lim
s!1

G .s/; �
1;.1/

l
WD lim

s!1
.zrR/.el I ej0 ; : : : ; ej3/ .constant limit part/;

U00 WD ��
1
l

Z 1
s

2X
iD1

.@i i /
l ds0 .first order terms/;
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and quadratic terms by

U01 WD �

Z 1
s

2X
iD1

.@i i /
�
.zrR/.el I ej0 ; : : : ; ej3/ � �

1;.1/

l

�
ds0;

UI WD ��
1;.1/

l

Z 1
s

2X
iD1

.Ai i /
l ds0;

UII WD �

Z 1
s

2X
iD1

.Ai i /
l .zs/

�Z 1
zs

 ps .s
0/.zr2R/.el ; epI ej0 ; : : : ; ej3/ ds

0

�
dzs;

D �

Z 1
s

2X
iD1

.Ai i /
l .zs/

�
.zrR/.el I ej0 ; : : : ; ej3/ � �

1;.1/

l

�
dzs:

Here, with abuse of notation, Aj denotes the 2n � 2n real-valued matrix with elements
¹ŒAj �

p
q º
2n
p;qD1. The constant limit part and the first order terms will be dominated by

frequency envelopes of ¹�iº, while the bounds of quadratic terms essentially rely on a
delicate bootstrap on the term

zG
.1/

l
WD .zrR/.el I ej0 ; : : : ; ej3/ � �

1;.1/

l
:

We also need higher order derivatives of G . Given k 2 N, let

G
.k/

l1;:::;lk
WD .zr.k/R/.el1 ; : : : ; elk I ej0 ; : : : ; ej3/;

zG
.k/

l1;:::;lk
WD G

.k/

l1;:::;lk
� �

1;.k/

l1;:::;lk
;

where we denote
�
1;.k/

l1;:::;lk
WD lim

s!1
G
.k/

l1;:::;lk
.s/:

Similarly, we perform a dynamical separation of frames. In fact, let P be the isometric
embedding of N into RN , and let ¹elº2nlD1 be the caloric gauge built in Proposition 1.1.
With abuse of notation, we denote

ŒdP �.k/ WD .DkdP /.e; : : : ; e„ ƒ‚ …
k

I e/;

ŒedP �.k/ WD ŒdP �.k/ � lim
s!1

ŒdP �.k/:

Step 3. Tracking L4 \ L1t L2x bounds for curvature terms and frames along heat
direction.

Proposition 1.4. Let u2HQ.T / be a solution of SMF. Denote by v.s; t;x/ the solution to
the heat flow with initial data u.t;x/, and denote by ¹�iº2iD0 the corresponding differential
fields under the caloric gauge. Assume that ¹ˇk.�/º is a frequency envelope of order ı
such that for all i D 1; 2 and k 2 Z,

2�kk�i�sD0kL1t L2x\L4t;x � ˇk.�/: (1.24)
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� There exists a sufficiently small constant � > 0 such that ifX
k2Z

jˇk.0/j
2 < �; (1.25)

then for any m 2 N, � 2 Œ0; 99
100
�, s 2 Œ22j�1; 22jC1/ and j; k 2 Z,

kPk zG
.m/
kL4\L1t L

2
x
.m 2��k�kˇk.�/.1C s22k/�30;

kPk�skL4\L1t L
2
x
. 2��kCk

�

h
1kCj�0.1Cs2

2k/�30ˇk.�/C1kCj�0
X

k�l��j

ˇl .�/ˇl

i
;

kPk.ŒedP �.m//kL1t L
2
x\L

4 .m ˇk.�/.1C s22k/�292��k�k ;

kPkAikL1t L
2
x
. ˇk;s.�/.1C s22k/�272��k :

� Furthermore, given j;M 2 ZC, if ¹ˇk.�/º is a frequency envelope of order 1

2j
ı, then

similar results hold for � 2 Œ0; 1 C j=4� and � sufficiently small depending only on
j;M 2 ZC. In particular, for any m 2 N, k 2 Z and � 2 Œ0; 1C j=4�, one has

.1C s22k/MC22�kCkkPk zG
.m/
kL4\L1t L

2
x
.m;M ˇ

.j /

k
.�/;

.1C s22k/MC12�kCkkPk.ŒedP �.m//kL1t L
2
x\L

4
t;x
.m;M ˇ

.j /

k
.�/;

.1C s22k/M2�kkPkAikL1t L
2
x
.M ˇ

.j /

k;s
.�/:

Remark 1.4. The ¹ˇ.j /
k
º and ¹ˇ.j /

k;s
.�/º are defined in (3.18)–(3.20) below. Proposition

1.4 will be proved in Sections 3.5 and 3.6.

Step 4.1. Fk \ S
1=2

k
bounds for connections along the heat direction. In this step, we

prove

Lemma 1.2. Given � 2 Œ0; 99
100
�, let ¹hk.�/º be frequency envelopes defined by

hk.�/ WD sup
k02Z; jD1;2

2�ıjk�k
0j2�k

0

.1C s22k
0

/4kPk0�j kFk0 .T /: (1.26)

Let ¹bkº be an "-frequency envelope. Assume that for any k;j 2Z and s 2 Œ22j�1; 22jC1/,

2k=2kPk zG
.1/
kL4xL

1
t .T /

� "�1=4hk Œ.1C s2
2k/�201jCk�0 C 1jCk�02

ıjkCj j�: (1.27)

Then, if " > 0 is sufficiently small, for � 2 Œ0; 99
100
� one has

kPkAi .s/kFk.T /\S
1=2

k
.T /
. hk;s.�/2��k.1C s22k/�4:

For the proof, see the proof of Lemma 4.1.
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Step 4.2. Fk bounds along the heat direction without assuming (1.27).

Lemma 1.3. Let ¹bkº be an "-frequency envelope. Given � 2 Œ0; 99
100
�, suppose that

¹bk.�/º are also frequency envelopes, and ¹hk.�/º are the frequency envelopes defined
by (1.26). Assume that for i D 1; 2,

kPk�i�sD0kFk.T / � bk.�/2
��k ; � 2

�
0; 99
100

�
;

kPk�t�sD0kL4t;x . bk.�/2
�.��1/k ; � 2

�
0; 99
100

�
;

kPk�i .s/kFk.T / . "
�1=2bk.1C s2

2k/�4:

Then, if " > 0 is sufficiently small, for � 2 Œ0; 99
100
�, i D 1; 2, one has

(B1) kPkAi .s/kFk.T /\S1=2k

. hk;s.�/2��k.1C s22k/�4,

(B2)

8̂̂<̂
:̂
kPk�i .s/kFk.T / . bk.�/2

��k.1C s22k/�4;

kPkAi�sD0kL4t;x . bk.�/2
��k ; i D 1; 2;

kPk�t .s/kL4t;x
. bk.�/2�.��1/k.1C 22ks/�2;

(B3)

8<: kPkAt�sD0kL2t;x . "bk.�/2��k ;kPkAt�sD0kL2t;x . "
2:

Remark 1.5. In the proof of Lemma 1.3, we first assume (1.27) and apply Lemma 1.2 to
obtain all the estimates stated in (B2); see Lemmas 4.3, 4.5, 4.6. Then combining theses
estimates and Proposition 1.4, we improve (1.27) by dropping "�1=4 on the RHS of (1.27),
and thus close the bootstrap assumption of (1.27); see Lemma 4.7. Then Lemma 1.2, i.e.
(B1), holds without assuming (1.27). And (B3) is proved as Lemma 4.8.

Step 5. Gk bounds along the SMF direction for � 2 Œ0; 99
100
�.

Proposition 1.5. Assume that � 2 Œ0; 99
100
�. Given any L 2 ZC, assume that T 2 .0; 22L�.

Let �0 be a sufficiently small constant. Assume that ¹ckº is an �0-frequency envelope of
order ı, and let ¹ck.�/º be another frequency envelope of order ı. Let u 2HQ.T / be the
solution to SMF with initial data u0 which satisfies

kPkru0kL2x � ck ; kPkru0kL2x � ck.�/2
��k :

Denote by ¹�iº the corresponding differential fields of the heat flow initiated from u.
Suppose also that at the initial time s D 0,

kPk�ikGk.T / � �
�1=2
0 ck :

Then, when s D 0, for all i D 1; 2 and k 2 Z we have

kPk�ikGk.T / . ck ; kPk�ikGk.T / . ck.�/2
��k :

Proposition 1.5 is proved in Section 5.
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Step 6. Improved Fk bounds of Pk zG .1/ once.

Lemma 1.4. Let u 2HQ.T / solve SMF with data u0. Let ¹ckº be an �0-frequency envel-
ope of order 1

2
ı. Given any � 2 Œ0; 99

100
�, let ¹ck.�/º be another frequency envelope of

order ı such that

kPkru0kL2x � ck ; kPkru0kL2x � ck.�/2
��k :

Then for �0 sufficiently small,

2k=2kPk zG
.1/
kL4tL

1
x
. ck.�/2��k Œ.1C 22kC2k0/�201kCk0�0 C 1kCk0�02

ıjkCk0j�;

(1.28)

kPk zGkFk.T / . 2
��kck.�/.1C 2

kCk0/�7Œ1kCk0�02
k0 C 1kCk0�02

�k �; (1.29)

for any � 2 Œ0; 99
100
�, k; k0 2 Z and s 2 Œ22k0�1; 22k0C1/.

The proof of (1.28) is given in Lemma 6.1, and (1.29) follows from Corollary 4.1.

Step 7. Improved Fk \ S
1=2

k
bounds of ¹PkAj º2jD0 and parabolic estimates for

¹�j º
2
jD0 with � 2 Œ0; 5

4
�.

Lemma 1.5. Let u 2HQ.T / be the solution to SMF with initial data u0 2HQ. Define a
frequency envelope ¹c.1/.�/º as in Definition 6:1. Given any � 2 Œ0; 5

4
�, let ¹bk.�/º be a

frequency envelope of order ı, and assume that

bk.�/ . c.1/k .�/; 8� 2
�
0; 99
100

�
:

Assume also that for i D 1; 2,

kPk�i�sD0kFk.T / � bk.�/2
��k ; � 2

�
0; 5
4

�
;

kPk�t�sD0kL4t;x � bk.�/2
�.��1/k ; � 2

�
0; 5
4

�
:

Then, if " > 0 is sufficiently small, for � 2 Œ0; 5
4
� one has

kPkAi .s/kFk.T /\S
1=2

k

. h.1/
k;s
.�/2��k.1C s22k/�4;

kPk�i .s/kFk.T / . b
.1/

k
.�/2��k.1C s22k/�4;

kPkAi�sD0kL4t;x . b
.1/

k
.�/2��k ; i D 1; 2;

kPk�t .s/kL4t;x
. b.1/

k
.�/2�.��1/k.1C 22ks/�2;

kPkAt�sD0kL2t;x . "b
.1/

k
.�/2��k if � 2

�
1
100
; 5
4

�
;

kPkAt�sD0kL2t;x . "
2:

(1.30)

Remark 1.6. In Lemma 1.5, the ¹b.j /
k
º, ¹h.j /

k
º,¹b.j /

k;s
º, ¹h.j /

k;s
º are defined in Definition 6.2.

The key of Lemma 1.5 is (1.30), and its proof is given in Lemma 6.2.
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Step 8. Gk bounds along the SMF direction for � 2 Œ0; 5
4
�.

Lemma 1.6. Assume that � 2 . 99
100
; 5
4
�. Let �0 > 0 be a sufficiently small constant. Given

any L 2 ZC, assume that T 2 .0; 22L�. Let ¹ck.�/º be a frequency envelope of order 1
2
ı,

and let ¹ckº be an �0-frequency envelope of order 1
2
ı. Let u 2 HQ.T / be the solution to

SMF with initial data u0 which satisfies

kPkru0kL2x � ck ; kPkru0kL2x � ck.�/2
��k :

Denote by ¹�iº the corresponding differential fields of the heat flow initiated from u. Then,
when s D 0, given � 2 . 99

100
; 5
4
� one has

kPk�i�sD0kGk.T / . .ck.�/C ck.� � 3=8/ck.3=8//2
��k :

Step 9. Fk bounds of Pk zG .1/ and Gk bounds of �x along the SMF direction for � 2
Œ0; 1C j=4�.

Lemma 1.7. Given j � 2, assume that � 2 Œ0; 1 C j=4�. Let Q 2 N be a fixed point
and �0 be a sufficiently small constant depending on j . Given any L 2 ZC, assume that
T 2 .0; 22L�. Let u 2 HQ.T / be the solution to SMF with initial data u0. Let ¹c.j /

k
.�/º

be the frequency envelopes defined in Definition 6:1, and assume that ¹c.j /
k
.0/º is an �0-

frequency envelope with 0 < �0 � 1.

� For � 2 Œ0; 1C j�1
4
�, we have

2k=2kPk zG
.1/
kL4xL

1
t
. c.j /

k
.�/2��k Œ.1C 22kC2k0/�201kCk0�0 C 1kCk0�02

ıjkCk0j�;

kPk zGkFk.T / . c
.j /

k
.�/2��k Œ.1C 2kCk0/�71kCk0�02

k0 C 1kCk0�02
�k �;

for any s 2 Œ22k0�1; 22k0C1/ and k0; k 2 Z.

� Denote by ¹�iº the corresponding differential fields of the heat flow initiated from u.
Then, for � 2 Œ0; 1C j=4�,

kPk�i�sD0kGk.T / . c
.j /

k
.�/2��k :

Step 10. Global regularity, global well-posedness and asymptotic behaviors. As in
Step 9, performing the bootstrap-iteration schemeK times gives bounds of 2�kkPk�j kGk
for � 2 Œ0; K=4C 1�. Then, transforming the bounds of ¹�j º�sD0 back to the solution u
gives

kuk
L1t

PH
�C1
x .T /

. ku0k PH1x\ PH�C1x
:

Noticing that an PH 1 \ PH 2C uniform bound will rule out blow-up for SMF in R2, one
step iteration suffices to show u is global. And the �0 only depends on the dimension and
the target manifold N . Moreover, we proceed the bootstrap-iteration scheme for K times
and obtain uniform bounds for higher Sobolev norms.

The asymptotic behaviors stated in (1.5) will be proved following our recent work [22]
on SMF on hyperbolic planes. The proof of Step 10 is presented in Section 7.
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1.5. Main ideas

Let us explain the main ideas. To control the curvature terms, which is the non-self-
contained part, we use dynamical separation and a bootstrap-iteration scheme to obtain
an approximate constant sectional curvature nonlinearity with controllable remainder in
finite steps of iteration. The essential advantage of this scheme is that it reduces estimates
in frequency localized spaces such as Fk ;Gk to decay estimates in Lebesgue spaces along
the heat direction.

Iteration scheme for Step 1. We describe the iteration scheme for heat flows. The start-
ing point of the heat flow iteration is bounds for @sv.

1. First time iteration. Suppose that we have obtained parabolic decay estimates of
kPk@svkL1t L

2
x

such as

kPk@svkL1t L
2
x
. .1C 22ks/�M1
k;s.�/2��k ; � 2

�
0; 99
100

�
:

By applying dynamical separation

S lij .v.s// D S
l
ij .Q/ �

Z 1
s

.DS lij /.v.s
0// � @sv ds

0;

bounds for kPk@svkL1t L2x yield improved frequency localized bounds for the second

fundamental form term, i.e. kPkS lij .v.s//kL1t L2x . The only potential trouble is the

High � Low interaction of .DS lij /.v.s
0// � @sv. But we will see that this interaction can

be handled by additionally proving the decay estimates

k@LC1x DS lij .v.s//kL1t L2 .L �1s
�L=2; 8L 2 N:

Then back to the extrinsic map v, using the heat flow equation will give an improved
bound for kPk@svkL1t L2x for � 2 Œ1; 5

4
�.

2. m-th time iteration. Using dynamical separation of the schematic form

Dm�1S.v.s// D Dm�1S.Q/ �

Z 1
s

DmS.v.s0//@sv ds
0

and the decay estimates

k@LC1x Dm�1S lij .v.s//kL1t L2 .L;m �1s
�L=2; 8L 2 N;

one gets frequency localized bounds of the extrinsic map v for � 2 Œ1; 1Cm=4�:

2�kkPkv.s/kL1t L
2
x
. �1.1C 22ks/�M1Cm
 .m/k

.�/:

The motivation of decomposition in Step 2. To bound the curvature terms, by a kind of
dynamical separation we have the decomposition of curvature terms denoted by G :

G D constant C first order terms C quadratic terms
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(see Step 2). We observe that to control G in the Fk space, it suffices to prove parabolic
decay estimates of G .j /. The same idea will be applied to bound the frames in frequency
localized spaces. We remark that dynamical separation was previously used in [19, 38] to
reveal the implicit null structures. Here, we apply dynamical separation to do iterations.
Besides using dynamical separation, in order to give a bound for connection coefficients
which is the key for bootstrap, we further decompose the curvature term into differen-
tial fields �i dominated terms and relatively smaller quadratic terms. By an appropriate
bootstrap argument, bounding connection coefficients ¹Aj º2jD1 in the Fk \ S

1=2

k
space

reduces to deriving parabolic decay estimates of covariant derivatives of the curvatures
G .j / in the simpler L1t L

2
x \ L

4 spaces.

The motivation of adding (1.27) in Step 4.1. The key difficulty in bounding curvature
involved terms is the High � Low! High interaction of curvatures and differential fields
or heat tension fields, i.e., the frequency of curvatures occupies the dominating position
compared with differential fields or heat tension fields.

� First of all, we observe that it suffices to control the Fk norms of curvatures G . Then we
further clarify that among the four blocks of the Fk space only the three blocks L1t L

2
x ,

L4, L4xL
1
t need to be estimated for curvatures.

� Second, we find that using dynamic separation in the heat direction

G WD R.ei0 ; ei1 ; ei2 ; ei3/ D �
1
�

Z 1
s

 ls .
zrR/.el I ; ei0 ; ei1 ; ei2 ; ei3/ ds

0

D �1 � �
1;.1/

l

Z 1
s

 ls ds
0
�

Z 1
s

 ls
zG
.1/

l
ds0

and the heat flow iteration scheme, the L1t L
2
x and L4 norms of curvatures can be

controlled by corresponding norms of differential fields.

� The troublesome block of Fk is the L4xL
1
t norm. This norm of curvatures cannot

be obtained by dynamical separation in the heat direction and the heat flow iteration
scheme as before. The problem is that the High � Low! High interaction of zG .1/

l
 ls

in L4xL
1
t fails if one only previously has bounds for zG .1/ in L1t L

2
x \ L

4. (Estimates
of zG .1/ in L1t L

2
x \ L

4 are obtained in Step 3.) So we add the bootstrap assumption
(1.27) to bound L4xL

1
t of zG .1/. The key is that one can indeed improve the assumption

(1.27) and then close the bootstrap.

How to drop (1.27) in Step 4.2. Let us explain how to improve (1.27) and thus close the
bootstrap of Step 4.

(I) With the assumption (1.27) we can prove bounds of At and �t in L4 by envelopes of
differential fields �x , loosely speaking say

kPk.At /kL4 . 2��kCkhk.�/Œ.1C 22kC2k0/�11kCk0�0 C 1kCk0�02
ıjkCk0j�;

kPk.�t /kL4 . 2kbk.1C 22ks/�2;
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where k; k0 2 Z, s 2 Œ22k0�1; 22k0C1/, ¹hk.�/º is the frequency envelope associated
with the differential fields ¹�iº2iD1 defined in (1.26), and ¹bkº is some frequency
envelope with kbkk`2 sufficiently small. This will give bounds for kPk@t zG .1/kL4 .

(II) We improve the assumption (1.27) by interpolation

kPk zG
.1/
kL4xL

1
t
� kPk zG

.1/
k
3=4

L4
kPk@t zG

.1/
k
1=4

L4
; (1.31)

and the L4 estimates obtained from Step 3 (Prop. 1.4 for heat flow iteration)

2kkPk zG
.1/
kL4 � hk.1C 2

2ks/�M :

In fact, we can prove

2k=2kPk zG
.1/
kL4xL

1
t
� hk2

��k Œ.1C 22kC2k0/�
3
4M1kCk0�0 C 1kCk0�02

ıjkCk0j�:

Then choosing sufficiently largeM , one obtains better bounds of zG .1/ than in (1.27).
This gives the way to bound curvatures in the block space L4xL

1
t of Fk .

In (I), the key step is to obtain bounds of the connection coefficients; see Lemma 4.1. To
prove Lemma 4.1, as mentioned before, we decompose the curvature term into differential
fields �i dominated terms and the remaining quadratic terms; see Step 2 of Lemma 4.1.
The additional smallness gained by the remaining quadratic terms gives us the chance to
use a bootstrap argument to control the connection coefficients.

Iteration in Step 6 to Step 9. With these new ideas and [5]’s framework, the range of
� 2 Œ0; 99

100
� can be reached before performing iteration for the SMF evolution. In order to

reach larger � , one combines the heat flow iteration with an SMF iteration. For the SMF
iteration scheme, the key is to improve the estimate kPk zG .1/kL4xL1t step by step to reach
larger � .

1.6. Idea for higher dimensions

Let us give a prevue of the higher-dimensional case. As d D 2, for higher dimensions
in order to track the curvature terms G in the Fk space along the heat flow direction, it
suffices to control the first order covariant derivative of the curvature term zG .1/ in the sim-
pler Lebesgue spaces in the heat direction. Thus the parabolic decay estimates of moving
frame dependent quantities for d � 3 should be established. The difficulty is to bound all
geometric quantities in fractional Sobolev spaces when d is odd. We solve this problem by
using geodesic parallel transport and a difference characterization of Besov spaces. The
idea is that the difference characterization reduces bounding fractional Sobolev norms to
bounding differences of all these geometric quantities and their covariant derivatives in
Lebesgue spaces. And geodesic parallel transport gives us the difference of the geometric
quantities at different points of the base manifold.

We divide the whole theorem for d � 2 into two papers to make the main idea clear
and avoid the paper being too long.
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2. Preliminaries

2.1. Linear estimates

The following are the main linear estimates established in [5].

Proposition 2.1 ([5]). Given L 2 ZC, assume that T 2 .0; 22L�. Then for every u0 2 L2x
with frequency localized in Ik and every F 2 Nk.T /, we have the following inhomogen-
eous estimate: If u solves ´

i@tuC�u D F;

u.0; x/ D u0.x/;
(2.1)

then
kukGk.T / . ku0kL2x C kF kNk.T /: (2.2)

The following lemma will be used widely.

Lemma 2.1 ([5]). For f 2 L2
k
.T /,

kPkf kL4 � kf kFk.T /; (2.3)

kPkf kFk.T / . kf kL2xL1t C kf kL4 ; (2.4)

kPkf kL2xL1t
� kf k

S
1=2

k

; (2.5)

and
kes�gkFk.T / . .1C s2

2k/�20kgkFk.T /; 8s � 0; (2.6)

provided that the RHS is finite.

2.2. Frequency envelopes

We recall the definition of envelopes introduced by Tao.

Definition 2.1. Let ¹akºk2Z be a positive sequence. We call it a frequency envelope ifX
k2Z

a2k <1; and aj � 2
ıjl�j jal ; 8j; l 2 Z: (2.7)

We call the frequency envelope ¹akº an �-envelope if it additionally satisfiesX
k2Z

a2k � �
2:

For any nonnegative sequence ¹aj º 2 `2, we define its frequency envelope by

zaj WD sup
j 02Z

aj 02
�ıjj�j 0j:

It satisfies
jaj j � zaj ; 8j 2 ZI

X
j2Z

za2j .
X
j2Z

a2j :
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Generally the ı in Definition 2.1 is not important if it has been fixed throughout the paper.
But due to our iteration argument we shall introduce different ı in different steps of itera-
tions. So we call ¹akº satisfying (2.7) a frequency envelope of order ı.

In this paper, each time we mention a frequency envelope, we will clearly state its
order.

We recall the following two facts on envelopes: (a) If dk � bk for all k 2 Z and ¹bkº
is a frequency envelope of order ı > 0 then zdk � bk for all k 2 Z as well, where ¹ zdkº
denotes the envelope of ¹dkº of the same order ı > 0:

zdk WD sup
j2Z

dj 2
�ıjk�j j:

(b) If ¹dkº is already an envelope of order ı > 0 then dk D zdk for all k 2 Z.
We recall the classical result obtained in [31, 36].

Lemma 2.2 ([31, 36]). Assume that u 2 HQ.T / satisfies

k@xukL1t L
2
x
D �1 � 1; (2.8)

and let v.s; t; x/ be the solution of the heat flow (1.13) with initial data u.t; x/. Then

k@jC1x vkL1t L
2
x
. s�j=2�1; (2.9)

and the corresponding differential fields and connection coefficients satisfy

sj=2k@jx�ikL1t L
2
x
. �1; (2.10)

sj=2k@jxAikL1t L
2
x
. �1; (2.11)

s.jC1/=2k@jx�ikL1t L
1
x
. �1; (2.12)

s.jC1/=2k@jxAikL1t L
1
x
. �1; (2.13)

for all s 2 Œ0;1/, i D 1; 2 and any nonnegative integer j .

3. Iteration for heat flows

3.1. Main results on the extrinsic map v solving HF

For u 2 HQ.T /, define


k.�/ WD sup
k02Z

2�ıjk�k
0j2�k

0Ck0
kPk0ukL1t L

2
x
; � � 0; ı D 1

800
: (3.1)

Denote by ¹
kº the frequency envelope for the energy norm, i.e.,


k WD 
k.0/:

Thus
2kkPkukL1t L

2
x
� 2��k
k.�/; 8� � 0:
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Before going ahead, we recall the extrinsic formulations of heat flows. Assume that
the target manifold N is isometrically embedded into RN . Then the heat flow equation
can be formulated as

@sv
l
��vl D

2X
aD1

NX
i;jD1

S lij @av
i@av

j ; l D 1; : : : ; N; (3.2)

where S D ¹S lij º denotes the second fundamental form of the embedding N ,! RN .
Recall that ¹
k.�/º are defined to be the frequency envelopes of u 2 HQ.T /. (See

(3.1) and note that u need not solve SMF.) The frequency localized estimates of the
extrinsic map v solving (3.2) with initial data u are given below.

Proposition 3.1. Assume that u 2 HQ.T / satisfies

k@xukL1t L
2
x
D �1 � 1; (3.3)

and let v.s; t; x/ be the solution of the heat flow (3.2) with initial data u.t; x/. Then v
satisfies

sup
s�0

.1C s22k/312kkPkvkL1t L
2
x
. 2��k
k.�/

for all � 2 Œ0; 99
100
� and k 2 Z. Moreover, for any � 2 Œ 99

100
; 5
4
� and k 2 Z, we have

sup
s�0

.1C s22k/302�kCkkPkvkL1t L
2
x
. 
k.�/C 
k.� � 3=8/
k.3=8/:

Remark 3.1. The power of 1C s22k in Proposition 3.1 can be chosen to be anyM 2 ZC
if we additionally assume that �1 is sufficiently small depending on M ; see Proposition
3.4 below.

3.2. Before iteration

Given an initial data v0 2 HQ with energy sufficiently small, by Lemma 2.2 the corres-
ponding heat flow is global with (2.9) holding. Combining this with the local Cauchy
theory in Sobolev spaces for heat flows yields the following lemma.

Lemma 3.1. Assume that v0 2 HQ has sufficiently small energy, and let v.s; x/ be the
solution of the heat flow (3.2) with initial data v0. Given an arbitrary L 2 ZC, there exist
constants CL; Cs > 0 such that for any s � 0 and 0 � j � L,

k@jC1x v.s/kHLx � CL.1C s/
�j=2; kv.s/ �QkL2x � Cs :

Proposition 3.2. Assume that u 2 HQ.T / satisfiesX
k2Z

22kkPkuk
2

L1t L
2
x
D �21 � 1; (3.4)
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and let v.s; t; x/ be the solution of the heat flow (3.2) with initial data u.t; x/. Then for
� 2 Œ0; 99

100
� and all k 2 Z, v satisfies

sup
s2Œ0;1/

.1C s22k/312kC�kkPkvkL1t L
2
x
. 
k.�/: (3.5)

Proof. Since v converges to a fixed point Q 2 N as s !1, we put

S lij .v/ WD S
l
ij .Q/C .S

l
ij .v/ � S

l
ij .Q//:

The ¹S lij .Q/º part is constant and makes an acceptable contribution to the final estimates
by [5, Lemma 8.3]. Moreover, by Lemma 2.2, for all nonnegative integersL the remaining
part satisfies

k@LC1x .S lij .v/ � S
l
ij .Q//kL1t L

2
x
.L s�L=2krukL1t L2x :

Thus for all j 2 ZC we have the bound

.1C 22ks/j k@x ŒPk.S
l
ij .v/ � S

l
ij .Q//�kL1t L

2
x
.j �1: (3.6)

Now, let us use [5, Lemma 8.3]’s arguments. Given � 2 Œ0; 99
100
�, define

B1;� .S/ WD sup
k2Z; s2Œ0;S/


�1k .�/.1C s22k/312�k2kkPkvkL1t L
2
x
:

By Lemma 3.1 and the fact ¹
k.�/º is a frequency envelope, B1;� .S/ is well-defined for
S � 0 and continuous in S with

lim
S!0

B1;� .S/ D 1:

Then by trilinear Littlewood–Paley decomposition (see (8.2) in Lemma 8.1), we have

2kkPkS
l
ij .f /@af

i@af
j
kL1t L

2
x
. 2k

X
k1�k

�k12
k1�k

C

X
k2�k

22k�2k2 C ak

�X
k1�k

2k1�k1

�2
C

X
k2�k

22k2�k2ak2�k2

X
k1�k2

2k1�k1 ;

where

ak WD
X

jk�k0j�20

NX
l;i;jD1

k@xPk0.S
l
ij .v//kL1t L

2
x
I

�k WD

NX
lD1

X
jk0�kj�20

2k
0

kPk0v
l
kL1t L

2
x
:

(3.7)

Then by definition of B1.S/ and slow variation of envelopes, for s 2 Œ0; S�; � 2 Œ0; 99
100
�,

we get
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2kkPkS
l
ij .f /@af

i@af
j
kL1t L

2
x

. B1;�B1;0.1Cs22k/�31
k
X
k1�k

2k1��k1Ck
k1.�/

CB1;�B1;0
X
k2�k

22k��k2.1Cs22k2/�62
k2
k2.�/

CB1;�B1;02
kak

�X
k1�k

2k1.1Cs22k1/�31
k1

��X
k1�k

2k1��k1.1Cs22k1
��31


k1.�//

CB1;�B1;0
X
k2�k

22k.1Cs22k2/�312��k2ak2
k2.�/
k2

. B1;�B1;0.1Cs22k/�6222k��k
k
k.�/

CB1;�B1;0
X
k2�k

22k��k2.1Cs22k2/�31
k2
k2.�/

CB1;�B1;0
X
k2�k

2��k222k.1Cs22k2/�31ak2
k2
k2.�/Cak2
��kB1;�B1;02

2k
k
k.�/:

(3.8)

By applying (3.6) to ¹akº, we further bound

RHS.3.8/ . 2��kB1;�B1;022k
X
k2�k

.1C s22k2/�31
k
k2.�/:

Therefore, for s � 0, we conclude that the LHS of (3.8) satisfies

2kkPkS
l
ij .v/@av

i@av
j
kL1t L

2
x
. 2��k22kB1;�B1;0

X
k2�k

.1C s22k2/�31
k2
k2.�/:

Hence by the Duhamel principle

.1C s22k/312kC�kkPkvkL1t L
2
x
. .1C s22k/31e�s22k2kC�kkPkukL1t L2x

C B1;�B1;0.1C s2
2k/31

Z s

0

e�.s��/2
2k

2kC�kkPkS
l
ij .v/@av

i@av
j
kL1t L

2
x
d�

and the inequalityZ s

0

e�.s��/�.1C ��1/
�31 d� . s.1C �s/�31.1C �1s/�1; (3.9)

we get

.1C s22k/312kC�kkPkvkL1t L
2
x

. 
k.�/C B1;�B1;0.S/22ks
X
k2�k


k2
k2.�/.1C 2
2k2s/�1

. 
k.�/C B1;� .S/B1;0.S/�1
k.�/:
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Then B1;0 . 1C �1B21;0. Since B1;0.0/ � 1 and �1 is sufficiently small, we have B1;0.S/
. 1 for all S � 0. Then usingB1;� . 1C �1B1;0B1;� andB1;� .0/� 1, we getB1;� .S/. 1
for any � 2 Œ0; 99

100
� and any S � 0 provided that �1 is sufficiently small. Thus (3.5) has

been proved.

Remark 3.2. The power of 1C s22k in Proposition 3.2 can be chosen to be anyM 2 ZC
if we additionally assume that �1 is sufficiently small depending onM ; see Proposition 3.4
below.

3.3. First time iteration

We state the first time iteration in the the following proposition.

Proposition 3.3. Assume that u 2HQ.T / satisfies (3.4), and let v.s; t; x/ be the solution
of the heat flow (3.2) with initial data u.t; x/. Then for � 2 . 99

100
; 5
4
� and any k 2 Z,

v satisfies

sup
s2Œ0;1/

.1C s22k/302kC�kkPkvkL1t L
2
x
. 
k.�/C 
k.� � 3=8/
k.3=8/: (3.10)

Proof. The key point is to improve the bounds of ¹akº defined by (3.7). For this, we use
dynamic separation again. One has

S lij .v/.s/ D S
l
ij .Q/ �

Z 1
s

.DS lij /.v/ � @sv ds
0: (3.11)

By Proposition 3.2, for � 2 Œ0; 99
100
� and any k 2 Z, we get

2kC�kkPk�vkL1t L
2
x
. .22ks C 1/�3122k
k.�/;

and repeating the proof of Proposition 3.2 givesX
aD1;2

2kC�kkS lij .@av
i ; @av

j /kL1t L
2
x
. 22k

X
k1�k

.22k1s C 1/�31
k1
k1.�/:

Thus, given s 2 Œ22k0�1; 22k0C1/, by the heat flow equation we get, for all k 2 Z and
� 2 Œ0; 99

100
�,

2kC�kkPk@svkL1t L
2
x
. .22ks C 1/�3122k
k.�/C

X
k1�k

.22ks C 1/�3122k
k1
k1.�/

. .22ks C 1/�3122k
k.�/C 1kCk0�0.2
2ks C 1/�3122k
k
k.�/

C 22k1kCk0�0
X

k�l��k0


l
l .�/: (3.12)

Recall the bound
2kkPk Œ.DS/.v/�kL1t L

2
x
. �1.22ks C 1/�j (3.13)
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for all j 2 ZC and k 2 Z. Then for s 2 Œ22k0�1; 22k0C1/, repeating bilinear arguments,
(3.11) shows that if k C k0 � 0 then

kPk ŒS
l
ij .v/.s/�kL1t L

2
x

.
Z 1
s

X
jk1�kj�4

kP�k�4.DS.v//kL1t;xkPk1@svkL1t L
2
x
ds0

C

Z 1
s

2k
X

jk1�k2j�8; k1;k2�k�4

kPk2.DS.v//kL1t L
2
x
kPk1@svkL1t L

2
x
ds0

C

Z 1
s

X
jk2�kj�4; k1�k�4

2k1kPk2.DS.v//kL1t L
2
x
kPk1@svkL1t L

2
x
ds0

. 2��k�k.22kC2k0 C 1/�3122kC2k0
k.�/
k (3.14)

provided � 2 Œ0; 99
100
�, where we applied (3.12) and (3.13) in the last line. Moreover, for

any � 2 Œ0; 99
100
�, k0 2 Z, and s 2 Œ22k0�1; 22k0C1/, in the case k C k0 � 0 one has

kPk ŒS
l
ij .v/.s/�kL1t L

2
x
.

X
k0�j��k

2��k2jC2ıjkCj j
k.�/
k . 2��k�k
k.�/
k : (3.15)

Thus (3.14) and (3.15) yield the following bounds for ¹akº:

2�kak . .1C 22ks/�30
k.�/
k (3.16)

provided that � 2 Œ0; 99
100
�. Now for a given � 2 . 99

100
; 5
4
� define

B2;� .S/ WD sup
k2Z; s2Œ0;S/

.

.1/

k
.�//�12�k.1C s22k/302kkPkvkL1t L

2
x
;

where



.1/

k
.�/ WD

´

k.�/; � 2

�
0; 99
100

�
;


k.�/C 
k.� � 3=8/
k.3=8/; � 2
�
99
100
; 5
4

�
:

Moreover, by Lemma 3.1 and the fact that ¹
 .1/
k
.�/º is a frequency envelope of order 2ı, it

is clear thatB2;� W Œ0;1/!RC is well-defined and continuous with limS!0B2;� .S/D 1.
Then by trilinear Littlewood–Paley decomposition (see (8.2)), the definition of B2;� and
slow variation of envelopes, for s 2 Œ0; S� and � 2 . 99

100
; 5
4
� we get

2kkPk ŒS
l
ij .v/@av

i@av
j �kL1t L

2
x

. B2;�B1;0.1C s22k/�302��k
 .1/k .�/
X
k1�k

2k1Ck
k1

C B2;�B1;0
X
k2�k

22k��k2.1C s22k2/�60
k2

.1/

k2
.�/

C B1;0B1;3=8ak

�X
k1�k

2k1.1Cs22k1/�30
k1

��X
k1�k

2k1�
3
8�k1.1Cs22k1/�30
k1.3=8/

�
C B2;�B1;0

X
k2�k

22k.1C s22k2/�302��k2ak2

.1/

k2
.�/
k2
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. B2;�B1;0
X
k2�k

22k��k2.1C s22k2/�30
k2

.1/

k2
.�/

C B2;�B1;0
X
k2�k

2��k222k.1C s22k2/�30ak2
k2

.1/

k2
.�/

C ak2
� 38�kB1;0B1;3=82

2k
k
k.3=8/: (3.17)

Then applying the trivial bound (3.6) to the RHS of (3.17) except the last term and apply-
ing (3.16) to ¹akº in the last term, for all � 2 . 99

100
; 5
4
� we get

2kC�kkPk ŒS
l
ij .v/@av

i@av
j �kL1t L

2
x
. B1;0B2;�22k

X
k2�k

.1C s22k2/�30
k2

.1/

k2
.�/

C B1;0B1;3=82
2k2��k.1C s22k/�30
k.� � 3=8/
k.3=8/
k1kCk0�0

C B1;0B1;3=82
2k2��k22ıjkCk0j
k.� � 3=8/
k.3=8/
k1kCk0�0

if s 2 Œ22k0�1; 22k0C1/. Then using the Duhamel principle, (3.9) and the inequality

.1C 22ks/30e�2
2ks

Z s

0

es
022k .s022k/�ı1s0�2�2k ds

0 . 2�2k ;

we obtain

2kC�k.1C 22ks/30kPkvkL1t L
2
x
. .1C �1B1;0B1;3=8 C �1B2;�B1;0/
 .1/k .�/:

Since B1;z� . 1 for z� 2 Œ0; 99
100
� has been proved in Proposition 3.2, we arrive at

B2;� . 1C �1B2;� ; 8� 2
�
99
100
; 5
4

�
;

which shows B2;� . 1, thus finishing the proof.

We define the frequency envelope 
 .j /
k
.�/, j D 0; 1, by



.0/

k
.�/ WD 
k.�/; 0 � � < 99

100
; (3.18)



.1/

k
.�/ WD

´


.0/
k
.�/; 0 � � � 99

100
;


k.�/C 

.0/
k
.� � 3=8/
k.3=8/;

99
100

< � � 5
4
;

(3.19)

and the frequency envelopes 
 .j /
k
.�/, j � 2, are defined by induction:



.j /

k
.�/ WD

´

k
.j�1/.�/; 0 � � � .j C 3/=4;


k.�/C 

.j�1/

k
.� � 3=8/
k.3=8/; .j C 3/=4 < � � .j C 4/=4:

(3.20)
For j 2 N define the sequence ¹
 .j /

k;s
.�/ºk2Z by



.j /

k;s
.�/ WD

8<: 2kCk0
 .j /k
.�/


.j /

�k0
.0/; k C k0 � 0;P�k0

lDk


.j /

l
.�/


.j /

l
.0/; k C k0 � 0;

(3.21)

for s 2 Œ22k0�1; 22k0C1/ and k; k0 2 Z.
We state the j -th time iteration in the following proposition.
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Proposition 3.4 (j -th iteration). Let j 2 N and M 2 ZC. Assume that u 2 HQ.T / sat-
isfies (3.4) with �1 sufficiently small depending on j CM . Let v.s; t; x/ be the solution
of the heat flow (3.2) with initial data u.t; x/. Then for � 2 Œ0; 1C j=4� and all s � 0,

sup
s2Œ0;1/

.1C s22k/M2kC�kkPkvkL1t L
2
x
. 
 .j /

k
.�/: (3.22)

Proof. Define intervals ¹Ilº1lD0 by

I0 WD
�
0; 99
100

�
; I1 D

�
99
100
; 5
4

�
; Il D

�
3Cl
4
; 4Cl
4

�
; l � 2:

Given K 2 ZC and � 2 Il , l 2 N, we denote

BlC1;�;K.S/ WD sup
s2Œ0;S/; k2Z

1



.l/

k
.�/

.1C s22k/K2kC�kkPkvkL1t L
2
x
;

and let
BlC1;K.S/ WD sup

�2
S
`�l I`

BlC1;�;K.S/:

(In this notation, Propositions 3.2 and 3.3 yield B2;30.S/ . 1.)
Moreover, the argument of Proposition 3.3 indeed shows:

(i) For all K0 � 2, j 2 N and 0 � a � j C 1,

2kkPk Œ.D
aS/.v/�kL1t L

2
x
. CK0;j �.1C 2

2ks/�K0�.jC1/:

(ii) For all K0 � 2 and j 2 N, if´
2kkPk Œ.D

jC1S/.v/�kL1t L
2
x
. �.1C 22ks/�K0�j�1;

2kkPkvkL1t L
2
x
. 2��k
 .0/

k
.�/.1C 22ks/�K0�j�1;

then
2kkPk Œ.D

jS/.v/�kL1t L
2
x
. 2��k
 .0/

k
.�/.1C 22ks/�K0�j ;

where the implicit constant in the conclusion is of the form C.1C C 21 C C
2
2 / if we

denote by C1; C2 the implicit constants in the conditions of (ii). Here, C is universal
and C1; C2 may depend on j;K0.

(iii) For all K0 � 2 and j 2 N, 0 � a � j C 1, if´
2kkPk Œ.D

aC1S/.v/�kL1t L
2
x
. 2��k
 .j�.aC1//

k
.�/.1C 22ks/�K0�.aC1/;

2kkPkvkL1t L
2
x
. 2��k
 .j�a/

k
.�/.1C 22ks/�K0�.aC1/;

then
2kkPk Œ.D

aS/.v/�kL1t L
2
x
. 2��k
 .j�a/

k
.�/.1C 22ks/�K0�a;

where the implicit constant in the conclusion is of the form C.1C C 21 C C
2
2 / if we

denote by C1;C2 the implicit constants in the conditions of (iii). Here, C is universal
and C1; C2 may depend on j;K0.
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(iv) For any K � 2; j � 1, 1 � a � j C 1 and � 2 Ia, if´
2kkPk ŒS.v/�kL1t L

2
x
� CK2

��k

.a�1/

k
.�/.1C 22ks/�K ;

2kkPkvkL1t L
2
x
� BaC1;�;K2

��k

.a/

k
.�/.1C 22ks/�K ;

then for all S 2 Œ0;1/,

BaC1;�;K.S/ � C�

�
1C �1Ba;KBaC1;�;K.S/C CK

aX
lD1

sup
S2Œ0;1/

B2l;KClC1.S/
�
;

where C� depends only on d and emerges from trilinear Littlewood–Paley decom-
position. Then our proposition follows by iteration. To be concrete, we make several
remarks. First, in order to get the M -power decay in (3.22), it suffices to set
K0DM C 4 and the top derivative order involved isDjC1S . Second, let us describe
the iteration in a clearer way: In the first step, one verifies

sup
S2Œ0;1/

B1;K0CjC1.S/ � CK0;j ; (3.23)

i.e. the second conditions in (ii). This was presented in Proposition 3.2. (We emphas-
ize that in this step, �1 shall be sufficiently small depending on K0 C j .) In the
second step, one verifies supS2Œ0;1/ B2;K0Cj .S/ � CK0;j , and in the a-th step one
verifies supS2Œ0;1/ Ba;K0CjC2�a.S/ � CK0;j . This is presented as (iii) and (iv).
Thus in the j -th step, we get (3.22).

3.4. Rough dynamical separation

Recall the notations  ˛i D h@iv; e˛i,  
x̨
i D h@iv; Je˛i, ˛ D 1; : : : ; n, i D 0; 1; 2; 3, and

�˛i D 
˛
i C
p
�1 x̨i . Here, i D 0 refers to the t variable and i D 3 refers to the s variable.

We aim to bound the connection coefficients in the localized frequency spaces. As a
preparation, we first derive a suitable form of the connection coefficients. By definitions,
we see

R.E�i ;E�s/ D R
�
.<�˛i /e˛ C .=�

˛
i /ex̨; .<�

˛
s /eˇ C .=�

˛
s /e x̌

�
D .�˛i ^ �

ˇ
s /R.e˛; e x̌/C .�

˛
i � �

ˇ
s /R.e˛; eˇ /;

where we denote z1 ^ z2D�=.z1z2/, z1 � z2D<z1<z2C=z1=z2 for complex numbers
z1; z2. Thus schematically under the frame E D ¹e˛; ex̨ºn˛D1 we can write´

ŒAi �



�
D
PR1

s
.�˛i ˘ �

ˇ
s /hR.e˛; eˇ; x̌/e
 ; e� i ds

0;

ŒAi �



�
D
PR1

s
.�˛i ˘ �

ˇ
s /hR.e˛; eˇ; x̌/e
 ; e� i ds

0;
(3.24)

where ˘ D “^” when eˇ; x̌ D e x̌, and ˘ D “�” when eˇ; x̌ D eˇ . For simplicity, with abuse
of notation we schematically write

Ai .s/ D
X

j0;j1;j2;j3

Z 1
s

.�i ˘ �s/hR.ej0 ; ej1/ej2 ; ej3i ds
0;

where ¹jcº3cD0 run in ¹1; : : : ;2nº, and i runs in ¹0;1;2º. Recall also that �s D
P2
lD1Dl�l .
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With abuse of notation, set

G .s/ WD hR.ej0 ; ej1/ej2 ; ej3i.s/ (3.25)

for any given j0; : : : ; j3 2 ¹1; 2; : : : ; 2nº. We expand G as

hR.ej0 ; ej1/ej2 ; ej3i.s/ D lim
s!1
hR.ej0 ; ej1/ej2 ; ej3i �

Z 1
s

@shR.ej0 ; ej1/ej2 ; ej3i ds
0

D �1 �

Z 1
s

 ls .
zrR/.el I ej0 ; : : : ; ej3/ ds

0;

where �1 denotes the limit part which is constant, and we have used the identityrsepD 0
for all p D 1; : : : ; 2n in the last line. Here, we view R as a type .0; 4/ tensor.

With the above notations, we write

Ai .s/ D
X

j0;j1;j2;j3

Z 1
s

.�i ˘ �s/G ds
0; (3.26)

and G is decomposed as

G D �1 �

Z 1
s

 ls .
zrR/.el I ej0 ; : : : ; ej3/ ds

0:

Of course, one can perform this separation for any time desired. Denote

G .j / WD .zrjR/.e; : : : ; e„ ƒ‚ …
j

I ej0 ; : : : ; ej3/; �1;.j / WD lim
s!1

G .j /.s/:

Then we can schematically write

G D �1 �

Z 1
s

 s.s1/ ds1

�
�1;.1/ �

Z 1
s1

 s.s2/ ds2 .�
1;.2/

C � � � /

�
:

For simplicity we also denote

zG WD G � �1; zG .j / WD G .j / � �1;.j /:

3.5. Intrinsic vs. extrinsic formulations in localized frequency pieces

Proposition 3.5. Let u 2 HQ.T / satisfy

k@xukL1t L
2
x
D �1 � 1: (3.27)

Here, we do not require u to solve SMF. Denote by v.s; t; x/ the solution to the heat
flow with data u.t; x/, and by ¹�iº the corresponding differential fields under the caloric
gauge. Assume that ¹�k.�/º is a frequency envelope of order ı such that for all i D 1; 2
and k 2 Z,

2�kkPk�i�sD0kL1t L2x � �k.�/: (3.28)
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Then


k.�/ . �k.�/; (3.29)

.1C s22k/302�kkPkAikL1t L
2
x
. �.0/

k;s
.�/; (3.30)

for any � 2 Œ0; 99
100
� and k 2 Z. Furthermore, assume that for � 2 Œ0; 5

4
�, ¹�k.�/º is a

frequency envelope of order 1
2
ı such that for all i D 1; 2 and k 2 Z, (3.28) holds. Then

for any � 2 Œ0; 5
4
� and k 2 Z,



.1/

k
.�/ . �.1/

k
.�/; (3.31)

.1C s22k/292�kkPkAikL1t L
2
x
. �.1/

k;s
.�/: (3.32)

Proof. Step 1.1: � 2 Œ0; 99
100
�. Let P W N ! RN be the isometric embedding. By defin-

ition, we see

@iv D

2nX
lD1

 ldP .el / D

2nX
lD1

 li �
1
l C

2nX
lD1

 li .dP .el / � �
1
l /; (3.33)

where ¹�1
l
º are the corresponding limits of dP .el / as s!1, which are constant vectors

belonging to RN . Denote

!k.s/ WD
X

jk�k0j�20

kPk0 i .s/kL1t L
2
x
; �k.s/ D

X
jk�k0j�20

2k
0

kPk0.dP .el /� �
1
l /kL1t L

2
x
:

(3.34)
Then we see by Lemma 2.2 that

k¹�kºk`2 . k@i .dP .el / � �
1
l /kL2x . k@ivkL2x C kAikL2x . �1:

Moreover, direct calculations give the inequality

k@Lx .dP .el / � �
1
l /kL1t L

2
x
.

X
0�p;q�L

X
A

j@˛1x �xj
l1 : : : j@

˛p
x �xj

lp j@ˇ1x Aj
n1 : : : j@

ˇq
x Aj

nq ;

(3.35)

where A is the set of nonnegative indices l1; : : : ; nq 2Z and .˛1; : : : ;ˇq/ 2Z2 � � � � �Z2

which satisfy

l1.j˛1j C 1/C � � � C lp.j p̨j C 1/C n1.jˇ1j C 1/C � � � C nq.jˇqj C 1/ D L:

Suppose l1 � 1. By Hölder and Lemma 2.2, we get

k@Lx .dP .el / � �
1
l /kL2x

. �1
X

s�˛1=2s�.l1�1/˛1C1=2s�l2.˛2C1/=2�����lp.˛pC1/=2s�.jˇ1jC1/n1=2�����.jˇq jC1/nq=2

. �1s�.L�1/=2:
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Suppose that n1 � 1. Then we also obtain the same bound as above. Thus we arrive at

k¹.1C s22k/M �k.s/ºk`2 .M �1 (3.36)

for M 2 ZC. Meanwhile, we see kdP .el / � �
1
l
kL1 . 1. Thus by [5, (8.4)], we obtain

2kkPk.@iv/kL1t L
2
x
. 2k!k C �k

X
k1�k

!k12
k1 C

X
k1�k

2�2jk1�kj!k12
k1�k1 : (3.37)

Since !k.0/ � 2��k�k.�/, by slow variation of envelopes one deduces

2kkPk.@iv/kL1t L
2
x
. 2k2��k�k.�/C �k

X
k1�k

2k1Cıjk�k1j2��k1�k1.�/

C

X
k1�k

2�2.k1�k/2ıjk1�kj2k1�k12
��k1�k1.�/

. 2k2��k�k.�/.1C �1/

for � 2 Œ0; 99
100
� and s D 0. Thus since ¹�k.�/º is an envelope, by the definition of ¹
k.�/º

we obtain

k.�/ . �k.�/: (3.38)

Hence, (3.29) has been proved for � 2 Œ0; 99
100
�.

Step 1.2: � 2 . 99
100
; 5
4
�. Recall P W N ,! RN is the given isometric embedding. Viewing

dP as a section of T �N ˝ TRN , the connection on N induces a covariant derivative D
on the bundle T �N ˝ TRN . We have the identity

dP .el / � �
1
l D �

Z 1
s

 js DdP .ej I el / ds
0: (3.39)

where we use the caloric condition rsel D 0 for all l D 1; : : : ; 2n. Similar to (3.36), direct
calculations give

kPk.DdP .ej I el //kL1t L
2
x
.M �12

�k.1C s22k/�M (3.40)

for any M 2 ZC and k 2 Z.
By (3.12), we have the bound for @sv:

2�kCkkPk.@sv/kL1t L
2
x
. 22k

h
.1C 22ks/�311kCk0�0
k.�/C

X
k�l��k0


l .�/
l

i
(3.41)

if s 2 Œ22k0�1; 22k0C1/ with k0 2 Z. And using the identity  ls D .dP el / � @sv, (3.36)
and (3.41) instead yield

kPk skL1t L
2
x
. 2k��k

�
1kCk0�0.1C s2

2k/�31
k.�/C 1kCk0�0
X

k�l��k0


l .�/
l

�
(3.42)

for all k 2 Z, � 2 Œ0; 99
100
�, s 2 Œ22k0�1; 22k0C1/ and k0 2 Z.
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Then applying bilinear Littlewood–Paley decomposition to (3.39), (3.42) and (3.40)
shows that for any � 2 Œ0; 99

100
�,

.1C s22k/302kkPk.dP .el / � �
1
l /kL1t L

2
x
. 2��k
k.�/ . 2��k�k.�/; (3.43)

where we have applied (3.38) in the last inequality. Then by (3.33), (3.43) and bilinear
Littlewood–Paley decomposition, when s D 0 one has

kPk@ivkL1t L
2
x
. kPk ikL1t L2xkP�k�4ŒdP .el / � �

1
l �kL1

C kPk ŒdP .el / � �
1
l �kL1t L

2
x

X
k1�k�4

2k1kPk1 ikL1t L
2
x

C 2k
X

jk1�k2j�8; k1;k2�k�4

kPk1 ikL1t L
2
x
kPk ŒdP .el / � �

1
l �kL1t L

2
x

. 2��k�k.�/C 2��k�k.3=8/�k.� � 3=8/: (3.44)

Thus (3.44) gives 
 .1/
k
.�/ . �.1/

k
.�/ for � 2 . 99

100
; 5
4
�. Combining Steps 1.1 and 1.2, we

have proved (3.31) and (3.29).

Step 2.1: Bounds of connections for � 2 Œ0; 99
100
�. Applying Proposition 3.1 gives

.1C 22ks/312�kCkkPkvkL1t L
2
x
. 
k.�/ (3.45)

for all � 2 Œ0; 99
100
� and s � 0. Then using the identity  li D .dP el / � @iv and the bounds

(3.36), (3.29), (3.45), we infer from bilinear Littlewood–Paley decomposition that

2�kkPk�ikL1t L
2
x
. .1C s22k/�31�k.�/

for all k 2Z and � 2 Œ0; 99
100
�. Then, by (3.41), applying bilinear Littlewood–Paley decom-

position again gives

kPk.�s ˘ �i /kL1t L
2
x
. 2��k.1C 22jC2k/�31

�
2�jCk��j�k.�/C 2

�2j��j��j .�/
�

(3.46)
for j C k � 0, s 2 Œ22j�1; 22jC1/ and � 2 Œ0; 99

100
�.

Recall that Section 3.4 shows Ai can be written in the form

Ai .s/ D

Z 1
s

.�s ˘ �i /G ds
0: (3.47)

Direct calculations and Lemma 2.2 imply that G modulo the constant part �1 satisfies

2kkPk zGkL1t L
2
x
.M1 .1C s2

2k/�M1�1 (3.48)

for all M1 2 ZC, k 2 Z and s � 0. Then applying bilinear Littlewood–Paley decomposi-
tion and (3.46) leads toZ 1

s

kPk..�i ˘ �s/G /kL1t L
2
x
ds0 . 2��k.1C s22k/�30�k.�/��j (3.49)
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for all j 2 Z, s 2 Œ22j�1; 22jC1/ and k C j � 0. Moreover, similarly one hasZ 1
s

kPk..�i ˘ �s/G /kL1t L
2
x
ds0 . 2��k

X
k�l��j

�l .�/�l

for any j 2 Z, s 2 Œ22j�1; 22jC1/ and k C j � 0.
Hence, (3.30) is proved.

Step 2.2: � 2 . 99
100
; 5
4
�. Recall that (3.29) and (3.31) have given


k.�/ . �k.�/; 

.1/

k
.�/ . �.1/

k
.�/:

Now, we are ready to estimate Ax for � 2 . 99
100
; 5
4
�. By the identity  li D .dP el / � @iv,

the bound (3.43) and

kPk@ivkL1t L
2
x
. 2��k.1C s22k/�30�.1/

k
.�/;

one obtains, by bilinear Littlewood–Paley decomposition,

kPk�ikL1t L
2
x
. 2��k.1C s22k/�30�.1/

k
.�/ (3.50)

for any � 2 . 99
100
; 5
4
�, k 2 Z and s � 0. For any � 2 . 99

100
; 5
4
�, the proof of Proposition 3.3

yields the bound

kPk@svkL1t L
2
x
. 2��kCk

h
1kCj�0.1C s2

2k/�30�
.1/

k
.�/C 1kCj�0

X
k�l��j

�
.1/

l
.�/�l

i
;

which combined with (3.43) gives

kPk�skL1t L
2
x
. 2��kCk

h
1kCj�0.1C s2

2k/�30�
.1/

k
.�/C 1kCj�0

X
k�l��j

�
.1/

l
.�/�l

i
(3.51)

for any k 2 Z, s 2 Œ22j�1; 22jC1/, j 2 Z and � 2 . 99
100
; 5
4
�.

In order to apply (3.47), we also need to improve the bound of zG stated in (3.48).
Recall the formula

G WD hR.ej0 ; ej1/.ej2/; ej3i D �
1
�

Z 1
s

 ps .
zrR/.epI ej0 ; : : : ; ej3/ ds

0:

By Lemma 2.2 and the direct calculations (see Step 1.1 for instance) we have the bounds:

2kkPk..zrR/.el I ej0 ; : : : ; ej3/ � �
1;.1/

l
/kL1t L

2
x
.M .1C s22k/�M (3.52)

for all M 2 ZC, k 2 Z. Hence by (3.42) and bilinear Littlewood–Paley decomposition,

2kkPk.G � �
1/kL1t L

2
x
. 2��k.1C s22k/�30
k.�/ (3.53)

for any k 2 Z and � 2 Œ0; 99
100
�.
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Then by (3.53), (3.51), (3.50), using trilinear Littlewood–Paley decomposition as in
Step 2.1 with additional modifications in the Low � High interaction of Pk..�s ˘ �i / zG /
(see Proposition 3.2 for instance), we conclude thatZ 1

s

kPk..�s ˘ �i /G /kL1t L
2
x
ds0 . 2��k.1C s22k/�29�.1/

k;s
.�/

for any k 2 Z and � 2 . 99
100
; 5
4
�. Thus, (3.32) is proved.

Lemma 3.2. Let j; M 2 ZC and u 2 HQ.T /, and let v.s; t; x/ be the solution of the
heat flow with data u.t; x/. Denote by ¹�iº the differential fields of v under the caloric
gauge. Assume that � 2 Œ0; 1C j=4�, and ¹�k.�/º are frequency envelopes of order 1

2j
ı

such that for all i D 1; 2 and k 2 Z,

2�kkPk�i�sD0kL1t L2x � �k.�/: (3.54)

Then, given j;M 2 ZC, there exists a sufficiently small constant �j depending only on
M; j such that if krukL1t L2x � �j , then



.j /

k
.�/ . �.j /

k
.�/ (3.55)

for � 2 Œ0; 1C j=4� and k 2 Z. Moreover, for l D 0; : : : ; j , we have

.1C s22k/MkPk�ikL1t L
2
x
. 2��k�.j /

k
.�/; i D 1; 2; � 2 Œ0; 1C j=4/;

(3.56)

.1C s22k/M2kkPk ŒedP �.l/kL1t L
2
x
. 2��k�.j�l/

k
.�/; � 2 Œ0; 1C .j � l/=4/; (3.57)

.1C s22k/M2kkPk zG
.l/
kL1t L

2
x
. 2��k�.j�l/

k
.�/; � 2 Œ0; 1C .j � l/=4/; (3.58)

.1C s22k/MkPkAikL1t L
2
x
. 2��k�.j /

k;s
.�/; � 2 Œ0; 1C j=4/; (3.59)

where we denote ŒdP �.l/D.DldP /.e; : : : ; e„ ƒ‚ …
l

Ie/, and ŒedP �.l/DŒdP �.l/�lims!1ŒdP �.l/.

Proof. The case � 2 Œ0; 5
4
� has been handled in Proposition 3.5. Let � 2 Œ1C j=4; 1C

.j C 1/=4�. The general case of (3.55) follows by iteration. The highest covariant derivat-
ive order of G and dP .e/ one needs for the j -th iteration is j C 1, and it suffices to take
the decay power M C 2C j , i.e.,

k@LC1x G .jC1/kL1t L
2
x
.L;j �s�L=2; 8L 2 Œ0;M C 2C j �;

k@LC1x ŒdP �.jC1/kL1t L
2
x
.L;j �s�L=2; 8L 2 Œ0;M C 2C j �;

where we denote

G .k/ WD .zrkR/.e; : : : ; e„ ƒ‚ …
k

I e; : : : ; e„ ƒ‚ …
4

/ and ŒdP �.k/ WD .DkdP /.e; : : : ; e„ ƒ‚ …
k

I e/:
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These decay estimates are easy to check by using Lemma 2.2. If these decay estimates
along the heat direction are verified, then (3.55) follows by repeating (j times) the argu-
ments of Step 2 in Proposition 3.5. Moreover, (3.56)–(3.59) follow along the same lines
by applying dynamical separation and j -fold iteration.

Similar to Proposition 3.5, one also has

Corollary 3.1. Let v0 2 HQ satisfy

k@xv0kL2x D �1 � 1:

� Let ¹dk.�/º with k 2 Z and � 2 Œ0; 5
4
� be frequency envelopes of order 1

2
ı satisfying

2�kCkkPkv0kL2x � dk.�/: (3.60)

Denote by v.s; x/ the solution to the heat flow with data v0, and denote by ¹�iº the
corresponding differential fields under the caloric gauge. Then

kPk�i�sD0kL2x � 2
��kd

.1/

k
.�/: (3.61)

� Let j 2 ZC. Assume that ¹dk.�/º with k 2 Z and � 2 Œ0; 1 C j=4� are frequency
envelopes of order 1

2j
ı. Then for �1 sufficiently small depending only on j , similar

results hold with d .1/
k
.�/ replaced by d .j /

k
.�/.

Proof. By (3.60), Propositions 3.2 and 3.3 show that for � 2 Œ0; 5
4
�,

.1C s22k/302kC�kkPkvkL2x . d
.1/

k
.�/: (3.62)

Let us first consider � 2 Œ0; 99
100
�. Recall

2kkPk.dP .el / � �
1
l /kL2x . �1.1C s2

2k/�29: (3.63)

Then by the identity  li D dP .el / � @iv, (3.62) and (3.63), from the bilinear Litttlewood–
Paley decomposition

kPk.dP .el / � @iv/kL2x . 2
��kdk.�/kP�k�4dP .el /kL1

C 2k
X

k1�k�4; jk1�k2j�8

2��k1dk1.�/kPk2dP .el /kL1t L
2
x

C

X
jk�k2j�4

kPk2.dP .el //kL2x

X
k1�k�4

2k1��k1dk1.�/

we deduce that for any � 2 Œ0; 99
100
� and k 2 Z,

kPk i�sD0kL2x . 2
��kdk.�/:

Using this bound and similar arguments to those before one can improve (3.63) to

2kkPk.dP .el / � �
1
l /kL2x . 2

��kdk.�/.1C s2
2k/�29; � 2

�
0; 99
100

�
;

giving (3.61). The second item of the corollary follows by similar arguments and Lem-
ma 3.2.
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Lemma 3.3. Let u 2 HQ.T / solve SMF , and let v.s; t; x/ be the solution of the heat
flow (3.2) with initial data u.t; x/. Then given L 2 ZC, L � 200, for any 0 � � � 2L,
there exist constants �L; CL; CL;T > 0 such that if k@xukL1t L2x � �L � 1, then for any
s � 0, i D 1; 2, � D 0; 1 and m D 0; 1; : : : ; L,

k@
�
t @
m
x .v �Q/kL1t H

L
x
� CL;T .s C 1/

�m=2; (3.64)

.2�k=21k�0 C 2
�k/kPk�ikL1t L

2
x
� C.ku �QkL1t H

3L
x
/.22ks C 1/�30; (3.65)

.2�k=21k�0 C 2
�k/kPkAikL1t L

2
x
� C.ku �QkL1t H

3L
x
/.22ks C 1/�28; (3.66)

2mkkPk@t�ikL1t L
2
x
� CL;T .2

2ks C 1/�25; (3.67)

2mkkPk@tAikL1t L
2
x
� CL:T .2

2ks C 1/�25: (3.68)

Proof. Fix arbitrary L 2 N, L � 200. Let �k.�/ be the frequency envelope

�k.�/ WD sup
k02Z

2
� 1

2j
ıjk�k0j

2�k
0

kPk0.u �Q/kL1t L
2
x

for � 2 Ij \ Œ0; 2L�, and define

zBj;�;K.S/ WD sup
k2Z;s2Œ0;S/

Œ�
.j /

k
.�/��1.1C s22k/K2�kkPkvkL1t L

2
x

for � 2 Ij \ Œ0; 2L�, j 2 N and K 2 ZC. By Lemma 3.1 and the fact that ¹�.j /
k
.�/º

are frequency envelopes, zBj;�;K.S/ is well-defined for S � 0 and continuous in S with
limS!0

zBj;�;K.S/ D 1. Then applying Propositions 3.2–3.4 and their proofs, we get
zBj;�;30.S/ . 1, that is,

kPkvkL1t L
2
x
. .1C s22k/�302��k�.j /

k
.�/

for � 2 Ij \ Œ0; 2L�.
Recall the definition of 
 .j /

k
.�/ in Section 3.3. Then Corollary 3.1 together with

Lemma 3.2 shows that for � 2 Œ0; 1C j=4�,

2�kkPk�ikL1t L
2
x
. 
 .j /.�/.22ks C 1/�30;

2�kkPkAikL1t L
2
x
. 
 .j /

k;s
.�/.22ks C 1/�28;

which verifies half of (3.65)–(3.66).
Moreover, by Lemma 3.2 one has

2�kkPk ŒdP .e/�kL1t L
2
x
. 2�k.1C s22k/�30 (3.69)

for � 2 Œ0; 2L�. Let us check the left half of (3.65)–(3.66). Recall the bounds

kPkvkL2x . 2
��k�

.0/

k
.�/.1C s22k/�30

for � 2 Œ0; 99
100
�. Then (3.69) and bilinear Littlewood–Paley decomposition show that
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kPk.�i /kL1t L
2
x
�

2nX
l

kPk.dP .el / � @iv/kL1t L
2
x

. 2k�.0/
k
.0/.1C s22k/�30.1C kP�k�4dP .el /kL1/

C 2k
X

k1�k�4; jk1�k2j�8

2k1=2�
.0/

k1
.1=2/kPk2dP .el /kL1t L

2
x

C

X
jk�k2j�4

kPk2.dP .el //kL2x

X
k1�k�4

22k1�
.0/

k1
.0/

. C.ku �QkL1t H1x /2
k=2.1C s22k/�30

for any i D 1; 2 and k � 0. Similar arguments give

kPk.Ai /kL1t L
2
x
. C.ku �QkL1t H1x /2

k=2.1C s22k/�28 (3.70)

for any i D 1; 2 and k � 0. Hence, (3.65) and (3.65) have been proved.
Since @tv D J.v/.

P
iD1;2Di�/ at s D 0, we observe from u 2 HQ.T / that

k@tv�sD0kL1t H lx � Cl;T ; 8l 2 N:

Thus using the smoothing estimates of heat semigroups and applying @t to (3.2), one
obtains (3.64). From (3.64), (3.63), (3.69) and the identity

@lx 
a
t D

lX
l1D0

@l1x .dP .ea// � @
l�l1
x .@tv/

we get
2mkkPk�tkL1t L

2
x
. .1C s22k/�28; 80 � m � L;

which further gives bounds of kPkAtkL1t L2x . Then applying similar bounds ofAi�i ;At�i
and the identity @t�i D �At�i CDi�t , we obtain (3.67). For (3.68), we use �s D Di�i
and

j@lx@tAi j �

lX
l1D0

Z 1
s

jDl�l1
x Dt�i j jD

l1
x �sj ds

0
C

Z 1
s

jDl�l1
x �i j jD

l1
x Dt�sj ds

0:

3.6. Additional decay estimates for dynamical caloric gauge

Proposition 3.6. Let u 2 HQ.T / be a solution of SMF. Denote by v.s; t; x/ the solution
to the heat flow with data u.t; x/, and denote by ¹�iº2iD0 the corresponding differential
fields under the caloric gauge. Assume that ¹ˇk.�/º is a frequency envelope of order ı
such that for all i D 1; 2 and k 2 Z,

2�kkPk�i�sD0kL1t L2x\L4t;x � ˇk.�/: (3.71)

� There exists a sufficiently small constant � > 0 such that ifX
k2Z

jˇk.0/j
2 < �; (3.72)
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then for any l 2 N,

kPk zG
.l/
kL4\L1t L

2
x
.l 2��k�kˇk.�/.1C s22k/�30; (3.73)

kPk�skL4\L1t L
2
x
. 2��kCk

h
1kCj�0.1Cs2

2k/�30ˇk.�/C1kCj�0
X

k�l��j

ˇl .�/ˇl

i
;

(3.74)

.1C s22k/292�kCkkPk.dP .e//kL4 . ˇk.�/; (3.75)

for any � 2 Œ0; 99
100
�, s 2 Œ22j�1; 22jC1/ and j; k 2 Z. Furthermore, assume that for

� 2 Œ0; 5
4
�, ¹ˇk.�/º is a frequency envelope of order 1

2
ı such that for all i D 1; 2 and

k 2 Z, (3.71) and (3.72) hold. Then for any � 2 Œ0; 5
4
� and k 2 Z,

.1C s22k/272�kkPkAikL1t L
2
x
. ˇ.1/

k;s
.�/: (3.76)

� If ¹ˇk.�/º is a frequency envelope of order 1

2j
ı, then similar results hold for � 2

Œ0; 1 C j=4� and � sufficiently small depending only on j 2 ZC .see Prop. 1:4 for
instance/.

Proof. By Proposition 3.5 and its proof, we have

.1C s22k/312�k2kkPkvkL1t L
2
x
. ˇk.�/; (3.77)

.1C s22k/302�k2kkPkS.v/kL1t L
2
x
. ˇk.�/; (3.78)

kPk�skL1t L
2
x
. 2��kCk

h
1kCj�0.1C s2

2k/�30ˇk.�/C 1kCj�0
X

k�l��j

ˇl .�/ˇl

i
;

(3.79)

.1C s22k/302kkPk.dP .el / � �
1
l /kL2x . 2

��kˇk.�/; (3.80)X
iD1;2

.1C s22k/292�kkPkAikL1t L
2
x
. ˇ.0/

k;s
.�/; (3.81)

for any � 2 Œ0; 99
100
�, j; k 2 Z and s 2 Œ22j�1; 22jC1/ if ¹ˇk.�/º is a frequency envelope

of order ı. And Proposition 3.5 and its proof give similar results for � 2 Œ0; 5
4
� if ¹ˇk.�/º

is a frequency envelope of order 1
2
ı.

Step 1. When s D 0, using @iv D
P
l P .el / 

l
i , from the bilinear Littlewood–Paley

decomposition

kPk.fg/kL4 .
X

jk�k2j�4

kP�k�4f kL1t;xkPk2gkL4

C 2k
X

k1;k2�k�4; jk1�k2j�8

kPk1f kL1t L
2
x
kPk2gkL4

C

X
k2�k�4; jk1�kj�4

2k1=2kPk1f kL1t L
2
x
2
1
2k2kPk2gkL4 (3.82)
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and (3.71), (3.80) we get
kPk.@iv/kL4 . 2��kˇk.�/ (3.83)

for s D 0 and any � 2 Œ0; 99
100
� and k 2 Z. Then we turn to the heat flow equation (1.13)

to obtain
.1C s22k/30kPk.@iv/kL4 . 2��kˇk.�/ (3.84)

for any s � 0, � 2 Œ0; 99
100
� and k 2 Z. In fact, set

Z1.S/ WD sup
s2Œ0;S/; k2Z

1

ˇk.�/
2�k.1C s22k/30kPk.@iv/kL4 :

Then Z1.S/ is well-defined, continuous and tends to 1 as S ! 0 by (3.83). Using the
trilinear Littlewood–Paley decomposition

2kkPkS.v/.@xv; @xv/kL4t;x
. 2k žk

X
k1�k

ž
k12

k1 C

X
k2�k

2�2jk�k2j22k2 ž2k2

C 2k=2 z̨k

�X
k1�k

2k1 žk1

�2
C

X
k2�k

22k�k2 z̨k2
ž
k2

X
k1�k2

2k1 žk1 ; (3.85)

where we denote

ž
k WD

X
jk0�kj�30

2k
0

kPk0vkL1t L
2
x\L

4
t;x
; z̨k WD

X
jk0�kj�30

2k
0

kPk0.S.v//kL1t L
2
x
;

and using similar arguments to those for Proposition 3.2, we deduce from (3.77) and
(3.78) that

Z1.S/ . 1C �Z21.S/

for any S � 0. Then Z1.S/ . 1 since limS!0Z1.S/ D 1. Thus (3.84) follows.

Step 2. With (3.84) in hand, using the heat flow equation one obtains bounds for
kPk@svkL4 . Then the bound of kPk�skL4 follows by the bilinear Littlewood–Paley
decomposition (3.82) and (3.80). By performing dynamical separation for dP .e/, we
get bounds of kPk.dP .e//kL4 from kPk�skL4 and kPk.DdP .eI e//kL1t L

2
x

. Then one
obtains bounds of kPk.G /kL4 , kPk�ikL4 for all s � 0, which further yields bounds of
kAikL4 for any s � 0. See Proposition 3.5 for the details.

Outline of proof before iteration

One of the ingredients of the proof before iteration is the framework of [5]. The other main
ingredient is the decomposition of curvatures mentioned in Step 2 of Section 1.4. And at
the technical level we need a bootstrap assumption on kPk zG .1/kL4xL1t .T / and some ideas
to improve this bound; see Steps 4.1 and 4.2 of Section 1.4 for instance.

We outline the framework of [5] for the reader’s convenience. Since the gauged equa-
tion is now not self-contained due to the curvature terms, several key new ideas as men-
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tioned above will be used. But to give the reader a whole picture, we just sketch the
framework of [5] rather than presenting all technically complex issues.

The proof is a bootstrap argument. Let � 2 Œ0; 99
100
/ be given. Given L 2 ZC and

Q 2 N , let T 2 .0; 22L�. Assume that ¹ckº is an �0-frequency envelope of order ı and
¹ck.�/º is another frequency envelope of order ı. Let u0 be the initial data of SMF which
satisfies

kPkru0kL2x � ck.z�/2
�z�k ; z� 2

�
0; 99
100

�
: (3.86)

Denote by u the solution to SMF with initial data u0. Assume that u satisfies

Bootstrap I. kPkrukL1t L2x � �
�1=2
0 ck .

Denote by v.s; t; x/ the solution of the heat flow with initial data u.t; x/, and Ai ;
At ; As the corresponding connection coefficients. And denote the heat tension field by �s
and the differential fields by ¹�iº, �t respectively. Suppose that ¹�iº2iD1 satisfy the fol-
lowing condition at s D 0:

Bootstrap II. kPk�i�sD0kGk.T / � �
�1=2
0 ck .

In Step 1, by studying the heat equations (1.15), (1.16), we prove that Bootstraps I–II
in fact give parabolic estimates for Ai ; At and �i;t along the heat flow direction:

kPk�i .s/kFk.T / � ck.�/2
��k.1C s22k/�4; � 2

�
0; 99
100

�
;

kPk�t .s/kL4t;x
� ck.�/2

��kCk.1C s22k/�2; � 2
�
0; 99
100

�
;

kPkAi�sD0kL4t;x � ck.�/2
��k ; � 2

�
0; 99
100

�
;

kPkAt�sD0kL2t;x . �0:

In Step 2, by studying the Schrödinger equations (1.17), we prove that Bootstraps I–II
indeed yield improved estimates for �i along the Schrödinger flow direction:

kPk�i�sD0kGk.T / . ck.�/2
��k ; � 2

�
0; 99
100

�
:

In Step 3, we prove
kPk�i�sD0kGk.T / . ck (3.87)

with Bootstraps I–II dropped.

4. Evolution of SMF solutions along the heat direction

4.1. Parabolic estimates for differential fields

The main result of this section is the following.

Proposition 4.1. Let ¹bkº be an "-frequency envelope. Assume that for i D 1; 2,

kPk�i�sD0kFk.T / � bk.�/2
��k ; � 2

�
0; 99
100

�
; (4.1)

kPk�t�sD0kL4t;x . bk.�/2
�.��1/k ; � 2

�
0; 99
100

�
; (4.2)
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and
kPk�i .s/kFk.T / � "

�1=2bk.1C s2
2k/�4: (4.3)

Then if " > 0 is sufficiently small, for � 2 Œ0; 99
100
� one has

kPk�i .s/kFk.T / . bk.�/2
��k.1C s22k/�4; (4.4)

kPkAi�sD0kL4t;x . bk.�/2
��k ; i D 1; 2; (4.5)

kPk�t .s/kL4t;x
. bk.�/2�.��1/k.1C 22ks/�2;

kPkAt�sD0kL2t;x . "bk.�/2
��k if � 2

�
1
100
; 99
100

�
; (4.6)

kPkAt�sD0kL2t;x . "
2:

Remark. Assumption (4.3) can be dropped. It suffices to apply Sobolev embeddings,
Lemma 3.3 and [5, p. 1463]’s argument.

4.2. Proof of Proposition 4.1

Now we turn to prove the parabolic estimates in Proposition 4.1.
Denote

h.k/ WD sup
s�0

.1C s22k/4
2X
iD1

kPk�i .s/kFk.T /: (4.7)

Define the corresponding envelope by

hk.�/ WD sup
k02Z

2�k
0

2�ıjk
0�kjh.k0/: (4.8)

Assume that

2k=2kPk. zG
.1//kL4xL1t .T /

� "�1=4hk Œ.1C 2
2ks/�201jCk�0 C 1jCk�02

ıjkCj j� (4.9)

for any s 2 Œ22j�1; 22jC1/ and k; j 2 Z.

Lemma 4.1. Under the assumptions of Proposition 4.1 and (4.9), for any k 2 Z, s � 0
and i D 1; 2, we have

kPk.Ai .s//kFk.T /\S
1=2

k
.T /
. 2��k.1C s22k/�4hk;s.�/; (4.10)

where the sequences ¹hk;sº with 22k0�1 � s < 22k0C1 and k0 2 Z are defined by

hk;s.�/ WD

8̂̂<̂
:̂
2kCk0h�k0hk.�/ if k C k0 � 0;
�k0X
lDk

hlhl .�/ if k C k0 � 0:
(4.11)

Proof. By assumption (4.3) of Proposition 4.1 and noticing ¹bkº is an "-envelope, we
have

k¹hkºk
2
`2
� ": (4.12)
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In order to prove (4.10), let B1 denote the smallest number in Œ1;1/ such that for all
� 2 Œ0; 99

100
�, s � 0, k 2 Z and i D 1; 2,

kPk.Ai .s//kFk.T /\S
1=2

k
.T /
� B12

��k.1C s22k/�4hk;s.�/: (4.13)

Step 1. Recall that Section 3.4 shows Ai is schematically written as

Ai .s/ D
X

j0;j1;j2;j3

Z 1
s

.�i ˘ �s/hR.ej0 ; ej1/.ej2/; ej3i ds
0; (4.14)

where ¹jcº3cD0 run in ¹1; : : : ; 2nº, and i runs in ¹1; 2º. Recall also that �s D
P2
lD1Dl�l .

Applying Pk to (4.14) we have

kPk.Ai .s//kFk.T /\S
1=2

k
.T /
�X

jk1�k2j�8; k1;k2�k�4

Z 1
s

kPk ŒPk1.�i ˘ �s/Pk2hR.ej0 ; ej1/ej2 ; ej3i�kFk.T /\S1=2k
.T /
ds0

C

X
jk1�kj�4

Z 1
s

kPk ŒPk1.�i ˘ �s/P�k�4hR.ej0 ; ej1/ej2 ; ej3i�kFk.T /\S1=2k
.T /
ds0

C

X
jk2�kj�4; k1�k�4

Z 1
s

kPk ŒPk1.�i ˘ �s/Pk2hR.ej0 ; ej1/ej2 ; ej3i�kFk.T /\S1=2k
.T /
ds0:

(4.15)

The above three subcases according to their order are usually called (a) High � High
! Low, (b) High � Low! High, (c) Low � High! High.

Case (b): High � Low! High. In [5, Lemma 5.2, p. 1470], the authors have proved

2X
iD1

Z 1
s

kPk.�i ˘ �s/kFk.T /\S
1=2

k
.T /
ds0 . "B12��k.1C s22k/�4hk;s.�/; (4.16)

with slightly different notations. Thus in case (b), by (8.5) and applying the trivial bound

khR.ej0 ; ej1/ej2 ; ej3ikL1t;s;x . K.N / (4.17)

to the P�k�4 part and (4.16) to the Pk1 part, we obtainX
jk1�kj�4

Z 1
s

kPk.Pk1.�i ˘ �s/P�k�4hR.ej0 ; ej1/ej2 ; ej3i/kFk.T /\S1=2k
.T /

. "B12��k.1C s22k/�4hk;s.�/: (4.18)

Step 2. Refined dynamic separation. For the Low � High and High � High part, we
need to further decompose the curvature term. The dynamic separation performed in Sec-
tion 3.4 also needs to be refined. Recall the notation

G .s/ D hR.ej0 ; ej1/ej2 ; ej3i.s/;
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for any given j0; : : : ; j3 2 ¹1; : : : ; 2nº, and the decomposition of G in Section 3.4. Thus
using  s D

P
iD1;2.@i C Ai / i , after the second time-dynamic separation, G can be

decomposed into

G .s/ D hR.ej0 ; ej1/ej2 ; ej3i.s/

D �1 � �
1;.1/

l

Z 1
s

 ls .zs/ dzs

�

Z 1
s

 ls .zs/

�Z 1
zs

 ps .s
0/.zr2R/.el ; epI ej0 ; : : : ; ej3/ ds

0

�
dzs

D �1 CU00 CU01 CUI CUII ; (4.19)

where

U00 WD � �
1;.1/

l

Z 1
s

2X
iD1

.@i i / ds
0

U01 WD �

Z 1
s

2X
iD1

.@i i /
l
�
.zrR/.el I ej0 ; : : : ; ej3/ � �

1;.1/

l

�
ds0

UI WD � �
1;.1/

l

Z 1
s

2X
iD1

.Ai i /
l ds0

UII WD �

Z 1
s

2X
iD1

.Ai i /
l .zs/

�Z 1
zs

 ps .s
0/.zr2R/.el ; epI ej0 ; : : : ; ej3/ ds

0

�
dzs

D �

Z 1
s

2X
iD1

.Ai i /
l .zs/

�
.zrR/.el I ej0 ; : : : ; ej3/ � �

1;.1/

l

�
dzs:

It is easy to prove that



Z 1
22k0�1

2X
iD1

.@i i / ds
0






Fk.T /

. 2��khk.�/.1k0Ck�02
�k
C 1k0Ck�02

2k0Ck/.1C 22k0C2k/�4: (4.20)

And recall that [5, Lemma 5.2] shows that for s 2 Œ22j�1; 22jC2/,

kPk.�i ˘ �s/.s/kFk.T /\S
1=2

k
.T /

.

´
2��k.1C 22ks/�4

�
zhk;s.�/C B1"2

�2jhk;s.�/
�

if k C j � 0;

2��k
�
zhk;s.�/C B1"2

�2jh�jh�j .�/
�

if k C j � 0;
(4.21)

where
zhk;s.�/ WD 2

�jh�j .2
khk.�/C 2

�jh�j .�//:
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Then repeating the bilinear estimates of [5, Lemma 5.1], we haveZ 1
s

kPk.U00.�s ˘ �i //kFk.T /\S
1=2

k
.T /
ds0 . .1C "B1/2��khk;s.�/.1C 22k0C2k/�4:

(4.22)
The �1 partZ 1
s

kPk.�
1.�s ˘ �i //kFk.T /\S

1=2

k
.T /
ds0 . .1C "B1/2��khk;s.�/.1C 22k0C2k/�4

follows by directly applying [5, Lemma 5.2], since �1 is just a constant.
Recall the notation zG .1/ D .zrR/.eI ej0 ; ej1 ; ej2 ; ej3/ � �1;.1/. For U01, applying

(3.73) which says

2kkPk zG
.1/
kL1t L

2
x
. 2��khk.�/.1C 22ks/�30; (4.23)

and (4.9) which says, for s 2 Œ22j�1; 22jC1/,

2k=2kPk zG
.1/
kL4xL

1
t
. 2��khk.�/Œ.1C 22ks/�201jCk�0 C 2ıjjCkj1kCj�0�; (4.24)

we find by Lemma 4.2 that

kPk..@i i / zG
.1//kFk.T /

.
X

jk1�kj�4

kPk1@i�ikFk1 .T /
kP�k�4 zG

.1/
kL1

C

X
jk2�kj�4; k1�k�4

2k1=2kPk1@i�ikFk1 .T /
kPk2

zG .1/kL4xL1t

C

X
jk2�kj�4; k1�k�4

2k1kPk1@i�ikFk1 .T /
kPk2

zG .1/kL4

C

X
jk2�k1j�8; k1;k2�k�4

kPk1@i�ikFk1 .T /
.kPk2

zG .1/kL1 C 2
k1=2kPk2

zG .1/kL4xL1t
/:

Thus by the slow variation of envelopes we further have

kPk..@i i / zG
.1//kFk.T / . 2

��khk.�/
�
1kCj�02

k.1C 22kC2j /�4 C 1kCj�02
�j 2ıjjCkj

�
for s 2 Œ22j�1; 22jC1/ and k; j 2 Z. Notice that the large constant "�1=4 is absorbed
by k¹hkºk`1 . "1=2. Also notice that in the Low � High interaction of .@i i / zG .1/ it
is possible to deduce 2��k for � 2 Œ0; 99

100
� from @i i due to the fact that the seriesP

k1�k�4
22k��khk.�/ is summable for � < 2. Thus for s 2 Œ22k0�1; 22k0C1/, summing

the above formula over j � k0 yieldsZ 1
s

kPk..@i i / zG
.1//kFk.T / ds

0

. 2��khk.�/
�
1kCk0�02

kC2k0.1C 22kC2k0/�4 C 1kCk0�02
�k
�
;
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which is the same as (4.20). Thus (4.21) and bilinear estimates giveZ 1
s

kPk.U01.�s ˘ �i //kFk.T /\S
1=2

k
.T /
ds0 . .1C "B1/2��khk;s.�/.1C 22k0C2k/�4:

Therefore, it remains to estimate UI and UII .

Step 3. Proof of our lemma with a bootstrap condition. We first prove our lemma with
an additional bootstrap condition. In the final step we will drop the bootstrap condition
and finish the whole proof.

Bootstrap Assumption A. Assume that for all k; j 2 Z and s 2 Œ22j�1; 22jC1/,

kPkUIkFk.T /\S
1=2

k
.T /
� "�1=2.1C 2kCj /�7Tk;jhkc

�
0 ; (4.25)

kPkUIIkFk.T / � "
�1=2.1C 2kCj /�7Tk;jhkc

�
0 ; (4.26)

where c�0 WD k¹hkºk`2 and we denote

Tk;j D 1kCj�02
�k
C 1kCj�02

j : (4.27)

Our aim for this step is to prove that B1 defined by (4.15) satisfies

B1 . 1C "B1;

assuming Bootstrap Assumption A.
For s 2 Œ22j�1; 22jC1/ and j 2 Z, (4.25) and (4.26) show U WD UI CUII satisfies

2k.1C 2kCj /6kPkUkFk.T / . 1: (4.28)

Case (a): High � High! Low. The bound (4.28) suffices to control the High � High
interaction. For k C k0 � 0, applying the bounds (4.28), (4.21) and (8.4) of Lemma 8.2
with ! D 1=2, one finds that in the High � High case,

X
j�k0

Z 22jC1

22j�1

X
jk1�k2j�8; k1;k2�k�4

kPk.Pk1.�i ˘ �s/Pk2U/kFk.T /\S
1=2

k
.T /
ds0

. 2��k
X
j�k0

X
k1�k�4

2
k�k1
2 .1C 22k1C2j /�6h�j

�
2k1Cjhk1.�/C h�j .�/

�
C 2��k

X
j�k0

X
k1�k�4

2
k�k1
2 B1".1C 2

2k1C2j /�6hk1;22j .�/; (4.29)

which by slow variation of envelopes is further bounded by

2��k
X
j�k0

X
k1�k�4

2
k�k1
2 .1C 2k1Cj /�102ıjj�k0jh�k0hk.�/.2

k1CjCıjk1�kj C 2ıjkCj j/

C 2��k
X
j�k0

X
k1�k�4

2
k�k1
2 B1".1C 2

k1Cj /�102ıjj�k0j2ıjk1�kjh�k0hk.�/:
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Since k1 C j & k C j � k C k0 � 0, it is easy to see the above formula is acceptable
becauseX

j�k0

2��k.1C "B1/h�k0hk.�/2
ıjj�k0j2ıjkCj j.1C 2kCj /�8

. .1C "B1/2��kh�k0hk.�/2
k0Ck.1C 2kCk0/�8:

Therefore, the k C k0 � 0 case for the High � High interaction has been settled.
Assume k C k0 � 0. Applying the bounds (4.21), (4.28) with � D 0 and (8.4) with

! D 1
2

, for j C k � 0, by slow variation of envelopes we have

X
k0�j��k

Z 22jC1

22j�1

X
jk1�k2j�8; k1;k2�k�4

kPk.Pk1.�i ˘ �s/Pk2U/kFk.T /\S
1=2

k
.T /
ds0

.
X

k0�j��k

X
k1�k�4

2
k�k1
2 2��k1.1C 22k1C2j /�6h�j .2

k1Cjhk1.�/C h�j .�//

C B1"2
��k

X
k0�j��k

� X
k�4�k1��j

2
k�k1
2 h�jh�j .�/

C

X
k1��j

2
k�k1
2 .1C 22jC2k1/�4hk1;22j .�/

�
.

X
k0�j��k

2��k.1C "B1/h�jh�j .�/:

Therefore, for k0 C k � 0, the High � High part is bounded by

X
j�k0

Z 2jC1

2j�1

X
jk1�k2j�8; k1;k2�k�4

kPk.Pk1.�i ˘ �s/Pk2U/kFk.T /\S
1=2

k
.T /
d�

.
X

k0�j��k

C.1C 2kCj /�122��kh�jh�j .�/2
.1˙ı/.kCj /

C

X
j��k

.: : : /

. .1C B1"/
X

k0�j��k

2��kh�jh�j .�/C .1C B1"/2
��khkhk.�/

.
X

k0�j��k

.1C B1"/2
��kh�jh�j .�/: (4.30)

where the
P
j��k.: : : / part in (4.30) is bounded by .1C B1"/2��khkhk.�/ by directly

using results of the k C k0 � 0 case. Therefore, we conclude that

X
j�k0

Z 2jC1

2j�1

X
jk1�k2j�8; k1;k2�k�4

kPk.Pk1.�i ˘ �s/Pk2U/kFk.T /\S
1=2

k
.T /
d�

. .1C "B1/2��k.1C 2jCk/�8hk;s.�/:
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Case (c): Low � High! High. In case (c), we assume jk � k2j � 4 and k � k1 C 4,
i.e. Low � High! High. We apply the bound

kPk.fk1gk2/kFk\S
1=2

k

. 2k1kPk1f kFk1\S1=2k1

kPk2gkFk2 .T /

provided that jk � k2j � 20. To avoid a long formula, we recall the notation

Tk;j D 1kCj�02
j
C 1kCj�02

�k :

Thus by (4.21), (4.25) and (4.26), for j � k0 and � 2 Œ0; 99
100
�, we find that the Low �

High! High part is bounded by

X
j�k0

Z 22jC1

22j�1

X
jk2�kj�4; k1�k�4

kPk.Pk1.�s ˘ �i /Pk2U/kFk.T /\S
1=2

k
.T /

.
X
j�k0

X
jk�k2j�4

X
k1�k�4

Z 22jC1

22j�1
2k1kPk1.�s˘�i /kFk1\S

1=2

k1
.T /
kPk2.U/kFk2 .T /

.
X
j�k0

hkTk;j .1C2
jCk/�7

X
k1�k

2k1��k1h�j .2
k1Cjhk1.�/Ch�j .�//.1C2

k1Cj /
�7

C

X
j�k0

hkTk;j .1C2
jCk/�7B1"1kCj�0

X
k1��j

2k1��k1h�jh�j .�/

C

X
j�k0

hkTk;j .1C2
jCk/�7B1"1kCj�0

X
�j�k1�k

2k1��k12k1Cjh�jhk1.�/.1C2
k1Cj /

�7

C

X
j�k0

hkTk;j .1C2
jCk/�7B1"1kCj�0

X
k1�k

2k1��k1h�jh�j .�/:

Therefore, for k C k0 � 0 we conclude that

X
j�k0

Z 22jC1

22j�1

X
jk2�kj�4; k1�k�4

kPk.Pk1.�s ˘ �i /Pk2U/kFk.T /\S
1=2

k
.T /

. 2��k
X
j�k0

.1C B1"/.1C 2
kCj /�72ıjj�k0jh�k0hk.�/

. 2��k.1C B1"/.1C 22kC2j /�4hk;22k0 .�/;

and for k C k0 � 0, we also have

X
j�k0

X
jk2�kj�8; k1�k

Z 22jC1

22j�1
kPk.Pk1.�s ˘ �i /Pk2U/kFk.T /\S

1=2

k
.T /

. 2��k.1C B1"1=2/.1C 22kC2j /�4hk;22k0 .�/:

Thus the Low � High part has been handled for U as well.
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Therefore, combining the three cases, we summarize

kPk.Ai .s//kFk\S
1=2

k

. ."1=2B1 C 1/2��k.1C 2kCk0/�8hk;22k0 .�/: (4.31)

This shows
B1 . "1=2B1 C 1: (4.32)

Hence B1 . 1. So, we have obtained our lemma for � 2 Œ0; 99
100
� assuming Bootstrap

Assumption A.

Step 4. In this step, we prove that our lemma remains valid if we drop the Bootstrap
Assumption A in (4.25) and (4.26). First, we prove a claim.

Claim A. If (4.25)–(4.26) hold, then for all k; j 2Z, � 2 Œ0; 99
100
� and s 2 Œ22j�1; 22jC1/,

kPkUIkFk2 .T /\S
1=2

k
.T /
� c�02

��k.1C 2kCj /�7Tk;jhk.�/; (4.33)

kPkUIIkFk2 .T /
� c�02

��k.1C 2kCj /�7Tk;jhk.�/: (4.34)

Recall the definition of UI :

UI D ��
1;.1/

l

Z 1
s

X
iD1;2

.Ai i /
l .s0/ ds0:

For UII , it is better to use

UII D �

Z 1
s

X
iD1;2

.Ai i /
p.s0/Œ.zrR/.epI ej0 ; ej1 ; ej2 ; ej3/ � �

1;.1/
p � ds0:

Recall the notation
zG .1/ D .zrR/.eI ej0 ; : : : ; ej3/ � �

1;.1/:

Moreover, by (3.73) and since c�0 WD k¹hkºk`2 we have

kPk. zG
.1//.s/kL1t;x . 2

��khk.�/.1C s2
2k/�20; � 2

�
0; 99
100

�
: (4.35)

Thus in order to prove Claim A for UII , it suffices to proveZ 1
s

k.Ai i / zG
.1/
kFk.T / ds

0 . .1C 2ks1=2/�7c�0Tk;j : (4.36)

The bound claimed for UI is easier to verify. Since now B1 . 1, applying bilinear
Lemma 8.2 to Ai i , one has for j C k � 0 and s 2 Œ22j�1; 22jC1/,

k.Ai i /kFk.T /\S
1=2

k1
.T /

. .1kCj�02�j C 1kCj�02
k�j
2 /.1C 22kC2j /�42��kc�0hk;s.�/: (4.37)

Summing the above formula over j � k0, we getZ 1
s

kAi ikFk.T /\S
1=2

k
.T /
ds0 . c�02

��kTk;k0.1C 2
k0Ck/�7hk.�/: (4.38)

Thus Claim A has been verified for UI .
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For UII , we will use the inequality (see (4.45))

kPk.Pk1fPk2g/kFk.T / . kPk2gkL1x kPk1f kFk1 .T /\S1=2k1
.T /
:

Then by Littlewood–Paley bilinear decomposition,

kPk..Ai i / zG
.1//kFk.T / .

X
jk1�kj�4

kPk1.Ai i /kFk1 .T /\S
1=2

k1
.T /
kP�k�4 zG

.1/
kL1

C

X
jk1�k2j�8; k1;k2�k�4

kPk1.Ai i /kFk1 .T /\S
1=2

k1
.T /
kPk2

zG .1/kL1

C

X
jk2�kj�4; k1�k�4

kPk1.Ai i /kFk1 .T /\S
1=2

k1
.T /
kPk2

zG .1/kL1 :

Thus by (4.37), the High � Low part of .Ai i / zG .1/ is dominated byX
jk�k1j�4

kPk.Pk1.Ai i /P�k�4
zG .1//kFk.T /

. c�02
��k

�
1kCj�02

k�j
2 CıjkCj jhk.�/C 1kCj�02

�j .1C 2kCj /�7hk.�/h�j
�
:

Summing over j � k0 yieldsX
j�k0

22j
X

jk�k1j�4

kPk.Pk1.Ai i /P�k
zG .1//kFk.T /

. c�02
��khk.�/

�
1kCk0�02

k0.1C 2kCk0/�7 C 1kCk0�02
�k
�
:

Using (4.35) and (4.37), the High � High part of .Ai i / zG .1/ is dominated byX
jk2�k1j�8; k1;k2�k�4

kPk.Pk1.Ai i /Pk2
zG .1//kFk.T /

. c�01kCj�0
X

k1�k�4

2��k1.1C 22jC2k/�72k1hk1.�/

C c�01kCj�0

h X
k�4�k1��j

2
k1�j

2 2ıjk1Cj j2��k1hk1.�/

C

X
k1��j

2��k1.1C 22jC2k/�72k1hk1.�/
i

. c�01kCj�02
�j .1C 2jCk/�102��khk.�/C c

�
01kCj�02

�j 2ıjkCj j2��khk.�/:

Summing over j � k0 also givesX
j�k0

22j
X

jk2�k1j�8; k1;k2�k�4

kPk.Pk1.Ai i /Pk2
zG .1//kFk.T /

. c�02
��k1kCk0�02

k0.1C 2kCk0/�7hk.�/C c
�
01kCk0�02

�k2��khk.�/:
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Then using (4.35), the Low � High part of .Ai i / zG .1/ is bounded asX
jk�k2j�4; k1�k�4

kPk.Pk1.Ai i /Pk2
zG .1//kFk.T /

. hk.�/2��k1kCj�0
X
k1�k

hk12
1
2 .k1�j /2ıjk1Cj j

C hk.�/2
��k.1C 22jC2k/�201kCj�0

h X
�j�k1�k

hk12
k1.1C 22jC2k1/�4

i
C hk.�/2

��k.1C 22jC2k/�201kCj�0

h X
k1��j

hk12
k1�j

2 2ıjk1Cj j
i

. c�02
��k1kCj�02

�j .1C2jCk/�72��khk.�/Cc
�
02
��k1kCj�02

k�j
2 2ıjkCj j2��khk.�/:

Summing over j � k0 as well yieldsX
j�k0

22j
X

jk�k2j�4; k1�kC4

kPk.Pk1.Ai i /Pk2
zG .1//kFk.T /

. c�02
��k1kCk0�02

k0.1C 2kCk0/�7hk.�/C c
�
01kCk0�02

�k2��khk.�/:

Thus back to the LHS of (4.36), we conclude that if (4.26) holds, then

kPkUIIkFk.T / . c
�
02
��k1kCk0�02

k0.1C 2kCk0/�7hk.�/C c
�
01kCk0�02

�k2��khk.�/:

In particular, (4.26) holds, thus proving Claim A.
Now we are ready to prove our lemma with (4.25) and (4.26) being dropped. Define

a function of T 0 2 Œ0; T � by

ˆ.T 0/ D
X

¹jcº�¹1;:::;2nº

sup
k;j2Z

sup
s2Œ22j�1;22jC1�

.c�0 /
�1.1C 2k2s=2/7T �1k;j h

�1
k

� .kPkUIkFk.T 0/ C kPkUIIkFk.T 0//:

Using Lemma 3.3 and Sobolev embeddings, we find that ˆ is a continuous function on
Œ0; T �. In order to proving our lemma, it suffices to prove ˆ . 1. It is easy to see that ˆ is
also an increasing continuous function on Œ0; T �. And Claim A shows

ˆ.T 0/ � "�1=2 H) ˆ.T 0/ . 1:

Hence it suffices to verify
lim
T 0!0

ˆ.T 0/ . 1:

This reduces to proving that for all j; k 2 Z and s 2 Œ22j�1; 22jC1/,X
¹jcº�¹1;:::;2nº





Pk Z 1
s

.Ai i /
qŒ.zrR/.eqI ej0 ; : : : ; ej3/ � �

1;.1/
q �






L2x

C

Z 1
s

kPk.Ai i /kL2x ds
0 . c�0 .1C 2

k2s=2/�7Tk;jhk ;
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where all the fields  i and the matrices Ai are associated with the heat flow with initial
data u0. This can be proved by applying the results of Section 3. In fact, by the definition
of hk.�/ one has

2�kk�i�sD0kL1t L2x � hk.�/

if � 2 Œ0; 99
100
�. Then by Proposition 3.5 with �k.�/ D hk.�/ we get

.1C 22ks/29kPkAi .s/kL1t L
2
x
� 2��khk;s.�/: (4.39)

The proof of Proposition 3.5 shows

.1C 22ks/30kPk i .s/kL1t L
2
x
� 2��khk.�/ (4.40)

if � 2 Œ0; 99
100
�. Then by (4.40), (4.39) and bilinear Littlewood–Paley decomposition, one

obtains

.1C 22ks/28
Z 1
s

kPk.Ai i /kL1t L
2
x
ds0 . k¹hkºk`2Tk;jhk.�/2��k

for s 2 Œ22j�1; 22jC1/ and k; j 2 Z. It remains to prove

.1C 22ks/28
Z 1
s

kPk ŒAi i zG
.1/�kL1t L

2
x
ds0 . k¹hkºk`2Tk;jhk.�/2��k ; � 2

�
0; 99
100

�
:

(4.41)

This follows by (4.39), (4.40), (3.52) and bilinear Littlewood–Paley decomposition as
well.

Remark 4.1. Checking the proof of Lemma 4.1, we see the range of � 2 Œ0; 99
100
� was

only used in the Low � High interaction of .@i i / zG .1/, .Ai i /.UI CUII/ of Step 2 and
Step 3 respectively.

Lemma 4.2. If jk1 � kj � 4, then

kPk.Pk1fP�k�4g/kFk.T / . kPk1gkFk1 .T /kP�k�4gkL1 : (4.42)

If jk2 � k1j � 8 and k1; k2 � k � 4, then

kPk.Pk1fPk2g/kFk.T / . kPk1f kFk1 .T /.kPk2gkL1 C 2
k2=2kPk2gkL4xL1t

/: (4.43)

If jk2 � kj � 4 and k1 � k � 4, then

kPk.Pk1fPk2g/kFk.T /

. 2k1=2kPk1f kFk1 .T /kPk2gkL4xL1t C 2
k1kPk1f kFk1 .T /

kPk2gkL4 : (4.44)

For any k1; k2; k 2 Z, one has

kPk.Pk1fPk2g/kFk.T / . kPk1f kFk1 .T /\S1=2k1
.T /
kPk2gkL1 : (4.45)
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Proof. (4.42) has been given in [5]. And (4.43) follows by Hölder and [5, (3.17)] which
says

kPkf kFk.T / . kPkf kL2xL1t C kPkf kL4t;x :

(4.44) follows for the same reason with additionally using the Bernstein inequality.
Moreover, by definition,

kPkf kL4t;x
� kf kFk.T /; kPkf kL2xL1t

� kf k
S
1=2

k
.T /
:

Thus one obtains

kPk.Pk1fPk2g/kFk.T / . kPk1fPk2gkL2xL1t C kPk1fPk2gkL4t;x
. .kPk1f kL2xL1t C kPk1f kL4t;x /kPk2gkL1

. kPk2gkL1kPk1f kFk1 .T /\S1=2k1
.T /
:

The proof of Lemma 4.1 yields

Corollary 4.1. Under the assumptions of Proposition 4.1 and (4.9), for s2Œ22j�1; 22jC1/,
� 2 Œ0; 99

100
� and j; k 2 Z,

kPk. zG /kFk.T / . 2
��khk.�/Tk;j .1C 2

jCk/�7;

where Tk;j is defined by (4.27). When s D 0, we have

kPk. zG /�sD0kFk.T / . 2
��khk.�/2

�k :

Proof. Lemma 4.1 gives

kPk.U00/kFk.T / C kPk.U01/kFk.T / . 2
��kTk;jhk.�/.1C 2

jCk/�7;

kPkUIkFk.T /\S
1=2

k
.T /
. 2��kTk;jhk.�/.1C 2jCk/�7;

kPkUIIkFk.T / . 2
��kTk;jhk.�/.1C 2

jCk/�7:

Then the corollary follows by the decomposition

zG D G � �1 D U00 CU01 CUI CUII ;

and the inequality .1C 2jCk/�1Tk;j � 2�k for all j; k 2 Z.

4.3. Evolution of differential fields along the heat flow

Recall the evolution equation for �i along the heat flow:

.@s ��/�i D Ki ;

Ki WD 2

2X
jD1

@j .Aj�i /C

2X
jD1

.A2j � @jAj /�i C

2X
jD1

�j ˘ �i ˘ �jG : (4.46)

Now we control the nonlinearities in the above equations.
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Lemma 4.3. Under the assumptions of Proposition 4.1 and (4.9), for all s 2 Œ0;1/,
i D 1; 2 and � 2 Œ0; 99

100
�, we have



Z s

0

e.s��/�PkKi .�/ d�






Fk.T /

. ".1C s22k/�42��khk.�/: (4.47)

Proof. First, we consider the quartic term G .�i ˘ �j /˘ �j inKi . In [5, (5.25)] it is proved
that for � 2 Œ22j�1; 22jC1/,

kPk.�i ˘ �p ˘ �l /.�/kFk.T /\S
1=2

k
.T /

. "2��k22k.1C 22kC2j /�4Œhk.�/C 2�
3
2 .kCj /h�j .�/�: (4.48)

Recall that G D zG C �1. The constant part follows by (4.48). By bilinear Littlewood–
Paley decomposition we have

kPk.�i ˘ �p ˘ �l zG /kFk.T /

.
X

k1�k�4
jk1�k2j�8

kPk1.�i ˘ �p ˘ �l /Pk2
zGkFk.T /C

X
k1�k�4
jk2�kj�4

kPk1.�i ˘ �p ˘ �l /Pk2
zGkFk.T /

C

X
jk1�kj�4

kPk1.�i ˘ �p ˘ �l /P�k�4
eGkFk.T /:

For the High � Low term, directly applying k zGkL1t;x � K.N / gives

kPk1.�i ˘ �p ˘ �l /P�k�4
zGkFk.T / . kPk.�i ˘ �p ˘ �l /kFk.T /\S1=2k

.T /

. "2��k22k.1C 22kC2j /�4Œhk.�/C 2�
3
2 .kCj /h�j .�/�:

For the High � High term, denoting V WD �i ˘ �p ˘ �l , Corollary 4.1 and (8.4) showX
jk1�k2j�8; k1;k2�k�4

kPk1.�i ˘ �p ˘ �l /Pk2GkFk.T /

.
X

jk1�k2j�8; k1;k2�k�4

2
k1Ck

2 kPk1VkFk1 .T /\S
1=2

k1
.T /
kPk2GkFk2 .T /

.
X

k1;k2�k�4; jk1�k2j�8

2
k1Ck

2 2��k1C2k1.1C 2k1Cj /�15

� Œhk1.�/C 2
� 32 .k1Cj /h�j .�/�Tk2;jhk2 : (4.49)

If k C j � 0, then by slow variation of envelopes, (4.49) is bounded by

23kCj 2��k.1C 2kCj /�14hk.�/hk :

If k C j � 0, using .1C 2kCj /�1Tk;j � 2�k for all k 2 Z, (4.49) is dominated by

2k=2�3j=22��khk.�/hk2
ıjjCkj:
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Therefore, for the High � High interaction, if s 2 Œ22j�1; 22jC1/ thenX
jk1�k2j�8; k1;k2�k�4

kPk1.�i ˘ �p ˘ �l /Pk2
zGkFk.T /

. 2��k�
3
2 j 2k=22ıjjCkjhkhk.�/.1C 2

2kC2j /�5: (4.50)

To finish estimates for the High � High interaction, we verify the corresponding part in
(4.47). We use (4.50) to verify (4.47). Let s 2 Œ22k0�1; 22k0C1/ with k0 2 Z fixed. For
k C k0 � 0, by (2.6) one has



Z s

0

e.s��/�
X

k1�k�4; jk1�k2j�8

Pk.Pk1VPk2
zG / d�






Fk.T /

.
X
j�k0

Z 22jC1

22j�1

X
k1�k�4; jk1�k2j�8

kPk.Pk1Vpk2
zG /kFk.T / d�

. "
X
j�k0

2��khk.�/
�
2
1
2 .jCk/ C 2.

1
2˙ı/.kCj /

�
. "2��khk.�/:

For k C k0 � 0, by (2.6) and (4.50), one hasZ s

0




e.s��/� X
k1�k�4; jk1�k2j�8

Pk.Pk1VPk2
zG /




Fk.T /

d�

.
Z s=2

0

: : : d� C

Z s

s=2

: : : d�

.
X

j��k0�1

Z 22jC1

22j�1
2�20.kCk0/

X
k1�k�4; jk1�k2j�8

kPk.Pk1VPk2
zG /kFk.T / d�

C 22k0
X

k1�k�4; jk1�k2j�8

sup
�2Œ22k0�2;22k0C1�

kPk.Pk1VPk2
zG /kFk.T /

. "2�20.kCk0/
X

j��k0�1

2��khk.�/
�
2
1
2 .jCk/ C 2.

1
2˙ı/.jCk/

�
C "2��khk.�/.1C 2

kCk0/�10
�
2
1
2 .k0Ck/ C 2.

1
2˙ı/.k0Ck/

�
. ".1C 2kCk0/�82��khk.�/:

Thus we concludeZ s

0




e.s��/� X
k1�k�4; jk1�k2j�8

Pk.Pk1VPk2
zG /




Fk.T /

d� . "2��khk.�/.1C 22ks/�4:

For the Low � High term, using

kPk1.V/kL1t;x . 2
k1"2��k1C2k1.1C 2k1Cj /�8Œhk1.�/C 2

� 32 .k1Cj /h�j .�/�



Global Schrödinger map flows to Kähler manifolds 4933

we deduce by Corollary 4.1 and Lemma 4.2 thatX
k1�k�4; jk�k2j�4



Pk�Pk1.�i ˘ �p ˘ �l /Pk2 zG �

Fk.T /
. 2��kTk;j .1C 2jCk/�7hk.�/"

X
k1�k�4

23k1.1C 2k1Cj /�8.1C 2�
3
2 .k1Cj //:

For k C j � 0, we haveX
k1�k�4; jk�k2j�4



Pk�Pk1.�i ˘ �p ˘ �l /Pk2 zG �

Fk.T / . "2��k2�2j .1C 2kCj /�7hk.�/:
(4.51)

For k C j � 0, we haveX
k1�k�4; jk�k2j�4



Pk�Pk1.�i ˘ �p ˘ �l /Pk2 zG �

Fk.T /
. "2��k2

1
2k�

3
2 j .1C 2kCj /�7hk.�/: (4.52)

As a summary, we use (4.51) and (4.52) to verify (4.47). Let s 2 Œ22k0�1; 22k0C1/ with k0
fixed. For k C k0 � 0, by (2.6) one sees for the Low � High interaction thatZ s

0




e.s��/� X
k1�k�4; jk�k2j�4

Pk.Pk1VPk2
zG /




Fk.T /

d� .
X
j�k0

Z 22jC1

22j�1
: : : d�

. "
X
j�k0

2j=2Ck=22��khk.�/ . 2��k"hk.�/:

For k C k0 � 0, similarly we haveZ s

0




e.s��/� X
k1�k�4; jk�k2j�4

Pk.Pk1VPk2
zG /




Fk.T /

d�

. "2�20.kCk0/2��khk.�/
X

j��k0�1

2
1
2 .jCk/ C "2��khk.�/.1C 2

kCk0/�72�2k0�2k

. ".1C 2kCk0/�82��khk.�/:

Thus we concludeZ s

0




e.s��/� X
k1�k�4; jk�k2j�4

Pk.Pk1VPk2
zG /




Fk.T /

d� . ".1C 2kCk0/�82��khk.�/:

And the High� Low case is easy by repeating the same argument or directly applying the
result of [5, Lemma 5.3]. Therefore, the curvature term has been handled:



Z s

0

e.s��/�Pk.�i ˘ �p ˘ �l zG / d�






Fk.T /

. ".1C s22k/�42��khk.�/:
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Step 2. Connection coefficient terms. In this step, we turn to estimating the terms
@l .Al i /, @lAl�i and A2

l
�i . With Lemma 4.1 in hand, all these terms follow directly

by repeating arguments of [5, Lemma 5.3].

Lemma 4.4. Under the assumptions of Proposition 4.1 and (4.9), for all k 2 Z, s � 0
and i D 1; 2, we have

kPk�i .s/kFk.T / . bk.�/2
��k.1C s22k/�4; � 2

�
0; 99
100

�
: (4.53)

Proof. By the Duhamel principle and (4.47), we get

sup
s�0

.1C s22k/42�kkPk�i .s/kFk.T / . bk.�/C "hk.�/: (4.54)

Since the RHS of (4.54) is a frequency envelope of order ı, by the definition of ¹hk.�/º
we get

hk.�/ . bk.�/C "hk.�/; (4.55)

which by letting " be sufficiently small yields

hk.�/ . bk.�/: (4.56)

Lemma 4.5. Under the assumptions of Proposition 4.1 and (4.9), for all k 2 Z, s � 0
and i D 1; 2 we have

kPkAi�sD0kL4t;x . bk.�/2
��k : (4.57)

Proof. In the proof of Lemma 4.4 we have shown (4.56). Then the previous bounds in
Lemma 4.1 now hold with hk.�/ replaced by bk.�/. Recall that in [5, pp. 1473–1474] it
is proved that

kPk�skL4t;x
. 2k2��kbk.�/.22ks/�3=8.1C s22k/�3: (4.58)

We also recall the bilinear estimate of [5, Lemma 5.4] in our Appendix A, Lemma 8.4.
Then (4.58) and (4.53) show

kPk.�i ˘ �s/kL4t;x
. 2��k

X
l�k

bk.�/bl2
lCk.s22k/�3=8.1C s22k/�3

C 2��k
X
l�k

bk.�/bl2
2l2

1
2 .k�l/.22ks/�3=8.1C s22k/�4

C

X
l�k

2��lbl .�/bl2
kCl .22ls/�3=8.1C s22l /�7:

Thus given s 2 Œ22j�1; 22jC2/ with j 2 Z, we conclude that for k C j � 0,

kPk.�i ˘ �s/kL4t;x
. bk.�/bk22k��k.s22k/�3=8.1C s22k/�3; (4.59)

and for k C j � 0,

kPk.�i ˘ �s/kL4t;x
. bk.�/bk22ıjkCj j2��k2k2�j : (4.60)
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Recalling that for i D 1; 2,

Ai .0/ D

Z 1
0

.�i ˘ �s/G ds; (4.61)

we see that it remains to deal with the interaction of �s ˘ �i with G . Recall that G D

�1 C zG with
kPk. zG /kFk.T / . 2

��kTk;j .1C 2
kCj /�7hk.�/ (4.62)

for s 2 Œ22j�1; 22jC1/ with j 2 Z. (4.59) and (4.60) show that the constant part �1

contributes bk.�/2��k to kAi .0/kL4t;x . Thus it suffices to control .�i ˘ �s/ zG .
As before, we consider three cases according to Littlewood–Paley decomposition.

Using the trivial bound k zGkL1t;x � K.N / in the High � Low part gives

X
j2Z

Z 22jC1

22j�1

X
jk1�kj�4

kPk ŒPk1.�s ˘ �i /P�k�4
zG �kL4t;x

ds

.
X
j��k

1kCj�0bk.�/bk2
2kC2j��k.22kC2j /�3=8.1C 22kC2j /�3

C

X
j��k

1kCj�0bk.�/bk2
2ıjkCj j2��k2k2j

. bk.�/bk2��k :

Notice that Lemma 8.4 showsX
jk1�k2j�8; k1;k2�k�4

kPk.Pk1fPk2g/kL4t;x
.
X
k1�k

2k.1C!/2�!k1�k1�k1 ;

where �k D
P
jk�k0j�20 kPk0f kS!k0

and �k D
P
jk�k0j�20 kPk0gkL4t;x

. Thus using (4.62),
we have by choosing ! D 0 thatZ 1
0

X
jk1�k2j�8; k1;k2�k�4

kPk ŒPk1.�s ˘ �i /Pk2
zG �kL4t;x

ds

.
X
j��k

22j "2k
X

k1�k�4

bk1bk1.�/2
k12��k1.1C 22jC2k1/�5

C

X
j��k

2��k2k
X

k�4�k1��j

2j bk1.�/bk12
2ıjk1Cj j

C 2��k
X
j��k

22j 2k
X
k1��j

bk1.�/bk12
2ıjk1Cj j2k1.22jC2k1/�3=8.1C 22jC2k1/�5

.
X
j��k

2��k22jC2k.1C 22kC2j /�5bkbk.�/C
X
j��k

2��k2.kCj /CıjkCj jbkbk.�/

. bkbk.�/2��k ;

where we have used .1 C 2kCj /�1Tk;j � 2�k for all k 2 Z. In the Low � High part,
Lemma 8.4 shows



Z. Li 4936X
jk2�kj�4; k1�k�4

kPk.Pk1fPk2g/kL4t;x
.
X
l�k

2l�l�k ;

where �k D
P
jk0�kj�20 kPk0f kS!k

and �k D
P
jk0�kj�20 kPk0gkL4t;x

. Then by (4.62) we
have X
jk2�kj�4; k1�k�4

kPk ŒPk1.�s ˘ �i /Pk2
zG �kL4t;x

. 2��kbk.�/"Tk;j .1C 2jCk/�7

�

X
l�k

2lblbl
�
1lCj�02

2ıjlCj j2l�j C 1jCl�02
2l2�

3
4 .jCl/.1C 22jC2l /�3

�
. 2��kbk.�/bk

�
1kCj�02

�2j .1C 2kCj /�4 C 1kCj�02
k�j 2ıjkCj j

�
:

Hence for the Low � High part we conclude thatZ 1
0

X
jk2�kj�4; k1�k�4

kPk ŒPk1.�s ˘ �i /Pk2
zG �kL4t;x

ds

. 2��k
X
j2Z

bkbk.�/1kCj�0.1C 2
kCj /�4 C 2��k

X
j2Z

bkbk.�/1kCj�02
kCj 2ıjkCj j

. bkbk.�/2��k :

Therefore, we get
kPk.Ai .0//kL4t;x

. 2��kbk.�/:

Now we turn to the bounds for �t stated in Proposition 4.1.

Lemma 4.6. Assume that the assumptions of Proposition 4.1 and (4.9) hold. Then for
� 2 Œ0; 99

100
�, one has

kPk�t .s/kL4t;x
. bk.�/2�.��1/k.1C 22ks/�2: (4.63)

Proof. Recall that �t satisfies

@s�t ���t D L.�t /;

L.�t / WD L1.�t /C L2.�t /;

L1.�t / WD

2X
iD1

2@i .Ai�t /C
� 2X
lD1

A2l � @lAl

�
�t ;

L2.�t / WD

2X
iD1

.�t ˘ �i / ˘ �iG :

By the Duhamel principle, �t can be written as

�t D e
s��t�sD0 C

Z s

0

e.s��/�L.�t .�// d�: (4.64)

By a uniqueness argument as in [5, Lemma 5.6], in order to prove (4.63), it suffices to
show that

kPk�t .s/kL4t;x
. bk.�/2�.��1/k.1C 22ks/�2 (4.65)
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implies Z s

0

ke.s��/�L.�t .�//kL4t;x
d� . "2bk.�/2�.��1/k.1C 22ks/�2: (4.66)

The L1.�t / part of (4.66) has been shown in [5, Lemma 5.6]. It suffices to prove (4.66)
for L2.�t / under the assumption of (4.65). Recall also that G D �1 C zG satisfies

kPk.G � �
1/kFk.T / . 2

��k.1C 2jCk/�7Tk;j : (4.67)

By the proof of [5, Lemma 5.6],

kPk.�t .s/ ˘ �i ˘ �l /kL4t;x
. b2k2

�.��3/k.1C 22ks/�2.s22k/�7=8bk.�/: (4.68)

Then the �1 part of L2.�t / follows directly from that proof.
Denote P D �t .s/ ˘ �i ˘ �l . In order to control P.G � �1/, we first control

k.�i ˘ �l / zGkS1=2
k

.T /
. We have seen

kPk.�i ˘ �l /kFk.T /\S
1=2

k
.T /
. 2��k.1C 22kC2j /�42�j b�j bmax.k;�j /.�/: (4.69)

Thus applying bilinear Littlewood–Paley decomposition, we find by (4.67) that

kPk.�i ˘ �l zG /kFk.T /\S
1=2

k
.T /
.

X
jk1�kj�4

kPk1.�i ˘ �l /kFk.T /\S
1=2

k
.T /
kP�k�4 zGkL1

C

X
jk1�k2j�8; k1;k2�k�4

2
kCk1
2 kPk1.�i ˘ �l /kFk.T /\S

1=2

k
.T /
kPk2

zGkFk2 .T /

C

X
jk2�kj�4; k1�k�4

2k1kPk1.�i ˘ �l /kFk.T /\S
1=2

k
.T /
kPk2

zGkFk2 .T /

. 2��kbk.�/bk2ıjkCj j
�
1kCj�02

�j
C 2k1kCj�0.1C 2

kCj /�7
�
:

Then using Lemma 8.4 with ! D 1
2

and (4.67), P zG is dominated by

kPk.Pk1�tPk2.�i ˘ �l
eG //kL4t;x

.
X

jk1�kj�4; k2�k�4

2k2kPk1�tkL4t;x
kPk2.�i ˘ �l

zG /k
S
1=2

k
.T /

C 2k
X

jk1�k2j�8; k2;k1�k�4

2�
1
2 .k1�k/kPk1�tkL4t;x

kPk2.�i ˘ �l
zG /k

S
1=2

k
.T /

C

X
jk2�kj�4; k1�k�4

2
kCk1
2 kPk1�tkL4t;x

kPk2.�i ˘ �l
zG /k

S
1=2

k
.T /

. 2��kbk.�/bk2ıjkCj j1kCj�0.2
3
2k�

3
2 j C 22k�j /

C 2��kbk.�/bk1kCj�0

�
�
2ıjkCj j23k.1C 2kCj /�10 C 2

3
2 .k�j /.1C 2kCj /�7 C 2k�2j .1C 2kCj /�4

�
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for s 2 Œ22j�1; 22jC1/ and j; k 2 Z. As a summary, inserting this bound to the heat estim-
ates Z zs

0

ke.zs�s/�Pk Œ�t ˘ �i ˘ �l zG �kL4t;x
ds .

Z zs
0

.1C jzs � sj/�N .: : : / ds;

we conclude that



Pk Z s

0

e.s��/�L2.�t .�// d�






L4t;x

. ".1C 22ks/�22��kCkbk.�/:

Since L1 has been handled before, we have finished the proof.

Lemma 4.7. With the assumptions of Proposition 4.1, the bootstrap assumption (4.9) can
be improved to

2k=2kPk zG
.1/
kL4xL

1
t
. hk.1kCj�0.1C s22k/�20 C 2ıjkCj j1kCj�0/

for any k; j 2 Z and s 2 Œ22j�1; 22jC1/.

Proof. The proof of Lemma 4.1 has shown that for any � 2 Œ0; 99
100
�, k; j 2 Z and s 2

Œ22j�1; 22jC1/,

kPk.GDi�i /kL4\L1t L
2
x
. hk.�/2��kCk.1C s22k/�31jCk�0 C 2�j 2ıjkCj j1kCj�0:

(4.70)
Meanwhile, Lemma 4.6 yields

kPk�tkL4 . bk2k.1C s22k/�2: (4.71)

Recall that bk � "1=2 for any k 2Z. Then bilinear Littlewood–Paley decomposition shows

kPk.�t .Di�iG //kL4

. hk.�/2��kC3k.1C s22k/�21kCj�0 C 2�2j 2k��k22ıjkCj jhk.�/hk1kCj�0

for i D 1; 2, � 2 Œ0; 99
100
�, k; j 2 Z and s 2 Œ22j�1; 22jC1/. Here, in the High � Low

interaction of �t .Di�iG / we useX
jk1�kj�4; k2�k�4

kPk.Pk1�tPk2.Di�iG //kL4

. bk2k
X

k2�k�4

hk2.�/2
��k2C2k2

�
.1C s22k2/�31jCk2�0 C 2

�j 2ıjk2Cj j1k2Cj�0
�
:

The other two frequency interactions are standard. ThusZ 1
s

kPk.�tDi�i /GkL4 ds
0 . hk.�/2��kCk.1C 22kC2k0/�11kCk0�0

C 2k��khk.�/.1C 2
2ıjkCk0jhk/1kCk0�0 (4.72)
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for any � 2 Œ0; 99
100
�, k; k0 2 Z and s 2 Œ22k0�1; 22k0C1/. Recalling that

At D

Z 1
s

.�t ˘ �s/G ds
0; �s D

X
iD1;2

Di�i ;

we see that kPkAtkL4 is bounded by the RHS of (4.72). By the schematic formula

@t . zG
.1// D �tG

.2/
C AtG

.1/;

and the bounds

kPk. zG
.l//kL4\L1t L

2
x
. .1C s22k/�302��k�khk.�/; 8l D 1; 2;

we deduce from bilinear Littlewood–Paley decomposition that

kPk@t . zG
.1//kL4 . hk2k.1C 22ıjkCk0jhk1kCk0�0/:

Then by the Gagliardo–Nirenberg inequality we get

2k=2kPk. zG
.1//kL4xL1t

. kPk. zG .1//k3=4L4 k@tPk. zG
.1//k

1=4

L4

. hk.1C s22k/�201kCk0�0 C hk2
ıjkCk0j1kCk0�0

for k0; k 2 Z and s 2 Œ22k0�1; 22k0C1/.

4.4. End of proof of Proposition 4.1

By Lemma 4.7, the assumption (4.9) in Lemmas 4.4–4.6 can be dropped. In fact, let

ẑ .T 0/ WD

sup
k;j2Z

sup
s2Œ22j�1;22jC1/

h�1k
�
1kCj�0.1Cs2

2k/�20C2ıjkCj j1kCj�0
��1

2k=2kPk zG
.1/
kL4xL

1
t .T

0/:

Lemma 3.3 and Sobolev embeddings imply ẑ is an increasing continuous function on
T 0 2 Œ0; T �. Lemma 4.7 shows ẑ .T 0/ � "�1=4 ) ẑ .T 0/ . 1. Then by the Bernstein
inequality and letting T 0 ! 0, it remains to prove

2kkPk zG
.1/
kL2x
. hk

�
1kCj�0.1C s2

2k/�20 C 2ıjkCj j1kCj�0
�

along the heat flow initiated from u0 for any k; j 2 Z and s 2 Œ22j�1; 22jC1/. This follows
by (3.73).

By Lemma 3.3 and similar arguments, assumption (4.3) can also be dropped. Thus
Lemmas 4.4–4.6 all hold only assuming (4.1) and (4.2) of Proposition 4.1. To complete
the proof of Proposition 4.1, it remains to prove the L2t;x bound for At .

Lemma 4.8. With the assumptions (4.1), (4.2) of Proposition 4.1, for all k 2 Z, one has

kPkAt�sD0kL2t;x . "bk.�/2
��k ; � 2

�
1
100
; 99
100

�
; (4.73)

kAt�sD0kL2t;x . "
2; � 2

�
0; 99
100

�
: (4.74)
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Proof. Recall that in [5, Lemma 5.7] it is proved that

kPk.�t ˘ �s/kL2t;x
.
X
l�k

2��l2lCkbk.�/bl .s2
2l /�3=8.1C s22k/�2

C

X
l�k

2��l22lbl .�/bl .s2
2l /�3=8.1C s22l /�4: (4.75)

Denote the RHS of (4.75) by ak.�/ for simplicity.
Since At .0/D

R1
0
.�t ˘ �s/G ds, (4.74) follows by directly applying [5, Lemma 5.7]

and kGkL1 . K.N /. For (4.73), we need to clarify the frequency interaction between
�t ˘ �s and G as before. The constant part of G follows by (4.75). It remains to deal with
the zG part. In the High � Low part of Pk Œ.�t ˘ �s/ zG �, we haveX
jk1�kj�4

kPk1.�t ˘ �s/P�k�4
zGkL2t;x

.
X

jk1�kj�4

kPk1.�t ˘ �s/kL2t;x
k zGkL1 . ak.�/:

Thus the High � Low part is acceptable by directly repeating [5, Lemma 5.7].
From now on until the end of this proof, we assume � 2 Œ 1

100
; 99
100
�. In the High�High

part of Pk Œ.�t ˘ �s/ zG �, using kPkf kL1 . 2kkf kFk and (4.62), we haveX
jk1�k2j�8; k1;k2�k�4

kPk1.�t ˘ �s/Pk2
zGkL2t;x

.
X

jk1�kj�8; k1;k2�k�4

kPk1.�t ˘ �s/kL2t;x
2k2k zGkFk2

.
X

k1�k�4

ak1.0/.1C s2
2k1/�32��k1bk1.�/

.
X

k1�k�4

2��k1bk1.�/.1C s2
2k1/�3

X
l�k1

2lCk1bk1bl .s2
2l /�3=8.1C s22k1/�2

C

X
k1�k�4

2��k1bk1.�/.1C s2
2k1/�3

X
l�k1

22lblbl .s2
2l /�3=8.1C s22l /�4: (4.76)

Thus for j 2 Z and s 2 Œ22j�1; 22jC1/, when k C j � 0, the above quantity is bounded
by

.1C 22jC2k/�222k��kbkbk.�/.2
2kC2j /�3=8:

When k C j � 0, by (4.76) the High � High part is dominated by� X
k1��j

C

X
k�4�k1��j

�
.1C 22k1C2j /�322k1��k1b2k1bk1.�/2

� 34 .k1Cj /

C

X
k1�k�4

1k1Cj�0.1C 2
2k1C2j /

�3
2��k1bk1.�/

hX
l�k1

22lblbl2
� 34 .jCl/.1C 22lC2j /

�4
i

C

X
k1�k�4

1k1Cj�0.1C 2
2k1C2j /

�3
2��k1bk1.�/

�

h�X
l��j

C

X
k1�l��j

�
22lblbl2

� 34 .jCl/.1C 22lC2j /
�4
i
;
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which is further bounded byX
k1��j

bk1.�/b
2
�j 2

2ıjk1Cj j22k1��k12�
3
4 .k1Cj /2�6.k1Cj /

C

X
k�k1��j

bk1.�/b
2
�j 2
��k122ıjk1Cj j22k12�

3
4 .k1Cj /

C b2�j b�j .�/
X

k1�k�4

1k1Cj�0.1C 2
2k1C2j /

�7
22k1��k12ıjk1Cj j2�

3
4 .jCk1/

C

X
k1�k�4

1k1Cj�0b
2
�j bk1.�/

h
2��k12�2j C 2��k1

X
k1�l��j

22l2ıjlCj j2�
3
4 .jCl/

i
. b2�j b�j .�/2

�j 2�2j C
X

k1�k�4

1k1Cj�0b
2
�j bk1.�/2

��k12�2j

. b2�j b�j .�/2
�j 2�2j C 2��kbk.�/b

2
�j 2
�2j ;

where in the last line we have used � � 1
100

. Summing over j � k0 we see the High�High
part satisfiesZ 1

0

X
jk1�k2j�8; k1;k2�k�4

kPk ŒPk1.�t ˘ �s/Pk2
zG �kL2t;x

ds0

.
X
j��k

2�j b�j .�/b
2
�j C

X
j��k

b2�j 2
��kbk.�/

C

X
j��k

.1C 22jC2k/�222kC2j��kbkbk.�/.2
2kC2j /�3=8

. "22��kbk.�/;

where we have applied � � 1
100

in the last line again. Now let us consider the Low�High
part of Pk Œ.�t ˘ �s/ zG �. For the same reason as High � High, the Low � High part is
dominated byZ 1

0

X
jk2�kj�4

kP�k�4.�t ˘ �s/Pk2
zGkL2t;x

ds0

.
Z 1
0

X
jk2�kj�4

kP�k�4.�t ˘ �s/kL2t;x
2k2kPk2

zGkL1t L
2
x
ds0

. bk.�/2��k
Z 1
0

k.�t ˘ �s/kL2t;x
ds0 . bk.�/2��k"2;

where we have applied (4.62) and 2kTk;j .1C 2jCk/�1 . 1 in the third inequality.

5. Evolution along the Schrödinger map flow direction

In this section, we prove the following proposition, which is the key to closing the boot-
strap for solutions in the Schrödinger evolution direction.
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Proposition 5.1. Assume that � 2 Œ0; 99
100
�. Let Q 2 N be a fixed point and �0 be a

sufficiently small constant. Given any L 2 ZC, assume that T 2 .0; 22L�. Let ¹ckº be
an �0-frequency envelope of order ı, and let ¹ck.�/º be another frequency envelope of
order ı. Let u 2 HQ.T / be the solution to SMF with initial data u0 which satisfies

kPkru0kL2x � ck ; (5.1)

kPkru0kL2x � ck.�/2
��k ; (5.2)

Denote by ¹�iº the corresponding differential fields of the heat flow initiated from u.
Suppose also that at the heat initial time s D 0,

kPk�ikGk.T / � �
�1=2
0 ck : (5.3)

Then when s D 0, for all i D 1; 2 and k 2 Z we have

kPk�ikGk.T / . ck ; (5.4)

kPk�ikGk.T / . ck.�/2
��k : (5.5)

The proof of Proposition 5.1 will be divided into several lemmas. First of all, Corol-
lary 3.1 shows

2X
iD1

kPk�i�sD0;tD0kL2x . 2
��kck.�/ (5.6)

for any k 2 Z and � 2 Œ0; 99
100
�.

Second, we reduce the proof to frequency envelope bounds. Let

b.k/ WD

2X
iD1

kPk�i�sD0kGk.T /: (5.7)

For � 2 Œ0; 99
100
�, define the frequency envelopes:

bk.�/ WD sup
k02Z

2�k
0

2�ıjk�k
0jb.k0/: (5.8)

By Proposition 3.1 and Sobolev embeddings, they are finite and `2 summable. And

kPk�i�sD0kGk.T / . 2
��kbk.�/: (5.9)

To prove (5.4) and (5.5), it suffices to show

bk.�/ . ck.�/: (5.10)

By (5.3), we have bk � "
�1=2
0 ck , and in particularX

k2Z

b2k � �0: (5.11)

The assumption (4.1) of Proposition 4.1 follows from the inclusion Gk � Fk . The
following lemma will show that the assumption (4.2) holds as a corollary of (5.9) if
u solves SMF.
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Lemma 5.1. If ¹bk.�/º are defined as above, then the field �t at the heat initial time
s D 0 satisfies

kPk�t�sD0kL4t;x . bk.�/2
�.��1/k : (5.12)

Proof. When s D 0, �t .0/ D
p
�1

Pd
iD1 @i�i .0/CAi .0/�i .0/. The terms  i .0/;Ai .0/

have been estimated before in Section 4. Thus copying the proof of [5, Lemma 6.1] gives
(5.12).

Thus both the assumption (4.1) and the assumption (4.2) of Proposition 4.1 are veri-
fied. Now one can apply Proposition 4.1, since (4.3) can be dropped. We summarize the
results in the following:´

kPk.�i .s//kFk.T / . 2
��kbk.�/.1C 2

2ks/�4;

kPk.Di�i .s//kFk.T / . 2
k2��kbk.�/.s2

2k/�3=8.1C 22ks/�2;
(5.13)

and for F 2 ¹ i ˘  j ; A2l º
2
l;i;jD1

kPkF�sD0kL2t;x . 2
��kb2>k.�/; kF�sD0kL2t;x . �0: (5.14)

Then at s D 0, At satisfies

kAt .0/kL2t;x
. �0; � 2

�
0; 99
100

�
;

kPkAt .0/kL2t;x
. 2��kbk.�/; � 2

�
1
100
; 99
100

�
:

Recall that when s D 0, the evolution equation of �i along the Schrödinger map flow
direction (see Lemma 1.1) is

�
p
�1Dt�i D

2X
jD1

DjDj�i C

2X
jD1

R.�i ; �j /�j : (5.15)

5.1. Control of nonlinearities

Now let us deal with the nonlinearities in (5.15). In this section we always assume s D 0.
Denote

L0j WD At�j C

2X
iD1

A2i �j C 2

2X
iD1

@i .Ai�j / �

2X
iD1

.@iAi /�j : (5.16)

Proposition 5.2 ([5]). For all j 2 ¹1; 2º and � 2 Œ0; 99
100
� we have

kPk.L
0
j /�sD0kNk.T / . �02

��kbk.�/; (5.17)
2X

j0;j1;j3D1

kPk.�j0 ˘ �j1 ˘ �j3/�sD0kNk.T / . �02
��kbk.�/: (5.18)

Proof. (5.17) and (5.18) have been proved in [5, Proposition 6.2]. We emphasize that
to bound kAt�ikNk , [5, Proposition 6.2] used kAtkL2t;x � "

2 when � 2 Œ0; 1
12
� and
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kPkAtkL2t;x
� 2��kbk.�/ when � � 1

12
. Thus our bounds (4.73) and (4.74) suffice to

bound kAt�ikNk as well, although (4.73)–(4.74) themselves differ from the bounds stated
in [5, Lemma 5.7].

Now we turn to the remaining curvature term in (5.15).

Proposition 5.3. For all k 2 Z and � 2 Œ0; 99
100
� we have

2X
j0;j1;j3D1

kPk..�j0 ˘ �j1 ˘ �j3/G /kNk.T / . 2
��k�0bk.�/: (5.19)

Proof. Recall G D �1 C zG . The constant part �1 satisfies (5.19) by directly applying
(5.18). It suffices to control the zG part.

As a preparation, we first prove the following estimate:

2X
iD1

kPk. zG�i /kFk.T / .

´
2��kbk.�/;

1
100

< � � 99
100
;

2��k
P
j�k bj bj .�/; 0 � � � 1

100
:

(5.20)

This follows directly by applying Corollary 4.1 and Lemma 8.2: If � > 1
100

, then

kPk. zG�i /kFk.T / . 2
��kbk.�/C2

�k��kbk.�/
X
l�k

2ıjk�lj2lblCbk.�/
X
j�k

2��j 22ıjk�j j

. 2��kbk.�/:

If � 2 Œ0; 1
100
�, for the High � High interaction we directly useX

jk1�k2j�8; k1;k2�k�4

kPk.Pk1
zGPk2�i /kFk.T /

.
X

j�k�4

2j
� X
jk1�j j�28

kPk1
zGkFk1 .T /

�� X
jk2�j j�28

kPk2�ikFk2 .T /

�
. 2��k

X
j�k

bj bj .�/:

The other two interactions are all the same as for � � 1
100

. Thus (5.20) follows.
As before, denoting F D �j0 ˘ �j1 , by bilinear Littlewood–Paley decomposition, we

have

kPk.F ˘ .�j3 zG //kNk.T /

D

X
jl�kj�4

kPk.P<k�100FPl . zG�j3//kNk.T /C
X

jk1�kj�4

kPk.Pk1FP<k�100. zG�j3//kNk.T /

C

jk1�k2j�120X
k1;k2�k�100

kPk.Pk1FPk2. zG�j3//kNk.T /: (5.21)
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For the first RHS term of (5.21), applying (8.12) and the trivial bounds

k zGkL1t;x . 1; (5.22)

k�xk
2

L4t;x
. �0; (5.23)

and (5.20), for � 2 Œ 1
100
; 99
100
� we getX

jk0�kj�4

kPk.P<k�100FPk0. zG�j3//kNk.T / . k�j0�j1kL2t;xkPk.
zG�j3/kFk.T /

. �02��kbk.�/:

For the first RHS term of (5.21), when � 2 Œ0; 1
100
�, one further decomposes

PŒk�4;kC4�. zG�j3/ into High � High, Low � High, High � Low. We schematically writeX
jk0�kj�4

kPk.P<k�100FPk0. zG�j3//kNk.T /

.
X
jl�kj�8

kPk..P<k�100F/Pl�j3.P�k�8 zG //kNk.T / (5.24)

C

X
jl�kj�8

kPk..P<k�100F/.P�k�8�j3Pl zG //kNk (5.25)

C

X
jk1�k2j�16; k1;k2�k�8

kPk..P<k�100F/Pk1�j3.Pk2 zG //kNk.T /: (5.26)

Since for all � 2 Œ0; 99
100
�, the Low � High (denoted by P lh

k
for short) and High � Low

(denoted by P hl
k

for short) interactions lead to k.P lh
k
C P hl

k
/. zG�j3/kFk . 2��kbk.�/, we

conclude that

.5.24/C .5.25/ . k�j0�j1kL2t;x
�
kP lh

k .G�j3/kFk.T / C kP
hl
k .G�j3/kFk.T /

�
. �02��kbk.�/:

For the (5.26) term, applying (8.14) yields

.5.26/ .
X

k2�k�8

X
jk1�k2j�16

kPk Œ..P<k�100F/Pk2 zG /Pk1�j3 �kNk

.
X

k2�k�8; jk1�k2j�16

k.P<k�100F/Pk2 zGkL2t;x2
k�k1
6 kPk1�j3kGk1

.
X

k1�k�12

kFkL2t;x 2
k�k1
6 2��k1bk1.�/

. �02��kbk.�/:

Thus the first RHS term of (5.21) has been handled.
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For the second RHS term of (5.21), we further divide F intoX
jk1�kj�4

kPk.Pk1FP<k�100.G�j3//kNk.T /

.
X
jl�kj�8

kPk ŒPl�j0/.P�k�8�j1/P�k�100.G�j3/�kNk.T / (5.27)

C

X
jl�kj�8

kPk Œ.Pl�j1/.P�k�8�j0/P�k�100.G�j3/�kNk.T / (5.28)

C

X
jl1�l2j�16; l1;l2�k�8

kPk Œ.Pl1�j0/.Pl2�j1/P�k�100.G�j3/�kNk.T /: (5.29)

Using again (8.12) and the bounds (5.22), (5.23), we obtain

.5.28/C .5.27/ . kPk.�x/kFk.T /k�xk
2

L4t;x
. �02��kbk.�/;

and using (8.14) and the bounds (5.22), (5.23), we have

.5.29/ .
X

jl1�l2j�16; l1;l2�k�8

2
k�l2
6 k.P�k�100. zG�j3//Pl1�j1kL2t;x

kPl2�j0kGl .T /

. k�xk2L4t;x
X

l2�k�8

2
k�l2
6 2��l2bl2.�/ . �02

��kbk.�/;

where we have used the embedding L4
k
.T / ,! Fk.T / ,! Gk.T / and the fact

kPk2.
zG�j3/kL4 . k�xkL4 in the second inequality. Thus the first two RHS terms of (5.21)

are handled.
For the third term of (5.21), applying Littlewood–Paley decomposition to F showsX

k1;k2�k�100
jk1�k2j�120

kPk.Pk1FPk2. zG�j3//kNk

.
X

k1;k2�k�100
jk1�k2j�120

X
jl�k1j�4

kPk ŒPl�j0P�k1�8�j1Pk2.
zG�j3/�kNk (5.30)

C

X
k1;k2�k�100
jk1�k2j�120

X
jl�k1j�4

kPk ŒPl�j1P�k1�8�j0Pk2.
zG�j3/�kNk (5.31)

C

X
k1;k2�k�100
jk1�k2j�120

X
l1;l2�k1�8
jl1�l2j�16

kPk ŒPl1�j1Pl2�j0Pk2.
zG�j3/�kNk : (5.32)

By Lemma 8.5 and (5.20), (5.23), we have

.5.30/C .5.31/

.
X

k1�k�100

X
jk1�k2j�120

X
jl�k1j�4

2
k�l
6 kPl�xkGl .T /k�xkL4t;x

kPk2.
zG�j3/kL4t;x

.
X

k1�k�100

"02
k�k1
6 2��k1bk1.�/ . �02

��kbk.�/:
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And using Lemma 8.5, especially (8.14) and (8.12), we see

.5.32/ .
X

k1;k2�k�100
jk1�k2j�120

X
l1;l2�k1�8
jl1�l2j�16

2
k�l1
6 kPl1�j1kGl1 .T /

k.Pl2�j0/Pk2.
zG�j3/kL2t;x

.
X

k1;k2�k�100
jk1�k2j�120

X
l1;l2�k1�8
jl1�l2j�16

2
k�l1
6 kPl1�j1kGl1 .T /

kPl2�j0kL4kPk2.
zG�j3/kL4

. �0
X

k1�k�100

X
l1�k1�4
jl1�l2j�16

2
k�l1
6 2��l1bl1.�/ . �02

��kbk.�/:

Thus the third RHS term of (5.21) has been handled. Hence, the proof is finished.

Corollary 5.1 (Proof of Proposition 5.1). Under the assumptions of Proposition 5.1, for
all i 2 ¹1; 2º and � 2 Œ0; 99

100
� we have

kPk�ikGk.T / . 2
��kck.�/: (5.33)

Proof. (5.6) shows that for any k 2 Z and � 2 Œ0; 99
100
�,

2�kkPk�i .0; 0; �/kL2x . ck.�/: (5.34)

Then by Proposition 5.3, Proposition 5.2 and the linear estimates of Proposition 2.1, one
has

bk.�/ . ck.�/C �0bk.�/ (5.35)

for all � 2 Œ0; 99
100
�. Thus bk.�/. ck.�/, and our result follows by the definition of ¹bk.�/º

in Section 5.

5.2. Unform bounds for � 2 Œ0; 99
100
�

We end the arguments for � 2 Œ0; 99
100
� with the following proposition.

Proposition 5.4. Assume that � 2 Œ0; 99
100
�. Let Q 2 N be a fixed point and �0 be a

sufficiently small constant. Given any L 2 ZC, assume that T 2 .0; 22L�. Let ¹ckº be
an �0-frequency envelope of order ı, and let ¹ck.�/º be another frequency envelope of
order ı. Let u 2 HQ.T / be the solution to SMF with initial data u0 which satisfies

kPkru0kL2x � ck ; (5.36)

kPkru0kL2x � ck.�/2
��k : (5.37)

Denote by ¹�iº the corresponding differential fields of the heat flow initiated from u. Then
for all i D 1; 2, k 2 Z and � 2 Œ0; 99

100
� we have

kPk�i�sD0kGk.T / . ck ; (5.38)

kPk�i�sD0kGk.T / . ck.�/2
��k ; (5.39)

sup
s�0

.1C s22k/4kPk�i .s/kFk.T / . ck.�/2
��k : (5.40)
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Proof. Define the function ‚ W Œ�T:T �! RC by

‚.T 0/ WD sup
k2Z

c�1k .kPk�i�sD0kGk.T 0/ C kPkrukL1t L2x.T 0//:

By Lemma 3.3, the function ‚ is continuous on Œ0; T �. Then Proposition 5.1 implies

‚.T 0/ � �
�1=2
0 H) sup

k2Z
c�1k .kPk�i�sD0kGk.T 0// . 1:

And by Proposition 3.5,

sup
k2Z

c�1k .kPk�i�sD0kGk.T 0// . 1 H) sup
k2Z

c�1k .kPkrukL1t L
2
x.T
0// . 1:

Hence, we conclude
‚.T 0/ � �

�1=2
0 H) ‚.T 0/ . 1:

And it is easy to see ‚.T 0/ is increasing. Moreover,

lim
T 0!0

‚.T 0/ . 1;

by the definition of ‚.T 0/, Gk.T 0/ and Corollary 3.1. Therefore, from the continuity of
‚ we conclude that (5.36) and (5.37) suffice to get

‚.T / . 1;

thus giving (5.38). Then Proposition 5.1 yields (5.39), and (5.40) follows by the inclusion
Gk � Fk and Proposition 4.1.

6. Iteration scheme

From now on, the notations a.j /
k
.�/ and a.j /

k;s
.�/ differ from the ones defined in Sec-

tion 3. They are defined as follows.

Definition 6.1. Assume that u0 2 HQ. Given j 2 N, let

ck;.j /.�/ WD sup
k02Z

2
� 1

2j
ıjk�k0j

kPk0ru0kL2x ; k 2 Z:

� For � 2 Œ0; 99
100
�, define

c
.0/

k
.�/ WD ck;.0/.�/:

� For � 2 Œ0; 5
4
�, define

c
.1/

k
.�/ WD

´
ck;.1/.�/; � 2

�
0; 99
100

�
;

ck;.1/.�/C ck;.1/.3=8/ck;.1/.� � 3=8/; � 2
�
99
100
; 5
4

�
:
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� Given an integer j � 2, for � 2 Œ0; j=4C 1�, define ¹c.j /
k
.�/º by induction:

c
.j /

k
.�/ WD

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

ck;.j /.�/; � 2
�
0; 99
100

�
;

ck;.j /.�/C ck;.j /.3=8/ck;.j /.� � 3=8/; � 2
�
99
100
; 5
4

�
;

: : :

ck;.j /.�/C ck;.j /.3=8/c
.j /

k
.� � 3=8/; � 2

�
mC3
4
; m
4
C 1

�
;

: : :

ck;.j /.�/C ck;.j /.3=8/c
.j /

k
.� � 3=8/; � 2

�
jC3
4
; j
4
C 1

�
:

Definition 6.2. � Assume that ¹ak.�/º are frequency envelopes of order ı with � 2
Œ0; 99

100
�. Define

a
.0/

k
.�/ WD c

.0/

k
.�/; 8� 2

�
0; 99
100

�
:

� Assume that ¹ak.�/º are frequency envelopes of order ı with � 2 Œ0; 99
100
�. Define

a
.1/

k
.�/ WD

´
c
.1/

k
.�/; � 2

�
0; 99
100

�
;

ak.�/C c
.1/

k
.3=8/c

.1/

k
.� � 3=8/; � 2

�
99
100
; 5
4

�
:

� Given an integer j � 2, assume that ¹ak.�/º are frequency envelopes of order ı with
� 2 Œ0; j=4C 1�. Define

a
.j /

k
.�/ WD

´
c
.j /

k
.�/; � 2

�
0; jC3

4

�
;

ak.�/C c
.j /

k
.3=8/c

.j /

k
.� � 3=8/; � 2

�
jC3
4
; j
4
C 1

�
:

Given an integer j 2 N, assume that ¹ak.�/º are frequency envelopes of order ı with
� 2 Œ0; j=4C 1�, and define

a
.j /

k;s
.�/ WD

8̂̂<̂
:̂
2kCk0a�k0.0/a

.j /

k
.�/ if k C k0 � 0;

�k0X
lDk

al .0/a
.j /

l
.�/ if k C k0 � 0;

for s 2 Œ22k0�1; 22k0C1/ and k; k0 2 Z.

Remark 6.1. Given j � 2, we infer from Definition 6.1 that ¹c.j /.�/º is of order 1
2m
ı if

� 2 .mC3
4
; m
4
C 1�, 2�m� j . In particular, ¹c.j /.�/º is of order ı for all � 2 Œ0; j=4C 1�.

One can also see from Definition 6.2 that ¹a.j /.�/º are of order ı for all � 2 Œ0; j=4C 1�.

Now we iterate the argument of previous sections to obtain uniform bounds for all
� 2 Œ0; 5

4
�. We aim to prove the following proposition:

Proposition 6.1. Assume that � 2 Œ0; 5
4
�. Let Q 2 N be a fixed point and �0 be a suffi-

ciently small constant. Given any L 2 ZC, assume that T 2 .0; 22L�. Let u 2 HQ.T / be
the solution to SMF with initial data u0. Let ¹c.1/

k
.�/º be frequency envelopes defined by

Definition 6.1, and assume that ¹c.1/
k
.0/º is an �0-frequency envelope. Denote by ¹�iº the
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corresponding differential fields of the heat flow initiated from u. Then for all i D 1; 2,
k 2 Z and � 2 Œ0; 5

4
�, we have

2�kkPk�i�sD0kGk.T / . c
.1/

k
.�/:

As before, this proposition will be divided into two propositions, one for the heat flow
evolution and the other for the Schrödinger map flow evolution. In the statements of the
following propositions or lemmas, the notation X means that the relevant line can be
dropped.

Proposition 6.2. Let � 2 Œ0; 5
4
�. Let ¹bk.�/º be frequency envelopes of order ı such that

bk.�/ . c.1/k .�/ for � 2 Œ0; 99
100
�. Assume that ¹c.1/

k
.0/º is an �0-frequency envelope.

� Assume that for i D 1; 2,

kPk�i�sD0kFk.T / � bk.�
0/2��

0k ; � 0 2
�
0; 5
4

�
; (6.1)

XkPk�i .s/kFk.T / � "
�1b

.1/

k
.0/.1C s22k/�4: (6.2)

Then for � 2 Œ0; 5
4
� and i D 1; 2,

kPk�i .s/kFk.T / . 2
��k.1C s22k/�4b

.1/

k
.�/; (6.3)

kPkAi�sD0kL4t;x . b
.1/

k
.�/2��k : (6.4)

� Assume further that

kPk�t�sD0kL4t;x . bk.�
0/2�.�

0�1/k ; � 0 2
�
0; 5
4

�
: (6.5)

Then for � 2 Œ0; 5
4
�, one has

kAt�sD0kL2t;x . "
2; (6.6)

kPk�t .s/kL4t;x
. b.1/

k
.�/2�.��1/k.1C 22ks/�2; (6.7)

kPkAt�sD0kL2t;x . "b
.1/

k
.�/2��k : (6.8)

Proof. Recalling the definitions of c.1/
k
.�/, b.1/

k
.�/ in Definitions 6.1 and 6.2, by Propos-

itions 4.1 and 5.4, we see (6.3), (6.4), (6.7) and (6.8) are already proved for � 2 Œ0; 99
100
�.

Moreover, (6.6) and the assumption (6.2) hold naturally. It remains to prove (6.3), (6.4),
(6.7) and (6.8) for � 2 Œ 99

100
; 5
4
�.

The key and starting point for the SMF iteration scheme is to improve kPk zG .1/kL4xL1t
step by step.

Lemma 6.1. Let u2HQ.T / solve SMF with data u0. Given any � 2 Œ0; 99
100
�, let ¹c.1/

k
.�/º

be frequency envelopes defined in Definition 6.1. Assume also that ¹c.1/
k
.0/º is an �0-

frequency envelope. Then for �0 sufficiently small,

2k=2kPk zG
.1/
kL4xL

1
t
� c

.1/

k
.�/2��k Œ.1C 22kC2k0/�201kCk0�0 C 1kCk0�02

ıjkCk0j�

for any � 2 Œ0; 99
100
�, k; k0 2 Z and s 2 Œ22k0�1; 22k0C1/.
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Proof. By combining Propositions 5.1 and 4.1 we obtain

kPk�tkL4 . .1C s22k/�22��kCkc
.1/

k
.�/; � 2

�
0; 99
100

�
;

kPk�ikL4 . .1C s22k/�42��kc
.1/

k
.�/; � 2

�
0; 99
100

�
:

Then Proposition 3.6 yields

kPk zGkL4t:x\L
1
t L

2
x
. .1C s22k/�302��k�kc.1/

k
.�/; � 2

�
0; 99
100

�
;

kPk zG
.m/
kL4t:x\L

1
t L

2
x
. .1C s22k/�302��k�kc.1/

k
.�/; m D 1; 2; � 2

�
0; 99
100

�
:

So using the schematic formula

At D

Z 1
s

�t ˘ .Di�i /G ds
0

and bilinear Littlewood–Paley decomposition (see the proof of Lemma 4.7), we get

kPkAtkL4 � c
.1/

k
.�/2��kCk Œ.1C 22kC2j /�11kCj�0 C 1kCj�0c

.1/

k
2ıjkCj j�

for any � 2 Œ0; 99
100
�, k; j 2 Z and s 2 Œ22j�1; 22jC1/. Thus using @t zG .1/ D AtG

.1/ C

G .2/�t and interpolation (see the proof of Lemma 4.7), one deduces that

2k=2kPk zG
.1/
kL4xL

1
t
� c

.1/

k
.�/2��k Œ.1C 22kC2k0/�201kCk0�0 C 1kCk0�02

ıjkCk0j�

for any � 2 Œ0; 99
100
�, k; k0 2 Z and s 2 Œ22k0�1; 22k0C1/.

As before, we start with the bound for connection forms.

Lemma 6.2. Let � 2 Œ 99
100
; 5
4
�. Denote

h.k/ WD sup
s�0

.1C s22k/4
2X
iD1

kPk�i .s/kFk.T /: (6.9)

Define the corresponding envelope by

hk.�/ WD sup
k02Z

2�k
0

2�ıjk
0�kjh.k0/: (6.10)

Then under the assumptions of Proposition 6.2, for all k 2 Z, s � 0 and i D 1; 2 we have

kPk.Ai .s//kFk.T /\S
1=2

k
.T /
. 2��k.1C s22k/�4h.1/

k;s
.�/; (6.11)

where the sequence ¹h.1/
k;s
º when 22k0�1 � s < 22k0C1; k0 2 Z, is defined by

h
.1/

k;s
.�/ WD

8̂̂<̂
:̂
2kCk0h�k0h

.1/

k
.�/ if k C k0 � 0;

�k0X
lDk

hlh
.1/

l
.�/ if k C k0 � 0;

(6.12)
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with

h
.1/

k
.� 0/ WD

´
c
.1/

k
.� 0/; � 0 2

�
0; 99
100

�
;

hk.�
0/C c

.1/

k
.3=8/c

.1/

k
.� 0 � 3=8/; � 0 2

�
99
100
; 5
4

�
:

(6.13)

Proof. The proof is almost the same as for Lemma 4.1. The difference is that more con-
cern is needed for the High � Low interaction of Pk Œ zG .1/ s� in Step 4 of Lemma 4.1.
First of all we point out that (5.40) of Proposition 5.4 shows that for all � 0 2 Œ0; 99

100
�,

hk.�
0/ . c.1/

k
.� 0/: (6.14)

Let B.1/1 be the smallest constant such that for all � 2 Œ 99
100
; 5
4
�, s � 0 and k 2 Z,

kPk.Ai .s//kFk.T /\S
1=2

k
.T /
. B.1/1 2��k.1C s22k/�4h

.1/

k;s
.�/: (6.15)

Recall the following decomposition of G :

G D �1 � �1;.1/p

Z 1
s

 ps ds
0
�

Z 1
s

 ps
zG .1/ ds0:

Since  s D
P2
iD1 @i i C Ai i , we separate the  i part away. And thus schematically

one has

G D �1 � �
1;.1/

l

Z 1
s

.@i i /
l ds0 �

Z 1
s

.@i i /
l zG
.1/

l
ds0

� �
1;.1/

l

Z 1
s

.Ai i /
l ds0 �

Z 1
s

.Ai i /
l zG
.1/

l
ds0:

In order to prove our lemma, as before we first prove B.1/1 . 1 under the Bootstrap
Assumption B: For a fixed given � 2 . 99

100
; 5
4
�,Z 1

s

kPk.Ai i /kFk.T / ds
0 . "�1=22��kTk;j .1C s1=22k/�7h.1/k .�/c�0 ;Z 1

s

kPk Œ.Ai i / zG
.1/�kFk.T / ds

0 . "�1=22��kTk;j .1C s1=22k/�7h.1/k .�/c�0 ;

where c�0 WD k¹hkºk`2 , s 2 Œ22j�1; 22jC1/, and Tk;j is defined in (4.27). This part is the
same as Step 2 of Lemma 4.1 except controlling



Pk�Z 1

s

.@i i /. zG
.1// ds0

�




Fk.T /

; (6.16)

which was labeled as U01 in Lemma 4.1. To estimate (6.16), recall the bounds in Lemma
6.1 and Proposition 3.6 for zG .1/:

2kkPk. zG
.1//kL1t L

2
x\L

4 C 2
k=2
kPk. zG

.1//kL4xL1t

. 2�z�kck.z�/Œ1kCj�0.1C 22ks/�20 C 1kCj�02ıjkCj j� (6.17)
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for any k;j 2Z, s 2 Œ22j�1;22jC1/ and z� 2 Œ0; 99
100
�. By bilinear Littlewood–Paley decom-

position and Lemma 4.2, we have

kPk..@i i / zG
.1//kFk.T /

.
X

jk1�kj�4

kPk1.@i i /kFk1 .T /
kP�k�4 zG

.1/
kL1

C

X
jk1�k2j�8; k1;k2�k�4

kPk1.@i i /kFk1 .T /
.kPk2.

zG .1//kL1C2
k1=2kPk2.

zG .1//kL4xL1t
/

C

X
jk2�kj�4; k1�k�4

2k1=2kPk1.@i i /kFk1 .T /
kPk2.

zG .1//kL4xL1t

C 2k1kPk1.@i i /kFk1 .T /
kPk2.

zG .1//kL4

. 2��kh.1/
k
.�/C 2��khkh

.1/

k
.�/Œ1kCj�02

k.1C 22ks/�4 C 1kCj�02
ıjkCj j2�j �

CRj;k2
�.��3=8/kc

.1/

k
.� � 3=8/

�

h
2�k=2

X
k1�k�4

2
3
2k1�

3
8k1c

.1/

k1
.3=8/C 2�k

X
k1�k�4

22k1�
3
8k1c

.1/

k1
.3=8/

i
whereRj;k WD 1kCj�0.1C 22ks/�20C 1kCj�02ıjkCj j and we have used (6.14). Thus by
slow variation of envelopes we get

kPk..@i i / zG
.1//kFk.T / . 2

��kh
.1/

k
.�/
�
1kCj�02

k.1C 22k2s/�4 C 1kCj�02
�j 2ıjkCj j

�
:

for s 2 Œ22j�1; 22jC1/ and j; k 2 Z. This bound is the same as for U01 in Lemma 4.1 and
acceptable.

In the third step, we prove the claim: If Bootstrap Assumption B holds, thenZ 1
s

kPk.Ai i /kFk.T / ds
0 . 2��kTk;j .1C s1=22k/�7h.1/k .�/c�0 ; (6.18)Z 1

s

kPk.Ai i / zG
.1/
kFk.T / ds

0 . 2��kTk;j .1C s1=22k/�7h.1/k .�/c�0 : (6.19)

The proof of (6.18) is the same as Step 4 of Lemma 4.1. For (6.19), the Low�High inter-
action of Pk Œ.Ai i / zG .1/� is different due to the larger � . The other two interactions are
the same. We present the necessary modifications. Since under Bootstrap Assumption B
one has B.1/ . 1, Pk.Ai i / enjoys the same Fk \ S

1=2

k
bound as in Lemma 4.1 with

hk.�/ replaced by h.1/
k
.�/:

kPk.Ai i /kFk.T /\S
1=2

k
.T /
. c�02

��k1kCj�0h
.1/

k
.�/21=2.k�j /2ıjkCj j

C c�02
��k1kCj�0h

.1/

k
.�/2k.1C 2jCk/�8

for all � 2 Œ0; 5
4
�, s 2 Œ22j�1; 22jC1/ and j; k 2 Z.
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Then by (6.17), (6.14) and (4.45), the Low � High part of .Ai i / zG .1/ is dominated
by X
jk�k2j�4; k1�kC4

kPk.Pk1.Ai i /Pk2
zG .1//kFk.T /

. c�02
�.��3=8/kc

.1/

k
.� � 3=8/1kCj�0

X
k1�k�4

c
.1/

k1
.3=8/2

1
2 .k1�j /2ıjk1Cj j2�

3
8k1

C c�02
�.��3=8/k.1C 22jC2k/�20c

.1/

k
.� � 3=8/1kCj�0

�

h X
�j�k1�k

c
.1/

k1
.3=8/2k1�

3
8k1.1C 22jC2k1/�4

i
C c�02

�.��3=8/k.1C 22jC2k/�20c
.1/

k
.� � 3=8/1kCj�0

�

h X
k1��j

c
.1/

k1
.3=8/2k1�j=22ıjk1Cj j2�

3
8k1
i

. c�02
��kc

.1/

k
.� � 3=8/c

.1/

k
.3=8/

�
1kCj�02

�j .1C 2jCk/�7 C 1kCj�02
k�j=22ıjkCj j

�
:

Summing over j � k0 as well yieldsX
j�k0

22j
X

jk�k2j�4; k1�kC4

kPk.Pk1 sPk2
zG .1//kFk.T /

. c�02
��kh

.1/

k
.�/
�
1kCk0�02

k0.1C 2kCk0/�7 C 2�k1kCk0�0
�

for s 2 Œ22k0�1; 22k0C1/ and k0; k 2 Z. This bound is again the same as for UII in
Lemma 4.1 and acceptable.

Finally, we need to prove that (6.18), (6.19) of Bootstrap Assumption B hold when
T ! 0. Let us verify it. Using (3.32) and (3.52) and putting 3

8
-th order derivatives on

Ai i , when estimating the Low � High interaction of .Ai i / zG .1/, we also haveZ 1
s

kPk ŒAi i zG
.1/�kL1t L

2
x
ds0 . k¹hkºk`2Tk;jh

.1/

k
.�/2��k

for � 2 Œ 99
100
; 5
4
�.

Therefore, combining the above four steps gives Lemma 6.2.

The proof of Lemma 6.2 gives an Fk bound for zG .

Lemma 6.3. For all � 2 . 99
100
; 5
4
� and k 2 Z,

kPk. zG /kFk.T / .

´
2��k.1C s22k/�42jh

.1/

k
.�/ if j C k � 0;

2��k2�kh
.1/

k
.�/ if j C k � 0;

(6.20)

when 22j�1 � s < 22jC1; j 2 Z. Moreover, for s D 0,

kPk zG�sD0kFk.T / . 2
�k��kh

.1/

k
.�/: (6.21)
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Proof of Proposition 6.2. With this improved bound of zG , running the program of Sec-
tion 4 again gives

sup
s�0

2�k.1C s22k/4
2X
iD1

kPk�i .s/kFk.T / . bk.�/C "h
.1/

k
.�/:

Since the right side is a frequency envelope of order ı, we have

hk.�/ . bk.�/C "h.1/k .�/:

By the definition of h.1/
k
.�/, we conclude that for � 2 . 99

100
; 5
4
�,

hk.�/ . bk.�/C c.1/k .3=8/c
.1/

k
.� � 3=8/;

thus proving (6.3). The remaining (6.4), (6.7) and (6.8) are the same.

In the following proposition, we finish iteration of � in the Schrödinger direction.

Proposition 6.3. Given L 2 ZC, suppose that T 2 .0; 22L� and Q 2 N . Assume that
� 2 Œ0; 5

4
�. Let u 2 HQ.T / be a solution to SMF with initial data u0, let ¹c.1/

k
.�/ºk2Z

be frequency envelopes defined in Definition 6.1, and assume that ¹c.1/
k
.0/º is an �0-

frequency envelope with 0 < �0 � 1. Then for any � 2 Œ0; 5
4
�, k 2 Z, we have

kPk�i�sD0kGk.T / . c
.1/

k
.�/: (6.22)

Proof. (6.22) has been proved for � 2 Œ0; 99
100
� in Section 5. Thus, it suffices to consider

� 2 . 99
100
; 5
4
�. Let

b.k/ D

2X
iD1

kPk�i�sD0kGk.T /:

For � 2 Œ0; 5
4
�, define the frequency envelopes

bk.�/ D sup
k02Z

2�k
0

2�ıjk�k
0jb.k0/:

By Proposition 3.1, they are finite and `2 summable, and

kPk�i�sD0kGk.T / . 2
��kbk.�/:

The assumption (6.5) holds by repeating the argument of Lemma 4.1. Thus using Propos-
ition 6.2, we see (6.3)–(6.8) hold. With Lemma 6.3, repeating the argument in Section 5,
one finds that when s D 0,

kPk�i�sD0kGk.T / . c
.1/

k
.�/C �0.bk.�/C c

.1/

k
.3=8/c

.1/

k
.� � 3=8//; � 2

�
99
100
; 5
4

�
:

Since the RHS is a frequency envelope of order ı, we conclude

bk.�/ . c.1/k .�/:

This gives (6.22) and finishes the proof.
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7. Proofs of Theorems 1.1 and 1.2

7.1. Global regularity

In order to prove u is global, it suffices to verify (see Appendix B)

krukL1t;x . 1: (7.1)

To prove (7.1), it suffices to give a uniform bound for ku.t/k PH1\ PH2C . Since energy is
preserved, it remains to bound ku.t/k PH2C , which is related to frequency envelopes with
� D 1C. Thus we need to transform the intrinsic bound (6.22) to bounds for u.

The following lemma follows directly from Corollary 3.1.

Lemma 7.1. Let u 2 HQ.T / solve SMF with data u0 of small energy. For � 2 Œ0; 5
4
�,

suppose that ¹c.1/
k
.�/º are frequency envelopes as in Definition 6.1. Assume that the dif-

ferential fields ¹�iº associated with u under the caloric gauge satisfyX
iD1;2

kPk�i�sD0kL1t L2x � 2
��kc

.1/

k
.�/; 8k 2 Z: (7.2)

Then
2kkPkukL1t L

2
x
� 2��kc

.1/

k
.�/; 8k 2 Z: (7.3)

Proposition 6.3 shows the assumption (7.2) of Lemma 7.1 holds. And thus by applying
Lemma 7.1, we conclude that

kuk PH�\ PH1 . C.ku0k PH�\ PH1/ (7.4)

for all � 2 Œ0; 9
4
�. In particular, krukL1t;x . 1 by Sobolev embedding. Therefore, u is

global by Appendix B, and global regularity follows by the local theory of [24].
The remaining part for Theorem 1.1 is (1.4) and (1.5). These will be proved in Sec-

tions 7.4 and 7.5 respectively.

7.2. Uniform Sobolev norm bounds of solutions to SMF

To get uniform Sobolev norm bounds for SMF up to � D 1CK=4, K 2 ZC, in the heat
flow iteration scheme it suffices to begin with the parabolic decay estimates

k@LC1x G .KC1/kL1t L
2
x
. �s�L=2; 8L 2 Œ0; 100CK�;

k@LC1x ŒdP �.KC1/kL1t L
2
x
. �s�L=2; 8L 2 Œ0; 100CK�:

And in the SMF iteration scheme, for the j -th iteration we always begin by proving

2k=2kPk zG
.1/
kL4xL

1
t
� c

.j /

k
.�/2��k Œ.1C 22kC2k0/�201kCk0�0 C 1kCk0�02

ıjkCk0j�;

� 2 Œ0; 1C .j � 1/=4�;

for any s 2 Œ22k0�1; 22k0C1/ and k0; k 2 Z. Then repeating (K times) the argument of the
first time iteration we obtain
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2kkPkdP .e/�sD0kL1t L2x . 2
��kc

.K/

k
.�/;

kPk�x�sD0kL1t L2x . 2
��kc

.K/

k
.�/:

By bilinear estimates we then arrive at

kPk@xukL1t L
2
x
. 2��kc.K/

k
.�/; (7.5)

from which the uniform Sobolev bounds follow. Each time iteration requires �� to be
smaller in our arguments. We emphasize that the key to the succeeding SMF iterations is
to improve kPk zG .1/kL4xL1t step by step (see e.g. Lemma 6.1).

Therefore, we have the following result:

Proposition 7.1. For any j � 1, there exists a constant �j > 0 such that if u0 2HQ with
ku0k PH1 � �j , then ku.t/k PHjx � C.ku0k PH1\ PHj / for all t 2 R.

Since the mass of SMF solutions is not conserved, the ku �QkL2x norm should be
handled separately. This will be proved as a corollary of well-posedness; see the next
section.

7.3. Well-posedness

In fact, the well-posedness stated in Theorem 1.2 follows closely by [41] and [5]’s original
arguments. We sketch them for the reader’s convenience.

Tataru [41, Prop. 3.13] proved that given u00; u
1
0 2HQ with kuh0k PH1 � 1 for hD 0; 1,

there exists a smooth one-parameter family ¹uh0ºh2Œ0;1� 2 C
1.Œ0; 1�IHQ/ of initial data

which satisfies

kuh0k PH1 � 1; h 2 Œ0; 1�; (7.6)Z 1

0

kPk@xu
h
kL2x

dh � ku00 � u
1
0kL2x

: (7.7)

Given h 2 Œ0; 1�, Theorem 1.1 yields a solution uh.t; x/ 2 C.RIHQ/ with initial data uh0 .
Then under the caloric gauge ¹e˛; Je˛º for uh.t; x/, define the differential field �h by

�˛h D h@hu
h; e˛i C

p
�1 @hu

h; Je˛i; ˛ D 1; : : : ; n; (7.8)

and define ¹�iº2iD0 as before. Since �
p
�1 �t D

P
iD1;2Di�i at s D 0 (because for all

h 2 Œ0; 1�, uh.t; x/ solves SMF), applying Dh D @h C Ah to both sides gives

�
p
�1Dt�h D

2X
iD1

DiDi�h C

2X
iD1

R.uh.t; x//.�i ; �h/�i when s D 0;

which as before can be further schematically written as

�
p
�1Dt�h D

2X
iD1

DiDi�h C
X

.�i ˘ �h/�iG when s D 0: (7.9)
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Given � 2 Œ0; 1C j=4/ with j 2 ZC, let

ck;.j /;h.�/ WD sup
k02Z

2
� 1

2j
ıjk0�kj

2�k
0Ck0
kPk0u

h
0kL2x

;

and define ¹c.j /
k;h
.�/º as in Definition 6.1. Then Section 7.2 gives

2X
iD1

2�kkPk�i .s D 0; h; �; �/kGk.T / . c
.j /

k;h
.�/; (7.10)

and thus
2�kCkkPk zG .s D 0; h; �; �/kFk.T / . c

.j /

k;h
.�/: (7.11)

Using (7.10), (7.11) we infer by (7.9) thatX
k2Z

kPk�h.s D 0/k
2
Gk.T /

. k�h.s D 0; t D 0/k2L2x :

Transforming this bound to @huh yields

k@hu
h
kL1t L

2
x
. k@huh0kL2x :

Then (7.7) leads to
ku1 � u0kL1t L

2
x
. ku10 � u

0
0kL2x

: (7.12)

With (7.12) in hand, the continuity of SQ from B�
� to C.RIH �C1

Q / follows by the argu-
ments of [5, pp. 1467–1468] if � > 0 is sufficiently small depending only on j thus � .

Moreover, letting u10 D Q, u00 D u0 in (7.12) one obtains

ku �QkL1t L
2
x
. ku0 �QkL2x ;

which combined with Proposition 7.1 gives (1.6).

7.4. Asymptotic behavior

Let us prove (1.4). First, we notice

ju.t; x/ �Qj D

Z 1
0

j@sv.s; t; x/j ds
0 .

Z 1
0

j�sj ds
0: (7.13)

Step 1.1. Recall the definition of ¹c.j /
k
.�/º in Definition 6.1. Applying (3.74) with ˇk.�/

D c
.0/

k
.�/, and its analogues in succeeding iterations, by the Bernstein inequality we get

k�skL4tL
1
x
. s�1=4

X
k2Z

c
.1/

k
.1/; (7.14)

k�skL4tL
1
x
. s�3=4

X
k2Z

c
.0/

k
.0/: (7.15)
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We find by Young’s inequality and the triangle inequality that

2
1

2jC4
ıjkj
c
.j /

k
. sup
k02Z

2
1

2jC4
ıjk0j
kPk0ru0kL2x ;

and thus X
k2Z

c
.j /

k
. sup
k02Z

2
1

2jC4
ıjk0j
kPk0ru0kL2x . 1; (7.16)

since u0 2 HQ. Then (7.14) and (7.15) show

k�skL4tL
1
x
. min.s�1=4; s�3=4/: (7.17)

We see (7.17) is not enough to put k�skL1x in L1s , but useful for Step 2 below.

Step 1.2. Applying (3.74) and (3.77) with ˇk.�/D c
.0/

k
.�/, � D 0, and by interpolation,

we see that for any p 2 .4;1/ and zp 2 .2; 4/ satisfying 1=p C 1= zp D 1
2

, we have

k�skLpt L
zp
x
. 2k1kCj�0.1C 22jC2k/�4c.0/k .0/C 2k1kCj�02

ıjkCj jc
.0/

k
.0/

for s 2 Œ22j�1; 22jC1/ and k; j 2 Z. Then by the Bernstein inequality,Z 1
0

k�skLpt L
1
x
ds0 .

X
k2Z

X
j��k

22jCk22k= zpc
.0/

k
.0/2ıjkCj j

C

X
k2Z

X
j��k

22jCk22k= zp.1C 2kCj /�8c
.0/

k
.0/

.
X
k2Z

2.2= zp�1/kc
.0/

k
.0/: (7.18)

Taking zp 2 .2;4/ such that j2= zp � 1j � 1
8
ı, one finds that (7.18) is finite by (7.16). Hence,

there exists a p 2 .4;1/ such thatZ 1
0

k�skLpt L
1
x
ds0 . 1: (7.19)

Step 1.3. We aim to prove

lim
t!1

Z 1
0

k�s.t/kL1x ds
0
D 0: (7.20)

If (7.20) fails, then for some % > 0, there exists a time sequence ¹t1� º such that lim�!1 t
1
�

D1 and Z 1
0

k�s.t
1
� /kL1x ds

0 > %; 8� 2 ZC: (7.21)

We can also assume t1� � t
1
�C1 � 4 for any � 2 ZC. Thus by (7.19) there must exist a

sufficiently large constant N and a time sequence ¹t2� º such that

t1� � 1 � t
2
� � t

1
� C 1; (7.22)Z 1

0

k�s.t
2
� /kL1x ds

0
�

1
8
%; 8� � N: (7.23)
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Step 2. On the other hand, we have

@t�s D Dt�s � At�s D Ds�t � At�s

D ��t C
X
iD1;2

.2Ai@i�t C AiAi�t C �t@iAi CR.�i ; �t /�i / � At�s :

Using Proposition 6.2 ((6.12), (6.13)) with bk.�/ replaced by c.1/
k
.�/ and similar results

for succeeding iterations, we see

k�tkL4tL
1
x
.
X
k2Z

c
.2/

k
.3=2/ . 1;

k@x�tkL4tL
1
x
.
X
k2Z

c
.6/

k
.5=2/ . 1;

k@2x�tkL4tL
1
x
.
X
k2Z

c
.10/

k
.7=2/ . 1;

since as before one has X
k2Z

2
1

2jC4
ıjkj
c
.j /

k
.�/ . 1:

And for the same reason,

k@2x�tkL4tL
1
x
. s�5=4

X
k2Z

c
.1/

k
.1/ . s�5=4;

k@x�tkL4tL
1
x
. s�3=4

X
k2Z

c
.1/

k
.1/ . s�3=4:

Meanwhile, Lemma 3.3 and (1.6) show

k�ikL1 . .1C s/�3=4; i D 1; 2;

k@jxAikL1 . .1C s/
�3=4�j=2; j D 0; 1:

Thus we arrive atZ 1
0

k��tkL4tL
1
x
C

X
iD1;2

k2Ai@i�t C AiAi�t C �t@iAi CR.�i ; �t /�ikL4tL
1
x
ds . 1:

For the rest At�s , by the proof of Lemma 6.1 and its analogues in succeeding iterations,
we see that

kAtkL4tL
1
x
. s�1=4

X
k2Z

c
.1/

k
.1/ . s�1=4; kAtkL4tL1x . s

�3=4
X
k2Z

c
.0/

k
.0/ . s�3=4:

Hence, (7.17) implies Z 1
0

kAt�skL2tL
1
x
ds0 . 1:
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Therefore, we conclude in this step that there exists a decomposition @t�s D I1C I2 such
that Z 1

0

kI1kL4tL
1
x
ds0 . 1;

Z 1
0

kI2kL2tL
1
x
ds0 . 1: (7.24)

Step 3. (7.22) and (7.24) showZ 1
0

k�s.t
1
� / � �s.t

2
� /kL1x ds

0

.
Z 1
0

�
kI1kL2tL

1
x .Œt

2
��1;t

2
�C1��R2/ C kI2kL2tL

1
x .Œt

2
��1;t

2
�C1��R2/

�
ds0: (7.25)

Then as �!1, (7.24) further implies the RHS of (7.25) goes to zero. Thus (7.23) yieldsZ 1
0

k�s.t
1
� /kL1x ds

0
�

1
4
%

for � sufficiently large, which contradicts (7.21). So we have verified (7.20).
Similar to (7.20) we also have

lim
t!�1

Z 1
0

k�s.t/kL1x ds
0
D 0:

Then (1.4) follows by (7.13).

7.5. Proof of (1.5)

The proof of (1.5) can be reduced to the following lemma.

Lemma 7.2. Given s > 0, there exists a function fs W R2 ! Cn belonging to PH 1 such
that

lim
t!1
k�s.t/ � e

it�fsk PH1x
D 0:

Moreover, fs satisfies
kfsk PH1x

. 1s2Œ0;1� C 1s�1s�3=2:

Now, let us prove (1.5) by assuming Lemma 7.2. Recall that

�i D �

Z 1
s

.@i�s C Ai�s/ ds
0:

Since kAkL1s;tL2x . 1, (7.20) shows

lim
t!1





Z 1
s

jAi�sj ds
0






L2x

D 0:

Then Lemma 7.2 yields

lim
t!1
k�.0; t; x/ � reit�fCkL2x D 0; (7.26)
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where fC 2 PH 1 is defined by

fC D �

Z 1
0

fs ds
0:

Let P denote the isometric embedding of N into RN . Recall that ¹e˛; Je˛ºn˛D1
denotes the caloric gauge. Then the caloric gauge condition shows

2nX
lD1

jdP .el / � dP .e1l /j .
Z 1
0

j�sj ds
0;

which combined with (7.20) implies, for s D 0,

lim
t!1
kdP .el / � dP .e1l /kL1x D 0; 8l D 1; : : : ; 2n: (7.27)

Thus, we deduce from

@ju D

nX
˛D1

.<.�˛j /e˛ C=.�
˛
j /Je˛/

that for s D 0,


dP .ru/ �

nX
˛D1

<.reit�fC/
˛dP .e1˛ / �

nX
˛D1

=.reit�fC/
˛dP .Je1˛ /





L2x

. k� � reit�fCkL2x C


jeit�rfCj jdP .e/ � dP .e1/j




L2x

C


j� � reit�fCj jdP .e/ � dP .e1/j




L2x
:

Therefore, (7.27) and (7.26) give

lim
t!1




dP .ru/ �

nX
˛D1

�
<.reit�fC/

˛dP .e1˛ / � =.re
it�fC/

˛dP .Je1˛ /
�



L2x
D 0:

Then, letting Ev˛ WD dP .e1˛ / and Ev˛Cn WD dP .Je1˛ /, we get

lim
t!1




u.t/ � nX
jD1

<.eit�fC/
j
Evj �

nX
jD1

=.eit�fC/
j
EvjCn





PH1x
D 0: (7.28)

Thus, (1.5) follows from (7.28) by setting

h
j
C WD f

j
C Evj ; g

j
C WD f

j
C EvjCn; j D 1; : : : ; n:

Now, let us prove Lemma 7.2. The convenient way is to introduce the so-called
Schrödinger map tension field Z WD �s � i�t . Then the heat tension field �s satisfies,
for any s � 0,

.i@t C�/�s D N; (7.29)

N WD �
� 2X
kD1

@kAk

�
�s �

2X
jD1

.2Aj @j�s � AjAj�s/C i@sZ C

2X
jD1

R.�j ; �s/�j : (7.30)
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And the Schrödinger map tension field Z satisfies the heat equation8̂̂<̂
:̂
.@s ��/Z D .

P2
kD1 @kAk/Z C

P2
jD1Œ2Aj @jZ C AjAjZ�

C
P2
jD1ŒR.Z; �j /�j C iR.�j ; �s/�j �R.�j ; i�s/�j �;

Z.0; t; x/ D 0:

(7.31)

To prove Lemma 7.2, it suffices to verify

k¹2kkPkNkNk ºk`2 . .1C s/
�3=2;

where N is given by .7.30/. Except for the @sZ term in N, the other terms have been
handled before. It remains to dominate kPk@sZkNk . In fact, one can prove a stronger
result for Z: 

¹.1C 22k/2kkPkZkL4=3º

`2 . .1C s/�3=2: (7.32)

We see that (7.32) follows by bootstrap and (7.31). Therefore, Lemma 7.2 follows.
Hence, we have finished the proofs of Theorems 1.1 and 1.2.

8. Appendix A. Bilinear estimates

Lemma 8.1. Let S W RN ! R and f W .�T; T / �R2 ! RN be smooth. Let

�k WD
X

jk1�kj�20

2k1kPk1f kL1
L2x

: (8.1)

Assume that kf kL1x . 1 and supk2Z �k � 1. Then

2kkPkS.f /.@af @bf /kL1t L
2
x
. 2k

X
k1�k

�k12
k1�k C

X
k2�k

22k�2k2

C ak

�X
k1�k

2k1�k1

�2
C

X
k2�k

22k2�k2ak2�k2

X
k1�k2

2k1�k1 : (8.2)

where
ak WD krPk.S.f //kL1t L

2
x
: (8.3)

Proof. The proof of [5, Lemma 8.2] shows

2kkPkS.f /.@af @bf /kL1t L
2
x
. 22k

X
k1�k

�k12
k�k C

X
k2�k

2�2.k2�k/22k2�2k2

C ak

�X
k1�k

2k1�k1

�2
C

X
k2�k

22k2�2k22k2ak2�k2

X
k1�k2

2k1�k1 :

The only difference is that we use

kPk.S.f //kL2x � 2
�k
krPk.S.f //kL2x
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when S.f / lies in the high frequency with respect to @af @bf , and the trivial bound

kPk.S.f //kL1x . 1

when S.f / lies in the relatively low frequency.

Denote byH1;1.T / the set of functions f W Œ�T;T ��R2!R satisfying @b1t @
b2
x f 2

L2.Œ�T; T � �R2/ for any b1; b2 2 N.

Lemma 8.2 ([5, Lemma 5.1]). Given L 2 ZC, ! 2 Œ0; 1
2
� and T 2 .0; 22L�. Suppose that

f; g 2 H1;1.T /, and let

˛k WD
X

jk�k0j�20

kfk0kS!
k0
.T /\Fk0 .T /

; ˇk WD
X

jk�k0j�20

kgk0kS0
k0
.T /;

If jk1 � k2j � 8, then

kPk.Pk1fPk2g/kFk.T /\S
1=2

k
.T /
. 2k2.k2�k/.1�!/˛k1ˇk2 : (8.4)

If jk � k1j � 4, then

kPk.gPk1f /kFk.T /\S
1=2

k
.T /
. kgkL1˛k1 : (8.5)

Lemma 8.3 ([5, Lemma 5.4]). Given L 2 ZC, ! 2 Œ0; 1
2
� and T 2 .0; 22L�. Then for

f; g 2 H1;1.T /,

kPk.fg/kL4t;x
.
X
l�k

2l .albk C 2
1
2 .k�l/akbl /C 2k

X
l�k

2�!.l�k/albl : (8.6)

where
ak WD

X
jl�kj�20

kPkf kS!
l
.T /; bk WD

X
jl�kj�20

kPkgkL4t;x.T /
: (8.7)

Lemma 8.4 ([5, Lemma 5.4]). Given L 2 ZC, ! 2 Œ0; 1
2
� and T 2 .0; 22L�. Suppose that

f; g 2 H1;1.T /, and Pkf 2 S!k .T /, Pkg 2 L
4
t;x for all k 2 Z. Let

�k WD
X

jl�kj�20

kPkf kS!
l
.T /; �k WD

X
jl�kj�20

kPkgkL4t;x.T /
: (8.8)

If jk2 � kj � 4 and k1 � k � 4, then

kPk.fk1gk2/kL4t;x
. 2k1�k2�k : (8.9)

If jk1 � kj � 4 and k2 � k � 4, then

kPk.fk1gk2/kL4t;x
. 2k22

1
2 .k�k2/�k�k2 : (8.10)

If jk1 � k2j � 8 and k1; k2 � k � 4, then

kPk.fk1gk2/kL4t;x
. 2k.1C!/2�!k2�k2�k2 : (8.11)
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Lemma 8.5 ([5, Lemma 6.3]). If jl � kj � 80 and f 2 Fl .T /, then

kPk.gf /kNk.T / . kgkL2tL2xkf kFl .T /: (8.12)

If l � k � 80 and f 2 Fl .T /, then

kPk.gf /kNk.T / . 2
l�k
2 kgkL2tL

2
x
kf kFl .T /: (8.13)

If k � l � 80 and f 2 Gl .T /, then

kPk.gf /kNk.T / . 2
k�l
6 kgkL2tL

2
x
kf kGl .T /: (8.14)

Lemma 8.6 ([5, Lemma 6.5]). If k � l and f 2 Fk.T /, g 2 Fl .T / then

kfgkL2t;x
. kf kFk.T /kgkFl .T /: (8.15)

If k � l and f 2 Fk.T /, g 2 Gl .T / then

kfgkL2t;x
. 2

k�l
2 kf kFk.T /kgkGl .T /: (8.16)

9. Appendix B. Proof of remaining claims

It seems that the following blow-up criterion has not been explicitly written down in the
literature. This result is well-known for energy critical heat flows. For completeness, we
give a proof.

Proposition 9.1. Suppose that u0 2 HL
Q with L � 4 is the initial data to SMF. If in the

time interval Œ�T; T �, the SMF solution u satisfies

ku.t/kL1t;x.T / � B <1; (9.1)

then u has the bound

ku.t/kL1t H
L
x
� C.B; T; ku0kHLx / <1: (9.2)

As a corollary, if (9.1) holds then u can be extended beyond Œ�T; T � to
C.Œ�T � �; T C ��IHL

Q/ for some � > 0.

Proof. Recall the tension field �.u/ D
P2
jD1 rj @ju. By integration by parts,Z

R2
h�.u/; �.u/i dx D

Z
R2

2X
j;kD1

hrj @ju;rk@kui dx

D

Z
R2
hrkrj @ku;rkrj @kui dx C

Z
R2
O.jduj4/ dx: (9.3)
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Since u solves SMF, by integration by parts we get

d

dt

Z
R2
h�.u/; �.u/i dx D 2

2X
jD1

Z
R2
hrj @j @tu; �.u/i dx C

Z
R2
O.jduj2j@tuj j�.u/j/ dx

D 2

2X
jD1

Z
R2
hrjJ�.u/;rj �.u/i dx C

Z
R2
O.jduj2j@tuj j�.u/j/ dx:

Since J commutes with rj , hJX;Xi D 0, we then arrive at

d

dt
k�.u/k2

L2x
. kduk2L1t;xk�.u/k

2

L2x
:

The Gronwall inequality and (9.1) show

k�.u/kL2x . e
Bt
k�.u0/kL2x :

Using the energy bound
krukL1t L

2
x
. kru0kL2x

and (9.3) gives
ku.t/kW2;2 . Bkru0kL2x C e

Bt
k�.u0/kL2x : (9.4)

By integration by parts,Z
R2
hri�.u/;ri�.u/i dx D

Z
R2

2X
j;kD1

hrirj @ju;rirk@kui dx

D

Z
R2
hrirj @ku;rirj @kuidxC

Z
R2
O.jduj3jr2dujCjruj2jrduj2Cjrduj jduj2/ dx:

Thus we have

kr
2du.t/k2

L2x
. kr�.u/k2

L2x
C kduk6

L6x
C kduk2L1x

krduk2
L2x
C kduk2

L4x
krdukL2x

. kr�.u/k2
L2x
C C.B; t; ku0kW2;2/: (9.5)

And applying integration by parts furthermore gives

1

2

d

dt
kr�.u/k2

L2x
D

Z
R2

X
i;j

hrirj @ju;rtrirj @jui dx

D

Z
R2

X
i;j

hri�.u/;rirjrj @tui dx C

Z
R2
jr�.u/j jr@tuj jduj

2 dx

C

Z
R2
jr
2duj jrduj j@tuj jduj dx C

Z
R2
jduj3j@tuj jr

2duj dx

.
Z

R2
�

DX
i

riri�.u/; J
X
j

rjrj �.u/
E
dx C B2kr�.u/k2

L2x

C Bkr�.u/kL2xkrduk
2

L4x
C B3kr�.u/kL2xk�.u/kL2x

. B2kr�.u/k2
L2x
C Bkr�.u/kL2xkr

2dukL2xkrdukL2x C B
3
kr�.u/kL2xk�.u/kL2x :
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Hence, denoting F.t/ D kr�.u/kL2x , (9.4) and (9.5) show

1

2

d

dt
F.t/2 . C1.B; T /F.t/ŒF .t/C C2.B; T /�;

where C1.B; T / and C2.B; T / are smooth functions of B; T . So the Sobolev norm of
u has a uniform bound in Œ�T; T � up to order 3. This together with the classical local
existence theory (see [9] or [24]) implies u can be extended to Œ�� � T; T C �� for some
� > 0. And the bounds for the higher order Sobolev norms follow from [24, Theorem 3.3]
or by induction. Then by Sobolev embedding, u is smooth in Œ��� T;T C �� if u0 2HQ.
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