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Abstract. In 1994,Sturmfelsgaveapolyhedralversionof theCayley Trick of elimination
theory:heestablishedanorder-preservingbijectionbetweentheposetsof coherent mixed
subdivisionsof a Minkowski sum � 1 ��������� � r of point configurationsandof coherent
polyhedralsubdivisionsof theassociatedCayley embedding�
	 � 1 �������� � r � . In this paper
we extendthis correspondencein a naturalway to cover alsonon-coherent subdivisions.
As an application,we show that the Cayley Trick combinedwith resultsof Santoson
subdivisionsof Lawrencepolytopesprovidesanew independentproofof theBohne-Dress
theoremon zonotopaltilings. This applicationusesa combinatorialcharacterizationof
lifting subdivisions,alsooriginally provedby Santos.

1. Intr oduction

Theinvestigationsin this paperaremotivatedfrom severaldirections.Our
point of departureis the polyhedralversionof the Cayley Trick of elim-
ination theory given by Sturmfelsin [21, Sect.5]. The Cayley Trick is
originally a methodto rewrite a certainresultantof a polynomialsystem
as a discriminantof one single polynomial with additionalvariables[9,
pp.103ff. andChap.9, Proposition1.7]. Its applicationsarein theareaof
sparseeliminationtheoryandcomputationof mixedvolumes[7,10,11,13,
14,23].

Mixed subdivisionsof the Minkowski sumof a family � 1 ��������� � r �
d of polytopeswere introducedin [11,14,21]. The polyhedralCayley
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the Minkowski sum of � 1 ��������� � r � d are in one-to-onerefinement-
preservingcorrespondenceto coherent polyhedralsubdivisions of their
Cayley embedding����� 1 ��������� � r ��� r � 1 � d. (For definitionsof this
andthe following seeSect.2.) More precisely, it establishesa strongiso-
morphismbetweencertainfiberpolytopes.In Theorem3.1,weextendthis
isomorphismto an isomorphismbetweenthe refinementposetsof all in-
ducedsubdivisions,nomatterwhethercoherentornot.Thisextensionneeds
amorecombinatorialapproachthantheoneusedin [21]. Wecarryit out in
Sect.3 afterintroducingtherelevantconceptsin Sect.2.

Our secondmotivationis thatthereareapplicationsof theCayley trick
in specificcaseswhichareof intrinsic interest.Themoststrikingoneis the
Bohne-Dresstheorem [5] (seealso[6,18,24]) aboutzonotopaltilings, to
which we devoteSect.4. Otherapplicationsof theCayley trick to triangu-
lationsof hypercubesandof productsof simpliceswill appearin [20].

A zonotopeis the affine projection of a hypercube,or equivalently,
aMinkowski sumof segments.A zonotopaltiling is a subdivision induced
by thisprojection(i.e.,asubdivision into smallerzonotopesin certaincon-
ditions,seefor example[24]). TheBohne-Dresstheoremstatesthatthereis
aone-to-onecorrespondencebetweenthezonotopaltilings of azonotopeZ
andthesingle-elementlifts of theorientedmatroid� � Z� associatedto Z.
Our versionof theCayley trick, in turn, tells usthatzonotopaltilings of Z
arein one-to-onecorrespondencewith polyhedralsubdivisionsof itsCayley
embedding,whichin thiscaseisaLawrencepolytope. (Lawrencepolytopes
havebeenstudiedmostlyin connectionto orientedmatroidtheory, see[1,6,
24], but their propertyof beingCayley embeddingsof segmentshasnever
beenpointedout before.)To close the loop, polyhedralsubdivisions of
a Lawrencepolytopewereshown to correspondto single-elementlifts of
theorientedmatroidby Santos[19], via theconceptof lifting subdivisions
introducedin [6, Sect.9.6].We includeanew andshorterproofof this last
equivalencein therealizablecase(Proposition4.4).It is basedonageomet-
ric characterizationof lifting subdivisions,alsocontainedin [19]. In this
way, this papercontainsa complete(moduloSantos’characterizationof
lifting subdivisions)new proofof theBohne-Dresstheorem(Theorem4.3).
It turnsout thatof the threeequivalencesin Theorem4.3, themosttrans-
parentis theonegivenby theCayley trick, which is exhibitedin thispaper
for thefirst time.

Ourfinalmotivationconcernsfunctorial propertiesof subdivisionposets.
Givenanaffinemapbetweenpolytopes,canonedraw conclusionsaboutthe
inducedmapbetweenthecorrespondingposetsof polyhedralsubdivisions?
Forexample,theintersectionof asubdivisionwith anaffinesubspaceyields
againasubdivisionof theintersectionpolytope.In fact,it turnsout thatthe
isomorphismgivenby the Cayley Trick is exactly a mapof this type.We
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think it would be of interestto investigatesuchmapsin a moregeneral
framework (even if they do not produceisomorphisms),in relationto the
so-calledgeneralizedBauesproblemfor polyhedralsubdivisions(see[16,
17] for informationon thisproblem).

2. Preliminaries

2.1. Subdivisionsof pointconfigurations

By a point configuration� in d we meana finite labeledsubsetof d.
Weallow � to haverepeatedpointswhicharedistinguishedby their labels.
Theconvex hull conv ��� � of � is apolytope.

A faceof a subconfigurationB !"� is a subconfigurationF #$! B
consistingof all the points on which somelinear functional %'&(� d �*)
takesits minimumover � . Giventwo subconfigurationsB1 andB2 of � we
saythatthey intersectproperlyif thefollowing two conditionsaresatisfied:

+ B1 , B2 is a faceof both B1 andB2;+ conv � B1�
, conv � B2�.- conv � B1 , B2� .
A subconfigurationof � is said to be full-dimensionalif it affinely

spans d. In that casewe call it a cell. It is simplicial if it is an affinely
independentconfiguration.Following [3] and [9, Sect.7.2] we say that
acollectionSof cellsof � isa(polyhedral) subdivisionof � if theelements
of S intersectpairwiseproperlyandcover conv ��� � in thesensethat

/
B0 Sconv � B�1- conv ��� ���

Cellsthatsharea commonfacetareadjacent. Thesetof subdivisionsof �
is partiallyorderedby therefinementrelation

S1 2 S2 35476 8 B1 & S1 �:9 B2 & S2 3 B1 � B2 �
Theposetof subdivisionsof � hasa uniquemaximalelementwhich is the
trivial subdivision ;<�>= . The minimal elementsarethe subdivisionsall of
whosecellsaresimplicial,whicharecalledtriangulationsof � .

The following characterizationhasalreadybeenproved for triangula-
tions by de Loeraet al. in [8]. (It is a consequenceof parts(i) and(ii) of
their Theorem1.1.)Herewe includea proof for subdivisions,whosefinal
partfollows theproofof theirTheorem3.2.

Lemma 2.1. Let � bea point configuration. Let Sbea collectionof cells
of � . Then,S is a subdivisionif and only if the following conditionsare
satisfied:
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(i) There is a point in conv ��� � that is containedin the convex hull of
exactlyonecell of S.

(ii) For every B & Sandfor everyfacetF of B, either F lies in a facetof
conv ��� � or there is anotherB?1& S of which F is a facet.We sayin
thiscasethat B and B? are adjacent.

(iii) Any two adjacentcells in S lie in oppositehalfspaceswith respectto
their commonfacet.

Proof. If S is a subdivision, it is easyto verify that it satisfies(i), (ii),
and(iii). Conversely, if S satisfies(i), (ii) and(iii) thenrefining eachcell
in Swith its placingtriangulation(with respectto any orderingof � fixed
in advance)we geta collectionT of simpliceswhich still satisfies(i), (ii)
and(iii). By the resultsin [8] T is a triangulation.Using this it is easyto
prove thatS is asubdivision. @A

2.2. Inducedsubdivisions

Now let P � p beapolytope,andlet B 3 p C d bea linearprojection
map.Wecanconsiderthepointconfiguration� arisingfrom theprojection
of the vertex setof P. An elementin � is labeledby the vertex of P of
whichit is consideredto betheimage.In otherwords,B inducesabijection
fromthevertex setof P into � , evenif differentverticesof P havethesame
projection.

A subdivision S of � is saidto be B -inducedif every cell of S is the
projectionof thevertex setof a faceof P. With theseconditions,Scontains
the sameinformation as the collection of facesof P whosevertex sets
are in S. In this senseonecansay that a B -inducedsubdivision of � is
a polyhedralsubdivision whosecells areprojectionsof facesof P. (This
statementis not very accurate;see[15,16,24] for anaccuratedefinitionof
B -inducedsubdivisionsin termsof facesof P.)

Every non-zerolinear functional DE&F� p � ) definesa B -inducedsub-
division SG as follows: D gives a factorizationof B into a map �HB � D �I3

p C d � and the map J 3 d � C d which forgetsthe last
coordinate.For any elementa &K� let aP denotethe uniquevertex of P
of which it is consideredto be the imageby B . For any face F of the
� d L 1� -dimensionalpolytope �MB � D � � P� wedenoteby � F thecollectionof
points � F 3 - ; a &7� 3 �MB � D � � aP � & F = . A faceF of �HB � D � � P� is called
lower if its exterior normalconecontainsa vectorwhoselast coordinate
is negative. With this notation,SG 3 - ;<� F � � 3 F is a lower faceof
�HB � D � � P� = is a B -inducedsubdivisionof � . Thesubdivision SG is calledthe
B -coherentsubdivision of � inducedby D , anda B -inducedsubdivision is
called B -coherent if it equalsSG for someD .
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Saidin amorecompactform, asubsetB � � is acell of SG if andonly
if thereis a linear functional D
? 3 d C suchthat B is thesubsetof �
where D ?ON BKL$D takesits minimumvalue.(For example,SG is the trivial
subdivision if andonly if D factorsby B .)
Definition 2.2 (Fiber Polytope).Theposetof B -inducedsubdivisionsex-
cluding the trivial one is denotedby %P� P� B � . Its minimal elementsare
the subdivisionsfor which every cell comesfrom a dim ��� � -dimensional
faceof P. They are called tight B -inducedsubdivisions.Thesubposetof
B -coherent subdivisionsis denotedby % coh� P� B � . It is isomorphicto the
facelatticeof a certainpolytopeof dimensiondim � P�
Q dim ��� � , calledthe
fiberpolytope RS� P� B � .

See[2,24] for more informationon B -inducedsubdivisionsandfiber
polytopes.

2.3. WeightedMinkowskisums.Mixedsubdivisions

Let � i 3 - ; aT 1Ui ��������� aT mi U
i = bepointconfigurationsin d, with i - 1 �������V� r .

TheirMinkowskisum r
i W 1 � i isdefinedto bethesetof all pointswhich

canbeexpressedasasumof apoint from each� i , i.e.,
r

i W 1
� i 3 - ; a1 L ����� L ar 3 ai &X� i = �

A vector Y - �HY 1 ��������� Y r � in r with r
i W 1 Y i - 1 and0 Z[Y 1 ��������� Y r Z 1

is a weightvector. For a weightvector Y theweightedMinkowski sumis
definedby

r

i W 1
Y i � i 3 - ; Y 1a1 L ����� L\Y r ar 3 ai &X� i = �

The configuration r
i W 1 Y i � i has r

i W 1 mi points, someperhapsre-
peated.

A cell (i.e., full-dimensionalsubset)B � r
i W 1 Y i � i will be calleda

Minkowski cell if B - Y 1B1 L ����� L]Y r Br for somenon-emptysubsets
Bi � � i , i - 1 ��������� r . A mixedsubdivisionof the weightedMinkowski
sumof � 1 ��������� � r is a subdivision of theconfiguration r

i W 1 Y i � i whose
facesare all Minkowski cells. (There is not completeagreementin the
literatureconcerningthisdefinition.SeeRemark2.5.)A Minkowski cell is
calledfineif it doesnotproperlycontainany otherMinkowski cell.A mixed
subdivision is fine if all its facesarefine.

Wecanconsiderthecartesianproductof pointconfigurationsasaMin-
kowski sumwhereall thepoint configurationslie in complementaryaffine
subspaces.This leadsto thefollowing naturalprojection.
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Definition 2.3 (Weighted Mink owski Projection). Let � 1 ��������� � r be
pointconfigurationsin d, andlet P1 ��������� Pr bepolytopesin p1 ��������� pr ,
resp.,thevertex setsof which affinelyprojectto � 1 ��������� � r via

^
i 3 - vert� Pi �

_
iC � i � 1 2 i 2 r �

Moreover, let Y - �HY 1 ��������� Y r � bea weightvector. Wedefine

Ya` M 3 - Y 1B 1 L ����� L>Y r B r 3
^

1
� ����� � ^

r
C Y 1� 1 L ����� LbY r � r �

� p1 �������c� pr �.d C Y 1 B 1 � p1 � L ����� L>Y r B r � pr ��e
TheprojectionYa` M is speciallyinterestingif thepolytopesPi involved

aresimplices.Theproofof thefollowing factis justacheckof definitions.

Lemma 2.4. Let Ya` M 3 ^ 1
� ����� � ^

r
C Y 1� 1 L ����� LfY r � r bea weighted

Minkowskiprojection,as in Definition2.3,andsupposethat the thepoly-
topesPi areall simplices.Then,a subdivisionof Y 1� 1 L ����� LKY r � r is (fine)
mixedif andonly if it is (tight) Ya` M-induced.

Remark2.5. Thereis someconfusionin theliteratureconcerningthedefin-
ition of mixedsubdivisionsof theMinkowski sum r

i W 1 � i of the family
of point configurations;<� 1 ��������� � r = . First of all, in mostof the literature
it is assumedthat the numberof configurationsequalsthe dimensionof
theambientspace(i.e., d - r ) becausethis is thecasein theapplications
to zero-dimensionalpolynomialsystems.However, the geometricproofs
involvedwork thesamewithout thisassumption.

PedersenandSturmfels[14,p.380]definedmixedsubdivisionstobethe
subdivisions ` M-inducedby theprojection ` M 3 ^ 1

� ����� � ^
r
C � 1 L����� Lg� r of ourLemma2.4.Sturmfels[21, p. 213]definedcoherentmixed

subdivisionsastheoneswhichare ` M-coherent.Thisis thesameaswedo.
However, for theapplicationsit is interestingtoposethefollowingadditional
property:thatin everycell B - B1 L ����� L Br of thesubdivisionthedifferent
Bi ’s lie in complementarysubspaces.(This assumptionallows to compute
themixedvolumeof � 1 L ����� Lb� r by summingup thevolumesof some
cellsof thesubdivision.) It seemsthatPedersenandSturmfels[14]implicitly
assumethatall mixedsubdivisionshavethisproperty, sincethey say(p.380)
“the mixedvolume ����� is thesumof volumesof theparallelotopesin h ”.
In [21] theadditionalpropertyis explicitly mentionedandsaidto hold for
all finemixedsubdivisions(whicharecalledtight there).In otherliterature
thepropertyis takenaspartof thedefinitionof mixedsubdivision [11,13];
` M-inducedsubdivisionswithout thispropertyarejustcalledsubdivisions
of ther -tuple ��� 1 ��������� � r � .

Finally, thereseemsto beagreementto call tight subdivisionsthemin-
imal elementsin theposetof subdivisionsinducedby a projectionin gen-
eral [2,16,17,24] and fine mixed thosefor the particularcaseof mixed
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subdivisions[11,13], with theexceptionof [21] mentionedabove.Wehave
chosento follow this convention.

2.4. TheCayley embedding

We call the Cayley embeddingof � 1 ��������� � r the following point config-
uration in r � 1 � d. Let e1 ��������� er be a fixed affine basisin r � 1 andi

i 3 d C r � 1 � d be the affine inclusiongiven by i i � x�X- � ei � x� .
Thenwedefine

����� 1 ��������� � r �j3 - / r
i W 1 i i ��� i ���

The Cayley embeddingof point configurationsfrom complementary
affine subspacesequalsthe join productof the point configurations.(For
the purposeof this paperwe candefinethe join product̂ 1 k ����� k ^ r of
several point configurationswith

^
i � pi to be their Cayley embedding

�l� ^ 1 ��������� ^ r �m� r � 1 � p1 � ����� � pr .) Hence,we have thefollowing
naturalprojection.

Definition 2.6 (Cayley Projection). Let � 1 ��������� � r be point configur-
ations in d, and let P1 ��������� Pr be polytopesin p1 �������c� pr , resp.,the
vertex setsof which affinelyprojectto � 1 ��������� � r via

^
i 3 - vert� Pi �

_
iC � i � 1 2 i 2 r �

Define

` C 3 - ���HB 1 ��������� B r �j3
^

1 k ����� k ^ r
C �l�n� 1 ��������� � r ���

� ei � pi �.d C � ei � B i � pi �*���
Again, the following lemma is obvious since a join of simplicesis

asimplex.

Lemma 2.7. If
^

i is a simplex for all 1 2 i 2 r theneverysubdivisionof
�l�n� 1 ��������� � r � is ` C induced.

3. The CayleyTrick

In thissectionwestateandprovetheCayley Trick for inducedsubdivisions.

Theorem 3.1 (TheCayleyTrick for InducedSubdivisions).Let � 1 ���������
� r bepoint configurationsin d. Moreover, let P1 ��������� Pr bepolytopesin

p1 ��������� pr , resp.,thevertex setsof which affinelyprojectto � 1 ��������� � r

via
^

i 3 - vert� Pi �
_

iC � i � 1 2 i 2 r �
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Then for all weight vectors Y - Y 1 ��������� Y r there are the following
isomorphismsof posets:

%P� ^ 1
� ����� � ^ r � Y 1B 1 L ����� L>Y r B r �po- %P� ^ 1 k ����� k ^ r � ���HB 1 ��������� B r �*��e

% coh� ^ 1
� ����� � ^ r � Y 1B 1 L ����� L>Y r B r � o- % coh� ^ 1 k ����� k ^ r � ���HB 1 �������c� B r �*���

The secondof the two equivalencesabove follows from [21, Theo-
rem5.1] andis statedonly for completeness.Thestructureof theproof of
thefirstoneisasfollows:first,werepresenttheMinkowski sumasasection
of theCayley embedding,thenwe defineanexplicit order-preservingmap
that carriesthe isomorphism.Finally, we show that the canonicalinverse
constructionis well-definedand order-preserving.A “guide line” of the
proof is indicatedin Fig. 1.
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pretationof the correspondencein the Cayley Trick: intersectingthe Cayley embedding
with theaffine subspaceW yieldstheMinkowski sumweightedby . Sinceall cells in
a subdivision of the Cayley embeddingarealsoCayley embeddingsthis correspondence
carriesover to cellsin subdivisions
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Lemma 3.2. Let � 1 ��������� � r � d bepoint configurations.Moreover, let
Y - �HY 1 ��������� Y r � bea weightvector. (Recallthis impliesthat Y i v 0 8 i and

r
i W 1 Y i - 1.) Moreover, let W�HY �j3 - ;*Y 1e1 L ����� L�Y r er = � d � r � 1 � d.
ThenthescaledMinkowskisum Y 1� 1 L ����� L\Y r � r � d hasthe fol-

lowingrepresentationasa sectionof theCayley embedding�l�n� 1 ��������� � r �
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in r � 1 � d:

Y 1� 1 L ����� LwY r � r o- �l��� 1 ��������� � r �yx W�HY �
3 - conv � e1 � a1 ����������� � er � ar � , W�HY �73
� e1 � a1 ����������� � er � ar � &z�l�n� 1 ��������� � r � �

Moreover, F is a facetof Y 1� 1 L ����� L$Y r � r if and only if it is of the
form F - F ? x W�HY � for a facet F ? of ����� 1 ��������� � r � containingat least
onepoint � ei � ai � for all 1 2 i 2 r .

Remark3.3. On the level of convex hulls theabove representationfor the
Minkowski sumpolytopeis nothingelsebut the ordinary intersectionof
the Cayley embeddingpolytopewith the affine subspaceW�HY � . We need
theslightly morecomplicatedversionfor pointconfigurationsstatedabove
becausein convex hulls– assubsetsof aEuclideanspace– wecannotkeep
trackof multiplepoints.

Proof of Lemma3.2.Defineqe �HY �{3 - Y 1e1 L ����� LwY r er & r � 1, sothat

W�HY �.- ; qe �HY � = � d �
Analogously, for any sequencea - � a1 ��������� ar � of pointswith ai &g� i

we set qa �MY �|3 - Y 1a1 L ����� L(Y r ar & d. Then the intersectionpoint
conv � e1 � a1 ����������� � er � ar � , W�MY � equals � qe �HY ��� qa �MY �*� & r � 1 � d.
But this is, by definition,a point in the scaledMinkowski sum– via the
naturalidentification d o- ; qe �HY � = � d - W�HY � – andevery point in the
Minkowski sumhasthisdescription.

The remarkaboutthe facetsfollows from the fact that a facet F ? of
�l�n� 1 ��������� � r � in r � 1 � d intersectsW�HY � if andonly if it containsat
leastonepoint � ei � ai � for each1 2 i 2 r andthat a linear functional is
minimizedon F ? over ����� 1 ��������� � r � if andonly if its projectionto W�HY �
is minimizedon F x W�MY � . @A

In order to keepthe notationlean,we identify the embeddingof the
weightedMinkowski suminto r � 1 � d in the previous proof with the
ordinaryweightedMinkowski sum.TheCayley embedding�l�n� 1 ��������� � r �
correspondingto theweightedMinkowski sum Y 1� 1 L ����� LbY r � r will be
denotedby �HY 1� 1 L ����� LwY r � r �
} W�MY � . Thatis, wehave

�HY 1� 1 L ����� LwY r � r �
} W�HY �.- ����� 1 ��������� � r ���
����� 1 ��������� � r �
x W�HY �.- Y 1� 1 L ����� LbY r � r �

Of course,thisnotationextendsto subconfigurationsaswell.
The following propositionstatesthat the “intersection”with W�HY � in-

ducesanorder-preservingmapfrom %P� ^ 1 k ����� k ^ r � ` C � to %P� ^ 1
� ����� � ^ r �

Ya` M � .
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Proposition3.4. Let Sbea ` C-inducedsubdivisionof �l�n� 1 ��������� � r � and

S x W�MY �j3 - ; B x W�MY �~3 B & S = �
Then

(i) S x W�HY � is a Ya` M-inducedsubdivisionof Y 1� 1 L ����� LbY r � r ;
(ii) S Z S? implies � S x W�HY �*� Z�� S? x W�HY �*� ;
(iii) S x W�HY � is tight if Sis tight;
(iv) S x W�HY � is Ya` M-coherent if Sis ` C-coherent.

Proof. Everycell B in asubdivisionof aCayley embeddingis againaCay-
ley embedding.Therefore,by Lemma3.2, B x W�MY � is amixedsubconfig-
urationin theMinkowski sum.Sincefor acell in a ` C-inducedsubdivision
S of ����� 1 ��������� � r � to be full-dimensionalit mustcontaina point � ei � ai �
with ai &�� i for every 1 2 i 2 r , every cell in S intersectsW�HY � in a full-
dimensionalsubconfigurationof Y 1� 1 L ����� L$Y r � r , thusdefininga cell.
Thiscell is clearlyaprojectionof afaceof theproduct̂ 1

� ����� � ^
r under

Ya` M.
The incidencestructureand proper intersectionsare not affectedby

intersectionwith W�HY � by Lemma3.2.Hence,by Lemma2.1weget(i).
Property(ii) is obvious,(iv) is partof [21,Theorem5.1]and(iii) follows

from (ii). @A
The following propositionprovides the inverseorder-preservingmap.

Its proof is not difficult but neverthelessnon-trivial; the extensionof the
polyhedralCayley Trick from coherentto generalinducedsubdivisions
requiresingredientsthatarenotnecessaryfor thecoherentcase.

Proposition3.5. LetSbea Ya` M-inducedsubdivisionof Y 1� 1 L ����� L�Y r � r

and

S } W�MY �j3 - ; B } W�MY �~3 B & S = �
Then

(i) S } W�HY � is a ` C-inducedsubdivisionof ����� 1 ��������� � r � ;
(ii) S Z S? implies � S } W�HY �*� Z�� S? } W�HY �*� ;
(iii) S } W�HY � is tight if Sis tight;
(iv) S } W�HY � is ` C-coherent if Sis Ya` M-coherent.

Proof. Again,properties(ii) and(iii) areobvious,and(iv) followsfrom[21].
In ordertoprove(i), let Sbea Ya` M-inducedsubdivisionof Y 1� 1 L ����� L

Y r � r . Foreverycell B in Sthereisauniquecell B } W�MY � in �l�n� 1 ��������� � r �
with B } W�HY �Vx W�HY �l- B. Let W? �HY �l- ; qe �HY � = � p1 � ����� � pr be
thefiber of W�HY � under ` C 3 r � 1 � p1 � ����� � pr C r � 1 � d. The
cell B is a projectionof a faceF of

^
1
� ����� � ^

r , andthereforetheface
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F } W? �MY � of
^

1 k ����� k ^ r – recallthatthisequalŝ 1
� ����� � ^

r } W? �HY �
– projectsto B } W�HY � .

For thecollectionof cellsS } W�HY � weneedto show – by Lemma2.1–
that

(i) thereis apoint in conv �l��� 1 ��������� � r � thatis containedin exactlyone
cell of S } W�MY �

(ii) adjacentcellslie ondifferentsidesof thehyperplanethatsupportstheir
commonfacet;

(iii) for everyfacetF of acell B & S} W�HY � eitherF is containedin afacet
of the configuration����� 1 ��������� � r � or thereis anothercell B?S& S
containingF asa facet.

First,weprove (i). SincetheMinkowski sumis containedin theCayley
embeddingasa sectionandS is a subdivision of theMinkowski sum,i.e.,
S satisfiesconditions(i), (ii), and(iii), we find a point p & conv �MY 1� 1 L����� L\Y r � r � thatis containedin theconvex hull conv B of exactly onecell
B of S. Therefore,p is uniquelycontainedin conv � B } W�HY �*��� conv B
where B } W�HY � & S } W�HY � , which completes(i). Let B1 } W�MY � and
B2 } W�HY � betwo adjacentcellsin S } W�MY � with commonfacetF. Let H
bethehyperplanesupportingF. Weshow thatB1 } W�HY � andB2 } W�MY � lie
on differentsidesof H, which proves(ii). To this end,assumeB1 } W�HY �
andB2 } W�HY � lie onthesamesideof H. ThenB1 - B1 } W�HY ��x W�HY � and
B2 - B2 } W�HY ��x W�HY � lie onthesamesideof H x W�HY � while F x W�HY �
is thecommonfacetof B1 andB2, supportedby H , W�HY � : contradiction
to (ii) for S.

In order to prove (iii) we only needto observe that incidencesare
preservedby “ } W�HY � ”. @A
SeeFig. 2 for anillustrationof thesituation.

Remark3.6. It is not true in generalthat a proper intersectionof non-
adjacentcells in the Minkowski sumimplies a properintersectionof the
correspondingcells in the Cayley embedding.SeeFig. 3 for an easyex-
ample.

Propositions3.4 and3.5 imply Theorem3.1.This one,in turn, hasthe
following corollaries.Thefirst oneis straightforward.

Corollary 3.7. WeightedMinkowskisums r
i W 1 Y i Ai of a point configur-

ation � 1 ��������� � r haveisomorphicposetsof subdivisionsfor all weightsY .
In the following result we call geometric(polyhedral) subdivisionof

a convex polytopê a family of polytopescontainedin
^

which cover
^

andintersectproperly. If
^ - conv ��� � for apointconfiguration� thenany
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P1 � P2 ��� 2 � ��� p1 � p2 �

���
Q1 � Q2����� 2 � � q

W

W

2Q2

2Q1

Q2

Q1

P2

P1

2P1

Q1 � Q2 ��� q

�
C

P1
� P2 ����� p1 � p2 �

�
M

Fig. 2. Affine picture for r 2 and P1 P2 0 1 : productand Minkowski sum
are intersectionsof join resp.Cayley embeddingwith the affine subspaceW x1
x2 x1 x2 1

Fig. 2. Affine picture for r � 2 and P1 � P2 ��� 0� 1� : productand Minkowski sum
areintersectionsof join resp.Cayley embeddingwith the affine subspaceW ��� x1 � x2 �
x1 � x2 � 1�

�
1

�
2

1
2
�

1 � 1
2
�

2

Fig. 3. Two properly intersectingcells in the Minkowski sumwhosecounterpartsin the
Cayley embeddingintersectimproperly

subdivisionSof � hasanassociatedgeometricsubdivision ; conv � B��3 B & S=
of
^

. Reciprocally, ageometricsubdivision K of
^

equals; conv � B��3 B & S=
for somesubdivision S of � if andonly if every elementof K hasvertex
setcontainedin � (but thesubdivision Sof � is notunique,in general).
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Given a family � 1 ��������� � r of point configurationsand a geometric
subdivision K of thepolytopeconv � r

i W 1 Y i � i � we saythat K is mixedif
thereis a mixedsubdivision Sof r

i W 1 Y i � i with K - ; conv � B�j3 B & S= .
A necessaryconditionfor this to happenis thateachpolytopeQ in K can
be written as Q - conv � r

i W 1 Y i Bi = � for certainsubsetsBi � � i , i -
1 ��������� r . But this condition is not sufficient, as the following example
shows: ConsidertheMinkowski sumof two squaresof side1 dividedinto
four squaresof side1. Thereare24 waysof introducingtwo diagonalsin
thefour squares,andall of themprovidegeometricsubdivisionssatisfying
theextra condition.But only the8 oneswith thediagonalsdrawn in non-
adjacentsquaresaremixed.

Corollary 3.8. Let � 1 ��������� � r bea familyof point configurations,andlet
K � K ? be geometricsubdivisionsof conv � r

i W 1 Y i Ai � . Supposethat K is
a refinementof K ? (i.e., everycell of K ? is a unionof cellsof K) andthat K
is mixed.ThenK ? is mixedtoo.

Proof. An easyconsequenceof Theorem3.1is thatageometricsubdivision
of thegeometricMinkowski sumconv � r

i W 1 Y i Ai � is mixed if andonly if
it is the intersectionof thegeometricsubdivision of conv ���l��� 1 ��������� � r �*�
associatedto somesubdivision of �l�n� 1 ��������� � r � with theaffine subspace
W�MY � .

We supposethat K is the intersectionwith W�HY � of a geometricsub-
division K of conv ���l��� 1 ��������� � r �*� andthat K equals; conv � B��3 B & S=
for somesubdivision S of �l��� 1 ��������� � r � . Let K - ; Q1 ��������� Qk = , K ? -
; Q?1 ��������� Q ?l = and K - ; Q1 ��������� Qk = with Qi - Qi , W�MY � for each
i - 1 �������c� k.

SinceK refinesK ? , for eachj - 1 �������O� l wecanwrite Q ? j asaunionof

someof the Qi ’s.We defineQ ? j to betheunionof thecorrespondingQi ’s,

andlet K ? 3 - ; Q ?1 ��������� Q?l = . We claim that K ? is a geometricsubdivision
of conv ���l�n� 1 ��������� � r �*� . If this is true then it is obvious that K ? is the
geometricsubdivision associatedto somesubdivision S? of �l�n� 1 ��������� � r �
andthat K ? is theintersectionof K ? with W�MY � , whichfinishestheproof.

The only non-obvious parts in the claim are that the unions Q ? j are
convex andthat they intersectpairwiseproperly. We prove thesetwo facts
in thefollowing lemma. @A
Lemma 3.9. Let K be a geometricsubdivisionof the geometricCayley
embeddingconv ���l��� 1 ��������� � r �*� . Let Q andRdenoteunionsof cellsin K.

1. If there is a weightvector Y for which Q , W�HY � is convex, then Q is
convex.

2. SupposeQ and R are convex. If there is a weightvector Y 0 for which
Q , W�MY 0 � and R , W�MY 0� intersectproperly then Q and R intersect
properly.
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Proof. 1. Let Q - ; Q1 �������c� Ql = wherethe Qi ’s arecells in the subdivi-
sion K . Sincethe Qi ’s intersectproperly, for every weight vector Y the
intersectionsQ1 , W�HY ����������� Ql , W�MY � intersectproperly. Also, thepoly-
topesQi , W�HY � for differentvaluesof Y arenormallyequivalent.Thus,if
Qi , W�MY 0 � andQ j , W�HY 0 � sharea facethenQi , W�HY � andQ j , W�HY �
mustshare“the same”facefor every Y (or otherwiseQi andQ j intersect
improperly).ThisimpliesthatQ , W�HY 0 � andQ , W�HY � arecombinatorially
equivalentpolyhedralcomplexesandtheir boundariesarecombinatorially
andnormallyequivalentconvex polytopes.Even more,their facesarela-
beledin thesame(unique)way asintersectionsof facesof Q with W�HY 0 �
and W�HY � respectively. In particular, Q , W�MY � is a convex polytopefor
every Y .

Supposenow that Q is not convex. Let p andq be points in Q such
thatthesegment � p � q� is notcontainedin Q andsufficiently genericsothat
� p � q� intersectstheboundaryof Q in therelative interiorof afacetF of Q.
Let F   betheexterioropenhalfspaceto thatfacet.Oneof p andq is in F   ,
supposethat it is p and let Y be the weight for which p & W�HY � . Then,
F   , W�HY � is thehalfspaceexteriorto thefacetF , W�HY � of Q , W�HY � and
p & F   , W�HY � . Thismeansp ¡ & Q , W�HY � , acontradiction.

2.Let F0 - Q , R , W�HY 0 � bethecommonfacein which Q , W�HY 0 � and
R , W�HY 0 � intersect.F0 canbeexpressedasaunion � F1

/ ����� / Fk �¢, W�HY 0 �
whereeachFi is a faceof oneof the Q j ’s in K whoseunion equalsQ.
This expressionis unique(up to reordering)if it is not redundant(i.e.,
if Fi , W�MY 0 � has the samedimensionas F0 for every i ). In the same
way, F0 - � G1

/ ����� / Gk£¤�¥, W�MY 0� , wherethe Gi ’s are now facesof
the cellsof K whoseunion is R. The fact that the Fi ’s andGj ’s intersect
properly (sincethey areall facesof cells of the subdivision K ) together
with � F1

/ ����� / Fk �V, W�HY 0 �l- � G1
/ ����� / Gk£n�V, W�HY 0� for theweight

Y 0 impliesthateachFi equalsa Gj andviceversa.Thus,Q andR intersect
properly, in thefaceF1

/ ����� / Fk - G1
/ ����� / Gk£ . @A

4. Lifting subdivisionsof Lawrencepolytopes
and the Bohne-Dresstheorem

Throughoutthissectionlet � - ; a1 ��������� an = � d beafixedpointconfig-
urationof dimensiond, andlet � � denotetheorientedmatroidof affine
dependencesof � , whichhasrankd L 1 andgroundset ; 1 ��������� n= .

4.1. Lifting subdivisions

A lift of � � is an orientedmatroid � � of rank d L 2 with groundset
; 1 ��������� n L 1= whichsatisfies� �l¦ � n L 1�1- � � . Geometrically, alift can
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bethoughtof asanembeddingof � into d   1 which projects“vertically”
(i.e.byforgettingthelastcoordinate)to � andwith thenew pointn L 1being
the“point at infinity” of theverticallines(but thispicturedoesnottake into
accountnon-realizablelifts, or realizablelifts which do not geometrically
projectto � ).

For any B � � , every lift of � � restrictsto a lift of � B. Moreover,
a lift of � � is fully characterizedby its restrictionsto circuits (minimal
affinely dependentsubsets)of � . The former is trivial to checkand the
latteris a dualizationof Proposition7.1.4in [6]. If B is a circuit, then� B

hasexactly threelifts: the “zero” lift in which B lifts to a dependentset
andthetwo lifts in which B lifts to anindependentsetB, distinguishedby
the orientationthey inducein the affine spanof B. Hence,a lift of � is
characterizedby its circuit signature functionwhichgivesasign0, L or Q
to eachcircuit.

This allows to definea naturalpartialorderon the lifts of � � , which
coincideswith theweakmaporderingon orientedmatroidswith thesame
rank and numberof elements:a lift is lower in this posetif it is “more
generic”or “more uniform” see[6, Chap.7]. More precisely, the circuit
signaturefunctionof the lower lift is obtainedfrom that of the higherby
settingsomezeroesto L or Q .

Every lift � � of � � inducesa subdivision S §¨ª© of � as follows:
a subset« � ; 1 ��������� n= is (thesetof indicesof theelementsof) a cell in
S if andonly if « is a facetof � � not containingn L 1 (a facet in an
orientedmatroid is the complementof a positive cocircuit [6, Chap.9]).
Thesubdivisionsof � which canbeobtainedin this way arecalledlifting
subdivisions. They wereformally introducedin [6, Sect.9.6], with some
of theideascomingfrom [4]. In thegeometricpicturedescribedabove the
lifting subdivisionis justtheprojectionto d of thelowerfacetsof thelifted
point configuration.Hence,the processis a combinatorialabstraction(as
well asageneralization)of thedefinitionof regular subdivisionsof � .

Thefollowingdefinitionandtheorem,takenfrom[19,Sect.5.3],provide
a characterizationof lifting subdivisions of � which doesnot explicitly
involve theorientedmatroid� .

Definition 4.1. Let � bea pointconfiguration.For each subsetB � � , let
SB beasubdivisionof � .Wesaythat thefamilyof subdivisions ¬ - ; SB= B0 �
is consistentif for everysubsetB � � thefollowinghappens:

(i) For everycell ®& SB andfor every B? � B,  , B? is a faceof a cell
of SB£ .

(ii) For everyaffinebasis« of d containedin B if « is containedin a cell
of S̄�°O± b² for everyb & B ³´« , then« is containedin a cell of SB aswell.
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We saythat the family is consistentwith a certain subdivisionS of � if,
moreover, S - S� .

Theorem 4.2 (Santos).Let Sbea subdivisionof a point configuration � .
Then,thefollowingconditionsareequivalent:

(i) Sis a lifting subdivision.
(ii) There is a family ¬ of subdivisionsof thesubsetsof � which is con-

sistentwith S.

4.2. Lawrencepolytopes,zonotopesandtheCayley trick

A point configuration� � d of dimensiond with n elementscan be
representedby ann � � d L 1� matrixof rankd L 1, whosecolumnsarethe
elementsof � with anextra coordinateequalto 1 in thelastplace.� � is
theorientedmatroidrepresentedby thecolumnsof this matrix, which we
still denote� . TheLawrencelifting of � is defined(see[1,22]) to be the
point configurationcorrespondingto thematrix

µ ��� �j3 - � 0
I I �

where I is the identity matrix of sizen � n and0 the zeromatrix of size
n � � d L 1� . The2n columnvectorsof thematrix

µ �n� � affinely spananon-
linearaffinehyperplaneof n  d   1, so

µ ��� � representsapointconfiguration
with 2n pointsin dimensionn L d whichwestill denote

µ �n� � . Theconvex
hull of thisconfigurationiscalledtheLawrencepolytopeassociatedwith � .
It turnsout thatall thepointsin

µ ��� � areverticesof this polytope.
By reorderingthecolumnsof

µ ��� � weseethattheLawrencepolytope
of � equalstheCayley embeddingof then segmentsOai � d   1. I.e:

µ � a1 ��������� an �1- ��� Oa1 ��������� Oan ���

On the other hand, the Minkowski sum of a collection of segments
is a zonotopeand its mixed subdivisions are usually called zonotopal
tilings [24, Sect.7.5].Wewill call zonotopeassociatedwith thepointcon-
figuration � (anddenote¶>��� � ) theMinkowski sum n

i W 1 Oai . Thus,the
Cayley trick gives a correspondencebetweenzonotopal tilings of the
zonotope ¶·��� � and polyhedral subdivisions of the Lawrence poly-
tope
µ ��� � .
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4.3. TheBohne-Dresstheorem

Therestof thissectionis devotedto prove thefollowing theorem:

Theorem 4.3 (Bohne-Dress,Santos).Let � bea pointconfiguration.The
followingposetsare isomorphic:

(i) Theposetof zonotopaltilings of ¶>��� � .
(ii) Theposetof lifts of theorientedmatroid � � .
(iii) Theposetof subdivisionsof theLawrencepolytope

µ ��� � .
Theequivalenceof thefirst two posetsis theBohne-Dresstheoremon

zonotopes(see[6, Theorem2.2.13],[24, Theorem7.32],[18]). Weprovide
a new proof of the Bohne-Dresstheoremas follows: Our Theorem3.1
directly implies the isomorphismbetweenthe first and last posets.The
equivalenceof thelasttwowasprovedin[19,Sect. 4.2]in thegeneralcaseof
perhapsnon-realizableorientedmatroidsbut weincludehereashorterproof.
Theessentialnew featureof ourproofis thatweuseSantos’characterization
of lifting subdivisions (Theorem4.2) to prove part (ii) of the following
statement,while in [19] thesamething is proveddirectly.

Proposition4.4. Let � beapointconfigurationwithorientedmatroid � � ,
andlet

µ ��� � betheassociatedLawrencepolytope, with orientedmatroid
�¹¸ T
� U . Then:

(i) Two different lifts of �¹¸ T
� U producedifferent associatedlifting sub-

divisions.
(ii) Everysubdivisionof

µ ��� � is a lifting subdivision.
(iii) Theposetofliftsof � ¸ T

¨ U andtheposetoflifts of � � areisomorphic.

Thus,the posetof lifts of � � and the posetof subdivisionsof
µ ��� � are

isomorphic.

Proof. Throughouttheproof we will denoteby b1 ��������� bn � e1 ��������� en the
verticesof theLawrencepolytope,thatis to saythecolumnsof thematrix

µ ��� �{3 - � 0
I I �

The following are someother very specialpropertiesof
µ ��� � . Let

C - � C  � C� � beacircuit of
µ ��� � . ThismeansthatC� / C  is aminimal

dependentsetandthatC � andC  are,respectively, thesetsof pointswith
positiveandnegativecoefficientin theunique(moduloascalar)dependence
equationinvolving them.Thestructureof thematrix

µ ��� � clearlyimplies
thatwhenever anelementbi or ei is in C   thecompanionei or bi is in C�
andvice versa.In otherwords,the supportof every circuit hasthe form
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; bi 3 i & J = / ; ei 3 i & J = , for someJ � ; 1 ��������� n= . On theotherhand,
any subsetof thatform is a faceof

µ ��� � .
If B is now an arbitrary subsetof the verticesof

µ ��� � , let B0 -
; bi & B 3 ei & B = / ; ei & B 3 bi & B = . Every elementp & B ³ B0 is
a coloopin B. In otherwords,for every subsetB of theverticesof

µ ��� � ,
conv � B� is an iteratedconeover the faceconv � B0� of

µ �n� � . Thesefacts
will becrucialin theproofof thethreestatements:

(i) Thecircuit signaturefunctionsof two differentlifts will necessarily
give different sign to a certaincircuit C of

µ ��� � . But this implies that
theassociatedlifting subdivisionsaredifferent,sincethey aredifferentin
the faceof

µ ��� � spannedby the supportof that circuit. (The threelifts
of a circuit induce,respectively, thetrivial subdivision andthetwo unique
triangulationsof thecircuit).

(ii) Sinceevery subsetB of the verticesof
µ �n� � is an iteratedcone

overa faceconv � B0� , asubdivision Sof
µ ��� � is consistentwith only one

subdivisionof B: theconeoverthesubdivisionof thefaceconv � B0� induced
by S. Let ; SB = Bº ¸ T

� U denotethe family of subdivisionsso obtained.The
first conditionof consistency is trivially satisfiedby thisfamily. Forproving
the secondone we will useinduction on the dimensionof the subsetB
involved.

Let « bea basiscontainedin B suchthat for every b & B ³j« we have
that « is in a cell of thesubdivision S̄�°O± b² . Since « is full-dimensional,it
mustcontainat leastoneof eachpair of verticesbi andei of

µ �n� � , for
every i &·; 1 ��������� n= . Ontheotherhand,sincethecase« - µ ��� � is trivial,
« containsanelementei or bi whosecompanionei or bi is not in « . Let a
besuchanelement,andlet usdenoteits companionby a.

Since; a � a= is thecomplementof thesetof verticesof a facetof
µ ��� � ,

by induction on the dimensionwe assumethat «»³X; a= lies in a cell of
SB¼ ± a½ a² . If a ¡ & B this implies that « lies in a cell of SB. If a & B we still
canconcludethateither « or «·³ a

/ ; a= lie in acell of SB. Sosupposethat
thesecondhappens,andlet  bethatcell. Wewill proof thata &· aswell.

Considerthecorank1 subconfigurationB? - « / ; a= of B. By thefirst
conditionof consistency,  , B? is a faceof acell in SB£ . Ontheotherhand,
sinceB? is of theform « / ; b= , « lies in a cell of SB£ by hypothesis.Thus,
bothB? ³�; a= - « andB? ³�; a= �  , B? lie in cellsof SB£ . SinceB? ³:; a � a=
is a faceof B? , this impliesthat SB £ is thetrivial subdivision.Finally, since
 , B? is full dimensionalbecauseit contains«�³�; a= / ; a= ,  , B? is acell
of S?B and,thus,a &· , aswewantedto prove.

(iii) Let � ) be a Galetransformof � , representedasa matrix of size
n � � n Q d Q 1� whoserow spacero ¾¿��� )À� is anorthogonalcomplementof
ro ¾P��� � . Then,thematrix ��� ) ��Q � ) � of size2n � � n Q d Q 1� represents
a Gale transformof

µ ��� � . In other words, the orientedmatroid dual to
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�¹¸ T
� U isobtainedfromthedual of � � byadjoininganantiparallel element

to every element.Then,it is trivial thatthetwo dualshave thesameposets
of extensions(for example,via the topologicalrepresentationtheoremof
orientedmatroids;alsovia LasVergnas’characterizationof extensionsby
cocircuitsignaturefunctions.See[6]). Sincelifts of anorientedmatroidare
dualsto extensionsof its dual,part(iii) is proved.

Oncewehaveprovedparts(i), (ii), and(iii) wehaveabijectionbetween
thetwoposetsweareinterestedin.Thatthisbijectionisaposetisomorphism
is trivial. @A
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