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Abstract. We consider perturbations of Minkowski space as well as more general spacetimes on
which the wave operator [lg is known to be essentially self-adjoint. We define complex powers
(Og —ie)™* by functional calculus, and show that the trace density exists as a meromorphic func-
tion of . We relate its poles to geometric quantities, in particular to the scalar curvature. The
results allow us to formulate a spectral action principle which serves as a simple Lorentzian model
for the bosonic part of the Chamseddine—Connes action. Our proof combines microlocal resol-
vent estimates, including radial propagation estimates, with uniform estimates for the Hadamard
parametrix. The arguments work in Lorentzian signature directly and do not rely on transition from
the Euclidean setting.

Keywords. Spectral zeta functions, microlocal analysis, Lorentzian geometry, hyperbolic partial
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1. Introduction

1.1. Introduction and main result

The relationships between the geometry of compact Riemannian manifolds and the spec-
tral theory of elliptic operators have been a rich ground for discovery for decades, owing
to powerful methods based on heat kernel and resolvent expansions, complex powers,
residue traces, zeta functions and related notions [9, 56, 86, 90,97, 101, 103, 110]. They
have also profoundly influenced the world of relativistic physics, relying on the presump-
tion that a generalization to Lorentzian manifolds is possible [22, 26,27, 62, 126]. This
generalization was however found to be problematic on many levels. In particular, while
it is possible to make sense of, e.g., formal heat kernel coefficients {a;} for the wave
operator [Jg on a Lorentzian manifold (M, g) by writing transport equations analogous
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to the Riemannian case, and interpret them in terms of a Lorentzian Hadamard parametrix
[21,91], their relation to global objects defined by spectral theory is vastly unclear.

On the other hand, it was recently found that if the spacetime (M, g) has special sym-
metries, or if instead it is well-behaved at large distances, then it is possible to interpret
O, as a self-adjoint operator in the sense of the canonical L?(M) space defined using
the volume form of g. In fact, the essential self-adjointness of O, on static spacetimes
was proved by Derezifiski-Siemssen [34], and on non-trapping Lorentzian scattering
spaces by Vasy [131]; this was then generalized by Nakamura—Taira to other differen-
tial operators of real principal type on long-range perturbations of Minkowski space [93];
cf. [25,35,74,119, 120] for related recent work on self-adjointness of non-elliptic oper-
ators. As a consequence of self-adjointness, it is possible to define, e.g., (O —ie)™™
for e > 0 and o € C abstractly by functional calculus. However, the relation to the local
geometry is then an open question.

In the present paper we demonstrate that globally defined complex powers of [g
are in fact related to spacetime geometry in a way that parallels to a large extent the
results known in the Riemannian case. We consider the setting of non-trapping Lorentzian
scattering spaces introduced by Vasy [131], which assumes that the metric and the null
geodesic flow behave asymptotically in a certain way; see Section 2.3. The main fea-
ture is that this class contains perturbations of Minkowski space and other asymptotically
Minkowski spacetimes (including the class considered in [7,49]), and no particular sym-
metry of (M, g) nor real analyticity is assumed. We also make the assumption of global
hyperbolicity of (M, g), which arises naturally in, e.g., the solvability of the Cauchy prob-
lem. Our main result is the following theorem.

Theorem 1.1 (cf. Theorem 8.3 and Proposition 8.5). Assume (M, g) is a globally hyper-
bolic, non-trapping Lorentzian scattering space (or (M, g) is an ultrastatic spacetime)
and assume its dimension n is even. Then for all ¢ > 0, the Schwartz kernel of (Og —ig)™
has for Re oo > n/2 a well-defined on-diagonal restriction (Og — ig)™*(x, x), which
extends as a meromorphic function of @ € C withpolesat{n/2,n/2—1,n/2—-2,...,1}.
Furthermore,

, L Rg(x)
_ o — g
Jim, resa=n/a-1 (B —i8) (. 0) = S r 2= 1)

(1.1)

where Rg(x) is the scalar curvature at x € M.

Theorem 1.1 can be seen as the Lorentzian version of a result attributed to Kastler [76]
and Kalau—Walze [75] in the Riemannian case (and announced previously by Connes as
a consequence of classical theorems in elliptic theory due to Minakshisundaram—Pleijel
[90], Seeley [108], Wodzicki [134] and other authors; see [27, Theorem 1.148] for the heat
kernel based argument and [56, Section 1.7] for an approach in the spirit of Atiyah—Bott—
Patodi [4]). This type of relationships has been used to justify definitions of curvature
in non-commutative geometry: see Connes—Marcolli [27, Definition 1.147] and Connes—
Moscovici [29].
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The ¢ regularizer in (1.1) deals with the fact that in contrast to the compact Rie-
mannian setting, (g is not bounded from below. It is also responsible for the relationship
to Feynman inverses; see Section 1.2.

The importance of (1.1) in physics stems from the fact that the r.h.s. is proportional to
the Einstein—Hilbert Lagrangian, and the variational principle 8¢ Rg (x) = 0 is equivalent
to the Einstein equations for g. The Lh.s., on the other hand, refers to the spectral theory
of the self-adjoint operator (.

Remark 1.2. Our main cases of interest are perturbations of Minkowski space (in arbi-
trary spatial and time directions) as well as more general Lorentzian scattering spaces, but
the results are also valid for ultrastatic spacetimes (M, g) in the sense that M = R x Y
and g = dt? — h for some (t-independent) complete Riemannian manifold (Y, /). In that
case, essential self-adjointness follows from [34] and the proof of Theorem 1.1 simplifies
considerably; see Remark 1.4.

The residues at the other poles can also be computed, and we show the following
result.

Theorem 1.3 (cf. Theorem 8.4). For any Schwartz function f with Fourier transform
supported in |0, +00] and any N € Ny, we have for ¢ > 0 the large A > 0 expansion

N
f(@g +i8)/37)(x,x) = Y A" Ci(f)aj(x) + O(e, A" 2N,

Jj=0

where each C;(f) depends only on j € Ny, the space-time dimension n and f, and
aj(x) are directly related to the Hadamard coefficients, in particular ag(x) = (4m)™"/2,
Co(f) = i~te!"™/* [ f )"/~ dt and

a1 (x) = —(4m) LR (), Ci(f) =it I/ /0 T Fwom 2 ar,

We refer to Theorem 8.4 for a precise calculation of the first three terms of the asymp-
totic expansion of f((Og + m? + ie)/A?)(x, x) in terms of the regularizer ¢ and also
the mass m. This formulation parallels as closely as possible the spectral action principle
established in the Riemannian case by Chamseddine—Connes [22,26], which has become
a milestone in high energy physics developments driven by the noncommutative geome-
try program; see e.g. [23,27,43,126, 127]. A feature of Theorem 1.3 is that in contrast to
results in the Riemannian setting, we do not allow for functions f supported away from
zero or in a half-line: intuitively, the reason is that the bottom of the spectrum plays a rdle
which cannot be harmlessly disregarded in the Lorentzian case.

1.2. Structure of proof

The primary difficulty is unquestionably the non-ellipticity of [lg, which makes known
methods from the Riemannian setting inapplicable to our situation. We stress that except
at the very final stage (where we work locally with quadratic forms on R” to compute
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numerical factors in the residues), our proof does not involve any kind of transition from
Euclidean to Lorentzian signature. Instead, we use techniques from partial differential
equations and microlocal analysis that emphasize the structure of the null geodesic flow
on the cotangent space and its asymptotic behavior; see Section 1.3 for bibliographical
remarks.

Theorems 1.1 and 1.3 rely on precise regularity estimates for the resolvent (g —z) L.
The key feature is that for Imz > 0, (Og — z)~! is a Feynman inverse, meaning that
the singularities of the Schwartz kernel (characterized by its wavefront set) are the same
as for Duistermaat—Hormander’s Feynman parametrix [39] and Feynman propagators in
quantum field theory and related contexts [49, 102]. In consequence, close to the diagonal
in M x M, the Schwartz kernel of (O, — z)~! can be approximated by the Feynman
version of the Hadamard parametrix, which is sufficiently explicit for the extraction of
local geometrical quantities. The complex powers (O, —ie)™® are then expressed in
terms of the resolvent as integrals over an infinite contour in the complex upper half-
plane. To be useful, however, this requires the estimates for the resolvent, parametrix
and errors to be uniform in z, with sufficient decay along the integration contour. This
complicates the analysis of the Hadamard parametrix, since apart from difficulties due to
light-cone singularities, there is competition between regularity and decay in |[Im z|. It is
also worth stressing that it is not possible to eliminate any error term by solving a Cauchy
problem for [z — z because the associated retarded and advanced fundamental solutions
badly behave as [Im z| — +o0.

With these issues in mind, the proofs (in the Lorentzian scattering space case) are
organized as follows:

(1) Setting P =g or P = O, + m?, we use radial estimates in weighted scattering
Sobolev spaces (due in the present context to Vasy [131] and generalizing results by
Melrose [87]) to derive the mapping properties of the resolvent (P — z)~!, uniformly
in z. By integrating on a contour y, in the upper half-plane (see Figure 1 in Sec-
tion 2.6) we deduce the local mapping properties of (P —i¢)~® in Sobolev spaces.

(2) In Section 3.5, for Im z = 0 we construct a z-dependent parametrix of P — z which is
the sum of two independent parts, each with singularities propagating in only one of
the two components of the characteristic set ¥. We show that the parametrix has Feyn-
man wavefront set uniformly along the contour y,. This step uses a time-dependent
factorization of P — z in Shubin’s parameter-dependent pseudo-differential calculus
[110] and the hyperbolicity of P.

(3) In Section 3.6 we relate (P — z)~! to the parametrix from step (2). The argument
first emphasizes common behavior at the radial sets, and then uses radial estimates
and propagation of singularities to obtain a global result. The main conclusion is that
(P — z)7! has Feynman wavefront set uniformly in z along y.

(4) In Sections 4-5 we construct a z-dependent version Hy(z,-) of the Hadamard
parametrix of P — z, and show in Section 5 that it also has Feynman wavefront set
uniformly in z. We prove regularity estimates for Hy (z, -) and the remainders, with
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control of the decay for large |z| and the behavior near the real axis. Important pre-
requisites are Holder—Zygmund and microlocal estimates shown in Section 4 for an
elementary family of distributions Fy(z,-) on R”, which serves as the building block
of the parametrix in normal coordinates.

(5) ForImz > 0, we relate the resolvent (P — z)~! to the uniform Hadamard parametrix
Hpy (z, ) using the estimates from step (4) and the Feynman form of the wavefront
set proved in step (3) by a composition argument. The local analysis of the Schwartz
kernel of (P —ie)™® and other functions of P is reduced in this way to contour
integrals involving Hy (z, -).

(6) The meromorphic continuation of a > (P —ig)~* and its poles are computed on the
level of contour integrals of Hy(z,-). To compute the residues we use a homolog-
ical argument which can be interpreted as a local Wick rotation of quadratic forms.
Theorem 1.3 is deduced from the full version of Theorem 1.1 by a Mellin transform
argument.

Various auxiliary proofs are collected in the appendices.

We stress that although the occurrence of local geometric quantities in the Hadamard
parametrix is a well-known phenomenon, the relationship to globally defined functions of
P proved in steps (1)—(6) is new.

Remark 1.4. The case of (M, g) ultrastatic is simpler because one can then give a
quasi-explicit formula for (P — z)~! in terms of the Laplace—Beltrami operator A, on
the Cauchy surface. The formula implies that (P — z)~! is already of the form of the
parametrix in step (2), so step (3) is no longer needed, and resolvent estimates can be
derived directly; see Appendix C.1. From that point on, steps (4)—(6) apply verbatim.

1.3. Bibliographical remarks

The construction of complex powers of elliptic operators is due to Seeley [108] in the
case of classical pseudo-differential operators on compact manifolds, and was extended
to various other elliptic settings, among others in works by Rempel-Schulze [104],
Guillemin [59], Grubb [58], Schrohe [106, 107], Loya [81, 82], Coriasco—Schrohe—Seiler
[30] and Ammann-Lauter—Nistor—Vasy [2]; cf. recent work by Hintz [64]. Various results
in the spirit of the Kastler—Kalau—Walze identity were obtained, e.g., by Ponge [98—100]
(in particular, [100] discusses lower-dimensional geometric invariants) and Battisti—
Coriasco [8]. The residues of the spectral zeta function have a natural interpretation in
terms of the Guillemin—Wodzicki residue [59, 134] (cf. Connes—Moscovici [28], Lesch
[78], Lesch—Pflaum [79], Paycha [96, 97], Maeda—Manchon—Paycha [83]); see [32] for a
generalization to the Lorentzian case considered here.

Complex powers of non-elliptic first order pseudo-differential operators were obtained
as paired Lagrangian distributions by Antoniano—Uhlmann [3]; see also Greenleaf—
Uhlmann [57, Section 3]. Using the calculus of paired Lagrangian distributions,
complex powers of the wave operator corresponding to a retarded or advanced problem
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were constructed by Joshi [73] in the case of time-independent coefficients. Enciso—
Gonzdlez—Vergara [44] later showed that a particular fractional power coincides with
the Dirichlet-to-Neumann map on static anti-de Sitter spacetimes. We remark that our
complex powers are different from Joshi’s, as the former are associated to a self-adjoint
operator and are related to a Feynman problem rather than to a retarded or advanced one.
However, it can be conjectured that they are paired Lagrangian distributions as well.

The approach to Lorentzian complex powers in the present paper builds on the non-
elliptic Fredholm theory introduced by Vasy [128], originally in the context of the retarded
and advanced problem on (Kerr-)de Sitter spaces, and further developed in a series of
works tailored to the study of wave and Einstein equations (see e.g. [7,63,65,66]), culmi-
nating in the resolution of the Kerr—de Sitter stability conjecture by Hintz—Vasy [67] and
the proof of linear stability of Kerr black holes by Hifner—Hintz—Vasy [61]. The global
approach to the Feynman problem for the wave equation on a class of Lorentzian scat-
tering spaces was pioneered by Gell-Redman—Haber—Vasy [49] (including a non-linear
version); cf. Baskin—Vasy—Wunsch [7] for previous work on the retarded and advanced
problem in that setting. The construction also applies to the Klein—-Gordon operator on de
Sitter spaces, and in both settings, its positivity and microlocal properties were studied by
Vasy [129] and Vasy—Wrochna [133]. The Feynman invertibility of the Klein—Gordon
operator O, + m? with m > 0 on asymptotically Minkowski spacetimes was proved
by Gérard—Wrochna [52, 53] (cf. [54] for a brief account) using an approximate diag-
onalization of the evolution, related to the parametrix in Section 3.5 (though the focus
here is on the behavior in z). In the already mentioned work of Vasy [131] on essen-
tial self-adjointness of [lg, the resolvent is constructed in terms of a Feynman problem
which coincides with the Gérard—Wrochna definition by a result of Taira [121]. Vasy [131]
also shows a limiting absorption principle for (g + m?, followed by an improvement by
Taira [121]; cf. the earlier work of Derezinski—Siemssen [34] for the limiting absorption
principle in the static case (possibly with electromagnetic potentials).

Related developments connecting the global theory of hyperbolic operators with
space-time geometry have included a Lorentzian Atiyah—Patodi—Singer index theorem
due to Biar—Strohmaier [5]; see also Braverman [18] for a spatially non-compact general-
ization, and very recently a local version was shown by Béar—Strohmaier [6]. Furthermore,
Strohmaier—Zelditch proved a Gutzwiller—Duistermaat—Guillemin trace formula and a
Weyl law for time-like Killing vector fields on stationary space-times [116—118], which
in particular provides a spectral-theoretic way of recovering the scalar curvature and thus
a spectral action in the stationary case. It is worth emphasizing that Feynman inverses
appear naturally in all these developments (and in [6] the relationship to the Hadamard
parametrix is used; see below).

We remark that non-elliptic Fredholm problems and radial estimates have arisen in
many contexts outside relativistic settings; see e.g. [40,42,50]. In particular, we empha-
size similarities to the work of Dyatlov—Zworski [40] on Anosov flows, which proves the
meromorphic continuation of the Ruelle zeta function using microlocal resolvent esti-
mates; we expect that semi-classical methods could provide useful alternatives to the
arguments in Section 3.6.
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The Hadamard parametrix for Laplace—Beltrami operators on pseudo-Riemannian
manifolds is a classical tool in analysis; see e.g. [69, 112, 137] for textbook accounts
focused on the Riemannian or Lorentzian time-independent case. This parametrix plays a
fundamental role in quantum field theory on curved spacetimes, where it is used to sub-
tract singularities from N -point functions to get well-defined non-linear quantities [20,37,
46,68,77,91,102]. In particular, Radzikowski [102] proved a relationship between the bi-
solution Hadamard parametrix and the Feynman parametrix of Duistermaat—Hormander.
In the present article we work directly with the (z-dependent) Feynman version of the
Hadamard parametrix. Its analogue for fixed z was constructed by Zelditch [136] in the
ultrastatic case, and by Lewandowski [80] and Béar—Strohmaier [6] in the general case
using a family of distributions with distinguished wavefront set (the former construction
also gives a unified treatment of even and odd dimensions). The Hadamard parametrix is
also useful in spectral theory, and was applied e.g. by Sogge [111], Dos Santos Ferreira—
Kenig—Salo [38] and Bourgain—Shao-Sogge—Yao [17] in the context of L? resolvent
estimates on compact Riemannian manifolds (including estimates uniform in the spectral
parameter z), and by Zelditch [136] in the problem of analytic continuation of eigenfunc-
tions.

Finally, we mention, only very non-exhaustively, works in noncommutative geometry
aimed at establishing a Lorentzian theory [14,15,31,36,45,92,95,115, 124, 125]. In con-
trast to the problem considered here, their focus is mostly on the formalism of spectral
triples or on distance formule. In the last few years this has included progress on spectral
actions by D’Andrea—Kurkov-Lizzi [31], Devastato—Farnsworth—Lizzi—Martinetti [36]
and Martinetti—Singh [84], which involves however transition from Euclidean signature
and relies on special symmetries or analyticity, very differently from the present paper’s
result.

1.4. Remarks on assumptions; outlook

The essential self-adjointness in [131] and the results of the present paper extend in a
straightforward way to the Hermitian bundle setting provided that the principal symbol
of P is a scalar wave operator and formal self-adjointness of P holds true for a positive
scalar product. We further comment on this in Remark 3.21.

The assumptions on spacetime geometry in Theorems 1.1 and 1.3 are not expected
to be sharp. In fact, only steps (1) and (3) of the proofs use the hypothesis that (M, g)
is a Lorentzian scattering space, and one could try to adapt the arguments depending on
estimates available in a given class of spacetimes. For instance, in view of the estimates
in [128], a natural candidate could be the class of asymptotically de Sitter spacetimes.
The essential self-adjointness of O, is also conjectured to be true for asymptotically
static spacetimes (see Derezifiski—Siemssen [33, Sections 5.8 and 8.6]), and it is therefore
natural to ask whether (1) and (3) remain valid in that general setting.

A mathematically delicate point is the & — 0T limit of the Schwartz kernel of
(P —ie)™® and of other functions of P — ie. Namely, observe that in Theorems 1.1 and
1.3 we first compute a residue or an expansion and then take the ¢ — 07 limit, but one
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could ask whether the order of these operations can be reversed. We give an affirmative
answer in the setting of Theorem 1.3 if O, is replaced by P = g + m? with m > 0 (this
then produces extra terms in the expansion which vanish as m — 0%; see Theorem 8.4)
— this, however, requires stronger assumptions including non-trapping at energy m?; see
Sections 2.3 and 2.7. For the sake of illustration, we also prove in Appendix C.2 a limiting
absorption principle for (P —ie)™ in the case of space-compact ultrastatic spacetimes,
with similar conclusions on the possibility of taking the ¢ — 0% limit before computing
residues.

The study of the & — 0% limit with m = 0 rather than m > 0 requires a different
approach, based for instance on recent work by Vasy [132]; cf. Bouclet-Burq [16].

Finally, we do not consider here functions of Dirac operators or generalizations needed
to derive a spectral action principle for the whole Standard Model in Lorentzian signature;
we expect this however to be a fruitful topic of research in the near future.

2. Complex powers on Lorentzian scattering spaces

2.1. Klein—Gordon operator

Let (M, g) be a Lorentzian manifold. We use the convention (+, —, ..., —) for the signa-
ture of g. We denote by L?(M) the canonical L? space associated to the volume density
dvolg of g, i.e. the L2(M) norm is

1/2
Jull = (/M |u(x)|2dvolg) .

Let P =0, + m? be the wave or Klein—Gordon operator, i.e.

1
Og = —— du(VIgl g""0v)

Vigl

is the Laplace—Beltrami operator in Lorentzian signature, |g| = |det g| and m? > 0.

2.2. Lorentzian scattering spaces

We will need to make assumptions on the asymptotic structure of (M, g) at spacetime
infinity. To that end it is convenient to assume that M is the interior of a compact manifold
with boundary M .

We use the notation C (M) for the space of smooth function on M, meant in the
usual sense of smooth extensibility across the boundary (denoted in what follows by dM).

Let p be a boundary-defining function of M, i.e. a function p € C°° (M) such that
p>0o0nM,IM = {p =0}, and dp # 0 on M. Recall that by the collar neighbor-
hood theorem, there exists W D dM, ¢ > 0 and a diffeomorphism ¢ : [0, €[ x oM — W
such that p o ¢ agrees with the projection to the first component of [0, €[ x dM . We will
drop ¢ in the notation when working close to the boundary, i.e. in the collar neighbor-
hood W. In this sense we can find local coordinates of the form (p, y1, ..., ys»—1), where
(1. ..., Yn_1) are local coordinates on d M .
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We use the framework of Melrose’s sc-geometry [87], mostly following the presenta-
tion in [130, 131]. Let **T M be the scattering tangent bundle (or for short, the sc-tangent
bundle) of M . Recall that **T M can be defined as the unique vector bundle over M such
that all of its smooth sections V' € C(M;*T M) are locally of the form

n—1

V ="Vo(p.0)p%0p + Y _ Vilp. y)pdy,. Vo.Vie C¥M).i=1.....n—1. (22)

i=1

on a chart neighborhood U with local coordinates (p, y1, ..., yn—1). Away from the
boundary, T M is defined in the same way as the tangent bundle 7M, and there is
indeed a canonical isomorphism *Tyy M — TM.

The sc-cotangent bundle **T* M is by definition the dual bundle of 7T M. Thus, in

local coordinates (p, y1,. . ., Yu—1), the smooth sections of **T* M are C > (M )-generated
by (p=2dp, p~dy1, ..., p 'dy,_1). Again, over the interior there is a canonical isomor-
phism

CTyM — T*M. (2.3)

Next, an sc-metric is by definition a non-degenerate smooth section of the fiberwise sym-
metrized tensor product bundle *T*M ®, *T*M.

Definition 2.1. (M, g) is a Lorentzian scattering space (or for short, a Lorentzian sc-
space) if g € C®(M;*T*M ®,**T*M) is of Lorentzian signature.

Example 2.2. The standard example is M = R”, with M = R” the radial compactifi-
cation of R". Recall that R” is defined as the quotient of R” L ([0, 1, x S;_l) by the
relation which identifies any non-zero x € R” with the point (p, y), where p = r~! and
(r, y) are the polar coordinates of x. The smooth structure near {p = 0} is the obvious
one in (p, y) coordinates. Observe that the vector field 3, = —p?d,, is of the form (2.2).
More generally, switching now to standard coordinates (xg, ..., X,—1) on R”, the frame
(0xgs - - - » 0x,_, ) smoothly extends to seT*R7, and any V € CW(W; T W) is in the
C%°(R")-span of (0xgs - - -» 0x,_, ), 1.€. the coefficients smoothly extend across {p = 0} in
(p. y) coordinates on top of being smooth in R”. Similarly, any g € C®(R"; *T*R" ®
seT*R™) is in the C“(W)—span of dx* ®s dx” for u,v =0,...,n— 1.In particular, the
Minkowski metric 7 = dx2 — (dx? + -+ + dx2_,) on R” extends to an sc-metric on R”
and in this sense Minkowski space is a Lorentzian sc-space.

We will assume that g (the Lorentzian metric on the boundaryless manifold M)
extends to an sc-metric on M, and so (M, g) is a Lorentzian sc-space. The volume density
of (M, g), dvolg, extends then to an sc-density on M, meaning that in local coordinates
(p, y) it is of the form w(p, y)|p~2dp p™" 'dy| with u € C®(M).

2.3. Bicharacteristics and Hamiltonian flow

When discussing microlocalization it is useful to compactify the fibers of *7* M. The
base manifold M having a boundary already, the fiberwise radial compactification of
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seT* M yields a manifold with corners (see [87, Section 6.4] for details), which we will
denote by T*M.

As a manifold with corners, *T*M has two boundary hypersurfaces: the first one
is base infinity or spacetime infinity, which we denote by 3*T* M (instead of using the
more pedantic, but heavier notation ﬁgﬁﬁ ), and the other one is fiber infinity, which
we denote by 9T * M. We stress that despite what the notation could suggest, these two
boundary hypersurfaces do intersect at the corner *T*M N 3*T*M # @, and we have
of course

FT*M = 0“T*M U I*T* M.
Let (£)~1 be the formal notation for a boundary-defining function of fiber infinity. For
z € C, the principal symbol of Og — z in the sense of the sc-calculus is the function p,
on 3T*M given by

—§172 (- g718) on 3¥T* M,

()2 (~¢-g7'6—2) ondT*M. 4

pz(x,§) = {

This is well-defined at *7T*M thanks to the |§|~2 factor that compensates for the
degree 2 homogeneity of & - g71£ in £. This is also well-defined at 9*T*M as a con-
sequence of the assumption that g extends to an sc-metric. Furthermore, the definition is
consistent at the corner.

The characteristic set of Og — z, denoted by X, is defined as the closure of p; ! ({0})
in 3T*M. Note that ¥, C 3 T*M unless z is real. Furthermore, £, N 3T*M =
Yo N O*T*M is always non-empty but does not depend on z. This is why various
hypotheses can be simply written in terms of X, with o € R.

The Hamiltonian vector field of py on **T* M, denoted by Hp,, is the extension of
the usual Hamiltonian vector field defined in the interior, i.e. the standard definition on
T*M induces a vector field on ¢ TA*HW via the isomorphism (2.3), and this then extends
to a vector field Hp, on *T* M. Similarly, **7* M has a symplectic and contact structure
inherited from T* M by extension; see e.g. [85, Section 2]. In local coordinates on seT* AL
of the form (p, y, 0, n), where (¢, n) are the dual coordinates of (p, y), Hp, is given by

n—1

Hp, = P((agp)(Pap +7n- 877) - (Pap +n- 37])1789 + Z ((3,,[. P)ay,- - (ay,' p)aﬂi))'
i=1

The rescaled Hamiltonian vector field H ,, := (§)~'p~! Hp, extends to a smooth vector
field on S*T*M which is tangent to 97 *M. We call its flow on 0%T*M the Hamil-
tonian flow, and for o € R, the bicharacteristics are the integral curves of the rescaled
Hamiltonian vector field within X .

Definition 2.3. For o0 € R we say that (M, g) is non-trapping at energy o if the following
conditions are satisfied:

(1) There are two submanifolds L_ C 9*T*M and L, C 9*T*M, each transversal to
T*M N 3T*M, which are sources, resp. sinks for the Hamiltonian flow in .
More precisely, this means that within ¥,
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(@) dpo # 0on L and 17,,0 is tangent to Ly,

(b) there exists a quadratic defining function p+ of L4 and a smooth function 81+ > 0
satisfying
FHpyp+ = Pip+ + 5+ +r+
for some smooth s, r+ such that s > 0on L4 and ry vanishes cubically at L 4,
(c) thereexists Bo,+ € C®(**T*M) such that B+ >0on L and FH p,p = Bo,+p-
(2) Within X, each bicharacteristic either goes from L to L_, or goes from L_to L4,
or stays within L4 or L_.
We say that (M, g) is non-trapping if (1) and (2) hold true with Xy N 3°7T*M instead
of Y.

We will simply refer to L_ as sources and to L as sinks. In (1) of Definition 2.3, by
saying that p+ € C®(*T*M) is a quadratic defining function of L+ we mean that p4 =
> pi’i for finitely many p+ ; such that L4 = ("), {p+,; = 0} within X5 N 9%T*M, and
the differentials dp+ ; are linearly independent on L1 N X,. A more detailed discussion
of conditions (b)—(c) can be found in [130, Section 5.4.7].

Example 2.4. A (non-exhaustive) class of examples is provided by the non-trapping
Lorentzian scattering metrics introduced in [7] and further studied in the context of the
Feynman problem in [49]. Namely, one assumes the existence of a function v € C*°(M)
such that for all V' € C%°(M;*T M) the signs of g(V, V) and v are the same at IM =
{p = 0}. Furthermore, near {v = p = 0}, the sc-metric g is assumed to be of the form

dp? d
= (3)-

&
P2 P 2

p
where  is a smooth 1-form such that w = dv + O(v) + O(p), and the restriction of g €
C®(M;T*M ®, T*M) to the joint annihilator of dp, dv is positive. As discussed in [7,
Section 3.6], this implies the existence of sources/sinksat {p =v=0,0=y =0, Fy >0}
in coordinates (p, v, w, @, B,y) € *T*M. One then needs to ensure that the non-trapping
property (1) of Definition 2.3 holds true in o N 3%7* M ; see [7, Section 3.2]. Minkowski
space is a special case (see [7, Section 3.1]), and we also note that in practice it is possible
to consider perturbations that do not have the structure of sinks and sources, but for which
the propagation estimates used in the sequel remain valid nevertheless. We also refer to
[131, Section 2] for remarks on the assumption of non-trapping at ¢ # 0.

In [131], Vasy proves the following theorem; cf. the work of Nakamura—Taira [93]
for the case of real principal type operators of arbitrary orders on R” under a similar
non-trapping condition.

Theorem 2.5 ([131, Theorem 1]). Assume (M, g) is non-trapping. Then P acting on
C°(M) is essentially self-adjoint in L*(M).

As a consequence, if we denote in the same way the closure of P acting on C>° (M),
functions of P can be defined using the functional calculus for self-adjoint operators.
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We are particularly interested in Schwartz kernels of functions of P, and therefore we
need to know more precise mapping properties of the resolvent, also basing on the results
from [131].

2.4. Sobolev spaces

If s € Zxy, then the sc-Sobolev space of order s is by definition

HY'(M) =
{fue L>(M)|Vk <sand Vy,..., Vi € C¥(M;*TM), Vy...Viu € L>(M)).

The definition of H2°(M) and of its norm || - ||5,0 for arbitrary s € R is most effi-
ciently formulated with the help of sc-pseudo-differential operators; see Appendix A.2.
The weighted Sobolev spaces are defined for non-zero £ € R by

HE (M) = p" HE (M),

with norm ||u||s¢ = || o~ bul| 5.0 Where p is as before a boundary-defining function of dM.
Thus, higher s means more regularity, and higher { means more decay at spacetime
infinity, i.e. at 9M. In the special case of Minkowski space modelled on R”, the space
H2%(M) coincides with the usual Sobolev space H*(R"), and if we choose as boundary-
defining function p = (1 4 |x|?)™/2 =: (x)~! then HS%*(M) coincides with the weighted
Sobolev space (x) "¢ H*(R").

The definition of Hssc’e (M) can be usefully generalized to weight orders £ that vary in
phase space, i.e. to £ € C°(*T* M) rather than just £ € R; see Appendix A.2. We will
also use the Fréchet spaces

HPY (M) == (Y HS (M), HE®(M) = (| HE (M),

520 £=0

We stress that unless s = £ = 0, the definition of HS{:Z (M) refers to the manifold
with boundary M. As a rule, we do not necessarily emphasize the dependence on M
or g in the notation if there is an “sc” subscript, which indicates the dependence on the
scattering structure already. Apart from the spaces with an “sc” subscript, we use standard
notation. For instance, C>°(M), C*° (M), H? (M) and H;} (M) are the standard spaces
on the boundaryless manifold M (in contrast to the space of smooth functions C (M)
on the manifold with boundary M), and similarly for the space D’(M) of distributions
and £'(M) of compactly supported distributions on M.

Note that for all s € R and £ € C*°(**T* M) we have the continuous inclusions

Hi (M) C HY (M) C Hij (M) C D'(M).

2.5. Estimates for imaginary spectral parameter

We now consider the operator P — z for z € C, focusing first on the case Imz > 0.
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ForImz # 0, P —z € ¥2%%(M) is microlocally elliptic in the sense of the sc-calculus
except at fiber infinity 97 * M ; propagation estimates take place inside Xo N 0T * M.
For £ € C®(T*M) we set {4 = £]L . We will say that £ is monotone in X, if it
is monotone along the Hamiltonian flow restricted to X,. In various estimates, S, L € R
will always be sufficiently negative numbers, which can be taken arbitrarily negative.
For an arbitrary ¢ > Olet Z = {Imz = c¢|Rez|}, and let § > 0.

Proposition 2.6 ([131, Proposition 2]). Lets € R, and let £ € C*®(**T* M) be monotone
in Yo and suchthat {— > —1/2 and € < —1/2. Then forall s’ € R, all{’ € C®(**T*M)
with € € 1-1/2,€_] and allu € HEX (M),

lells,e + (tm2) 2 fuells—1/2,641/2 < CUP = 2 lls—re41 + lulls..), (2.5)
uniformly for z € Z N {|z| = §}.

Proof. The proof is based on a slight modification of the estimates in [130, Section 5.4]
and can be found in [131]. We only sketch it very briefly for the reader’s convenience.

The basic ingredients are the higher decay radial estimate at sources and the lower
decay radial estimate into the sinks, recalled in more detail in Appendix A.3; see also
Appendix A.2 for prerequisites on scattering pseudo-differential calculus. The first esti-
mate (see Proposition A.3) reads

| Aulls,e + (ImZ)I/ZHA“||s—1/2,£+1/2 < CUIB(P — 2)ulls—1,041 + llulls ).

for all u € HS ' (M), £ > €' > —1/2, 5,5 € R, L_ C Ell(A), WF, (A) contained
in a small neighborhood of L_ in Elly.(B), and within Ell,(B), bicharacteristics from
WEF,.(A) tend to L_ in the forward direction along the flow. The second estimate (see
Proposition A.2) is

| Aullse + Amz) 2| Au|ls—1/2,051/2
< C(|Biullse + |1 B(P = 2)ulls—1041 + | Bullg e + llulls )

for all u € HS Y (M), £ < —1/2, £, s,s' € R, Ly C Ell(A), WF. (4) contained in
a small neighborhood of Ly in Elly.(B), and within Ell,.(B), bicharacteristics from
WEF, (A) \ L4 tend to L in the forward direction along the flow, and intersect Ell.(B)
in the backward direction.

Thanks to the non-trapping assumption, by taking £ as in the assumption of the propo-
sition, the two estimates applied in a neighborhood of £y N 3*T*M can be combined
with propagation of singularities estimates (Proposition A.1) and with the elliptic estimate
to yield (2.5) (see e.g. [50, Section 3.2] for a pedagogical explanation of how to combine
this type of estimates). |

By iterating (2.5) we can conclude that for all Imz > 0 and all N € N3,

(P—2)N:L2(M) - HN.(M). (2.6)
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By replacing P by —P (the r6le of L4 and L_ is then exchanged) we also obtain (2.6)
for Im z < 0. Note that in contrast to the elliptic case, we cannot expect that the image is
in H (M).

To show regularity properties of non-integer powers we will need the following more

precise statement.

Proposition 2.7. Let ¢ > 0, N € N>, s € R, and let £ € C®°(**T*M) be monotone
in Yo and such that {— > —1/2 and £ < —N. Then

1P —ie)™(P —2)7" fllse < CAm2) " 2(|| fllsn-1/2.048 4172 + 1S, @27
uniformly for all z € Z N {|z| = 8} and for all f € L>(M) N HSSC_N_I/z’E-'_NH/Z(M).

Proof. Since £_ > —1/2 and {1 < —N + 1/2, we can apply Proposition 2.6 with u =
(P —ie)™™(P —z)7' f € L>(M) and then iterate the estimate, N times in total. By
dropping the part proportional to Im z from the Lh.s. each time, we obtain

1P —ie)™(P =27 fllse < CUP =2)" flls=nern + lulls..)-

Since{_ + N —1/2>—1/2and {4 + N —1/2 < —1/2, we can apply Proposition 2.6
tov = (P —z)~'f € L2(M). By keeping only the part proportional to (Im z)'/2 on the
Lh.s. we obtain

(Im2) 2(|(P —2) 7" fls—nern < CULf llsmn—1/2.048+172 + I0]l5.0)-

The terms |lug, and |v||s, above can be estimated by ||[(P —z)~! f|| and thus by
(Im z)~! using the self-adjointness of P. Combining the estimates yields (2.7). ]

Remark 2.8. Proposition 2.7 is also valid for N = 0 if £_ > 0, as can easily be seen by
dropping the first part of the proof.

2.6. From resolvent to complex powers

As P is a self-adjoint operator, the complex powers (P —ig) ™ are well-defined by func-
tional calculus for ¢ > 0 and @ € C, and also for ¢ = 0 if Rea < 0. We deduce below
various regularity properties of (P —ie)™“ from resolvent estimates.

We will express (P — i)™ as an integral of (P — z)~! over a contour y, defined as
follows. Let y, be a contour going from Re z <« 0 to Re z >> 0 in the upper half-plane, of
the form

Ve = D) —00,8/2] U{e/26'” | 71— 0 < w < 0} U e'?[g/2, +00[

for some fixed 6 € ]0, w/2]. We then define y, := y. + i ¢ (see Figure 1). We also define its
degenerate version yp, which also goes from Rez < 0 to Rez > 0 in the upper half-plane
and is of the form

vo = €' P]—c0. 0] U €’ [0, +o0[.
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ilmz

Fig. 1. The contour . used to express (P — i) ™% as an integral of the resolvent (P — z)~! for P
self-adjoint. If ¢ = 0 the contour degenerates to two half-lines intersecting the real line at 0.

Proposition 2.9. Assume (M, g) is non-trapping.

(1) Foralle >0anda € C, H®°(M) C Dom (P —ig)™®.

(2) Foralla € C withRea < 0, HZ°(M) C Dom (P —i0)~.

(3) Forallu € H®°(M) and all & > 0, the functions C > a + (P —ig)™%u € L>(M)
and {Rea < 0} 3 a > (P —i0)%u € L?(M) are holomorphic.

4) Foralle 20,0 €e CwithRea < 0,5 =0and e > 0,

(P . is)_a . Hssc,oo(M) N Hssc+2|_ReocJ—3/2,—e(M)

continuously.

(5) Foralle > 0,0 € C withRea > 1/2, s = 0ande > 0,
(P —iE)_a . HSSC,OO(M) = HSSC+I_Reot—l/ZJ+1/2,—|_Rea—1/2]+1/2—5(M)
continuously.

Proof. (1) We write (P —ig)™ = (P —ie) ™ N(P —ie)V for some N € Ny with
N = —Rea. Then (P —ig)™* ¥ is bounded on L?(M) and (P —ig)N : HXO(M) —
HZ>%(M) continuously, hence (P —ig)™® : H®®(M) — L?(M) continuously and the
claim follows.

(2) The assertion follows directly from (1) and the fact that (see Appendix B) for all
Rea <Oandall e > 0, Dom (P —i0)™® = Dom (P —ig)™?.

(3) This follows easily from (1) and functional calculus.

(4)Let N = — |[Rea] + 1. By (B.6),

(P—ie)® = 1 (z—ie)™@

=2 ) . W(P -V (P -2)7dz. (2.8)
YoTie



N. V. Dang, M. Wrochna 16

By P —i € W2%(M) and by Remark 2.8, for L € R sufficiently large,
(P—i)N(P—2)"': HSL (M) — HEFV272N=€(M) has O([Imz|~V/2) norm.  (2.9)

By dominated convergence, the integral (2.8) is bounded on the same spaces.
(5) We write (P —ig)™® = (P —ie) ™ (P —ie)™, where N = |Rea — 1/2] and
Re pu > 1/2, and then we express (P — i)~ " in terms of the resolvent of i P as a contour
integral using (B.4). This gives
1
(P—iey®=— | (z—iey™™P —ie)y™N(P-2)"dz. (2.10)
2wi Jy,
By Proposition 2.7 (with s + N + 1/2 instead of s and £+ = —N —¢), for L € R suffi-
ciently large,

(P—iey™M(P -2t HSE (M) — HSSC+N+1/2’_N_E(M) has O(|Im z|~"/?) norm.

By dominated convergence, the integral (2.10) is bounded on the same spaces. [

2.7. Estimates uniform down to the real axis

In [131], estimates uniform down to the real axis are obtained under the extra hypothesis
that P = O, + m? with m? # 0 and (M, g) is non-trapping at energy o = m? (see
Definition 2.3). This is not necessary for our main results. However, we briefly discuss
the improved estimates here as they lead to stronger results (in terms of the dependence
on ¢ for functions of P — i¢) in later sections.

The non-trapping at energy o = m?
are uniform down to ¢ = 0. Let us state this as a proposition (proved in analogy to Propo-
sition 2.6) for further reference.

ensures that the Fredholm estimates for P —i¢

Proposition 2.10 ([131, Proposition 2]). Let (M, g) be a non-trapping Lorentzian scat-
tering space and assume it is non-trapping at energy ¢ = m*> # 0. Let s € R, and let
£ e C®FT*M) be monotone in Xy and such that {— > —1/2 and £ < —1/2. Then
there exists § > 0 such that for all s' € R, all £’ € C®(*T*M) with{'_€]-1/2,£_] and
allu € HS Y (M),

lulls,e < CUIP — 2)ulls—1,e41 + llulls. ).
uniformly in z € {Imz > 0} U {|z| < §}.

An injectivity property is needed to get an invertibility statement in weighted Sobolev
spaces down to Imz — 07,

Definition 2.11. We say that injectivity holds at © = m? # 0 if for some s € R and some
£ e C®°(**T*M) monotone with £_ > —1/2 and £4 < —1/2,

(u € HSY (M), Pu=0) = (u = 0).
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Sufficient conditions for injectivity with —1 < £4 < —1/2 are discussed in [131].
As a consequence one concludes a limiting absorption principle, i.e. the existence of the
limiting operator (P — i0)~! on weighted Sobolev spaces. We state here the following
variant.

Proposition 2.12. Let (M, g) be a non-trapping Lorentzian scattering space and assume
non-trapping at energy ¢ = m? and injectivity. Let s € R and £ € C®(T*M) be as in
Hypothesis 2.11. There exists § > 0 such that

1P =2 fllse < ClLf oo @.11)
uniformly forImz = 0, |z| < 6.

Proof. By [131, Theorem 5], if Imz = 0 and |z| < § with § sufficiently small then
(P —z)7! tends to (P —i0)~! in the weak operator topology as z — 0. By compact-
ness of the embeddings He' 4 (M) — HP (M) for any s; > s, and £; > {5, this
gives boundedness in norm, i.e. (2.11). [

3. Wavefront set of the resolvent

3.1. Summary

Our next goal is to estimate the wavefront set of the resolvent (P — z)~! and give suffi-
cient conditions for a given parametrix of P — z to be equal (P — z)~! modulo smooth
terms (in the sense of having smooth Schwartz kernel in M x M). This needs to be true
uniformly in z in an appropriate sense because we will then be interested in integrating
in z when considering complex powers.

We remark that techniques to deduce the wavefront set of resolvents from propa-
gation estimates were developed by Dyatlov—Zworski [40] in the semi-classical case,
originally in the context of Anosov flows. Here, we use an argument more similar to
the work of Vasy—Wrochna [133] and we also construct a parametrix related to that of
Gérard—Wrochna [52]. The disadvantage as compared to the semi-classical approach is
that it is less evident how to deal with possible singularities of Schwartz kernels which
are microlocally at o x T*M or T* M x o, where o is the zero section. This issue is how-
ever circumvented by considering an operator version of the wavefront set, similarly to
[47,135].

3.2. Uniform operator wavefront set

Let Z C C and let & be a strictly positive function on Z. Suppose G, : £'(M) — D'(M)
forz € Z.

Definition 3.1. For s € R, we write

G2 = Opu_ gy (h(2))
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if forall / € R, #(z)~' G, is a uniformly bounded family of continuous operators H' (M)
— Hli)'c"s(M). We write G, = O¢ooscoo (h(2)) if Gz = Opps_, gots (h(z)) for some

s € R.

Note that G; = Og+«_, g++s (h(z)) implies G} = Og+«_, g++s(h(z)), and also G, =
Oceo_scoo(h(z)) implies GF = Ocooscoo (h(2)).

We will be mostly interested in wavefront set estimates in the interior M of M. Over
the interior, 37T *M is isomorphic to dT*M, the boundary of the fiber compactifica-
tion of 7*M . We denote by W* (M) the class of properly supported pseudo-differential
operators of order s € R on M (in the sense of the usual calculus on the boundaryless
manifold M). One says that A € W*(M) is elliptic at ¢ € dT *M if its principal symbol
is non-zero at g.

Definition 3.2. If G, = Ocoo_coo(h(z)) then its uniform operator wavefront set of
order s € R is the set WF;L((SZ))(GZ) C AT*M x OT*M defined as follows: (g1, q2) ¢&
WE,) (G) iff there exist B; € WO(M) elliptic at ¢; (i = 1,2) and such that

We show several elementary properties of the uniform operator wavefront set, the
proof of which is to a large extent analogous to [135, Section 5.1].

Let us recall that for A € W¥(M), there is a closely related notion of operator wave-
front set WF'(A) which characterizes the directions ¢ € 3T *M in which microlocally, A
does not behave as a regularizing operator.

Lemma 3.3. Foranyq,,q, € 0T *M x 3T *M, (q1,q2) ¢ WF;l((SZ))(GZ) if and only if for

i = 1,2 there exist neighborhoods T'; of q; such that (3.12) holds true for all B; € W°(M)
elliptic at q; and satisfying WF' (B;) C T};.

Proof. Suppose (q1,92) ¢ WF;E((SZ)) (G;), so that there exists 4; € WO(M), i = 1,2, elliptic
at g;, such that A1G; A5 = Og+_, g«+s(h(z)). There exists a compact neighborhood I';
of ¢; on which A; is elliptic. Therefore, there exists A" € WO(M) such that

WF/(A:-_I)AI' -1HNI; =4.

Let B; € W°(M) be elliptic at g; and such that WF'(B;) C T;. These conditions imply
that

Bi(ATA; —1) e UT°(M), (A5(AS")* —1)B) € U"2(M). (3.13)
We can write
Bi1G,By = B1A{T " A1G, A5(AS ") By + B1(1— AV A;)G, A5 (AS V) B

+ BiATV A G (1— A3(AS ")) B
+ Bl(l — A(f])Al)Gz(l - A;(A({]))*)B;'
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By A1G; A5 = Ogs_, g++s(h(z)) and (3.13), all the summands are Og«_, g++s (h(2)),
hence
B]GZB; = OH*‘)H*“’S (h(Z))
The opposite direction is trivial. ]
Lemma 3.4. If G;,G, = Ocoo,coo(h(2)), then
WF,$\ (G + G2) € WF,O) (G2) UWE,Y) (G2).

Proof. If (q1,92) ¢ WF;I((SZ))(GZ) and (q1,92) ¢ WF;l((SZ)) (G) then by Lemma 3.3 we can
choose Bj, B, elliptic at resp. g1, g such that

B1G, B} and B, G, B} are both Opyu_, po+s (h(2)).
Hence B1(G; + éz)Bik is Oy« gr+s (h(z)) and thus (¢1,92) ¢ WF;((SZ))(GZ +G,). =
Proposition 3.5. Suppose WF,\"),(G) = 0. Then G = O, grus (h(2)).

Proof. It suffices to show that for any x;, x, € M there exist 1, y2 € C°(M) with
xi = 1 near x; such that x1G; 2 = Ogs_, gr+s (h(2)).

By definition of WF;I((SZ))(GZ), forany ¢,q’ € T *M there exist Bi4, B2y € YO (M)
elliptic at resp. ¢, ¢’ such that By 4G, B} = Opsgrts(h(z2)). Let T'y 4 be the set on
which By 4 is elliptic.

Then{I'14|q € BT_;:I M} is an open cover of E)T_;‘l M . By compactness we can find a
finite subcover {T'y 4, }™_,. Then By = Y_; B}, Big; € V(M) is elliptic on AT M.
In a similar way we construct B, = ) ; B;‘,q; By g € WO (M) elliptic on BT_;;M . This
gives

B\G.B} =) B}, By GzBJ ;1 Bs g = Oy s (h(2))
Jil
using the fact that the sum is finite.

We can find a microlocal parametrix of By and B, i.e. Bi(fl) € \IJO(M ) such that
Ry =1—B{"Bjand R, =1— B, B;”" satisfy WF'(R;) N 8T ;. M = @. This implies
that there is a neighborhood O; of x; in M such that WF'(R;) N BT_aM =0@.Let y; €
C2°(M) be such that supp y; C O; and y; = 1 near x;. We have

x1Gzx2 = 1B " (B1G.B))By " ya + xy1R1G. B> By " y»
+ x1B{VB1G: R x2 + x1R1G- R} 2,
where all the summands are Og«_, ++s (h(z)), hence y1G; x2 € Opx_, gr+s(h(z)). =
Lemma 3.6. If G = Ocescoo(h(2)) then (q1.42) € WF,$)\ () if and only (¢2.q1) €
WF,O (G).
Proof. If B1G;B5 is Oy« _, g«+s(h(z)) then so is its formal adjoint B} G} By, where
Bj is elliptic at ¢ and B} is elliptic at g;. (]



N. V. Dang, M. Wrochna 20

Lemma 3.7. Let G;,; = Ocooscoo(h1(2)) and G2z = Ocooscoo(ha(z)) and sup-
pose that the operators G ; are properly supported for all z € Z. Then the composition
G1,:G2,; = Ocoo,coo(h1ha(2)) is well-defined and satisfies

WE,Y) (G1:G2.2) CWEL) (G12) o WES) (G2, (3.14)
where the composition of T1,T2 C 0T *M x 3T *M is defined by
Tyoly ={(q1.92) € 9T*M xdT*M |3q € 9T M : (q1.9) € T'1. (¢.¢2) € T2}
Proof. Forall A1, A> € ¥O(M),

A41G1:G2 A5 =) (A1G12 BY)(BiGa 2 A3), (3.15)
k

where By € WO(M) is an arbitrary family such that >, B By = 1as alocally finite sum.
By taking WF'(By) sufficiently small and using (3.15) we obtain (3.14). [ ]

Let us now explain the relation with more standard notions which will be used in later
sections.

Definition 3.8. Let X be a smooth (boundaryless) manifold and let A C T*X \ o be
conic. Let {u;},cz be a family of distributions on X. We write u, = C’)D;\ (h(z)) iff for
all A € WO(X) satisfying WF'(4) N A = @ we have Au, = Oc (h(z)).

Definition 3.9. Let k : T*M \ 0 — 3T *M be the quotient map for the R~ action by
fiberwise dilations. For each conic set A C T*(M x M) \ o we define

A = {(k(x1:61), k(x15=82)) | (x1,x2:61,6) € A, &1 # 0, & # 0},
which is a subset of 37 *M x dT *M.

Lemma 3.10. Suppose A C T*(M x M)\ o is conic and G, = O¢coo_scoo(h(2)). If the
associated family of Schwartz kernels satisfies G, (-) = OD/A (h(z)) then WF'h((SZ)) (G)c N
forall s € R.

Proof. For ease of notation we identify 7*M \ o with 3T *M using the quotient map «.
Letg = (x1,x2:;61,&) e T*(M x M)\ A with & #0and & # 0,and let 7,0 = 1,2,
be a small conic neighborhood of (x;; &), to be fixed later on. Let B; € W(M) be elliptic
at (x;; &), with WF'(B;) C ;. Let A € WO(M x M) be elliptic on T'; x I', and with
symbol vanishing in a conical neighborhood of o x T*M and T*M X o. This implies that
A(B; ® By) € WO(M) and that A(B; ® B) is elliptic at ¢. Since G, (-) = Op;, (h(z)) and
q & A, we can take 'y, T such that WF (A(B; ® By)) is in a small enough neighborhood
of ¢ so that A(B; ® B2)G,(x,y) = Oceo(h(z)). By ellipticity of A on I'y x I';, this
implies (B; ® B)G.(x,y) = Ocoo(h(z)), where By, B, acts on the first, resp. second
variable of the Schwartz kernel of G,. Hence B, G, B; = Oy« g++s(h(z2)) foralls e R,
where B; € WO (M) is defined via complex conjugation of the Schwartz kernel of B3 and
so is elliptic at (xp: —£2). This implies ((x1:£1). (x2: —£2)) ¢ W) (G2) for all s € R
as claimed. ]
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3.3. Uniform parametrices

After these general considerations we return to the setting of the operator P — z, though
for the moment the only relevant assumption is that P is of real principal type.

Recall that 9T * M is identified with 8T *M over the interior M of M, and in this
sense the characteristic set of O, — z over M is

>:=3%,NdT*M

and does not depend on z. Let us denote by ¢ — ®; the bicharacteristic flow in . For
q1.q> € 0T *M, we write

q1~¢q2 (resp.qi < g2, orqi > qz)

ifg1,92 € X and ®,(gq1) = g, forsome ¢ € R (resp. ¢ > 0, ort < 0). If g; ~ g2 we denote
by Y4,~¢, the closed bicharacteristic segment in X from g to g5.

We consider families {G,},cz of operators parametrized by some Z C C. If the
reference weight h(z) is identically 1 we simply write WF'®)(G,) for the uniform
Sobolev wavefront set instead of WFI(S)(GZ). Other particularly useful weights are
h(z) = |Imz|~Y2, h(z) = (Imz)~"2 and h(z) = (z)~V/2.

We state below a variant of Hérmander’s propagation of singularities theorem for the
uniform operator wavefront set. For convenience, we formulate it as a corollary of propa-
gation estimates in weighted Sobolev spaces recalled in Appendix A.3 in our setting. Note
that the statement is valid in greater generality (aspects at infinity of M being irrelevant),
as one can give a direct proof by adapting Hérmander’s positive commutator estimates
[70, Section 6.5] along the lines of Vasy’s work [131] to account for the case Im z # 0.

Proposition 3.11. Ler Z C {Imz = 0}. Assume G, = Ocoo_scoo(l), and suppose that
(P - Z)GZ = Ocoo_,coo(l) and

(q1,92) € WF'(G,) \ WF ¢ D((P - 2)G,). (3.16)

Then g1 € %, and (¢}, q2) € WF'©)N(G,) for all ¢ such that q, < q, provided that
(q.q2) ¢ WFS=D(P —2)G,) forallq € Yar~da,- Similarly, if we assume G,(P —z) =
Ocooscoo (1) and

(q1.92) € WF')(G,) \ WF V(G (P - 2)), (3.17)

then > € , and (q1.4}) € WF'©)(G,) for all g}, such that g, > q» provided that (¢1,q) ¢
WF (s—l)(GZ (P —2z))forallq € Yar~ds-

Proof. For the first statement, suppose (¢}, g2) ¢ WF'©)(G,). Then by definition there
exist By, B, € WO(M) elliptic at ¢, g respectively such that for any bounded subset
H!(M), the set B G, B}U is uniformly bounded in HIH'S (M). Without loss of general-

oc

ity we can assume B is supported away from dM, so that B} € W9 (M) and WF,.(B}) N

3°T*M = @ (see Appendix A.2). We apply Proposition A.1 to each u € G, B>U. More
precisely, we take £ arbitrary, A, = B{, and B, A; € W°(M) supported away from oM
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such that A is elliptic at g1, WF'(A41) is a small neighborhood of ¢y, and B is elliptic on
Yar~d, (note that in view of A1, A, B being supported away from dM , this simply corre-
sponds to propagation of singularities at fiber infinity 7 *M). In consequence (using the
sign condition Im z = 0 to get rid of the (Imz)/2 || A, u lls—1/2.¢+1/2 term in the estimate),
we conclude that A1 G, B5U is bounded in Hli)js (M). Hence, (¢1,¢2) ¢ WF ®(G,).
This proves the first statement.

The second statement follows by applying the analogue of the first statement for

Imz < 0 to the adjoint families G} and (P — z)* and then using Lemma 3.6. ]

Note that if Z C {Imz = 0}, then by considering — P instead of P one obtains prop-
agation in the other direction, and in consequence, in that case g} < ¢; and g5 > ¢, can
be replaced by ¢; ~ g1 and ¢}, ~ g in the statement of Proposition 3.11.

Remark 3.12. In (3.16) and (3.17) the set WF'®)(G) can be replaced by

WF ©)(G,) UWF “~Y2 (G,),

[Imz|—1/2

and therefore by WFQI(:[:Z;f 21)/2 (G7). This is a consequence of the fact that for Im z # 0,
the propagation estimates become stronger: indeed, instead of getting rid of the term
(Im z)1/2 |A12]ls—1/2,0+1/2 in the proof of Proposition 3.11, we can use it to get an

estimate for [|Aju|[s_; 5.

We use the notation ¢g; = (x;; &) for points in BT_;:, M . The enlarged diagonal in
OT*M x 9T *M is the set

TX(MXxM) :={(q1,92) € 0T*M x dT*M | x; = x2}.

By abuse of notation, in later sections the image of 7'\ (M x M) under the identification
of dT*M with T*M \ o will also be denoted by TX(M x M) (note that by definition it
does not contain the zero section of 7*(M x M)).

Definition 3.13. We say that G is a uniform parametrix of order s € R in My C M (more
precisely, a right parametrix) for the family {(P — z)},cz if G, = Ocoo oo ((z)71/2)
and

(P—-2)G;, =14+ R, on My, (3.18)

for some R, = Opx_, g+«+s(1). We say that G is a uniform local parametrix of order
s € R if (3.18) holds true for some R; = Ocoo_,coo(l) satisfying merely

WF C-U/2(R)yNU =0,
where U is some neighborhood of 75 (M xM).

Proposition 3.14. Suppose that G, is a uniform local parametrix of order s in M which
satisfies
WF©(G2) C{(q1.92) € Sx Z | q1 = g2} U TS (M xM). (3.19)
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If G, isalocal uniform parametrix of order s which also satisfies (3.19), then

WE© G, —G)HNU =0 (3.20)

(Imz)—1/2
for some neighborhood U of Tx(M xM).
Proof. There exists a neighborhood U of T (M x M) such that
WF V2D (P —2)(G, —G,))NU = 9.
Suppose (¢1,92) € WF/(I(;)Z)_ 12 (éz — G;) N U. Then by Proposition 3.11 and Remark
3.12,q1 € X and (9. 92) € WF'(S)(GZ — G;) for some g} ~ g1 with x| # x, and such

that ¢} <g2 if ¢1 ~ ¢2. On the other hand, (3.19) and the analogous assumption for G
imply that g7 > g2 or x] = x,, which gives a contradiction. This proves (3.20). ]

3.4. Global hyperbolicity

From now on we make the additional assumption that (M, g) is a global hyperbolic space-
time.

Recall that (M, g) is a spacetime if it is equipped with a time orientation. It is a
globally hyperbolic spacetime (or for short, globally hyperbolic space) if in addition it
admits a Cauchy surface, i.e., a closed subset of M which is intersected exactly once
by each maximally extended time-like curve. By a result of Geroch [55] and Bernal—
Séanchez [10,11], there exists an (n — 1)-dimensional smooth manifold Y and an isometric
diffeomorphism ¢ : M — R x Y such that

9*g =t y)dt* — hy(y)dy?, (3.21)

where c € C®(M), ¢ > 0,R >t +> h;(y)dy? is a smooth family of Riemannian metrics,
and for all zy € R, {to} x Y is a smooth space-like Cauchy surface in R x Y.

3.5. Uniform parametrix construction

We will prove the existence of a Feynman parametrix in the sense of Duistermaat—
Hormander, which has a special form and is uniform in z.

Thanks to (3.21) we can work on the n-dimensional manifold R x ¥ =~ M with
coordinates denoted by x = (¢, y). We will need a ¢-dependent variant of the parameter-
dependent pseudo-differential calculus developed by Shubin [110].

Let Z C C.Let U C R"! be an open set and s € R. Recall that the symbol space
SS(T*U) consists of functions a(y, n) € C°°(T*U) such that

1+ |77|)_5+|ﬂ|8$8’3a(y, 1) is bounded on U x R"~!

foralla, B € Nggl. We denote by C*°(R; S% (T*U)) the space of functions a(t, z, y, )
such that a(t, zg, y, 1) € C*®(R x T*U) for each fixed zg € Z, and

(1 + [l + 12|12+ P17 9208 a(r, 2, y. n) is bounded on I x Z x U x "™ (3.22)
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for all y € Ny, all o, 8 € Ngal and all intervals / € R. Note that taking the square
root of |z| is natural from the point of view of the spectral theory of second order elliptic
differential operators. The space C*°(R; S*(T*U)) is defined by replacing (3.22) by

1+ |n|)_s+‘ﬁ|8’t’a;‘8ga(t,z,y, 1) is bounded on I x Z x U x R"™!

for all y € Nyg, all a, 8 € Nggl and all intervals I € R. Thus, elements of the space
C*®(R; S*(T*U)) depend on z € Z, but only in a very mild way, which is why we do
not indicate it in the notation explicitly.

Recall that all pseudo-differential operators in W*(Y) can be obtained first by reduc-
tion to the case of an open set U C R*~! (using a partition of unity subordinate to
a locally finite cover by charts), then by quantization of elements of S(7*U), and
finally by adding the ideal of smoothing operators. By applying an analogous procedure
to z- and z-dependent elements of S*(7*U) we obtain classes of ¢- and z-dependent
pseudo-differential operators on Y. We denote by C*°(R; W3 (Y)) the class obtained
from elements of C*°(R; S5 (T*U)) (plus the ideal of 7, z-dependent smoothing oper-
ators, with all 7-derivatives bounded and rapidly decaying in |z|), and by C*°(R; ¥¥(Y))
the class obtained from elements of C*°(R; S*(T*U)) (plus the ideal of ¢, z-dependent
smoothing operators, with all z-derivatives bounded and rapidly decaying in |z|, denoted
by C*°(R; W;>°(Y)) by abuse of notation). We say that A is properly supported if there
exists a closed set K C Y x Y with proper projections on each factor of ¥ x Y and such
that the Schwartz kernel of A is supported in K forallt e Randz € Z.

By the exact z-dependent analogue of the proofs in [110, Section 9] we can prove
properties of the C*°(R; W% (Y)) and C*°(R; W¥(Y)) classes under composition and
taking adjoints. In particular, for all 51, s, € R, for properly supported operators we have

[4 € C®[R; ¥ (Y)), B CP[R;WZ(Y))] = AB € CP[R; i T2(Y)).

Of particular use for us are operators in C*°(R; W (Y)) with symbols that are one-step
poly-homogeneous in (1, z/2) (for |5 + |z|'/? = 1), see [110, Section 9.1]. We say that
such an operator A is elliptic with parameter if it is properly supported and

as(t,z.y.m) #0 if [n] +]z|"/2 # 0,

where a; is the leading order term in the poly-homogeneous expansion. Standard poly-
homogeneous expansion arguments can be used to show that if 4 € C*°(R; W5, (Y)) is
elliptic with parameter, then it has a parametrix in C*°(R; W°(Y)) which is also elliptic
with parameter, and the error is in C*°(R; W7*°(Y)).

Example 3.15 (cf. [110, Example 9.1]). If L(¢) is a second order differential operator
on Y with coefficients in C*°(R; C*°(Y')), then the leading order term in the poly-homo-
geneous expansion of the symbol of L(t) — z is simply op(L(¢)) — z, where o, (L(2))
is the principal symbol in the usual W¥(Y) sense. Therefore, L(¢) — z is elliptic with
parameter if oy (L (¢)) does not intersect Z at {|n| = 1}.
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It is also occasionally useful to work with pseudo-differential operators of order not
consistent with the order of decay in z. Namely, we write R(¢,z) € C®(R; W3 *2(Y)) if

k
R(t.2) =Y Ryi(t.2)Ra(1.2)

i=1
for some k € N5 and Ry; € C®(R; V1 (Y)), R2; € C*(R; \IJSZZ(Y)), i=1,...,k.
Using the trivial inclusion C*°(R; W% (Y)) C C*°(R; ¥¥(Y)) for s < 0 whenever needed,
we can show that for all s1,71,7> € R and all s, < 0,
[A € C®(R; V}"2(Y)), B e C®R;V,}"(Y))]
= AB e C®[R; Wy 2F1"2(y)),
[4 € CPR:; WY 2(Y)), B € CP(R:; WE(Y))]
— [A, B] € C®°(R; W3 ™27 1%2(1)).

(3.23)

Notation. We denote by X+ and X~ the two connected components of X, distinguished
by the property that within =%, bicharacteristics flow in the past/future direction.

Proposition 3.16. Assume global hyperbolicity. Let Z C C be an angle in the upper half-
plane {Im z = 0} with vertex at the origin. Let My C M be an open subset such that for
eacht € R, o* My N ({t} X Y) is included in a compact set. Then for all s = 0, the family
{(P — z)}zez has a uniform parametrix G, of order s € R in My of the form G, =
G} + G, where GE = Ocooycoo({z)7V/?) has the property that for each f € E'(M)
there exists a Cauchy surface ty € R such that

supp GE f C (97 ) {1t = +10), (3.24)
and furthermore
WESL,2(GF) CH@1.42) € BT ZF [ g1 > 2} UTZ(MxM). (3.25)

Proof. A straightforward computation shows that the differential operator

0(t,2) == =c>(1)(¢* (P — 2))
is of the form
Q(t.2) = Di + Qo(1) D¢ — Qa(t.2),
where Qo(1) = 3,(c~'(1)|h(1)|"/?) € C®(R; WO(Y)) is a multiplication operator and

n—1
Q2(t,2) = OO Y Dic(h®) |h(1)['?D; — z¢*(1) € C®(R; W3(Y))

ij=1

is elliptic with parameter. Our proof is divided into several steps.
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Step 1. We claim that for each i € Nx there exist 4; (7, z), B (7, z) € C*(R; vl(Y)),
each elliptic with parameter, and R; (¢, z) € C*°(R; lIJIZ_"O(Y)), such that

O(t,z) = (Dy — Ai(t,2))(Dy + Bi(t,z)) + Ri(t, 2). (3.26)

We show this inductively by adapting the arguments in [69, Section 23.2] and [51,
Section 6] to our setting.
Namely, suppose that (3.26) holds true for some i € N>. We then set

Ci=—Ri(4i + B)", Li:=Ri(1— (4 + B)“ (4 + B))., (327
Riy1:=[Ci, D]+ [A:, Ci] + C? + L, (3.28)

where (4; + B;)™" € C®(R; ¥;'(Y)) is an elliptic parametrix of 4; + B;, and the
dependence on ¢, z is disregarded in the notation. Using (3.23), we obtain

Ci,Li, Ris1 € C¥R; Wy, UTD0(yy),
These operators are defined in (3.27)—(3.28) in such a way that they satisfy the identities
CiBi+ Ri =—CiAi + Li, Ci(Dy—A4i)+ Li =(Di — Ai = Ci)Ri11,
which entail
(D —Ai))(Dt + Bi)+ Ri = (D — A; — Ci)(Dt + Bi + Ci) + Ri+1.
Thus, by setting
Aig1:= A +C e CPR; WL (Y)) and Biyi:=B; + C;i € C¥[R; ¥, (Y))

we conclude that (3.26) holds true for i + 1 in place of i.
Now, to show (3.26) it remains to check the base case i = 0. To that end we set

Ao(t,z) := (Q2(1.2))"? = 1 Q0(1).  Bo(t.z) := (Q2(t.2))"> + 1 Q0 (1).

where Q ;'/ ) is an approximate square root obtained from the poly-homogeneous expan-

sion of Q5 in the parameter-dependent sense. By construction, Q5% Ag, By are in

C%°(R; WL (Y)). Furthermore,
Q(z,t) = (Dy — Ao(t,2))(Ds + Bo(t,z)) + Ro(t, 2),
where
Ro = 5[Q0. Di] + 305 +[05%. D;] mod C*®(R: Wz (Y)). (3.29)

We want to show that Ry € C*°(R; lIJIZ’O(Y)). The first two terms on the Lh.s. of (3.29)
clearly belong to that space as they are z-independent. The third term equals
i[dr, 057 = —38:(02) 05 % mod C®(R; W;°(Y))
=—10:(02)U'UQS"? mod C®(R; ¥;°(Y)), (3.30)
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where Q({]/ ? e C®(R; \Pgl(Y)) is an elliptic parametrix of Q(Zl/ ? and where U €
C*®(R; W!(Y)) is chosen elliptic and invertible. Then U~! € C®(R; ¥~1(Y)) and we
have

0,02)U" € COR;W(Y)), UQ5"? € CP(R; Wy(Y)),

where the second estimate is crude, but sufficient for our purpose. We conclude that the
operator in (3.30) is in C*°(R; lIJIZ’O(Y)) as desired.

Step 2. We have proved in Step 1 that there exist A, B € C*°(R; 11/12 (Y)) elliptic with
parameter, and R € C*°(R; lIJ;_I’O(Y)), such that

O(t,z) = (D — A(t, 2))(D; + B(t,z)) + R(¢, 2). (3.31)

We can repeat the construction in Step 1 with the rdles of Ay and By reversed to obtain
A, B € C*(R; \IJIZ (Y)) elliptic with parameter, and R € C*°(R; lIJES_I’O(Y)), such that

O(t,z) = (D; + B(t,2))(D; — A(t,2)) + R(t, 2). (3.32)

To prove our main assertion, without loss of generality we can assume that ¥ = R¢, and
that A(t, z), B(t, z) € C®(R; \IJIZ (R?)) take values in the uniform pseudo-differential
class on R In fact, at each time r € R we can modify the definition of Q(, z) outside
a compact set and then apply the construction from Step 1 to the modified operator. This
brings about an extra error term on the r.h.s. of (3.31) and (3.32), but this error term
vanishes outside My and for this reason it will be of no relevance in the rest of the proof
(as we only want a parametrix in My). We disregard it for simplicity of notation.

In the simplified situation with ¥ = ]Rd, we want to show that D; — A (z, z) has an
advanced inverse acting on H; V(R x Y), denoted in the sequel by UE (z), and D; +

B(t, z) has a retarded inverse U_+B (z). This means that U;(z) and UfB(Z) are left

inverses on H; N (R x Y') of the respective operators, and for all f € H V(R x Y) there
exists to € R such that

supp U;(z)f C{t <to}, supp Uj'B(Z)f C{t = to}. (3.33)

Modulo a reparametrization of the time interval, the existence of U_+B (z) follows from
well-posedness of the inhomogeneous Cauchy problem for ¢ € [0, T] (with T > 0 arbi-
trary) shown in [69, Theorem 23.1.4], provided the assumptions are satisfied. To that end
we need to check the boundedness from below:

—ImB(t,z) = —C1 on H'(R?) (3.34)

for all t € [0, T], where the constant C > 0 depends only on 7" (we use here the notation
ImB = 1(B + B*) and Re B = 1(B — B*)). Indeed, by a direct computation we find
frac

ImB = Cl*/4(lm 0)Cy4 + Co, (3.35)

where Cy/4(t.z) € C®(R; \IJIZ/4(]Rd)) is an approximate square root of Re Q2 (¢, z)
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and Co(t,z) € C®(R; VY, (R?)), with values in the uniform pseudo-differential class
on R¥. In view of

—Im Q(t,z) = —(Imz)c2(t) = 0,
(3.35) implies (3.34) with C = sup, ¢z sup;cpo, 11 |Co(?, 2)|| < +00. The existence of
U,E (z) is shown analogously, with obvious sign changes.' Furthermore, thanks to the fact
that the constant C does not depend on z, the proof of [69, Theorem 23.1.4] implies that

U7 (2) = Opsssp+(1), U'p(2) = Opesp= (1), (3.36)

where the notation refers to the mapping properties HCI RxY)— HllOC (R x Y) for all
[ € R, uniformly in z.
Next, using (3.31)—(3.32) we compute

QU7 —Up) = (Di + B)(Dy — A) + R)U; — (D, — A)(D; + B) + R)UY,
= B+ A+ RU; + RU™,.
If now (B + A)" € C®(R; W1 (Y)) is an elliptic parametrix of B + A, we conclude

that
U7(B+ A" and UX5(B + A" are Opr+((z)71), (3.37)

and
QU —UR)(B+ A" =1+E,
where £ = OH*_)H*-"-S(I).

Step 3. The wavefront sets of (3.36) can be estimated by a variant of Egorov’s theorem.
More precisely, let us first show

WF O UF5(2)) C{(g1.92) € 37 x 7 [ g1 ~ 2} UTX(MxM).  (3.38)

Let 1, g, € 0T*M with base points (f1, 1) # (t2, y2). If g1 ¢ =7 or g, ¢ I~
then (g1, ¢2) ¢ WF (S)(U_J“B (z)) by microlocal ellipticity. Consider now ¢q; =
(t1, y1; 11, m1) € X7. By the arguments in the proof of [69, Theorem 23.1.4] there exists
S(t) € C®(R; ¥O(Y)) such that

[D; + B(t,2), S(t)] € C®(R; W™°(Y)), (3.39)

S(t;) € WO(Y) is elliptic at (y; 1) and WF'(S(¢)) is a neighborhood of ® %1 ((y1;11)).
Consider the tensor product operator S ® 1 acting on M = R x Y.? Furthermore, if
g1 ~ > then that neighborhood can be chosen in such a way that (S ® 1)S5 € V=°(M)
is smoothing for some S, € WO(M) elliptic at g, since 1, # 0 with the symbol of S,

'Note that for the advanced problem we need to solve the inhomogeneous Cauchy problem
backwards, so the analogue of (3.34) has reversed sign, hence the necessity of considering A in
place of —B.

ZNote that the tensor product of two pseudo-differential operators is not necessarily in the usual
calculus.
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vanishing in some conical neighborhood of n = 0 by [69, Theorem 18.1.35, p. 94]. In
view of ¢; € X~ we have n; # 0 and therefore we can find T € W°(M) such that S; :=
To(S®1) e V(M) and S; is elliptic at ¢; again by [69, Theorem 18.1.35, p. 94],
the symbol of T is also chosen to vanish in some conical neighborhood of 7 = 0.* Using
(3.36), (3.39) and the fact that (S ® 1)S; is smoothing, we obtain

S1UT(2)S; =TS @ WU (2)Sy =TU)(S @ 1)S5 + TS ® 1), Ut5(2)]S5
= OH*—)H*"'A(I)

Since S; is elliptic at ¢; this shows that (q1, g2) ¢ WF’ (S)(U_+B (2)), and in this way we
get (3.38).

Using the support properties (3.33) we can improve on (3.38) and eliminate points
(91, q2) in the wavefront set such that, writing ¢; = (x;; &), x1 is in the past of x,. We
can also observe that for (¢1,¢2) € 21 x T (resp. T~ x X7) with g1 ~ ¢, x1 is in the
past of x (resp. in the future) if and only if ¢; > ¢». Therefore,

WF QU (2) C{(@1.42) € 7 x 7 | q1 = g2} U TX (M x M).
In an analogous way we prove
WFOU(2) Cllg1,92) € 57 x = [ g1 > g2} UTX(M X M).

Since (B + A)" € C®(R; W1 (Y)) it follows that

WE S, (U (B+A4) ") C(g1,92) € 57X T |1 = g2} UTZ(MXM), 10
WE S UZ(B+A) ") C{(q1.92) € ST T [ g1 = g2} UTZ(MXM).

We have therefore constructed a parametrix with properties (3.33), (3.40) and (3.37)
analogous to the ones in the statement of the proposition, but for the auxiliary operator
Q(t,z) instead of P — z.

Step 4. It now remains to reformulate the parametrix construction in terms of P — z.
Recall that P and Q are related by Q = —c?(p*(P — z)), so by setting

G, == )" (U )(B + AV (t,2)ec)?,
GF =) (-UT()(B + )", 2))e()?,

and G, := GJ + G} we obtain a parametrix for P — z with the desired properties.  m

3.6. Wavefront set of the resolvent

We now proceed to estimate the uniform wavefront set of (P — z)~!. Recall that y, is the
contour in the complex upper half-plane defined in Section 2.6 (see Figure 1).

3We have followed the method of Hormander [69, p. 390] to convert space to spacetime wave-
front bounds.
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Lemma 3.17. Assume that (M, g) is non-trapping and & > 0. Then {(P — z)"'};ey,
satisfies

(P —2)7"' = Ocoomscoo({z)7V?). (3.41)

Assuming in addition non-trapping at energy o = m? # 0 and injectivity, (3.41) also
holds true for {(P — z)™ '} ¢y,

Proof. By (2.9)with N =0, (P —z) ' and (P —2)"! are O(|Imz|~"/2) forz € C \ R
as bounded maps Hcl (M) — Hlojl/ 2(M ) for all [ = 0. The analogous claim for / negative
follows by duality. Finally, the y case is shown similarly using (2.11) to get control for z

down to the real axis. ]
We now state the key lemma.

Lemma 3.18. Assume that (M, g) is globally hyperbolic, non-trapping, and let ¢ > 0.
For each bicharacteristic y there exists U, C M such that if G, z € Z, is a uniform
parametrix in U, as in Proposition 3.16, then for all s € R,

WESL, (P —=2)™ = G2) N (y x 9T M) € TA(M x M),

Proof. Let U, be a small enough neighborhood of the base projection of y so that for
eacht € R, ¢*U, N ({t} x Y) is included in a compact set. Then Proposition 3.16 yields
a uniform parametrix G, = G;" + G, in U,, where GZi solves a pseudo-differential
retarded/advanced problem. Let LT = L_ N I% be the future/past component of the
sources L_. By Fredholm estimates, i.e. Proposition 2.6, for any s € R and any bounded
subset U C H¥~1(M), the set (P — z)~ U is uniformly bounded in HSSC’K (M) for arbitrary
s € R and for some £ with £_ > —1/2, thus in particular with £ > —1/2 in a neighborhood
of L. By support properties of Gzi, i.e. by (3.24), GZiL{ vanishes in the far past/future.
Therefore, GEXU is uniformly bounded in Hssc’l(M ) (after possibly modifying the defini-
tion of £ outside a neighborhood of L¥).

We can therefore apply the higher decay radial estimate (Proposition A.3) to the fam-
ily (P —z)7! — Gzi, which is a uniform bi-solution of P — z microlocally near yNXT.
This allows us to conclude that BT ((P — z)™! — Gzi)Z/{ is Ocoo({z)~1/2) for some
B* € WO%0(M) elliptic on L. Thus, in y x dT*M, LT x dT*M is disjoint from
WF;;S))_I (P — z)7! — G;‘E). By the non-trapping assumption and propagation of sin-
gularities, the whole flow-out of LT x 9T *M (in the first variable) within X is disjoint
from WF (S) (P —2z)7! — G¥) iny x T *M. This means that

WF’(;S))_I/Z((P —2)7' = GE) c =F X IT*M
iny x T *M . We now combine this with (3.25) to conclude that
WE S, (P =27 = G2) CWE S (P —2)7' = G + WEL,,(GD)
C(EEXAT*M)UTE(MxM)

iny x T *M. Since ¥+ N I~ = @, this implies the assertion of the lemma. ]
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Theorem 3.19. Assume that (M, g) is non-trapping, globally hyperbolic, and let ¢ > 0.
Then for any s € R, the family {(P — z) 1}y, satisfies

WE S (P =2)7") Cl(@1.42) € ZX T | g1 = 2} UTZ(MxM).  (3.42)

Moreover, suppose that H, is a local uniform parametrix of order s for P — z in the
sense of Definition 3.13, and H;, also satisfies (3.42). Then for all x € M there exists
x € CX(M) with x(x) = 1 such that

X(P =2y = yHox + O gors ((2)712). (3.43)

Proof. The estimate (3.42) follows now directly from Lemma 3.18 applied to all bichar-
acteristics y and from the fact that

WF )L, 2(G2) C{(q1.42) € X | g1 = g2} U T (M x M)

by Proposition 3.16. The second assertion follows directly from (3.42) and Proposi-
tion 3.14. |

We will show that a local uniform parametrix of arbitrarily high order can be obtained
by a z-dependent variant of the Hadamard parametrix construction.

The result (3.43) is satisfactory for many purposes, we remark however that it does
not give stronger decay of the error term on the r.h.s. even if (P — z) H, — 1 has bet-
ter decrease in z. For this reason in Section 6 we will use a more precise composition
argument.

Remark 3.20. Assuming in addition non-trapping and injectivity at energy o = m? # 0,
Lemma 3.18 and Theorem 3.19 also hold true for yy instead of y,.

Remark 3.21. All the results in Sections 2—3 generalize in a straightforward way to
the case when P is a principally scalar wave operator on a finite-dimensional Hermitian
bundle £, provided that P is formally self-adjoint for the canonical scalar product induced
by the Hermitian form on fibers and by the volume form. We stress that this requires hav-
ing a scalar product which is in particular positive. In more general situations such as the
wave equation on tensors, the propagation estimates need to be modified (see e.g. [63]).

4. The elementary family Fy(z, x)

4.1. Definition of the family Fy(z, x)

In this section we define a family Fy(z,-) of distributions on R” which is the first ingre-
dient in the Hadamard parametrix construction. We analyze its regularity properties and
its dependence on the complex parameter z. More precisely, we control the wavefront
set uniformly in z along the contour y, defined in Section 2.6. We also study the Holder
regularity asymptotically in the parameter z on the upper half-plane {Imz > 0} down to
z € R\ {0}.
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Let @ € C. When writing complex powers we always use the usual branch of the log

defined on C \ ]—o0, 0]. For Im z > 0, we define the distribution in the x € R” variable

Fa(z.x) = % B (g2 — )7 dmE (4.44)
in the sense of an inverse Fourier transform, where 1 = dxo —(dx? +---+dx2_))isthe
flat Minkowski metric, and |& |3, =—£E-nlE=—£2+ 21—1 g2 is defined for convenience
with a minus sign. The distribution (4.44) is Lorentz invariant.

Next, we extend the definition (4.44) to z € R \ {0}. To that end we define the family
of distributions (|& |% — 2z —i0)™*! corresponding to taking the limit of (|£ |3] —z)7ot
as Imz — 0. More precisely, denoting Q(§) = |£|2, for z € R we define as in [48, III,
Section 2.4],

(Q()—z—i0) = lim (Q(§) —z—ie)™",
e—>07F
considered first as a distribution on R” \ {0}.

Proposition 4.1. The family {(Q (&) — i0) *}qec of distributions is well-defined on
R”™ \ {0} by pull-back. It extends homogeneously to R" as a meromorphic family in o € C
with simple poles contained in N + n /2. The residues at the poles are distributions sup-
ported at 0 € R".

On the other hand, if z € R \ {0}, then {(Q(§) — z —i0)™*}qec is a holomorphic
family of distributions on R".

Proof. The meromorphic family of distributions (r — i0)™ in S’ (R) has singular support
only at ¢ = 0. Observe that along the cone Q = 0, we have dQ(§) # 0 when & # 0.
Therefore, the pull-back Q*(z — i0)™ is well-defined on R” \ {0} with wavefront set
contained in {(§; g?) | O¢) =0, g? = tdQ(£€), T < 0} by the pull-back theorem [71,
Theorem 8.2.4, p. 263]; see also [71, (8.2.6), p. 265]. The distribution Q*(t —i0)™®
is homogeneous of degree —2«, hence by [71, Theorem 3.2.3, p. 75], it has a unique
extension as a holomorphic family of distributions in € C \ {0, 1,2,...} defined on R”.
It has poles which are contained in {0, 1,2, ...} by [71, Theorem 3.2.4]. Furthermore,
[48, III, Section 2.4] tells us that the poles are simple, they are actually contained in
N + n/2 [48, p. 275] and the residues are derivatives of &g [48, (1), (1), p. 276].

In the case of (Q(§) — z —i0)_ &, we start from the holomorphic family of distribu-
tions (t — z —i0)™® which has singular support at t = z # 0. The difference is that the
pull-back by the map

R"2&6>Q0(E)—z€R

can be applied everywhere since for all £ such that Q(§) —z =0 wehave dQ(§) #0. =

Corollary 4.2. By inverse Fourier transform,

Mo +1 _
Fuleon) = ot [ ee1gfs —jo 2yt g
is a well-defined family of distributions on R", holomorphic ina € C \ {—1,-2,...} for
z € {Imz = 0} \ {0}.



Complex powers of the wave operator and the spectral action on Lorentzian scattering spaces 33

Thus, to regulate the infrared poles of the family F, (0, x) one can introduce a mass
m > 0 and consider F,(—m?, x).

4.2. Holder estimate on Fy(z,-)

For large Re o, Fy(z, ) has Fourier transform (Q — z)™®~!, which has good decay at
infinity except along the light-cone, so the pressing question is: can we control Fy(z,-)
in Sobolev or Holder spaces of high regularity? The answer is yes, but the price to pay is
that we need to lose in terms of the decay in z. We trade decay in z for regularity in the
x € R” variable.

4.2.1. Estimates on (Q — z)™% as distributions. We first discuss the case of (Q(§) —z)™*
for « € N. We start from the family log(t — i¢) for & > 0, which is a well-defined dis-
tribution on R. Uniformly in &, we have [(log(t —i¢), ¢)| < Ck|l@ll 2R, for all test
functions ¢ supported in a fixed compact set K. It follows that for all test functions ¢
supported in a fixed compact set K and forall o € N,

(@ —ie)™, ¢)| = Cal(07 log(t —ie). )| = Cal(logt —ie),37p)| < CCallollmem).

where the estimate still holds uniformly in & > 0. For large Im z > 0 and ¢ supported in
a fixed compact set K,

(=2 ¢)| = [{(t —Rez —iImz)"%, ¢}
(¢ =iImz)™, @(- —Rez))| < Imz|"*Cxallpll2w)-

The case of small Im z is handled by the previous estimates. So in general, for ¢ €
C2(R") supported in a fixed compact set K, we have the estimate

(@& —=2)"% @) < (1 + [Imz)*Ck o] e ®). (4.45)

where Ck does not depend on z on the upper half-plane. As before, let O be the
quadratic form of signature (n — 1, 1) for the Minkowski metric and let « € N. The
pull-back Q*(t — z)™ = (Q — z)™® is well-defined as a distribution of order « in
D’'(R™ \ {0}), uniformly in Imz > 0 since dQ(§) # 0 for all £ # 0. It follows that
for any function y supported in a compact set K which does not intersect 0, we have
Q&) —2)7% )| < (A + |Imz|)™*Ck|| x|| = ®n) Where the pull-back is well-defined.
For non-integer «, it suffices to start from (¢ — z)™* which is well-defined in Llloc (R) for
Rea < 1, hence defines a holomorphic family of distributions of order 0 in D’(R) in the
half-plane Re @ < 1. This description is uniform in z € {Imz > 0}. Then, to extend to all
ae€C\Z,fork <Rea < k + 1, we use successive integration by parts:
1

— )Y — ki \—a+k
U RN TS

for k = |Re ], which shows that the 1.h.s. is a well-defined holomorphic family of dis-
tributions of order k, uniformly in z € {Imz > 0}. Again by pull-back, this shows that for
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any compactly supported function y supported in a compact set K which does not meet 0,
we have

Q) —2)™* )| < (1 + Imz])"**Ck || xll gy tveers ey

where the pull-back is well-defined.

4.2.2. The Holder-Zygmund estimate on Fy(z,-). In this subsection, we deal with
Euclidean harmonic analysis of the holomorphic family F(z,-) € D’(R").

Recall that the Littlewood—Paley decomposition starts from a partition of unity 1 =
Xo + Z;‘;O x(277+). A function u belongs to the Zygmund class C" (R™) [88, p. 294],
[72, Section 8.6, p. 201], [122, Section 8§, p. 40] iff

1027 V=A)ul| oo + sup 277 || x(27/ V=A)ul| o < +o0, (4.46)
J
and this also defines a Banach norm | - ||¢r on C"(R") (if r = 0 is not an integer
then C"(R™) coincides with the usual Holder class). The local version of C"(R") is
denoted by C_(R"). The equivalence of (4.46) with a Fourier transform characteriza-
tion is recalled in Appendix D.3.
We will use the dyadic decomposition to analyze the family of distributions Fg(z, -).

For ¢ € C®(R"), we estimate the norm of ¥/ (277 v/—A) Fy, for Imz > 0, namely

Ht/foc) | @@ ==ty ghe e

L

— pin (4.47)

v /R 2N () — 27 ) (e ) amg

Lg®

Note the important 272/ z term which explains why at high frequencies, even if z has
large imaginary part, the dyadic scaling will push 272/ z arbitrarily close to the real
axis so that for large j, (Q(£) — 272/ z)™® behaves more and more like the distribution
(Q(¢) —i0) ™. Fork = [Rex| + 1, by (4.47) we find

Q27 V=A)Fo(z, )Y || oo

— 2j(n72Rea72)

v /R,}Q(@ + 27227 (g et ) g

< 2/ 2RI (] 4 272 [Im z[)~Ree!

L$®

xC sup [ x(EDE g

XEsupp Y
< C12j(n—2Rea—2)(1 + 2—2]' |ImZ|)—Rea—l(1 + 2j R)k
< C22j(n—2ReOl+k—2)(1 + 2—2j |Imz|)—Re(x—l )
In the last two inequalities, we have made crucial use of the fact that y is supported in

a compact ball {|¢| < R} and also that the support of v is compact so that we have the
simple bound sup, ¢ upp 4 lx (1€ e 2/ %8 ||H§ ®n S 1+ 2/ R)¥. Let us now interpolate
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the above inequality to show the interplay between decay in Im z and also decay in the
dyadic scaling, which expresses Holder regularity. Choosing some a € [0, 1], we get

X277V =A)Fo(z, )| oo

C22j(n—2Reat+k—2)(1 + 2—2]' |ImZ|)—Reo¢—1

<
< C22j(n—2Reot+k—2)22ja(Reot+l)(22]' + |Imz|)—a(ReOl+l)

% (1 + 2—2j |ImZ|)—(l—a)(Reot+1)
< C22j(n—2Reot+k—2+2a(Reot+l))(1 + |ImZ|)—a(Reoz+l).

To estimate the low energy part ¥ o(~/—A) Fy, we first need that Imz = 0, |z| >
& > 0 to avoid the infrared pole in the massless case when « is an integer. However, for
o€ C\ (N +n/2), we can still let ¢ — 0, which means the real part of z is allowed
to vanish. The element limy,, , o+ |,z (Q(-) — 2) 7! extends as a distribution weakly
homogeneous of degree —2« — 2, hence it extends by [89, Section 2] as a distribution of
order p = [2Rewa + 2 —n] + 1. This implies that

wa) fR (0@ =)o@ arg|

S ClYlzoe( + [z 7R sup 0" cp gy,
X Esupp ¥

Now we can deduce the Holder regularity estimates of our family Fy (z,-) for Imz > 0,
|z| = &> 0:

IFale. W lles ey = 5p 2 X2 V=B) a0 e + o (Y =B) Fule, W s
je

<C(+ |Imz|)—a(Rea+1)

ifn —2Rea +k —2+2a(Reax+ 1) + 5 <0, henceifs < (2—2a)(Rea + 1) —k —n.
So if we want high Holder regularity, we have to choose large Re .
The proof also shows that for Rea > L, L € R, the series

D QT V=B)Fo(z, ) + o(V=D)Fo(z, )y

Jj=1

converges absolutely in C3~2¢=DIE+D-—7(Rn) where each term is holomorphic
in «. Therefore Fy(z, )y is holomorphic in « with values in the Banach space
C(2—2a—1)(L+1)—n(Rn).

We summarize the estimates as follows fora € C \ {—1,—-2,...}.

Proposition 4.3. Letk = |Rea| + 1 and Fy(z,-) € D'(R") as defined in (4.44). For all
e>0,ifze{lmz =0, |z| = €} then Fy(z,-) € Cl(ozc_za)(RWH)_k_" (R™) with decay in z
of order O((1 + [Im z|)~¢Ree+1)) for g € [0, 1].

For Rea > L, L € R._4, the family Fy(z,-) is holomorphic in o € {Rea > L}
C(2_2a_1)(L+1)_"(R”), with decay in z of order

with values in the Fréchet space C,};

O(Imz|~*E+D) fora € [0, 1].

As expected, we always have to trade regularity for decay in Im z.
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4.3. Microlocal estimates

To prove microlocal bounds, we will need to represent the distribution Fy, (z, -) as the sum
of two oscillatory integrals which account for the high (UV) versus low (IR) frequency
parts. Both require a careful treatment of the Imz — 0% limit.

4.3.1. Oscillatory integral representation formula. We first prove the following impor-
tant technical lemma.

Lemma 4.4. Let y € CX(R; [0, 1]) be such that y = 1 near 0. For —1 < Rea < 0 and
Imz > 0, we have

Fy(z,') = Ir + Tyv,

where

e—i(ot+1)7r/2 oo L2
= 7 /u n/2—a—2
Ir = (4]-”")'1/2(—1)0!—1)/2 /0 e’ 4 e Iplf(u)u du,

emi@tDr/2 ® oW /202
_ =g izfuyr n/2—o—
Iyv = iy ()2 /0 e’ ar et M (1 — Y )(u)u du.
Furthermore, in the sense of distributions in D'(R" \ {0}), the «, z-dependent oscil-
latory integral Iyy extends uniquely to a holomorphic family in « € C, uniformly in
z € {Imz = 0}. The term I\r extends uniquely as a distribution in D' (R"), depending
holomorphically in « in the half-plane Rea < n/2 — 1, uniformly in z € {Imz = 0}.

The difficulty is in proving that the two oscillatory integrals on the r.h.s. have well-
defined distributional limits for all @ € C.

Proof of Lemma 4.4. We start from an elementary representation formula for Imz > 0:

e—i((x+l)n/2 oo

F(O{ + 1) 0
where Q is the quadratic form of signature (n — 1, 1). When Imz > 0 and Rea > —1,

the r.h.s. converges absolutely and is holomorphic in «. Let ¢ be a Schwartz function. We
study the following integral:

o0
/ u“(/ e—m(Q(s)—z)@@)dng)du
0 R7
O(x)

- [ (x) @)t tu eIyt 4" x du
o Ju ¥ Griy 2 CeD2 ’

where we have used the Plancherel formula and the Fourier transform of complex Gaus-
sians to obtain the last equality. The integral on the r.h.s. is well-defined for Rea — n/2
> —1. So after a change of variables in u, we get another oscillatory integral representa-
tion forRea > n/2 —1,Imz > 0:

0 S . .

Q) -2 = Q-2 gy,
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where we have absorbed all normalizations in the holomorphic constant C(«) for simplic-
ity, since they play no role in the oscillatory bounds. Then we just use the test function v
to divide the integration in u € R3¢ into two parts to separate the IR and UV problems:

e_i(“+1)ﬂ/2 oo u 20 iz/u n/2—a—2
(4711')”/2(—1)("—1)/2/(; (" ) e (1 — Y (u)u du

UV part

e ilat+)m/2 %) 00 2/ /2 5
u = 1z/u n ——
+ (4m,)n/2(_1)(n_1)/2/0 (e @) e My (uyu du.

IR part

The IR part is well-defined for all values of & and all z s.t. Imz > 0 since e??/% = O (u)
as u — 0T. Another observation is that we can take the Imz — 0% limit when Re o <
n/2 — 1, since u™/27%2 is Riemann integrable near u = 0 so there is no problem to let
Imz — 0" and there are no constraints on Re z.

Now we need to justify that the integral representation of the UV part is well-defined
as a distribution on the half-plane Im z > 0 which is holomorphic in « € C. ForRea > —1
and Im z > 0 and for any test function ¢ € C>°(R" \ {0}),

/(; (euQT(i.)’ (,0) eiz/u(l _ I)[/)(u)un/2—ot—2 du

_ / <eug[(-) +iz/u7 (tL)N(p) (1 _ w)(u)un/Z—(x—Z du,
0

where L = @DVOV) i 5 well-defined differential operator since dQ # 0 on R” \ {0},

ulVO|?
N is an arbitrary integer and the integral is holomorphic in « on the half-plane Re o >
N +n/2 —1since (L)Y ¢ = O™) uniformly in z € {Imz > 0}. "

Next, we make an observation on the large Im z behavior of Fy(z,-) outside {0} C R”
which follows from the oscillatory integral representation.

Lemma4.5. Foralla € C, allp € CX(R" \ {0}) and all Imz > 0, we have (Fy(z,-), @)
= O(|Im z|~*°).

Proof. Let g € CX(R" \ {0}). For the UV part, outside x = 0, set L = 4i XVQQ?Z Then

‘ [Oo(euQ(~)/4i7 (/)) eiz/u(l _ w(u))un/Z—a—Z du
0

/oo(eu%(i‘)’ (lL)N(p) eiz/u(l _ w(u))un/Z—ot—Z du
0

(&)
<C [ eI )Ll

:(g(un/z—Reoz—z—N)

o0
< C|ImZ|n/2—Rea—2—N/ e_"71(1 — Y (uIm Z))un/Z—Reot—Z—N du,
0
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where the integral on the r.h.s. is uniformly bounded as Im z — +oc. Therefore we get
Iyy = Op@n\jop (IIm z|7%°).*
For the infrared part, one immediately deduces from the integral representation that

00 :
/ (eu i (/7> etz/ul//(u)un/z—a—z du
0

oo
< C”(p”LOO/ I//(u)e_lmz/uun/Z—Reo{—z du,
0
hence Iir = Oprgn)(|Im z|~>®).” _

4.3.2. Bounds on the seminorms | - |n,v,y. Recall that for a closed conic set I' C
T*R™\ o, the topology of D[ is given by the continuous seminorms || - || x,v, .

]|, = sup (1 + 1DV 12X ()1,
EeV

where supp(y) x V N T = @, plus the weak or strong topology of distributions. Note that
throughout the paper, we typically control the size of distributions in a stronger topology
than the weak or strong topology on D’ because we operate with Holder norms.

We need to estimate the seminorms || - || x,,, for Fy(z,-) uniformly in z € {Imz > 0}.
We will also need to control these seminorms down to Imz — 0% with Re z # 0. Now
we can bound the wavefront set of Fy(z, -) using the oscillatory integral representation of
Lemma 4.4 which involves oscillatory integrals with complex phase. For Im z > 0, they
have exponential decay and the oscillatory integrals are well-defined for all @ € C. But
when Im z — 0™, they converge to some oscillatory integrals with real phase so we can
control the integration in u for Imz — 0% only when Rea < n/2.

Step 1 (ultraviolet part). We first deal with the UV part

® 2w ;
/ et ai e”/”(l — W)(u)u"/zf"‘f2 du.
0

Assume that supp y x V' does not meet {(x;£) | Q(x) =0, § = 1dQ, v <0} U TyR",
which in particular implies that O ¢ supp y. Our proof is inspired by [113, Theorem 0.5.1,
p. 38, Theorem 0.4.6, p. 34]. We choose some smooth 1 and a smooth bump function §
supported in [1/2, 2] such that ¥ (u) + Z;‘io B(277u) = 1; this is a dyadic partition of
unity. Set B;(-) = B(27/-). Then for £ € V, we need to consider the series

o [e’s)

§ :/ (/ X(x)e—i((é,x)+uQ(x)/4)dnx)eiu_lzIBj(M)un/Z—a—2 du.
£ 0 RrR”
Jj=0

4To get large decay in Im z the distribution is viewed as an element of high order, and we need
to differentiate the test function ¢ many times.
SHere it is a distribution of order 0 for all orders of decay in Im z.
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We fix j and rewrite one term of the series after a change of variables:

/00(/ )((x)e ‘g‘x)+uQ(x)/4)dn ) i _lz,Bj (u)un/z—a—z du

0 n

— 2j(n/2—a—1) /oo (/ (x)e Ex)+21uQ(x)/4)dn ) i2—ju—lzﬂl(u)un/2—a—2 du.
0

The phase function ¢ (x, £, j, u) = (£, x) +2/uQ(x)/4 is non-degenerate since dy¢ =
£+ 2/udQ(x)/4 € C®(R" x V x ]0, +00]; R") never vanishes because £ € V' does
not meet R.odQ(x) for all x in the support of the test function y. Define the differen-
tial operator £ = % Observe that the term (Vi ¢, V@) in the denominator is

bounded from below by

o d 2 .
Hs+zfu— > C(lE] + 2772

for some C > 0 uniformly in £ € V and u € [1, 4] since u lives in the support of f;
and dQ(x) # 0 because 0 ¢ supp x. By 3N integrations by parts with respect to L as
in [113, Lemma 0.4.7, p. 35], since j = 1, we get the bound

/” ((x)e—I(EXN+2TUOD/D g (1) g

sup < C(lg)+2)7N

u€l0,+o00]

<C+ ||EIHh~N2/2N,

Therefore for j > 1,

2j(n/2—oz—l) /00(/ X(X)e i ((€,x)4+27 uQ(x)/4) d"x ) —27ju*12131(u)un/2—a—2 du
0 R”7

4 )
<C(1+ ”§”)—N (/ e—szufl Imz, n/2—Rea—2 du)zj(n/Z—Rea—l—ZN)‘
1

Using the elementary estimates
M- ! —J

/ 6_2 Ju Imzun/Z—Rea—Z du = / 6_2 : uImzuRea—n/Z du
1 1/4

1 -N
_ 3 _Imz Im
< Cl/ e—2 Julmz du < —Cle 427 < CZ,N (1 + | Zl)
1/4 4 27

<G N2 + |Imz|)™N

combined with the above stationary phase estimate, we deduce that

‘ /oo (/ X(x)e—i((é‘,x)+uQ(x)/4)dnx)eiu]Zﬂj (u)un/2—¢x—2 du
0 R~

< Cav(L+ [ED7V (1 + [Imz =N/ O/2mReam1=),
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Now, for all N > n/2 — Rea — 1, the series in j converges absolutely and yields an
estimate of the form

o0

Z/w(f X(x)e—i((é,x)—&-uQ(x)M)dnx)eiu_lZIBj(u)un/z—ot—z du
—~ Jo \Jrn

j=1

< Can(L+ [EDY (A + [Imz))™V.

Step 2 (infrared part). To conclude the estimate, we still need to deal with the infrared
part

e—ilat+ /2 00

o0
i(§,)y — ; i (E,)\ i -1 -n/2
(Iig. pe' &) = (4ﬂl-)n/2(_1)(n—l)/2/0 e, et &) e =y (= yu 2 du

for £ € V and ¢ € C®(R"), where we have made the change of variable u — u~!. We
first assume that Imz = ¢ > 0. The function e%w(x) is smooth in x uniformly in u €
supp ¥ (u~!). Therefore |(e%,¢)ei(5"))| <Cy(1+ &)~ forall N € N. If Imz > 0,
then R 3 u — e!?*y (u~")u®"/2 is Riemann integrable on R, hence we immediately
find that for all N,

oo . .
(o €] < [C@)] [ [fe %5 el ey (uyutee /2 d
0
= O(e™™#2|g|™N) = O(|mz| V& N),
where § > 0 is such that [0, §] N supp(y¥ («~')) = @. Now when Rea < n/2 — 1, then

the above bound holds true uniformly on {Im z > 0} since ¥ (u~")uRe®~"/2 is Riemann
integrable and

. 00
/ i(e YV ’goei(g,.)>|e—lmzu1//(u—l)uRe(x—n/2 du
0

00
< CN(l + ||%-||)—Ne—8lmz/2/0 1)Z/.(M—l)uReot—n/2 du

<400

<Cn(+EN™V( + [Imz])~V.

Step 3 (conclusion). Let
Ao ={(x;§) | E =1dQ(x), Q(x) =0, T <0} U (TyR" \ 0) C T*R".

For all y € C2°(R" \ {0}) and all cones V' such that supp y x V does not meet {(x;§) |
0(x)=0,&=1dQ, 1 <0} U(TyR"\ 0), forImz = ¢ > 0, we deduce an estimate of
the form

| F(Fa(z,) 0@ < CA+ 15N Im 2|~
uniformly in £ € V, where F denotes the Fourier transform. In other words, in terms
of the continuous seminorms || - || y,v,, of the D’AO topology, the above estimate reads
| Foa(z, )Ny, < C|Imz|™" forImz > & > 0. When Re < /2 — 1, we have a stronger
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estimate which holds true for Imz > 0:
IFa(z,)INv,y < €1+ [Imz|)™N. (4.48)

Combining this with the Holder estimates of Section 4.2.2 and Lemma 4.5, we get the
following result.

Proposition 4.6. Let Ag ={(x;£) | =1dQ(x), Q(x) =0, t <0} U (TyR" \ 0). Then:

(1) The family (1 + [Imz)R** 1 Fy(z,-), Imz = 0, |z| = & > 0, is bounded in D)y (R™).

(2) Forall ¢ > 0 the family [Imz|N Fy(z,-), Imz > &, is bounded in D/Ao (R™\ {0}) for
all N € N.

() If Rea < n/2 — 1 then the family (1 + [Imz|)R*T1Fy(z,-), Imz = 0, is bounded in
D) (R™).

4) If Rea < n/2 — 1 then the family (1 + |[Imz|)N Fy(z,-), Imz = 0, is bounded in
D)y, (R"\{0}) forall N € N.

Using the notation introduced in Definition 3.8, statement (1) is equivalent to Fy(z, -)
= OD/A (Imz|~R¢*=1) in Imz > 0, and we can rephrase (2)—(4) similarly.
0

4.4. The holomorphic family of distributions Fy(z,-) for Rea = 0

We need to verify algebraic relations satisfied by the holomorphic family of Lorentz
invariant distributions Fy(z,-) € D’'(R") which will appear in the asymptotic expansion
of Feynman powers.

Let y, be the contour in the upper half-plane introduced in Section 2.6. We will need
the following lemma when inserting the parametrix for (P — z)~! in contour integrals
along y.. It is precisely the family of distributions Fg(z, -) that will contribute to the
singularities near the diagonal of the Schwartz kernel of the complex powers.

Lemmad.7. Let Fy(z,) € D'(R"), @ € C, Imz > 0, be the family of distributions defined
by (4.44). For allk € N, m € R, ¢ > 0, they satisfy the contour integral identity

1) (—
L (zie) *Fp(z —m?, ) dz (=D T(—a +1)

= Fyiro1(=m? Fis, ),
27i ), FCa—k+ Da 1 &) erk1om Fies)

where both sides converge in D'(R™) for Rea > 0. For O, = 1" 3,:0,.;, we also have
Oy —2)Fu(z,) = aFy_1(z,).
Proof. We claim that by density of compactly supported functions in L2(R") and the

Cauchy residue formula,®

L. (z+ie) N QE) —2)7 dz =(Q¢) +ie) ™ L2 (R") - L*(R"),
2mi Jy,

where the 1h.s. is norm convergent in B(L?(R")) when Rea > 0.

6Beware that our contour y; is oriented counterclockwise but we integrate against (Q (£) — z) ™
instead of (z — Q(§))~L.
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Indeed, when we multiply 217 fye (z4+ie) ™ 1(Q(§) — z)~! dz by some compactly
supported ¢(£), the values of Q(£) when multiplied in (Q(§) — z)"'@(£) lie in a com-
pact K C C. We can enclose K with a large piece of y, N B(0, R), which we close up
with a circle arc of the form {Re'® | § € [—w, w]}. This arc has size ~ R but the inte-
grand on it decays like R™R¢®~1 5o this large portion tends to 0 as R — +oc. The part
ve N B(0, R)° on the complement of the ball of radius R also decays when R — +o0.
Therefore, Cauchy’s formula tells us that the identity

1

o [ i Q@) ~ 2 dz = (0) + i)
Tl Jy,

holds true as operators acting on compactly supported smooth functions of £. But since
these are dense in L2, this identity extends to operators in B(L2?(R")). By inverse Fourier
transform, this yields

1
yn (z+ie) * 'Fy(z,)dz =T (a + 1) Fy(—ie, ).
Ye

‘We have to extend the above discussion to the case

1
— | (z+ie) *Fi(z,-)dz
2wi Jy,

still in the region Re > 1. Recall that in Fourier space,

FFe(z.) () =kN(QE) —z)* 1.

For every holomorphic f, Cauchy’s formula says that 5= fy )z —zo)*Vdz =

®) e . . . .
fk—!(zo) if y is a clockwise oriented contour around zg. Therefore arguing as above yields

i (z +ie) “kNQE) —z) % 1dz

2mi Jy,

= Vo [ ek - 0@) ' dz

Ve

= (—D*(=a)...(~a —k + )(QE) +ie)™7F,

where both sides converge when Re o > 0 as multiplication operators in B(L2(R")). By
inverse Fourier transform, using the definition of Fy 1z (—ie¢,-) yields

k
L. (z+ie) ¥Fi(z,)dz = =D*T(—a +1)

27 Ye r(—a —k + 1)F(a + k) 0t+k—l(_l8’ .)7

where the integral makes sense as a bounded operator acting on L?(R"). |

4.4.1. Analytic continuation of the microlocal estimates and Bernstein—Sato polynomial.
Our next goal is to prove an analytic continuation of the microlocal estimates on Fy(z, -)
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foralla € C and z € {Imz = 0, |z| = ¢ > 0}. The idea is to prove the existence of a
functional equation satisfied by F,(z, -) involving Bernstein—Sato polynomials [12, 13,
105].

If z # 0, observe that

07 (Q(€) —2)™ = —2am;i(Q(€) — 2)™* " + da(a + V)f; E2(Q(€) —2) ™72,
which implies, after division by 7;; and summation over i,
n aZA
3 Q) — )7 = —20(0(6) — 2™ + da(a + DO(QE) —2) 742,

i=1 "

hence

n

92
3 Q) — 2 = 20(0(§) — 2) ! + daler + D(Q(E) —2) !
- +dafe + D2(QE) ~ 22,
and consequently
(Q(5)0(3) + 2 — 4a( + D)(Q(§) — 2)™ = dar(@ + 1z(Q(§) —2) ™"

By inverse Fourier transform this yields the functional equation satisfied by the family
FOl (Z» ')7

Ao, x, Dx)Fy(z,) = Fy+1(2,-), (4.49)
where A is the differential operator with polynomial coefficients

a(Q(02)0(x) +2(c + 1) — 4(cx + 1) ( + 2))
4+ )(x +2)z

which is holomorphic on the half-plane Re o« > —1. Using the functional equation (4.49),

denoting by F the Fourier transform, we deduce the identity

)

A(a,x,Dy) =

F(Fyi1(z,)0)(E) = /Rn 2006 A(q. x. D) oz, x) d"x
:/ Fo(z, x) A, x, D) (x(x)e’ EXNy d x
R”?
= Z/Rn Fo(z,x)(Aq)(s. x, Dx)X(x))(A(z)(s,x,Dx)e“f’x)) Jy

= Z/Rn F“(Z’x)(A(l)(S’x’DX)X(X))(A(Z)(S,X,é)e”g’x))d”x7

where we split the differential operator 'A into two pieces in all possible ways using the
Leibniz rule.” The above sum is finite and the degree of A(y) in both x and & is always

This can also be stated in terms of the coproduct A4 = " A(1) ® A(2) in the coalgebra of
differential operators with polynomial coefficients, following Sweedler’s notation.
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less than 2. Therefore for all z € {Imz > 0, |z| = & > 0}, for Reaw < n/2 —1 and all
N> € N, we can bound the seminorms of Fy41(z,-) in terms of those of Fy(z,-):

[Fat1(z. )Ny = ;ug(l + IEDY IF (Fat1 (2, 0]

= sup(+11ED") 3 [R Fa(z,0)(A (5,6, D) 1) (A (5, x, £)e ) d"x

SCY |Faz ) IN42,v005 < C(L+ [Imz])™,

where all above sums are finite and the smooth test functions x,, depend on the operators
Aq), A(2). Integrating these bounds, we propagate the microlocal estimates from the half-
plane Rea < n/2 —1toa € C. We deduce that for any continuous seminorm || - ||, v,
ofD/AO, forallz e {Imz >0, |z]| 2¢>0}andalla € C, N, € N,

| Fat1(z.)lnyy < C( + [Imz]) =2
We summarize this in the next theorem, together with other results from this section.

Theorem 4.8 (Analytic properties of Fy). Lerk = |Rea| 4+ 1 and Fy(z,-) € D'(R") as
in (4.44). Then for a € [0, 1] and & > 0, Fy(z,-) € CE2O®eatD=k=nRny \ith decay
inz e{lmz >0, |z| = €} of order O((1 + |Im z|)~@Reat1))

Let Ao ={(x:£)|§ =1dQ(x), Q(x) =0, 1 <0} U(TyR" \ 0) CT*R". Forall z €
{Imz >0, |z| = &> 0}andall « € C, the family (1 4+ [Imz|)' TRe® F,(z,-) is bounded in
D’AO (R™). Moreover; for every N € N and & > 0, {|{Imz|¥ Fy(z,)} ze{im z5e} is bounded

in Dy, (R" \ {0)).

5. Formal Hadamard parametrix for the resolvent

5.1. Pull-back by exponential maps

Next, we introduce the main ingredient in the construction of the formal Hadamard para-
metrix, namely, the pull-back of the distributions Fy(z, -) near the diagonal A C M x M
using the exponential map.

5.1.1. Moving frame. We use the notation (x; v) for elements of 7M, where x € M
and v € TyM. Let N be a neighborhood of the zero section o in TM for which the
map N > (x;v) — (x,exp,(v)) € M? is a local diffeomorphism onto its image (exp, :
TxM — M is the exponential geodesic map).

The construction of the exponential in the pseudo-Riemannian setting is explained in
detail in [72, Appendix A]. The subset i = exp ' C M? is a neighborhood of A and the
inverse map U > (x1, x2) — (X1; exp;l1 (x2)) € NV is a well-defined diffeomorphism. Let
Q2 be an open subset of M and let (eq, ..., e,) be a time oriented orthonormal moving
frame on Q (i.e. for all x € Q, gx(e,(x), ey (x)) = Ny, and eq is future directed), and
(s*),, the corresponding orthonormal moving coframe.
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5.1.2. Pull-back. We denote by ¢, the canonical basis of R". The data of the orthonormal
moving coframe (s*),, allows us to define for (x1, x2) € U the submersion

G : (x1,x2) = G*(x1,x2)ey = s, (exp;l1 (x2))e, € R™. (5.50)
—_————

€Ty, M €Tx M

For any distribution f in D’(R"), the composition U > (x1, x2) — G™* f(x1, x») defines
the pull-back of f onUd C M2.1f fis O(1,n — 1)_T|_—invariant, then the pull-back defined
above does not depend on the choice of orthonormal moving frame (e, ), and is thus
intrinsic (since all orthonormal moving frames are related by gauge transformations in
Cc®(M;0(1,n —1)1)).

This allows us to canonically pull back O(1,n — l)l—invariant distributions to distri-
butions defined on a neighborhood U/ of A.

Definition 5.1. We apply this construction to the family F,(z,-) € D’'(R") constructed
in Proposition 4.1, and we obtain the distribution Fo(z, ) = G*F,(z,-) € D'(U).

Lemma 5.2. Let (M, g) be a globally hyperbolic Lorentzian manifold, U the neighbor-
hood of the diagonal A C M x M defined in Section 5.1.1, G : U — R” the map defined in
(5.50), and Fy(z,-) € D' (R"™) the family of distributions defined in (4.44). Then the wave-
front set of the distribution Fy(z,-) = G* Fy(z,") is contained in the Feynman wavefront®
A C(T*M \ o) x (T*M \ o), defined by

AN ={(q1.92) €TXZ|q1 > @2} UTX(MxM) (5.51)

using the notation introduced in Definition 3.9.

The proof of Lemma 5.2 will be given in Appendix D.2.

We conclude this section by our main result on the regularity of the family F,(z) =
G* Fy(z) € D', (U) which follows from continuity in the normal topology [19, Proposi-
tion 5.1, p. 211] of the pull-back G* : D, (R") — D/, (i) and Proposition 4.6.

Proposition 5.3 (Boundedness of Fy). Let (M, g) be a globally hyperbolic Lorentzian
manifold, U the neighborhood of the diagonal A C M x M defined in Section 5.1.1,
G : U — R” the map defined by (5.50), and Fy(z,-) € D'(R") the family of distribu-
tions (4.44). For every a € C, the family of distributions Fy(z) = Fy(z,) = G* Fy(z,"),
ze{lmz =0, |z| = & > 0}, has the property that (1 + |Im z|)R*+1F,(z) is bounded
in D'y (U).

5.1.3. Preliminary identities. Recall that our differential operator of interest is of the
form
P—z=(0,,8%0x +m?—2)+b/0,,. (5.52)

8Note that in the literature on quantum field theory on curved spacetime, the opposite convention
is often used for Feynman propagators and for the Feynman wavefront.
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In the formal calculus’ used in the Hadamard parametrix construction, the part in paren-
theses on the r.h.s. of (5.52) has weight 2, in particular the parameter z is included in the
weight 2 part.

We first state the key identities satisfied by the family Fy(z,-) on R”.

Lemma 5.4. For all z € {Imz = 0, z # 0}, the family of distributions Fy(z,-) on R"
satisfies the identities
("7 0xndxv —2)Fo(z,)) = aly—1(z,-) ifa #0,
(leaxuaxv - Z)FO(Z’ | : |g) = 80»
201 Fy(z,+) = nuvvaa—l(Zv |- |g) (5.54)

(5.53)

Proof. The first two identities follow from Lemma 4.7. The third identity follows from
the representation formula from Lemma 4.4, namely

e—i(a+1)n/2

(47-”')n/2(_1)(n—1)/2

> U9 4 jzy—1 n/2—a—2
Fy(z,x) = e 4 u du,
0

and we differentiate under the integral and use the chain rule to obtain the desired result.
In more detail, this reads'’

—i@+ /2
) .e ilat+1)m/ we%+iu*1zun/2—a—2 du
* (@miy (=172 g
e—ila+)m/2 ® y uOx) 4y —1
Ze ar
(4miy/2(=1)(n=D/2 /0 T

_ mxt _eTPeTICADTR 0 ueto itz nyaat g, _ WX g Lz x)
2 (4miyn/2(=1)(=-D/2 [ 2 AT

— _znjixi zun/2—ot—2 du

The fact that we can differentiate under the integral is justified for Imz > 0 and Re o >
n/2 — 2 (this guarantees all integrals converge absolutely and we can differentiate under
the integral) and the general result follows from analytic continuation of the identity
20, Fy(z,)) = n.,-,-xiFa_l(z, -) in o and the weak convergence of both sides in the dis-
tribution sense when Imz — 0. ]

5.1.4. Identities in normal coordinates. We consider the family of distributions Fy(z,-) €
D'(U) introduced in Definition 5.1, which play the role of the building blocks of the
parametrix.

The parametrix is constructed in normal charts. This means that we fix a point xg € M,
and then we express the distribution x — F(z, X, x) in normal coordinates centered

9We remark here that in applications it could be advantageous to make the connection with a
systematic calculus tailored to computations near the diagonal; see [33].
10The minus sign comes from Q(x) = —nijx'x/.
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at xo. The fact that we can freeze x¢ and view x — Fy(z, xo, x) as a distribution of the
second variable x comes from the wavefront set of Fy (z, -,-) € D'(U), which is contained
in A C T*(M x M). Near the element (xg, xo) on the diagonal, the set A is close to the
conormal N*A and therefore A is locally transverse to the conormal N*({xo} X M) =
T;( M x o of the submanifold {xo} x M near the diagonal (xo, Xo). Hence, the pull-back
theorem of Hormander allows us to restrict the distribution Fy (z, -, ) to {x¢} x M, which
means in practice that we freeze the variable x( and consider Fy(z, xo, -) as a distribution
of the second variable. In the sequel, we work in normal coordinates centered at xg.

Definition 5.5. Instead of Tx,M D U 3> v > Fq(z, X0, exp,, (v)), we use the simplified
notation Fe(z, | - |g) € D'(U), where | J’|§ is the pseudodistance squared from y to 0 €
TxoM which represents the point xg in the normal chart around xo and g is the metric
pulled back onto Tx, M by the exponential map.

The fundamental equation satisfied by the normal coordinates reads [72, equa-
tion A 2.3, p. 271]

gk (0)x*F = g (0)xF = x7, (5.55)

and this very general result is valid in pseudo-Riemannian geometry. This implies that
|y |§ = g;k(0) y/ yk = Njk y/ yk . The second key observation is the statement of the next
lemma.

Lemma 5.6. LetFy(z, |- |g) € D'(U) be the family of distributions from Definition 5.5.
In the normal coordinate system (x7 );’=0 on U defined in (5.55), we have the identities

275 (x)0,xFo(z, |x]g) = x/Fori(z,|x]g).
(07 "0 = 2)Fo (2. |xlg) = |17 80(x),
(0,787 Dk — 2)Fa(z.|x]g) = aFa1(z. |x]g).
Proof. The proof is completely analogous to the Riemannian case (see [69, (17.4.2),
(17.4.3), pp. 31-32]). The important property used to derive these identities is that in

the normal coordinate system, for any function f(| - |§) of the square geodesic length, we
have

g7 )k f(IxI5) = g7 (08, f(|x[3).
The first equation follows from the fact that
2874 ()04 Fa (2. |x]g) = 2875 (0)9,k Fa (2. x]¢) = g7 (O)mix'Fai (2. |x]¢)

= XjFa—1(Z, |x|g),

where we have used (5.54) and g/%(0) = n/*. The second equation follows from the first
equation, (5.53) and the properties of the normal coordinate chart:

(0, 870k — 2)Fo(z, |x]g) = |g(x)| 7280 (x). ]
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5.2. Deriving the transport equations

Recall that O, is the Lorentzian Laplace-Beltrami operator and P = O, + m? is the
Klein—Gordon operator. The parametrix construction involves transport equations because
even though the operator 9, g’k (x)d,x + m? — z has a fundamental solution which is
Fo(—m? + z, |x|§), the operator P — z is not necessarily of the form 9, g’k (x)0,x +
m? — z but is rather given by the more general expression

P—z=20,8"%x)du +b/(x)d,; +m?>—z

with a non-trivial subprincipal part b7 (x)d, ;. This subprincipal part will be responsible
for the appearance of the scalar curvature as we will later see.
For Imz > 0, let f(z,-) be the unique Schwartz distribution such that

Fo(eu) = g [ @190 =10 - 27 a7 = £ o)

We have the following Fourier integral representation for f:'!
e—iyr/2
(47.”')n/2(_1)(n—1)/2

o0
fz,q) = / eur Huzy /2 gy
0

The existence of f(z,-) € D/(R) and of f(z,]- |§) € D'(U) for Im z > 0 follows from
the oscillatory integral proofs of Lemma 4.4. We have the following key lemma, which
again parallels the Riemannian case [69, (17.4.5), p. 32].

Lemma 5.7. Let Fo(z —m?,| - |g) € D'(U) be the family of distributions from Defini-
tion 5.5, in the normal coordinate system (xj);’=0 on U C Ty, M defined in (5.55), and
letRea > 0. Foranyu € C*°(U),

Fa—l
b

(P —2)(uFy) = auFy_1 + (Pu)Fy + (hu + 2pu) > (5.56)
where .
h(x) = b’ (x)njkxk and p = x*d .
Fora =0andalluy € C*°(U),
(P —2)uoFo = uo|g(x)|~"/?80(x) + (Puo)Fo + 2huo f'(z. - |¢)
-0
T 20 1z ), (5.57)
8xj

where [’ is the distributional derivative of f.

1Tt is related to Bessel-Macdonald K functions, sometimes called modified Bessel functions of
the second kind.
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Proof. By definition and using all identities from Lemma 5.6,

(P — 2)(uFq) = (Pu)Fqy + u((dx g/F (x)0x — 2)Fa) + 29,5 u)g’* (x) (344 Fo)

b’ (x)(D, Fa) |
ub’ (x)njkxk

= (Pu)Fq + ua[—6ptFq_y + (x/0,;u)Fe_y + 5

Fot—l

since
2gjk(x)3xkFa =x'F,_,
which implies
20, Fy = 2gii(x)g" (x)0,/Fo = gik (X)x*Fa_1 = gix (0)x*Fory = 1 x*Foy.
The second equation is obtained in the same way. ]
The existence of f”(z, |- |g) follows from the same arguments as in the proof of

Lemma 4.4.

5.2.1. Parametrix from transport equations. In this subsection we construct the formal
parametrix in the normal coordinate chart U C Tx,M centered around xo € M. We
start from equation (5.57). We need to solve away the term in front of f’ which reads
4x7 g;—? + 2hug, so we must look for ug € C*°(U) solving the first transport equation

2pug + hug =0

with initial condition u((0) = 1. So we see immediately that there is a potential problem
since there is still a term (Pug)F¢ which is singular. To kill this singular term, we look
foru; € C*°(U) satisfying

h
pur +up + St = —Puy,

since for such a pair of smooth functions (g, u1) € C®(U)?, we would immediately find
that

(P —2)(uoFo + uiF1) = uo|g|™"/280(x) + (Puo)Fo + u1Fo + (Puy)F,
F
+ (hu; + 2pu1)70
= [g|7"/?80(x) + (Puy)F;.

Applying the above algorithm recursively, we see that at order N we have to look for
a parametrix Hy (z) of the form

N
Hy(z) = ) wiFi(z —m?,|-|g) € D'(U),
k=0
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where the sequence (ug)p>, of functions in C*°(U) solves the well-known hierarchy of
transport equations

2kug + hug 4+ 2puy +2Pup_1 =0, (5.58)
where for k = 0, we choose the convention that uz_; = 0. This would kill all terms in
front of f’,Fg,...,Fy_1, therefore in the normal chart near x, Hy(z, -) satisfies the
equation

(P —2)Hn(z,-) = |g|7"/?80 + (Pun)Fy.

Note that the solutions (ug )72, of the transport equations do not depend on z or on the
mass term m. This dependence is absorbed in the distributions Fy(z — m?, | - |¢).
The next lemma is fully analogous to [69, Lemma 17.4.1, p. 33]:

Lemma 5.8. The hierarchy of transport equations always has solutions in C*°(U) where
U C TxyM is any open neighborhood of 0 € Txy M such that exp,,, : U — M is injective.

The formulation of Hormander is practical for proving estimates and fairly general,
but to extract the scalar curvature we will later have to specialize to the case of the pseudo-
Riemannian Laplace—Beltrami operator.

5.2.2. Going back to a neighborhood of the diagonal A. For the moment we have con-
structed a parametrix Tx,M D U 3 x — Hy(z, x) around some fixed xo € M. Now we
need to treat xo as a parameter and prove that everything depends nicely on xo € M . First,
observe that the solutions (uy ) of the transport equations are smooth in C*°(U). Recall
that (s*),, is the coframe from Section 5.1.1 and i/ C M x M is a neighborhood of the
diagonal A C M x M. Therefore, U > (x1,x2) > U (s(exp;l1 (x2))) is smooth in both
arguments by composition and smoothness of the inverse exponential map on /. The dis-
tributions Fy (z,+) = G* Fy(z,-) € D'(U) are also well-defined on the neighborhood U of
the diagonal (with wavefront set in A). Therefore the parametrix

N

Hy(z,x1,x2) = Z uk(s(exp;l1 (x2))G*Fy(z — mz,xl,xz)
k=0

describes in fact an element of D', (). For the sake of brevity, by slight abuse of notation
we simply write uy for the solution of the transport equation (the inverse exponential map
is dropped), and the parametrix Hy (z, x) depending on the variable x in the normal chart
around xg or its pull-back Hy (z, s(exp;l1 (x2))) on U are both denoted by Hy. So from
now on, one should always be aware that all objects are defined in terms of the exponential
map. With these conventions the Hadamard parametrix Hy (z, ) reads

N
Hy(z,) = ) uFi(z —m?,|-|g) € D'WU).
k=0

In the sequel, we shall use the notation §5 for the distribution defined locally by pull-
back as 54 = G*§p which we can extend globally by a partition of unity. By construction,
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8 is a conormal distribution supported by the diagonal A C M x M and 8 (x, y)|g|~'/?

is the Schwartz kernel of the identity map.'”

6. The Hadamard parametrix approximates the resolvent

6.1. Summary

From now on, we assume that (M, g) is globally hyperbolic with non-trapping Lorentz
scattering metric g.

The goal of this section is to prove that the formal parametrix Hy (z, -) constructed in
Section 5 truly approximates the resolvent (P — z)~! in the space D, '\ (U) of distributions
defined near the diagonal, whose wavefront set is the Feynman wavefront A.

By Lemma D.3 proved in the appendix which shows that the Holder regularity of
Fy(z,-) is preserved under pull-back by G, and by Theorem 4.8 giving the microlocal
properties of the family Fg(z,-), combined with Proposition 5.3, we have the following
bounds.

Lemma 6.1. Let { C M x M be the neighborhood of the diagonal A C M x M as
defined in Section 5.1.1, and let a € [0, 1]. The family of distributions (Im Z)RWHFD, (z,9)
is bounded in D'y (U) and the family (Im z)a®Reat DR (2 ) is bounded in CISOC(L{) uni-
formlyin z € {Imz =0, |z| =& >0} forall s < (2—2a)(Rea + 1) — k — n where
k = |Rea] + 1.

Moreover, for every N € N and ¢ > 0, (|]Im Z|NFa(Z, V) zemz>e is bounded
in D\(U \ A) uniformly in « € C. If z€{Imz >0, Rez > m? > 0}, then
((Im Z)NFO, (2.)ze{imz20,|z|=s>0} is bounded in D', (U \ A) uniformly in o € C.

6.2. Resolvent approximation

Let y € C®(M x M; [0, 1]) be such that y = 1 near the diagonal A C M x M and
x(x,y) = 0 outside the neighborhood ¢/ defined in (5.50). Recall that the Feynman wave-
front set is defined in (5.51).

We interpret the family

N
Hy(z—m? )y =) ugFi(z —m?,)x € Dy U)
k=0

as a family of Schwartz kernels, and we show that near the diagonal, the corresponding
family of operators is a parametrix which approximates the resolvent (P —z)7L
Let I be a neighborhood of the diagonal A such that y|,; ;g = land UcCU.Let

={x. & | (e e, (xy) ¢U,

12We need to multiply by |g|_1/ 2 in order to take into account integration against the volume
element.
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SOA, =ANT* (M x M)\ U ) is a truncation of the Feynman wavefront set A where
we removed the neighborhood U/ near the diagonal.

Lemma 6.2. Assume (M, g) is globally hyperbolic and set P = Oy + m?. For every
s € Rxo, p € Zxg, and m = 0 there exists N large enough such that for every z €
{Imz =0, |z| = &> 0},

N
(P —2)( D uFilz —m2,)y)
= — 1g["/285 + (Puy)En(z —m*.)x + rv(2).  (6.59)

where
(1) |g|~"285 € D'(M x M) is the Schwartz kernel of the identity map,
(2) (2)2(Pun)Fn(z —m?, )y is bounded in C:_(U),

loc
(3) rn(z,:) € D'(M x M) vanishes on U C U and outside U € M x M. In particular,
ry(z,-) is the Schwartz kernel of a family of properly supported operators. Further-
more, ry(z,-) is bounded in DQ\X (M x M) uniformlyinz € {Imz =0, |z| = ¢ > 0},

andry(z,”) = OD;\X ({Im z) ™).

Note that in the above formulz, the coefficients (ux)p2, of the transport equations do
not depend on the mass m or on the spectral parameter z.

Proof of Lemma 6.2. We start from the result from Section 5 which says that in the sense
of distributions in D’'(U4),

N
(P =2)(D_ wFe(z —m2.)) = g /285 + (Pun)Fn(z =m0, (6.60)
k=0

where Fy (z,-) € C](Ozc_za)(NH)_N_" (U) with decay in z of the form (Im Z)_a(N+l) for
a € [0, 1] by Lemma 6.1, and Fy (z, -) is bounded in D', () by Proposition 5.3. Now,
multiplying the parametrix defined near the diagonal by the cut-off function y creates an

additional term. Namely, it turns (6.60) into
N
(P —Z)(Z uFi (2 —mzv')){) = [g]7/%8a + (Pun)Fy(z —m?. )y + ry(z.),
k=0
where
N N
ry(z,:) = 2<V)(, V(Z upFr(z — m?, ))()) + (P)()(Z urFr(z — m?, ))
k=0 k=0

The term ry (z, -) vanishes whenever either y = 1 or y = 0, since it involves products
with derivatives of the diagonal cut-off function y. This means that ry (z, x, y) = 0 for
(x,y) € U, which is near the diagonal A, and also ry(z,x,y) = 0 for (x,y) ¢ U.
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This implies that the Schwartz kernel ry(z,-) € D'(M x M) defines a proper oper-
ator. Therefore, ry(z,-) is bounded in D’AX with a bound of the form ry(z,-) =
OD;\X(MxM)(Hm z|~%°) since it is defined in terms of the distributions Fg(z, ) =
OD;\ w\a)([Tm z| ) restricted outside the diagonal and because of its support that we
have just discussed. |

We are now ready to conclude that near the diagonal, our parametrix is a good approx-
imation of the resolvent (P — z)~!.

We denote by ry (z) the operator with Schwartz kernel r (z, -), and similarly for other
Schwartz kernels. Recall that y, is the integration contour needed to define the complex
powers (see Section 2.6 and Figure | therein).

Proposition 6.3. Assume that (M, g) is a globally hyperbolic non-trapping Lorentzian
scattering space and let ¢ > 0. Set P = Og + m>. For every s € Rxo, p € Zzo, and
m = 0, there exists N large enough such that uniformly in z € y,, we have the identity

N
(P—z)'= (Z ukFi(z = m2, )y ) + En(2) + Ena(2) 6.61)
k=0

in the sense of operators Oceo_coo((z)~V?), where Eni1(z) = (P —2)7'ry(2) satis-

fies
WE S oo (En1(2)) € A, (6.62)

and En2(z) = (P —z) Y (Pupn)FN (2)y satisfies Ena(z) = Ops_y gots ((2) 7). Fur-
thermore if m # 0 and assuming in addition injectivity and non-trapping at ¢ = m?, then
the estimates and (6.61) hold uniformly in z € yy.

In particular, (6.62) implies that Ey,1(z) is smooth near the diagonal.
As explained earlier, there are inevitable losses in decay in z in the high regularity
estimates, and the O({z)~?) bound requires choosing N extremely large.

Proof of Proposition 6.3. Recall that (P — z)™! = Ocoeoscoo((z)71/2) along y, by
Lemma 3.17. By Lemma 6.2 (2), for every (p,a) € N x R, for N large enough, in I/
we have (z)? (Puy)Fn (z)y € HET"=%(M x M) uniformly in z along y, by the Sobolev

loc

embeddings C¢ (M x M) — H®"~%(M x M) recalled in Lemma D.2 in the appendix.
For every b € R and s € Ry, the external tensor product ch (M) x Hc_b_s (M) >
(V1,v2) > V] Q@ Uy € Hci“f(b’_b_s’_s)(M x M) is linear continuous [73, Theorem 3.2,
p. 140], therefore choosing n large enough so that a + n + inf(b, —b — s, —s) > 0, we

find that
HE (M) x H7P™S(M) 3 (v1,v2) = (va, (z)?(Pun)Fn (2) xvi)m
= ((2)?(Pun)FN(2) 1, v1 ® V2)Mxm

is bilinear continuous by Sobolev duality uniformly in z along y,. Therefore we have
(for N large enough)

(PMN)FN(Z)X = OH*_>H*+S((Z>_I7). (663)
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Since the operators in (6.63) are properly supported,
Ena(z) = (P —2) " (Pun)FNn(2) 1 = O gats ((2)77)

follows by composition.
Next, by Lemma 6.2 (3), ry(z,-) = (’)D;\ ({z)™") along y,. Consequently, in terms

X
of the operator wavefront set we have WF/(S),OO (rn(2)) C A;( by Lemma 3.10. We also

know from Theorem 3.19 that
WE o (P =27 C A
By the composition rule for operator wavefront sets (Lemma 3.7), we obtain

WF’(S)_OO (En,i(z)) C Ao A, (6.64)

It is easy to show using the transitivity of > that A and A, have the remarkable property
AoA CA and A oAl CA. (6.65)

From (6.64) and the second property in (6.65) we conclude (6.62) immediately. The case
of yp is fully analogous. ]

7. Parametrix for complex powers and functions of the wave operator

7.1. The case of complex powers (P —ig)™®

Our next objective is to study analytic properties of complex powers in a neighbor-
hood U/ C M x M of the diagonal using the relationship between the resolvent and the
Hadamard parametrix shown in Proposition 6.3.

Let ¢ > 0. We already know that the contour integral

1

(P—ie)y™® = —/ (z—ie)™ (P —2)"ldz
2wi Jy,

makes sense as an operator in B(L2(M)) for Rea > 0. Using the decay along y of the

various terms, stated in Lemma 6.1 and Proposition 6.3, we can insert the r.h.s. of (6.61)

into the above contour integral. For Rea > 0 this yields

1
(P—ig)™@ = Py (z—ie)™ (P —z)"tdz
Tl Ye

Y 1
=D kg — | (=i Fi(2)dz
2wi Jy,
k=0

+ | =iy (Ena(2) + Ena(2)) dz.
27 Ve
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and this extends to o € C provided we check that the summands have an analytic contin-
uation.
By Lemma 4.7 and continuity of the pull-back by G, we know that

1 (=DFT(—a + 1)

_ —ie)"Fi(z.) dz = Frio
27 ye(z i) Ek ) = T DT @ k) k!

(iS, ')v

which is a well-defined holomorphic family of distributions in D’ ({f). Therefore the finite
sum Z,ICVZO AUk ﬁ fyg (z +ie) Fx(z,) dz in fact reads

i L EDMTat e

k_OX FTCa—k + )@ + k) Freti'e

and is a well-defined holomorphic family of distributions in the parameter o € C.
The error term

Ry(o)i= 5= [ =iy ®(Ena@) + Exal)dz
T Jye

is smooth near the diagonal.
It follows that we have a decomposition of the Schwartz kernel of (P — &)™ which
has to be understood in the sense of germs of distributions defined near the diagonal
A C M x M. The germ is the only information we need to take the diagonal restrictions:

Lemma 7.1. Let (M, g) and P be as in Proposition 6.3. Then for every s € Rx¢ and
p € N, there exists N = 0 such that in D' (U) we have the decomposition

o (—DFT(—a+1)

(P—ig)™ = ;ukI‘(—a—k+1)F(0‘+k)

Ry(ie,a) € C°(U), (7.67)

Fiia1(—m?+ie)+Ry(ie,a), (7.66)

where the terms on the r.h.s. depend holomorphicqlly on o in the half-plane Rea > —p
and the r.h.s. is well-defined as an element of D' (U).

Corollary 7.2. ForRea =n + s (wheren =dim M) and s > 0, the operator (P —ig)™®
has Holder regularity C (U) in a neighborhood of the diagonal A C M x M, and under
the non-trapping and injectivity assumption at & = m?* # 0 the limit lim,_ o+ (P —ig)™®

exists in the sense of C: (U).

loc

Remark 7.3 (Checking the combinatorial factors). In the  — 1 limit, we get

(=DFT(—a + 1)
['(—a—k+ )I(a +k)

since the poles of I'(—« + 1) and I'(—a — k + 1) compensate each other. Therefore,
Lemma 7.1 is consistent with the formula (P —ig)~! = lec\]:o urFr(ie) + Ry(ie, @) as
expected.
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7.2. The case of f(55%)

With the spectral action in mind we now discuss other functions of P. For that purpose it is
actually slightly more convenient to work with P + i ¢ instead of P — i e, which in practice
amounts to considering — P instead of P. Note that (P + ie)~! and the corresponding
Hadamard parametrix have anti-Feynman rather than Feynman wavefront set because the
sinks and sources are interchanged, but this has no practical significance in the discussion
below.

Definition 7.4. We denote by S7°°(R) the set of Schwartz functions f such that f is in
€22(10, +00)).

First, observe that by the Paley—Wiener theorem, each f € S7°°(IR) has a unique
holomorphic extension to the upper half—plane {Im z > 0} and that the analytic extension,
still denoted by £, has exponential decay when Im z — +o00. Also note that f(- + i¢) €
L°°(R) N C*°(R). Recall that the Mellin transform of f € C2(]0, 4+00]) is by definition
the function

Mf(a):/o ! f(r)dr.

By assumption on f , the Mellin transform M f has fast decay, and the Mellin inversion
yields f (r) = ﬁ Jregee T M f () ds, where the integral is absolutely convergent
uniformly in 7 € K C ]0, +o00] for any compact K. By inverse Fourier transform of 7%,
for every ¢ > 0, we have the formula

1 . ~

ft+ie) = — "2 (1 4 ie) T (@) M f () da.
271 JRea=c

The L.h.s. makes sense when ¢ > 0 since f has an analytic continuation to the upper half-

plane {Im z > 0}. Note that for ¢ > 0 the integral on the r.h.s. converges absolutely and

that for ¢ € K in some compact K C R \ {0} away from 0, the integral in

. 1 ; . = ~
(1) = 1”5‘+ o 2 (1 4+ ie) T ()M f (@) dax
&e—> Rea=c
also converges absolutely. This allows us to give a representation formula for f(P + ie)
involving complex powers:

f(P +ie) = 1 2P 4 ie) T ()M f (o) ds. (7.68)
2mi Rea=c

As long as & > 0, the integral on the r.h.s. is norm convergent in B(L?(M)) and the
identity follows by Borel functional calculus. It should be noted that one can choose ¢ > 0
arbitrarily large on the r.h.s.; this does not affect the convergence properties.

Recall U is a neighborhood of the diagonal A C M x M. Setting now ¢ > dim M + s
for s > 0, we know by Corollary 7.2 that the Schwartz kernel of (P + i)™ belongs to
C$.(U) uniformly in @ € {Rea = c}. Note that to take the limit ¢ — 0T, we need to
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assume m # 0 and non-trapping and injectivity at m2, in which case lim,_, o+ (P +ig)™®
= (P +i0)™* has Schwartz kernel in C;} (/) uniformly in ¢ € {Rea = c}.

Therefore by the fast decay of M f () on the vertical line {Re = ¢}, we find that
f(P + ig) has Schwartz kernel which belongs to C (). If m? is non-trapping, the same
result holds for lim,_, o+ f(P +ig) = f(P + i0), which implies we can take ¢ — 0
on the r.h.s. of (7.68), which makes sense as Schwartz kernel near A C M x M and one
can take the restriction to the diagonal as f(P + i0)(x, x). If ¢ > 0, we do not need the
mass term and both sides of (7.68) make sense as operators acting on L? whose Schwartz
kernel is C* near the diagonal A.

So if m? non-trapping, in the limit ¢ — 0T, we take the formula on the r.h.s. of (7.68)
as the definition of f(P + i0) and both sides are no longer viewed as operators but as

germs of Schwartz kernels defined near the diagonal A C M x M:

SP +i0)(.)
= lim 1 2P i) ()T (@M f(a)ds € C5 (U). (7.69)

e—0+ 271 JRea=c

Since s and hence the parameter ¢ can be chosen arbitrarily large, we have proved:

Lemma 7.5. Let (M, g) be a globally hyperbolic non-trapping Lorentzian scattering
space and let e > 0 and P = Og + m?, m = 0. Then forall f € ST®(R), f(P +ie):
L?(M) — L*(M) exists and has smooth Schwartz kernel in some neighborhood U of the
diagonal A C M x M.

Moreover, if m # 0 and assuming injectivity and non-trapping at energy ¢ = m?, for
all f € ST®(R), the limit

f(P +i0)(-,-) := lim L 2P 4 ie) (T ()M f(a)ds (7.70)
e—0+ 271 Jrea=c

exists in D'y (M x M) and is smooth in a neighborhood U of A.

8. Diagonal restriction, poles and residues

8.1. Summary

We make the central observation that Fy(z,0) = Fy(z, x, x) for every x € M by construc-
tion, therefore to study the restriction to the diagonal we only need to study the analytic
continuation in @ of Fy(z, 0).

8.2. Meromorphic continuation of Fy(z,0)

The value at 0 € R” of the distribution Fy,(z, -) that we denote by Fy(z, 0) is studied. By
the Holder regularity shown in Proposition 4.6, Fy(z,-) € CS(R") fors < Rea + 1 —n,
therefore the value Fy(z,0) at 0 is well-defined when Re@ > n — 1 and depends holo-
morphically on & € {Rea > n — 1}, and also the limit when Imz — 0T, |z| = m? > 0
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is well-defined. We prove it admits an analytic continuation as a meromorphic function
with simple poles at @ € {n/2 —1,n/2—-2,...}.

8.2.1. A warm-up calculation. The pole of Fy(z,0) comes from its representation as
an integral of symbols on cones, where the decay of the symbol approaches the critical
dimension of the cone. We will also have to take into account the I' factor. A typical
example reads

/ (€12 — )~ d"e.
Rn

where ||€|| is the Euclidean norm of £. We assume for the moment z < 0 so that z acts
as mass squared to regulate infrared divergences since we only want to deal with UV
problems.

To compute residues of such integrals, observe that the poles of

2 yagng— 1 °°( ~((11P2) n)a—l
[ aer—oreane = [7( [ e a7 )i di

are the poles of

Lot —1(lEIP~2) ) -1
_ e 2DdnE ¥ de
F(Ol)/o (/R :

_ (27)" - i /1 pen/24+k=1 7, _ /2 i z*
I (a)(4m)n/2 = k' Jo I'(x) k=0k!(a—n/2+k)'
All poles are simple and located at « =n/2,...,1 and have zk in the numerator; there are
compensations for @ € —N due to the T factor. So the residue atee =k € {1,...,n/2—1}
is
Zn/2—kﬂn/2

resq =k /]Rn(HSII2 S = it wy

8.3. The Wick rotation by homological methods

We need to deal with similar integrals to those in the above subsection but with the
Minkowski quadratic form instead of the Euclidean one. We present a geometric approach
to the analytic continuation of the residue which is close to the Wick rotation in the physics
literature but is fully rigorous.

Consider C” viewed as a Kéhler manifold with coordinates (zy, ..., z,), and some
complex parameter u € C that will take values in the upper half-plane {Imu > 0}. Set
Q(z) = )i, z} and consider the complex valued n-form

Wo = (Xn:zlz _u)_“ dzy A--- Adzy € Q"O(U;C),

i=1

which is well-defined on the Zariski openset U = {z € C" | Q(z) —u ¢ ]—00, 0]} since
we chose the usual branch of log which avoids the negative reals.
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For all 6 € |—n/2, /2] let Py = {(¢'®zy.....2,) | (z1.....2,) € R"}, considered
as an oriented n—chain.

Proposition 8.1 (Stokes’ theorem). For all @ € C, the differential form wy, is closed, and
forall® € |—n/2, /2] and all Rea > n/2,

/wa:/ Wey. (8.71)
Py Po

Proof. It is obvious that dwy = 0. One has to be careful when applying Stokes’ theorem
since our “cycles” have their boundaries along sectors at infinity. Denote by B(R) =
{lz]I> < R?} the ball of radius R in C”".

After intersecting our chains Pg with B(R), the usual Stokes’ theorem yields

f We, _/ Wy = dwy _/ Wy,
PyNB(R) PoNB(R) Dy Ry
——

=0

where Dy is the angular sector Dg = {(z1,...,2,) | 0 < arg(zy) <6, (z2,...,2y) €
R"} N B(R) and Rg = {(z1,...,2n) | 0 < arg(zy) <0, (z2,...,2n) € R”, |Iz|| = R}.
Let us bound the integral on the arc Ry:

0 n n o

2ia 2 2 2 . ia
Wy = (e (R — zi—u)+ z~) ie da)dzz...dz
/Re * LZ?:zZ,'zst}(/() ; l ; ' !

—1 p—2R
§ CRn R eoc’

which tends to 0 as R — +o0. Since for all 6 € |- /2, /2] the integral | P, @a CONVErges
absolutely when Re o > n/2, we can take the limit R — 400, which yields

lim Wy = lim Wq. [
R—+00 Jp,NB(R) R—+00 JpynB(R)

It follows from the identity || P, Wa = /] p, @a for Rea > n/2 as holomorphic func-
tions, and from the fact that [ Py Pa is a meromorphic function with simple poles at

ae{n/2,n/2—1,...,1}, that both sides coincide in the sense of meromorphic functions
forall« € C \ {n/2,...,1} by analytic continuation in «. Define the linear invertible
holomorphic map ®g : (z1,...,2z,) = (€21, ..., z,). Since @y is invertible and does

not reverse orientation, by the pull-back theorem we get

/ a)a=/ wazf Dpwq .
Py @4 (Po) Py

Combined with the equality [p @y = [p @a, this means that

n —
/ (Zziz—u) a’zl/\---/\dznzf a)a=/ Dpwy
R N Po Py

n
. . —a
=e’9/ (ez’ng—}—ZZiz—u) dzy N+ Ndzy.
R i=2
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When 0 — —(7/2)7, the term (62’9 2+ 3", z? — u) has non-positive 1mag1nary part
and the integrand (62’9 24 Y, zl —u)~% converges to (— z1 +>0, zl —u—i0)™®
in the sense of distributlons by Lemma D.1 proved in the appendix. By weak homogeneity
at infinity and using a Littlewood-Paley decomposition 1 = 3 xo(|z]) + V(277 |z]) as
in Section 4.2.2, one can show that

-
o L
n -
=/ (-3 +> 2 —u—i0) “amz, 72
R i=2

where the bound

sup / ( 2i6 2+ZZ —u) vz dzy A Adzy
fe]-n/2,0] | JR"
—
_ j(n—2Re ) 2i6 2 j(n—2Rea)
= sup 2/ <( + ) z ———10) ,w> <C2
0e]-m/2,0] Z 2%

ensures that both sides of (8.72) can be written as convergent series and both are holo-
morphic in @ when Rea > n/2.
By Proposition 8.1 and the warm-up calculation in Section 8.2.1, forall 8 € |—m/2,0],

—a .
/ (210 2+ZZ —u) le/\-../\dane_’H/ Wy
Py

extends as a meromorphic function in & with simple poles at « = n/2,..., 1. Hence the
limit on the Lh.s. of (8.72) which equals i fP() wg also does. Therefore the r.h.s. of (8.72)
equals 7 |, Py P> which is meromorphic with simple poles at « = n/2, ..., 1; this finally
yields

-

n —o
resazk/ (—Z% + Zzlz —u— iO) d"z = iresazk/ (Zz - u) d"z
R’l i=2

inn/Zun/Z k

T Thm/2—k)!

n

8.3.1. Conclusion and structure of residues. Therefore, we can go back to the residue of
the diagonal restriction of Fy(z, x, x); for all z # 0, Imz > 0, we find that

resqn/a—k T(@ + k)" Farie l(iz x,x)

(€S /2k / (0(8) F (z +i0)* an¢

i
=+ .
2mgn/2(n/2 —1)!

(2 )"
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The poles of I'(o + k) 'Foyx_1(£z,x,x) occurate = {1 —k,...,n/2—k}.For j €
{1—k,...,n/2—k},
i(:tz)”/z_k_f
L(j +k)2nman/2(n/2 —k — j)I
Applying this result to the parametrix of the Feynman powers, we note that
N—a+1)

MN—a—k+1)

which means that this term has no poles for every o € C and does not contribute to the

residues of (P + ie)™*(x, x). We would like to study the residue in the variable s of
(P +ie)y™@atp=n/2,n/2—1,... intwo cases.

rese—; I'( + ) "Woyqn1(£z,x,x) = &

=(Ca)...(—ca—k+1),

Case 1. When p =n/2,...,1, we find that for & near p,
o0

(P+ie)™ =) (-D*(=a)...(—a —k + DI(& + k) "Fops—1(-m> F ie, x, x).
k=0

#0 simple poles at {1—k,...,n/2—k}
which implies that

resq—p (P £ig)™

n/2—p
= Z (—1)k(—p) coo(=p—k+1Dresqg=p ' + ) "Wyqno1(—m? Fie x,x).
k=0

The only residue which is independent of ¢, m reads

)k up(x, X)Feys 1 (—m? Fie,x, x)I'(—a + 1)
Mo+ kT(—a—k+1)

) " n\ (=¥
= :Fuk(x,x)(k - 5) (1 B E)Z"N”/Z—F(nﬂ)

(n/2-1)! i B Uur(x, x) i
(n/2—k—1)! 227720 (n/2) ~  (n/2—k — 1)1 2ngn/2’
Case 2. When p < 0, we find for o near p that

resq—n/a-k(~1

= Fug(x, x)

(Pxie)™® =) (-Df(=a)...(~a =k + DT( + k) 'Foy1(-m> Fie, x. x),
k=0

simple zeroes for k=1—p simple poles at {1—k,...,n/2—k}

therefore

resq=p (P £ig)™

-p
= Z(—l)k(—p) coi(=p—k + )resyep T(@ + k) 'Fyyp—1(—m* Fie, x,x) =0,
k=0

no poles at x=p

where T'(¢ + k) 'Fyix_; has no poles at @ = p because p + k < 0 and
I'(o + k)~! Fy 45— has no poles in the region Rea + k < 0.
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Remark 8.2. We recover the well-known fact that on a compact Riemannian manifold,
if 0 ¢ sp(—A,) then the meromorphic continuation of {Rea > 0} 3 o > Tr((—Ag)™%)
hasnopoleato =0,1,2,....

In summary, we have proved the following result.

Theorem 8.3. Let (M, g) be a globally hyperbolic non-trapping Lorentzian scattering
space of even dimension n and let P = Og. Then the Schwartz kernel K(-,-) of the
operator (P £ i)™ exists as a family of distributions near the diagonal depending holo-
morphically to a on the half-plane Re o > —1. Its restriction to the diagonal Ky (x, x)
exists and is holomorphic for Rea > n/2, and it extends as a meromorphic function of o
with simple poles along the arithmetic progression {n/2,n/2 — 1, ..., 1}. Furthermore,

} o —a . iug(x,x)
Jim, resa—n/a-k (P £ 18] 0 x) = F kD1

8.4. Residues for the spectral action

To recover the spectral action principle, we must study the pole structure of the restriction
I'(@)(P + ie) ™ (x, x) where we must take into account the non-trivial effect of the T’
factor for @ < 0. For usual applications of the spectral action principle, we need the first
three poles atee =n/2,n/2 —1,n/2 =2 of I'(@)(P L ie)~*(x, x) that we will explicitly
calculate in terms of the mass term m? and the regulator &; after tedious bookkeping of
all the formula from the previous subsection we find:
resq—n/2 I'(@)(P £ie) %(x,x) = :FW,
i(—m? Fie) _ iui(x,x)
ongn/2 ngn/2

i(—m?Fie)® _i(—m?> Fie)ui(x,x)

on+1yn/2 ongn/2
ius(x,x)

ngn/2 "

resg—=p/2—1 L (@)(P £ie) *(x,x) =F

resg—p/2—2 L' (@)(P £ie) *(x,x) =F

In conclusion, this yields the following result.

Theorem 8.4. Let (M, g) be a globally hyperbolic non-trapping Lorentzian scattering
space of even dimension n and let P = Og + m?, m = 0, be the corresponding Klein—
Gordon or wave operator. Then for every f € ST°°(R), the Schwartz kernel f( PIZ’S)(-, )
is smooth near the diagonal and admits an asymptotic expansion of the form

P4is eimr/4c0 el’((}1—2)7‘r)/4c1
(e e

((=m* —ie) + uy(x, x))A" 72

A2 j2ngn/2 jon /2
IO ey ((—m? —ie)? 2 n—t n—s
iongn/2 ( 2 +(_m —lS)ul(x,x)+u2(x,x))k +O(A ),

where uy, are the Hadamard coefficients and ¢ = fooo f ()1 gy,
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We remark that in the case when m # 0, assuming injectivity and non-trapping at
energy 0 = m? we have an analogous result with ¢ = 0 and with f(£59)(x, x) defined

A
by (7.70).

Proof of Theorem 8.4. Since we are interested in the first three terms of the asymptotic
expansion, we choose n/2 —3 < ¢; < n/2 — 2. By Lemma 7.1, we can start from the
diagonal expansion for (P +ig)™%:

MN—a+1)

P
F(a+k)]"(_a_k+l)Fk+a—1( m*—ie)

N
(P+ie)™ =Y (=Dku
k=0
+ Ry(—is, ). (8.73)

By Lemma 7.1, for any p € N with —p < ¢, and s > 0, we may always choose N large
enough so that the remainder term Ry (—ie, ) has C}} . regularity, hence it has a well-
defined diagonal restriction which is holomorphic and bounded on Reo > —p. We have
also proved that the term Fy | _;(—m?—ie, x, x) has a well-defined diagonal restriction
which is holomorphic on the vertical line Re o = ¢ since this line does not meet the poles

of Fy1q—1(—m?—ig, x, x). This means that the term ’*™/2(P +ig)™*(x, x)A2*T' () in

f(P—Hg)(X,X) = L eiaﬂ/z(P—Hg)_o‘(x,X)AzaF(Ot)Mf(a) ds

A2 270 JReq=c

has simple poles atn/2,n/2 — 1,n/2 — 2.

Then the result follows by moving the contour from Rea = ¢ to Rea = ¢, and using
the Cauchy residue formula (we are allowed to do so because of the fast decay of M f (o)
when |Im | — 400) to get

f(P;ig)(x,x)

2
= > " (tesqmnja—k (@) (P+ig) ™ (x.x))e' 2 W22k M F(n /2 — k)
k=0

1

+— I2(Pyie) % (x, x)AT (@) M f(a) ds,
2mi Jge a=cp
O(AZCZ)
where the underbraced (O(12¢2) term is of lower order than the preceding ones. |

8.5. Extraction of the scalar curvature

Finally, we specialize the discussion of the formal parametrix construction in Section 5 to
the Laplace—Beltrami operator P = [, to explain how one can extract the scalar curva-
ture from the residue of (P +i0)™%(x,x) ata = n/2 — 1.
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To that end we need to understand the geometric nature of the term b/ 3 ./ appearing
in P, and also to interpret geometrically the first transport equation on u¢, u;. Recall that
the operator P is defined in any coordinate system as (see [72, p. 270])

Pu = |g|723,, (1g]"?g/* 8k u)

for all u € C%° (M), where we sum over repeated indices.'* Therefore P = 0, g/ kaxk
+ b¥(x)d,« where by [72,p.270], b* (x) = |g(x)|"/?g7* (x)(d,, |g(x)]|'/?). This leads
us to the identity

P =034g"(x)d, + g/*(x)(d,s log|g(x)|"/?)dx

which holds true in normal coordinates centered at an arbitrary point xo. These formula
are completely analogous to the well-known ones for the Laplace—Beltrami operator on
Riemannian manifolds [112, pp. 41-42].

Recall that when we introduced the transport equations to study the parametrix, in
Lemma 5.7 there was a function / defined in normal coordinates as i (x) = b7 (x)n ik xk.
It can be written as

h(x) = b7 njx® = g7 (x) (8, log |g]V?)njxx* = x*8,4 log|g]'/? = plog |g|"/2,

where p is the Euler vector field induced by the pseudo-Riemannian metric. The first
transport equation 2pug + hug = 0 now reads [112, (2.4.18), p. 43]

2pup = —plog|g|1/2u0, ug(0) =1,

hence uo(x) = |g(0)|'/#|g(x)|~/* The second transport equation is

h
pur +up + Eul = —Puy.

1/2

Since both pu; and 2 = plog|g|'/* vanish at the origin, this implies that

u1(0) = —Puo(0) = —P([g(0)""*|g ()| 7*)x=o.
Now in normal coordinates |g(0)|'/4 = 1 and from the Taylor expansion of the metric in
normal coordinates [1, (5.2), p. 82], [9, Proposition 1.28, p. 37],

gij (x) = nij + TRujx*x" + O(x]?).
Therefore [1, p. 84] we get the Taylor expansion of |g(x)|~'/* in normal coordinates:

187+ = [Inlexp(Trlog(8i; + 0™ L Riy k1 (0)x*x! + O(x?)) [~

i —1/4
= (14 L Te(n Riy 11 (0% D)) ™ + O(1x )
= 1+ S Rick (0)xFx! + O(|x]?),

130ur convention follows Hérmander [72, p. 270].
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since Tr(n}' Ri x;1(0)x¥ x') = 84 0" Ry 11 (0)x* x! = ¥/ Ry 1 (0)xF x! = —Riey (0)x% x*
where Ricg; is the Ricci tensor. This implies that
—Plg(x)|7* = —§g""Rics (0) + O(lx)),
—————

=R (0)

where we recognize R, (0) = gF Ricy; to be the scalar curvature. Finally, u;(x, x) =
—Rg(x)/6.

We are done with extracting the scalar curvature from the coefficient u;(0) of the
transport equations. We have thus deduced the following result.

Proposition 8.5. As a particular case of Theorem 8.3, if in addition the dimension of M
isn = 4 then

, o iRg(x)
lim resy—p/o—1 (P £ie) %(x,x) =+ g ,
i, reSa=n/2-1 ( ) xx) 6(4m)"2(n/2 — 2)!

where Rg(x) is the scalar curvature at x.

Put together with Theorem 8.3, this proves our main result stated in the introduction,
i.e. Theorem 1.1.

Appendix A. Propagation estimates

A.l. Summary

The purpose of this appendix is to supplement the material in Sections 2.1-2.4 with a very
brief summary on scattering calculus and propagation estimates.

Propagation estimates in the scattering setting are due to Melrose [87]. The gener-
alization to variable weight orders presented here is due to Vasy [130, 131]; see [50,
Sections 2-3] for a concise introduction, cf. [41, Appendix E.4]. The scattering calculus in
the model case R” was earlier developed among others by Shubin [109] and Parenti [94].

A.2. Scattering calculus

We use the notation already introduced in Sections 2.1-2.4; recall in particular that p is
a boundary-defining function and y are local coordinates on dM , extended onto a collar
neighborhood of dM . Let (p, y, 0, ) be local coordinates on 5*T*M such that (g, ) are
the dual coordinates of (p, y). Recall that we introduced the formal notation (£)~! for the
boundary-defining function of fiber infinity.

The class of scattering symbols of order s, £ € R, denoted by SSSC’Z(T*M ), is defined
away from M in the same way as the usual symbol class S*(7* M), whereas near the
boundary, any a € S%4(T*M) is a smooth section of 7* M that satisfies the estimate

VjkeN, a,peN"" [(0d,) 920508 a(p,y.0.m| < Cjkap p (E) F 1AL
(A.])
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The model example is as always R” with standard coordinates (x, £) on T*R”. In this
case, by using spherical coordinates x = (r,y) and setting p = r =1, £ = (0. p" '), (x) =
(14 |x|>)"2 and (&) = (1 + |£]?)!/2, one finds that (A.1) is equivalent to

Va, € N, |8z8§a(x,§)| < Cup <x>2—|a|<g)3_\3|_

The class lllic’e (M) of scattering pseudo-differential operators is obtained from sc-
symbols a € S:C’e (T* M) by reduction to quantization of symbols on 7 *R”. This requires
choosing a partition of unity {y;}; subordinate to a finite chart covering of M as well as
suitable diffeomorphisms close to dM (one can show that in the end different choices give
the same operator modulo an element of W5"1-¢=1(M)). One also includes in the defini-
tion of llljc’e (M) a class of regularizing operators in the sense that their Schwartz kernels
K4(x, x") are smooth and decrease rapidly (with all derivatives) as the distance between
X € M and x’ € M tends to infinity. We refer the reader to, e.g., [130] and [123, Section 2]
for an introduction; cf. [87] for the original, more geometric description of the Schwartz
kernels of scattering pseudo-differential operators.

In the sc-calculus, the principal symbol of A € \IJ;‘C’Z (M) is the equivalence class of
the symbol of A4 in S(T*M) /S5 (T*M). Tt is often useful to consider the more
narrow class of classical pseudo-differential operators which is obtained from classical
symbols, i.e. from symbols of the form a = (§)*p~¢a witha € C®°(**T*M). In the sim-
plest case of 4 € W%0(M) classical, it is possible to identify the principal symbol with the
restriction of a € C®(**T*M) to 05°T* M . For classical A € \Ilssc’e(M ) of arbitrary order
there is also a natural identification of the principal symbol with a function on 9%7T* M
see for instance (2.4) for the explicit formula for the principal symbol p, of O, — z.

The microsupport WF, (A) of A € \pgéf (M) is the complement of the set of points
q € 0T*M such that the (full) symbol of A coincides in a neighborhood of A with a
symbol in S;V~L(T*M) for all N, L € R. If A is classical, then its elliptic set is the
complement Elly.(4) = 9T*M \ X.(A) of the characteristic set Ty.(A), defined as
the closure of the zero set of the principal symbol.

In the context of propagation estimates it is useful to allow for weight orders £ that
vary on 5*T* M . On top of the obvious modifications of the definitions of S;VC’Z(T*M ) and
\II;VC"Z (M), the cost to pay is that one needs to slightly relax the decay stated in (A.1), and
require instead that

1(00,)7 0%0% 0B a(p. y. 0. n)| < Cjrap p~ ¢V HEFIEIHIED (g)s=k=II, (A2)

for some § > 0. This circumvents logarithmic losses one would otherwise have when dif-
ferentiating £. Apart from that, the change of definition (A.2) has however no big practical
significance and will be disregarded in the notation entirely.

Now, if s = 0and £ € C*°(**T* M), we define the weighted Sobolev space of variable
weight order to be

HS (M) = {u € LA(M) | Au € L* (M)},
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where A4 € ‘llgf (M) is a classical elliptic operator (i.e., Ell.(4) = 95T * M) which can
be chosen arbitrarily. One can fix in particular an invertible A, and the norm can then be
defined as ||u||s,¢ = || Au|| (different choices of A give equivalent norms). This agrees with
the definition for s € Z > given in the main part of the paper. For s < 0, HSSC’Z (M) can be
defined as the dual of H;%~¢(M). Then, for all s, £ € R and any elliptic 4 € W&4(M),

HEY M) = {u e | JHZY (M) ‘ Au € LZ(M)}.

S’,f/

A.3. Propagation estimates

We now consider the setting of the wave or Klein—Gordon operator P — z on non-trapping
Lorentzian scattering spaces introduced in Sections 2.1-2.3. We review various microlo-
cal estimates for P — z, following [130, 131], with a particular emphasis on the depen-
dence on the complex parameter z, which we assume to vary in some set Z C C.

Recall that with the notation from Section 2.3, the characteristic set of P — z is
TP —2) = (Zo NO*T*M)U (Z, NIT*M).

We first state the analogue of Hormander’s propagation of singularities theorem in our
setting. The fixed z version is due to Melrose [87]; see [ 130, Theorem 5.4] and the remarks
in [131] for the uniform version below including the Im z term. As in the main part of the
text, we write ¢ ~ ¢’ if ¢ and g’ are connected by a bicharacteristic in X4 (P — z), and
we denote the closed bicharacteristic segment from ¢ to g’ by y4~4/. The notation ¢ > ¢’
means that ¢ ~ ¢’ and g comes after ¢’ along the flow.

Proposition A.1 (Propagation of singularities). Let s € R and let £ € C®°(*T*M) be
non-decreasing along the Hamiltonian flow. Let Ay, A2, B € W&°(M) be such that
WF, (A1) C Elly(B) and for all z € Z the following control condition is satisfied:

Vg € WF, (A1) N (P —z), 3¢’ € Ell(A42) : ¢ > ¢' and y4~q C Ell(B). (A.3)

Suppose Aru € HSSCZ(M) and {B(P — z)u};ecz is bounded in HSSC_M'H(M). Then for
allu € H3X(M),

lA1ullye + Am2) Y2 | A1ully_y 2011/
< C(|Azullg g + | B(P = 2)ulls—1,041 + ulls.,)

uniformly inz € Z N {Imz = 0}.

The control condition (A.3) means in particular that the knowledge about u being in
HSSC’Z(M ) microlocally is propagated forward (from Elli. (A7) to Ell,.(A41)), consistently
with the sign of Im z.

Beside propagation of singularities one can also show a uniform version of the simpler
elliptic estimate [130, Corollary 5.5].
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Next, recall that in our setting, Ly are the sinks and L_ the sources. Below, £ €
C®(d<T*M) and {4 = £|L as in the main part of the text.

We now state the radial estimates for P — z. The low decay radial estimate can be
used to propagate decay properties of u into L from a punctured neighborhood U \ Uj.
The higher decay radial estimate serves to gain decay properties in a neighborhood of L _
provided it is already better than the threshold value —1/2.

We refer again to [87] and [130, Proposition 5.27] for the fixed z version, and to [131]
for the modifications in the proof needed to accomodate the Im z term.

Proposition A.2 (Low decay radial estimate [131, (5)]). Let s € R and assume that { is
non-decreasing along the Hamiltonian flow and {4 < —1/2. Let A, B, By € W%°%(M)
and let Uy, U be open neighborhoods of Ly in 05T*M and assume Uy C Ellg.(A),
WF,.(4) C Ell(B) C U and WF, (B1) C U \ Uy. Assume that for all z € Z the fol-
lowing control condition is satisfied:

Vg € WE,(A) N Z(P —2)\ L4, 3q" € Elly(B1) : ¢ > ¢ and yq~g C Ell(B).

Suppose Biu € HSSC’Z(M) and {B(P — 2)u};ez is bounded in HSSC_I’“'I(M). Then for
allu € H3*H (M),

lAullse + Am2)"? | Aull 5 4172 < CUIBrulls e + 1 BOP — 2)ulls—r o1 + llulls..)
uniformly inz € Z N {Imz = 0}.

Proposition A.3 (Higher decay radial estimate [131, (4)]). Let s € R and assume that £
is non-decreasing along the Hamiltonian flow and {— > —1/2. Let A, B € W%°(M) and
let U be a sufficiently small open neighborhood of L_ in 0T*M. Assume L_ C Elli.(A)
and WF, (A) C Ellc(B) C U. Suppose {B(P — z)u};ez is bounded in HSSC_I’EH(M).
Then forall s' € R, €' € 1—1/2,£] and u € H3*(M) such that Bu € H:* (M),

lAullye + Am2)? | Aulls_y /2, 04172 < CUIBullg g + | BP = 251641 + lulls...)

uniformly inz € Z N {Imz = 0}.

Appendix B. Complex powers via functional calculus

Suppose P is a (possibly unbounded) self-adjoint operator acting in a Hilbert space H.
Ifo € Cand e > 0,orif Rea < 0 and ¢ = 0, then the operator (P —ig)™® is well-
defined by the Borel functional calculus for self-adjoint operators. In the particular case
Rea > 0 and ¢ > 0, it satisfies
—ira/2 [e’s)

(P —ie)™ = s¥ e85 eiPs g,
L) Jo

in the sense of convergence of the integral in the strong operator topology.
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From our point of view it is more useful to express (P —ig)™® in terms of the resol-
vent (P — z)~! as a contour integral, the precise form of which we briefly recall. It is
actually more instructive to work with A = i P instead of P. The reason is that A and
A + ¢ are sectorial operators (of angle 7/2), and therefore their complex powers are
special cases of a large and systematically studied functional calculus based on contour
integrals; see [60, Section 2] and references therein. By [60, Proposition 7.1.3], the Borel
functional calculus definition of (A + &)™ coincides with the sectorial calculus defini-
tion. This has the following immediate consequences.

First, let ¢ > 0. If Rea > 0, then consistency with the sectorial calculus implies the
formula

1
A+e)*=-— [ 7% —(A+¢e) "dz, (B.4)
2w Jpg
where 0 < § < ¢ and 75y is an arbitrary contour going from Imz > 0 to Imz < 0 of the
form
ns = €'0]400,8] U {8e'® | -0 < w < 8} U e "0[§, +o0]

for some 6 € |7/2, r]. More generally, for any o € C,

At =1+AV 1

o (1 )N(z (A+¢) tdz, (B.5)
ns

where N € Ny is an arbitrary number such that N > — Re «. Furthermore, Dom AN
is a core for (A + &)™ [60, Proposition 3.1.1]. Observe that if Re« < 1 then it is not
necessary to surround O in the integral, and so the contour 73 in (B.5) can be replaced by

no = €]400,0] U e *?[0, 400].

For Rea < 0, (A + €)™ is in general not bounded, it is however still a closed operator,
with domain independent of ¢ > 0.
Let now ¢ = 0. If Rea < 0 then again

—x

N 1/ z _ -1
=01+ A) 7 O+ )N(z A) dz, (B.6)

and the domain is Dom A™* = Dom (A + &)™ for ¢ > 0 arbitrary [60, Proposition 3.1.9].
Furthermore,
A% = hm (A+&) %u, ueDomA™.

e—0t
In the special situation 0 ¢ sp(A4), A~ is well-defined for all @ € C, and

1 —a
— (14 AN — d

b vs W(Z A)_l dz

for all sufficiently small § = 0

Using back the relation A = i P and changing the integration variable z — i(z + ¢)
one finds integrals with (P — z)~! over the contour y, used in the main part of the text
(see Section 2.6).
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Appendix C. The ultrastatic case

C.1. Resolvent bounds and Feynman wavefront sets for ultrastatic spacetimes

Let (Y, h) be a complete Riemannian manifold of dimension n — 1 and let
M=RxY, g=dt*—h (C.7)

be the corresponding ultrastatic Lorentzian manifold of dimension 7.

The wave operator is then Oy = 92 — A, where Ay, is the Laplace-Beltrami oper-
ator on (Y, k) (with the convention —Aj = 0). As explained in [34], the essential self-
adjointness of [, in that case can be shown using Nelson’s commutator theorem.

For s € R and p > 1/2, we recall the definition of weighted Sobolev spaces
L>»PH*(Y) on M:

1/2
llz ey = (L0027 0y )

where H*(Y) = (—A,) ™5 L2(Y) is the usual Sobolev space on Y.

Theorem C.1. Let (Y, h) be a complete Riemannian manifold, let (M, g) be as in (C.7)
andlet P =0g. Lets e Rand p > 1/2. Thenforz € {Imz =0, |Rez| 2> 0}, P —z
admits a Feynman inverse (P — z)™1 L?’_pHys Y) - L?’p H;'H(Y) which satisfies a
bound of the form

1P = 2) " ull 2y < Clull 20 g (C.8)

Furthermore, if Rea > 0andImz > O then (P —z)™ : HS(M) — H*(M) is well-
defined for all s € R.

In particular, the above bound (C.8) holds true when Imz — 0%, Re z # 0, which
yields a limiting absorption principle for the Klein-Gordon resolvent (g +m? —i0)~!
as also proved in [34].

Proof of Theorem C.1. The starting point is the well-known ansatz for Imz > 0:

) / e—i\t—sl./—Ah—z J
(P=2)"u)(t,)=-1/2 | ————u(s,")ds.
R ~—Ap—z
We first prove a rough bound for low values of Imz > 0, [Rez| = &:
-1, 2
1P =272
1 ) e—ilt—s\«/—Ah—z 2
=—| (&)™ °* /—u(s,')ds dt
4/11& R ~—Ap—z HE(Y)
L[ o | el as)
< - ) tsup(/s‘s —us,~‘ s).
4 Jr t \UJr V—Ap—z Hy(Y)



Complex powers of the wave operator and the spectral action on Lorentzian scattering spaces 71

Then by the Cauchy—Schwarz inequality in s,
e—ils—tl«/—Ah—z
—_— ds

—D D
[R 777 | et -

Sy 1/2 . o—ils—tlV=Ryz
R R e =

1/2
2p N2 _
< c( [R (5022 . ) g (R,,_l)ds) — Clul

using the fact that

u(s, )‘

/A

u(s,-)

2 1/2
ds)
Hj(Y)

e—i\t—sl«/—Ah—z
A/ —Ah—Z

is bounded for all s € R uniformly in Imz > 0, |[Rez|| = ¢. Finally, for small Im z, we
get

D HS(Y) — H3TH(Y)

-1, 12 200,112
1P = 2)" ul2 < Clull

P HS®R"—1) 2.7 gs—1°

which shows that (P —2)~' : L} HJ(Y) — L7~ ? H3+1(Y) is invertible on the half-
planeImz > 0, |[Rez| = «.

Next, we refine the above bounds for large |z| along the contour y, defined in Sec-
tion 2.6 to get decay in z. We denote by E(A)d A the projection-valued measure associated
to the functional calculus of —Aj, which is well-known to be self-adjoint by complete-
ness of Y [24, 114]. For u € C®(M), we define I = [ e E (u(t,)) dt. Then we
get

di

1P =2 w2 / (L P e Mg
—2) Ul =
H D ™ R0 |—12+4 —z|?

2
< W”M”Hs(My

For ¢ > 0, this implies by a contour integration argument as in the proof of Lemma 4.7
that the complex powers (P —ig)™%, Rea > 0, are well-defined and can be represented

as
1 .
(P—ie)*u=— (=12 4N —ig) %i(r, \)d T dA (C.9
27 JRxRso
forallu € HS(M).
The bound on the wavefront set of (P — z)~! is an immediate consequence of the

explicit formula for the Feynman inverse and follows the discussion in Section 3.5. |

C.2. Limiting absorption principle for Feynman powers

In this second part of Appendix C, for the sake of illustration we specialize to ultrastatic
Lorentzian manifolds R x Y which are space-compact, i.e. Y is compact Riemannian.
We give an elementary proof of the limiting absorption principle for Feynman powers,
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by which we mean that the limit lim,_ ¢+ (P —ie)™® : CX(M) — D'(M) exists for
P = O, + m? with m > 0. This amounts to showing that one can take the ¢ — 0% limit
in (C.9), and then to finding suitable weighted Sobolev spaces on which the complex
Feynman powers are well-defined.

Definition C.2 (Weighted anisotropic Sobolev spaces). We define the following product-
type weighted Sobolev norms on M depending on three indices, H 9P (M), where s is
the time regularity, £ is a weight on the time variable and p is the space regularity:

1/2
Ilineorsan = ( [ 100 08207 2ulavol, )
M
An important property of these spaces is that Fourier transform in the time variable

exchanges the first two indices, i.e. u € HS9P (M) implies F;(u) € HE$)-P(M).

Lemma C.3. Letm > 0 and a € C withRea > 0. Then (—t?>4+A+m? — i0);2g_, isa
family of tempered distributions which satisfies

(=>4 24m? = i0)™|| ye—rea—s; gy = OATR?) (C.10)
forall € €[0,1/2], sy > 1/2, where H*"Re%:=51(R) denotes the weighted Sobolev space
(Z)SIHZ_Rea(R).

Proof. We cut the domain into three regions using a smooth partition of unity 1 = y; +
X2 + x3, where supp y3 C{r =8 >0}, supp y1 C {t <—8 <0} and supp x> C{|t| <m/2}.
Observe that y»(—t24+A4+m? —i0)~% is smooth, compactly supported and uniformly
bounded in the space of Schwartz functions of A € R, so this term satisfies (C.10).
Let us examine the term y;(—t24+A+m? —i0)~®. On the support of y3, T +
/A 4+ m? = § > 0 uniformly in A, therefore in the factorization

(=2 HA+m? —i0) ¥ = y1(0) (T + VA +m2)*(—t+ VA +m2 —i0)7Y,

the term x1(7)(t + VA +m2)™® is Ocoo®)(AR/2). By inverse Fourier transform
in 7, we get

F—t+VA +m2 —i0)™ = Ce/"™V A 1g_ (1)1% !,

where C is some constant. Thus,

G (et A T2 — 10, )| = |C|‘ [ e e e 0
R

o0 ~
< |C|/ [ty (1)] di

0
< ICIAER Y Nl 2@y + 1V a5 @)
< ||1/f||HS1:Rw—€(R) = ||1//||HReot—€vS] (R)

if £ €[0,1/2[, £ <Reaw and 51 > 1/2. By duality, y1(—t++/A + m2 —i0)~* is bounded
in the dual weighted Sobolev space H‘~Re®-=51(R).
The term with y3 is treated in the same way. ]
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Our objective is to study the regularity of the distribution (15, lim,_, o+ (P —ig)™%uy)
where P is the Klein—-Gordon operator. By compactness of Y, one has a discrete spectral
resolution of the Laplacian —Ay, : C®°(M) — L?(M); there is an orthonormal basis
(ex)resp(—ay,) of L?(M), where —Aje; = Ae,. By functional calculus, for any f €
L°°(Rx), we have

fEADu =" > f)(u.ex)es.
Aesp(—=Ap)
where f(—Ap) : L2(Y) — L?(Y) acts as a bounded operator.
For all test functions u € C>°(M ), we define

i, A) =/D;e—”f((u(t,-),el>dz e S(R).

By Fourier transform we are reduced to studying the pairing

(2. tim (P —iey ™)=Y /R (v, V)il (7, A)

_ 72 2 _i0\@
s—0+ Aco(oAy) (—t2+A+m i0)

for all test functions u, and u5. The functions 1, i, are Schwartz in t, more precisely

S [ 2O B Ay d < 0
resp(—ap) 'R
for all N, hence the product ii5(z, A)ii1(z, A) is Schwartz in T with fast decay in A,

which implies the distributional pairing fR % dt is well-defined for all
Aeo (—Ah).
Now using the crucial Lemma C.3, we get

el < 3 ([ B )

Aesp(—Ay)

<C Y (TR D A | rees: gy
A€sp(—Ap)

for some s; > 1/2. Now if s > 1/2 and s, = Re «, the Moser estimates yield
luvllasz@) S Ivllas2 @) lvlas2 @)
or in the weighted version,
vl sz @) < ||U||H5211(R)”U”HSzlz(R)
where £1 + £, = 51 > 1/2. This implies that for each A € sp(—Ayp),

1805, M) ) e gy < ClLC A peaetr g 12 D) st



N. V. Dang, M. Wrochna 74

Therefore, using the Cauchy—Schwarz inequality we obtain
‘(uz, lim (P —ig)™@ >‘

e—>0t
< D0 COTRPC M s g 20 D ot

Aesp(—Ayp)
<C AP (L ) .
< ( uil H2 Y (R)
A€sp(—Ayp) i
B R 1/2
(X W )
Aesp(—Ay) ’

where p; + p» = Rea/2.
To estimate the r.h.s. we need the following simple result.

Lemma C4. Forallu € CX(M),

> Py = W ey
A€sp(—Ap)

where || - ||H(s.z),p(M) is the product-type weighted norm from Definition C.2.

Proof. By definition of || - || gs.00.»(ar) @and Fubini’s theorem,

Z (A)p”u/l”ilg,z(R) = / (D Lau(t), ;)| dt

A€sp(—Ayp) )Lesp( A;,)

/R DD (00 @), )| dr

A€sp(— Ah)
= [ 10 = AP0 0 Uy dt = Tl 00y

where we have used functional calculus and the fact that the spectral projection commutes
with operators depending only on the ¢ variable. ]

Therefore, we find that

’<u2, 11%1 (P—ig)™ >‘ < C”ul||H(€1w.fz),p1(M)||u2||H(€2YS2),pz(M)
£—>

forall s, > 1/2,5, = Rew, £y + €5 > 1/2 and p; + p» = Rea /2, which concludes the
proof of the limiting absorption principle stated below.

Theorem C.5. Let M = R x Y be an ultrastatic Lorentzian manifold such that Y is
compact, and let P be the Klein—-Gordon operator with m > 0. The complex Feynman
power acts as a continuous map between weighted Sobolev spaces, namely, the weak
operator limit

(P—i0)™@: H(ZI’S2)9P(M) = H(—lz,—S2),p—Rea/2(M)

is well-defined and continuous for all p € R, s, > 1/2, 50 = Rea and {1 + €, > 1/2.
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Appendix D. Various auxiliary proofs

D.1. A Wick rotation lemma

We state below a lemma used several times in the main part of the text. As in Section 4,
Q is the quadratic form Q(§) = —£3 + Y/~ £2 on R".

Lemma D.1. Let o € C. When 0 — —m/2, the distribution (61.29512 +E5+--+EH
= (Q(¢) —i0)™ in Dp(R" \ {0}), I' = {(§:7dQ(§)) | Q(§) = 0.7 < 0}.

Proof. The proof follows closely the proof of [71, Theorem 3.1.15] for the convergence
in D’. For the control of the wavefront set, the proof follows closely [71, Theorem 8.4.8],
which gives a wavefront bound in the sense of quasi-analytic classes. ]

D.2. Wavefront set of the pull-back G* Fy(z,-)

We compute the wavefront set of the germ of distribution G* F,(z, -) as stated in Lem-
ma 5.2. Let us recall that Fy(z, -) is the elementary family of distributions on R” intro-
duced in Section 4.1, and the pull-back by the submersion G defined in Section 5.1.2
gives a distribution defined on a neighborhood U/ of the diagonal A in M x M.

Proof of Lemma 5.2. Step 1. An application of the pull-back theorem [71, Theo-
rem 8.2.4] in our situation gives

WF(G* Fy) C {(x1,x2;k 0dyx, G,k 0dy,G) | (G(x1,x2).k) € WF(F,)}  (D.11)

We denote by (x1, x2; 71, 72) an element of 7*V C T*M? and (h*; k,,) the coordinates
in T*R". The pull-back with indices reads

(x1,x2:k 0dy, G, k 0dy,G) = (x1,x2;kpdyx, G, kydy, GH).
Step 2. We first compute WF(G™* F,) outside the set A = {x; = x,}. The condition
(G(x1,x2),k) € WE(Fy) in (D.11) reads
(G*(x1,x2)1kp) = (GH(x1,x2): ANy G (x1, X2)).
where A < 0. We obtain
(x1,x2; Ak 0 dy, G, Ak 0dy,G) = (x1,X2; AG* Ny, dx, GV, AG* 1y, d, GV2)

and also G* (x1,x2)nuwGY (x1,x2) = 0. Now set I' (x1, x2) = G*(x1,x2)n,,, G¥ (x1,x2).
The key observation is that dy, I' = 2G"*n,dx, G” and dx,I" = 2G*n,,dx, G, hence

WF(G*FQ) C {()Cl,X2;ldxlF,kdx2r) | F(xl,X2) =0,A¢€ R<0}.
We first interpret the term

{(xl»xzﬂtdxl Fa Ad)Czlﬂ) | F('xlv-xz) = Ov A’ < O}
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appearing in the last formula as the subset of all elements in 7*U/ of the conormal bundle
of the conoid {I" = 0} such that elements of positive energy are propagated in the future
and elements of negative energy are propagated in the past: this is exactly the Feynman
condition. In fact, if we use the metric to lift the indices, dy, I'(e, (x1))n*”e,(x1) and
dx, ' (e, (x2))n*V e, (x2) are the Euler vector fields V; I, VT defined by Hadamard. The
vectors V1 I', —V,I" are parallel along the null geodesic connecting x; and x, (which is
easily checked using normal coordinates centered at x;, proving (dx, I', —d,,I') are in fact
coparallel along this null geodesic. Denoting g1 = (x1;Ady, ') and g2 = (x2; Adx, ),
the relation exp, (V1I') = x; implies that V,I" points to the future (resp. past) if and
only if g1 > g» (resp. g» > ¢q1), which implies the Feynman condition.

Step 3 (“diagonal”). For any function G on M2, we uniquely decompose the total dif-
ferential into two parts as follows:

dG =dx,G +dx,G, where dy, Gl{O}XszM =0, dx2G|TX1M><{O} =0.

Let i be the diagonal inclusion map i := M > x — (x,x) € A C M. Then for x € M,
G oi(x) = 0 implies d,G oi = 0, which is equivalent to dy, G o di + dx,G odi = 0.
Since

dx, G"(x,x) = dxzsg'l (exp;ll (X2))|x;=x2=x = Sﬁfl (dx, exp;ll (X2))|x;=x2=x = st (x),

because dy, exp;l1 (X2)|x; =xp=x = AT, M—>T, M = €, (x)s"(x), we see that d, G*(x, x)
= —s*(x) and

{(xl,x2§k o d)C]Gak o dsz) | X1 = Xz} = {(x, x; —kMSM(X), k/LSM(X)) | X € M}

This concludes the proof of Lemma 5.2. ]

D.3. Holder, scaling and Fourier decay

We now turn our attention to the proof of regularity estimates for G* F,(z, -) which are
uniform in z.

We first recall a position space definition of Holder C* (R") functions which coincides
with the Fourier definition for non-integer s > 0. The equivalence is proved in [ 122, Propo-
sition 8.1], [72, Proposition 8.6.1]. Let us recall a version adapted to our discussion.

LemmaD.2. Lets € R. Thenu € C&

loc

[y @) < Ca+I[Eh~"".

(R™) iff for every test function y € CX°(R"),

As a consequence, we have a continuous injection C; (R") — H]f)j"/ 2_g(R”) for all
e>0.

Proof. Ifu € C5(R™) with s > 0,k < s < k + 1 then for any x, there exists a polynomial
P of degree k, which is nothing but the Taylor polynomial of u at x, such that for all test
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functions ¢ € C>°(R") (one could also take ¢ in the Schwartz class)

[ = P0G =0+ ety | < Cx .

Now let u € C;_(R"), hence we may multiply # with some cut-off y € C>°(R") so that

uy € C*. In particular, choosing the function ¢(x) = ¢!{6*) on the r.h.s. yields

sup A7 sup [{(uyx — PYA), e EN < luylles sup [le" Lo = Juylcs.
0<A<1 1<|E=<2 INIE

Therefore, using the fact that ((uy — P)(A-), ¢! &) = (uy(A-), !%¢)) since the Fourier
transform restricted to |£| = 1 does not see the polynomial, and (uy(A-), ¢! &) =
ATy (§/2), we get

sup A" sup Jux(§/A)] < Jluxlles.
0<A<1 1<[§]<2

Hence for |§| = 1, we get

[wx ®)] = [ux EIE1/1ED] < luxlles |17,

and finally this means that

x| < CA+1E)~>".

Conversely, if we have the Fourier decay |uyx(€)| < C(1 + |§])™" for r € Ry, then
the Littlewood—Paley blocks are bounded by

W@ V=B ) e = | F (0 @ [EDTRE) 1 < /R e D)l ds
<o f W (EDTHQ ) d"E < C2" / VED( + 27 [T dne
R” R”
< €2/ / VAENQ + ()T d"E < 250,
Rn

This means that u € C/ " (R"). L]

loc

Let « € C with Rea > 0. We consider the Holder regularity under pull-back of
G*Fy € D'(U) where U C M x M is the neighborhood of the diagonal and G : U >
(x,y) = G(x,y) € R" is the C* submersive map defined by (5.2).

Lemma D.3. Lerk = |[Rea| + 1 and Fy(z,-) € D'(R") as defined in (4.44). Let G be
the C*° submersive map defined in (5.2). Then the pull-back Fo(z,+) = G*Fy(z,-) is in
c@2aReatD=k=n 7y \ith decay in z of order O(|Im z|~*®e@+D) for 4 € [0, 1].

loc

Proof. Let U be a small geodesically convex open subset in M. We choose a test function
x € CX(U) in such a way that, in the support of y ® x, we have a local diffeomorphism
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E:U xR" > (x,h) — (x,exp,(h)) € U x U. Then by definition of G and of the expo-
nential map, we have the identity

E*(x ® xG™ Fa(z,))(x:h) = Fo(z,|h|g) x(x) x(exp, () € D'(U x R").

Now observe that Fy(z, |[hlg) = Ocs((1 + |Im z|)74®e@+D) for g € [0, 1] and s <
(2—2a)(Rea + 1) — k — n, and that y(x)y(exp,(h)) € CZ°(U x R"), hence the result
follows. ]
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