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Abstract. In the paper, we study the plane Couette flow of a rarefied gas between two parallel infi-
nite plates at y D ˙L moving relative to each other with opposite velocities .˙˛L; 0; 0/ along the
x-direction. Assuming that the stationary state takes the specific form of F.y;vx � ˛y;vy ; vz/with
the x-component of the molecular velocity sheared linearly along the y-direction, such steady flow
is governed by a boundary value problem for a steady nonlinear Boltzmann equation driven by an
external shear force under the homogeneous nonmoving diffuse reflection boundary condition. In
the case of the Maxwell molecule collisions, we establish the existence of spatially inhomogeneous
nonequilibrium stationary solutions to the steady problem for any small enough shear rate ˛ > 0 via
an elaborate perturbation approach using Caflisch’s decomposition together with Guo’s L1 \ L2

theory. The result indicates a polynomial tail at large velocities for the stationary distribution. More-
over, the large time asymptotic stability of the stationary solution with exponential convergence is
also obtained and as a consequence the nonnegativity of the steady profile is justified.
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1. Intoduction

The steady state of a rarefied gas between two parallel plates with the same tempera-
tures and opposite velocities is one of the most fundamental boundary value problems
in kinetic theory; see the books of Kogan [28], Cercignani [11], Garzó–Santos [22], and
Sone [33]. In particular, numerical analysis of the plane Couette flow of rarefied gas on the
basis of the nonlinear Boltzmann equation has been extensively conducted in the physics
literature; see [29–31, 34, 35]. On the other hand, the mathematical study of this prob-
lem, even in the case when there is a temperature gap between two plates and a constant
external force parallel to the boundaries, has been carried out by Esposito–Lebowitz–
Marra [18, 19], proving the hydrodynamic description of the steady rarefied gas flow via
approximation of the corresponding compressible Navier–Stokes equations with no-slip
boundary condition. The result in [19] for the hard sphere model was later extended in [13]
to the case of hard intermolecular potentials with Grad’s angular cutoff as well as to the
Maxwell molecule case for which only the polynomial decay of the stationary solution for
large velocities is obtained compared to the exponential decay for the hard sphere model.
In addition, closely related to the plane Couette flow, the stationary Boltzmann equation
for rarefied gas in a Couette flow setting between two coaxial rotating cylinders was also
extensively studied by Arkeryd–Nouri [3,4] in the fluid dynamic regime; see also a recent
work [1] for further investigation of the ghost effect induced by curvature.

The current study of the plane Couette flow with boundaries is motivated by the previ-
ous work [15] by the first two authors on uniform shear flow via the Boltzmann equation
without boundaries. We refer the readers to [9, 12, 21, 27, 36, 37] and references therein
for more details on uniform shear flow. In particular, in recent significant progress [9],
Bobylev–Nota–Velázquez studied the self-similar asymptotics of large time solutions for
the Boltzmann equation with a general deformation of small strength and also showed
that the self-similar profile can have finite polynomial moments of higher order as long
as the deformation strength is small. In this paper, we will take into account the effect of
shear force induced by the relative motion of the boundaries. We hope that the current
study can shed some light on the relation between the Couette flow with boundary and the
uniform shear flow without boundary. A rigorous justification of the behavior of solutions
as L!1 is left for future research.

To specify the problem, we consider the rarefied gas between two parallel infinite
plates with the same uniform temperature T0 > 0; the plate at y D CL is moving with
velocity .UC; 0; 0/ and UC D ˛L and the other at y D �L is moving with velocity
.U�; 0; 0/ and U� D �˛L, where ˛ > 0 is a parameter for the shear rate; see Figure 1
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Fig. 1. Plane Couette flow

below. Moreover, we assume that the gas molecules are of Maxwellian type and reflected
diffusively on the plates y D ˙L.

Let F D F.y; v/ � 0 be the unknown time-independent density distribution function
of gas particles with velocity v D .vx ; vy ; vz/ 2 R3 located at y 2 .�L; L/ along the
vertical direction with slab symmetry in the horizontal .x; z/-plane in space. The motion
of such rarefied gas can be governed by the steady Boltzmann equation

vy@yF D
1

Kn
Q.F; F / (1.1)

subject to the diffuse reflection boundary conditions at y D ˙L, i.e.,

F.˙L; v/ DMT0.vx � U˙; vy ; vz/

Z
vy70

F.˙L; v/jv2j dv for vy ? 0; (1.2)

and with a given total mass

1

2L

Z L

�L

Z
R3
F.y; v/ dv dy DM (1.3)

for some positive constant M > 0. Here, the dimension parameter Kn > 0 is the Knud-
sen number given by the ratio of the mean free path length to the typical length and
MT0 DMT0.v/ associated with the uniform wall temperature T0 at y D ˙L is a global
Maxwellian of the form

MT0.v/ D
1

2�T 20
e
�
jvx j

2Cjvy j
2Cjvz j

2

2T0 ; v D .vx ; vy ; vz/ 2 R3:

For the Maxwell molecule model, the collision operatorQ, which is bilinear and acts only
on the velocity variable, takes the form

Q.F1; F2/.v/ D

Z
R3

Z
S2
B0.cos �/ŒF1.v0�/F2.v

0/ � F1.v�/F2.v/� d! dv�; (1.4)

where the velocity pairs .v�; v/ and .v0�; v
0/ satisfy the relation

v0� D v� � Œ.v� � v/ � !�!; v0 D v C Œ.v� � v/ � !�!; (1.5)
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denoting the !-representation according to conservation of momentum and energy in the
elastic collision, i.e., v� C v D v0� C v

0 and jv�j2 C jvj2 D jv0�j
2 C jv0j2. Throughout the

paper, we assume that the collision kernel B0.cos �/ with cos � D .v � v�/ � !=jv � v�j,
depending only on the angle � between the relative velocity v � v� and !, satisfies Grad’s
angular cutoff assumption

0 � B0.cos �/ � C jcos � j (1.6)

for a generic constant C > 0.
In this paper, for the boundary value problem (1.1)–(1.3) with finite Knudsen number,

we look for stationary solutions of the specific form

Fst.y; vx � ˛y; vy ; vz/; (1.7)

where the horizontal molecular velocity vx � ˛y is sheared linearly along the y-direction.
After plugging (1.7) into (1.1)–(1.3) and normalizing L, M and T0 to be 1 for simplicity,
the stationary distribution function Fst is determined by the following boundary value
problem:8̂̂̂̂
<̂̂
ˆ̂̂̂:
vy@yFst � ˛vy@vxFst D Q.Fst; Fst/; y 2 .�1; 1/; v D .vx ; vy ; vz/ 2 R3;

Fst.˙1; v/jvy70 D
p
2� �

Z
vy?0

Fst.˙1; v/jvy j dv; v 2 R3;

1

2

Z 1

�1

Z
R3
Fst.y; v/ dv dy D 1;

(1.8)

with the global Maxwellian � D .2�/�3=2e�jvj
2=2. This paper aims to establish the exis-

tence of solutions to the above boundary value problem (1.8) for any small enough shear
rate ˛ > 0, as well as its large time asymptotic stability.

To solve (1.8), we will apply the perturbation approach by taking the shear rate as a
small parameter. If ˛ D 0, then Fst D � is the unique equilibrium solution to the boundary
value problem (1.8). However, for ˛ > 0, the external shear force drives the rarefied gas
far from the equilibrium. Precisely, we set

Fst D �C
p
� ¹˛G1 C ˛

2GRº (1.9)

with Z 1

�1

Z
R3

p
�G1 dv dy D

Z 1

�1

Z
R3

p
�GR dv dy D 0: (1.10)

By plugging (1.9) into (1.8) and comparing coefficients of the equation in the order of ˛,
we obtain the equation for G1:

vy@yG1 C LG1 D �vxvy
p
� (1.11)

with boundary condition

G1.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�G1.˙1; v/jvy j dv; (1.12)
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and the equation for the remainder GR:

vy@yGR � ˛vy@vxGR C
1
2
˛vxvyGR C LGR

D vy@vxG1 �
1
2
vxvyG1

C �.G1; G1/C ˛¹�.GR; G1/C �.G1; GR/º C ˛
2�.GR; GR/ (1.13)

with boundary condition

GR.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�GR.˙1; v/jvy j dv: (1.14)

Here, the linear and nonlinear collision operators L and � are given by

Lf D ���1=2¹Q.�;
p
�f /CQ.

p
�f;�/º;

and
�.f; g/ D ��1=2¹Q.

p
�f;
p
�g/CQ.

p
�g;
p
�f /º:

Properties of these two operators will be presented in Section 2. Note that to solve G1,
both (1.11) and (1.12) with the restriction

R 1
�1

R
R3
p
�G1 dv dy D 0 are invariant under

the transformation G1.y; v/!�G1.y;�vx ; vy ; vz/. Thus, if the solution is unique, then
G1 is odd in vx , i.e.

G1.y; v/ D �G1.y;�vx ; vy ; vz/; �1 � y � 1; v D .vx ; vy ; vz/ 2 R3: (1.15)

Hence, the diffuse reflection boundary condition (1.12) for G1 can be reduced to the
homogeneous inflow boundary condition

G1.˙1; v/jvy70 D 0: (1.16)

The first existence result for the Couette flow problem is stated as follows; we use a
velocity weight function

wq D wq.v/ WD .1C jvj
2/q (1.17)

with an integer q > 0.

Theorem 1.1. Assume that the Boltzmann collision kernel is of Maxwell molecule
type (1.6). Then the boundary value problem (1.8) admits a unique steady solution
Fst D Fst.y; v/ � 0 of the form (1.9) satisfying (1.10) and the following estimates on
G1 and GR, respectively.

(i) The first order correction G1 D G1.y; v/, uniquely solving the boundary value prob-
lem (1.11), (1.16), satisfies (1.15), and for any integers m � 0 and q � 0,

kwq@
m
vx
G1kL1 � QC1; (1.18)

where QC1 > 0 is a constant depending only on m and q.
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(ii) The remainderGR DGR.y;v/, uniquely solving the boundary value problem (1.13)–
(1.14), has the property that there is an integer q0>0 such that for any integer q� q0,
there is ˛0 D ˛0.q/ > 0 depending on q such that for any ˛ 2 .0; ˛0/ and any integer
m � 0, zGR WD

p
�GR satisfies

kwq@
m
vx
zGRkL1 � QCm;q; (1.19)

where QCm;q > 0 is a constant depending only on m and q but independent of ˛.

Here are some remarks on Theorem 1.1.

Remark 1.1. The steady solution Fst to the boundary value problem (1.8) is essentially
constructed in the regime where the collision is dominated and the shearing effect is weak.
By (1.18) and (1.19), the steady solution takes the form of

Fst D �C ˛
p
�G1 CO.1/˛

2 (1.20)

with the second order remainder decaying in large velocities only polynomially. The order
of the polynomial decay can be arbitrarily large as long as the shear rate is sufficiently
small. One generally has ˛0.q/! 0 as q !1, and in particular one may take

˛0.q/ D
�0

8q

as shown in the proof. The result is consistent with the one in [15] for uniform shear flow
without boundaries in the spatially homogeneous setting.

Remark 1.2. Without using the odd-in-vx property as in (1.15), the existence of a solu-
tion G1.y; v/ to the BVP (1.11) under the diffuse reflection boundary condition (1.12)
can also be established by the same approach as for the remainder GR. Here, we take
this formulation only for brevity of presentation because the proof for the homogeneous
inflow boundary is relatively easier than that for the diffuse reflection boundary.

Remark 1.3. We notice that it is necessary to deal with the vx-derivative estimates due to
the appearance of the shear force term vy@vxFst; in particular, the term vy@vxG1 becomes
a source term in equation (1.13) for GR. We emphasize that although one can obtain
the derivative estimates as in (1.18) and (1.19) in vx , it is impossible to obtain a similar
estimate on the vy-derivative because G1.y; v/ is discontinuous at vy D 0; see (4.25) for
an explicit form of G1 when the nonlocal collision term is omitted.

To establish the nonnegativity of the stationary profile Fst.y; v/, we further study the
following initial boundary value problem for the Boltzmann equation with a shear force:8̂̂̂<̂
ˆ̂:
@tF Cvy@yF �˛vy@vxF DQ.F; F /; t > 0; y 2 .�1; 1/; v D .vx ; vy ; vz/ 2R3;

F .0; y; v/D F0.y; v/; y 2 .�1; 1/; v 2R3;

F .t;˙1; v/jvy70 D
p
2� �

Z
vy?0

F.t;˙1; v/jvy j dv; t � 0; v 2R3:

(1.21)
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One may expect that the solution of the time-dependent problem (1.21) tends in large time
toward that of the steady problem (1.8). In this connection, the second result is concerned
with the large time asymptotic stability of the stationary solution Fst which gives the
nonnegativity of Fst.

Theorem 1.2. Let Fst.y; v/ be the steady state obtained in Theorem 1.1 corresponding
to a shear rate ˛ 2 .0; ˛0/. There are constants "0 > 0, �0 > 0 and C > 0, independent
of ˛, such that if the initial data F0.y; v/ � 0 satisfy

kwqŒF0.y; v/ � Fst.y; v//�kL1 � "0

with Z 1

�1

Z
R3
ŒF0.y; v/ � Fst.y; v/� dv dy D 0; (1.22)

then the initial boundary value problem (1.21) admits a unique solution F.t; y; v/ � 0
satisfying the following decay estimate:

kwqŒF .t; y; v/ � Fst.y; v/�kL1 � Ce
��0tkwqŒF0.y; v/ � Fst.y; v/�kL1 (1.23)

for any t � 0.

Remark 1.4. Thanks to Theorem 1.1, the expansion (1.20) for the steady state Fst.y; v/

is uniform in ˛ 2 .0; ˛0/ when the large enough integer q is chosen and hence ˛0 D
˛0.q/ > 0 is fixed. Thus, the exponential time decay estimate (1.23) also holds uniformly
in ˛ 2 .0; ˛0/, in particular, C and �0 are independent of ˛. As ˛ ! 0, we are able to
recover the exponential convergence of the solution F.t; y; v/ to the global Maxwellian �
in L1 norm weighted by the polynomial velocity weight wq.v/.

In what follows we present the key points and strategy of the proof of the main results
stated above. As pointed out in a recent nice survey by Esposito–Marra [20], stationary
non-equilibrium solutions to the Boltzmann equation, despite their relevance in appli-
cations, are much less studied than time-dependent solutions, and no general existence
theory is available, due to technical difficulties. The readers may refer to [20] and refer-
ences therein for a thorough review of this subject. As for the Boltzmann equation for the
plane Couette flow, [13,19] mentioned before seem to be the only mathematical works on
the fluid dynamic approximation solutions in the steady case for small Knudsen number.
But it remains unsolved how to justify the large time asymptotics toward the stationary
solution for the time-dependent problem in the same setting of the fluid limit. In this
paper, motivated by [15], instead of constructing the fluid dynamic approximation solu-
tions, we focus on the existence and dynamical stability of the plane Couette flow with
finite Knudsen number for both the steady and unsteady problems.

First of all, for the original Couette flow problem (1.1)–(1.3), we note that a direct
perturbation approach by linearization of the boundary condition in ˛ with the techniques
of [13,16,18,19] can be applied to prove the existence of stationary solutions, because the
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inhomogeneous data appear only on the tangent .x; z/-plane. The solution thus obtained
has the structure around global Maxwellians of the form

F.y; v/ D �.v/C
p
�.v/ .˛g1 C ˛

2g2 C � � � /

corresponding to the linearization of the wall Maxwellians at y D ˙L,

�.vx ˙ ˛L; vy ; vz/ D �.v/C .˙˛L/�1.v/C .˙˛L/
2�2.v/C � � � :

On the other hand, in the formulation used in this paper, we rather look for the solution
of the specific structure (1.7), and hence the problem can be reduced to solving (1.8) for
the Boltzmann equation driven by an external shear force under the homogeneous non-
moving diffuse reflection boundary condition. This means that the solution to the Couette
flow problem (1.1)–(1.3) is established around the local Maxwellian �.vx � ˛y; vy ; vz/
instead of the global Maxwellian � such that the kinetic diffusive reflection boundary
condition (1.2) is satisfied for the background solution �.vx � ˛y; vy ; vz/. In addition, as
mentioned before, it seems more convenient to use the formulation with shear forces than
the original one driven by the relative motion of boundaries in order to understand the
asymptotic behavior of solutions as L!1, that is, how the Couette flow with bound-
aries converges to a shear flow without boundary; that is closely related to what has been
studied in the previous works [15] for uniform shear flow in the spatially homogeneous
setting.

We also comment on the boundary value problem (1.11)–(1.12) for the first order cor-
rection term G1.y; v/. Notice that the inhomogeneous source term �vxvy

p
� in (1.11)

does not satisfy the boundary condition (1.12), so a space-dependent nontrivial solution is
induced. If the boundary condition is omitted and only the spatially homogeneous equa-
tion is considered, the corresponding solution can be written as

L�1.�vxvy
p
�/ D �

1

2b0
vxvy
p
� (1.24)

with the positive constant b0 WD 3�
R 1
�1
B0.z/z

2.1 � z2/ dz. The form (1.24) is then
consistent with the uniform shear flow in [15]. To solve the boundary value problem
(1.11)–(1.12), the same approach as for the remainder GR can be applied. However, in
order to simplify the proof, we have made use of an additional property (1.15) to reduce
the diffusive reflection boundary condition (1.12) to the homogeneous inflow boundary
condition (1.16). To treat (1.11) and (1.16), we develop a direct L1-L2 method without
using the stochastic cycles as in [25]. In particular, thanks to the splitting L D �0 �K, if
the nonlocal term KG1 is omitted, the solution to the boundary value problem

vy@yG1 C �0G1 D F; G1.˙1; v/jvy70 D 0;

can be explicitly expressed as

G1.y;v/D1vy>0
Z y

�1

e
�
�0.y�y

0/

vy v�1y F.y0; v/dy0C1vy<0
Z 1

y

e
�
�0.y�y

0/

vy v�1y F.y0; v/dy0:
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Moreover, we use the bootstrap argument as in [14] to treat the following problem with a
parameter � 2 Œ0; 1�:

vy@yG1 C �0G1 D �KG1 CF; G1.˙1; v/jvy70 D 0:

With the solvability starting from � D 0, we are able to iteratively solve the above bound-
ary value problem for � over the intervals Œ0; ���, Œ��; 2���, and so on, where �� > 0 is
small enough such that ��KG1 can be regarded as a source term in the L1 estimation.
Therefore, in the end, the original problem corresponding to � D 1 can be solved. In this
procedure, the uniform L1 estimate can be obtained through the interplay with the L2

estimates by using Guo’s technique [25]. Here, we have omitted the discussion of the
mass conservation (1.10) for G1. In fact, inspired by [25], an extra damping term �G1
with the vanishing parameter � > 0 has to be used; cf. Section 4 for details.

We now discuss some key points about estimating the remainder GR solving the
boundary value problem (1.13)–(1.14). The direct L1-L2 approach is no longer avail-
able because the linear term 1

2
˛vxvyGR cannot be controlled in the large velocity regime.

Notice that this term arises from the action of the shear force on the exponential weight
function

p
� in the perturbation. To overcome it, as in [15], we apply Caflisch’s decom-

position
p
�GR D GR;1 C

p
�GR;2;

where GR;1 and GR;2 satisfy the coupled boundary value problems´
vy@yGR;1�˛vy@vxGR;1C�0GR;1 D �MKGR;1�

1
2
˛
p
�vxvyGR;2CF1;

GR;1.˙1; v/jvy70 D 0;
(1.25)

and 8̂<̂
:
vy@yGR;2 � ˛vy@vxGR;2 C LGR;2 D .1 � �M /�

�1=2KGR;1 C F2;

GR;2.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�GR.˙1; v/jvy j dv;

(1.26)

respectively. Then, in (1.25), the term �1
2
˛
p
� vxvyGR;2 can be controlled due to the

appearance of
p
�. Here, since the operator norm of K may not be small, the term

�MKGR;1 over the large velocity regime can be viewed as a source in (1.25) for GR;1,
while the complementary term .1 � �M /�

�1=2KGR;1 is taken as a source in (1.26)
for GR;2. A crucial observation inspired by [2] in estimating GR;1 is that the norm of the
weighted operatorwq�MK onL1v with the polynomial velocity weightwq D .1C jvj2/q

can be arbitrarily small as long as M and q are chosen sufficiently large; see Lemma 2.4.
Notice that Lemma 2.4 holds only for the Maxwell molecule potential, as shown in the
proof. Compared to the previous work [15] for uniform shear flow, it is more complicated
to solve the coupling steady boundary value problems (1.25) and (1.26) in a bounded
domain. We now list the main steps in the proof.

� Step 1. We first modify the coupled boundary value problems with two parameters,
� > 0 small enough and 0� � � 1 (see (5.10)), and obtain the a priori estimates uniform
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in � and � in the L1 framework; see Lemma 5.1 and the proof of Proposition 5.1. For
the proof of Lemma 5.1, we apply Guo’s approach [25] to the shear flow problem
in a slab. In particular, we introduce the mild formulation (5.23) to treat the diffuse
boundary condition with the help of Lemma 8.1, and re-prove Ukai’s trace theorem in
Lemma 3.1 for the L2 estimates.

� Step 2. Similar to finding the first order correction term G1, we design an explicit
procedure to solve the parameterized boundary value problem (5.10) iteratively for
� 2 Œ0; 1� from � D 0 to � D 1 for any fixed � > 0; see Lemma 5.2. Notice that the
problem for � D 0 is reduced to the one without the nonlocal collision terms under the
homogeneous inflow boundary condition so that the method of characteristics can be
directly applied.

� Step 3. We study the limit � ! 0 to obtain the desired solution; see Section 5.4 for
details. The key point is to obtain the macroscopic estimates in order to bound the L2

norm ofGR;2 in terms of theL1 norm ofGR;1. We apply the dual argument developed
first in [16]. Note that it is delicate to make these estimates uniform for any small
parameter � > 0.

With the existence of a stationary solution Fst, the asymptotic stability of the per-
turbation F D Fst C

p
� f as in (6.1) is considered in the reformulated IBVP (6.2).

Technically, we follow the same strategy as for the steady problem. More precisely, we
also use the decomposition

p
� f D f1 C

p
� f2 with f1, f2 satisfying the coupled

IBVPs (6.4)–(6.5) and (6.6)–(6.7), respectively. In order to treat initial data with only the
polynomial velocity weight, we set f2.0; y; v/ � 0 and the boundary conditions on f1
and f2 both as diffuse reflections which are slightly different from (1.25) and (1.26) in
the steady problem. Moreover, in contrast with the steady case, we need to construct
suitable temporal energy functionals so as to close the a priori estimates. In particular,
the energy functional for the second component f2 in Caflisch’s decomposition is com-
plicated, because there is a subtle interplay with f1. For this, we make use of a linear
combination of estimates for the two functionals, where the smallness of the shear rate
˛ and finiteness of the domain play an important role. Specifically, we obtain estimates
(7.2) and (7.3) for the weighted L1 norms. To treat the L2 estimates on the right hand
side of (7.3), we construct another functional Eint.t/ in Lemma 7.2 (see (7.29)), to capture
the macroscopic dissipation, and conclude the desired estimates (7.33) and hence (7.36).

Finally, we remark that there have been extensive studies on the stability of shear flow
in the multi-dimensional space domain in the context of fluid dynamic equations [32];
in particular, we mention the important mathematical contributions by Bedrossian et al.
[5,7,8] for either an infinite 2D channel domain Tx �Ry or an infinite 3D channel domain
Tx �Ry �Tz , and an interesting work by Ionescu–Jia [26] on the asymptotic stability of
the Couette flow for the 2D Euler equations in the 2D finite channel domain Tx � Œ0; 1�
with the zero normal velocities on the two boundary planes y D 0; 1; see also the nice
survey [6] and references therein. In fact, in comparison with the 1D problem (1.8) under
consideration, it would be more interesting to study the existence and asymptotic stability
of stationary solutions in the multi-dimensional setting corresponding to those works on
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fluid dynamic equations. Moreover, it is also challenging to study the fluid dynamic limit
for these problems as in [13, 18, 19] when the vanishing Knudsen number is taken into
account. We expect that this paper together with [15] can shed some light on the above
problems.

The rest of this paper is organized as follows. In Section 2, we give some basic
estimates on the linearized and nonlinear collision operators. In particular, we obtain
Lemma 2.4 which is crucially used to obtain the smallness of the nonlocal operator K

for large velocity. In Section 3, we revisit Ukai’s trace theorem in both the steady and
time-dependent cases for the transport operator with shear force in the 1D setting under
consideration. In Sections 4 and 5, we establish estimates on the first order correction G1
and the remainderGR, respectively, and hence complete the proof of Theorem 1.1 without
showing nonnegativity of the stationary solution. Then we study the time-dependent prob-
lem for local-in-time existence in Section 6 and the exponential time asymptotic stability
of the stationary solution in Section 7 so that the nonnegativity of the stationary solu-
tion follows. The appendix Section 8 includes some estimates on the boundary product
measure when there are multiple bounces induced by the diffuse boundary condition.

Notations. Throughout this paper, C denotes some generic positive (generally large) con-
stant and � denotes a generic positive (generally small) constant.D . E means that there
is a generic constant C > 0 such thatD � CE;D �E meansD .E andE .D; and 1A
indicates the characteristic function of the set A. We denote by k � k the L2..�1; 1/�R3/
or L2.�1; 1/ or L2.R3/ norm. Sometimes, without any confusion, we use k � kL1 to
denote either the L1.Œ�1; 1� � R3/ norm or the L1.R3/ norm. Moreover, .�; �/ denotes
the L2 inner product in .�1; 1/ �R3 with the L2 norm k � k and h�i denotes the L2 inner
product in R3v . We denote by 
C D ¹.1; v/ j v 2R3; vy > 0º [ ¹.�1; v/ j v 2R3; vy < 0º
the outgoing set, by 
� D ¹.1; v/ j v 2 R3; vy < 0º [ ¹.�1; v/ j v 2 R3; vy > 0º the
incoming set, and by 
0 D ¹.˙1; v/ j v 2 R3; vy D 0º the grazing set. Furthermore
jf j2;˙ D jf 1
˙ j2 represents the L2 norm of f .y; v/ on the boundary y D ˙1: Finally,
we define

P
f .˙1; v/ D
p
�.v/

Z
n.˙1/�v0>0

f .x; v0/
p
�.v0/ .n.˙1/ � v0/ dv0;

where n.˙1/D .0;˙1; 0/: One sees that P
f defined on ¹˙1º �R3 is an L2v-projection
with respect to the measure jvy j

p
�.v/ dv for any function f defined on 
C.

2. Basic estimates

In this section we summarize some basic estimates to be used in the following sections.
Let us first give some elementary estimates for the linearized collision operator L and the
nonlinear collision operator � , defined by

Lg D ���1=2¹Q.�;
p
�g/CQ.

p
�g;�/º (2.1)
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and

�.f; g/ D ��1=2Q.
p
�f;
p
�g/

D

Z
R3

Z
S2
B0�

1=2.v�/Œf .v
0
�/g.v

0/ � f .v�/g.v/� d! dv�: (2.2)

It is known that
Lf D �f �Kf

with 8<:� D
Z

R3

Z
S2
B0.cos �/�.v�/ d! dv� D �0;

Kf D ��1=2¹Q.�1=2f; �/CQgain.�; �
1=2f /º;

(2.3)

where Qgain denotes the positive part of Q in (1.4). Note that �0 is a positive constant
in the case of Maxwell molecule collision. The kernel of L, denoted as kerL, is a five-
dimensional space spanned by

¹1; v; jvj2 � 3º
p
� WD ¹�iº

5
iD1:

Define a projection from L2 to kerL by

P0g D ¹ag C bg � v C .jvj2 � 3/cgº
p
�

for g 2 L2, and correspondingly denote the operator P1 by P1g D g � P0g, which is
orthogonal to P0 in L2.

It is also convenient to define

Lf D �¹Q.f;�/CQ.�; f /º D �f �Kf

with
�f D �0f; Kf D Q.f;�/CQgain.�; f / D

p
�K.f=

p
�/; (2.4)

according to (2.3).
The following lemma is concerned with the integral operatorK given by (2.3), and its

proof for the hard sphere model was given in [25, Lemma 3, p. 727]. Recall (1.17) for the
polynomial velocity weight wq .

Lemma 2.1. Let K be defined as in (2.3). Then

Kf .v/ D

Z
R3

k.v; v�/f .v�/ dv�

with

jk.v; v�/j � C ¹1C jv � v�j�2ºe
� 18 jv�v�j

2� 18
jjvj2�jv�j2j

2

jv�v�j2 :

Moreover, let

kw.v; v�/ D wq.v/k.v; v�/w�q.v�/ (2.5)
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with q � 0. Then Z
R3

kw.v; v�/e"jv�v�j
2=8 dv� �

C

1C jvj

for any " � 0 small enough.

For the velocity weighted vx-derivative estimates of the nonlinear operator � , we have
the following lemma.

Lemma 2.2. In the Maxwell molecular case,

kwq@
m
vx
�.f; g/kL2v � C

X
m0�m

kwq@
m0

vx
f kL2vkwq@

m�m0

vx
gkL2v ; (2.6)

kwq@
m
vx
�.f; g/kL1 � C

X
m0�m

kwq@
m0

vx
f kL1kwq@

m�m0

vx
gkL1 ; (2.7)

for any integers m � 0 and q � 0. Moreover, for q > 3=2 and m � 0,

kwq@
m
vx
Q.F1; F2/kL1 � C

X
m1�m

kwq@
m�m1
vx

F1kL1kwq@
m1
vx
F2kL1 : (2.8)

Proof. We prove (2.7) only, since the proofs for (2.6) and (2.8) are similar and they follow
from the proof of [23, Lemma 2.3, p. 1111] and [2, Proposition 3.1, p. 397] respectively.
By definition (2.2), we have

@mvx�.f; g/ D @
m
vx

Z
R3

Z
S2
B0�

1=2.v�/f .v
0
�/g.v

0/ d! dv�

� @mvx

Z
R3

Z
S2
B0�

1=2.v�/f .v�/g.v/ d! dv�

D @mvx

Z
R3

Z
S2
B0�

1=2.v�/f .v
0
�/g.v

0/ d! dv�

� c0@
m
vx
g.v/

Z
R3
�1=2.v�/f .v�/ dv�;

where we have used
R

S2 B0 d! D c0 for a constant c0 > 0. Recalling (1.5), by the change
of variable Qu D v� � v we then have

@mvx

Z
R3

Z
S2
B0�

1=2.v�/f .v
0
�/g.v

0/ d! dv�

D @mvx

Z
R3

Z
S2
B0�

1=2. QuC v/f .v C Qu?/g.v C Quk/ d! d Qu

D

X
m1Cm2�m

Cm1;m2m

Z
R3

Z
S2
B0.@

m�m1�m2
vx

�1=2/. QuC v/

� .@m1vx f /.v C Qu?/.@
m2
vx
g/.v C Quk/ d! d Qu;

where Quk D . Qu �!/! and Qu? D Qu� Quk: Then, by taking directly theL1 norm, (2.7) holds
because Z

R3

Z
S2
B0.@

m
vx
�1=2/.v�/ d! dv� <1

for any integer m � 0. This completes the proof of Lemma 2.2.
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The following lemma can be found in [24, Lemmas 3.2 and 3.3, pp. 638–639], where
the hard sphere model was considered.

Lemma 2.3. In the Maxwell molecular case, there is a constant ı0 > 0 such that

hLf; f i D hLP1f;P1f i � ı0kP1f k2: (2.9)

Moreover, for any integer m > 0, there are constants ı1 > 0 and C > 0 such that

h@mvxLf; @
m
vx
f i � ı1k@

m
vx
f k2 � Ckf k2: (2.10)

Proof. Since (2.9) is quite elementary, we only show (2.10). As in Lemma 2.2, the key
point here is to show that the action of the derivatives @mvx on the nonlocal operator L does
not involve any other partial derivatives such as @vy or @vz . By (2.1) and (2.9), we have

h@mvxLf; @
m
vx
f i D hL@mvxf; @

m
vx
f i C

X
m1<m

Cm1m h@
m�m1
vx

L@m1vx f; @
m
vx
f i

� ı0kP1Œ@mvxf �k
2
�

X
m1<m

Cm1m jh@
m�m1
vx

L@m1vx f; @
m
vx
f ij (2.11)

with

1m1<m@
m�m1
vx

L@m1vx f

D �

X
m1Cm2<m

Cm1;m2m

Z
R3

Z
S2
B0.@

m�m1�m2
vx

�1=2/. QuC v/

� .@m1vx f /.v C Qu?/.@
m2
vx
�1=2/.v C Quk/ d! d Qu

C @mvx�
1=2.v/

Z
R3

Z
S2
B0�

1=2.v�/f .v�/ d!dv�

�

X
m1Cm2<m

Cm1;m2m

Z
R3

Z
S2
B0.@

m�m1�m2
vx

�1=2/. QuC v/

� .@m1vx f /.v C Quk/.@
m2
vx
�1=2/.v C Qu?/ d!d Qu;

where we have used the change of variable Qu D v� � v again. Consequently, as in (2.6),
it follows thatX

m1<m

Cm1m jh@
m�m1
vx

L@m1vx f; @
m
vx
f ij � �k@mvxf k

2
C C�

X
m1<m

k@m1vx f k
2

� �k@mvxf k
2
C C��1k@

m
vx
f k2 C C�;�1kf k

2

(2.12)

for small enough constants � > 0 and �1 > 0, where Sobolev’s interpolation inequality
k@
m1
vx f k

2 � �1k@
m
vx
f k2 C C�1kf k

2 has been used.
On the other hand, it can be easily checked that

kP1Œ@mvxf �k � k@
m
vx
f k � kP0Œ@mvxf �k � k@

m
vx
f k � Ckf k: (2.13)

Finally, plugging (2.12) and (2.13) into (2.11) gives (2.10). This completes the proof of
Lemma 2.3.
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Next, the following lemma which was proved in [15, Proposition 3.1, p. 13] plays a
significant role in obtaining L1 estimates of the first component in Caflisch’s decompo-
sition of solutions.

Lemma 2.4. Let K be given by (2.4). Then for any integer m � 0, there is C > 0 such
that for any arbitrarily large q > 0 we have

sup
jvj�M

wqj@
m
vx

Kf j �
C

q

X
0�m0�m

kwq@
m0

vx
f kL1 (2.14)

for some M DM.q/ > 0. In particular, one can choose M D q2.

Proof. Since the general case

sup
jvj�M

wqj@
m
v Kf j �

C

q

X
0�m0�m

kwq@
m0

v f kL1

was proved in [15, Proposition 3.1, p. 13], as in Lemma 2.3 we only point out that the
derivative @mvx acting on the nonlocal operator K does not involve other derivatives such
as @vy or @vz . Indeed, in view of (2.4), similar to the proof of Lemma 2.3, we have

@mvxKf D
X
m1�m

Cm1m

Z
R3

Z
S2
B0.@

m1
vx
f /.v C Qu?/.@

m�m1
vx

�/.v C Quk/ d! d Qu

� @mvx�.v/

Z
R3

Z
S2
B0f .v�/ d! dv�

C

X
m1�m

Cm1m

Z
R3

Z
S2
B0.@

m1
vx
f /.v C Quk/.@

m�m1
vx

�/.v C Qu?/ d! d Qu

D

X
m1�m

Cm1m

Z
R3

Z
S2
B0.@

m1
vx
f /.v0�/.@

m�m1
vx

�/.v0/ d! dv�

� .@mvx�/.v/

Z
R3

Z
S2
B0f .v�/ d! dv�

C

X
m1�m

Cm1m

Z
R3

Z
S2
B0.@

m1
vx
f /.v0/.@m�m1vx

�/.v0�/ d! dv�:

Then a similar calculation to estimating I1 and I2 in [15, Proposition 3.1, p. 13] yields
(2.14). This completes the proof of Lemma 2.4.

3. A trace theorem

In this section, we present the following version of Ukai’s trace theorem; see also [17,
Lemma 2.3, p. 22] and [17, Lemma 3.2, p. 56], respectively.

Lemma 3.1. Let " > 0 and y 2 Œ�h; h� with 0 < h <1, and denote the near-grazing set
of 
C or 
� as


"˙ � ¹.y; v/ 2 
˙ W jvy j � " or jvy j � 1="; v D .vx ; vy ; vz/º:
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Then there exists a constant C";h > 0 depending on " and h such that

jf 1
˙n
"˙ jL1 � C";h
®
kf kL1 C k¹vy@y � ˛vy@vx ºf kL1

¯
: (3.1)

Moreover,Z T

0

jf 1
Cn
"C.t/jL1 dt

� C";h

²
kf .0/kL1 C

Z T

0

Œkf .t/kL1 C k¹@t C vy@y � ˛vy@vx ºf .t/kL1 � dt

³
(3.2)

for any T � 0:

Proof. To prove (3.1), we only consider the case that the boundary phase is outgoing,
because the incoming case can be treated similarly. We introduce a parameter t 2 R and
treat .y; v/ as functions of t . Consider the characteristic line Œs; Y.sI t; y; v/; V .sI t; y; v/�
passing through .y; v/ D .t; y.t/; v.t// such that

dY

ds
D vy ;

dVx

ds
D �˛vy : (3.3)

Then

Y.sI t; y; v/ D y � .t � s/vy ; V .sI t; y; v/ D .vx C ˛.t � s/vy ; vy ; vz/; (3.4)

for .y; v/ 2 
Cn
"C. Along this trajectory, one has the identity

f .y; v/ D f .Y.sI t; y; v/; V .sI t; y; v//

C

Z t

s

d

d�
f .Y.� I t; y; v/; V .� I t; y; v// d�: (3.5)

On the other hand, .y; v/ 2 
Cn
"C also implies h" � tb.y; v/ � h=", where tb is as in
(5.17) below. Therefore, by taking s 2 Œt � tb.y; v/; t �, we infer from (3.5) thatZ

Cn


"
C

jf .y; v/j jvy j dv

� C";h

Z

Cn


"
C

Z t

t�b.y;v/
jf .Y.sI t; y; v/; V .sI t; y; v//j jvy j ds dv

C C";h

Z

Cn


"
C

Z t

t�b.y;v/

ˇ̌̌̌
d

ds
f .Y.sI t; y; v/; V .sI t; y; v//

ˇ̌̌̌
jvy j ds dv

D C";h

Z

Cn


"
C

Z t

t�b.y;v/
jf .Y.sI t; y; v/; V .sI t; y; v//j jvy j ds dv

C C";h

Z

Cn


"
C

Z t

t�b.y;v/
jŒvy@Y � ˛vy@Vx �f .Y.sI t; y; v/; V .sI t; y; v//j jvy j ds dv:

(3.6)
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Next, in light of the Jacobian

@.Y.s/; V .s//

@.s; v/
D

ˇ̌̌̌
ˇ̌̌̌
ˇ̌
vy 0 s 0

�˛vy 1 �˛s 0

0 0 1 0

0 0 0 1

ˇ̌̌̌
ˇ̌̌̌
ˇ̌ D vy ; (3.7)

and by the change of variable

Œ Qy; u� D ŒY.sI t; y; v/; V .sI t; y; v/� D Œy � .t � s/vy ; vx C ˛.t � s/vy ; vy ; vz �;

one getsZ

Cn


"
C

Z t

t�tb.y;v/

jf .Y.sI t; y; v/; V .sI t; y; v//j jvy j ds dv �

Z
R3

Z h

�h

jf . Qy; u/j d Qy du:

(3.8)

Similarly, by noticing that @Y f .Y;V /D @ Qyf . Qy;u/, @Vxf .Y;V /D @uxf . Qy;u/ and vy D
uy , one hasZ

Cn


"
C

Z t

t�tb.y;v/

jŒvy@Y � ˛vy@Vx �f .Y.sI t; y; v/; V .sI t; y; v//j jvy j ds dv

�

Z
R3

Z h

�h

jŒuy@ Qy � ˛uy@ux �f . Qy; u//j d Qy du: (3.9)

Consequently, the desired estimate (3.1) in the case of outgoing boundary follows from
(3.8), (3.9) and (3.6).

We now turn to proving (3.2). For f 2 L1.ŒT1; T � � Œ�h; h� �R3/, we first show thatZ T

T1

Z
u�n.yf />0

Z 0

max¹�tb.yf ;u/;T1�Qtº
jf .Qt C s; Y.Qt C sI Qt ; yf ; u/; V .Qt C sI Qt ; yf ; u//j juy j

� ds du d Qt

�

Z T

T1

Z h

�h

Z
R3
jf .t; y; v/j dy dv dt; (3.10)

where yf D ˙h, T � T1 � 0 and

Y.Qt C sI Qt ; yf ; u/ D yf C suy ; V .Qt C sI Qt ; yf ; u/ D .ux � ˛suy ; uy ; uz/

with
Y.Qt I Qt ; yf ; u/ D yf ; V .Qt I Qt ; yf ; u/ D u D .ux ; uy ; uz/:

Actually, given .t; y; u/ 2 ŒT1; T � � Œ�h; h� �R3, let us define yf D y C tb.y;�u/uy D
˙h, and denote

y D Y.t I t � s; yf ; u/ D yf C suy ; v D V.t I t � s; yf ; u/ D .ux � ˛suy ; uy ; uz/;

for u � n.yf / > 0. It is easy to see that 0 � s � �tb.yf ; u/; and it is natural to require that
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t � s � T: By the change of variable .y; v/! .s; u/ and using (3.7), one hasZ T

T1

Z
u�n.yf />0

Z 0

max¹�tb.yf ;u/;�.T�t/º
jf .t; Y.t I t � s; yf ; u/; V .t I t � s; yf ; u//j juy j

� ds du dt

�

Z T

T1

Z h

�h

Z
R3
jf .t; y; v/j dy dv dt: (3.11)

On the other hand, if we denote Qt D t � s, then it follows that s � T1 � Qt due to t � T1:
In summary, one has

s � max ¹�tb.yf ; u/; T1 � Qtº; T1 � Qt � T:

Therefore, by the change of variable t ! Qt we haveZ T

T1

Z
u�n.yf />0

Z 0

max¹�tb.yf ;u/;�.T�t/º
jf .t; Y.t I t � s; yf ; u/; V .t I t � s; yf ; u//j juy j

� ds du dt

D

Z T

T1

Z
u�n.yf />0

Z 0

max¹�tb.yf ;u/;T1�Qtº
jf .Qt C s; Y.Qt C sI Qt ; yf ; u/; V .Qt C sI Qt ; yf ; u//juy j

� ds du d Qt : (3.12)

Consequently, (3.11) and (3.12) imply (3.10). In addition, it follows that

f .t; yf ; u/ D f .t C s; Y.t C sI t; yf ; u/; V .t C sI t; yf ; u//

C

Z 0

s

d

d�
f .t C �; Y.t C � I t; yf ; u/; V .t C � I t; yf ; u// d�

D f .t C s; Y.t C sI t; yf ; u/; V .t C sI t; yf ; u//

C

Z 0

s

Œ@t C uy@y � ˛uy@ux �f .t C �; Y.t C � I t; yf ; u/; V .t C � I t; yf ; u// d�:

(3.13)

For any .t; yf ; u/ 2 Œ"1; T � � 
Cn
"C with "1 > 0 to be determined later and for 0 � s �
max ¹�tb.yf ; u/; "1 � tº, we then find from (3.13) and (3.10) that

min ¹h"; "1º
Z T

"1

Z
u�n.yf />0

jf .t; yf ; u/j juy j dudt

�

Z T

"1

Z
u�n.yf />0

Z 0

max ¹�tb.yf ;u/;�tº
jf .t C s; Y.t C sI t; yf ; u/; V .t C sI t; yf ; u//j juy j

� dt ds du

C

Z T

"1

Z 0

max ¹�tb.yf ;u/;�tº

Z
u�n.yf />0

Z 0

s

jŒ@t C uy@y � ˛uy@ux �

f .t C �; Y.t C �/; V .t C �//j juy j d� du dt
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�

Z T

0

Z
u�n.yf />0

Z 0

max ¹�tb.yf ;u/;�tº
jf .t C s; Y.t C sI t; yf ; u/; V .t C sI t; yf ; u//j juy j

� dt ds du

C

Z T

0

Z 0

max ¹�tb.yf ;u/;�tº

Z
u�n.yf />0

Z 0

s

jŒ@t C uy@y � ˛uy@ux �

f .t C �; Y.t C �/; V .t C �//j juy j d� du dt

�

Z T

0

Z h

�h

Z
R3
jf .t; y; u//j dt dy du

C

Z T

0

Z 0

max ¹�tb.yf ;u/;�tº

Z
u�n.yf />0

Z 0

s

jŒ@t C uy@y � ˛uy@ux �

f .t C �; Y.t C �/; V .t C �//j juy j d� du dt; (3.14)

where we have used the fact that

h" � tb.yf ; u/ � h="

due to .yf ; u/ 2 
Cn
"C:
Next, applying Fubini’s theorem and using (3.10) again, one also hasZ T

0

Z
u�n.yf />0

Z 0

max ¹�tb.yf ;u/;�tº

Z 0

s

jŒ@t C uy@y � ˛uy@ux �

f .t C �; Y.t C �/; V .t C �//j juy j d� du dt ds

D

Z T

0

dt

Z
u�n.yf />0

Z �

max ¹�tb.yf ;u/;�tº
ds

Z 0

max ¹�tb.yf ;u/;�tº
d�

� jŒ@t C uy@y � ˛uy@ux �f .t C �/j juy j

�

Z T

0

dt

Z
u�n.yf />0

Z 0

max ¹�tb.yf ;u/;�tº
d�

� jmax ¹�tb.yf ; u/;�tºj jŒ@t C uy@y � ˛uy@ux �f .t C �/j juy j

� max ¹h"; "1º
Z T

0

dt

Z
u�n.yf />0

Z 0

max ¹�tb.yf ;u/;�tº
d�

� jŒ@t C uy@y � ˛uy@ux �f .t C �/j juy j

� max ¹h"; "1º
Z T

0

dt

Z h

�h

dy

Z
R3
du jŒ@t C uy@y � ˛uy@ux �f .t; y; u/j: (3.15)

Once (3.14) and (3.15) are obtained, it remains to computeZ "1

0

Z
u�n.yf />0

jf .t; yf ; u/j juy j dudt:

In fact, if we choose "1 to be small enough so that "1 � h", at this stage, the backward
trajectory hits the initial plane first. Therefore, for .t; yf ; u/ 2 Œ0; "1�� 
Cn
"C, by directly
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using (3.7) and applying (3.10) once again, it follows thatZ "1

0

Z
u�n.yf />0

jf .t; yf ; u/j juy j dudt

�

Z "1

0

Z
u�n.yf />0

jf .0; Y.0I t; yf ; u/; V .0I t; yf ; u//j juy j dudt

C

Z "1

0

Z
u�n.yf />0

Z 0

�t

jŒ@t C uy@y � ˛uy@ux �f .t C �/j juy j d� du dt

� C

Z h

�h

Z
R3
jf .0; y; u/j dy du

C C

Z "1

0

Z h

�h

Z
R3
jŒ@t C uy@y � ˛uy@ux �f .t/j dy dudt:

The proof of Lemma 3.1 is thus complete.

4. Steady problem: the first order correction

In this and the next sections, we are going to show Theorem 1.1 giving the existence of
solutions to the steady problem (1.8). Recall (1.9) and (1.10). For this purpose, we will
first study the first order correction term G1 determined by the boundary value problem
(1.11), (1.16). Notice that (1.15) and (1.12) are satisfied. Existence of the remainder GR
for the boundary value problem (1.13)–(1.14) will be considered in the next section.
Indeed, we have the following proposition.

Proposition 4.1. The boundary value problem (1.11), (1.16) admits a unique solution
G1 D G1.y; v/ satisfying

G1.�vx/ D �G1.vx/;

Z 1

�1

Z
R3
G1.y; v/ dv dy D 0; (4.1)

and

kwq@
m
vx
G1kL1 � QC1; (4.2)

for any integersm� 0 and q � 0, where QC1 > 0 is a constant depending only onm and q.

To prove this proposition, let 0 < � < 1 and 0� � � 1. Then we consider the following
general approximation problem:

�G1 C vy@yG1 C �0G1 D �KG1 CF; (4.3)

G1.˙1; v/jvy70 D 0; (4.4)

where the source term F D F.y; v/ is given and satisfies F.�vx/ D �F.vx/. Recall
that �0 and K are defined by (2.3). The above boundary value problem can be formally
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reduced to

vy@yG1 C LG1 D F;

G1.˙1; v/jvy70 D 0;

as � ! 1� and � ! 0C. To prove this rigorously, we deduce the following a priori esti-
mate.

Lemma 4.1 (A priori estimate). The solution to the boundary value problem (4.3)–(4.4)
satisfies the following estimate uniform in both � and �:X

0�m�N0

kwq@
m
vx
G1kL1 � C0

X
0�m�N0

kwq@
m
vx

FkL1 ; (4.5)

where N0 is an arbitrary nonnegative integer and the constant C0 > 0 is independent of
� and � .

Proof. The proof of (4.5) is divided into two steps.

L1 estimates. Let Gm D wq@
m
vx
G1 for m � 0 and q � 0. Then Gm solves the problem

�Gm C vy@yGm C �0Gm

D �wqK@
m
vx
G1 C �1m>0

X
m0<m

Cm
0

m wq.@
m�m0

vx
K/.@m

0

vx
G1/ � wq@

m
vx

F; (4.6)

Gm.˙1; v/jvy70 D 0: (4.7)

We write the solution of (4.6)–(4.7) in the following mild form:

Gm.y; v/ D �

Z y

�1

e
�
�0C�

vy
.y�y0/wq

vy
K.w�qGm/.y

0/ dy0

C �1m>0
X
m0<m

Cm
0

m

Z y

�1

e
�
�0C�

vy
.y�y0/wq

vy
.@m�m

0

vx
K/.@m

0

vx
G1/.y

0/ dy0

�

Z y

�1

e
�
�0C�

vy
.y�y0/wq

vy
@mvxF dy0 DW

3X
iD1

Ii for vy > 0; (4.8)

and

Gm.y; v/ D ��

Z 1

y

e
�
�0C�

vy
.y�y0/wq

vy
K.w�qGm/.y

0/ dy0

� �1m>0
X
m0<m

Cm
0

m

Z 1

y

e
�
�0C�

vy
.y�y0/wq

vy
.@m�m

0

vx
K/.@m

0

vx
G1/.y

0/ dy0

C

Z 1

y

e
�
�0C�

vy
.y�y0/wq

vy
@mvxF dy0 DW

6X
iD4

Ii for vy < 0:
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We next compute Ii .1 � i � 6/ term by term. Since8̂̂̂<̂
ˆ̂:

1vy>0
Z y

�1

e
�
�0C�

vy
.y�y0/

v�1y dy0 �
1

�0 C �

�
1 � e

�
2.�0C�/

jvy j
�
<

1

�0 C �
;

1vy<0
ˇ̌̌̌Z 1

y

e
�
�0C�

vy
.y�y0/

v�1y dy0
ˇ̌̌̌
<

1

�0 C �
;

(4.9)

we see that

jI3j; jI6j � Ckwq@
m
vx

FkL1 :

In view of definition (2.3) and Lemma 2.2,

jI2j; jI5j � C1m>0
X
m0<m

kwq.@
m�m0

vx
K/.@m

0

vx
G1/kL1 � C1m>0

X
m0<m

kwq@
m0

vx
G1kL1 :

Consequently, we have

jGm.y; v/j � 1vy>0 �
Z y

�1

e
�
�0C�

vy
.y�y0/

v�1y

Z
R3

kw.v; v0/jGm.v
0; y0/j dv0 dy0

C 1vy<0 �
Z 1

y

e
�
�0C�

vy
.y�y0/

jvy j
�1

Z
R3

kw.v; v0/jGm.v
0; y0/j dv0 dy0

C C1m>0
X
m0<m

kwq@
m0

vx
G1kL1 C Ckwq@

m
vx

FkL1 ; (4.10)

where kw is given in Lemma 2.1. Then we iterate (4.10) once more to obtain

jGm.y; v/j �

6X
iD1

I1;i (4.11)

with

I1;1 D 1vy>0 �
2

Z y

�1

e
�
�0C�

vy
.y�y0/

v�1y

Z
R3

kw.v; v0/1v0y>0
Z y0

�1

e
�
�0C�

v0y
.y0�y00/

v0y
�1

�

Z
R3

kw.v0; v00/jGm.v
00; y00/j dv00 dy00 dv0 dy0;

I1;2 D 1vy>0 �
2

Z y

�1

e
�
�0C�

vy
.y�y0/

v�1y

Z
R3

kw.v; v0/1v0y<0
Z 1

y0
e
�
�0C�

v0y
.y0�y00/

jv0y j
�1

�

Z
R3

kw.v0; v00/jGm.v
00; y00/j dv00 dy00 dv0 dy0;

I1;3 D 1vy<0 �
2

Z 1

y

e
�
�0C�

vy
.y�y0/

jvy j
�1

Z
R3

kw.v; v0/1v0y>0
Z y0

�1

e
�
�0C�

v0y
.y0�y00/

v0y
�1

�

Z
R3

kw.v0; v00/jGm.v
00; y00/j dv00 dy00 dv0 dy0;
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I1;4 D 1vy<0 �
2

Z 1

y

e
�
�0C�

vy
.y�y0/

jvy j
�1

Z
R3

kw.v; v0/1v0y<0
Z 1

y0
e
�
�0C�

v0y
.y0�y00/

jv0y j
�1

�

Z
R3

kw.v0; v00/jGm.v
00; y00/j dv00 dy00 dv0 dy0;

I1;5 D 1vy>0 �
Z y

�1

e
�
�0C�

vy
.y�y0/

v�1y

Z
R3

kw.v; v0/

�

�
C1m>0

X
m0<m

kwq@
m0

vx
G1kL1 C Ckwq@

m
vx

FkL1
�
dv0 dy0;

I1;6 D 1vy<0 �
Z 1

y

e
�
�0C�

vy
.y�y0/

jvy j
�1

Z
R3

kw.v; v0/

�

�
C1m>0

X
m0<m

kwq@
m0

vx
G1kL1 C Ckwq@

m
vx

FkL1
�
dv0 dy0:

By using (4.9) and Lemma 2.1, we see that the last two terms can be bounded as

jI1;5j; jI1;6j � C1m>0
X
m0<m

kwq@
m0

vx
G1kL1 C Ckwq@

m
vx

FkL1 :

For the other four terms, we only compute I1;2 because the other three terms can be
treated similarly. The estimates are divided into three cases. First of all, we take M > 0

large enough.

Case 1: jvj > M . In this case, Lemma 2.1 and (4.9) directly give

I1;2 �
C

1CM
kGmkL1 :

Case 2: jvj � M and jv0j > 2M , or jv0j � 2M and jv00j > 3M . In this case, we have
either jv � v0j > M or jv0 � v00j > M so that one of the following two estimates holds
respectively:

kw.v; v0/ � Ce�"M
2=16kw.v; v0/e"jv�v

0j2=16;

kw.v0; v00/ � Ce�"M
2=16kw.v0; v00/e"jv

0�v00j2=16:

This together with Lemma 2.1 and (4.9) gives

I1;2 � Ce
�"M2=16

kGmkL1 :

Case 3: jvj �M , jv0j � 2M and jv00j � 3M . In this situation, we make use of the bound-
edness of the operator K on the complement of a singular set. For any large N > 0, we
choose a number M.N/ to define

kw;M .v; v0/ � 1jv�v0j�1=M; jv0j�2Mkw.v; v0/;
kw;M .v0; v00/ � 1jv0�v00j�1=M; jv00j�3Mkw.v0; v00/;

(4.12)
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such that

sup
v

Z
R3
jkw;M .v; v0/ � kw.v; v0/j dv0 �

1

N
;

sup
v0

Z
R3
jkw;M .v0; v00/ � kw.v0; v00/j dv00 �

1

N
:

Moreover, note that kw;M .v; v0/;kw;M .v0; v00/ � CM : We further rewrite

kw.v; v0/kw.v0; v00/ D Œkw.v; v0/ � kw;M .v; v0/�kw.v0; v00/
C kw;M .v; v0/Œkw.v0; v00/ � kw;M .v0; v00/�
C kw;M .v0; v00/kw;M .v; v0/:

The first two difference terms lead to the small contribution to I1;2 bounded by

C

N
kGmkL1 :

For the last term, we use the decomposition

1vy>0 �
2

Z y

�1

e
�
�0C�

vy
.y�y0/

v�1y

Z
jv0j�2M; jv00j�3M

kw;M .v; v0/kw;M .v0; v00/

� 1v0y<0
�Z 1

y0C�0

C

Z y0C�0

y0

�
e
�
�0C�

v0y
.y0�y00/

jv0y j
�1
jGm.v

00; y00/j dv00 dy00 dv0 dy0

WD I I1;2 C I II1;2;

where �0 > 0 is suitably small. For I I1;2, since y00 � y0 � �0, it follows that

1v0y<0 e
�
�0C�

v0y
.y0�y00/

jv0y j
�1
�
C

�0
;

which together with Lemma 2.1 as well as (4.9) implies

I I1;2 �
CM

�0

²Z
jv00j�3M

Z 1

�1

j@mvxG1.v
00; y00/j2 dv00 dy00

³1=2
:

As for I II1;2, since y00 � y0 � �0, we find that for ˇ 2 .0; 1/,Z
jv0j�2M

1v0y<0
Z y0C�0

y0
e
�
�0C�

v0y
.y0�y00/

jv0y j
�1 dy00 dv0

D

Z
jv0j�2M

1v0y<0
Z y0C�0

y0
e
�
�0C�

v0y
.y0�y00/

ˇ̌̌̌
y0 � y00

v0y

ˇ̌̌̌ˇ
jy0 � y00j�ˇ jv0y j

�1Cˇ dy00 dv0

� C

Z
jv0j�2M

jv0y j
�1Cˇ dv0

Z y0C�0

y0
jy0 � y00j�ˇ dy00 � CM�

1�ˇ
0 ; (4.13)
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where we have used the fact that

e
�
�0C�

jv0y j
jy0�y00j

ˇ̌̌̌
y0 � y00

v0y

ˇ̌̌̌ˇ
<1:

Plugging (4.13) into I II1;2, we get

I II1;2 � CM�
1�ˇ
0 kGmkL1 :

As a consequence,

I1;2 �

²
C

N
C CM�

1�ˇ
0 C Ce�"M

2=16

³
kGmkL1 C CMk@

m
vx
G1k:

Substituting the above estimates into (4.11), we conclude

kGmkL1 � C1m>0
X
m0<m

kwq@
m0

vx
G1kL1 C Ck@

m
vx
G1k C Ckwq@

m
vx

FkL1 : (4.14)

A linear combination of (4.14) from m D 0 to m D N0 gives the a priori estimateX
0�m�N0

kGmkL1 � C
X

0�m�N0

k@mvxG1k C C
X

0�m�N0

kwq@
m
vx

FkL1 ; (4.15)

where C > 0 depends on N0 and q. This concludes the L1 estimate.

L2 estimates. To close the L1 estimate (4.15), we need to derive an L2 estimate for G1.
For this, we first consider the zeroth order L2 estimate on G1. Notice that G1 D P0G1 C
P1G1 and P0G1 D Œa1C b1 � vC c1.jvj2 � 3/�

p
�with b1 D Œb1;1; b1;2; b1;3�. Moreover,

a1 D hG1;
p
�i; b1 D hG1; v

p
�i; c1 D

1
6
hG1; jvj

2p�i:

On the other hand, from (4.8) with m D 0, one has G1.y; �vx ; vy ; vz/ D

�G1.y; vx ; vy ; vz/, i.e. G1 is odd in vx . This implies

a1 D b1;2 D b1;3 D c1 D 0: (4.16)

To obtain an L2 estimate of the macroscopic component, it remains now to deduce an L2

estimate of b1;1: Actually, one can show that

kb1;1k
2
� CkP1G1k2 C C

Z
vy?0

jvy jG
2
1.˙1/ dv C CkwqFk

2
L1 ; (4.17)

where C > 0 is a constant independent of � and � . For this, we define

‰ D ‰b1;1 D vyvx
d

dy
�b1;1.y/

p
�;

where
��00b1;1 D b1;1; �b1;1.˙1/ D 0:
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For the above boundary value problem on b1;1, one has

k�b1;1kH2 � Ckb1;1k; j�
0
b1;1

.˙1/j � Ckb1;1k: (4.18)

Taking the inner product of (4.3) and ‰b1;1 over .�1; 1/ �R3, we get

�.G1; ‰b1;1/ � .vyG1; @y‰b1;1/C hvyG1.1/; ‰b1;1.1/i � hvyG1.�1/;‰b1;1.�1/i

C .1 � �/�0.G1; ‰b1;1/C �.LG1; ‰b1;1/ D .F; ‰b1;1/: (4.19)

We now compute the terms in (4.19) one by one. By Cauchy–Schwarz’s inequality and
(4.18), one has

Œ� C .1 � �/�0�j.G1; ‰b1;1/j

� Œ� C .1 � �/�0�j.P0G1; ‰b1;1/j C Œ� C .1 � �/�0�j.P1G1; ‰b1;1/j
� �Œ� C .1 � �/�0�kb1;1k

2
C C�Œ� C .1 � �/�0�kP1G1k2;

�.vyG1; @y‰b1;i / D �.vyP0G1; @y‰b1;i / � .vyP1G1; @y‰b1;i /
� kb1;1k

2
� �kb1;1k

2
� C�kP1G1k2;

j.F; ‰b1;1/j � �kb1;1k
2
C C�kwqFk

2
L1 :

And by Lemma 2.2,

� j.LG1; ‰b1;1/j � �kb1;1k
2
C C�kP1G1k2:

For the boundary term, one deduces from (4.4) and (4.18) that

hvyG1.1/; ‰b1;1.1/i � hvyG1.�1/;‰b1;1.�1/i

D

Z
vy>0

vyG1.1/‰b1;1.1/ dv �

Z
vy<0

vyG1.�1/‰b1;1.�1/ dv

� �kb1;1k
2
C C�

Z
vy?0

jvy jG
2
1.˙1/ dv:

Combining the above estimates for the terms in (4.19), we get (4.17).
We now deduce an L2 estimate of the microscopic component P1G1: A direct energy

estimate for (4.3) gives

Œ� C .1 � �/�0�kG1k
2
C ı0�kP1G1k2 C

1

2

Z
vy?0

jvy jG
2
1.˙1/ dv

� �kG1k
2
C C�kwqFk

2
L1 : (4.20)

Thus, (4.17) and (4.20) as well as (4.16) yield

kG1k
2
C

Z
vy?0

jvy jG
2
1.˙1/ dv � CkwqFk

2
L1 : (4.21)
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Furthermore, to get higher order L2 estimates onG1, we see from .@mvxG1; @
m
vx

(4.3)/ with
m � 1 that

Œ� C .1 � �/�0�k@
m
vx
G1k

2
C ı0�k@

m
vx
G1k

2

C
1

2

Z
vy?0

jvy j@
m
vx
G21.˙1/ dv � CkG1k

2
C Ckwq@

m
vx

Fk2L1 ; (4.22)

where Lemma 2.3 has been used for �.@mvxLG1; @
m
vx
G1/:

Finally, the a priori estimate (4.5) follows from (4.15), (4.21) and (4.22). This com-
pletes the proof of Lemma 4.1.

With the a priori estimate (4.5), we now prove the following existence result for gen-
eral linear equations (4.3) and (4.4). Before doing this, we first define the function space

XN0 D
°
g D g.y; v/

ˇ̌̌ X
0�m�N0

kwq@
m
vx
gkL1 <1; g.�vx/ D �g.vx/

±
endowed with the norm

kgkXN0 D
X

0�m�N0

kwq@
m
vx
gkL1 :

And for convenience, we also define a linear operator L� by

L�g D Œ� C vy@y C �0 � �K�g:

Lemma 4.2. Assume F D F.y; v/ satisfies

F.�vx/ D �F.vx/;
X

0�m�N0

kwq@
m
vx

FkL1 <1: (4.23)

Then there exists a unique solution G1 D G1.y; v/ to (4.3)–(4.4) with � D 1 satisfying

G1.�vx/ D �G1.vx/;

and X
0�m�N0

kwq@
m
vx
G1kL1 � C0

X
0�m�N0

kwq@
m
vx

FkL1 ; (4.24)

where C0 > 0 is a constant depending only on N0 and q.

Proof. The proof is based on a bootstrap argument in the following three steps.

Step 1: Existence for � D 0. If � D 0, then (4.3)–(4.4) is reduced to the problem

�G1 C vy@yG1 C �0G1 D F;

G1.˙1; v/jvy70 D 0;
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which has a unique explicit solution

G1.y; v/ D 1vy>0
Z y

�1

e
�
.�0C�/.y�y

0/

vy v�1y F.y0; v/ dy0

C 1vy<0
Z 1

y

e
�
.�0C�/.y�y

0/

vy v�1y F.y0; v/ dy0: (4.25)

Moreover, one sees thatG1.�vx/D�G1.vx/ according to (4.23), and a direct calculation
implies X

0�m�N0

kwq@
m
vx
G1kL1 � C0

X
0�m�N0

kwq@
m
vx

FkL1 :

Step 2: Existence for any � 2 Œ0; ��� with some �� > 0. Suppose � 2 .0; 1�, and consider
a more general problem

�G1 C vy@yG1 C �0G1 D �KG1 CF; (4.26)

G1.˙1; v/jvy70 D 0: (4.27)

To solve this boundary value problem, we design the following approximation problem:

�GnC11 C vy@yG
nC1
1 C �0G

nC1
1 D �KGn1 CF;

GnC11 .˙1; v/jvy70 D 0;

starting from G01 D 0: Once Gn1 is given, GnC11 is well-defined by Step 1 and satisfies the
estimateX

0�m�N1

kwq@
m
vx
GnC11 kL1

� C0�
X

0�m�N1

kwq@
m
vx
KGn1kL1 C C0

X
0�m�N0

kwq@
m
vx

FkL1

� C0C1�
X

0�m�N1

kwq@
m
vx
Gn1kL1 C C0

X
0�m�N0

kwq@
m
vx

FkL1 ; (4.28)

where C1 > 0 depends only onK. If we choose �� > 0 such that C0C1�� � 1
2

, then (4.28)
implies X

0�m�N0

kwq@
m
vx
Gn1kL1 � 2C0

X
0�m�N0

kwq@
m
vx

FkL1 (4.29)

for any n � 0: Furthermore, one can also show that for � 2 Œ0; ���,

kŒGnC11 �Gn1 �kXN0 � C0C1�kŒG
n
1 �G

n�1
1 �kXN0 �

1
2
kŒGn1 �G

n�1
1 �kXN0 ; (4.30)

which implies thatGn1 !G1 strongly in XN0 . In addition, it is easy to see thatGnC11 .�vx/

D �GnC11 .vx/ if Gn1 .�vx/ D �G
n
1 .vx/. Thus, for � 2 Œ0; ���, there exists a unique solu-
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tion G1 2 XN0 to the problem (4.26)–(4.27). Actually, the a priori estimate (4.5) implies
that we still have the boundX

0�m�N0

kwq@
m
vx
G1kL1 � C0

X
0�m�N0

kwq@
m
vx

FkL1 :

In other words, it follows that

kL�1��FkXN0 � C0kFkXN0 : (4.31)

Step 3: Existence for � 2 Œ0; 2���. By using (4.31) and performing similar calculations
to those resulting in (4.29) and (4.30), one can see that there exists a unique solution
G1 2 XN0 to the lifted equation

�G1 C vy@yG1 C �0G1 � ��KG1 D �KG1 CF; G1.˙1; v/jvy70 D 0;

with � 2 Œ0; ���. Therefore, the solution mapping L�12�� is also well-defined on XN0 and
the estimate (4.24) holds for � D 2��.

Finally, repeating the above procedure step by step, one can reach � D 1 so that L�11
exists and (4.24) also follows simultaneously. This completes the proof of Lemma 4.2.

Proof of Proposition 4.1. By setting F D �vxvy
p
� in Lemma 4.2, we see that for any

� > 0 there exists a unique solution G�1 2 XN0 to the boundary value problem

�G�1 C vy@yG
�
1 C LG

�
1 D �vxvy

p
�; G�1.˙1; v/jvy70 D 0:

Notice that G�1 satisfies (4.1) and the estimate

kG�1kXN0 �
QC1;

where QC1 > 0 is independent of �: Furthermore, we consider a positive sequence ¹�nº1nD1
such that j�nC1 � �nj � 2�n, and �n! 0C as n!1. We consider the following approx-
imation problems:

�nG
�n
1 C vy@yG

�n
1 C LG

�n
1 D �vxvy

p
�;

G
�n
1 .˙1; v/jvy70 D 0:

Then letting NGnC1 D G
�nC1
1 �G

�n
1 , one sees that NGnC1 satisfies

�nC1 NGnC1 C vy@y NGnC1 C LG NGnC1 D �.�
nC1
� �n/G

�n
1 ;

NGnC1jvy70 D 0:

Thanks to Lemma 4.2, it follows that

k NGnC1kXN0
� C0j�

nC1
� �nj kG

�n
1 kXN0

� C QC1j�
nC1
� �nj:

This means that ¹G�n1 º
1
nD1 is a Cauchy sequence in XN0 . Thus, letting n!1, the limit

function denoted by G1 is the unique solution of (1.11), (1.16). Moreover, G1 satisfies
(4.1) and the bound (4.2). The proof of Proposition 4.1 is thus complete.
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5. Steady problem: remainder

Based on Proposition 4.1, one can further show the following existence result for the
remainder GR. Recall the steady problem (1.8) as well as (1.9) and (1.10).

Proposition 5.1. The boundary value problem (1.13)–(1.14) admits a unique solution
GR D GR.y; v/ with zGR D

p
�GR satisfyingZ 1

�1

Z
R3
zGR.y; v/ dv dy D 0:

And there is an integer q0 > 0 such that for any integer q � q0, there is ˛0 D ˛0.q/ > 0
such that for any ˛ 2 .0; ˛0/ and any integer m � 0,

kwq@
m
vx
zGRkL1 � QCR;

where QCR > 0 is a constant depending only on m and q but independent of ˛.

5.1. Caflisch’s decomposition

To prove Proposition 5.1, we follow the strategy of the proof in [15] for treating the shear
force term in the framework of perturbation. In fact, notice that there is a growth term
1
2
˛vxvyGR in equation (1.13). To treat this growth in velocity, the key point is to use

Caflisch’s decomposition [10] and an algebraic weighted estimate introduced originally
by Arkeryd–Esposito–Pulvirenti [2]. For this purpose, we first decompose the remainder
GR as

p
�GR D GR;1 C

p
�GR;2; (5.1)

where GR;1 and GR;2 satisfy the following two boundary value problems, respectively:

vy@yGR;1 � ˛vy@vxGR;1 C �0GR;1

D �MKGR;1 �
1
2
˛
p
�vxvyGR;2 �

1
2

p
�vxvyG1 C

p
�vy@vxG1

CQ.
p
�G1;

p
�G1/

C ˛¹Q.
p
�GR;

p
�G1/CQ.

p
�G1;

p
�GR/º

C ˛2Q.
p
�GR;

p
�GR/; y 2 .�1; 1/; v 2 R3; (5.2)

GR;1.˙1; v/jvy70 D 0; v 2 R3; (5.3)

and

vy@yGR;2 � ˛vy@vxGR;2 C LGR;2

D .1 � �M /�
�1=2KGR;1; y 2 .�1; 1/; v 2 R3; (5.4)

GR;2.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�GR.˙1; v/jvy j dv; v 2 R3: (5.5)
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Here �M .v/ is a nonnegative smooth cutoff function such that

�M .v/ D

´
1; jvj �M C 1;

0; jvj �M;

and K is defined by (2.4). Existence of solutions for (5.2)–(5.3) and (5.4)–(5.5) can be
proved via the approximation sequence by iteratively solving the systems

�GnC1R;1 C vy@yG
nC1
R;1 � ˛vy@vxG

nC1
R;1 C �0G

nC1
R;1

D �MKGnC1R;1 �
1
2
˛
p
�vxvyG

nC1
R;2 �

1
2

p
�vxvyG1 C

p
�vy@vxG1

CQ.
p
�G1;

p
�G1/

C ˛¹Q.
p
�GnR;

p
�G1/CQ.

p
�G1;

p
�GnR/º

C ˛2Q.
p
�GnR;

p
�GnR/; y 2 .�1; 1/; v 2 R3; (5.6)

GnC1R;1 .˙1; v/jvy70 D 0; v 2 R3; (5.7)

and

�GnC1R;2 C vy@yG
nC1
R;2 � ˛vy@vxG

nC1
R;2 C LG

nC1
R;2

D .1 � �M /�
�1=2KGnC1R;1 ; y 2 .�1; 1/; v 2 R3; (5.8)

GnC1R;2 .˙1; v/jvy70 D
p
2��

Z
vy?0

p
�GnC1R .˙1; v/jvy j dv; v 2 R3; (5.9)

for a small parameter � > 0, where we have set ŒG0R;1; G
0
R;2� D Œ0; 0� for n D 0.

The proof of Proposition 5.1 is in three steps. First, similarly to treating the existence
of G1, we introduce a modified coupled boundary value problem with two parameters
� > 0 and 0 � � � 1. This boundary value problem is directly solvable via the method
of characteristics in the case of � D 0 corresponding to the homogeneous inflow data,
and we then lift the value of � from � D 0 for the zero inflow data to � D 1 for the full
diffuse reflection boundary condition by a bootstrap argument. Second, we establish the
limit n!1 for any fixed � > 0. Third, we let � ! 0C to obtain the desired solution
which satisfies (5.2)–(5.3) and (5.4)–(5.5). As a result, with the help of (5.1), we get the
solution to the original boundary value problem (1.13)–(1.14).

5.2. A priori estimates with parameters � and �

Let us first show that ŒGnC1R;1 ;G
nC1
R;2 � is well-defined once ŒGnR;1;G

n
R;2� is given. To do this,

we apply the contraction method. We define the linear vector operator parameterized by
� 2 Œ0; 1� as follows:

L� ŒG1;G2� D ŒL
1
� ;L

2
� �ŒG1;G2�;
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where

L1� ŒG1;G2�

D

´
�G1 C vy@yG1 � ˛vy@vxG1 C �0G1 � ��MKG1 C ˛

vxvy

2

p
�G2; y 2 .�1; 1/;

G1.˙1; v/1¹vy70º;

and

L2� ŒG1;G2�

D

8̂<̂
:
�G2Cvy@yG2�˛vy@vxG2C�0G2��KG2��.1��M /�

�1=2KG1; y 2 .�1; 1/;

G2.˙1; v/1¹vy70º��
p
2��

Z
vy?0

.G1C
p
�G2/.˙1; v/jvy j dv:

We then consider the solvability of the following coupled linear system:´
L1� ŒG1;G2� D F1; L2� ŒG1;G2� D F2; y 2 .�1; 1/;

L1� ŒG1;G2� D 0; L2� ŒG1;G2� D F2;b; y D ˙1;
(5.10)

where F1, F1 and F2;b are given, and hF1; 1i C hF2;
p
�i D 0. In the rest of the proof,

for brevity, we denote

QF1 D

´
F1; y 2 .�1; 1/;

0; y D ˙1;
QF2 D

´
F2; y 2 .�1; 1/;

F2;b.˙1; v/; y D ˙1:

In what follows, we look for solutions to the system (5.10) in the Banach space

X˛;N0 D
°
ŒG1;G2�

ˇ̌̌ X
0�m�N0

kwq@
m
vx
ŒG1;G2�kL1 <1

±
(5.11)

endowed with the norm

kŒG1;G2�kX˛;N0 D
X

0�m�N0

¹kwq@
m
vx

G1kL1 C kwq@
m
vx

G2kL1º:

Let us now deduce an a priori estimate for the parameterized linear system (5.10).

Lemma 5.1 (A priori estimate). Let ŒG1;G2� 2X˛;N0 with ˛ > 0 andN0 � 0 be a solution
to (5.10) with � > 0 suitably small and � 2 Œ0; 1�, and let Œ QF1; QF2� 2 X˛;N0 with hF1; 1i C
hF2;
p
�i D 0. There is q0 > 0 such that for any q � q0 arbitrarily large, there are

˛0 D ˛0.q/ > 0 and large M D M.q/ > 0 such that for any 0 < ˛ < ˛0, the solution
ŒG1;G2� satisfies the estimate

kŒG1;G2�kX˛;N0 D kL
�1
� Œ
QF1; QF2�kX˛;N0

� CL

X
0�m�N0

¹kwq@
m
vx

F1kL1 C kwq@
m
vx

F2kL1 C kwqF2;bkL1º; (5.12)

where the constant CL > 0 may depend on � but not on � or ˛.
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Proof. The proof is divided into two steps.

Step 1: L1 estimates. Let 0 � m � N0 and q > 0, and denote

ŒH1;m;H2;m� D Œwq@
m
vx

G1; wq@
m
vx

G2�:

Then we see that ŒH1;m;H2;m� satisfies

�H1;m C vy@yH1;m � ˛vy@vxH1;m C 2q˛
vyvx

1C jvj2
H1;m C �0H1;m

� ��MwqK

�
H1;m

wq

�
� �1m>0

X
1�m0�m

Cm
0

m wq@
m0

vx
.�MK/@m�m

0

vx
G1

C ˛
X

0�m0�m

Cm
0

m wq@
m0

vx

�
vxvy

2

p
�

�
@m�m

0

vx
G2 D wq@

m
vx

F1; (5.13)

H1;m.˙1; v/j¹vy70º D 0; (5.14)

and

�H2;m C vy@yH2;m � ˛vy@vxH2;m C 2q˛
vyvx

1C jvj2
H1;m C �0H2;m

� �wqK

�
H2;m

wq

�
� �1m>0

X
1�m0�m

Cm
0

m wq@
m0

vx
K@m�m

0

vx
G2

� �
X

0�m0�m

Cm
0

m wq@
m0

vx
..1 � �M /�

�1=2/@m�m
0

vx
KG1 D wq@

m
vx

F2; (5.15)

H2;m.˙1; v/1¹vy70º � �wq@
m
vx
.
p
2��/

Z
vy?0

.G1 C
p
�G2/.˙1; v/jvy j dv

D wq@
m
vx

F2;b.˙1/: (5.16)

Recall the trajectory ŒY.sI t; y; v/; V .sI t; y; v/� defined in (3.4). In addition, for .y; v/ 2
Œ�1; 1� �R3, we define the backward exit time tb.y; v/ as

tb.y; v/ D inf ¹s W y � svy … .�1; 1/; s > 0º; (5.17)

which is the first time that the backward characteristic line ŒY.sI t; y; v/; V .sI t; y; v/� exits
.�1; 1/. Note that at the boundary y D ˙1, tb.y; v/ is well-defined if ˙vy > 0: For any
.y; v/, we use tb.y; v/ when it is well-defined. Furthermore, we denote

yb.y; v/ D y � tb.y; v/vy 2 ¹�1; 1º;

and for a random variable vk , we define the backward time cycle

.t0; y0; v0/ D .t; y; v/;

.tkC1; ykC1; vkC1/ D .tk � tb.yk ; vk/; yb.yk ; vk/; vkC1/; k � 0:
(5.18)
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We also set

Y lcl.sI t; y; v/ D 1ŒtlC1;tl /.s/¹yl C .s � tl /vlyº;

V lcl.sI t; y; v/ D 1ŒtlC1;tl /.s/.vlx C ˛.tl � s/vly ; vly ; vlz/:

Note that ŒY 0cl .s/; V
0

cl .s/� D ŒY.s/; V .s/� and yl D ˙1 for l � 1. Moreover, tl can be
negative.

Define Vj D ¹vj 2R3 j vj � n.yj / > 0º;where n.yj /D .0;1;0/ if yj D 1 and n.yj /D
.0;�1; 0/ if yj D �1. Let the iterated integral for k � 2 be defined asZ

Qk�1
lD1 Vl

k�1Y
lD1

d�l WD

Z
V1

� � �

²Z
Vk�1

d�k�1

³
d�1; (5.19)

where d�l D
p
2� �.vl /jvly j dvl is a probability measure.

Without loss of generality, we assume limjt j!1ŒH1;m;H2;m�.t/D 0. Along the char-
acteristic line (3.3), for .y; v/ 2 Œ�1; 1� � R3 n .
� [ 
0/, we write the solution of the
system (5.13)–(5.14) in the mild form as follows:

H1;m.t/ D H1;m.y.t/; v.t//

D �

Z t

t1

e�
R t
s A�.�;V.�// d�

²
�MwqK

�
H1;m

wq

�³
.Y.s/; V .s// ds

C �1m>0
Z t

t1

e�
R t
s A�.�;V.�// d�

X
1�m0�m

Cm
0

m ¹wq@
m0

vx
.�MK/@m�m

0

vx
G1º.Y.s/; V .s// ds

� ˛

Z t

t1

e�
R t
s A�.�;V.�// d�

X
0�m0�m

Cm
0

m

²
wq@

m0

vx

�
vxvy

2

p
�

�
@m�m

0

vx
G2

³
.Y.s/; V .s// ds

C

Z t

t1

e�
R t
s A�.�;V.�// d� .wq@

m
vx

F1/.Y.s/; V .s// ds;

where

A�.�; V .�// D �0 C � C 2q˛
Vy.�/Vx.�/

1C jV.�/j2
� �0=2; (5.20)

provided that � > 0 and q˛ > 0 are suitably small. By Lemma 2.4, it is straightforward to
see that

sup
�1<t<1

kH1;m.t/kL1

�
C

q

X
m0�m

sup
�1<t<1

kH1;m0.t/kL1 C C˛
X
m0�m

sup
�1<t<1

kH2;m0.t/kL1

C sup
�1<t<1

kwq@
m
vx

F1.t/kL1 : (5.21)
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By taking q sufficiently large, (5.21) further givesX
0�m�N0

kH1;mkL1 � C˛
X

0�m�N0

kH2;mkL1 C
X

0�m�N0

kwq@
m
vx

F1kL1 : (5.22)

Similarly, one can also write the solution of (5.15)–(5.16) in the mild form of

H2;m.t/ D �

Z t

t1

e�
R t
s A�.�;V.�// d�

²
wqK

�
H2;m

wq

�³
.Y.s/; V .s// ds„ ƒ‚ …

I1

C�1m>0
Z t

t1

e�
R t
s A�.�;V.�// d�

X
1�m0�m

Cm
0

m ¹wq.@
m0

vx
K/@m�m

0

vx
G2º.Y.s/; V .s// ds„ ƒ‚ …

I2

C�

Z t

t1

e�
R t
s A�.�;V.�// d�

X
0�m0�m

Cm
0

m ¹wq@
m0

vx
..1��M /�

�1=2/@m�m
0

vx
KG1º.Y.s/; V .s// ds„ ƒ‚ …

I3

C

Z t

t1

e�
R t
s A�.�;V.�// d� .wq@

m
vx

F2/.Y.s/; V .s// dsCe
�
R t
t1

A�.�;V.�// d�
.wq@

m
vx

F2;b/.t1; y1; V .t1//„ ƒ‚ …
I4

C

10X
nD5

In; (5.23)

where .y; v/ 2 Œ�1; 1� �R3 n .
� [ 
0/, and for k � 2,

I5 D �
k�1
p
2� e

�
R t
t1

A�.�;V.�// d�
Œwq@

m
vx
.
p
�/�.V .t1//„ ƒ‚ …

W

�

Z
Qk�1
jD1 Vj

.wqG2/.tk ; yk ; V
k�1

cl .tk// d†k�1.tk/;

I6 D

k�1X
lD2

� l�1W

Z
Qk�1
jD1 Vj

.wqF2;b/.tl ; yl ; V
l�1

cl .tl // d†l .tl /;

I7 D �
l

k�1X
lD1

W

Z
Qk�1
jD1 Vj

Z tl

tlC1

wqF2.Y
l

cl; V
l

cl/.s/ d†l .s/ ds;

I8 D �
l

k�1X
lD1

W

Z
Qk�1
jD1 Vj

Z tl

tlC1

²
wqK

�
H2;0

wq

�³
.Y lcl; V

l
cl/.s/ d†l .s/ ds;

I9 D �
l

k�1X
lD1

W

Z
Qk�1
jD1 Vj

Z tl

tlC1

²
.1 � �M /wq�

�1=2K

�
H1;0

wq

�³
.Y lcl; V

l
cl/.s/ d†l .s/ ds;

I10 D �
lW

k�1X
lD1

Z
Qk�1
jD1 Vj

�
wq
p
�

G1

�
.tl ; yl ; V

l�1
cl .tl //d†l .tl /:
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In the above expressions we have used the notations

†l .s/ D

k�1Y
jDlC1

d�j e
�
R tl
s A�.�;V lcl.�// d� Qw2.vl / d�l

�

l�1Y
jD1

Qw2.vj /

Qw2.V
j

cl .tjC1//
e
�
R tj
tjC1

A�.�;V lcl.�// d� d�j ; (5.24)

and

Qw2.v/ D .
p
2�wq

p
�/�1: (5.25)

L1 estimates for H2;m are more complicated because K has no smallness property.
To overcome this, we have to iterate (5.23) twice. Let us first compute In .1 � n � 10/
term by term. Recalling the definition (2.5) of kw , one directly has, by (5.20),

jI1j �

Z t

t1

e�
�0
2 .t�s/

Z
R3

kw.V .s/; v0/jH2;m.s; Y.s/; v0/j dv0 ds:

By Lemma 2.2, it follows that

jI2j � C1m>0
X

m0�m�1

kwq@
m0

vx
G2kL1

Z t

t1

e�
�0
2 .t�s/ ds

� C1m>0
X

m0�m�1

kwq@
m0

vx
G2kL1 ;

and similarly

jI3j � C
X
m0�m

kwq@
m0

vx
G1kL1 :

It is straightforward to see that

jI4j � Ckwq@
m
vx

F2kL1 C Ckwq@
m
vx

F2;bkL1 :

Next, notice that

jW j � CmŠ4qqŠe��0.t�t1/=2:

In the sequel, for simplicity, we denote by Cm;q the constant mŠ4qqŠ. By Lemma 8.1,

jI5j � CCm;q2
�C2T

5=4
0 e�

�0
2 .t�t1/kH2;0kL1 ;

jI6j C jI7j � CkCm;qe
�
�0
2 .t�t1/¹kwqF2kL1 C kwqF2;bkL1º;

jI9j; jI10j � CCm;qke
�
�0
2 .t�t1/kH1;0kL1 ;
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jI8j � CCm;qe
�
�0
2 .t�t1/

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
R3

kw.V lcl.s/; v
0/jH2;0.s; Y

l
cl.s/; v

0/j

� dv0 d†l .s/ ds;

where we have taken T0 D t � tk with k D C1T
5=4
0 , and both C1 > 0 and C2 > 0 are

given in Lemma 8.1.
Putting all the estimates for In .1 � n � 10/ above together and adjusting the con-

stants, we have

jH2;m.t/j

� CCm;qe
�
�0
2 .t�t1/

Z t

t1

e�
�0
2 .t�s/

Z
R3

kw.V .s/; v0/jH2;m.s; Y.sI t; y; v/; v0/j dv0 ds

C CCm;qe
�
�0
2 .t�t1/

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
R3

kw.V lcl.s/; v
0/

� jH2;0.s; Y
l

cl.sI t; y; v/; v
0/j dv0 d†l .s/ ds

CQ.t/; (5.26)

where

Q.t/ D C1m>0
X

m0�m�1

sup
�1<s�t

kH2;m0.s/kL1 C C
X
m0�m

sup
�1<s�t

kH1;m0.s/kL1

C C sup
�1<s�t

kwq@
m
vx

F2.s/kL1 C C sup
�1<s�t

kwq@
m
vx

F2;b.s/kL1

C CCm;q2
�C2T

5=4
0 sup
�1<s�t

kH2;0.s/kL1 C CCm;qk sup
�1<s�t

kH1;0.s/kL1

C CCm;qk sup
�1<s�t

kwqF2.s/kL1 C CCm;qk sup
�1<s�t

kwqF2;b.s/kL1 :

Then let us define a new backward time cycle as

.t 0`C1; y
0
`C1; v

0
`C1/ D .t

0
` � tb.y

0
`; v
0
`/; yb.y

0
`; v
0
`/; v

0
`C1/;

and the starting point

.t 00; y
0
0; v
0
0/ D .s; y

0; v0/ WD .s; Y.s/; v0/ or .s; Y lcl.s/; v
0/;

for some s 2 R and l 2 ZC. Furthermore, for ` 2 ZC, we also denote

NY `cl.s
0
I s; y0; v0/ D 1Œt 0

`C1
;t 0
`
/.s
0/¹y0` C .s

0
� t 0`/v

0
`yº;

NV `cl .s
0
I s; y0; v0/ D 1Œt 0

`C1
;t 0
`
/.s
0/.v0`x C ˛.t

0
` � s

0/v`y ; v
0
`y ; v

0
`z/:

To be consistent, we set Œ NY 0cl .s
0/; NV 0cl .s

0/� WD Œ NY .s0/; NV .s0/�:
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Iterating (5.26) again, one has

jH2;m.t/j

� CC2m;q

Z t

t1

e�
�0
2 .t�s/

Z
R3

kw.V .s/; v0/
Z s

t 0
1

e�
�0
2 .s�s

0/

Z
R3

kw. NV .s0IY.s/; v0/; v00/

� jH2;m.s
0; NY .s0IY.s/; v0/; v00/j dv00 ds0 dv0 ds

C CC2m;q

Z t

t1

e�
�0
2 .t�s/

Z
R3

kw.V .s/; v0/e�
�0
2 .s�t

0
1
/

�

{�1X
`D1

Z
Q{�1
|D1 V|

Z t 0
`

t 0
`C1

Z
R3

kw. NV `cl .s
0
IY.s/; v0/; v00/

� jH2;0.s
0; NY `cl.s

0
IY.s/; v0/; v00/j dv00 d†`.s

0/ ds0 dv0 ds

C CCm;qC0;q

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
R3

kw.V lcl.s/; v
0/

�

Z s

t 0
1

e�
�0
2 .s�s

0/

Z
R3

kw. NV .s0IY lcl.s/; v
0/; v00/

� jH2;0.s
0; NY .s0IY lcl.s/; v

0/; v00/j dv00 ds0 dv0 d†l .s/ ds

C CCm;qC0;q

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
R3

kw.V lcl.sI v/; v
0/e�

�0
2 .s�t

0
1
/

�

{�1X
`D1

Z
Q{�1
|D1 V|

Z t 0
`

t 0
`C1

Z
R3

kw. NV `cl .s
0
IY lcl.s/; v

0/; v00/jH2;0.s
0; NY `cl.s

0
IY lcl.s/; v

0/; v00/j

� dv00 d†`.s
0/ ds0 dv0 d†l .s/ ds

C CCm;qC0;q

Z t

t1

e�
�0
2 .t�s/

Z
R3

kw.V .s/; v0/Q.s/ dv0 ds

C CC2m;q

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
R3

kw.V lcl.s/; v
0/Q.s/ dv0 d†l .s/ ds; (5.27)

where according to Lemma 8.1 and Remark 8.1, we choose { 2 ZC such that { � . QT0/5=4

with QT0 D s � t 0{ being suitably large. We claim that

kH2;mkL1 � �¹kH2;mkL1 C kH2;0kL1º C C. QT0/¹k@
m
vx

G2k C kG2kº

C C sup
s�t

Q.s/; (5.28)

where � > 0 is suitably small. To prove (5.28), we only estimate the fourth term on the
right hand side of (5.27), because the other terms can be estimated similarly. For any
sufficiently small �0 > 0, we first divide Œt 0

`C1
; t 0
`
� as Œt 0

`C1
; t 0
`
� �0� [ .t

0
`
� �0; t

0
`
�, then

rewrite the fourth term on the right hand side of (5.27) as
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J WD CCm;qC0;q

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
R3

kw.V lcl.sI v/; v
0/e�

�0
2 .s�t

0
1
/

�

{�1X
`D1

Z
Q{�1
|D1 V|

�Z t 0
`
��0

t 0
`C1

C

Z t 0
`

t 0
`
��0

�Z
R3

kw. NV `cl .s
0
IY lcl.s/; v

0/; v00/

� jH2;0.s
0; NY `cl.s

0
IY lcl.s/; v

0/; v00/j dv00 d†`.s
0/ ds0 dv0 d†l .s/ ds

DW J1 C J2:

By Lemma 8.1, it is easy to see that

J2 � CCm;qC0;q�0{kH2;0kL1 :

For J1, the computation is divided into the following three cases.

Case 1: jV lcl.sI v/j > M or j NV `cl .s
0IY lcl.s/; v

0/j > M . In this case, by Lemma 2.1,Z
R3
jkw.V lcl.sI v/; v

0/j dv0 �
C.q/

1CM
or
Z

R3
jkw. NV `cl .s

0
IY lcl.s/; v

0/; v00/j dv00 �
C.q/

1CM
;

where C.q/ > 0 and depends on qŠ. Therefore, by using Lemma 8.1 again one has

jJ1j �
CCm;qC0;qC

2.q/

1CM
kH2;0kL1 :

Note that here and in the sequel, l and ` run over Œ1; k � 1� and Œ1; { � 1�, respectively.

Case 2: jV lcl.sI v/j � M and jv0j > 2M , or j NV `cl .s
0I Y lcl.s/; v

0/j � M and jv00j > 2M . In
this regime, we have either jV lcl.sI v/ � v

0j > M or j NV `cl .s
0I Y lcl.s/; v

0/ � v00j > M . Then
the following two estimates hold respectively:

kw.V lcl.sI v/; v
0/ � Ce�"M

2=16kw.V lcl.sI v/; v
0/e"jV

l
cl�v
0j2=16;

kw. NV `cl .s
0
IY lcl.s/; v

0/; v00/ � Ce�"M
2=16kw. NV `cl .s

0
IY lcl.s/; v

0/; v00/e"j
NV `cl�v

00j2=16:

This together with Lemma 2.1 implies

jJ1j � CCm;qC0;qC
2.q/e�"M

2=16
kH2;0kL1 :

Case 3: jV lcl.sI v/j � M , jv0j � 2M , j NV `cl .s
0I Y lcl.s/; v

0/j � M and jv00j � 2M . The key
point here is to convert the L1 integral with respect to the double v variables into the L2

norm with respect to the variables y and v. To do so, for any large N > 0, we choose a
number M.N/ to define kw;M .u; v0/ as in (4.12), then decompose

kw.V lcl; v
0/kw. NV `cl ; v

00/ D ¹kw.V lcl; v
0/ � kw;M .V lcl; v

0/ºkw. NV `cl ; v
00/

C ¹kw. NV `cl ; v
00/ � kw;M . NV `cl ; v

00/ºkw;M .V lcl; v
0/

C kw;M .V lcl; v
0/kw;M . NV `cl ; v

00/:
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From Lemma 8.1, the first two difference terms lead to a small contribution to J1 bounded
by

CCm;qC0;qC
2.q/

N
kH2;0kL1 :

For the remaining main contribution of the bounded product kw;M .V lcl; v
0/kw;M . NV `cl ; v

00/,
we denote

Qy D NY `cl.s
0
IY lcl.s/; v

0/ D y0` � .t
0
` � s

0/v0`y

and apply the change of variable v0
ly
! Qy. Then one hasˇ̌̌̌

@ Qy

@v0
ly

ˇ̌̌̌
D

ˇ̌̌̌
@.y0

`
� .t 0

`
� s0/v0

`y
/

@v0
ly

ˇ̌̌̌
D jt 0` � s

0
j � �0:

We now estimate this part as follows:

CCm;qC0;q

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

Z
jv0j�2M

kw;M .V lcl.sI v/; v
0/e�

�0
2 .s�t

0
1
/

�

{�1X
`D1

Z
Q{�1
|D1 V|

Z t 0
`
��0

t 0
`C1

Z
jv00j�2M

kw;M . NV `cl .s
0
IY lcl.s/; v

0/; v00/

� jH2;0.s
0; NY `cl.s

0
IY lcl.s/; v

0/; v00/j dv00 d†`.s
0/ ds0 dv0 d†l .s/ ds

� C.M;m; q/

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

tlC1

e�
�0
2 .s�t

0
1
/

�

{�1X
`D1

Z
Q{�1
|D1 V|

Z t 0
`
��0

t 0
`C1

Z
jv0j�2M; jv00j�2M

jG2.s
0; NY `cl.s

0
IY lcl.s/; v

0/; v00/j

� dv00 dv0 d†`.s
0/ ds0 d†l .s/ ds

�
C.M;m; q/
p
�0

sup
s�t
kG2.s/k sup

v;v0

²Z t1

tk

e�
�0.t1�s/

2 e�
�0
2 .s�t

0
1
/

Z t 0
1

t 0{

e�
�0.t
0
1
�s0/

2 ds0 ds

³
�
C.M;m; q/
p
�0

sup
s�t
kG2.s/k:

Putting all the estimates for J1 and J2 together, we now obtain

J � CCm;qC0;q�0{kH2;0kL1 C
CCm;qC0;qC

2.q/

1CM
kH2;0kL1

C CCm;qC0;qC
2.q/e�

"M2

16 kH2;0kL1

C
CCm;qC0;qC.q/

N
kH2;0kL1 C

C.M;m; q/
p
�0

sup
s�t
kG2.s/k:
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As mentioned before, by performing similar calculations for the other terms on the
right hand side of (5.27), one gets

kH2;mkL1 �
CCm;qC0;qC

2.q/

1CM
kH2;mkL1 C CCm;qC0;qC

2.q/e�"M
2=16
kH2;mkL1

C CCm;qC0;q�0{kH2;0kL1 C
CCm;qC0;q.4

qqŠ/2

1CM
kH2;0kL1

C CCm;qC0;qC
2.q/e�"M

2=16
kH2;0kL1 C

CCm;qC0;qC.q/

N
kH2;0kL1

C
C.M;m; q/
p
�0

sup
s�t
kG2.s/k C C.M;m; q/ sup

s�t
k@mvxG2.s/k C C sup

s�t
Q.s/: (5.29)

Since { � . QT0/5=4, by taking M and N large enough and �0 D . QT0/�5=2 small enough,
(5.29) further yields (5.28). Finally, taking a linear combination of (5.28) with m D
0; 1; : : : ; N0, we conclude thatX
0�m�N0

kH2;mkL1

� C.N0; q; QT0/
X

0�m�N0

k@mvxG2k C C.N0; q; T0/
X

0�m�N0

kH1;mkL1

C C.N0; q; T0/
X

0�m�N0

¹kwq@
m
vx

F2kL1 C kwq@
m
vx

F2;bkL1º: (5.30)

Remark 5.1. We point out that the estimates (5.22) and (5.30) obtained above are inde-
pendent of �: Moreover, both QT0 and T0 are independent of t; because starting from any
t 2 .�1;1/ we can trace back k times to some tk which can be negative.

Step 2: L2 estimate. To close the final estimate, we turn to the L2 estimate of @mvxG2 with
0 � m � N0. The goal is to prove that for a given � > 0 there exists C.�/ > 0 such thatX
0�m�N0

k@mvxG2k
2
C

X
0�m�N0

j@mvxG2j
2
2;C

� C.�/
X

0�m�N0

kwq@
m
vx

G1k
2
L1 C C.�/

X
0�m�N0

kwq@
m
vx

F2k
2
L1

C C.�/
X

0�m�N0

kwq@
m
vx

F2;bk
2
L1 : (5.31)

For this, we begin with the following equations for G2:8̂̂̂̂
<̂
ˆ̂̂:
�G2Cvy@yG2�˛vy@vxG2C�0G2��KG2��.1��M /�

�1=2KG1 D F2;

y 2 .�1; 1/;

G2.˙1; v/1¹vy70º��
p
2��

Z
vy?0

p
�G .˙1; v/jvy j dv D F2;b :

(5.32)
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Taking the inner product of (5.32)1 and G2 over .y; v/ 2 .�1; 1/�R3 we have, for � > 0,

.� C .1 � �/�0/kG2k
2
C �ı0kP1G2k2 C 1

2
j¹I � P
ºG2j

2
2;C C

1
2
.1 � �/jP
G2j

2
2;C

� j.G2;F2/j C j..1 � �M /�
�1=2KG1;G2/j

C �jP
G2j
2
2;C C C�kwqG1k

2
L1 C C�kwqF2;bk

2
L1 ; (5.33)

where the following estimate on the boundary term has been used:Z
R3
vyG 22 .1/ dv �

Z
R3
vyG 22 .�1/ dv

D

Z
vy>0

vyG 22 .1/ dv �

Z
vy<0

vy.�P
G2 C � NP
G1 C F2;b/
2.1/ dv

�

Z
vy<0

vyG 22 .�1/ dv �

Z
vy>0

vy.�P
G2 C � NP
G1 C F2;b/
2.�1/ dv

� .1 � �2/

Z
vy>0

vy.P
G2/
2.1/ dv C

Z
vy>0

vy.¹I � P
ºG2/
2.1/ dv

C .1 � �2/

Z
vy<0

jvy j.P
G2/
2.�1/ dv C

Z
vy<0

jvy j.¹I � P
ºG2/
2.�1/ dv

� �

Z
vy<0

vy.P
G2/
2.1/ dv � C�kwqF2;b.1/k

2
L1 � �

Z
vy>0

jvy j.P
G2/
2.�1/ dv

� C�kwqF2;b.�1/k
2
L1 � C�

Z
vy<0

jvy j j NP
G1.1/j
2 dv

� C�

Z
vy>0

jvy j j NP
G1.�1/j
2 dv

� j¹I � P
ºG2j
2
2;C C .1 � �/jP
G2j

2
2;C � �jP
G2j

2
2;C

� C�kwqF2;b.˙1/k
2
L1 � C�kwqG1k

2
L1 :

Here we have used the notation

NP
G1.˙1/ D
p
2��

Z
vy?0

G1.˙1/jvy j dv

and the estimate ˇ̌̌̌Z
vy?0

G1.˙1/jvy j dv

ˇ̌̌̌
� CkwqG1kL1 for q > 5=2:

Next, since

jP
G2.˙1/j
2
2;˙ D

Z
vy?0

�Z
vy?0

G2.˙1/
p
� jvy j dv

�2
2��.v/jvy j dv

D

�Z
vy?0

G2.˙1/
p
� jvy j dv

�2
;
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by dividing the integration domain as

¹v 2 R3 W vy > 0º D ¹v 2 R3 W 0 < vy < " or vy > 1="º„ ƒ‚ …
V "

[ ¹v 2 R3 W " � vy � 1="º;

one sees that the grazing part of jP
G2.1/j
2
2;C is bounded by the Hölder inequality as�Z

V "
�.v/jvy j dv

�Z
vy>0

jG2.1/j
2vy dv . "

Z
vy>0

jG2.1/j
2vy dv: (5.34)

For the nongrazing region, we see by using the trace Lemma 3.1 thatZ
¹v2R3Wvy>0ºnV "

jG2.1/j
2vy dv � CkG2k

2
C Ckvy@yG 22 � ˛vy@vxG 22 kL1

� CkG2k
2
C C j.LG2;G2/j C C j..1 � �M /�

�1=2KG1; ;G2/j C j.F2;G2/j

� CkG2k
2
C CkwqG1k

2
L1 C CkF2k

2: (5.35)

Putting (5.34) and (5.35) together, one has

jP
G2j
2
2;C � "j¹I � P
ºG2j

2
2;C C CkG2k

2
C CkwqG1k

2
L1 C CkF2k

2: (5.36)

Consequently, (5.33) and (5.36) give

kG2k
2
C jG2j

2
2;C � C.�/¹kwqF2k

2
L1 C kwqF2;bk

2
L1 C kwqG1k

2
L1º: (5.37)

Remark 5.2. Note that the constant C.�/ in (5.37) is independent of the parameter � .

It remains to deduce an L2 estimate of higher order velocity derivatives. For this,
applying @mvx .m � 1/ to (5.32) we have8̂̂̂<̂
ˆ̂:
�@mvxG2 C vy@y@

m
vx

G2 � ˛vy@
mC1
vx

G2 C �0@
m
vx

G2 � �@
m
vx
KG2

� �@mvx Œ.1 � �M /�
�1=2KG1� D @

m
vx

F2; y 2 .�1; 1/;

@mvxG2.˙1; v/1¹vy70º � �
p
2� @mvx .�

1=2/

Z
vy?0

p
�G .˙1; v/jvy j dv D @

m
vx

F2;b :

(5.38)

Taking the inner product of (5.38)1 and @mvxG2, we deduce

.� C .1 � �/�0/k@
m
vx

G2k
2
C �ı0k@

m
vx

G2k
2
C

1
2
j@mvxG2j

2
2;C

� CkG2k
2
C C

X
m0�m

kwq@
m0

vx
G1k

2
L1 C C.m/jP
G2j

2
2;C

C Ck@mvxF2k
2
C Ckwq@

m
vx

F2;bk
2
L1 ; (5.39)

where we have used the following estimates for the incoming boundary term in (5.38)2:Z
vy70

jvy j j@
m
vx

G2.˙1; v/1¹vy70ºj
2 dv

� C.m/jP
G2j
2
2;C C CkwqG1k

2
L1 C Ckwq@

m
vx

F2;bk
2
L1 :

Then (5.39) and (5.37) give (5.31). With (5.31), (5.12) follows from (5.22) and (5.30).
This completes the proof of the lemma.



R.-J. Duan, S.-Q. Liu, T. Yang 44

5.3. Existence for the linear problem with � D 1 and � > 0

With Lemma 5.1, we now turn to the existence of solution to (5.10) for a fixed parameter
� > 0 in the L1 framework by the contraction mapping argument.

Lemma 5.2. Under the same assumption of Lemma 5.1, there exists a unique solution
ŒG1;G2� 2 X˛;N0 to (5.10) with � D 1 satisfyingX
0�m�N0

¹kwq@
m
vx

G1kL1 C kwq@
m
vx

G2kL1º

� C
X

0�m�N0

¹kwq@
m
vx

F1kL1 C kwq@
m
vx

F2kL1 C kwq@
m
vx

F2;b.s/kL1º: (5.40)

Proof. The proof is based on the a priori estimate (5.12) established in Lemma 5.1 and a
bootstrap argument. Just as for Lemma 4.2, the proof is divided into three steps.

Step 1: Existence for � D 0. If � D 0, then (5.10) is reduced to

�G1 C vy@yG1 � ˛vy@vxG1 C �0G1 C ˛
vxvy

2

p
�G2 D F1; y 2 .�1; 1/;

G1.˙1; v/1¹vy70º D 0;

and

�G2 C vy@yG2 � ˛vy@vxG2 C �0G2 D F2; y 2 .�1; 1/;

G2.˙1; v/1¹vy70º D F2;b;

respectively. Then, in this simple case, the existence of L1 solutions can be directly
proved by the method of characteristics so that

kL�10 Œ
QF1; QF2�kX˛;N0 � CLkŒ QF1; QF2�kX˛;N0 : (5.41)

Step 2: Existence for � 2 Œ0; ��� for some �� > 0. Letting � 2 .0; 1�, we now consider

�G1 C vy@yG1 � ˛vy@vxG1 C �0G1 C ˛
vxvy

2

p
�G2

D ��MKG1 C F1; y 2 .�1; 1/; (5.42)

G1.˙1; v/1¹vy70º D 0; (5.43)

and

�G2 C vy@yG2 � ˛vy@vxG2 C �0G2

D �KG2 C �.1 � �M /�
�1=2KG1 C F2; y 2 .�1; 1/; (5.44)

G2.˙1; v/1¹vy70º D �
p
2��

Z
vy?0

.G1 C
p
�G2/.˙1; v/jvy j dv C F2;b : (5.45)



The Boltzmann equation for plane Couette flow 45

For the above system, we design the following approximation scheme:

�G nC11 C vy@yG nC11 � ˛vy@vxG nC11 C �0G
nC1
1 C ˛

vxvy

2

p
�G nC12

D ��MKG n1 C F1 DW F
.1/
1 ; (5.46)

G nC11 .˙1; v/1¹vy70º D 0; (5.47)

and

�G nC12 C vy@yG nC12 � ˛vy@vxG nC12 C �0G
nC1
2

D �KG n2 C �.1 � �M /�
�1=2KG n1 C F2 DW F

.1/
2 ; (5.48)

G nC12 .˙1; v/1¹vy70º

D �
p
2��

Z
vy?0

.G n1 C
p
�G n2 /.˙1; v/jvy j dv C F2;b DW F

.1/

2;b
; (5.49)

with ŒG 01 ; G
0
2 � D Œ0; 0�. The goal in the following proof is twofold: (i) ŒG n1 ; G

n
2 �
1
nD0 is

uniformly bounded in X˛;N0 , and (ii) ŒG n1 ; G
n
2 �
1
nD0 is a Cauchy sequence in X˛;N0 . By

(5.41), it follows that

kŒG nC11 ;G nC12 �kX˛;N0 � CL

°
kF

.1/
1 ;F

.1/
2 �kX˛;N0 C

X
0�m�N0

kwq@
m
vx

F2;bkL1
±

� CL� NC1kŒG
n
1 ;G

n
2 �kX˛;N0

C CL

X
0�m�N0

¹kwq@
m
vx

F1kL1 C kwq@
m
vx

F2kL1 C kwq@
m
vx

F2;bkL1º„ ƒ‚ …
M0

; (5.50)

where NC1 > 0 is independent of � and n. Choosing 0 < �� < 1 suitably small such that

CL�� NC1 � 1=2; (5.51)

(5.50) implies that

kŒG n1 ;G
n
2 �kX˛;N0 � 2M0 (5.52)

for all n � 0. Moreover, by (5.46)–(5.49) and applying (5.41), one has

kŒG nC11 ;G nC12 � � ŒG n1 ;G
n
2 �kX˛;N0 � CL� NC1kŒG

n
1 ;G

n
2 � � ŒG

n�1
1 ;G n�12 �kX˛;N0

�
1
2
kŒG n1 ;G

n
2 � � ŒG

n�1
1 ;G n�12 �kX˛;N0 (5.53)

with the condition (5.51). Consequently, (5.53) and (5.52) imply that the systems (5.42)–
(5.43) and (5.44)–(5.45) have a unique solution ŒG1; G2� 2 X˛;N0 for any � 2 Œ0; ���:
Moreover, by Lemma 5.1, we have the uniform estimate

kŒG1;G2�kX˛;N0 � CL

X
0�m�N0

¹kwq@
m
vx

F1kL1 C kwq@
m
vx

F2kL1 C kwq@
m
vx

F2;bkL1º;
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which is equivalent to

kL�1�� Œ
QF1; QF2�kX˛;N0 � CLkŒ QF1; QF2�kX˛;N0 : (5.54)

Step 3: Existence for � 2 Œ0; 2��� for some �� > 0. By using (5.54) and performing
similar calculations to those leading to (5.52) and (5.53), for � 2 Œ0; ���; one can see that
there exists a unique solution ŒG1;G2� 2 X˛;N0 to the lifted system

�G1 C vy@yG1 � ˛vy@vxG1 C �0G1 C ˛
vxvy

2

p
�G2 � ���MKG1

D ��MKG1 C F1; y 2 .�1; 1/;

G1.˙1; v/1¹vy70º D 0;

and

�G2 C vy@yG2 � ˛vy@vxG2 C �0G2 � ��KG2 � ��.1 � �M /�
�1=2KG1

D �KG2 C �.1 � �M /�
�1=2KG1 C F2; y 2 .�1; 1/;

G2.˙1; v/1¹vy70º � ��
p
2��

Z
vy?0

.G1 C
p
�G2/.˙1; v/jvy j dv

D �
p
2��

Z
vy?0

.G1 C
p
�G2/.˙1; v/jvy j dv C F2;b :

In other words, we have shown the existence of L�12�� on X˛;N0 and (5.12) holds true for
� D 2��.

Therefore, by repeating this procedure finitely many times, one can see that L�11 exists
when � D 1 and (5.40) follows correspondingly. This completes the proof of Lemma 5.2.

5.4. Estimates on the remainder

We are ready to complete the proof of Proposition 5.1.

Proof of Proposition 5.1. We now prove existence for the coupled system (5.2) and (5.4)
under the diffuse boundary conditions (5.3) and (5.5), respectively.

Let us first go back to the approximation system (5.6)–(5.9). By applying Lemma 5.2,
for fixed � > 0, we see that ŒGnC1R;1 ;G

nC1
R;2 � is well defined when ŒGnR;1;G

n
R;2� is given and

the solution belongs to X˛;N0 defined in (5.11) for N0 � 0.
We now show that ¹ŒGnR;1; G

n
R;2�º

1
nD0 is a Cauchy sequence in X˛;N0 , which implies

that its limit denoted by ŒG�R;1; G
�
R;2� is the unique solution of the system

�G�R;1 C vy@yG
�
R;1 � ˛vy@vxG

�
R;1 C �0G

�
R;1 � �MKG�R;1

D �
1
2
˛
p
�vxvyG

�
R;2 �

1
2

p
�vxvyG1 C

p
�vy@vxG1 CQ.

p
�G1;

p
�G1/

C ˛¹Q.
p
�G�R;

p
�G1/CQ.

p
�G1;

p
�G�R/º C ˛

2Q.
p
�G�R;

p
�G�R/

DW N�; y 2 .�1; 1/; v 2 R3; (5.55)
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G�R;1.˙1; v/jvy70 D 0; v 2 R3; (5.56)

and

�G�R;1 C vy@yG
�
R;2 � ˛vy@vxG

�
R;2 C LG

�
R;2

D .1 � �M /�
�1=2KG�R;1; y 2 .�1; 1/; v 2 R3; (5.57)

G�R;2.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�G�R.˙1; v/jvy j dv; v 2 R3: (5.58)

Furthermore, we will show that the convergence of the sequence ¹ŒGnR;1; G
n
R;2�º

1
nD0 is

independent of �. For this, we first prove that

kŒGnR;1; G
n
R;2�kX˛;N0 � 2C0; (5.59)

where C0 > 0 is independent of � and n for all n � 0. We apply induction on n. Notice
ŒG0R;1; G

0
R;2� D Œ0; 0�. If n D 1, then the system (5.6)–(5.9) reads

�G1R;1Cvy@yG
1
R;1�˛vy@vxG

1
R;1C�0G

1
R;1��MKG1R;1C

1
2
˛
p
�vxvyG

1
R;2

D �
1
2

p
�vxvyG1C

p
�vy@vxG1CQ.G1; G1/ WD �0; y 2 .�1; 1/; v 2 R3;

(5.60)

G1R;1.˙1; v/jvy70 D 0; v 2 R3; (5.61)

and

�G1R;2 C vy@yG
1
R;2 � ˛vy@vxG

1
R;2 C LG

1
R;2

D .1 � �M /�
�1=2KG1R;1; y 2 .�1; 1/; v 2 R3; (5.62)

G1R;2.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�G1R.˙1; v/jvy j dv; v 2 R3: (5.63)

Performing similar calculations to those in deriving (5.22) and (5.30), one hasX
0�m�N0

kwq@
m
vx
G1R;1kL1 � C˛

X
0�m�N0

kwq@
m
vx
G1R;2kL1 C C

X
0�m�N0

kwq@
m
vx

�0kL1

� C˛
X

0�m�N0

kwq@
m
vx
G1R;2kL1 C C; (5.64)

and X
0�m�N0

kwq@
m
vx
G1R;2kL1 � C

X
0�m�N0

k@mvxG
1
R;2k C C

X
0�m�N0

kwq@
m
vx
GkC1R;1 kL

1 ;

(5.65)

where the constant C > 0 is independent of �; see also Remark 5.1.
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Since the mass of G1R;2 is not conserved, in order to estimate the macroscopic com-
ponent of G1R;2 we instead turn to the L2 estimate of G1R. Recall

p
�G1R D G1R;1 Cp

�G1R;2. By (5.60)–(5.63), it is easy to see that G1R satisfies

�G1R C vy@yG
1
R � ˛vy@vxG

1
R C

1
2
˛vxvyG

1
R C LG

1
R D �

�1=2�0; (5.66)

and
G1R.˙1; v/jvy70 D

p
2��

Z
vy?0

p
�G1R.˙1; v/jvy j dv:

Next, for n � 1, denote

P0GnR D .a
n
C bn � v C cn.jvj2 � 3//

p
�;

P0GnR;2 D .a
n
2 C bn2 � v C c

n
2 .jvj

2
� 3//

p
�;

(5.67)

and define the projection NP0 from L2 to ker L as

NP0GnR;1 D .a
n
1 C bn1 � v C c

n
1 .jvj

2
� 3//�: (5.68)

We will also use the notations

bni D Œb
n
i;1; b

n
i;2; b

n
i;3�; i D 1; 2; bn D Œbn1 ; b

n
2 ; b

n
3 �:

Note that

an D an1 C a
n
2 ; bn D bn1 C bn2; cn D cn1 C c

n
2 ;

Z 1

�1

an.y/ dy D 0: (5.69)

Since

kŒan1 ;b
n
1; c

n
1 �k � Ck

NP0GnR;1k � CkwqG
n
R;1kL1 (5.70)

for q > 5=2, to obtain the estimate of kŒa12; b
1
2; c

1
2 �k it suffices to derive L2 estimates of

Œa1; b1; c1�. In what follows, we will show that the L2 norm of the macroscopic part of
G1R can indeed be dominated by its microscopic component and other known terms. We
estimate Œa1;b1; c1� by the dual argument. First of all, we let‰.y;v/2C1.Œ�1;1��R3/,
and take the inner product of (5.66) and ‰ over .�1; 1/ �R3 to obtain

�.G1R;‰/� .vyG
1
R; @y‰/C hvyG

1
R.1/;‰.1/i � hvyG

1
R.�1/;‰.�1/i C ˛.vyG

1
R; @vx‰/

C
1
2
˛.vxvyG

1
R; ‰/C .LG

1
R; ‰/ D .�

�1=2�0; ‰/: (5.71)

Estimate of a1. Let

‰ D ‰a1 D vy
d

dy
�a1.y/.jvj

2
� 10/

p
�;

where

�00
a1
D a1; �0

a1
.˙1/ D 0: (5.72)
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Thus

k�a1kH2 � Cka
1
k: (5.73)

Plugging ‰ D ‰a1 into (5.71), we now compute the equation term by term. First of all,
by the Cauchy–Schwarz inequality with � > 0 and using (5.73), one has

�j.G1R; ‰a1/j � �j.P0G
1
R; ‰/j C �j.P1G

1
R; ‰/j

� C�ka1k2 C C�¹kP1G1R;2k
2
C kwqG

1
R;1k

2
L1º C C�kb

1
2k
2;

�.vyG
1
R; @y‰a1/ D �.vyP0G1R; @y‰a1/ � .vyP1G1R; @y‰a1/

� 5ka1k2 � �ka1k2 � C�¹kP1G1R;2k
2
C kwqG

1
R;1k

2
L1º;

and

˛j.vyG
1
R; @vx‰a1/j C

1
2
˛j.vxvyG

1
R; ‰a1/j � C˛.kb

1
1k
2
C kwqG

1
R;1k

2
L1 C kG

1
R;2k

2/:

Then by Lemmas 4.1 and 2.2, it follows that

.��1=2�0; ‰a1/ D j.vy@vxG1 �
1
2
vxvyG1 C �.G1; G1/; ‰a1/j

� �ka1k2 C C�kG1k
2
C C�

Z
R3

Z 1

�1

j�.G1; G1/j
2 dv dy

� �ka1k2 C C�kwqG1k
2
L1 C C�

Z 1

�1

kG1k
4dy

� �ka1k2 C C�kwqG1k
2
L1 C C�kwqG1k

2
L1kG1k

2
� �ka1k2 C C�; (5.74)

provided that q > 3=2.
Next, noting that LG1R D �¹�.G

1
R;
p
�/C �.

p
�;G1R/º, by a similar argument one

has

j.LG1R; ‰a1/j � j.L.G
1
R;1�

�1=2/; ‰a1/j C j.LG
1
R;2; ‰a1/j

� �ka1k2 C C�.kwqG
1
R;1k

2
L1 C kP1G

1
R;2k

2/: (5.75)

The last boundary term hvyG1R.1/; ‰a1.1/i � hvyG
1
R.�1/; ‰a1.�1/i vanishes because

of (5.72).
Putting all the estimates above together, we have

ka1k2 � CkP1G1R;2k
2
C CkwqG

1
R;1k

2
L1 C C˛¹kG

1
R;2k

2
C kb11k

2
º

C Ckb12k
2
C C: (5.76)

Estimate of b1. Let

‰ D ‰b1
i
D

8̂̂<̂
:̂
vyvx

d
dy
�b1
1
.y/
p
�; i D 1;

vyvz
d
dy
�b1
3
.y/
p
�; i D 3;

v2y.jvj
2 � 5/ d

dy
�b1
2
.y/
p
�; i D 2;
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where

��00
b1
i

D b1i ; �bi .˙1/ D 0:

Then

k�b1
i
kH2 � Ckb

1
i k; j�

0

b1
i

.˙1/j � Ckb1i k: (5.77)

We now compute each term in (5.71) with ‰ D ‰b1
i
. By the Cauchy–Schwarz inequality

and (5.77), one has

�j.G1R; ‰b1
i
/j � �j.P0G1R; ‰b1

i
/j C �j.P1G1R; ‰b1

i
/j

� C�kb1i k
2
C C�¹kP1G1R;2k

2
C kwqG

1
R;1k

2
L1º C C�1iD2kc

1
k
2;

�.vyG
1
R; @y‰b1

i
/ D �.vyP0G1R; @y‰b1

i
/ � .vyP1G1R; @y‰b1

i
/

�

´
kb1i k

2��kb1i k
2�C�¹kP1G1R;2k

2CkwqG
1
R;1k

2
L1º; i D 1; 3;

6kb1i k
2��kb1i k

2�C�¹kP1G1R;2k
2CkwqG

1
R;1k

2
L1º; i D 2;

and

˛j.vyG
1
R; @vx‰b1

i
/j C 1

2
˛j.vxvyG

1
R; ‰b1

i
/j

� C˛.kŒa1; c1�k2 C kwqG
1
R;1k

2
L1 C kG

1
R;2k

2/:

Similar to (5.74) and (5.75), it follows that

.��1=2�0; ‰b1
i
/ � �kb1i k

2
C C;

and

j.LG1R; ‰bi /j � j.L.G
1
R;1�

�1=2/; ‰b1
i
/j C j.LGR;2; ‰b1

i
/j

� �kbik
2
C C�.kwqGR;1k

2
L1 C kP1GR;2k

2/:

For the boundary term, noting that

G1R.˙1/jvy¤0 D P
G
1
R.˙1/C ¹I � P
ºG

1
R.˙1/jvy?0; (5.78)

we have

hvyG
1
R.1/; ‰bi .1/i � hvyG .�1/;‰bi .�1/i

D hvyP
G
1
R.1/; ‰bi .1/i C hvy¹I � P
ºG

1
R.1/jvy>0; ‰bi .1/i

� hvyP
G
1
R.�1/;‰bi .�1/i � hvy¹I � P
ºG

1
R.�1/jvy<0; ‰bi .�1/i

D hvy¹I � P
ºG
1
R.1/jvy>0; ‰bi .1/i � hvy¹I � P
ºG

1
R.�1/jvy<0; ‰bi .�1/i

� �kb1i k
2
C C�j¹I � P
ºG

1
R;2j

2
2;C C C�kwqG

1
R;1k

2
L1 ;

where the fact that hvyP
G1R.˙1/;‰bi .˙1/i D 0 has been used.
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We now conclude from the above estimates for b1i with 1 � i � 3 that

kb1k2 � CkP1G1R;2k
2
C CkwqG

1
R;1k

2
L1 C C˛¹kG

1
R;2k

2
C kŒa1; c1�k2º

C C j¹I � P
ºG
1
R;2j

2
2;C C Ckc

1
k
2
C C: (5.79)

Estimate of c1. Let

‰ D ‰c1 D vy.jvj
2
� 5/

d

dy
�c1.y/

p
�;

where
��00

c1
D c1; �c1.˙1/ D 0:

One has

k�c1kH2 � Ckc
1
k; j�0

c1
.˙1/j � Ckc1k: (5.80)

By the Cauchy–Schwarz inequality and (5.80), it follows that

�j.G1R; ‰c1/j � �j.P0G
1
R; ‰c1/j C �j.P1G

1
R; ‰c1/j

� C�kck2 C C�¹kP1G1R;2k
2
C kwqG

1
R;1k

2
L1º;

�.vyG
1
R; @y‰c1/ D �.vyP0G1R; @y‰c1/ � .vyP1G1R; @y‰c1/

� 30kc1k2 � �kc1k2 � C�¹kP1G1R;2k
2
C kwqG

1
R;1k

2
L1º;

and

˛j.vyG
1
R; @vx‰c1/j C

1
2
˛j.vxvyG

1
R; ‰c1/j � C˛.kb

1
1k
2
C kwqG

1
R;1k

2
L1 C kG

1
R;2k

2/:

Also similar to (5.74) and (5.75), one has

.��1=2�0; ‰c1/ � �kc
1
k
2
C C;

and

j.LG1R; ‰c1/j � j.L.G
1
R;1�

�1=2/; ‰c1/j C j.LGR;2; ‰c1/j

� �kc1k2 C C�.kwqG
1
R;1k

2
L1 C kP1G

1
R;2k

2/:

For the boundary term, by applying (5.78) and using

hvyP
G
1
R.˙1/;‰c1.˙1/i D 0;

we have

hvyG
1
R.1/; ‰c1.1/i � hvyG

1
R.�1/;‰c1.�1/i

� �kc1k2 C C�j¹I � P
ºG
1
R;2j

2
2;C C C�kwqG

1
R;1k

2
L1 :

Combining the above estimates of c1 gives

kc1k2 � CkP1G1R;2k
2
C CkwqG

1
R;1k

2
L1 C C˛¹kG

1
R;2k

2
C kb11k

2
º

C CkwqG
1
R;1k

2
L1 C C j¹I � P
ºG

1
R;2j

2
2;C C C˛

2: (5.81)
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Finally, a linear combination of (5.76), (5.79) and (5.81) gives

kŒa1;b1; c1�k2 � CkP1G1R;2k
2
C CkwqG

1
R;1k

2
L1 C C˛kG

1
R;2k

2

C C j¹I � P
ºG
1
R;2j

2
2;C C C: (5.82)

This together with (5.69) and (5.70) implies that

kŒa12;b
1
2; c

1
2 �k

2
� CkP1G1R;2k

2
C CkwqG

1
R;1k

2
L1

C C j¹I � P
ºG
1
R;2j

2
2;C C C: (5.83)

In order to obtain estimates for kP1G1R;2k, we have to further consider the BVP for G1R;2
as follows:8̂<̂

:
�G1R;2 C vy@yG

1
R;2 � ˛vy@vxG

1
R;2 C LG

1
R;2 � .1 � �M /�

�1=2KG1R;1 D 0;

G1R;2.˙1; v/1¹vy70º D
p
2��

Z
vy?0

p
�G1R.˙1; v/jvy j dv:

Applying the estimates (5.33), (5.36) and (5.39) with � D 1, F2 D 0 and F2;b D 0, one
has

�kG1R;2k
2
C ı0kP1G1R;2k

2
C

1
2
j¹I � P
ºG

1
R;2j

2
2;C

� �jP
G
1
R;2j

2
2;C C �kG

1
R;2k

2
C C�kwqG

1
R;1k

2
L1 ; (5.84)

jP
G
1
R;2j

2
2;C � "j¹I � P
ºG

1
R;2j

2
2;C C CkG

1
R;2k

2
C CkwqG

1
R;1k

2
L1 ; (5.85)

and

�k@mvxG
1
R;2k

2
C ı0k@

m
vx
G1R;2k

2
C

1
2
j@mvxG

1
R;2j

2
2;C

� CkG1R;2k
2
C C

X
m0�m

kwq@
m0

vx
G1R;1k

2
L1 C C.m/jP
G

1
R;2j

2
2;C; (5.86)

where all the constants on the right hand side are independent of �: Then (5.82) and
(5.84)–(5.86) giveX

0�m�N0

k@mvxG
1
R;2k

2
C

X
0�m�N0

j@mvxG
1
R;2j

2
2;C

� C
X

0�m�N0

kwq@
m
vx
G1R;1k

2
L1 C C: (5.87)

Consequently, a linear combination of (5.64), (5.65) and (5.87) givesX
0�m�N0

¹kwq@
m
vx
G1R;1kL1 C kwq@

m
vx
G1R;1kL1º � C0

for some suitably large C0 > 0. Therefore (5.59) holds for n D 1.



The Boltzmann equation for plane Couette flow 53

We now assume that (5.59) is valid for n D k � 1 and we will prove it for n D k C 1.
In fact, applying the estimates (5.22) and (5.30) to the systems (5.6)–(5.7) and (5.8)–(5.9)
with n D k, one hasX

0�m�N0

kwq@
m
vx
GkC1R;1 kL

1

� C˛
X

0�m�N0

kwq@
m
vx
GkC1R;2 kL

1 C C
X

0�m�N0

kwq@
m
vx

�kkL1 ; (5.88)

and X
0�m�N0

kwq@
m
vx
GkC1R;2 kL

1

� C
X

0�m�N0

kwq@
m
vx
GkC1R;2 k C C

X
0�m�N0

kwq@
m
vx
GkC1R;1 kL

1 ; (5.89)

where

�k D �1
2

p
�vxvyG1 C

p
�vy@vxG1 CQ.

p
�G1;

p
�G1/

C ˛¹Q.
p
�GkR;

p
�G1/CQ.

p
�G1;

p
�GkR/º C ˛

2Q.
p
�GkR;

p
�GkR/:

By Lemmas 4.1 and 2.2 and the induction assumption, we haveX
0�m�N0

kwq@
m
vx

�kkL1 � C C C˛
X

0�m�N0

¹kwq@
m
vx
GkR;1kL1 C kwq@

m
vx
GkR;1kL1º

C C˛2
X

0�m�N0

¹kwq@
m
vx
GkR;1k

2
L1 C kwq@

m
vx
GkR;1k

2
L1º: (5.90)

For the L2 estimate, by performing a parallel calculation to (5.83), one has

kŒakC11 ;bkC11 ; ckC11 �k2 � CkP1GkC1R;2 k
2
C CkwqG

kC1
R;1 k

2
L1 C C j¹I � P
ºG

kC1
R;2 j

2
2;C

C C

3X
jD1

j.��1=2�k ; ‰j /j: (5.91)

Here‰j .1� j � 3/ are chosen as‰akC1 ,‰
b
kC1
i

and‰ckC1 in the same way as for‰a1 ,
‰b1

i
and ‰c1 , respectively. Hence, (5.91) also gives

kŒakC12 ;bkC12 ; ckC12 �k2 � CkP1GkC1R;2 k
2
CCkwqG

kC1
R;1 k

2
L1CC j¹I � P
ºG

kC1
R;2 j

2
2;CCC

C C˛2¹kwqG
k
R;1k

2
L1 C kwqG

k
R;2k

2
L1º

C C˛4¹kwqG
k
R;1k

4
L1 C kwqG

k
R;2k

4
L1º; (5.92)

by applying Lemma 2.2 and (5.69).
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On the other hand, similar to the estimates (5.84)–(5.86), it also follows that

�kGkC1R;2 k
2
C ı0kP1GkC1R;2 k

2
C

1
2
j¹I � P
ºG

kC1
R;2 j

2
2;C

� �jP
G
kC1
R;2 j

2
2;C C �kG

kC1
R;2 k

2
C C�kwqG

kC1
R;1 k

2
L1 ; (5.93)

jP
G
kC1
R;2 j

2
2;C � "j¹I � P
ºG

kC1
R;2 j

2
2;C C CkG

kC1
R;2 k

2
C CkwqG

kC1
R;1 k

2
L1 ; (5.94)

and

�k@mvxG
kC1
R;2 k

2
C ı0k@

m
vx
GkC1R;2 k

2
C

1
2
j@mvxG

kC1
R;2 j

2
2;C

� CkGkC1R;2 k
2
C C

X
m0�m

kwq@
m0

vx
GkC1R;1 k

2
L1 C C jP
G

kC1
R;2 j

2
2;C: (5.95)

As a consequence, combining the estimates (5.92)–(5.95) givesX
0�m�N0

k@mvxG
kC1
R;2 k

2
C

X
0�m�N0

j@mvxG
kC1
R;2 j

2
2;C

� C
X

0�m�N0

kwq@
m
vx
GkC1R;1 k

2
L1 C C˛

2
¹kwqG

k
R;1k

2
L1 C kwqG

k
R;1k

2
L1º

C C˛4¹kwqG
k
R;1k

4
L1 C kwqG

k
R;2k

4
L1º: (5.96)

Finally, by taking C1 > 0 suitably large, we infer from (5.88)–(5.90) and (5.96) that

kŒGkC1R;1 ; G
kC1
R;2 �kX˛;N0 � C0 C C1˛kŒG

k
R;1; G

k
R;2�kX˛;N0 C C1˛

2
kŒGkR;1; G

k
R;2�k

2
X˛;N0

� C0¹1C 2C0C1˛ C 4C1C
2
0˛

2
º �

5
4
C0

provided that ˛ is chosen to be sufficiently small. Thus (5.59) holds for nD kC 1. There-
fore, it holds for all n � 0.

We now prove that ¹ŒGnR;1;G
n
R;1�º

1
nD0 is a Cauchy sequence in X˛;N0 . For this, denote

�1=2 QGnC1R D QGnC1R;1 C �
1=2 QGnC1R;2

with
Œ QGnC1R;1 ;

QGnC1R;2 � D ŒG
nC1
R;1 �G

n
R;1; G

nC1
R;2 �G

n
R;2�:

Then Œ QGnC1R;1 ;
QGnC1R;2 � satisfies

� QGnC1R;1 C vy@y
QGnC1R;1 � ˛vy@vx

QGnC1R;1 C �0
QGnC1R;1 � �MK QGnC1R;1 C

1
2
˛
p
�vxvy QG

nC1
R;2

D ˛¹Q.
p
� QGnR;

p
�G1/CQ.

p
�G1;

p
� QGnR/º

C ˛2¹Q.
p
� QGnR;

p
� QGnR/CQ.

p
� QGnR;

p
�Gn�1R /CQ.

p
�Gn�1R ;

p
� QGnR/º

DW N ; y 2 .�1; 1/; v 2 R3;

QGnC1R;1 .˙1; v/jvy70 D 0; v 2 R3;
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and

� QGnC1R;2 C vy@y
QGnC1R;2 � ˛vy@vx

QGnC1R;2 C L
QGnC1R;2 � .1 � �M /�

�1=2K QGnC1R;1 D 0;

y 2 .�1; 1/; v 2 R3;

QGnC1R;2 .˙1; v/jvy70 D
p
2��

Z
vy?0

p
� QGnC1R .˙1; v/jvy j dv; v 2 R3:

We claim that

kŒ QGnC1R;1 ;
QGnC1R;2 �kX˛;N0 � Cm˛kŒ

QGnR;1;
QGnR;2�kX˛;N0 (5.97)

under the condition (5.59). In fact, on the one hand, by performing a similar calculation
to those leading to (5.88), (5.89) and (5.96), one has

kŒ QGnC1R;1 ;
QGnC1R;2 �kX˛;N0 � C

X
0�m�N0

kwq@
m
vx

N . QGnR;
QGnR/kL1 :

On the other hand, from Lemma 2.2 we haveX
0�m�N0

kwq@
m
vx

N . QGnR;
QGnR/kL1 � C˛

X
0�m�N0

¹kwq@
m
vx
QGnR;1kL1 Ckwq@

m
vx
QGnR;2kL1º

C C˛2
X

0�m�N0

kwq@
m
vx
QGnRkL1

X
0�m�N0

kwq@
m
vx
GnRkL1 ;

which is further bounded by

C˛
X

0�m�N0

¹kwq@
m
vx
QGnR;1kL1 C kwq@

m
vx
QGnR;2kL1º;

according to (5.59). Thus, the claim (5.97) holds. In other words, if ˛ > 0 is suitably
small, then ¹ŒGnR;1; G

n
R;2�º

1
nD0 is a Cauchy sequence in X˛;N0 . Hence,

ŒGnR;1; G
n
R;2�! ŒG�R;1; G

�
R;2�

strongly in X˛;N0 as n!1. Moreover, the convergence is uniform with respect to �, and
the limit ŒG�R;1;G

�
R;2� is a unique solution to (5.55)–(5.56) and (5.57)–(5.58). In addition,

ŒG�R;1; G
�
R;2� also satisfies

kŒG�R;1; G
�
R;2�kX˛;N0 � C; (5.98)

where C > 0 is independent of �:
Furthermore, by taking the limit � ! 0, we can repeat the same procedure as when

letting n!1 so that the limit function ŒGR;1; GR;2� 2 X˛;N0 is the unique solution of
(5.2)–(5.3) and (5.4)–(5.5) with the same bound as in (5.98). Thus the proof of Proposi-
tion 5.1 is complete.

Finally, Theorem 1.1 is an immediate consequence of Propositions 4.1 and 5.1, except
for the nonnegativity of the solution Fst.y; v/ that will be proved from the dynamical
stability of Fst.y; v/ in Theorem 1.2.
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6. Unsteady problem: local existence

We now turn to the time-dependent situation. To solve the initial boundary value problem
(1.21), we set the perturbation as

F.t; y; v/ D Fst.y; v/C
p
�f .t; y; v/: (6.1)

Then f D f .t; y; v/ satisfies8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

@tf C vy@yf � ˛vy@vxf C
1
2
˛vxvyf C Lf

D �.f; f /C ˛¹�.G1 C ˛GR; f /C �.f;G1 C ˛GR/º;

t > 0; y 2 .�1; 1/; v D .vx ; vy ; vz/ 2 R3;
p
�f .0; y; v/ DW f0.y; v/ D F.0; y; v/ � Fst.y; v/; y 2 .�1; 1/; v 2 R3;

f .t;˙1; v/jvy70 D
p
2��

Z
vy?0

f .t;˙1; v/
p
� jvy j dv; t � 0; v 2 R3:

(6.2)

The goal of this section is to construct a local-in-time solution to the initial boundary
value problem (6.2). The proof of the global existence of solutions as well as the large
time behavior will be left to the next section. To resolve the difficulty caused by the
growth term 1

2
˛vxvyf , it is still necessary to introduce the decomposition

p
�f D f1 C

p
�f2; (6.3)

where f1 and f2 satisfy the initial boundary value problems

@tf1 C vy@yf1 � ˛vy@vxf1 C �0f1

D �MKf1 �
1
2
˛
p
�vxvyf2 C ˛¹Q.

p
�f;
p
� ¹G1 C ˛GRº/

CQ.
p
� ¹G1 C ˛GRº;

p
�f /º CQ.

p
�f;
p
�f /; (6.4)

f1.0; y; v/ D f0.y; v/ D F0 � Fst;

f1.˙1; v/jvy70 D
p
2� �

Z
vy?0

f1.˙1; v/jvy j dv;
(6.5)

and

@tf2 C vy@yf2 � ˛vy@vxf2 C Lf2 D .1 � �M /�
�1=2Kf1; (6.6)

f2.0; y; v/ D 0; f2.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�f2.˙1; v/jvy j dv; (6.7)

respectively. Note that the initial data for f2 is set to be zero.
We will look for solutions to (6.4)–(6.5) and (6.6)–(6.7) in the function space

Y˛;T D
°
ŒG1;G2�

ˇ̌̌
sup
0�t�T

¹kwqG1.t/kL1 C kwqG2.t/kL1º <1
±

endowed with the norm

kŒG1;G2�kY˛;T D sup
0�t�T

¹kwqG1.t/kL1 C kwqG2.t/kL1º:
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Theorem 6.1 (Local existence). Under the assumptions of Theorem 1.2, there exists
T� > 0 depending on ˛ such that the coupled systems (6.4)–(6.5) and (6.6)–(6.7) admit a
unique local-in-time solution Œf1.t; y; v/; f2.t; y; v/� satisfying

kŒf1; f2�kY˛;T� � C0"0

for some C0 > 0:

Proof. We first consider the following systems for approximation solutions:

@tf
nC1
1 C vy@yf

nC1
1 � ˛vy@vxf

nC1
1 C �0f

nC1
1

D �MKf n1 �
1
2
˛
p
�vxvyf

n
2 CH.f

n
1 ; f

n
2 /; (6.8)

f nC11 .0; y; v/ D f0.y; v/ D F0 � Fst;

f nC11 .˙1; v/jvy70 D
p
2� �

Z
vy?0

f n1 .˙1; v/jvy j dv;
(6.9)

and

@tf
nC1
2 C vy@yf

nC1
2 � ˛vy@vxf

nC1
2 C �0f

nC1
2

D Kf n2 C .1 � �M /�
�1=2Kf n1 ; (6.10)

f nC12 .0; y; v/ D 0;

f nC12 .˙1; v/jvy70 D
p
2��

Z
vy?0

p
�f n2 .˙1; v/jvy j dv;

(6.11)

where

H.f n1 ; f
n
2 / D ˛¹Q.

p
�f n;

p
� ¹G1 C ˛GRº/CQ.

p
� ¹G1 C ˛GRº;

p
�f n/º

CQ.
p
�f n;

p
�f n/;

and
p
�f n D f n1 C

p
�f n2 . Set Œf 01 ; f

0
2 � D Œf0; 0�:

Next, one can show inductively that there exists a finite T� > 0 such that

sup
0�t�T�

kwqŒf
m
1 ; f

m
2 �.t/kL1 � C0"0 (6.12)

for any m � 0 provided that

kwqŒf
0
1 ; f

0
2 �kL1 D kwqŒF0.y; v/ � Fst.y; v/�kL1 � "0:

This also implies that Œf nC11 ; f nC12 � is well-defined by (6.8)–(6.9) and (6.10)–(6.11) if
Œf n1 ; f

n
2 � is bounded as in (6.12). Denote

ŒGn
1 ;G

n
2 � D wqŒf

n
1 ; f

n
2 �;

p
�Gn

D Gn
1 C
p
�Gn

2 :
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Then Gn
1 and Gn

2 satisfy

@tG
nC1
1 C vy@yGnC1

1 � ˛vy@vxGnC1
1 C 2q˛

vxvy

1C jvj2
GnC1
1 C �0G

nC1
1

D �MwqK

�
Gn
1

wq

�
�
1
2
˛
p
�vxvyGn

2 C wqH.f
n
1 ; f

n
2 /; (6.13)

GnC1
1 .0; y; v/ D wqf0.y; v/;

GnC1
1 .˙1; v/jvy70 D Qw

�1
1

Z
vy?0

Qw1
p
2� �Gn

1 .˙1; v/jvy j dv;
(6.14)

and

@tG
nC1
2 C vy@yGnC1

2 � ˛vy@vxGnC1
2 C 2q˛

vxvy

1C jvj2
GnC1
2 C �0G

nC1
2

D wqK

�
Gn
2

wq

�
C .1 � �M /wq�

�1=2Kf n1 ; (6.15)

GnC1
2 .0; y; v/ D 0;

GnC1
2 .˙1; v/jvy70 D Qw

�1
2

Z
vy?0

Qw2
p
2� �Gn

2 .˙1; v/jvy j dv;
(6.16)

with ŒG0
1 ;G

0
2 � D wqŒf

0
1 ; f

0
2 � D wqŒf0; 0�. Here

Qw1 D Qw1.v/ D .
p
2� wq�/

�1;

and Qw2 is given by (5.25).
Along the same characteristic line (3.3), by noting that s is no longer a parameter and

it is nonnegative, (6.13)–(6.14) and (6.15)–(6.16) are equivalent to

GnC1
1 .t; y; v/

D 1t1�0 e
�
R t
0 A.�;V.�// d� .wqf0/.Y.0/; V .0//

C 1t1>0 e
�
R t
t1

A.�;V.�// d�
Qw�11 .V .t1//

Z
n.y1/�v1>0

Qw1
p
2� �Gn

1 .t1; y1; v1/jv1y j dv1„ ƒ‚ …
I
.1/

b

C

Z t

max ¹0;t1º
e�

R t
s A.�;V.�// d�

²
�MwqK

�
Gn
1

wq

�³
.V .s// ds

� ˛

Z t

max ¹0;t1º
e�

R t
s A.�;V.�// d� Vx.s/Vy.s/

2

p
�.V.s//Gn

2 .V .s// ds

C

Z t

max ¹0;t1º
e�

R t
s A.�;V.�// d� .wqH.f

n
1 ; f

n
2 //.V .s// ds; (6.17)
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and

GnC1
2 .t; y; v/

D 1t1>0 e
�
R t
t1

A.�;V.�// d�
Qw�12 .V .t1//

Z
n.y1/�v1>0

Qw2
p
2� �Gn

2 .t1; y1; v1/jv1y j dv1„ ƒ‚ …
I
.2/

b

C

Z t

max ¹0;t1º
e�

R t
s A.�;V.�// d�

²
.1 � �M /�

�1=2wqK

�
Gn
1

wq

�³
.V .s// ds

C

Z t

max ¹0;t1º
e�

R t
s A.�;V.�// d�

�
wqK

�
Gn
2

wq

��
.V .s// ds; (6.18)

where

A.�; V .�// D �0 C 2q˛
Vy.�/Vx.�/

1C jV.�/j2
� �0=2

provided that q˛ is suitably small.
For the boundary terms I

.1/

b
and I

.2/

b
, we use equations (6.17) and (6.18) recursively

to obtain

I
.1/

b
D

5X
jD1

I
.1/
j ; I

.2/

b
D

3X
jD1

I
.2/
j

with

I
.1/
1 D 1t1>0 e

�
R t
t1

A.�;V.�// d�
Qw�11 .V .t1//„ ƒ‚ …

W
.1/
0

�

Z
Qk�1
jD1 Vj

1tk>0G
nC1�k
1 .tk ; yk ; V

k�1
cl .tk// d N†

.1/

k�1
.tk/;

I
.1/
2 D W

.1/
0

k�1X
lD1

Z
Qk�1
jD1 Vj

1¹tlC1�0<tl º.wqf0/.Y
l

cl.0/; V
l

cl.0// d
N†
.1/

l
.0/;

I
.1/
3 D W

.1/
0

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³²
�MwqK

�
Gn�l
1

wq

�³
� .Y lcl; V

l
cl/.s/ d

N†
.1/

l
.s/ ds;

I
.1/
4 D �˛W

.1/
0

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³²
vxvy

2

p
�Gn�l

2

³
� .Y lcl; V

l
cl/.s/ d

N†
.1/

l
.s/ ds;

I
.1/
5 D W

.1/
0

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³
.wqH.f

n�l
1 ; f n�l2 //

� .Y lcl; V
l

cl/.s/ d
N†
.1/

l
.s/ ds;
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I
.2/
1 D 1t1>0 e

�
R t
t1

A.�;V.�// d�
Qw�12 .V .t1//„ ƒ‚ …

W
.2/
0

Z
Qk�1
jD1 Vj

1tk>0 GnC1�k
2 .tk ; yk ; V

k�1
cl .tk//

� d N†
.2/

k�1
.tk/;

I
.2/
2 D W

.2/
0

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³²
wqK

�
Gn�l
2

wq

�³
� .Y lcl; V

l
cl/.s/ d

N†
.2/

l
.s/ ds;

I
.2/
3 D W

.2/
0

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³
²
.1 � �M /wq�

�1=2K

�
Gn�l
1

wq

�³
.Y lcl; V

l
cl/.s/ d

N†
.2/

l
.s/ ds;

where k � 2. Here, similar to (5.24), N†.i/
l
.s/ .i D 1; 2/ is given by

N†
.i/

l
.s/ D

k�1Y
jDlC1

d�j e
�
R tl
s A.�;V lcl.�// d� Qwi .vl / d�l

�

l�1Y
jD1

Qwi .vj /

Qwi .V
j

cl .tjC1//
e
�
R tj
tjC1

A.�;V lcl.�// d� d�j :

To obtain (6.12), one can first prove that for fixed finite k > 0 and any t � 0,

sup
0�l�k

sup
0�s�t

kŒG l
1;G

l
2�.s/kL1 � C.k/kwqf0kL1 �

1
2
C0"0; (6.19)

by choosing C0 > 0 suitably large. Note that (6.19) can be easily obtained by using (6.17)
and (6.18) recursively because k is finite.

In the following, we prove (6.12) formD nC 1 under the assumption that it holds for
m � n: By letting t � T� with T� > 0 suitably small and applying Lemma 8.1, we have

sup
0�t�T�

kGnC1
1 kL1

� .C=q C C N"/ sup
1�l�k

sup
0�t�T�

kGnC1�l
1 kL1 C C˛ sup

1�l�k

sup
0�t�T�

kGnC1�l
2 kL1

C C sup
1�l�k

sup
0�t�T�

.kGnC1�l
1 k

2
L1 C kG

nC1�l
2 k

2
L1/C Ckwqf0kL1

� Ckwqf0kL1 C .C=q C C˛ C C N"/C0"0 C CC
2
0 "
2
0; (6.20)

and

sup
0�t�T�

kGnC1
2 kL1 � CT� sup

1�l�k

sup
0�t�T�

kGnC1�l
1 kL1

C C.T� C N"/ sup
1�l�k

sup
0�t�T�

kGnC1�l
2 kL1 ; (6.21)
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where Lemma 2.4 has been used to have the factor 1=q in (6.20), and the coefficient T�
on the right hand side of (6.21) comes from the last two terms in (6.18) as well as I

.2/
2

and I
.2/
3 . Choosing T� and N" suitably small so that C.T� C N"/ � 1=8, and using an induc-

tion argument, we deduce from (6.21) and (6.20) that

kGnC1
2 kL1 �

1

8Œn=k�
sup
0�l�k

kG l
2kL1

C
8kCT�

7
¹Ckwqf0kL1 C .C=q C C˛ C C N"/C0"0 C CC

2
0 "
2
0º; n � k;

where Œn=k� stands for the largest integer no more than n=k. Therefore,

kGnC1
1 kL1 C kG

nC1
2 kL1 �

1

8Œn=k�
sup
0�l�k

kG l
2kL1

C
8kCT� C 7

7
¹Ckwqf0kL1 C .C=q C C˛ C C N"/C0"0 C CC

2
0 "
2
0º; n � k:

This together with (6.19) implies that (6.12) holds for m D nC 1 because q > 0 can be
sufficiently large and "0 > 0 as well as ˛ > 0 can be suitably small.

Let us now show that ¹Œf n1 ;f
n
2 �º
1
nD1 converges strongly in the space Y˛;T� . We denote

Œ QGn
1 ;
QGn
2 � D ŒG

n
1 �Gn�1

1 ;Gn
2 �Gn�1

2 � for n � 1. Then Œ QGn
1 ;
QGn
2 � satisfies

@t QG
nC1
1 C vy@y QG

nC1
1 � ˛vy@vx

QGnC1
1 C 2q˛

vxvy

1C jvj2
QGnC1
1 C �0 QG

nC1
1

D �MwqK

�
QGn
1

wq

�
�
1
2
˛
p
�vxvy QG

n
2 C wqŒH.f

n
1 ; f

n
2 / �H.f

n�1
1 ; f n�12 /�;

QGnC1
1 .0; y; v/ D 0; QGnC1

1 .˙1; v/jvy70 D Qw
�1
1

Z
vy?0

Qw1
p
2� � QGn

1 .˙1; v/jvy jdv;

and

@t QG
nC1
2 C vy@y QG

nC1
2 � ˛vy@vx

QGnC1
2 C 2q˛

vxvy

1C jvj2
QGnC1
2 C �0 QG

nC1
2

D wqK

�
QGn
2

wq

�
C .1 � �M /wq�

�1=2K Qf n1 ;

QGnC1
2 .0; y; v/ D 0; QGnC1

2 .˙1; v/jvy70 D Qw
�1
2

Z
vy?0

Qw2
p
2� �Gn

2 .˙1; v/jvy jdv;

where Qf n1 D f
n
1 � f

n�1
1 ; and

p
� QGnD QGn

1 C
p
� QGn

2 . Then similar to (6.20) and (6.21),
one has

sup
0�t�T�

k QGnC1
1 kL1

� .C=q C C N"/ sup
1�l�k

sup
0�t�T�

k QGn�l
1 kL1 C C˛ sup

1�l�k

sup
0�t�T�

k QGn�l
2 kL1

C C"0 sup
1�l�k

sup
0�t�T�

.k QGn�l
1 kL1 C k

QGn�l
2 kL1/; (6.22)
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and

sup
0�t�T�

k QGnC1
2 kL1

� CT� sup
1�l�k

sup
0�t�T�

k QGnC1�l
1 kL1 C C.T� C N"/ sup

1�l�k

sup
0�t�T�

k QGnC1�l
2 kL1 :

(6.23)

Plugging (6.22) into (6.23) gives

sup
0�t�T�

k QGnC1
2 kL1

� C.1=q C ˛ C "0 C T� C N"/ sup
1�l�k

sup
0�t�T�

kŒ QGnC1�l
1 ; QGnC1�l

2 �kL1 : (6.24)

By taking q > 0 sufficiently large and ˛ > 0, "0 > as well T� > 0 suitably small, we see
from (6.24) and (6.22) that

sup
0�t�T�

.k QGnC1
1 kL1 C k

QGnC1
2 kL1/ �

1

8Œn=k�
sup
0�l�k

sup
0�t�T�

kŒ QG l
1;
QG l
2�kL1 ; n � k:

On the other hand, sup0�l�k sup0�t�T� kŒ
QG l
1;
QG l
2�kL1 is bounded due to (6.12). Hence

¹Œf n1 ; f
n
2 �º
1
nD1 is a Cauchy sequence in Y˛;T� , and there is a unique Œf1; f2� 2 Y˛;T�

such that Œf n1 ; f
n
2 � converges strongly to Œf1; f2� as n!1 and Œf1; f2� is the desired

local-in-time solution to the coupled systems (6.4)–(6.5) and (6.6)–(6.7). This completes
the proof of Theorem 6.1.

7. Unsteady problem: asymptotic stability and positivity

This section is about the global existence and large time behavior of solution to the initial
boundary value problem (6.2). Recall the decomposition (6.3) with f1 and f2 satisfying
the coupled systems (6.4)–(6.5) and (6.6)–(6.7). Firstly, we focus on uniform L1 \ L2

estimates under the a priori assumption

sup
s�0

¹e�0skwqf1.s; y; v/kL1 C e
�0skwqf2.s; y; v/kL1º � Q"; (7.1)

for a constant Q" > 0 suitably small, where �0 > 0 independent of ˛ is to be determined
later. And then we will give the proof of Theorem 1.2.

7.1. L1 estimates

As in the proof of Theorem 6.1, anL1 estimate of f follows from uniformL1 estimates
of f1 and f2.
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Lemma 7.1. Let 0 < �0 � �0=4. Then under the assumption (7.1),

sup
0�s�t

e�0skwqf1.s/kL1

� Cqkwqf0kL1 C C.˛ C Q"/ sup
0�s�t

e�0skwqf2.s/kL1 ; (7.2)

sup
0�s�t

e�0skwqf2.s/kL1 � Ckwqf0kL1 C C sup
0�s�t

ke�0sf2.s/k; (7.3)

for any t � 0.

Proof. For brevity, set

Œg1; g2�.t; y; v/ D e
�0twq.v/Œf1; f2�.t; y; v/ (7.4)

with �0 > 0 to be chosen. Then the IBVP for Œg1; g2� is as follows:

@tg1 C vy@yg1 � ˛vy@vxg1 C 2q˛
vxvy

1C jvj2
g1 C .�0 � �0/g1

D �MwqK

�
g1

wq

�
�
1
2
˛
p
�vxvyg2 C e

�0twqH.f1; f2/;

g1.0; y; v/ D wqf0.x; v/;

g1.˙1; v/jvy70 D Qw
�1
1

Z
vy?0

Qw1
p
2� �g1.˙1; v/jvy j dv;

and

@tg2 C vy@yg2 � ˛vy@vxg2 C 2q˛
vxvy

1C jvj2
g2 C .�0 � �0/g2

D wqK

�
g2

wq

�
C .1 � �M /wq�

�1=2K

�
g1

wq

�
;

g2.0; y; v/ D 0; g2.˙1; v/jvy70 D Qw
�1
2

Z
vy?0

Qw2
p
2� �g2.˙1; v/jvy j dv:

Along the characteristic line (3.3) the solution to the above problem can be written in the
mild form

g1.t; y; v/ D 1t1�0 e
�
R t
0 A1.�;V.�// d� .wqf0/.Y.0/; V .0//

C

Z t

max ¹0;t1º
e�

R t
s A1.�;V.�// d�

²
�MwqK

�
g1

wq

�³
.V .s// ds

� ˛

Z t

max ¹0;t1º
e�

R t
s A1.�;V.�// d�

Vx.s/Vy.s/

2

p
�.V.s//g2.V .s// ds

C

Z t

max ¹0;t1º
e�

R t
s A1.�;V.�// d�e

�0s

4 .wqH.f1; f2//.V .s// ds C

5X
nD1

J.1/n ; (7.5)
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and

g2.t; y; v/ D

Z t

max ¹0;t1º
e�

R t
s A1.�;V.�// d�

²
.1 � �M /�

�1=2wqK

�
g1

wq

�³
.V .s// ds

C

Z t

max ¹0;t1º
e�

R t
s A1.�;V.�// d�

�
wqK

�
g2

wq

��
.V .s// ds C

3X
nD1

J.2/n ; (7.6)

where

A1.�; V .�// D �0 � �0 C 2q˛
Vy.�/Vx.�/

1C jV.�/j2
:

We will take 0 < �0 � �0
4

and let 2q˛ � �0
4

such that A1.�; V .�// �
�0
2

. Moreover, for
an integer k � 2, the terms J

.1/
n .1 � n � 5/ in (7.5) are given by

J
.1/
1 D 1t1>0 e

�
R t
t1

A1.�;V.�// d� Qw�11 .V .t1//„ ƒ‚ …
W
.1/
1

�

Z
Qk�1
jD1 Vj

1tk>0g
nC1�k
1 .tk ; yk ; V

k�1
cl .tk// d Q†

.1/

k�1
.tk/;

J
.1/
2 D W

.1/
1

k�1X
lD1

Z
Qk�1
jD1 Vj

1¹tlC1�0<tl º.wqf0/.Y
l

cl.0/; V
l

cl.0// d
Q†
.1/

l
.0/;

J
.1/
3 D W

.1/
1

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³²
�MwqK

�
g1

wq

�³
� .Y lcl; V

l
cl/.s/ d

Q†
.1/

l
.s/ ds;

J
.1/
4 D �˛W

.1/
1

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³²
vxvy

2

p
�g2

³
� .Y lcl; V

l
cl/.s/ d

Q†
.1/

l
.s/ ds;

J
.1/
5 D W

.1/
1

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³
.wqH.f1; f2//

� .Y lcl; V
l

cl/.s/ d
Q†
.1/

l
.s/ ds:

And the terms J
.2/
n .1 � n � 3/ in (7.6) are

J
.2/
1 D 1t1>0 e

�
R t
t1

A1.�;V.�// d� Qw�12 .V .t1//„ ƒ‚ …
W
.2/
1

Z
Qk�1
jD1 Vj

1tk>0 g2.tk ; yk ; V
k�1

cl .tk//

� d Q†
.2/

k�1
.tk/;
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J
.2/
2 D W

.2/
1

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³²
wqK

�
g2

wq

�³
� .Y lcl; V

l
cl/.s/ d

Q†
.2/

l
.s/ ds;

J
.2/
3 D W

.2/
1

k�1X
lD1

Z
Qk�1
jD1 Vj

²
1¹tlC1�0<tl º

Z tl

0

C1¹tlC1>0º
Z tl

tlC1

³
²
.1 � �M /wq�

�1=2K

�
g1

wq

�³
.Y lcl; V

l
cl/.s/ d

Q†
.2/

l
.s/ ds;

where

Q†
.i/

l
.s/ D

k�1Y
jDlC1

d�j e
�
R tl
s A1.�;V

l
cl.�// d� Qwi .vl / d�l

�

l�1Y
jD1

Qwi .vj /

Qwi .V
j

cl .tjC1//
e
�
R tj
tjC1

A1.�;V
l

cl.�// d� d�j ; i D 1; 2:

Consequently, for any t � 0, by applying Lemmas 2.2, 2.4 and 8.1 as well as the a priori
assumption (7.1), we deduce from (7.5) that

sup
0�s�t

kg1.s; y; v/kL1 � Cqkwqf0kL1 C .C=q C C N"/ sup
0�s�t

kg1.s; y; v/kL1

C C.˛ C Q"/ sup
0�s�t

¹kg1.s; y; v/kL1 C kg2.s; y; v/kL1º;

which gives (7.2).
For g2, similar to (5.26), one has

jg2.t; y; v/j

� Cqe
�
�0
2 .t�t1/

Z t

max ¹t1;0º
e�

�0
2 .t�s/

Z
R3

kw.V .s/; v0/jg2.s; Y.sI t; y; v/; v0/j dv0 ds

C Cqe
�
�0
2 .t�t1/

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

max ¹tlC1;0º

Z
R3

kw.V lcl.s/; v
0/

� jg2.s; Y
l

cl.sI t; y; v/; v
0/j dv0 d Q†

.2/

l
.s/ ds

CP .t/; (7.7)

where

P .t/ D Cq sup
0�s�t

kg1.s/kL1 C Q"Cq sup
0�s�t

kg2.s/kL1 : (7.8)
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We now have, by iterating (7.7),

jg2.t; y; v/j

� Cq

Z t

max ¹t1;0º
e�

�0
2 .t�s/

Z
R3

kw.V .s/; v0/
Z s

max ¹t 0
1
;0º

e�
�0
2 .s�s

0/

�

Z
R3

kw. NV .s0IY.s/; v0/; v00/jg2.s0; NY .s0IY.s/; v0/; v00/j dv00 ds0 dv0 ds

C Cq

Z t

max ¹t1;0º
e�

�0
2 .t�s/

Z
R3

kw.V .s/; v0/e�
�0
2 .s�t

0
1
/

{�1X
`D1

Z
Q{�1
|D1 V|

Z t 0
`

max ¹t 0
`C1

;0º

Z
R3

kw. NV `cl .s
0
IY.s/; v0/; v00/jg2.s

0; NY `cl.s
0
IY.s/; v0/; v00/j dv00 d Q†

.2/

`
.s0/ ds0 dv0 ds

C Cq

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

max ¹tlC1;0º

Z
R3

kw.V lcl.s/; v
0/

Z s

max ¹t 0
1
;0º

e�
�0
2 .s�s

0/

Z
R3

kw. NV .s0IY lcl.s/; v
0/; v00/jg2.s

0; NY .s0IY lcl.s/; v
0/; v00/j dv00 ds0 dv0 d Q†

.2/

l
.s/ ds

C Cq

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

max ¹tlC1;0º

Z
R3

kw.V lcl.sI v/; v
0/e�

�0
2 .s�t

0
1
/

�

{�1X
`D1

Z
Q{�1
|D1 V|

Z t 0
`

max ¹t 0
`C1

;0º

Z
R3

kw. NV `cl .s
0
IY lcl.s/; v

0/; v00/

� jg2.s
0; NY `cl.s

0
IY lcl.s/; v

0/; v00/j dv00 d Q†
.2/

`
.s0/ ds0 dv0 d Q†

.2/

l
.s/ ds

C Cq

Z t

max ¹t1;0º
e�

�0
2 .t�s/

Z
R3

kw.V .s/; v0/P .s/ dv0 ds

C Cq

k�1X
lD1

Z
Qk�1
jD1 Vj

Z tl

max ¹tlC1;0º

Z
R3

kw.V lcl.s/; v
0/P .s/ dv0 d Q†

.2/

l
.s/ ds: (7.9)

With (7.9), similar to (5.28), for sufficiently large T0 > 0, we have

sup
0�s�T0

kg2.s/kL1 � C N" sup
0�s�T0

kg2.s/kL1 C C.T0/ sup
0�s�T0

kf2.s/k

C C sup
0�s�T0

P .s/;

which together with (7.8) gives

sup
0�s�T0

kg2.s/kL1 � C sup
0�s�T0

kg1.s/kL1 C C.T0/ sup
0�s�T0

kf2.s/k: (7.10)

Next, combining (7.2) at t D T0 and (7.10), one gets

sup
0�s�T0

kŒg1; g2�.s/kL1 � CkwqŒf1.0; y; v/; f2.0; y; v/�kL1 C C.T0/ sup
0�s�T0

kf2.s/k

� Ckwqf0kL1 C C.T0/ sup
0�s�T0

kf2.s/k:
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Then it follows that for any t 2 Œ0; T0�,

kwqŒf1; f2�.t/kL1 � Ce
��0tkwqf0kL1 C C.T0/e

��0t sup
0�s�T0

kf2.s/k: (7.11)

In particular, we have

kwqŒf1; f2�.T0/kL1

� Ce��0T0kwqŒf1.0; y; v/; f2.0; y; v/�kL1 C C.T0/e
��0T0 sup

0�s�T0

kf2.s/k

� Ce��0T0kwqf0kL1 C C.T0/e
��0T0 sup

0�s�T0

kf2.s/k: (7.12)

Moreover, (7.11) can be extended to

kwqŒf1; f2�.t/kL1 � Ce
��0.t�s/kwqŒf1; f2�.s/kL1 C C.T0/e

��0.t�s/ sup
s���t

kf2.�/k

(7.13)

for any t 2 Œs; s C T0� with s � 0:
Next, for any integer m � 1; we can repeat the estimate (7.12) finitely many times so

that the functions Œf1; f2�.lT0 C s/ for l D m � 1;m � 2; : : : ; 0 satisfy

kwqŒf1; f2�.mT0/kL1

� Ce��0T0kwqŒf1; f2�.¹m � 1ºT0/kL1 C C.T0/e
��0T0 sup

¹m�1ºT0�s�mT0

kf2.s/k

� Ce��0T0kwqŒf1; f2�.¹m � 1ºT0/kL1

C C.T0/e
��0T0e��0.m�1/T0 sup

¹m�1ºT0�s�mT0

ke�0sf2.s/k

�Ce��0mT0kwqŒf1; f2�.0/kL1

C C.T0/

m�1X
lD0

e�m�0T0 sup
¹m�l�1ºT0�s�.m�l/T0

ke�0sf2.s/k

�Ce��0mT0kwqf0kL1 C C.T0/e
�m�0T0 sup

0�s�mT0

ke�0sf2.s/k: (7.14)

Furthermore, for any t � T0, we can find an integer m � 0 such that t D mT0 C s with
0 � s � T0. Then, on the one hand, by (7.14) we have

kŒg1; g2�.mT0/k1 � Ckwqf0kL1 C C.T0/ sup
0�s�mT0

ke�0sf2.s/k: (7.15)

On the other hand, (7.13) implies that

kwqŒf1; f2�.t/k1 D kwqŒf1; f2�.mT0 C s/kL1

� Ce��0skwqŒf1; f2�.mT0/k1 C C.T0/e
��0s sup

mT0���mT0Cs

ke�0�f2.�/k;
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which is equivalent to

kwqŒg1; g2�.t/k1 D kwqŒg1; g2�.mT0 C s/kL1

� CkwqŒg1; g2�.mT0/k1 C C.T0/ sup
mT0���mT0Cs

ke�0�f2.�/k: (7.16)

Consequently, applying (7.15) to (7.16) gives the second estimate (7.3). This together with
(7.2) yields theL1 estimate of f1 and f2, and thus completes the proof of Lemma 7.1.

7.2. L2 estimates

In order to close the L1 estimate in terms of (7.2) and (7.3), we need to deduce the L2

estimate of e�0tf2.t; y; v/. As pointed out in Section 4, the key is to obtain the dissipation
estimate of the macroscopic component of f2 as well as f1 through the conservation of
mass. Therefore, we need to resort to the original perturbation

p
� g� WD g1 C

p
� g2

with some abuse of notation,

Œg1; g2�.t; y; v/ WD e
�0t Œf1; f2�.t; y; v/; (7.17)

compared to (7.4) in the previous subsection. Note that the velocity weight is no longer
needed for the L2 estimates. Indeed, the only time-weighted function g� satisfies the
IBVP8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

@tg� C vy@yg� � ˛vy@vxg� C
1
2
˛vxvyg� C Lg� � �0g�

D e�0t�.f; f /C ˛e�0t¹�.G1 C ˛GR; f /C �.f;G1 C ˛GR/º„ ƒ‚ …
H

;

t > 0; y 2 .�1; 1/; v D .vx ; vy ; vz/ 2 R3;
p
�g�.0; y; v/ D f0.y; v/ D F.0; y; v/ � Fst.y; v/; y 2 .�1; 1/; v 2 R3;

g�.t;˙1; v/jvy70 D
p
2��

Z
vy?0

p
�g�.t;˙1; v/jvy j dv; t � 0; v 2 R3:

(7.18)

Note that since
R 1
�1

R
R3 f .t; y; v/

p
�dv dy D 0 according to (1.22) and (6.2), it is direct

to see that Z 1

�1

Z
R3
g�.t; y; v/

p
�dv dy D 0; 8t � 0:

Next, as in (5.67) and (5.68), we define

P0g� D .a� C b� � v C c�.jvj2 � 3//
p
�;

P0g2 D .a�;2 C b�;2 � v C c�;2.jvj2 � 3//
p
�;

NP0g1 D .a�;1 C b�;1 � v C c�;1.jvj2 � 3//�:
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We also use the notation b� D .b1�; b
2
�
; b3
�
/: Obviously,

a� D a�;1 C a�;2; b� D b�;1 C b�;2; c� D c�;1 C c�;2;Z 1

�1

a�.t; y/ dy D 0; 8t � 0:
(7.19)

As in Section 4, we are able to prove the following result in order to capture the
macroscopic dissipation of g�.

Lemma 7.2. Under the assumption (7.1), there exists an instant functional Eint.t/ satis-
fying

jEint.t/j � kg2k
2
C kwqg1k

2
L1 (7.20)

such that for any t � 0,

d

dt
Eint.t/C �kŒa�;b�; c��k2 � CkP1g2k2 C Ckwqg1k2L1

C C.˛ C Q"/kg2k
2
C C j¹I � P
ºg2j

2
2;C: (7.21)

Proof. The proof of (7.21) is similar to that of (5.82) in Section 5. For brevity, we only
show how to derive an L2 estimate of a�. By letting ‰ D ‰.t; y; v/ 2 C1.Œ0;1/ �

Œ�1; 1� �R3/ be a test function and taking the inner product of (7.18) and ‰, one has

d

dt
.g�; ‰/ � .g�; @t‰/ � .vyg�; @y‰/C hvy ; .g�‰/.1/i � hvy ; .g�‰/.�1/i

C ˛.vyg�; @vx‰/C
1
2
˛.vxvyg�; ‰/C ..��0 C L/g�; ˆ/ D .H; ˆ/: (7.22)

Choose
‰ D ‰a� D vy@y�a�.t; y/.jvj

2
� 10/

p
�;

where

@2y�a� D a�; @y�a�.˙1/ D 0;

Z 1

�1

a�.y/ dy D 0: (7.23)

It follows that

k�a�kH2 � Cka�k: (7.24)

We now estimate the terms in (7.22) one by one. The Cauchy–Schwarz inequality and
(7.24) directly give

j.g�; ‰a�/j � Ckg2k
2
C Ckwqg1k

2
L1 ;

˛j.vyg�; @vx‰a�/j � C˛kg2k
2
C C˛kwqg1k

2
L1 ;

1
2
˛j.vxvyg�; ‰a�/j � C˛kg2k

2
C C˛kwqg1k

2
L1 ;

j.Lg�; ‰a�/j � �ka�;2k
2
C C�kg2k

2
C C�kwqg1k

2
L1 :
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And from Lemma 2.2 and the a priori assumption (7.1) we have

j.H; ‰a�/j � C.˛ C Q"C �/ka�k
2
C C�.˛ C Q"/¹kwqg2k

2
L1 C kwqg1k

2
L1º;

where we have used

j.e�0t�.f; f /;‰a�/j

� �ka�k
2
C C�

Z 1

�1

Z
R3
Œe�0t�.f; f /jvy j.jvj

2
� 10/2

p
��2 dv dy

� �ka�k
2
C C�kwqQ.�

1=2g�; �
1=2g�/k

2
L1

Z 1

�1

�Z
R3
w�qŒjvy j.jvj

2
� 10/2�2 dv

�2
dy

� �ka�k
2
C C�kwq�

1=2g�k
4
L1

� �ka�k
2
C C� Q"

2
¹kwqg2k

2
L1 C kwqg1k

2
L1º:

For the second term on the left hand side of (7.22), from the inner product h(7.31);
p
�i,

we have

@ta� C @yb
2
� D 0

in the weak sense, which yields

j.g�; @t‰a�/j � Ckb
2
�k
2
C CkP1g2k2 C Ckwqg1k2L1 :

In particular, the third term on the left hand side of (7.22) gives the following main con-
tribution:

�.vyg�; @y‰a�/ D �.vyP0g�; @y‰�;2/ � .vyP1g�; @y‰�/
� 5ka�k

2
� �ka�k

2
� C�kP1g�k2:

The boundary term hvy ; .g�‰a�/.1/i � hvy ; .g�‰a�/.�1/i vanishes due to the boundary
condition in (7.23). Putting all the above estimates for a� together, we have

d

dt
.g�; ‰a�/C �ka�k

2

� Ckb
y

�
k
2
C CkP1g2k2 C Ckwqg1k2L1 C C.˛ C Q"/kwqg2k

2
L1 : (7.25)

Next, let

‰ D ‰bi
�
D

8̂̂<̂
:̂
vyvx

d
dy
�b�;1.y/

p
�; i D 1;

vyvz
d
dy
�b�;3.y/

p
�; i D 3;

v2y.jvj
2 � 5/ d

dy
�b�;2.y/

p
�; i D 2;

where
��00

bi
�

D bi�; �bi
�
.˙1/ D 0;

and

‰ D ‰c� D vy.jvj
2
� 5/

d

dy
�c�.y/

p
�;
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where
��00c� D c�; �c�.˙1/ D 0:

Similar to (5.79) and (5.81), one can show that

d

dt
.g�; ‰b�/C �kb�k

2
� Ckc�k

2
C CkP1g2k2 C Ckwqg1k2L1

C C.˛ C Q"/kwqg2k
2
L1 C C j¹I � P
ºg2j

2
2;C; (7.26)

and

d

dt
.g�; ‰c�/C �kc�k

2
� CkP1g2k2 C Ckwqg1k2L1

C C.˛ C Q"/kwqg2k
2
L1 C C j¹I � P
ºg2j

2
2;C; (7.27)

respectively. Note that the decomposition
p
� g� D g1 C

p
� g2 has also been used to

handle the terms involving hvy ; .¹I � P
ºg�‰/.1/i � hvy ; .¹I � P
ºg�‰/.�1/i:
Consequently, by choosing 0 < �1� �2� 1, from �1 � (7.25)C �2 � (7.26)C (7.27)

we get

d

dt
¹�1.g�; ‰b�/C �2.g�; ‰b�/C .g�; ‰c�/º C �kŒa�;b�; c�k

2

� CkP1g2k2 C Ckwqg1k2L1 C C.˛ C Q"/kwqg2k
2
L1 C C j¹I � P
ºg2j

2
2;C: (7.28)

Finally, (7.21) follows from (7.28) by defining

Eint.t/ D �1.g�; ‰b�/C �2.g�; ‰b�/C .g�; ‰c�/: (7.29)

Note that (7.20) is satisfied. Thus the proof of Lemma 7.2 is complete.

Now, with Lemmas 7.2 and 7.1, we are ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. The global existence of solution to the problem (6.2) follows from
the local existence established in Section 6 and the a priori estimates in the weighted L1

space by the continuity argument. Therefore, to prove Theorem 1.2, it remains to show
the uniform estimate (1.23) under the a priori assumption (7.1). Indeed, by (7.19), we can
rewrite (7.21) as

d

dt
Eint.t/C �kP0g2k2 � CkP1g2k2 C Ckwqg1k2L1 C C.˛ C Q"/kwqg2k

2
L1

C C j¹I � P
ºg2j
2
2;C; (7.30)

where Œg1; g2� is defined in (7.17). For an L2 estimate of P1g2, note that g2 satisfies

@tg2 C vy@yg2 � ˛vy@vxg2 C .��0 C L/g2 D .1 � �M /�
�1=2Kg1; (7.31)

and

g2.0; y; v/ D 0; g2.˙1; v/jvy70 D
p
2��

Z
vy?0

p
�g2.˙1; v/jvy j dv:
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By taking the inner product of (7.31) and g2 with respect to y and v over .�1; 1/ � R3;
one has

d

dt
kg2k

2
C j¹I � P
ºg2j

2
2;C C ı0kP1g2k

2

� C�kwqg1k
2
L1 C C.�C �0/kwqg2k

2: (7.32)

Let QC > 0 be a constant sufficiently large. By taking the sum of QC � (7.32) and (7.30) we
have

d

dt
¹ QCkg2.t/k

2
C Eint.t/º C �kg2k

2
C �j¹I � P
ºg2j

2
2;C

� Ckwqg1k
2
L1 C C.˛ C Q"/kwqg2k

2
L1 : (7.33)

Denote
E.t/ D QCkg2.t/k

2
C Eint.t/:

For QC > 0 large enough, from (7.20) there exist constants C1; C2 > 0 such that for any
t � 0,

2 QCkg2.t/k
2
C C2kwqg1.t/k

2
L1 � E.t/ � 1

2
QCkg2.t/k

2
� C1kwqg1.t/k

2
L1 : (7.34)

Then, from (7.33) and (7.34), it follows that

d

dt
E.t/C

2�

QC
E.t/C �j¹I � P
ºg2j

2
2;C � Ckwqg1k

2
L1 C C.˛ C Q"/kwqg2k

2
L1 :

Hence

E.t/C �

Z t

0

e
� 2�
QC
.t�s/
j¹I � P
ºg2.s/j

2
2;C ds

� E.0/e
� 2�
QC
t
C C

Z t

0

e
� 2�
QC
.t�s/
kwqg1.s/k

2
L1 ds

C C.˛ C Q"/

Z t

0

e
� 2�
QC
.t�s/
kwqg2.s/k

2
L1 ds

� E.0/C C sup
0�s�t

kwqg1.s/k
2
L1 C C.˛ C Q"/ sup

0�s�t

kwqg2.s/k
2
L1 (7.35)

for any t � 0. Therefore, by using (7.34) and (7.17), it follows from (7.35) that

sup
0�s�t

e�0skf2.s/k � C sup
0�s�t

e�0skwqf1.s/kL1

C C.˛ C Q"/ sup
0�s�t

e�0skwqf2.s/kL1 :

By putting the above estimate back to (7.3) and using the smallness of ˛ and Q", one has

sup
0�s�t

e�0skwqf2.s/kL1 � Ckwqf0kL1 C C sup
0�s�t

e�0skwqf1.s/kL1 : (7.36)
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Moreover, by plugging (7.36) into (7.2) and using the smallness of ˛ and Q" as well as
(7.36), one obtains

sup
0�s�t

e�0skwqŒf1; f2�.s/kL1 � Ckwqf0kL1 ;

which gives (1.23). Since kwqf0kL1 is sufficiently small, the a priori assumption (7.1) is
closed.

Finally, the nonnegativity of the global solution constructed above can be proved sim-
ilarly to [15], so that the proof of Theorem 1.2 is complete.

8. Appendix

Recall the backward time cycle starting at .t0; y0; v0/ D .t; y; v/ in (5.18), the boundary
probability measure d�l on Vl in (5.19) and the product measure d†l .s/ over

Qk�1
jD1 Vj

in (5.24). The following lemma gives an estimate on the measure of the phase spaceQk�1
jD1 Vj when there are k bounces.

Lemma 8.1. For any N" > 0 and any T0 > 0, there exists an integer k0 D k0.N"; T0/ such
that for any integer k� k0 and any 1� �0� 0 and for all .t;y;v/2 Œ0;T0�� Œ�1;1��R3,Z

Qk�1
lD1 Vl

1¹tk.t;y;v;v1;:::;vk�1/>0º
k�1Y
lD1

e
�0
2 jvlx j

2

d�l � N": (8.1)

In particular, for T0 > 0 large enough, there exist constants C1 and C2 > 0 independent
of T0 such that for k D C1T

5=4
0 with a suitable choice of C1 such that k is an integer and

for all .t; y; v/ 2 Œ0;1/ � Œ�1; 1� �R3, one hasZ
Qk�1
jD1 Vj

1¹tk.t;y;v;v1;:::;vk�1/>0º
k�1Y
lD1

e
�0
2 jvlx j

2

d�l �

²
1

2

³C2T 5=40

: (8.2)

Furthermore, for any q > 0 in the weight functionwq.v/, there exist constants C3;C4 > 0
independent of k and T0 such thatZ

Qk�1
jD1 Vj

k�1X
lD1

1¹tlC1�0<tl º
Z tl

0

d†l .s/ ds � C3; (8.3)

Z
Qk�1
jD1 Vj

k�1X
lD1

1¹tlC1>0º
Z tl

tlC1

d†l .s/ ds � C4: (8.4)

Proof. We only give the proof for (8.1) and (8.3), since (8.2) and (8.4) can be proved
similarly by using Lemma 23 in [25, p. 781]. By definition (5.19), we rewrite

e�0jvlx j
2

d�l D
1

2�
e
�0
2 jvlx j

2

e�
jvl j

2

2 jvly j dvl

D
1

2�
e
1
2 .�0�1/jvlx j

2

dvlx e
�
jvly j

2Cjvlz j
2

2 jvly j dvly dvlz :
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On the other hand, if we choose �0 so that 0 � �0 � 1
k�1

, then we have

k�1Y
lD1

.
p
2�/�1

Z
R
e
1
2 .�0�1/jvlx j

2

dvlx D .1 � �0/
�.k�1/=2

� e1=2:

Thus for 0 � �0 � 1
k�1

, one gets

Z
Qk�1
lD1 Vl

1¹tk.t;y;v;v1;:::;vk�1/>0º
k�1Y
lD1

e
�0
2 jvlx j

2

d�l

� e1=2
Z
Qk�1
lD1

NVl

1¹tk.t;y;v;v1;:::;vk�1/>0ºd N�l ; (8.5)

where

NVj D ¹.vjy ; vjz/ 2 R2 j vj � n.yj / > 0º; N�l D e
�
jvly j

2Cjvlz j
2

2 jvly j dvly dvlz :

Next performing similar calculations to the proof of (194) in [25, Lemma 23, p. 781], we
can obtain Z

Qk�1
lD1

NVl

1¹tk.t;y;v;v1;:::;vk�1/>0º d N�l � e
�1=2
N";

which together with (8.5) implies that (8.1) is valid.
We now turn to the proof of (8.3). Recall the definition (5.24). We haveZ

Qk�1
jD1 Vj

k�1X
lD1

1¹tlC1�0<tl º
Z tl

0

d†l .s/ ds

D

Z
Qk�1
jD1 Vj

k�1X
lD1

1¹tlC1�0<tl º
Z tl

0

k�1Y
jDlC1

d�j e
�
R tl
s A�.�;V lcl.�// d� Qw.vl / d�l

�

l�1Y
jD1

Qw.vj /

Qw.V
j

cl .tjC1//
e
�
R tj
tjC1

A�.�;V lcl.�// d� d�j ds;

which, using direct calculations, can be bounded byZ
Qk�1
jD1 Vj

1tk�0
Z tl

0

k�1Y
jDlC1

d�j e
�
�0
2 .tl�s/ Qw.vl / d�l

�

l�1Y
jD1

Qw.vj /

Qw.V
j

cl .tjC1//
e�

�0
2 .tj�tjC1/ d�jds

� C

Z
Ql
jD1 Vj

Z tl

0

e�
�0
2 .t1�s/ Qw.vl / d�l

l�1Y
jD1

d�j ds � C:
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Here we have used, for 0 � �0 � 1,Z
Vl

Qw2.vl / d�l <1;

Z
Vj

e�0jvjx j
2=4 d�j <1;

and

Qw.vj /

Qw.V
j

cl .tjC1//
D
wq.V

j
cl .tjC1//�

1=2.V
j

cl .tjC1//

wq.vj /�1=2.vj /

D
.1C jV

j
cl .tjC1/j

2/q

.1C jvj j2/q
� e
jvj j

2�jV
j
cl .tjC1/j

2

4

� 2q.1C jV
j

cl .tjC1/ � vj j
2/qe

C�0
˛2.tb.vj /vjy/

2C�0jvjx j
2

4

� 2q.1C 4˛2/qeC�0˛
2

e
�0jvjx j

2

4 ;

by Peetre’s inequality and the fact that ˛jtb.vj /vjy j � 2˛: Thus the proof of the lemma is
complete.

Remark 8.1. The time interval Œ0; T0� in Lemma 8.1 can be replaced by any interval Œs; t �
of length t � s D T0. In addition, sinceZ

Vl

Qw1.vl / d�l <1; q > 3=2;

and A� , A and A1 have the same lower bound �0=2, the statement in Lemma 8.1 is also
valid if †l .s/ is replaced by either N†l .s/ or Q†.i/

l
.s/ .i D 1; 2/.
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