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Abstract. In 1994,Sturmfelsgave a polyhedralversionof the Cayley Trick of elimination
theory:he establishean orderpreservingbijection betweerthe posetsof coheent mixed
subdvisionsof a Minkowski sum.A; + - - - + Ay of point configurationsandof coheent
polyhedralsubdvisionsof theassociateayley embedding’ (A1, . .., Ar). In this paper
we extendthis correspondenci a naturalway to cover alsonon-coheent subdvisions.
As an application,we shov that the Cayley Trick combinedwith resultsof Santoson
subdvisionsof Lawrencepolytopesprovidesa new independenproof of the Bohne-Dress
theoremon zonotopaltilings. This applicationusesa combinatorialcharacterizatiorof
lifting subdvisions,alsooriginally proved by Santos.

1. Intr oduction

Theinvestigationsn this paperaremotivatedfrom several directions.Our
point of departures the polyhedralversionof the Cayley Trick of elim-
ination theory given by Sturmfelsin [21, Sect.5]. The Cayley Trick is
originally a methodto rewrite a certainresultantof a polynomial system
as a discriminantof one single polynomial with additionalvariables[9,
pp. 103f. andChap.9, Propositionl.7]. Its applicationsarein the areaof
sparseeliminationtheoryandcomputatiorof mixedvolumes[7,10,11,13,
14,23].

Mix ed subdvisions of the Minkowski sumof a family A4, ..., A C
RY of polytopeswere introducedin [11,14,21]. The polyhedralCayley
Trick of Sturmfelssaysthat coheent mixed polyhedralsubdvisions of
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the Minkowski sumof A;, ..., A c RY arein one-to-onerefinement-
preservingcorrespondencéo coheent polyhedralsubdvisions of their

Cayley embeddingC(Ay, ..., A) ¢ R™~1 x RY. (For definitionsof this

andthe following seeSect.2.) More precisely it establishes strongiso-

morphismbetweercertainfiber polytopesin Theorem3.1, we extendthis

isomorphisnto anisomorphismbetweenthe refinementposetsof all in-

ducedsubdvisions,nomatterwhethercoherentr not. Thisextensiomeeds
amorecombinatoriabapproachhantheoneusedin [21]. We carryit outin

Sect.3 afterintroducingtherelevantconceptsn Sect.2.

Our secondnotivationis thatthereareapplicationsof the Cayley trick
in specificcasesvhich areof intrinsicinterest.Themoststriking oneis the
Bohne-Desstheoem [5] (seealso[6,18,24]) aboutzonotopaltilings, to
whichwe devote Sect.4. Otherapplicationsof the Cayley trick to triangu-
lationsof hypercubesndof productsof simpliceswill appeain [20].

A zonotopeis the affine projection of a hypercube,or equivalently
a Minkowski sumof sggments A zonotopaliling is a subdvisioninduced
by this projection(i.e.,a subdvisioninto smallerzonotopesn certaincon-
ditions,seefor example[24]). TheBohne-Dresgheorenstateghatthereis
aone-to-oneorrespondendeetweerthezonotopatilings of azonotopeZ
andthe single-elemenifts of the orientedmatroid M (Z) associatedo Z.
Our versionof the Cayley trick, in turn, tells usthatzonotopatilings of Z
arein one-to-oneorrespondenogith polyhedrakubdvisionsof its Cayley
embeddingwhichin this caseds aLawrencepolytope (Lawrencepolytopes
have beenstudiedmostlyin connectiorto orientedmatroidtheory se€/1,6,
24], but their propertyof beingCayley embedding®f segmentshasnever
beenpointed out before.) To closethe loop, polyhedralsubdvisions of
a Lawrencepolytopewere shavn to correspondo single-elementifts of
the orientedmatroidby Santoq19], via the concepof lifting subdivisions
introducedn [6, Sect.9.6]. We includea new andshorterproof of this last
eguivalencein therealizablecasgPropositiord.4).1t isbasednageomet-
ric characterizatiorf lifting subdvisions,alsocontainedin [19]. In this
way, this papercontainsa complete(modulo Santos’characterizatiorof
lifting subdvisions)new proofof theBohne-DressheoremTheoremd.3).
It turnsout that of the threeequivalencesn Theorem4.3, the mosttrans-
parentis theonegivenby the Cayley trick, whichis exhibitedin this paper
for thefirst time.

Ourfinalmotivationconcerisfunctorial propetiesof subdivisionposes.
Givenanaffine mapbetweerpolytopescanonedrav conclusionsboutthe
inducedmapbetweerthecorrespondingosetf polyhedrakubdiisions?
Forexample theintersectiorof asubdvisionwith anaffine subspacgields
againasubdvision of theintersectiorpolytope.In fact, it turnsoutthatthe
isomorphisnmgiven by the Cayley Trick is exactly a map of this type. We
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think it would be of interestto investigatesuchmapsin a more general
frameawork (evenif they do not produceisomorphisms)in relationto the
so-calledgeneanlized Bauesproblemfor polyhedralsubdvisions(see[16,
17] for informationonthis problem).

2. Preliminaries
2.1. Subdivision®f pointconfiguations

By a point configurationA4 in RY we meana finite labeledsubsetof RY.
Weallow A to have repeategbointswhich aredistinguishedy theirlabels.
Thecorvex hull conv(A) of A is apolytope.

A faceof a subconfiguratiorB € A is a subconfiguratiorF® € B
consistingof all the points on which somelinear functionalw e (R%)*
takesits minimumover A. Giventwo subconfiguration8, andB, of A we
saythatthey intersectproperlyif thefollowing two conditionsaresatisfied:

e B; N B,isafaceof bothB; andBy;
e conv(B;) Nconv(By) = conv(B; N By).

A subconfiguratiorof A is saidto be full-dimensionalif it affinely
spansRY. In that casewe call it a cell. It is simplicial if it is an affinely
independentonfiguration.Following [3] and[9, Sect.7.2] we say that
acollectionSof cellsof A isa(polyhedal) subdivisiorof A if theelements
of Sintersecipairwiseproperlyandcover conv(A) in thesensehat

Ugesconv(B) = conv(A).

Cellsthatsharea commonfacetareadjacent The setof subdvisionsof A
is partially orderedby therefinementelation

S5<S = VB1€ §, 3B, € S : By C Bs.

Theposetof subdvisionsof A hasa uniqguemaximalelementwhichis the
trivial subdvision {A}. The minimal elementsarethe subdvisionsall of
whosecellsaresimplicial, which arecalledtriangulationsof .A.

The following characterizatiotasalreadybeenproved for triangula-
tionsby de Loeraetal. in [8]. (It is a consequencef parts(i) and(ii) of
their Theoreml.1.) Herewe includea proof for subdvisions,whosefinal
partfollows the proof of their Theoren3.2.

Lemma2.1. Let A bea point configuation. Let Sbe a collectionof cells
of A. Then,Sis a subdivisionif and only if the following conditionsare
satisfied:
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(i) Theris a pointin corv(A) that is containedin the corvex hull of
exactlyonecell of S.

(i) ForeveryB e Sandfor everyfacetF of B, either F liesin a facetof
con/(A) or there is anotherB’ € Sof which F is a facet.We sayin
this casethat B and B’ are adjacent.

(iif) Anytwo adjacentcellsin Slie in oppositehalfspaceswith respecto
their commorfacet.

Proof. If Sis a subdvision, it is easyto verify thatit satisfies(i), (ii),
and(iii). Corversely if S satisfies(i), (i) and(iii) thenrefiningeachcell
in Swith its placingtriangulation(with respecto ary orderingof A fixed
in adwance)we geta collectionT of simpliceswhich still satisfieq(i), (ii)
and(iii). By theresultsin [8] T is atriangulation.Usingthis it is easyto
prove thatSis asubdvision. O

2.2. Inducedsubdivisions

Now let P ¢ RP beapolytope,andlet : RP — RY bealinearprojection
map.We canconsidetthepointconfigurationA arisingfrom theprojection
of the vertex setof P. An elementin A is labeledby the vertex of P of
whichit is consideredo betheimage.In otherwords,z inducesabijection
fromthevertex setof P into A, evenif differentverticesof P havethesame
projection.

A subdvision S of A is saidto be w-inducedif every cell of Sis the
projectionof thevertex setof afaceof P. With theseconditions,Scontains
the sameinformation as the collection of facesof P whosevertex sets
arein S. In this senseone can saythat a w-inducedsubdvision of A is
a polyhedralsubdvision whosecells are projectionsof facesof P. (This
statements not very accuratesee[15,16,24] for anaccuratedefinition of
r-inducedsubdvisionsin termsof facesof P.)

Every non-zerolinear functional¢ € (RP)* definesa -inducedsub-
division S, asfollows: ¢ gives a factorizationof = into a map (, ¢) :
RP — RY x R andthemapp : RY x R — RY which forgetsthe last
coordinate For ary elementa € A let ap denotethe uniquevertex of P
of which it is consideredo be the imageby n. For ary face F of the
(d + 1)-dimensionapolytope(r, ¢) (P) we denoteby Ar thecollectionof
points Ar :={a e A : (m, ¢p)(ap) € F}. A faceF of (, ¢)(P) is called
lower if its exterior normal conecontainsa vectorwhoselast coordinate
is negative. With this notation, S, := {Ar C A : F is alower faceof
(7, ¢)(P)} isam-inducedsubdvisionof A. Thesubdvision S, is calledthe
mw-coheentsubdvision of A inducedby ¢, anda w-inducedsubdiision is
calledr-coheentif it equalsS, for someg.
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Saidin amorecompactform, asubsetB C Ais acell of S if andonly
if thereis a linearfunctional¢’ : RY — R suchthat B is the subsebf A
where¢’ o m + ¢ takesits minimumyvalue.(For example,S; is thetrivial
subdvision if andonly if ¢ factorsby .)

Definition 2.2 (Fiber Polytope). Theposetof rw-inducedsubdivisionsex-

cluding the trivial oneis denotedby w(P, ). Its minimal elementsare

the subdivisionsfor which every cell comesfrom a dim(A)-dimensional
faceof P. They are called tight w-inducedsubdivisionsThe subposebf

m-coheent subdivisionss denotedby wcon(P, 7). It is isomorphicto the
facelattice of a certainpolytopeof dimensiordim(P) — dim(A), calledthe
fiber polytopeX (P, n).

See[2,24] for moreinformationon rw-inducedsubdvisions andfiber
polytopes.

2.3. WeightedMinkowskisums Mixedsubdivisions

LetA; :={a”,...,a™} bepointconfigurationsn RY, withi =1, ... ,r.
TheirMinkowskisumy_;_; A; is definedto bethesetof all pointswhich
canbeexpressedsasumof apointfrom eachA4;, i.e.,

Yo Ai={at - tacach)
i=1

AvectorA=(Aq,..., Ar) INR with > _ Ai=1and0<Aq,..., A <1
is a weightvector For a weightvector the weightedMinkowski sumis
definedby

r
D onA =@t ha e A
i=1

The configuration)"_, AiA; has[]_, m points, some perhapsre-
peated.

A cell (i.e., full-dimensionalsubset)B ¢ >{_; Aj.A; will be calleda
Minkowskicell if B = A1B; + --- + A; B, for somenon-emptysubsets
B c A,i =1,...,r. A mixedsubdivisionof the weightedMinkowski
sumof Ay, ..., A, is asubdvision of the configuration)_;_, Ai.A; whose
facesare all Minkowski cells. (Thereis not completeagreementn the
literatureconcerninghis definition.SeeRemark2.5.) A Minkowski cell is
calledfineif it doesnotproperlycontainary otherMinkowskicell. A mixed
subdvisionis fineif all its facesarefine.

We canconsidetthecartesianproductof pointconfigurationgsa Min-
kowski sumwhereall the point configurationdie in complementanaffine
subspacedhisleadsto thefollowing naturalprojection.
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Definition 2.3 (Weighted Mink owski Projection). LetA,, ..., A; be
pointconfiguationsin RY, andlet Py, . .., P, bepolytopesn R, ... RP,
resp.thevertex setsof which affinely projectto Ay, . .., A, via

Po=vert(P) 2 A, 1<i<r.
Moreover, let A = (A4, ..., A;) beaweightvector We define

Pix - xPr = AAL+ -+ M A
(P1s - -5 Pr) > i (Po)+ - - +Ar 7w (Pr);

TheprojectioniITy, is speciallyinterestingf the polytopesP; involved
aresimplices.The proofof thefollowing factis just a checkof definitions.

)\.HM::)\.lﬂl+ +)\.r77,'r . {

LemmaZ2.4. LetATly : Py x--- x Py — A1 A1+ - -+ A A beaweighted
Minkowskiprojection,asin Definition 2.3, and supposedhat the the poly-
topesP, areall simplicesThen,asubdivisiorof A A1 +- - -+ A A, is (fine)
mixedif andonlyif it is (tight) AITy-induced.

Remark2.5. Thereis someconfusionin theliteratureconcerninghedefin-
ition of mixed subdvisionsof the Minkowski sum)_;_, A; of the family
of point configurationg A, ..., A;}. Firstof all, in mostof the literature
it is assumedhat the numberof configurationsequalsthe dimensionof
theambientspace(i.e.,d = r) becausehis is the casein the applications
to zero-dimensionapolynomial systems However, the geometricproofs
involved work the samewithoutthis assumption.

PederseandSturmfeld14, p. 380]definedmixedsubdvisionsto bethe
subdvisionsTly-inducedby the projectionITy, : Py x --- x Py — A; +
---+ A, of ourLemma2.4.Sturmfelg21, p. 213] definedcoherentmixed
subdvisionsastheoneswhichareIly,-coherentThisis thesameaswedo.
However, for theapplicationt isinterestingto posethefollowing additiond
propertythatin everycell B = B;+- - -+ B, of thesubdvisionthedifferent
Bi's lie in complementargubspacegThis assumptiorallows to compute
the mixedvolumeof A; + - - - + A, by summingup the volumesof some
cellsofthesubdvision.) It seemghatPedesen and Stumfels[ 14]implicitly
assumehatall mixedsubdvisionshavethisproperty sincethey say(p. 380)
“the mixedvolume. .. is thesumof volumesof the parallelotopesn A”.
In [21] the additionalpropertyis explicitly mentionedandsaidto hold for
all finemixedsubdvisions(which arecalledtight there).In otherliterature
the propertyis takenaspartof the definitionof mixedsubdvision[11,13];
[Ty -inducedsubdvisionswithout this propertyarejust calledsubdivisions
of ther-tuple (Ay, ..., A).

Finally, thereseemgo be agreemento call tight subdvisionsthe min-
imal elementsn the posetof subdiisionsinducedby a projectionin gen-
eral [2,16,17,24] and fine mixedthosefor the particularcaseof mixed
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subdvisions[11,13], with theexceptionof [21] mentionedabove. We have
choserto follow this convention.

2.4. TheCayley embedding

We call the Cayley embeddingf Ay, ..., A, thefollowing point config-
urationin R™~1 x RY. Let ey, ..., e be a fixed affine basisin R"~! and
wi : RY — R'-1 x RY be the affine inclusiongiven by ui(x) = (&, X).
Thenwe define

C(AL ..., A = Ui (A).

The Cayley embeddingof point configurationsfrom complementary
affine subspacesqualsthe join productof the point configurations(For
the purposeof this paperwe candefinethe join productPy * - - - % P, of
several point configurationsvith P, ¢ RP to betheir Cayley embedding
C(Pi,...,P) C R x RPt x ... x RP.) Hence we have the following
naturalprojection.

Definition 2.6 (Cayley Projection). Let A4, ..., A, be point configur-
ationsin RY, andlet Py, ..., P be polytopesin RP, ..., RP, resp. the
vertex setsof which affinelyprojectto Ay, ..., A, via

P i=vert(P) > A, 1l<i<r.
Define

Pisx---xP — C(A1, ..., A,
(&, p) — (&, m(P)).

Again, the following lemmais obvious since a join of simplicesis
asimplex.

IIc :=C(7r1,...,m):{

Lemma?2.7. If P; isasimpleforall 1 <i <r theneverysubdivisionof
C(A4, ..., A)isTlc induced.

3. The Cayley Trick

In thissectiorwe stateandprove theCayley Trick for inducedsubdvisions.

Theorem 3.1 (The CayleyTrick for Induced Subdivisions).Let Ay, ...,
A, bepointconfiguationsin RY. Moreover, let P, . .., P, bepolytopesn
RP, ..., RP, resp.theverte setsof which affinely projectto A, ..., A
via

P o=vert(P) 2 4, 1<i<r.
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Thenfor all weightvectos . = A4, ..., A; there are the following
isomorphism®f posets:

W(P1X ... XPr, M1+ .+Am) Ew(Prk--- %P, C(mq, ..., 7));
weoh(P1X .. . X Py, A+ . .4+ 7)) Eweon(Prx - - - % Pr, C(my, ..., 71r)).

The secondof the two equivalencesabove follows from [21, Theo-
rem5.1] andis statedonly for completenesslhe structureof the proof of
thefirst oneis asfollows: first, we representhe Minkowski sumasasection
of the Cayley embeddingthenwe definean explicit orderpreservingmap
that carriesthe isomorphismFinally, we shav that the canonicalinverse
constructionis well-definedand orderpreserving.A “guide line” of the
proofis indicatedin Fig. 1.

O

Fig. 1. “One-picture-proofof the Cayley Trick”: The picture depictsthe geometricinter-
pretationof the correspondenci the Cayley Trick: intersectingthe Cayley embedding
with the affine subspac&V(1) yieldsthe Minkowski sumweightedby A. Sinceall cellsin

a subdvision of the Cayley embeddingare also Cayley embeddingghis correspondence
carriesoverto cellsin subdvisions

Lemma3.2. Let A4, ..., A, C RY bepointconfiguations. Moreover, let
A = (A1, ..., Ar) beaweightvector (RecallthisimpliesthatA; > 0Vi and
S A = 1.)Moreover letW(L) := {A€14- - +Ae ) xRY C RTIxRY.

Thenthe scaledMinkowskisumai1.4; + - - - + A, A, C RY hasthefol-
lowing representatiorasa sectionof the Cayley embedding (A4, ..., A;)
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inR—1 x RY:
MAL+ ..+ A A ECALL .. AD) AW
= {convf(en, &), ..., (e, a)} NWQ) :
(en.a),....(6,8) € C(An ..., A)},

Moreover, F is a facetof A1 4; + - -+ + A+ A, if andonlyif it is of the
form F = F' A W()) for afacetF’ of C(A4, ..., A;) containingat least
onepoint(g,a) forall 1 <i <r.

Remark3.3. Onthelevel of convex hulls the above representatiofor the
Minkowski sum polytopeis nothingelsebut the ordinaryintersectionof
the Cayley embeddingpolytopewith the affine subspacaN(1). We need
theslightly morecomplicatedsersionfor pointconfigurationstatedabove
becausén corvex hulls—assulsetsof a Euclidearspace- we cannotkeep
trackof multiple points.

Proof of Lemma3.2.Definede() := 116 + --- + A& € R1, sothat
W(L) = {Ge(M)} x R

Analogously for ary sequence = (ay, ..., &) of pointswith a € A;
we setga(A) := A1y + --- + Ara € RY. Thenthe intersectionpoint
corv((ey, &), ..., (&, a)) N W) equals(ge(1), Ga(2)) € R x RY.
But this is, by definition, a point in the scaledMinkowski sum— via the
naturalidentificationR? = {ge(1)} x RY = W(A) — andevery pointin the
Minkowski sumhasthis description.

The remarkaboutthe facetsfollows from the fact that a facet F’ of
C(Ai, ..., A) in R x RY intersectsW(x) if andonly if it containsat
leastonepoint (g, g) for eachl < i < r andthata linearfunctionalis
minimizedon F’ overC(A,, ..., A,) if andonly if its projectionto W().)
is minimizedon F A W(A). O

In orderto keepthe notationlean, we identify the embeddingof the
weightedMinkowski suminto R™~ x RY in the previous proof with the
ordinaryweightedMinkowski sum.TheCayley embedding’ (A4, ..., A)
correspondingo theweightedMinkowski sumi, A1 + - - - + A A, will be
denotedoy (A1 41 + - - - + A Ar) V W(L). Thatis, we have

()"1/41 + ttt + )"TAI‘) \% W()“) = C(Al’ sy Al‘)a
C(Al, ceay Ar) N W()\.) == )\]_Al + ce + )LrAr.
Of coursethis notationextendsto subconfigurationaswell.
The following propositionstatesthat the “intersection”with W(.) in-

ducesanorderpreservingnapfromw(Pyx- - - Py, [Ic) tow(Prx ... x Py,
Alw).
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Proposition3.4. Let Sbea I1¢-inducedsubdivisiorofC (A, ..., A;) and
SAWR) :={BAWQ) : Be S}.
Then

(i) SAW() isaAilly-inducedsubdivisionof A1 A1 + - -+ + At Ay
(i) S< Simplies(SAW()) < (S AWQ));

(i) SAW() istightif Sistight;

(iv) SAW(L) is AITy-coheentif Sis IMc-coheent.

Proof Everycell B in asubdvisionof aCayley embeddings againa Cay-
ley embeddingThereforepy Lemma3.2, B A W(A) is amixedsubconfig-
urationin theMinkowski sum.Sincefor acell in aTl¢-inducedsubdvision
Sof C(Ay, ..., A) to befull-dimensionalit mustcontaina point (g, &)
with g € A; foreveryl < i <r, everycellin SintersectaN(1) in afull-
dimensionakubconfiguratiorof ;.41 + - - - + A A, thusdefininga cell.
Thiscellis clearlyaprojectionof afaceof theproductP; x - - - x P, under
MIy.

The incidencestructureand properintersectionsare not affected by
intersectiorwith W(1) by Lemma3.2.Hence by Lemma2.1we get(i).

Property(ii) is obvious,(iv) is partof [21, Theorenb.1]and(iii) follows
from (ii). O

The following propositionprovidesthe inverseorderpreservingmap.
Its proof is not difficult but neverthelesson-trivial; the extensionof the
polyhedralCayley Trick from coherentto generalinducedsubdvisions
requiresingredientghatarenot necessaryor the coherentase.

Proposition3.5. LetSbheaAIly-inducedsubdivisiorof A1 A1+ - -+ A A,
and

SVWOM) :={BVvWQ) : Be S}.
Then

(i) Sv W) isallc-inducedsubdivisionof C(Aq4, ..., A/);
(i) S< Simplies(Sv W()) < (S v WQ));

(i) Sv W()) istightif Sistight;

(iv) Sv W(1) isT1c-coheentif Sis AITy-coheent.

Proof. Again,propertiegii) and(iii) areobvious,and(iv) followsfrom[21].
In orderto prove (i), let SbeaiIly-inducedsubdvisionof Ay A+ - -+
rrA;. Foreverycell Bin Sthereisauniquecell BVWOA) inC(Ay, ..., A)
with B v W(A) A W(L) = B. Let W' (1) = {Qe(A)} x RPt x ... x RP be
thefiberof W(1) underTlc : R™1 x RPt x ... x R — R"™1 x RY, The
cell B is a projectionof afaceF of P; x --- x P, andthereforethe face
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Fv W () of Ppx---x P, —recallthatthisequalsP; x --- x P, v W (L)
—projectsto B v W(L).

For the collectionof cells Sv W(L) we needto shav —by Lemma2.1—
that

(i) thereisapointin con/C(Ay, ..., A) thatis containedn exactly one
cellof Sv W)
(i) adjacentellslie ondifferentsidesof thehyperplanghatsupportsheir

commonfacet;
(iii) foreveryfacetF ofacell B € Sv W(A) eitherF is containedn afacet
of the configurationC(A,, ..., A;) or thereis anothercell B’ € S

containingF asafacet.

First,we prove (i). Sincethe Minkowski sumis containedn the Cayley
embeddingasa sectionand Sis a subdvision of the Minkowski sum,i.e.,
S satisfiesconditions(i), (ii), and(iii), we find a point p € conv(i.A; +
-+ + A Ap) thatis containedn the corvex hull corv B of exactly onecell
B of S. Therefore,p is uniquelycontainedn conv(B v W(1)) D corv B
whereB v W(L) € Sv W()), which completed(i). Let B; v W(1) and
B, v W(L) betwo adjacentellsin Sv W(A) with commonfacetF. Let H
bethehyperplaneupportingF. We shawv thatB; v W(1) andB, v W()) lie
on differentsidesof H, which proves(ii). To this end,assumeB; v W())
andB, v W(}) lie onthesamesideof H. ThenB; = B; v W(L) AW(A) and
B, = B, v W(A) A W()) lie onthesamesideof H A W()) while F A W())
is the commonfacetof B; and By, supportechy H N W(1): contradiction
to (i) for S.

In orderto prove (iii) we only needto obsere that incidencesare
preseredby “VvW()". O

SeeFig. 2 for anillustrationof thesituation.

Remarlk3.6. It is not true in generalthat a properintersectionof non-
adjacentcellsin the Minkowski sumimplies a properintersectionof the
correspondingells in the Cayley embeddingSeeFig. 3 for an easyex-
ample.

Propositions3.4 and3.5imply Theorem3.1. This one,in turn, hasthe
following corollaries.Thefirst oneis straightforvard.

Corollary 3.7. WeightedMinkowskisums) i_, A; A; of a point configur
ation A,, ..., A, haveisomorphicposetsof subdivisiondor all weightsai.

In the following resultwe call geometric(polyhedal) subdivisionof
acorvex polytopeP afamily of polytopescontainedn P which cover P
andintersecproperly If P = corv(.A) for apointconfigurationA4 thenary
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Py x P, C R(PLHP2) . P # P, C R? x R(P1HP2).

B

P2

>
Q2

Qi+ Q2CcRA C(Q1, Q2) CRZx RY

Fig. 2. Affine picturefor r = 2 and Py = P, = [0, 1]: productand Minkowski sum
areintersectionof join resp.Cayley embeddingwith the affine subspacaV = {x1 = xo,
X1 +Xx2 =1}

A

Fig. 3. Two properlyintersectingcells in the Minkowski sumwhosecounterpartsn the
Cayley embeddingntersecimproperly

subdvision Sof A hasanassociatedeametric subdvision{conv(B): B¢ S}
of P. Reciprocallyageometricsubdvision K of P equalgcorv(B):Be S}
for somesubdvision S of A if andonly if every elementof K hasvertex
setcontainedn A (but thesubdvision Sof A is notunique,in general).
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Given a family Ay, ..., A, of point configurationsand a geometric
subdiision K of the polytopecorv(}~_; 2iAi) we saythatK is mixedif
thereis a mixed subdvision Sof >~1_, 1;.4; with K = {corv(B) : B € S}.
A necessargonditionfor this to happeris thateachpolytopeQ in K can
be writtenas Q = con/(Zir:l AiBi}) for certainsubsetsB; C A, i =
1,...,r. But this conditionis not suficient, as the following example
shaws: Considerthe Minkowski sumof two squaref side 1 dividedinto
four squareof sidel. Thereare24 waysof introducingtwo diagonalsn
thefour squaresandall of themprovide geometricsubdvisionssatisfying
the extra condition.But only the 8 oneswith the diagonalsdrawvn in non-
adjacensquaresremixed.

Corollary 3.8. LetA,, ..., A, beafamily of pointconfiguations,andlet
K, K’ be geometricsubdivisionsof con/(zir:l A A). Supposehat K is
arefinemenof K’ (i.e., everycell of K’ is a unionof cellsof K) andthat K
is mixed.ThenK’ is mixedtoo.

Proof An easyconsequencef TheorenB.listhatageometricsubdiision
of the geometricMinkowski sumconv(>"_; Ai A)) is mixedif andonly if

it is theintersectionof the geometricsubdvision of conv(C( Ay, ..., A))
associatedo somesubdvision of C(Ay, ..., A;) with the affine subspace
WL).

We supposeéhat K is the intersectiorwith W(i) of a geometricsub-
division K of conv(C(Ay, ..., Ar)) andthatK equals{corv(B) : B € S
for somesubdvision Sof C(Ay, ..., Ar). Let K = {Qy, ..., Q}, K' =
{Q ..., Qi andK = {Qq,..., Qy with Qi = Q; N W) for each
i=1,...,k

SinceK refinesK’, foreachj = 1, ..., | wecanwrite Q’j asaunionof
someof the Q;’s. We defineQ_’j to bethe unionof the corresponding);’s,
andlet K’ := {Q}, ..., Q/}. We claim that K’ is a geometricsubdiision
of conv(C(Ajy, - .., Ay)). If this is true thenit is obvious that K’ is the
geometricsubdvision associatetio somesubdvision S of C(Ay, ..., Ar)
andthatK’ is theintersectiorof K’ with W(1), whichfinishesthe proof.

The only non-olvious partsin the claim are that the unions Q/j are
corvex andthatthey intersectpairwiseproperly We prove thesetwo facts
in thefollowing lemma. O

Lemma 3.9. Let K be a geometricsubdivisionof the geometricCayley

embeddingornv(C(Ay, ..., A;)). Let Q and R denoteunionsof cellsin K.

1. If there is a weightvector for which Q N W(A) is corvex, thenQ is
COIvex.

2. Supposd&) and R are corvex. If there is a weightvector g for which
Q N'W(ro) and RN W(1p) intersectproperly thenQ and R intersect

properly
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Proof 1.Let Q = {Qy,..., Q} wherethe Q;’s arecellsin the subdvi-

sion K. Sincethe Q;’s intersectproperly for every weight vector A the
intersection®; NW(1), ..., Q N W() intersecproperly Also, thepoly-

topesQ; N W() for differentvaluesof A arenormallyequivalent. Thus,if

Qi NW(Xo) andQ; N W(ko) shareafacethenQ; N W(x) andQ; N W(A)

mustshare‘the same”facefor every A (or otherwiseQ; and Q; intersect
improperly).ThisimpliesthatQ NW(i) andQ NW(A) arecombinatorially
eguivalentpolyhedralcomplexesandtheir boundariesare combinatorially
andnormally equivalent corvex polytopes.Even more,their facesarela-

beledin the same(unique)way asintersection®f facesof Q with W(iq)

andW(%) respeciiely. In particular Q N W()) is a corvex polytopefor

every i.

Supposeiow that Q is not corvex. Let p andq be pointsin Q such
thatthesegment[ p, q] is notcontainedn Q andsuficiently genericsothat
[p, q] intersectsheboundaryof Q in therelative interior of afacetF of Q.
Let F* betheexterioropenhalfspaceo thatfacet.Oneof pandqisin FT,
supposehatit is p andlet A be the weight for which p € W()). Then,
F*NW(L) isthehalfspacexteriorto thefacetF N W(x) of Q N W(1) and
p € F*NW(). Thismeansp ¢ Q N W(1), acontradiction.

2.Let Fg = QN RNWI(Ao) bethecommorfacein which QNW() and
RNW(o) intersectFy canbeexpressedsaunion(Fy U - - - U F) NW(Ag)
whereeachF; is a faceof oneof the Q;’s in K whoseunion equalsQ.
This expressionis unique (up to reordering)if it is not redundant(i.e.,
if F N W(\g) hasthe samedimensionas Fq for every i). In the same
way, Fp = (G U --- U Gg) N W(Ag), wherethe G;’s are nowv facesof
the cellsof K whoseunionis R. Thefactthatthe F’s and G;'s intersect
properly (sincethey areall facesof cells of the subdvision K) together
with (FLU--- U F) NW(Ag) = (GL U ---U Gg) N W(Ag) for theweight
Ao impliesthateachF; equalsa G; andvice versa.Thus,Q andRintersect
properly in thefaceF, U---UF = G U --- U Gy. O

4. Lifting subdivisionsof Lawr encepolytopes
and the Bohne-Dresstheorem

Throughouthis sectionlet A = {ay, ..., a,} ¢ RY beafixedpointconfig-
urationof dimensiond, andlet M 4 denotethe orientedmatroidof affine
dependencesf A, whichhasrankd + 1 andgroundset{l, ..., n}.

4.1. Lifting subdivisions

A lift of M 4 is an orientedm@troidm of rankd + 2 with groundset
{1, ..., n+1} whichsatisfiesM 4/(n+1) = M 4. Geometricallyalift can
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bethoughtof asanembeddingf A into R4+ which projects‘vertically”

(i.e.byforgettingthelastcoordinatejo .4 andwith thenew pointn+1being
the“point atinfinity” of theverticallines(but this picturedoesnottake into

accounton-realizabldifts, or realizablelifts which do not geometrically
projectto A).

Forary B C A, everylift of M 4 restrictsto alift of Mg. Moreover,
alift of M 4 is fully characterizedby its restrictionsto circuits (minimal
affinely dependensubsetspf .A. The former s trivial to checkandthe
latteris a dualizationof Proposition7.1.4in [6]. If B is acircuit, then Mg
hasexactly threelifts: the “zero” lift in which B lifts to a dependentet
andthetwo lifts in which B lifts to anindependensetB, distinguishedy
the orientationthey inducein the affine spanof B. Hence,a lift of A is
characterizetby its circuit signatue functionwhich givesa sign0, + or —
to eachcircuit.

This allows to definea naturalpartial orderon the lifts of M 4, which
coincideswith the weakmapordering on orientedmatroidswith the same
rank and numberof elementsa lift is lower in this posetif it is “more
generic”or “more uniform” see[6, Chap.7]. More precisely the circuit
signaturefunction of the lower lift is obtainedfrom that of the higherby
settingsomezeroego + or —.

Every lift M4 of M4 inducesa subdiision Sy, of A asfollows:
asubsetr C {1,...,n} is (thesetof indicesof the elementsf) acell in
Sif andonly if o is a facetof M 4 not containingn + 1 (a facetin an
orientedmatroidis the complemenbf a positve cocircuit [6, Chap.9]).
The subdvisionsof A which canbe obtainedn this way arecalledlifting
subdivisionsThey wereformally introducedin [6, Sect.9.6], with some
of theideascomingfrom [4]. In the geometrigpicturedescribedabore the
lifting subdvisionis justtheprojectionto RY of thelowerfacetwof thelifted
point configuration.Hence,the processs a combinatorialabstraction(as
well asa generalizationdf the definitionof regular subdivisionof A.

Thefollowing definitionandtheoremtakenfrom[19, Sect5.3], provide
a characterizatiorof lifting subdvisions of A which doesnot explicitly
involve the orientedmatroid M.

Definition 4.1. Let.A bea pointconfiguation. For ead subsetB C A, let
Sg beasubdivisiorof A. Wesaythat thefamily of subdivisionsS = {Sg}gea
is consistentf for everysubsetB C A thefollowing happens:

(i) Foreverycellr € Sz andfor everyB’” C B, N B is afaceof acell
of Sg.

(i) For everyaffinebasiso of RY containedn B if o is containedn a cell
of S,up for everyb € B\ o, theno is containedn a cell of Sg aswell.
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We saythat the family is consistentwith a certain subdivisionS of A if,
moreovelr S= Sy.

Theorem4.2 (Santos).Let Shea subdivisionof a point configuation A.
Then thefollowing conditionsare equivalent:

(i) Sisalifting subdivision.
(il) Theeris afamily S of subdivisionf the subsetof M which is con-
sistentwith S.

4.2. Lawrencepolytopeszonotopesandthe Cayley trick

A point configuration4 c RY of dimensiond with n elementscan be
representetly ann x (d + 1) matrix of rankd + 1, whosecolumnsarethe
elementof A with anextra coordinateequalto 1 in thelastplace. M 4 is
the orientedmatroidrepresentedy the columnsof this matrix, which we
still denoteA. The Lawrencelifting of A is defined(seeg[1,22]) to bethe
point configurationcorrespondingo the matrix

A(A) = (Tl (I)> ,

wherel is the identity matrix of sizen x n andO the zeromatrix of size
n x (d+ 1). The2n columnvectorsof thematrix A (A) affinely spananon-
linearaffinehyperplanef R"9+1 so A (A) representapointconfiguration
with 2n pointsin dimensiom + d whichwe still denoteA (A). Theconvex
hull of thisconfiguratioris calledtheLawrencepolytopeassociatedith A.
It turnsoutthatall the pointsin A (A) areverticesof this polytope.

By reorderinghe columnsof A (A) we seethatthe Lawrencepolytope
of A equalsthe Cayley embeddingf then sggmentsOg c R41, |.e:

A, ..., a) =C(Oa, ..., Oa).

On the other hand, the Minkowski sum of a collection of segments
is a zonotopeand its mixed subdvisions are usually called zonotopal
tilings [24, Sect.7.5]. We will call zonotopeassociatedvith the pointcon-
figuration.A (anddenoteZ(A)) the Minkowski sum3 "' ; Oa. Thus,the
Cayley trick gives a correspondencdetweenzonotopaltilings of the
zonotope Z(A) and polyhedral subdvisions of the Lawrence poly-
topeA(A).



The Cayley Trick andthe Bohne-Dressheorem 195

4.3. TheBohne-Desstheoem

Therestof this sectionis devotedto prove thefollowing theorem:

Theorem 4.3 (Bohne-Dress Santos).Let. A bea pointconfiguation. The
following posetsare isomorphic:

() Theposetof zonotopalilings of Z(A).
(i) Theposetof lifts of the orientedmatoid M 4.
(iii) Theposetof subdivision®f the LawrencepolytopeA (A).

The equivalenceof the first two posetss the Bohne-Dressheoremon
zonotopegse€[6, Theoren2.2.13],[24, Theorem7.32],[18]). We provide
a new proof of the Bohne-Dresgheoremas follows: Our Theorem3.1
directly implies the isomorphismbetweenthe first and last posets.The
eguvalenceofthelasttwowasprovedin[19, Sed. 4.2]in thegeneral case of
perhapson-realizhleorienedmatoidsbut weincludehereashorterprodf.
Theessentiahew featureof ourproofis thatwe useSantostharacterization
of lifting subdvisions (Theorem4.2) to prove part (ii) of the following
statementwhile in [19] thesamethingis proveddirectly.

Proposition4.4. Let A beapointconfiguationwith orienedmatroid M 4,
andlet A(A) betheassociated.awrencepolytope with orientedmatmoid
M. Then:

(i) Twodifferentlifts of M, 4, producedifferent associatedifting sub-
divisions.

(i) Everysubdivisiorof A (M) is a lifting subdivision.

(iii) Theposeoflifts of M \) andtheposedflifts of M 4 areisomorphic.

Thus,the posetof lifts of M 4 andthe posetof subdivisionsof A (A) are
isomorphic.

Proof. Throughoutthe proof we will denoteby by, ..., by, ey, ..., e, the
verticesof the Lawrencepolytope thatis to saythe columnsof the matrix

A(A) = (']4 ?)

The following are someother very special propertiesof A(A). Let
C = (C*, C) beacircuitof A(A). ThismeanghatC~ UC™* isaminimal
dependensetandthatC— andC* are,respectiely, the setsof pointswith
positive andnegative coeficientin theunique(moduloascalarJdependence
equationinvolving them.The structureof the matrix A (A) clearlyimplies
thatwhen&er anelementh; or g isin C* thecompaniorg or b; isin C~
andvice versa.ln otherwords, the supportof every circuit hasthe form
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{bj :iedJ}Uu{g :ied} forsomed c {1,...,n}. Ontheotherhand,
ary subsenf thatform is afaceof A(A).

If B is now an arbitrary subsetof the verticesof A(A), let By =
{bieB:geB}U{geB: b eB}. Everyelementp € B\ By is
acoloopin B. In otherwords,for every subsetB of the verticesof A(A),
conv(B) is aniteratedconeover the facecon/(Bg) of A(A). Thesefacts
will becrucialin theproof of thethreestatements:

(i) Thecircuit signaturefunctionsof two differentlifts will necessarily
give differentsign to a certaincircuit C of A(A). But this implies that
the associatedifting subdvisionsaredifferent,sincethey aredifferentin
the faceof A(A) spanneddy the supportof that circuit. (The threelifts
of acircuit induce,respeciiely, thetrivial subdiision andthetwo unique
triangulationsof thecircuit).

(ii) Sinceevery subsetB of the verticesof A(A) is aniteratedcone
overafacecon/(By), asubdvision Sof A (M) is consistentvith only one
subdvisionof B: theconeoverthesubdvisionof thefacecorv(By) induced
by S. Let {Sg}sca(4) denotethe family of subdvisionsso obtained.The
first conditionof consisteng is trivially satisfiedoy thisfamily. For proving
the secondone we will useinductionon the dimensionof the subsetB
involved.

Let o beabasiscontainedn B suchthatfor everyb € B\ o we have
thato is in a cell of the subdvision S, ;. Sinceo is full-dimensional,it
must containat leastone of eachpair of verticesb; andg of A(A), for
everyi € {1, ..., n}. Ontheotherhand,sincethecasesr = A(A) istrivial,
o containsanelementg or by whosecompaniorg or b isnotin o. Leta
be suchanelementandlet usdenotets companiorby a.

Since{a, a} is the complemenbf the setof verticesof afacetof A(A),
by induction on the dimensionwe assumethat o \ {a} lies in a cell of
Se\(aa- If @ ¢ B thisimpliesthato liesin acell of Sg. If @ € B we still
canconcludethateithero oro \ au {@} lie in acell of Sg. Sosupposehat
theseconchappensandlet ¢ bethatcell. We will proofthata € = aswell.

Considetthe corankl subconfiguratioB’ = o U {@} of B. By thefirst
conditionof consisteny, T N B’ is afaceof acell in Sg.. Ontheotherhand,
sinceB’ is of theform o U {b}, o liesin acell of Sg' by hypothesisThus,
bothB'\ {a} = o andB’\ {a} ¢ t N B’ lie in cellsof Sg.. SinceB’\ {a, a}
is afaceof B/, thisimpliesthat S/ is thetrivial subdvision. Finally, since
7 N B’ is full dimensionabecausé containss \ {a} U {@}, T N B’ isacell
of §; and,thus,a € r, aswe wantedto prove.

(iii) Let A* be a Galetransformof A, represente@sa matrix of size
n x (n—d — 1) whoserow space ow(A*) is anorthogonatomplemenof
row(A). Then,the matrix (A4*, —A*) of size2n x (n — d — 1) represents
a Galetransformof A(A). In otherwords, the orientedmatroid dual to
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M (4 isobtainedromthedud of M 4 byadjoininganantiparallel elemert
to every elementThen,it is trivial thatthetwo dualshave the sameposets
of extensiong(for example,via the topologicalrepresentatiotheoremof
orientedmatroids;alsovia Las Vergnas’characterizatioof extensionsby
cocircuitsignaturdunctions.Seg[6]). Sincelifts of anorientedmatroidare
dualsto extensionof its dual, part(iii) is proved.

Oncewe have provedparts(i), (ii), and(iii) we have abijectionbetween
thetwo posetsveareinteresedin. Thatthisbijectionisaposetisomorphism

is trivial. O
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