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Abstract. We show that L-packets of toral supercuspidal representations arising from unramified
maximal tori of p-adic groups are realized by Deligne–Lusztig varieties for parahoric subgroups.
We prove this by exhibiting a direct comparison between the cohomology of these varieties and
algebraic constructions of supercuspidal representations. Our approach is to establish that toral
irreducible representations are uniquely determined by the values of their characters on a domain
of sufficiently regular elements. This is an analogue of Harish-Chandra’s characterization of real
discrete series representations by their characters on regular elements of compact maximal tori, a
characterization which Langlands relied on in his construction ofL-packets of these representations.
In parallel to the real case, we characterize the members of Kaletha’s toral L-packets by their
characters on sufficiently regular elements of elliptic maximal tori.
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1. Introduction

This paper has several objectives, all of which are connected by the core motif that it is of
significant interest to be able to recognize irreducible representations by the values of their
characters on some domain. For real groups, it is the remarkable work of Harish-Chandra
[29] that real discrete series representations are determined by their characters on the reg-
ular elements of compact maximal tori, a domain on which the character formula is very
simple. This characterization was later used by Langlands [37] to package these repre-
sentations into L-packets. For p-adic groups, Kaletha [34] recently proposed a construc-
tion of regular supercuspidal L-packets by reparametrizing (part of) Yu’s construction of
supercuspidal representations [50] in terms of characters of certain elliptic maximal tori.
As Kaletha mentions, ideally one should be able to characterize the members of these
L-packets by their characters on some nice domain as in the real case; however, even the
correct statement of the analogue of Harish-Chandra’s result for general p-adic groups
was essentially completely unknown. One of the main results of this paper (Theorem 9.1)
is a resolution of this characterization problem for a class of regular supercuspidal repre-
sentations corresponding to unramified elliptic maximal tori. This is a vast generalization
of the unramified setting of Henniart’s work on this problem for GLn (see [31] for arbi-
trary n and unramified extensions, and [32] for prime n and arbitrary extensions).

It is a folklore conjecture that every supercuspidal representation of a p-adic group is
isomorphic to the compact induction of some finite-dimensional irreducible representa-
tion of a compact-modulo-center subgroup. In all known constructions of supercuspidal
representations, modulo center, this compact subgroup can (essentially) be taken to be a
so-called parahoric subgroup. Much of this paper is dedicated to establishing a character-
ization theorem at parahoric level; this characterization is significantly harder to establish
than the above-mentioned result at the level of the p-adic group. We fix some notation:
To any elliptic unramified maximal torus S of a connected reductive group G defined
over a non-archimedean local field F with finite residue field Fq , we may associate a
unique point x in the reduced building Bred(G; F ) together with a parahoric subgroup
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Gx;0 � G WD G(F ). (Note in particular that we call G a p-adic group even though we
do not require that F have characteristic zero.) We write WGx;0 (S) for the quotient of
NGx;0 (S) (the normalizer group of S in Gx;0) by S WD S(F ). Our first theorem is that
certain representations of SGx;0 can be characterized by their trace on a special class of
regular semisimple elements which we call unramified very regular.1

Theorem A (Proposition 4.11 (existence), Theorem 5.17 (uniqueness)). Let � WS ! C�

be a toral character and assume that p � 0. There exists a unique irreducible represen-
tation � of SGx;0 such that its character‚� at any unramified very regular element 
 2 S
is

‚� (
 ) D c �
X

w2WGx;0 (S)

� (w
 )

for some constant c 2 C� which does not depend on 
 , where w
 WD w
w�1. Moreover,
c 2 ¹˙1º.

Completely separately and independently from the above algebraic developments, in
recent years there has been a push towards constructing supercuspidal representations
geometrically using constructions analogous to Deligne–Lusztig varieties for finite groups
of Lie type. Central to this picture is Lusztig’s work [39] on such varieties for reductive
groups over finite rings in equal characteristic, Stasinski’s subsequent work [47] for mixed
characteristic, and the first author’s joint work with Ivanov [12] generalizing these works
to arbitrary parahoric subgroupsGx;0 associated to unramified maximal tori. It is expected
that Lusztig’s conjecture on loop Deligne–Lusztig constructions for p-adic groups [38]
is very closely related to the parahoric picture, as demonstrated in [5, 10] in the setting
of GLn and its inner forms. Among other things, the present paper resolves a basic and
major gap in this geometric program: we prove that the irreducible representations of
SGx;0 arising from the cohomology of parahoric Deligne–Lusztig varieties indeed com-
pactly induce to supercuspidal representations of G.

Following [12], to every positive integer r , one can construct a smooth, separated,
finite-type affine xFq-scheme Xr with a natural action by Gx;0 � S0 where S0 D S \Gx;0.
This action can be extended by the centerZG so that for any depth-r character � WS!C�,
the corresponding isotropic subspace H�c (Xr )[� ] WD H�c (Xr ; xQ`)[� ] of the cohomology
H�c (Xr ; xQ`) WD

P
i (�1)iH i

c (Xr ; xQ`) is in fact a (virtual) representation of ZGGx;0 D

SGx;0. (We note that because S is elliptic and unramified, we have S D ZGS0.)

Theorem B (Theorems 7.2, 8.2, 8.3). Let � W S ! C� be 0-toral2 of depth r > 0 and
assume p � 0.

1Modulo the center of G, this notion agrees with Henniart’s notion of very regular elements in
the unramified elliptic torus of GLn [31] and with Chan–Ivanov’s generalization to other unramified
tori in p-adic groups in general [12]. See Definition 4.2.

2This condition arises naturally for geometric reasons in [39] and in subsequent work by others;
in these past purely geometric investigations, 0-toral is called regular. In this paper, 0-toral is the
same as in [23]. The reader is warned that 0-toral is called toral in Reeder [42] and DeBacker–Spice
[17], and that in the present paper, toral is a much more general notion: see Definition 3.7.
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(i) The compact induction c-IndGSGx;0
(H�c (Xr )[� ]) is an irreducible supercuspidal rep-

resentation of G.

(ii) The correspondence (S; �) 7! c-IndGSGx;0
(H�c (Xr )[� ]) preserves stability and Xr

gives a geometric realization of 0-toral supercuspidal L-packets à la DeBacker–
Spice [17].

Allow us to immediately spoil the punch line relating this result and the discussion of
characterizations of representations à la Harish-Chandra: Theorem B is an application of
(a more precise version of) Theorem A.

We mention that when r D 0, the variety Xr is a classical Deligne–Lusztig variety
and the conclusions of Theorem B are true for depth-0 characters � in general position:
(i) is due to Moy–Prasad [40], and (ii) is due to DeBacker–Reeder [16] and Kazhdan–
Varshavsky [36].

For r > 0, it was proved in [12] that H�c (Xr ; xQ`)[� ] is an irreducible representation
of SGx;0. The additional assertion in Theorem B (i) that its compact induction to G is
irreducible (and therefore supercuspidal) has been studied by various people in special
cases—for inner forms of GLn [10,13] and for x hyperspecial, r odd [14]—by techniques
totally different to ours (see Sections 7.3, 7.4 for further discussion). We remark that the
assumption p � 0 appearing in Theorems A and B originates from two distinct sources:
from constructions of supercuspidal representations (à la [34, 50]) and from a technical
part of the proof of our characterization theorem (Theorem A). The condition needed for
our strategy is quite mild—we will prove in subsequent work that, at least for Coxeter tori,
the latter assumption is weaker than the former assumption. In particular, our approach
specialized to GLn relaxes the p > n assumption in [13] to p > 2 (see Section 7.3). On the
other hand, there are two settings in which our Theorem B (i) falls short of existing results
in the literature: for division algebras, this irreducibility was established for arbitrary �
with trivial Weyl stabilizer and all p in [9, Theorem 7.1.2], and for general inner forms of
GLn, the irreducibility was established for 0-toral � and all p in [10, Theorem 12.1], both
via purely geometric techniques (see Remark 7.10 for more details).

We actually prove something stronger than the supercuspidality assertion of Theo-
rem B (i): we explicitly describe the supercuspidal c-IndGSGx;0

(H�c (Xr )[� ]) in terms of
Yu’s construction and Kaletha’s reparametrization. This resolves a generalization of a
question of Lusztig on comparing the representations in [39] with non-cohomological
constructions. Supercuspidal representations in the 0-toral setting had already been con-
structed and parametrized by Adler [1]; our choice to write the paper within Yu’s and
Kaletha’s framework is in anticipation of future work relaxing the genericity assumptions
(toral, 0-toral) on � .

Now let us explain the content of Theorem B (ii) in the context of past works. Fol-
lowing the construction of discrete series L-packets for real groups [37] and of depth-0
L-packets of p-adic groups [16, 36], one could extrapolate that for supercuspidal rep-
resentations parametrized by characters � of elliptic maximal tori S, L-packets should
be parametrized by stable conjugacy classes of (S; �). Using Adler’s parametrization
(S; � ) 7! �(S;� ) of 0-toral supercuspidal representations, Reeder [42] verified constancy
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of the formal degree on this packet of supercuspidals in the case that S is unramified.
Later, DeBacker–Spice [17], still working in the setting that S is unramified, proved that
this packet of supercuspidals fails (!) to satisfy stability (see Section 8 for more details);
to make it stable, they prove that one must instead consider the twisted parametriza-
tion (S; �) 7! �(S;� �"[� ]) by a quadratic character "[� ] which depends on (S; �). This
stability result has been generalized to 0-toral supercuspidals corresponding to tamely
ramified S by Kaletha [34], whose theory of regular supercuspidal representations devel-
ops a parametrization of a much larger class of supercuspidals in terms of (S; � ) and also
demands a generalized twisting character "[� ]. The contribution of Theorem B to this pic-
ture is that c-IndGSGx;0

(H�c (Xr )[� ]) Š �(S;� �"[� ]), so that in terms of the cohomologically
arising parametrization of these supercuspidals, no external twisting is required to obtain
a set of supercuspidals satisfying stability from a stable conjugacy class of (S; �). We
emphasize this point: the geometry seems to innately know about the automorphic side of
the local Langlands correspondence.

1.1. Outline of the paper

A subtle point throughout this paper is taking stock of what assumptions one needs on p.
For the most part, we have chosen to work in the greatest generality possible for each
ingredient going into this paper, especially so as to illustrate the reasons various small
primes are excluded. We collect a summary of these assumptions in Section 2.

In Section 3, we recall Yu’s construction of supercuspidal representations and
Kaletha’s theory of regular supercuspidal representations. In particular, we recall how to
associate to a tame elliptic regular pair (S; �) a representation ı�d of SGx;0 whose com-
pact induction is the irreducible supercuspidal representation �(S;�).3 We warn the reader
that in the literature (for example, but not limited to, [3, 50]), it is more popular to work
with a representation of the full stabilizer Gx of the point x; it takes some care to work
on SGx;0 � Gx instead, which we need to do for geometrically motivated reasons later.
We additionally relax the ellipticity assumption on Kaletha’s Howe factorization of tame
elliptic pairs (Section 3.3) and use this to state a geometric conjecture (Conjecture 6.5)
later in the paper.

Starting in Section 4, we assume that S is unramified. Sections 4 and 5 culminate
in two characterization theorems for toral characters—one for representations of SGx;0C

(Theorem 5.13) and one for representations of SGx;0 (Theorem 5.17, presented as The-
orem A in the Introduction). Of central importance in our analysis is a class of regular
semisimple elements of G called unramified very regular (à la [12]); we denote by Svreg

the set of unramified very regular elements contained in S . After reframing unramified
very regular elements in the context of normal r-approximations (à la [2]), we prove

3As mentioned above, we will show that the geometric representation arising from an unram-
ified 0-toral pair (S; � ) coincides with the algebraic representation arising from the twisted pair
(S; � � "[� ]). This is the reason why a different symbol � is used here; � is intended to be taken to
be � � "[� ] eventually.
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the main result of Section 4: a simple and explicit character formula for the SGx;0-
representation ı�d on the unramified very regular locus of SGx;0 (Proposition 4.11).

In Section 5, we only work with tame elliptic regular pairs (S; �) where S is unram-
ified and � is toral. We prove our characterization theorems in this section. The linchpin
that makes our approach possible is the seemingly innocent Lemma 5.12 (see Lemma
5.15 for the analogous argument for SGx;0), whose content is the surprisingly simple and
powerful trick that by using a telescoping series, one can show that character values on
unramified very regular elements determine the representation on a pro-p subgroup. For
all the arguments in this section, we need to assume that Svreg generates S as a group
(the assumption (vreg); see Section 5.2). We show in Section 5.1 that this is the case if a
certain inequality (?) related to a density of the unramified very regular elements holds,
and that (?) holds if q � 0. Moreover, the bound on q can be reduced to a calculation on
reductive groups over finite fields because of a transferring trick (Lemma 5.6).

Our focus shifts in Section 6, where we recall what is known about the xFq-schemes
Xr and their cohomology. In this section, we make no assumptions on p or on the
ellipticity of S. We recall the Drinfeld stratification [11], which consists of subvarieties
X

(L)
r � Xr indexed by certain twisted Levi subgroups L containing S. We conjecture

(Conjecture 6.5) that the Drinfeld stratification is the geometric version of the “stratifica-
tion” on the set of regular supercuspidal representations given by the 0-th piece G0 of the
Howe factorization.

We prove our main results about the cohomology of Xr and its relation to supercus-
pidal representations in Section 7; note that supercuspidality corresponds to ellipticity
of S. In our framework, this comparison is simply an application of Section 5 to the
cohomological representations discussed in Section 6. We compare H�c (Xr )[� ] to the
SGx;0-representation ı�d in Theorem 7.2 and prove Conjecture 6.5 in the setting L D S
in Theorem 7.6. We note that since we obtain these results as corollaries of the characteri-
zation theorems, there is an intriguing mystery surrounding the geometric representations
H�c (Xr )[� ] for the small p excluded by Kaletha’s theory of regular supercuspidal repre-
sentations [34, 35]. We make some comments about this in Section 7.4. In Section 7.3,
we focus on the setting G D GLn: we explicitly calculate the twisting character "[� ] and
show that a stronger version of the geometrically-proved supercuspidality results of [13]
follows as a special case (Corollary 7.9) of our comparison theorem (Theorem 7.2). For
convenience, we include a diagram depicting the main structure of the results needed to
prove our comparison theorems (Theorems 7.2, 7.5):

SGx;0
ı�d jH�c (Xr ; xQ`)[� ]jTheorem 7.2

(Theorem 5.17)

SGx;0C

S
IndSGx;0C
ıKd

ı�0
d
˝ �d

OO

jH�c (Xr \ SGx;0C; xQ`)[� ]j

Theorem 7.6 (Conjecture 6.5)

OO

Theorem 7.5

(Theorem 5.13)

ıKd

S
ı�0
d
˝ �d

OO
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Here, the dashed vertical arrows indicate induction; these representations, all of which
appear in Yu’s construction, are recalled in Sections 3.1 and 3.4. The horizontal equalities
between the “algebraic” and “geometric” columns hold by the indicated theorems (The-
orems 7.2 and 7.5), each of which is a direct application of the parenthetically indicated
characterization theorems (Theorems 5.17 and 5.13).

In Section 8 we see the implications of our comparison theorem in the context of the
local Langlands correspondence. We discuss Kaletha’s construction of L-packets for 0-
toral supercuspidal representations and use our comparison to deduce (Theorem 8.2) that
L-packets of 0-toral supercuspidal representations associated to unramified S are realized
by the natural correspondence arising via the cohomology ofXr . This yields Theorem 8.3,
which is presented in the Introduction as Theorem B (ii).

Finally, in Section 9, we prove that toral supercuspidal representations associated to
unramified S are determined by their characters on Svreg (Theorem 9.1). The structure
of this argument has a similar flavor to the parahoric-level characterization theorems of
Section 5, but neither section implies the other logically. As mentioned in the Introduction,
Theorem 9.1 is a p-adic analogue of Harish-Chandra’s characterization of discrete series
representations of real groups, and is the first of its kind at this level of generality. In
particular, it allows one to characterize Kaletha’s construction of these L-packets purely
in terms of their character values on very regular elements of S .

2. Notations and assumptions

Let F be a non-archimedean local field with finite residue field OF =pF Š Fq of prime
characteristic p, where we write OF and pF for the ring of its integers and the maximal
ideal, respectively. We let F ur denote the maximal unramified extension of F . We write
�F for the absolute Galois group of F .

For an algebraic variety J over F , we denote the set of its F -valued points by J . When
J is an algebraic group, we write ZJ for its center.

Let us assume that J is a connected reductive group over F . We follow the nota-
tion around Bruhat–Tits theory used by [2, 3, 17]. (See, for example, [2, Section 3.1] for
details.) In particular, B(J; F ) (resp. Bred(J; F )) denotes the enlarged (resp. reduced)
Bruhat–Tits building of J over F . For a point x 2 B(J; F ) D Bred(J; F ) � X�(ZJ)R, we
write Nx for the image of x in Bred(J; F ), and JNx for the stabilizer of Nx in J . We define zR
to be the set

R t ¹rC j r 2 Rº t ¹1º

with its natural order. Then for any r 2 zR we can consider the r-th Moy–Prasad filtration
Jx;r of J with respect to the point x. For any r; s 2 zR�0 satisfying r < s, we write Jx;rWs for
the quotient Jx;r=Jx;s . Recall that Jx;0W0C can be regarded as the set J (Fq) of Fq-valued
points of a connected reductive group J defined over Fq (such a group J can be realized
as the reductive quotient of the special fiber of the parahoric subgroup scheme attached
to x; see [40, Section 3.2]).
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2.1. Assumptions on F and G

Let G be a tamely ramified connected reductive group over F , that is, G is a connected
reductive group defined over F which splits over a tamely ramified extension of F . Unless
otherwise stated, we will assume that p is odd, p is not bad for G (in the sense of
Springer–Steinberg [46, Section 4]), and p − j�1(Gder)j and p − j�1(yGder)j. There are
a few sections in the paper where we either relax or strengthen our assumptions on F ; we
specify these subsections here:

� Sections 3.1 and 3.4 hold with the relaxed assumption that p is odd, but this is incon-
sequential for us.

� Section 3.3 (except for Lemma 3.8) holds without any assumption on p.

� In Section 4.2, we assume that the condition (GdG) of [2, Definition 6.3] is satisfied by
certain unramified maximal tori of G. This assumption is necessary for appealing to the
theory of Adler–Spice on the character formula for tame supercuspidal representations.
It is known that this assumption is satisfied if p does not divide the order of the absolute
Weyl group of G (Remark 4.4).

� In Sections 5.2 and 5.3, we additionally assume (vreg). This assumption is satisfied
when an inequality (?) related to the size of the residue field of F holds. This addi-
tional assumption is also needed in Sections 7–9, as these later sections rely on various
arguments presented in Sections 5.2 and 5.3.

� Section 6 recalls geometric constructions of representations of parahoric subgroups
and holds with no assumptions on p. The discrepancy between this and the addi-
tional assumptions on p needed in other sections is an interesting point; we make some
remarks about this in Section 7.4.

3. Tame supercuspidal representations

In this section, we first briefly review Yu’s construction of tame supercuspidal represen-
tations ([50]; for an exposition, see [3, Section 2]). Then, we summarize Kaletha’s result
[34, Section 3.4] on a reparametrization of tame supercuspidal representations, which is
based on the so-called Howe factorization for (certain) characters of elliptic maximal tori.
We recall a part of Kaletha’s Howe factorization process in Section 3.3; we will use this to
state a geometric conjecture later (Conjecture 6.5). We finish with a discussion of passing
from the full stabilizer GNx to the smaller group SGx;0 in Section 3.4, also establishing
some notation that will be used throughout the paper.

3.1. Yu’s construction of tame supercuspidal representations

The constructions of this subsection hold with the relaxed assumption that p is odd.
In [50], Yu introduced the notion of a cuspidal G-datum and to each such datum attached
an irreducible supercuspidal representation of G. Recall that a cuspidal G-datum is
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a quintuple
† D ( EG; E�; Er; x; �00)

consisting of the following objects:

� EG is a sequence G0 ¨ G1 ¨ � � � ¨ Gd D G of tame twisted Levi subgroups (i.e., each
Gi is a subgroup of G which is defined over F and becomes a Levi subgroup of G over
a tamely ramified extension of F ) such that ZG0=ZG is anisotropic,

� x is a point of B(G0; F ) whose image Nx in Bred(G0; F ) is a vertex,

� Er is a sequence 0 � r0 < � � � < rd�1 � rd of real numbers such that 0 < r0 when d > 0,

� E� is a sequence (�0; : : : ; �d ) of characters �i of Gi satisfying

– for 0 � i < d , �i is GiC1-generic of depth ri at x,

– for i D d , {
depthx(�d ) D rd if rd�1 < rd ,

�d D 1 if rd�1 D rd ,

� �00 is an irreducible representation ofG0
Nx whose restriction toG0x;0 contains the inflation

of a cuspidal representation of the quotient G0x;0W0C.

We note that Bred(G0; F ) can be regarded as a subset of Bred(Gi ; F ) for any 0 � i � d
thanks to the assumption on ZG0=ZG (see [50, Remark 3.4]). In particular, we may regard
Nx 2 Bred(G0; F ) as a point of Bred(Gi ; F ) for any 0 � i � d .

Following [50], the tame supercuspidal representation �† associated to † is con-
structed as follows. We first put

(s0; : : : ; sd ) WD (r0=2; : : : ; rd=2)

and define the subgroups Ki , J i , and J iC of G for 1 � i � d by

Ki WD G0Nx (G0; : : : ; Gi )x;(0C;s0;:::;si�1);

J i WD (Gi�1; Gi )x;(ri�1;si�1);

J iC WD (Gi�1; Gi )x;(ri�1;si�1C);

where the right-hand sides denote the subgroups associated to pairs consisting of a tame
twisted Levi sequence and an admissible sequence (see [50, Sections 1 and 2]). Note that
we have KiC1 D KiJ iC1. For i D 0, we put

K0 WD G0Nx :

Then we construct a representation �0iC1 of KiC1 from �0i of Ki inductively in the fol-
lowing manner. By investigating the quotient J i=J iC (which has a symplectic structure
derived from the character �i�1), we obtain a finite Heisenberg group as a quotient of the
group J i . Then, as a consequence of the Stone–von Neumann theorem (together with the
liftability of an associated projective representation to a linear representation), we obtain



C. Chan, M. Oi 10

a Heisenberg–Weil representation Q�i of the semidirect product Gi
Nx Ë J

iC1. The tensor
representation

( Q�i jKiËJ iC1 )˝
(
(�0i ˝ �i jKi ) Ë 1

)
ofKi Ë J iC1 descends toKiJ iC1DKiC1 (factors through the canonical mapKi Ë J iC1
�KiJ iC1), and we define the representation �0iC1 ofKiC1 to be the descended one. We
define

�† WD c-IndG
Kd

�0d ˝ �d :

This representation is irreducible [20,50] and hence supercuspidal. The irreducible super-
cuspidal representations of G obtained from cuspidal G-data in this way are called tame
supercuspidal representations.

We also recall the definitions of a few more groups and representations which will be
needed later (for describing the Adler–Spice character formula in Section 4):

K�i WD G
i�1
Nx Gix;0C (K�0 WD G

0
Nx );

Q�0i WD Ind
Gi�1
Nx Gix;si�1

Ki
�0i ;

�i WD Ind
K�i
Ki

�0i (Š Ind
K�i

Gi�1
Nx Gix;si�1

Q�0i );

�i WD Ind
Gi
Nx

Ki
�0i ˝ �i (Š Ind

Gi
Nx

K�i
�i ˝ �i ):

We finally recall the notion of a generic reduced cuspidal G-datum due to Hakim–
Murnaghan [28]. By the theory of Moy–Prasad, the induced representation

��1 WD c-IndG
0

K0
�00

is an irreducible depth-zero supercuspidal representation of G0 ([40, Proposition 6.6]).
Conversely, any irreducible depth-zero supercuspidal representation ��1 of G0 is
obtained by the compact induction of a representation �00 satisfying the condition men-
tioned above in a unique (up to conjugation) way [40, Proposition 6.8]. From this
observation we conclude that the triple ( EG; ��1; E�) is essentially equivalent to the original
quintuple ( EG; E�; Er; x; �00). In [28], Hakim–Murnaghan called such triples generic reduced
cuspidal G-data and defined an equivalence relation called G-equivalence on them. Here
we do not recall the definition of the G-equivalence (see [28, Definition 6.3]). The impor-
tant nature of this equivalence relation is that it describes the “fibers” of Yu’s construction:
for two given generic reduced cuspidal G-data† and†0, the associated supercuspidal rep-
resentations �† and �†0 are isomorphic if and only if the data† and†0 are G-equivalent.
In other words, Yu’s construction gives the following bijective map:

¹irred. s.c. rep’ns of Gº=�
[

¹gen. red. cusp. G-dataº=G-eq.
1W1

���������!
Yu’s construction

¹tame s.c. rep’ns of Gº=�
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3.2. Kaletha’s reparametrization of tame supercuspidal representations

We first recall Kaletha’s classification of regular depth-zero supercuspidal representations.
Let G0 be a tamely ramified connected reductive group over F which belongs to a tame
Levi sequence EGD (G0 ¨ G1 ¨ � � � ) as in the previous subsection. Suppose that we have
an irreducible depth-zero supercuspidal representation ��1 of G0. Then, by the theory of
Moy–Prasad [40], there exists a point x 2 B(G0; F ) such that its image Nx in Bred(G0; F )
is a vertex and the restriction ��1jG0x;0 contains the inflation of an irreducible cuspidal

representation � of G0x;0W0C. Note that such a pair of x and � is essentially unique (up
to “association” in the sense of Moy–Prasad; see [40, Theorem 3.5]). We put G0

x to be
the connected reductive group over Fq obtained by taking the reductive quotient of the
special fiber of the parahoric subgroup scheme attached to x. Then we have a natural
identification G0

x (Fq)Š G0x;0W0C. By Deligne–Lusztig theory, the cuspidality of � implies
that there exists a unique (up to G0

x (Fq)-conjugation) pair (S; N�) of

� an elliptic maximal torus S of G0
x defined over Fq , and

� a character N� of S(Fq)

such that the associated Deligne–Lusztig representation˙RG0x
S ( N�) contains �.

By [34, Lemma 3.4.4] (due to [6, Proposition 5.1.10], cf. [15, Sections 2.2–2.3]), there
exists a maximally unramified (in the sense of [34, Definition 3.4.2]) elliptic maximal
torus S of G0 defined over F whose connected Néron model has S as its special fiber. We
let NG0 (S) be the normalizer group of S in G0 and put

WG0 (S) WD NG0 (S)=S:

Following Kaletha [34, Definitions 3.4.16 and 3.4.19], we say

� the character N� is regular if the stabilizer of N� in WG0 (S) is trivial, and

� the irreducible depth-zero supercuspidal representation ��1 is regular if N� associated
to ��1 in the above manner is regular

(note that the group WG0 (S) acts on the group of characters of S(Fq) since we have
S0W0C Š S(Fq)). In summary, we may associate a pair (S; N�) to each irreducible depth-
zero supercuspidal representation ��1 of G0 and define the notion of regularity for � by
looking at the pair (S; N�).

Remark 3.1. If N� is regular, then it is in general position in the sense of Deligne–Lusztig

[34, Fact 3.4.18]. If N� is in general position, (�1)r(S)�r(G0x )R
G0x
S ( N�) is an irreducible rep-

resentation, where r(S) and r(G0
x ) are the split ranks of S and G0

x , respectively. Thus �

is necessarily equal to (�1)r(S)�r(G0x )R
G0x
S ( N�) itself. Furthermore, the orthogonality rela-

tion of Deligne–Lusztig [18, Theorem 6.8] ensures that such a pair (S; N�) is unique up to
G0

x (Fq)-conjugacy. Hence (S; N�) is unique up to G0x;0-conjugacy.

We next consider the “converse” of the above procedure. Suppose that we have a
maximally unramified elliptic maximal torus S of G0 and a regular depth-zero charac-
ter ��1 of S , i.e., the character N� of S0W0C D S(Fq) induced from ��1 is regular in
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the above sense. Since the torus S is elliptic, it canonically defines a subset Ared(S; F )
of Bred(G0; F ) consisting of only one point. More precisely, Ared(S; F ) consists of the
unique Frobenius-fixed point in the reduced apartment Ared(SF ur ; F ur) � Bred(G0; F ur)
of the maximal F ur-split torus SF ur of GF ur (see the paragraph before [34, Lemma 3.4.3]).
We take a point x 2 B(G0; F ) whose image Nx in Bred(G0; F ) equals this unique point
of Ared(S; F ). Note that then S normalizes G0x;0 and we have S � G0

x . As explained in
Remark 3.1, from the pair (S; N�), we get an irreducible cuspidal representation

�(S; N�) WD (�1)r(S)�r(G0x )R
G0x
S ( N�)

of G0
x (Fq). In [34, Section 3.4.4], Kaletha constructs an extension of (the inflation of) the

representation �(S; N�) to SG0x;0 in a geometric way. Let �(S;��1) denote the extended repre-
sentation of SG0x;0. Now Kaletha’s classification theorem of regular depth-zero supercus-
pidal representations is summarized as follows:

Proposition 3.2 ([34, Lemma 3.4.20 and Proposition 3.4.27]). The representation

�G0
(S;��1) WD c-IndG

0

SG0x;0
�(S;��1)

is an irreducible depth-zero regular supercuspidal representation of G0. Conversely,
every irreducible depth-zero regular supercuspidal representation of G0 is obtained in
this way. Furthermore, two such representations �G0

(S;��1) and �G0
(S0;�0

�1
) are isomorphic if

and only if the pairs (S; ��1) and (S0; �0�1) are G0-conjugate.

We now return to tame supercuspidal representations. Let † D ( EG; ��1; E�) be a
generic reduced cuspidal G-datum and �† its associated supercuspidal representation
of G. We call † regular if ��1 is regular. We call �† a regular supercuspidal represen-
tation if † is regular. Suppose that † is regular. Then, thanks to Proposition 3.2, we have
a pair (S; ��1) consisting of a maximally unramified elliptic maximal torus S of G0 and
a regular depth-zero character ��1 of S satisfying ��1 Š �G0

(S;��1). We put G�1 WD S and
define a character � of S by

� WD

dY
iD�1

�i jS :

Kaletha’s reparametrizing result is as follows:

Proposition 3.3 ([34, Proposition 3.7.8]). The map

( EG; ��1; E�) 7! (S; �)

defined in the above manner induces a bijection from the set of G-equivalence classes
of regular generic reduced cuspidal G-data to the set of G-conjugacy classes of tame
elliptic regular pairs in G.

Remark 3.4. Note that we need our baseline assumptions on p (p odd, p not bad for G,
p − j�1(yGder)j, and p − j�1(Gder)j) for this proposition, especially in establishing the sur-
jectivity part of the map (this is called the “Howe factorization” process, which will be
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recalled more precisely in the next subsection). One crucial step in proving [34, Propo-
sition 3.7.8] is to establish [34, Lemma 3.6.8], whose proof utilizes a technical result of
Yu concerning the genericity of characters [50, Lemma 8.1]. The assumption required by
[50, Lemma 8.1] is that p is not a torsion prime for the root datum of the dual group G,
which is equivalent to the assumption that p is not bad for G and does not divide the order
of �1(yGder). Therefore we need to assume p − j�1(yGder)j in addition to the non-badness
for the root datum of G imposed at the beginning of [34, Section 3.6]. This subtlety is
carefully explained in [35, Section 5].

Recall that a pair (S; �) of a maximal torus S of G defined over F and a character
�W S ! C� is called a tame elliptic regular pair if it satisfies the following conditions
[34, Definition 3.7.5]:

� S is a tamely ramified elliptic maximal torus of G,

� the action of the inertia subgroup IF of Gal( xF=F ) on the root subsystem

R0C WD ¹˛ 2 R(G;S) j �jNrE=F (˛_(E�
0C

)) � 1º

of the root system R(G;S) preserves a set of positive roots, where

– E is the minimal extension of F splitting S,

– NrE=F is the norm map S(E)! S(F ),

� the restriction �jS0 has trivial stabilizer for the action of the group WG0 (S), where
G0 � G is the reductive group with maximal torus S and root system R0C.

According to Proposition 3.3, we conclude that (isomorphism classes of) regular
supercuspidal representations bijectively correspond to (G-conjugacy classes of) tame
elliptic regular pairs. Let �(S;�) denote the representation corresponding to a tame elliptic
regular pair (S; �).

¹gen. red. cusp. G-dataº=G-eq. 1W1 // ¹tame s.c. rep’ns of Gº=�

¹regular gen. red. cusp. G-dataº=G-eq.

S
1W1 // ¹regular s.c. rep’ns of Gº=�

S

¹tame elliptic regular pairsº=G-conj.
��

1W1 (Prop. 3.3)

OO

(S;�)7!�(S;�)

33

Remark 3.5. If we take a cuspidal G-datum ( EG; E�; Er;x; �00) corresponding to ( EG; ��1; E�),
then we have ��1 Š c-IndG

0

K0
�00 (recall that K0 D G0

Nx ). On the other hand, since we have

��1 Š �
G0
(S;��1) D c-IndG

0

SG0x;0
�(S;��1), we may suppose that

�00 Š Ind
G0
Nx

SG0x;0
�(S;��1):

Finally, we introduce the notion of Howe-unramifiedness as follows:
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Definition 3.6. If a regular supercuspidal representation � is associated to a tame elliptic
regular pair (S; �) with unramified S, we say that � is Howe-unramified.

3.3. Tame twisted Levi sequence associated to a character

As the surjectivity part of Proposition 3.3 shows, we may associate to any tame ellip-
tic regular pair (S; �) a sequence of tame twisted subgroups EG D (G�1; : : : ;Gd ) and a
sequence of characters (��1; : : : ; �d ). Indeed, in the proof of Proposition 3.3 [34, Propo-
sition 3.7.8], Kaletha gives a construction of such sequences explicitly. As explained in
[34, Section 3.6], this can be understood as a generalization of the Howe factorization, a
factorization of characters of S defined in the GLn setting in his construction of supercus-
pidal representations of GLn. The Howe factorization comes with an associated sequence
of subgroups which capture the relative genericity of the individual factors in the product.
Although the characters in this factorization are not unique, the associated subgroups are.
In this section, following [34, Section 3.6], we recall how the Howe factorization attaches
a tame twisted Levi sequence to a tame elliptic regular pair. In fact, we may work in
a more general setting; let S be a tamely ramified maximal torus of G defined over F
and � a character of S . Hence here (S; �) is allowed to be a pair which is not tame elliptic
regular.

For r 2 zR>0, we define a subset Rr of R(G;S) as in [34, p. 1107, (3.6.1)] by

Rr WD ¹˛ 2 R(G;S) j � jNrE=F (˛_(E�r )) � 1º;

where E is the splitting field of the torus S. Note that R0C introduced in the definition of
a tame elliptic regular pair is nothing but a special case of Rr where r is taken to be 0C.
We let rd�1 > � � � > r1 > r0 be the real numbers satisfying Rr ¨ RrC (in particular, rd�1
is the real number satisfying Rrd�1 ¨ Rrd�1C D R(G; S)). We put rd WD depth(� ) and
r�1 WD 0 (note that rd � rd�1 sinceRrdCDR(G;S)). Let G0 ¨ � � �¨Gd�1 be the tamely
ramified reductive subgroups of G corresponding to the sequenceRr0 ¨ � � �¨Rrd�1 (i.e.,
each Gi is the reductive subgroup of G which contains S and has Rri as its roots). We
put G�1 WD S and Gd WD G so that we have G�1 � G0 ¨ � � � ¨ Gd�1 ¨ Gd . When we
want to emphasize the dependence on (S; �), we write Gi (S; �) for the i -th subgroup Gi

associated to (S; �) via the Howe factorization.
We introduce the notion of torality and 0-torality as follows:

Definition 3.7. Let S be a tamely ramified maximal torus of G defined over F . Let � be
a character of S .

(1) We call � a toral character if G0(S; �) D S.

(2) We call � a 0-toral character if d D 1 and G0(S; � ) D S (i.e., EG consists only of
G0 D S and G1 D G).

We note that, under the assumption that p is not bad for G, each Gi (S; � ) is a tame
twisted Levi subgroup of G by [34, Lemma 3.6.1].
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We now return to the setting of elliptic S. The following lemma will be useful for us,
especially in Section 7. We warn the reader that this lemma does not hold for arbitrary p!
We discuss subtleties regarding small residue characteristic in Section 7.4.

Lemma 3.8. If � is a toral character of S , then � jS0C has trivial WG(S)-stabilizer.

Proof. In view of [34, Proposition 3.6.7], � has a Howe factorization. To be more
precise, let EG denote the twisted Levi sequence EG D (G�1; : : : ; Gd ) attached to �

as above. Then there exists a sequence E� D (��1; : : : ; �d ) of characters �i of Gi

such that � D
Qd
iD�1 �i jS and we have a regular generic reduced cuspidal G-datum

((G0; : : : ; Gd ); ��1; (�0; : : : ; �d )), where ��1 Š �G0
(S;��1). By [34, Lemma 3.6.5 (2)],

StabWG (S)(� jS0C ) D StabW
G0

(S)(��1jS0C ) D WG0 (S), where the last equality holds since
��1jS0C is trivial. The conclusion clearly follows as � being toral (i.e., G0 D S) implies
that WG0 (S) is trivial.

3.4. Point stabilizer vs. parahoric subgroup

Let (S; �) be a tame elliptic regular pair. As explained in Section 3.2, this pair gives rise
to a G-equivalence class of cuspidal G-data; let † D ( EG; E�; Er; x; �00) be a representative

of this equivalence class, where �00 Š Ind
G0
Nx

SG0x;0
�(S;��1). Recall that, in Section 3.1, we

considered the groups
GiNx � K�i � G

i�1
Nx Gix;si�1 � K

i

and defined the representations �i , �i , and Q�0i by inducing �0i :

�i WD Ind
Gi
Nx

K�i
�i ˝ �i ; �i WD Ind

K�i

Gi�1
Nx Gix;si�1

Q�0i ; Q�0i WD Ind
Gi�1
Nx Gix;si�1

Ki
�0i :

For our convenience, we also introduce the following slightly smaller groups by
replacing the role of Gi

Nx with SGix;0:

Gi
Nx SGix;0�

K�i WD G
i�1
Nx Gix;0C

S
ıK�i WD SG

i�1
x;0 G

i
x;0C�

S

Gi�1
Nx Gix;si�1

S
SGi�1x;0 G

i
x;si�1�

S

Ki WD G0
Nx (G0; : : : ; Gi )x;(0C;s0;:::;si�1)

S
ıKi WD SG0x;0(G0; : : : ; Gi )x;(0C;s0;:::;si�1)�

S

We define a representation ı�00 of SG0x;0 by

ı�00 WD �(S;��1)

and construct representations ı�0i of ıKi in the same manner as before starting from ı�00
instead of �00.
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Let us recall the following general lemma:

Lemma 3.9 (Projection formula). Let G be a locally profinite group and H a closed
subgroup. For any smooth representation � of G and smooth representation � of H , we
have

IndGH (�jH ˝ � ) Š � ˝ (IndGH � ):

Proof. Let Rep(G) (resp. Rep(H )) denote the abelian category of smooth representations
of G (resp. H ). We fix a smooth representation � of G. By Frobenius reciprocity and the
Hom-˝ adjointness, we have a canonical isomorphism

HomG

(
�; IndGH (�jH ˝ � )

)
Š HomH (�jH ; �jH ˝ � ) Š HomH

(
(�˝ �_)jH ; �

)
for any � 2 Rep(G) and � 2 Rep(H ), which is functorial in both variables. On the other
hand, again by the Hom-˝ adjointness and Frobenius reciprocity, we also have a canoni-
cal and functorial isomorphism

HomG

(
�; � ˝ (IndGH � )

)
Š HomG(�˝ �_; IndGH � ) Š HomH

(
(�˝ �_)jH ; �

)
:

This implies that both the functors

IndGH ı(�jH ˝ (�))WRep(H )! Rep(G) and (� ˝ (�)) ı IndGH WRep(H )! Rep(G)

are the right adjoint to the functor

ResGH ı((�)˝ �_)WRep(G)! Rep(H ):

Thus we conclude that these two functors are isomorphic by the uniqueness of the adjoint
functor. In particular, we get IndGH (�jH ˝ � ) Š � ˝ (IndGH � ) for any � 2 Rep(H ).

The relationship between �0i and ı�0i is described as follows.

Lemma 3.10. TheKi -representation �0i is isomorphic to the induction of the ıKi -repres-
entation ı�0i :

�0i Š IndK
i

ıKi
ı�0i :

Proof. It follows from the definition of ı�00 that �00Š Ind
G0
Nx

SG0x;0
�(S;��1); hence the assertion

for i D 0 follows.
Let us check the assertion for i C 1 by assuming its validity for i . Recall that the

representation �0iC1 is the push-forward of

( Q�i jKiËJ iC1 )˝
(
(�0i ˝ �i jKi ) Ë 1

)
via the canonical mapKi Ë J iC1�KiJ iC1DKiC1. Similarly, the representation ı�0iC1
is the push-forward of

( Q�i jıKiËJ iC1 )˝
(
(ı�0i ˝ �i jıKi ) Ë 1

)
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via the canonical map ıKi Ë J iC1� ıKiJ iC1 D ıKiC1. Noting that (�0i ˝ �i jKi )Ë 1D
(�0i Ë 1)˝ (�i jKi Ë 1), it is enough to check that

IndK
iËJ iC1

ıKiËJ iC1

Ä
( Q�i jıKiËJ iC1 )˝

(
(ı�0i ˝ �i jıKi ) Ë 1

)ä
Š ( Q�i jKiËJ iC1 )˝

(
(�0i Ë 1)˝ (�i jKi Ë 1)

)
:

Obviously Q�i jıKiËJ iC1 is the restriction of Q�i jKiËJ iC1 and �i jıKi is the restriction of
�i jKi . Hence, by Lemma 3.9,

IndK
iËJ iC1

ıKiËJ iC1

Ä
( Q�i jıKiËJ iC1 )˝

(
(ı�0i ˝ �i jıKi ) Ë 1

)ä
Š ( Q�i jKiËJ iC1 )˝

Ä(
IndK

iËJ iC1

ıKiËJ iC1
(ı�0i Ë 1)

)
˝ (�i jKi Ë 1)

ä
:

As we are supposing that �0i Š IndK
i

ıKi
ı�0i , we get IndK

iËJ iC1

ıKiËJ iC1
(ı�0i Ë 1) Š �0i Ë 1.

We define representations ı�i , ı�i , and ıQ�0i by inducing ı�0i :

ı�i WD Ind
SGix;0
ıK�i

ı�i ˝ �i ;
ı�i WD Ind

ıK�i

SGi�1x;0 G
i
x;si�1

ı
Q�0i ;

ı
Q�0i WD Ind

SGi�1x;0 G
i
x;si�1

ıKi
ı�0i :

Then Lemma 3.10 implies that

�i Š Ind
Gi
Nx

SGix;0

ı�i ; �i Š Ind
K�i
ıK�i

ı�i ; Q�0i Š Ind
Gi�1
Nx Gix;si�1

SGi�1x;0 G
i
x;si�1

ı
Q�0i :

Gi
Nx SGix;0� �i

ı�ioo

K�i

S
ıK�i�

S
�i ˝ �i

OO

ı�i ˝ �ioo

OO

Gi�1
Nx Gix;si�1

S
SGi�1x;0 G

i
x;si�1�

S
Q�0i ˝ �i

OO

ıQ�0i ˝ �i
oo

OO

Ki

S
ıKi�

S
�0i ˝ �i

OO

ı�0i ˝ �i
oo

OO

4. Adler–DeBacker–Spice’s character formula

The purpose of this section is to give a character formula for a crucial intermediate repre-
sentation used in Yu’s construction of supercuspidal representations, following the theory
of Adler–DeBacker–Spice [3, 17]. We first note that several technical assumptions on p
are required so that their theory works well (see [2, Section 2]), but it is enough to assume
only the oddness and the non-badness of p whenever G is tamely ramified (see [34, Sec-
tion 4.1]).

We focus on the setting of Howe-unramified regular supercuspidal representations. To
this end, let (S; �) be a tame elliptic regular pair such that

S is an unramified elliptic maximal torus of G.
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Let ( EG; ��1; E�) be a regular generic reduced cuspidal G-datum corresponding to (S; �)
as in Section 3.2 and recall the various intermediate representations described in Sec-
tion 3.4. In Section 4.2 we give a simple character formula (Proposition 4.11) for the
SGx;0-representation ı�d on the locus of unramified very regular elements (Definition 4.2,
following [12]).

4.1. DeBacker–Spice’s invariants

In this section, we recall several invariants introduced by DeBacker–Spice [17, Sec-
tion 4.3] to describe the characters of tame supercuspidal representations.

Let J be a connected reductive group over F . We take a maximal torus TJ of J defined
over F . Then we get the set R(J;TJ) of absolute roots of TJ in J which has an action of
the absolute Galois group �F of F . For each ˛ 2 R(J;TJ), we set �˛ (resp. �˙˛) to be
the stabilizer of ˛ (resp. ¹˙˛º) in �F . Let F˛ (resp. F˙˛) be the subfield of xF fixed by �˛
(resp. �˙˛):

F � F˙˛ � F˛  ! �F � �˙˛ � �˛:

� When F˛ D F˙˛ , we say ˛ is an asymmetric root.

� When F˛ © F˙˛ , we say ˛ is a symmetric root. Note that, in this case, the extension
F˛=F˙˛ is necessarily quadratic. Furthermore,

– when F˛=F˙˛ is unramified, we say ˛ is symmetric unramified,

– when F˛=F˙˛ is ramified, we say ˛ is symmetric ramified.

Note that a root ˛ is symmetric if and only if the �F -orbit of ˛ contains �˛. We write
R(J; TJ)sym, R(J; TJ)sym, R(J; TJ)sym;ur, and R(J; TJ)sym;ram for the set of asymmetric
roots, symmetric roots, symmetric unramified roots, and symmetric ramified roots, respec-
tively.

According to [17, Definition 3.6], for each ˛ 2 R(J;TJ) and a point y 2 Bred(J; F ),
we define a set ordy ˛ of real numbers by

ordy ˛ WD ¹i 2 R j g˛(F˛)y;i WiC ¤ 0º;

where g˛ is the root space of ˛ in the Lie algebra g of G and g˛(F˛)y;i WD g(F˛)y;i \

g˛(F˛). Then, for r 2 R>0, we define a subset RJ
y;r=2 of R(J;TJ) by

RJ
y;r=2 WD ¹˛ 2 R(J;TJ) j r=2 2 ordy ˛º:

For an element ı of TJ D TJ(F ), we put

RJ
y;(r�ordı )=2 WD ¹˛ 2 R(J;TJ) j ˛(ı) ¤ 1; (r � ordı ˛)=2 2 ordy ˛º;

where ordı ˛ WD ord(˛(ı) � 1).
Now let us recall the definition of the invariants "ram, "sym;ram, and Qe [17, Defini-

tion 4.14]. Let ı be an element of the maximal bounded subgroup of TJ.
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� We first define a sign "˛(ı) for an asymmetric or symmetric unramified root ˛ as fol-
lows:

– For an asymmetric root ˛ 2 R(J;TJ)sym, we put

"˛(ı) WD

Ç
˛(ı)
k�F˛

å
;

where
Ä
�

k�
F˛

ä
is the unique non-trivial quadratic character of the multiplicative group

k�F˛ of the residue field kF˛ of F˛ .

– For a symmetric unramified root ˛ 2 R(J;TJ)sym;ur, we put

"˛(ı) WD

Ç
˛(ı)
k1F˛

å
;

where
(
�

k1
F˛

)
is the unique non-trivial quadratic character of the kernel k1F˛ of the

norm map NrkF˛ =kF˙˛ W k
�
F˛
� k�F˙˛

.

Here, in both cases, ˛(ı) belongs to O�F˛ since ı belongs to the maximal bounded
subgroup of TJ. Thus we can take its reduction ˛(ı) 2 k�F˛ . Note that, in the latter case,
the definition makes sense since ˛(ı) always belongs to the kernel of the norm map
NrF˛=F˙˛ WF

�
˛ ! F �

˙˛ , hence ˛(ı) 2 k1F˛ . Then we define

"sym(J;TJ; r; ı) WD
Y

˛2�F�¹˙1ºn(R
J
y;r=2\R(J;TJ)sym)

"˛(ı);

"sym;ur(J;TJ; r; ı) WD
Y

˛2�F n(R
J
y;r=2\R(J;TJ)sym;ur)

"˛(ı);

"ram(J;TJ; r; ı) WD "sym(J;TJ; r; ı) � "sym;ur(J;TJ; r; ı):

Here the index set of the first product is the set of orbits under the action of �F � ¹˙1º
(the action of �1 2 ¹˙1º is given by ˛ 7! �˛).

� We put "sym;ram(J;TJ; r; ı) to be the product of

(�1)rankF
˙˛

(J˙˛ )�1(�G)f˛
Ç
t˛

k�F˛

å
sgnF˙˛ (J˙˛)

over ˛ 2 �F n(RJ
y;(r�ordı )=2 \R(J;TJ)sym;ram). We do not recall the definitions of vari-

ous symbols appearing here (see [17, Definition 4.14] for the details). We only remark
that the index set is empty when TJ is unramified. In particular, "sym;ram(J;TJ; r; ı) is
always trivial as long as TJ is unramified.

� We put

Qe(J;TJ; r; ı) WD (�1)j�F nR
J
y;(r�ordı )=2j:
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Remark 4.1. (i) When TJ is elliptic in J, for any ı 2 TJ, the image ˛(ı) of ı under the
root ˛WTJ(F˛)! F �˛ belongs to O�F˛ . Hence the above definition makes sense for any
ı 2 TJ and "ram(J;TJ; r; ı) defines a character on TJ.

(ii) By definition, all of "ram(J;TJ; r; ı), "sym;ram(J;TJ; r; ı), and Qe(J;TJ; r; ı) are invari-
ant under J -conjugation [17, Remark 4.18].

4.2. Character values at unramified very regular elements

Let (S; �) be a tame elliptic regular pair. We take a regular generic reduced cuspidal G-
datum

( EG; ��1; E�) WD
(
G0 ¨ G1 ¨ � � � ¨ Gd ; ��1 Š �

G0
(S;��1); (�0; : : : ; �d )

)
corresponding to (S; �) as in Section 3. In the following, we assume that

S is an unramified elliptic maximal torus of G.

Let us list a few consequences of this assumption:

� Recall that, in general, S is a maximally unramified maximal torus of G0. Thus the
unramifiedness of S implies the same of G0 (and the converse also holds). Note that
then G1; : : : ;Gd are also unramified.

� Let x be a point of B(G0; F ) whose image Nx in Bred(G0; F ) is associated with S. Then
we have

G0Nx � SG
0
x;0 D ZG0G

0
x;0 D ZGG

0
x;0:

(This follows from the property S D S0ZG [33, Lemma 7.1.1]).

� Thanks to the equality SG0x;0 D ZGG
0
x;0, Kaletha’s extension �(S;��1) of the represen-

tation �(S; N�) of G0x;0 to SG0x;0 is simply described as follows: for g D z � g0 2 ZGG
0
x;0,

�(S;��1)(g) D ��1(z) � �(S; N�)(g0):

Following [12], we introduce the notion of unramified very regularity for elements of
SGx;0 as follows:

Definition 4.2. We say that an element 
 2 SGx;0 (D ZGGx;0) is unramified very regular
(with respect to S) if it satisfies the following conditions:

(1) 
 is regular semisimple in G,

(2) the connected centralizer T
 WDCG(
 )ı is an unramified maximal torus of G such that
the set A(T
 ;F ) of Frobenius-fixed points of the apartment A(T
;F ur ;F ur) associated
with T
;F ur contains the point x,

(3) ˛(
 ) 6� 1 (mod pF ) for any root ˛ of T
 in G.

The purpose of this section is to give an explicit formula for the character ‚ı�d of ı�d
at unramified very regular elements of SGx;0 (Proposition 4.11). Our formula is just an
easy consequence of the theory of Adler–DeBacker–Spice (established in [3,17]) and not
new at all. However, we have to be careful of the following points:
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� for our purpose, we want to compute the character of ı�d , not �d as in [3],

� in the full character formula [3, Theorem 7.1], the index set is expressed via a set of
conjugates of 
 , not a set of elements conjugating 
 as in Proposition 4.11.

For these reasons, we cannot deduce the formula of Proposition 4.11 from the results
of [3] immediately. What we will do in the following is just to repeat the proofs of [3,
Theorems 6.4 and 7.1] while paying attention to these points. However, we note that most
of delicate computations carried out in [3] can be skipped by focusing only on unramified
very regular elements.

We start by checking that every unramified very regular element of SGx;0 satisfies the
following basic properties necessary for the computation of Adler–Spice:

Lemma 4.3. Let 
 be an unramified very regular element of SGx;0. Assume that condition
(GdG) of [2, Definition 6.3] is satisfied by the maximal torus T
 of G. Then, for any
r 2 R�0,

(i) 
 has a normal r-approximation in the sense of [2, Definition 6.8],

(ii) the point x belongs to the set Br (
 ) defined in [2, Definition 9.5].

Proof. Since SGx;0 D ZGGx;0 by the unramifiedness of S, it is enough to treat the case
where 
 2 Gx;0.

When r D 0, by definition, any element of GNx has a normal 0-approximation [2, Def-
inition 6.8]. Furthermore, since

B0(
 ) WD ¹y 2 B(G; F ) j 
 � Ny D Nyº

(see [2, Definition 9.5]), assertion (ii) is obvious.
In the following, we consider the case where r > 0. We first check assertion (i). Since 


belongs toGx;0, in particular it is bounded. Moreover, by the unramified very regularity, 

belongs to an unramified torus T
 , which satisfies condition (GdG) by assumption. Hence

 has a normal r-approximation by [2, Lemma 8.1]. More precisely, by applying [2,
Lemma 8.1] to G0 DG, d D 0, r D r , and SD T
 , we can find a normal r-approximation
of 
 . Note that we do not need to check the assumption of [2, Lemma 8.1] that zG0C is
contained in the image of G0C because we can apply Spice’s topological Jordan decom-
position [43] to 
 itself instead of x
 in the proof of [2, Lemma 8.1].

We take a normal r-approximation (
i )0�i<r of 
 and put


<r WD
Y
0�i<r


i and 
�r WD 
 � 

�1
<r :

We next check that the point x belongs to the set Br (
 ) defined by

Br (
 ) WD ¹y 2 B(C (r)
G (
 ); F ) j Z(r)

G (
 )
 \Gy;r ¤ ¿º:

Here the group C (r)
G (
 ) is defined by

C
(r)
G (
 ) WD

Ä \
0�i<r

CG(
i )
äı
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and Z(r)
G (
 ) denotes the group consisting of the F -valued points of the center of C (r)

G (
 ).
We note that the depth-zero part 
0 of 
 is regular semisimple in G by the unramified very
regularity of 
 . Indeed, by the definition of a normal approximation, we have

˛(
 ) D ˛(
<r � 
�r ) D
Y
0�i<r

˛(
i ) � ˛(
�r ) � ˛(
0) (mod pF )

for any root ˛ of T
 in G. Since ˛(
 ) 6� 1 (mod pF ), also ˛(
0) 6� 1 (mod pF ), hence
in particular 
0 is regular semisimple. Hence the connected centralizer CG(
0)ı of 
0
in G is a maximal torus. By noting the commutativity of 
 with 
0, we see that CG(
0)ı

is nothing but T
 . Thus the group C (r)
G (
 ) is contained in CG(
0)ı D T
 . On the other

hand, again by the definition of a normal r-approximation, there exists a tame torus T
such that, for every 0 � i < r , 
i is contained in T. As 
0 is regular semisimple, this
torus T is necessarily equal to T
 . By this observation, we know that each group CG(
i )
contains T
 . In conclusion, we have

C
(r)
G (
 ) D T
 and Z

(r)
G (
 ) D T
 :

By the unramified very regularity of 
 , the building B(C (r)
G (
 ); F ) contains the point x.

Moreover, obviously the intersectionZ(r)
G (
 )
 \Gx;r appearing in the definition of Br (
 )

is not empty (both Z(r)
G (
 )
 D T

 D T
 and Gx;r contain 1).

In the following, we assume that

for any unramified very regular element 
 2 SGx;0, the torus T
 satisfies condi-
tion (GdG).

Remark 4.4. (1) According to [21, Theorem 3.6], when p does not divide the order of
the absolute Weyl group of G, condition (GdG) is satisfied by any maximal torus of G. (In
fact, this condition on p can be slightly weakened; see also [21, Remarks 3.4 and 3.7].)

(2) When GDGLn, condition (GdG) is satisfied by every unramified maximal torus S
without any condition on p. Indeed, such an S is isomorphic to

Ql
iD1 ResEi=F Gm for

unramified extensions Ei=F satisfying
Pl
iD1[Ei W F ] D n. Hence Sr (resp. SrWrC) is

given by
Ql
iD1E

�
i;r (resp.

Ql
iD1E

�
i;rWrC). The set of roots of S in G is indexed by the set

¹(�i ; �j ) j �i 2 Gal(Ei=F ), �j 2 Gal(Ej =F ) such that �i ¤ �j º:

For any element 
 D (
i )i of S D
Ql
iD1 E

�
i , its image under the root corresponding

to (�i ; �j ) is given by �i (
i )=�j (
j ). We fix a uniformizer $F of F (hence of Ei ) and
regard k�Ei as a subset of E�i via the Teichmüller lift. Then, by the above description
of the set of roots of S in G, we can easily check that (1C$ r

F �i )i 2 Sr is a good ele-
ment of depth r for any (�i )i 2

Ql
iD1 kEi . Furthermore, any coset in SrWrC contains such

(1C$ r
F �i )i 2 Sr for some (�i )i 2

Ql
iD1 kEi .

Lemma 4.5 ([34, Corollary 3.4.26]). Let 
0 be a regular semisimple element of SG0x;0
whose image in G0ad is topologically semisimple. Then the character ‚�(S;��1) (
0)
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of �(S;��1) at 
0 is zero unless 
0 is SG0x;0-conjugate to an element of S . When 
0 is
an element of S , we have

‚�(S;��1) (
0) D (�1)r(G0)�r(S)
X

w2W
G0x;0

(S)

��1(w
0);

where

� r(G0) and r(S) are the split ranks of G0 and S, respectively,

� WG0x;0
(S) D NG0x;0 (S)=S0,

� w
0 D w
0w
�1 denotes the w-conjugate of 
0.

Remark 4.6. As discussed in [34, proof of Propositions 3.4.23 and 3.4.24], r(G0) (resp.
r(S)) is equal to the split rank r(G0

x ) of G0
x (resp. r(S) of S).

Lemma 4.7. Let 
 2 ıKd D SG0x;0(G0; : : : ; Gd )x;(0C;s0;:::;sd�1) be an unramified very
regular element. Then 
 is ıKd -conjugate to an element of SG0x;0.

Proof. By Lemma 4.3, we can take a normal sd�1-approximation to 
 and then x
belongs to Bsd�1 (
 ). Then, by applying [2, Proposition 9.14] to r D sd�1 and (G0;G) D
(Gd�1;Gd ), there exists an element k 2 [
 I x; sd�1]Gd satisfying

kZ
(sd�1)
G (
 ) D kZ(sd�1)

G (
 )k�1 � Gd�1:

Here we recall that, for a connected reductive group J over F and an element ı 2 J
having a normal t -approximation (t 2 R�0) with respect to y 2 B(J; F ), the group
[ıI y; t]J is defined to be the group EJy;Es [2, Definition 5.14] for

– EJ WD (C (t�i )
J (ı))0<i�t ,

– Es WD (i )0<i�t
(see [2, Definition 6.6] or [3, Section 1.4]). Since our 
 is unramified very regular, we
have

C
(sd�1�i )
Gd (
 ) D

{
T
 ; 0 < i < sd�1;

Gd ; i D sd�1;

where T
 is the connected centralizer of 
 in Gd . Hence we have

[
 I x; sd�1]Gd D T
;0CG
d
x;sd�1 :

By also noting that 
 2 Z(sd�1)
G (
 ) D T
 , we conclude that there exists an element

k0 2 Gx;sd�1 satisfying k
0


 2 Gd�1. Therefore, after possibly conjugating by an element
of ıKd , we may assume that 
 itself lies in Gd�1 (note that Gx;sd�1 �

ıKd ). Then, by a
descent property of the subgroups associated to concave functions, we have


 2 ıKd \Gd�1 D SG0x;0(G0; : : : ; Gd )x;(0C;s0;:::;sd�1) \G
d�1

D SG0x;0(G0; : : : ; Gd�1)x;(0C;s0;:::;sd�2) D
ıKd�1
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(similarly to the proof of [3, Lemma 2.4], this is justified by using [2, Lemmas 5.29
and 5.33]). By repeating this argument inductively, we finally conclude that some
ıKd -conjugate of 
 belongs to SG0x;0.

The following sign character is of central importance.

Definition 4.8. Define the character "ram[�]WS ! C� by

"ram[�](
 ) WD
d�1Y
iD0

"ram(GiC1=Gi ; ri ; 
);

where

"ram(GiC1=Gi ; ri ; 
) WD
"ram(GiC1;S; ri ; 
)
"ram(Gi ;S; ri ; 
)

:

Proposition 4.9. Let 
 be an unramified very regular element of ıKd .

(1) If 
 is not ıKd -conjugate to an element of S , then ‚ı�0
d
˝�d

(
 ) D 0.

(2) If 
 is an element of S , then

‚ı�0
d
˝�d

(
 ) D (�1)r(G0)�r(S)Cr(S;�)
X

w2W
G0x;0

(S)

"ram[�](w
 )�(w
 );

where

� r(G0) and r(S) are the split ranks of G0 and S,

� r(S; �) WD
Pd�1
iD0 j�F n(R

GiC1
x;ri=2

XRGi
x;ri=2

)j,

� WG0x;0
(S) D NG0x;0 (S)=S0.

Proof. Since the character ‚ı�0
d
˝�d

is invariant under ıKd -conjugation, we may sup-
pose that 
 belongs to SG0x;0 by Lemma 4.7. By definition, ı�0

d
is the representation of

ıKd D ıKd�1J d descended from the ıKd�1 Ë J d -representation ( Q�d�1jıKd�1ËJd ) ˝
((ı�0

d�1
˝ �d�1jıKd�1 ) Ë 1). Hence

‚ı�0
d

(
 ) D ‚ Q�d�1 (
 Ë 1) �‚ı�0
d�1

(
 ) � �d�1(
 ):

For the same reason, we have

‚ı�0
d�1

(
 ) D ‚ Q�d�2 (
 Ë 1) �‚ı�0
d�2

(
 ) � �d�2(
 ):

By repeating this computation inductively, we get

‚ı�0
d
˝�d

(
 ) D ‚ı�0
0
(
 )

d�1Y
iD0

‚ Q�i (
 Ë 1)
dY
iD0

�i (
 ):

We recall that ı�00 is given by �(S;��1), hence

‚ı�0
0
(
 ) D ‚�(S;��1) (
0):
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If 
0 is not SG0x;0-conjugate to an element of S , then ‚�(S;��1) (
0) D 0 by Lemma 4.5.
Hence ‚ı�0

d
˝�d

(
 ) D 0 in this case. By noting that 
0 is SG0x;0-conjugate to an element
of S if and only if so is 
 , we get assertion (1).

We next compute‚ı�0
d
˝�d

(
 ) by assuming that 
 2 S . Note that then T
 D S. In this
case, by the argument in the previous paragraph and Lemma 4.5,

‚ı�0
d
˝�d

(
 ) D (�1)r(G0)�r(S)
X

w2W
G0x;0

(S)

��1(w
0)
d�1Y
iD0

‚ Q�i (
 Ë 1)
dY
iD0

�i (
 )

D (�1)r(G0)�r(S)
d�1Y
iD0

‚ Q�i (
 Ë 1)
X

w2W
G0x;0

(S)

�(w
 )

(recall that � D
Qd
iD�1 �i and ��1 is of depth zero).

By [3, Proposition 3.8], we have

‚ Q�i (
 Ë 1) D j(C (0C)
Gi

(
 ); C (0C)
GiC1

(
 ))x;(ri ;si )W(ri ;siC)j
1=2
� "(�i ; 
)

with the notations used in [3, Proposition 3.8]. Since 
 is unramified very regular, its
depth-zero part 
0 is regular semisimple in G so that C (0C)

Gi
(
 ) D C (0C)

GiC1
(
 ) D T
 . Hence

the factor j(C (0C)
Gi

(
 ); C (0C)
GiC1

(
 ))x;(ri ;si )W(ri ;siC)j
1=2 is trivial.

To understand the factors "(�i ; 
 ) for 0 � i < d , we use [17, Proposition 4.21], which
implies that the product

G(�i ; 
)"(�i ; 
)

is equal to
"sym;ram(� 0; 
) � "ram(� 0; 
) � Qe(� 0; 
);

where G(�i ; 
) is the constant defined in [3, Definition 5.24]. Here we temporarily follow
the notation of [17]; in particular, we are applying results in [17] by taking (G;G0) to be
(GiC1;Gi ). See [17, Definition 4.14] for the definitions of the three terms in the above
product. Again noting that the centralizer group C (ri )

G (
 ) is equal to T
 by the unramified
very regularity of 
 , hence equal to S, we get

"sym;ram(� 0; 
) � "ram(� 0; 
) � Qe(� 0; 
)

D "sym;ram(GiC1=Gi ; ri ; 
) � "ram(GiC1=Gi ; ri ; 
) � Qe(GiC1=Gi ; ri ; 
);

where

"sym;ram(GiC1=Gi ; ri ; 
) WD
"sym;ram(GiC1;S; ri ; 
)
"sym;ram(Gi ;S; ri ; 
)

(similarly for "ram and Qe).
According to the description in [3, Proposition 5.2.13], the invariant G(�i ; 
 ) is equal

to 1 when 
 is unramified very regular because the sets P‡sym(�i ; 
), P‡sym;ram(�i ; 
) are
empty (see [3, Notation 5.2.11]). On the other hand, by Remark 4.1,
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� all three terms "sym;ram(GiC1=Gi ; ri ; 
), "ram(GiC1=Gi ; ri ; 
), and Qe(GiC1=Gi ; ri ; 
),
are invariant under G0-conjugation,

� the first term "sym;ram is trivial since S is unramified.

Thus we get

‚ı�0
d
˝�d

(
 ) D (�1)r(G0)�r(S)
d�1Y
iD0

Qe(GiC1=Gi ; ri ; 
) � "ram[�](
 )
X

w2W
G0x;0

(S)

�(w
 )

D (�1)r(G0)�r(S)
d�1Y
iD0

Qe(GiC1=Gi ; ri ; 
) �
X

w2W
G0x;0

(S)

"ram[�](w
 )�(w
 ):

We finally investigate the product
Qd�1
iD0 Qe(GiC1=Gi ; ri ; 
 ). Each Qe(GiC1=Gi ; ri ; 
 ) is

given by the quotient Qe(GiC1;S; ri ; 
)= Qe(Gi ;S; ri ; 
) and we have

Qe(GiC1;S; ri ; 
) D (�1)j�F nR
GiC1
x;(ri�ord
 )j;

Qe(Gi ;S; ri ; 
) D (�1)j�F nR
Gi
x;(ri�ord
 )j:

By the unramified very regularity of 
 , for any root ˛ 2 R(Gi ;S),

˛(
 ) ¤ 1 and ord
 ˛ D ord(˛(
 ) � 1) D 0:

Thus we have

RGiC1
x;(ri�ord
 )=2 WD ¹˛ 2 R(GiC1;S) j ˛(
 ) ¤ 1; (ri � ord
 ˛)=2 2 ordx ˛º

D ¹˛ 2 R(GiC1;S) j ri=2 2 ordx ˛º

DW RGiC1
x;ri=2

:

Similarly, RGi
x;(ri�ord
 )=2 D R

Gi
x;ri=2

.
Therefore, using the notation defined in the assertion, we get

‚ı�0
d
˝�d

(
 ) D (�1)r(G0)�r(S)Cr(S;�)
X

w2W
G0x;0

(S)

"ram[�](w
 )�(w
 ):

Lemma 4.10. We have the following equalities:

(1) ıKd \NGx;0 (S) D NG0x;0 (S),

(2) ıKd \NGNx (S) D NSG0x;0 (S).

Proof. The first equality can be deduced from the second one. Indeed, by assuming (2),
we get

ıKd \NGx;0 (S) D ıKd \NGNx (S) \Gx;0
(2)
D NSG0x;0

(S) \Gx;0 D NG0x;0
(S):
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Let us show the equality in (2). Since the inclusion ıKd \ NGNx (S) � NSG0x;0 (S) is

trivial, it suffices to check the converse inclusion. Let g 2 ıKd \ NGNx (S). As g belongs
to ıKd D SG0x;0(G0; : : : ; Gd )x;(0C;s0;:::;sd�1), we may write g D g0k with g0 2 SG0x;0
and k 2 (G0; : : : ; Gd )x;(0C;s0;:::;sd�1). Additionally, since g normalizes S by assumption,
we have kS � G0. Then, by using [2, Lemma 9.10] with (G0;G) WD (Gd�1;Gd ), we get
k 2 Gd�1x;0CS0C D G

d�1
x;0C. Hence

k 2 Gd�1x;0C \ (G0; : : : ; Gd )x;(0C;s0;:::;sd�1) D (G0; : : : ; Gd�1)x;(0C;s0;:::;sd�2):

By repeatedly applying [2, Lemma 9.10] with (G0;G) WD (Gd�2;Gd�1); : : : ; (G0;G1),
we finally get k 2 G0x;0C. Thus g D g0k 2 SG0x;0, which implies that g 2 NSG0x;0 (S).

Proposition 4.11. Let 
 be an unramified very regular element of SGx;0.

(1) If 
 is not SGx;0-conjugate to an element of S , then ‚ı�d (
 ) D 0.

(2) If 
 is an element of S , then

‚ı�d (
 ) D (�1)r(G0)�r(S)Cr(S;�)
X

w2WGx;0 (S)

"ram[�](w
 )�(w
 );

where WGx;0 (S) WD NGx;0 (S)=S0.

Proof. Since ı�d Š IndSGx;0
ıKd

(ı�0
d
˝ �d ) by definition, the Frobenius formula for induced

representations implies that

‚ı�d (
 ) D
X

g2ıKd nSGx;0
g
2ıKd

‚ı�0
d
˝�d

(g
 ):

Hence, if 
 is not SGx;0-conjugate to an element of ıKd , then the character is equal to
zero. Moreover, by Proposition 4.9, if g
 is not ıKd -conjugate to an element of S , then
‚ı�0

d
˝�d

(g
 ) D 0. Therefore we get assertion (1).
We now assume that 
 belongs to S . Then, again by the same argument as in the

previous paragraph, we get

‚ı�d (
 ) D
X

g2ıKd nSGx;0
g
2S

‚ı�0
d
˝�d

(g
 );

where the sum is over elements of ıKdnSGx;0 containing a representative g satisfying
g
 2 S .

We investigate the index set of this formula. First, as ıKd contains S , we may suppose
that g belongs toGx;0. Since 
 is a regular semisimple element belonging to S , if g 2Gx;0

satisfies g
 2 S , then g belongs to NGx;0 (S). Conversely, any element g of NGx;0 (S) sat-
isfies g
 2 S . In other words, the index set can be rewritten as ıKd \NGx;0 (S)nNGx;0 (S),
which furthermore equals NG0x;0 (S)nNGx;0 (S) by Lemma 4.10 (1).
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Then Proposition 4.9 implies that

‚ı�d (
 ) D
X

g2N
G0x;0

(S)nNGx;0 (S)

(�1)r(G0)�r(S)Cr(S;�)
X

w2W
G0x;0

(S)

"ram[�](wg
 )�(wg
 )

D (�1)r(G0)�r(S)Cr(S;�)
X

w2WGx;0 (S)

"ram[�](w
 )�(w
 ):

5. Parahoric representations characterized by Svreg

Let (S; �) be an elliptic regular pair and let ( EG; ��1; E�) be a regular generic reduced
cuspidal G-datum corresponding to (S; �) as in Section 3.2. Recall from Section 3.4 that
from ( EG; ��1; E�), Yu constructs various intermediate representations; in this section we
will be especially interested in ı�0

d
and ı�d .

In Section 4.2, we worked with elliptic regular pairs (S; �) where S is unramified. In
this section (and in fact in the rest of the paper, excluding Section 6), we additionally
assume that

� is toral, i.e., G0(S; �) D S.

In this case, for any i , the group ıKi D SG0x;0(G0; : : : ; Gi )x;(0C;s0;:::;si�1) defined in Sec-
tion 3.4 is equal to the (a priori slightly larger) groupKiDG0

Nx (G0; : : : ;Gi )x;(0C;s0;:::;si�1),
which furthermore equals ZGS0(G0; : : : ; Gi )x;(0C;s0;:::;si�1). Accordingly, for any i , we
have ı�0i D �

0
i . We also remark that whether � is toral or not depends only on �jS0C . In

particular, � is toral if and only if � � "ram[�] is toral since "ram[�]jS0C is trivial.

5.1. Unramified very regular elements

Let Svreg denote the set of unramified very regular elements of SGx;0 contained in S .

Lemma 5.1. For any s 2 Svreg and any gC 2Gx;0C, the product 
 WD s � gC is unramified
very regular and T
 is Gx;0C-conjugate to S.

Proof. We first take a topological Jordan decomposition (or equivalently a normal (0C)-
approximation) sD s0 � sC with topologically semisimple part s0 and topologically unipo-
tent part sC. Then the product decomposition 
 D s0 � (sCgC) gives a (0C)-approximation
to 
 ; more precisely, the pair (
; x) of the good sequence 
 D (
i )0�i<0C consisting
of only one element 
0 WD s0 and the point x is a (0C)-approximation to 
 . By [2,
Lemma 9.2], there exists an element k 2 Gx;0C such that k
 D (k
i )0�i<0C is a normal
(0C)-approximation to 
 . In other words, we have the following:

� Since k
 D (k
i )0�i<0C is a (0C)-approximation to 
 , we have 
 2 k
0Gy;0C for

some point y of B(C (0C)
G (k
 ); F ). Here note that C (0C)

G (k
 ) D CG(k
0)ı D kS by the
regularity of 
0 D s0, which follows from the unramified very regularity of s. Thus, as
k 2 Gx;0C stabilizes x, we have

B(C (0C)
G (k
 ); F ) D A(kS; F ) D k �A(S; F ) 3 k � x D x:
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Since Ared(kS; F ) consists of only one point, we have Ared(kS; F )D ¹Nxº D ¹Nyº. Let us
write 
 D k
0 � 
C with 
C 2 Gy;0C D Gx;0C.

� Since k
 is normal, 
 lies in C (0C)
G (k
 )(F ) D kS . Hence so does 
C.

We now check the unramified very regularity of 
 using the decomposition 
 D
k
0 � 
C. Since 
 2 kS , 
 is semisimple. Moreover, we claim that 
 satisfies ˛(
 ) 6� 1
(mod pF ) for any ˛ 2 R(G; kS). Indeed, for any root ˛ 2 R(G; kS), we have

˛(
 ) D ˛(k
0) � ˛(
C):

While the unramified very regularity of s implies that ˛(k
0) 6� 1 (mod pF ), we have
˛(
C) � 1 (mod pF ) by the topological unipotency of 
C. In particular, we have
˛(
 ) 6� 1 (mod pF ). Obviously, this implies ˛(
 ) ¤ 1 for all ˛ 2 R(G; kS), and so
we see that 
 is regular. Finally, since the connected centralizer T
 is kS, we have
A(T
 ; F ) D A(kS; F ) 3 x, which now completes the proof that 
 is unramified very
regular and also that T
 is Gx;0C-conjugate to S (since k 2 Gx;0C).

Lemma 5.2. We have SvregGx;0C D ¹
 2 SGx;0C j 
 is unramified very regularº: More-
over, every unramified very regular element of SGx;0C is Gx;0C-conjugate to an element
of Svreg.

Proof. By Lemma 5.1, every element of SvregGx;0C is unramified very regular. To see the
reverse inclusion, let 
 2 SGx;0C be unramified very regular. We may write 
 D s � gC
for some s 2 S and gC 2 Gx;0C. By Lemma 5.1, s 2 Svreg, so 
 2 SvregGx;0C.

Since every element of SvregGx;0C is Gx;0C-conjugate to an element of Svreg by Lem-
ma 5.1, the final assertion now holds.

We put S0;vreg WD Svreg \ S0. Note that, by the definition of unramified very regular
elements, we can easily see that Svreg D ZGS0;vreg (recall that S D ZGS0).

Definition 5.3. We define the subset S(Fq)vreg of S(Fq) to be the image of S0;vreg under
the reduction map S0� S0W0C Š S(Fq). Let S(Fq)nvreg denote its complement in S(Fq),
i.e., S(Fq)nvreg WD S(Fq) X S(Fq)vreg.

Lemma 5.4. When jS(Fq)j=jS(Fq)nvregj > 2, for any element s 2 S(Fq) there exist ele-
ments t1; t2 2 S(Fq)vreg such that s D t1t2.

Proof. For a given s 2 S(Fq), we consider the subset s � S(Fq)vreg of S(Fq). If we have
js � S(Fq)vregj > jS(Fq)nvregj, then s � S(Fq)vreg is not contained in S(Fq)nvreg. In other
words, s � S(Fq)vreg intersects S(Fq)vreg. Thus there exist elements t1; t2 2 S(Fq)vreg such
that st1 D t2. By noting that the set S0;vreg is stable under inversion, t�11 lies in S(Fq)vreg

and we get the assertion. The inequality js � S(Fq)vregj > jS(Fq)nvregj is equivalent to
jS(Fq)j=jS(Fq)nvregj > 2.

Corollary 5.5. When jS(Fq)j=jS(Fq)nvregj>2, for any element s 2S0 there exist elements
t1; t2 2 S0;vreg such that s D t1t2. In particular, S0;vreg generates S0 as a group.
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Proof. Let s be an element of S0. By the assumption and Lemma 5.4, we can take ele-
ments t1 and t2 of S0;vreg such that t1t2 and s have the same image in S0W0C Š S(Fq). In
other words, there exists an element tC 2 S0C satisfying t1t2tC D s. By Lemma 5.1, t2tC
is an unramified very regular element of S . Since t2tC also belongs to S0; this shows that
s can be written as a product of two elements of S0;vreg.

Let us show that the inequality

jS(Fq)j
jS(Fq)nvregj

> 2 (?)

is satisfied when q is sufficiently large.

Lemma 5.6. The unramified elliptic maximal torus S of G transfers to an unramified
elliptic maximal torus S� of the quasi-split inner form G� of G such that the associated
point Nx� of the building Bred(G�; F ) corresponds to a Chevalley valuation of G�.

Proof. The precise meaning of the “transfer” is as follows: there exists an inner twist
 WG! G� such that its restriction to S induces an isomorphism  jSW S! S� defined
over F . The existence of a transfer S� of S is a standard fact guaranteed by the ellipticity
of S or the quasi-splitness of G�; see, for example, [34, Section 3.2] for references about
this fact. Note that S� is unramified and elliptic since  jS is defined over F and maps ZG

to ZG� .
Hence it suffices to show that such an S� can be taken so that the associated point

Nx� 2 Bred(G�; F ) corresponds to a Chevalley valuation. For this, we utilize the results of
Kaletha [34, Section 3.4.1]. Since G� is quasi-split, there exists a point Nx�1 2 Bred(G�; F )
which corresponds to a Chevalley valuation; such a point Nx�1 is superspecial in the sense of
Kaletha (see [34, Remark 3.4.9]). By applying [34, Lemma 3.4.12 (1)] to Nx�1 and S� �G�,
we can find a maximal torus S�1 of G� stably conjugate to S� with associated point Nx�1 . By
replacing S� with S�1 (hence Nx� with Nx�1), we obtain the desired assertion.

Lemma 5.7. Let  WG! G� be an inner twist whose restriction to S gives an isomor-
phism S Š S� defined over F . Then, under the isomorphism S(Fq)! S�(Fq) induced
by  , S(Fq)vreg is identified with S�(Fq)vreg.

Proof. As  jS is defined over F , we have identifications S Š S� and S(Fq) Š S�(Fq)
which are consistent with reduction morphisms:

S0

����

 

Š
// S�0

����

S(Fq)
 

Š
// S�(Fq)

Since  induces a bijection R(G; S) ! R(G�; S�)W ˛ 7! ˛ ı  j�1S ,  gives an iden-
tification of Svreg with S�vreg, and also S0;vreg with S�0;vreg, by the definition of unrami-
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fied very regularity. As S(Fq)vreg (resp. S�(Fq)vreg) is defined to be the image of S0;vreg

(resp. S�0;vreg) under the reduction morphism,  gives an identification of S(Fq)vreg with
S�(Fq)vreg.

Proposition 5.8. There exists a constant C depending only on the absolute rank of G
such that inequality (?) is satisfied when q > C .

Proof. We take an inner twist  WG! G� transferring S to S� as in Lemma 5.6. Then,
by Lemma 5.7, we have

jS(Fq)j
jS(Fq)nvregj

D
jS�(Fq)j
jS�(Fq)nvregj

:

Hence it is enough to show the assertion for S� � G� whose associated point Nx� in
Bred(G�; F ) corresponds to a Chevalley valuation.

Let G�x� be the reductive quotient of the special fiber of the parahoric subgroup scheme
of G� with respect to Nx�, and regard S� as a maximal torus of G�x� . Since the point Nx� cor-
responds to a Chevalley valuation, the reduction map induces a bijection from R(G�;S�)
to R(G�x� ;S

�). This implies that an element 
 2 S�0 is unramified very regular if and only
if its reduction x
 2 S�(Fq) is regular semisimple in G�x� . Therefore the set S�(Fq)vreg

is nothing but the set S�reg(Fq) of Fq-valued points of the regular semisimple locus S�reg
of S� in G�x� . Similarly, S�(Fq)nvreg (WD S�(Fq) X S�(Fq)vreg) is nothing but S�nreg(Fq)
(WD S�(Fq) X S�reg(Fq)).

Now the statement follows from a well-known fact of finite reductive groups. For
example, by [24, Lemma 2.3.11], for any connected reductive group G over Fq and its Fq-
rational maximal torus T , there exists a number CR > 0 depending only on the absolute
root system R of G such that

jTreg(Fq)j
jT (Fq)j

� 1 �
CR

q
;

or equivalently
jT (Fq)j
jTnreg(Fq)j

�
q

CR
:

(Although in [24, Lemma 2.3.11] it is stated that the constant CR depends only on the
root datum of G, we can check that in fact it depends only on the root system of G.) Note
that, if we let l be the absolute rank of G, then G�x� is a connected reductive group over
Fq whose rank is at most l . Thus, by putting

C 0 WD max ¹CR j R is a root system whose rank is at most lº

(note that the set of root systems with rank at most l is finite), we get

jS�(Fq)j
jS�nreg(Fq)j

�
q

C 0
:

Thus C WD 2C 0 satisfies the desired condition.
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Remark 5.9. The subtlety handled in the above lemmas culminating in Proposition 5.8
is exactly that in general S(Fq)vreg ¨ Sreg(Fq). For example, in the extreme case that Gx;0

is an Iwahori subgroup, Sreg(Fq) D S(Fq).

Remark 5.10. There is a natural question of how large q must be in order for (?) to
be satisfied. The estimate in Proposition in 5.8 is very crude since we deduced it only
from the absolute rank of G. As long as G and S are given explicitly, we can determine
the associated groups G�x� and S� explicitly; hence it is possible to compute the ratio
jS(Fq)j=jS(Fq)nvregj precisely. At least for Coxeter tori of split simple groups, the resulting
bound is very mild (forthcoming work). For example, if S is the Coxeter torus of GDG2,
then jS(Fq)nregj is either 1 or 3, depending on q, and jS(Fq)j � 7 for q > 3. Hence only
q D 2 does not satisfy (?), so in fact (?) is a weaker condition than the conditions on p
required by the theory of Kaletha and Yu reviewed in Section 3. The GLn case (which
was known already to Henniart [31]) is explained in Section 7.3.

5.2. Representations of SGx;0C characterized by their trace on Svreg

In this subsection, we prove (Theorem 5.13) that some irreducible virtual representations
of SGx;0C are characterized by character values on unramified very regular elements Svreg

of S . In this subsection, in addition to our basic assumptions introduced in Section 2.1,
we will also assume that

S0;vreg generates S0 as a group. (vreg)

As discussed in Section 5.1, this assumption is satisfied when inequality (?), which is true
for q � 0, holds.

This subsection pertains to smooth irreducible representations �C of SGx;0C such that
for a non-zero constant c 2 C,

‚�C (
 ) D c � � (
 ) for all 
 2 Svreg (�C)

for a character � of S with G0(S; � ) D S. This determines ‚�C on the unramified very
regular elements of SGx;0C since every unramified regular element of SGx;0C is Gx;0C-
conjugate to an element of Svreg by Lemma 5.2.

Recall that at the beginning of this section, we fixed a regular generic reduced cuspidal
G-datum ( EG; ��1; E�) corresponding to a tame elliptic regular pair (S; �) whose � is toral.
Also recall that this gives rise to the following chain of open compact subgroups (note
that G0 D S by the torality assumption on �):

S0Gx;0C � S0Gx;0C \K
d
D S0(G0; : : : ; Gd )x;(0C;s0;:::;sd�1)

� Gx;0C \K
d
D (G0; : : : ; Gd )x;(0C;s0;:::;sd�1):

Let rd denote the depth of the character �.
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Lemma 5.11. For any t 2 zR>0 satisfying t > rd , set

(S0;vregGx;0C \K
d )0t

D ¹
 2 S0;vregGx;0C \K
d
j
k
 0 2 S0 for some k 2 Kd and 
 0 2 
Gx;tº:

Then the association (
; k) 7! k
 gives a bijection

(S0;vreg=St ) � (Kd=SGx;t )
1W1
��! (S0;vregGx;0C \K

d )0t=Gx;t ;

where St WD S0 \Gx;t .

Proof. Let us first check that (
; k) 7! k
 gives a well-defined map S0;vreg � K
d !

(S0;vregGx;0C \ K
d )0t . For any 
 2 S0;vreg and k 2 Kd , k
 belongs to Kd . As

S0Gx;0C is normal in Kd (this follows from the assumption that G0 D S), k


also belongs to S0Gx;0C. Since k
 is unramified very regular, Lemma 5.2 implies
that k
 lies in SvregGx;0C, hence in SvregGx;0C \ S0Gx;0C D S0;vregGx;0C, so that
k
 2 (S0;vregGx;0C \K

d )0t .
Let us next show the surjectivity of the map

S0;vreg �K
d
! (S0;vregGx;0C \K

d )0t=Gx;t W (
; k) 7! k
 �Gx;t : (1)

If 
 2 (S0;vregGx;0C \K
d )0t , then we can find k 2 Kd and 
 0 2 
Gx;t such that k
 0 2 S0.

Since 
 is unramified very regular by Lemma 5.2, we have k
 0 2 S0;vreg again by Lem-
ma 5.2. Thus the coset 
 �Gx;t is the image of (k
 0; k�1) 2 S0;vreg �K

d under the map (1).
We consider the fibers of the map (1). Suppose that the images of (
1; k1) 2

S0;vreg � K
d and (
2; k2) 2 S0;vreg � K

d under this map coincide, i.e., k1
1 � Gx;t D
k2
2 � Gx;t , or equivalently k�1

1
k2
2 2 
1Gx;t . By using [2, Proposition 9.14] with G0 WD

S (note that k
�1
1
k2
2 2 
1Gx;t � SGx;t ), we see that k(Z(t )

G (k
�1
1
k2
2)) � S for some

k 2 [k
�1
1
k2
2I x; t] with the notation of [2, Proposition 9.14]. As in the proof of Lemma

4.7, we can check that Z(t )
G (k

�1
1
k2
2) D k�1

1
k2S and [k

�1
1
k2
2I x; t ] D k�1

1
k2S0C � Gx;t

(� Kd ) by the unramified very regularity of 
2. Let us write k D gs with s 2 k
�1
1
k2S

and g 2 Gx;t (note that k
�1
1
k2S0C � Gx;t D Gx;t �

k�1
1
k2S0C). Then, since gs(k

�1
1
k2S ) D

g (k
�1
1
k2S ), we may assume that k 2 Gx;t by replacing k D gs with g.

Note that kk�11 k2 normalizes S . Since the assumption (vreg) ensures that there exists
at least one unramified very regular element in S , this implies that kk�11 k2 normalizes S.
Hence, by Lemma 4.10 (1), we have kk�11 k2 2 S . In other words, k1 � k2 inKd=SGx;t .
We write k�11 k2 D g0s0 with s0 2 S and g0 2 Gx;t . Then, as k

�1
1
k2
2 2 
1Gx;t , we get

g0
2 � 
1 in Kd=Gx;t . Hence g0 � 
2g0�1
�12 � 
1

�1
2 in Kd=Gx;t . Since both g0 and


2g
0�1
�12 belong to Gx;t , this implies that 
1 � 
2 in Kd=Gx;t , hence in S0=St .
Conversely, any (
1; k1) and (
2; k2) satisfying 
1 � 
2 in S0=St and k1 � k2 in

Kd=SGx;t map to the same Gx;t -coset. Therefore the above map (1) induces a bijection

(S0;vreg=St ) � (Kd=SGx;t )
1W1
��! (S0;vregGx;0C \K

d )0t=Gx;t :
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Lemma 5.12. Let �C be a smooth irreducible representation of SGx;0C satisfying (�C)
for the character � D � � "ram[�] of S . Then

HomGx;0C\Kd
(�0d ˝ �d ; �C) ¤ 0:

Proof. Because of the smoothness assumption, the action of S0Gx;0C on �C factors
through a finite quotient S0Gx;0C=Gx;t for sufficiently large t 2 R>0. Fix such a t which
is greater than the depth of the toral character �. Note that then also �0

d
˝ �d is trivial

on Gx;t .
We first prove that X


2(S0;vregGx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚�C (
 ) ¤ 0: (2)

By Proposition 4.9, ‚�0
d
˝�d

(
 ) D 0 if 
 2 S0;vregGx;0C \K
d is not Kd -conjugate to an

element of S . Thus, letting (S0;vregGx;0C \K
d )0t be the set as in Lemma 5.11, we getX


2(S0;vregGx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚�C (
 )

D

X

2(S0;vregGx;0C\Kd )0t=Gx;t

‚�0
d
˝�d

(
 ) �‚�C (
 ):

By Lemma 5.11, the right-hand side equalsX

2S0;vreg=St

X
k2Kd =SGx;t

‚�0
d
˝�d

(k
 ) �‚�C (k
 ):

Since both ‚�0
d
˝�d

and ‚�C are invariant under Kd -conjugation (note that Kd is con-
tained in SGx;0C, where �C is defined), we getX


2S0;vreg=St

X
k2Kd =SGx;t

‚�0
d
˝�d

(k
 ) �‚�C (k
 )

D jKd=SGx;t j
X


2S0;vreg=St

‚�0
d
˝�d

(
 ) �‚�C (
 ):

By Proposition 4.9 and our assumption on �C, for any 
 2 S0;vreg, we have

‚�0
d
˝�d

(
 ) �‚�C (
 ) D (�1)r(S;�)
� Nc � � (
 )� (
 )

(note that here the sum over w 2 WG0x;0 (S) as in Proposition 4.9 does not appear since

G0 D S by the torality assumption on �). Thus we getX

2S0;vreg=St

‚�0
d
˝�d

(
 ) �‚�C (
 ) D (�1)r(S;�)
Nc

X

2S0;vreg=St

� (
 )� (
 ):
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Since � (
 )� (
 ) is a positive number, this sum is not zero (recall that S0;vreg ¤ ¿). Hence
we get assertion (2).

We next show X

2(Gx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚�C (
 ) ¤ 0

by using (2), which we proved just now. For any subset A � R(G; S), we consider the
subgroup

SA WD ¹ı 2 S0 j ˛(ı) � 1 (mod pF ) for all ˛ 2 Aº

of S . Observe that S0 D S¿ and S0;vreg D S0 X
S

¿¤A�R(G;S) SA. By the principle of
inclusion and exclusion, the left-hand side of (2) is equal toX

A�R(G;S)

(�1)jAj
X


2(SAGx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚�C (
 ):

It follows that the sum
P

2(SAGx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚�C (
 ) is not zero for some
A � R(G; S). In other words, dim HomSAGx;0C\Kd

(�0
d
˝ �d ; �C) ¤ 0 for some such A.

Since SAGx;0C � Gx;0C, the desired conclusion follows.

Theorem 5.13. Let �C be a smooth irreducible representation of SGx;0C satisfying (�C)
for the character � D � � "ram[�] of S . Then cD (�1)r(S;�) and �CŠ IndSGx;0C

Kd
(�0
d
˝ �d ).

Proof. We first note that the action ofZG on IndSGx;0C
Kd

(�0
d
˝ �d ) is given by �jZG by [34,

Fact 3.7.11]. As "ram[�]jZG is trivial by definition (Definition 4.8), we have � jZG D �jZG .
On the other hand, also the action of ZG on �C is given by � jZG . Indeed, if we take an
unramified very regular element 
 2 Svreg (Svreg ¤ ¿ by (vreg)), then z
 is unramified
very regular for any z 2 ZG. Thus condition (�C) implies that

‚�C (z
 ) D c � � (z
 ) D c � � (z) � � (
 ) D � (z) �‚�C (
 ):

Therefore, to get the assertion, it is enough to show that c D (�1)r(S;�) and
�CjS0Gx;0C Š IndSGx;0C

Kd
(�0
d
˝ �d )jS0Gx;0C since SGx;0C D ZGS0Gx;0C. Also note that

IndSGx;0C
Kd

(�0
d
˝ �d )jS0Gx;0C is nothing but IndS0Gx;0C

S0Gx;0C\Kd
(�0
d
˝ �d ).

By Lemma 5.12 and Frobenius reciprocity for Gx;0C \ K
d � S0Gx;0C \ K

d , we
have

HomS0Gx;0C\Kd
(
IndS0Gx;0C\K

d

Gx;0C\Kd
(�0d ˝ �d ); �C

)
¤ 0: (3)

Since �0
d
˝ �d is a representation of Kd , which contains S0Gx;0C \ K

d , Lemma 3.9
gives

IndS0Gx;0C\K
d

Gx;0C\Kd
(�0d ˝ �d ) Š (�0d ˝ �d )˝ (IndS0Gx;0C\K

d

Gx;0C\Kd
1):
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As (S0Gx;0C \K
d )=(Gx;0C \K

d ) Š S0W0C, we have

IndS0Gx;0C\K
d

Gx;0C\Kd
1 Š

M
�0WS0W0C!C�

�0;

hence
IndS0Gx;0C\K

d

Gx;0C\Kd
(�0d ˝ �d ) Š

M
�0WS0W0C!C�

(�0d ˝ �d )˝ �0:

Therefore (3) implies that

HomS0Gx;0C\Kd
(
(�0d ˝ �d )˝ �0; �C

)
¤ 0

for at least one �0WS0W0C ! C�.
Next, by Frobenius reciprocity for S0Gx;0C \K

d � S0Gx;0C, we get

HomS0Gx;0C

(
IndS0Gx;0C

S0Gx;0C\Kd
((�0d ˝ �d )˝ �0); �C

)
¤ 0: (4)

Note that we have S0Gx;0C=Gx;0C Š (S0Gx;0C \K
d )=(Gx;0C \K

d ) Š S0W0C. In par-
ticular, �0 can be regarded as a character of S0Gx;0C (which is trivial on Gx;0C). Thus
Lemma 3.9 gives

IndS0Gx;0C
S0Gx;0C\Kd

((�0d ˝ �d )˝ �0) Š
(
IndS0Gx;0C

S0Gx;0C\Kd
(�0d ˝ �d )

)
˝ �0:

Since the compact induction of �0
d
˝ �d from to Kd to G is irreducible by Yu’s the-

ory, so is the induced representation IndSGx;0C
Kd

(�0
d
˝ �d ). By noting that Kd D ZG �

(S0Gx;0C \K
d ) and SGx;0C D ZG � S0Gx;0C, we see that IndS0Gx;0C

S0Gx;0C\Kd
(�0
d
˝ �d ) is

nothing but the restriction of IndSGx;0C
Kd

(�0
d
˝ �d ) to S0Gx;0C and is irreducible. On the

other hand, �C is also irreducible as a representation of S0Gx;0C. Thus, by (4), we get

�C Š
(
IndS0Gx;0C

S0Gx;0C\Kd
(�0d ˝ �d )

)
˝ �0:

Now our task is to show that �0 D 1. By an argument similar to (but simpler than) the
proof of Proposition 4.11, for all 
 2 S0;vreg we have

‚
(Ind

S0Gx;0C
S0Gx;0C\Kd

(�0
d
˝�d ))˝�0

(
 ) D ‚
Ind
S0Gx;0C
S0Gx;0C\Kd

(�0
d
˝�d )

(
 ) � �0(
 )

D (�1)r(S;�)� (
 ) � �0(
 ):

Thus, by the assumption on �C, for all 
 2 S0;vreg we have

c � � (
 ) D (�1)r(S;�)� (
 ) � �0(
 ):

Hence �0 must satisfy �0jS0;vreg D c � (�1)r(S;�). By Corollary 5.5, we can find elements

1; 
2 2 S0;vreg such that the product 
1
2 2 S0 is again unramified very regular. Then

�0(
1) D �0(
2) D �0(
1
2) D c � (�1)r(S;�):
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By noting that �0(
1
2) D �0(
1)�0(
2) and that c ¤ 0 (this is part of the assumption
(�C)), we see that c � (�1)r(S;�) D 1. Then the equality �0jS0;vreg D 1 implies �0 D 1 since
S0;vreg generates S0 by the assumption (vreg).

Corollary 5.14. Let �C be a smooth irreducible representation of SGx;0C satisfying (�C)
for the character � D� � "ram[�] of S . Then IndSGx;0

SGx;0C
(�C) is an irreducible representation

of SGx;0.

Proof. This follows from Theorem 5.13 together with the fact that IndSGx;0
Kd

(�0
d
˝ �d ) is

irreducible.

5.3. Representations of SGx;0 characterized by their trace on Svreg

In this section, we prove (Theorem 5.17) that some irreducible representations of SGx;0

are characterized by character values on unramified very regular elements Svreg of S . As
in the previous subsection, we will assume (vreg) here. The reader should think of this
section in parallel to Section 5.2, though we will need an additional argument to establish
the analogues of Lemma 5.12 and Theorem 5.13.

In this section, we will consider smooth irreducible representations � of SGx;0 such
that for some non-zero constant c 2 C,

‚� (
 ) D c
X

w2WGx;0 (S)

�w (
 ) for all 
 2 Svreg; (�)

where �w is the character of S defined by �w (
 ) D � (w
 ) D � (w
w�1).

Lemma 5.15. Let � be a smooth irreducible representation of SGx;0 satisfying (�) for
the character � D � � "ram[�] of S . Then

HomGx;0C\Kd
(�0d ˝ �d ; �) ¤ 0:

Proof. This is very similar to the proof of Lemma 5.12 but with one additional argument.
As in that proof, by choosing a sufficiently large t 2 R>0, it is enough to show thatX


2(S0;vregGx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚� (
 ) ¤ 0:

By the same argument as in the proof of Lemma 5.12,X

2(S0;vregGx;0C\Kd )=Gx;t

‚�0
d
˝�d

(
 ) �‚� (
 )DjKd=SGx;t j
X


2S0;vreg=St

‚�0
d
˝�d

(
 ) �‚� (
 ):

By Proposition 4.9 and the assumption on � , we haveX

2S0;vreg=St

‚�0
d
˝�d

(
 ) �‚� (
 ) D (�1)r(S;�)
Nc

X
w2WGx;0 (S)

X

2S0;vreg=St

� (
 )�w (
 ):
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Recall that the summand
P

2S0;vreg

� (
 )� (
 ) corresponding to w D 1 is not zero by the

positivity of � (
 )� (
 ) and the non-emptiness of S0;vreg. Hence it suffices to check that for
w 2 WGx;0 (S) X ¹1º, the corresponding sum

P

2S0;vreg

� (
 )�w (
 ) vanishes. By fixing a
set ¹ Q
º of representatives of the quotient S0;vreg=S0C Š S(Fq)vreg, we getX


2S0;vreg=St

� (
 ) � �w (
 ) D
X


2S(Fq )vreg

X

C2S0CWt

� ( Q

C) � �w ( Q

C)

D

X

2S(Fq )vreg

� ( Q
 ) � �w ( Q
 )
X


C2S0CWt

� (
C) � �w (
C):

As � jS0C has trivialWGx;0 (S)-stabilizer by Lemma 3.8, it follows that
P

C2S0CWt

� (
C) �

�w (
C) D 0 whenever w ¤ 1. This completes the proof.

When we prove the analogue of Theorem 5.13 in the setting of SGx;0-representations,
we will need the following lemma. In the GLn setting, this result is due to Henniart [32],
and the proof of the general setting given here is a direct generalization of Henniart’s
proof.

Lemma 5.16. LetW be a subgroup ofWG(S). Let �; � 0WS0!C� be two smooth charac-
ters and assume that � jS0C has trivial W -stabilizer. If for some non-zero constant c 2 C,X

w2W

�w (
 ) D c �
X
w2W

� 0w (
 )

for all 
 2 S0;vreg, then c D 1 and � 0 D �w for some unique w 2 W .

Proof. We follow the strategy of Henniart [32, Section 5.3]. Henniart works in the setting
of G D GL` for a prime ` different from p, but the proof generalizes with no problems.
We present it here.

We first show that the conclusion must hold on S0C. Fix 
 2 S0;vreg. Then 
S0C �
S0;vreg. From this, the assumption of the lemma implies that we have a linear dependence
between the 2jW j (not necessarily distinct) characters �w jS0C and � 0w jS0C for w 2 W :X

w2W

�w (
 ) � (�w jS0C ) D c �
X
w2W

� 0w (
 ) � (� 0w jS0C ):

Thus, by linear independence of characters (of S0C) and the triviality of the stabilizer
of � jS0C in W we see that there exists w 2 W satisfying � jS0C D �

0w�1 jS0C , or equiva-
lently, � 0jS0C D �

w jS0C . Since the equality � 0jS0C D �
w jS0C implies that the stabilizer

of � 0jS0C inW is trivial, we also know that an elementw 2W satisfying � 0jS0C D �
w jS0C

is in fact unique.
Then, again by linear independence of characters, the above identity implies that

�w (
 ) D c � � 0(
 ) for any 
 2 S0;vreg. By the same argument as at the end of the proof of
Theorem 5.13, the assumption (vreg) implies that if a character of S0 restricts identically
to c on S0;vreg, then c D 1, and the conclusion of the lemma now follows.
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We now prove the analogue of Theorem 5.13.

Theorem 5.17. Let � be a smooth irreducible representation of SGx;0 satisfying (�) for
the character � D � � "ram[�] of S . Then c D (�1)r(S;�) and � Š ı�d .

Proof. Recall that ı�d is defined to be IndSGx;0
Kd

(�0
d
˝ �d ) (in our situation, we have

ıKd D Kd and ı�0
d
D �0

d
). By comparing the contribution of ZG as in the proof of The-

orem 5.13, it is enough to show that c D (�1)r(S;�) and � Š IndGx;0
S0Gx;0C\Kd

(�0
d
˝ �d ) as

a representation of Gx;0.
Lemma 5.15 and Frobenius reciprocity imply that

HomGx;0

(
IndGx;0

Gx;0C\Kd
(�0d ˝ �d ); �

)
¤ 0:

Recall from the proof of Theorem 5.13 that

IndS0Gx;0C\K
d

Gx;0C\Kd
(�0d ˝ �d ) Š

M
�0WS0W0C!C�

(�0d ˝ �d )˝ �0:

Thus we have

IndGx;0
Gx;0C\Kd

(�0d ˝ �d ) Š
M

�0WS0W0C!C�

IndGx;0
S0Gx;0C\Kd

(
(�0d ˝ �d )˝ �0

)
:

Hence, there exists at least one character �0WS0W0C ! C� such that

HomGx;0

Ä
IndGx;0

S0Gx;0C\Kd

(
(�0d ˝ �d )˝ �0

)
; �
ä
¤ 0: (5)

Let us investigate the representation IndGx;0
S0Gx;0C\Kd

((�0
d
˝ �d ) ˝ �0). Recall that

�0
d
˝ �d is the representation of Kd obtained from a tame elliptic regular pair (S; �).

If we take an extension Q�0 of �0 from S0 to S , then the pair (S; � ˝ Q�0) is again tame
elliptic regular. Furthermore, we can easily check that Yu’s construction (reviewed in
Section 3.1) attaches to (S; � ˝ Q�0) the representation (�0

d
˝ �d ) ˝ Q�0 of Kd , where

Q�0 is regarded as a character of Kd through the map Kd � Kd=(Kd \ Gx;0C) Š
S=S0C. Therefore the compact induction of (�0

d
˝ �d ) ˝ Q�0 from Kd to G is an irre-

ducible (supercuspidal) representation. In particular, also IndSGx;0
Kd

((�0
d
˝ �d ) ˝ Q�0) is

irreducible, hence so is its restriction to Gx;0 (note that SGx;0 D ZGGx;0). As we have
IndSGx;0

Kd
((�0

d
˝ �d )˝ Q�0)jGx;0 Š IndGx;0

S0Gx;0C\Kd
((�0

d
˝ �d )˝ �0), we eventually get the

irreducibility of IndGx;0
S0Gx;0C\Kd

((�0
d
˝ �d )˝ �0). Then, by combining this with the irre-

ducibility of � , (5) implies that

IndGx;0
S0Gx;0C\Kd

(
(�0d ˝ �d )˝ �0

)
Š �:

It now remains to show that c D (�1)r(S;�) and that a character �0 as above is in fact
necessarily trivial. By applying Proposition 4.11 to IndSGx;0

Kd
((�0

d
˝ �d )˝ Q�0) (which is
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the representation “ı�d ” arising from the twisted pair (S; � ˝ Q�0)), for all 
 2 S0;vreg, we
have

‚
Ind
Gx;0
S0Gx;0C\Kd

((�0
d
˝�d )˝�0)

(
 ) D ‚
Ind
SGx;0
Kd

((�0
d
˝�d )˝Q�0)

(
 )

D (�1)r(S;�)
X

w2WGx;0 (S)

�w (
 )�w0 (
 ):

(Note that the character "ram[� ˝ Q�0] associated to the twisted character � ˝ Q�0 is the
same as "ram[�] since Q�0 is of depth zero.) Thus, by the assumption on � , we get

(�1)r(S;�)
X

w2WGx;0 (S)

�w (
 )�w0 (
 ) D c
X

w2WGx;0 (S)

�w (
 ):

Since � is toral by assumption, �jS0C D � jS0C has trivial WGx;0 (S)-stabilizer by Lem-
ma 3.8 (recall that "ram[�]jS0C D 1). We may therefore apply Lemma 5.16 to conclude
that c D (�1)r(S;�) and (� jS0 ) � �0 D �w jS0 for some unique w 2WGx;0 (S). By restricting
to S0C, we get � jS0C D �

w jS0C . Then the triviality of the stabilizer of � jS0C in WGx;0 (S)
implies w D 1. Thus finally (� jS0 ) � �0 D � jS0 , which implies that �0 is trivial.

6. Deligne–Lusztig varieties for parahoric subgroups

Up to this point, our discussion has been centered on algebraically constructed represen-
tations of parahoric subgroups whose compact induction to G is irreducible (and hence
supercuspidal). In contrast to other sections of this paper, everything in this section holds
with no assumptions on the residue characteristic p of F .

In this section, we introduce a class of representations of parahoric subgroups that
arise geometrically, via the cohomology of Deligne–Lusztig varieties for parahoric sub-
groups [12]. These varieties are associated to a maximal torus S ,! G such that

S is unramified but not necessarily elliptic.

When S is elliptic, these representations are closely related to tame supercuspidal rep-
resentations; Sections 7 and 8 are devoted to understanding this relationship and to dis-
cussing the interesting consequences of having such a comparison.

6.1. The varieties Xr

We review a generalization of Deligne–Lusztig varieties for Gx;0 defined in [12]. In the
setting that Gx;0 D G(OF ) for a reductive group G over Fq , these varieties were orig-
inally defined and studied by Lusztig [39] (for F of equal characteristic) and later by
Stasinski [47] (for F of mixed characteristic). We warn the reader that there is a change
of convention between our present work and the papers [12,39,47]: in our normalization,
G0 is a reductive group over a finite field.
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Let S ,! G be an unramified maximal torus (not necessarily elliptic) defined over
F and let x 2 B(G; F ) be a point which belongs to then A(S; F ) of Frobenius-fixed
points of the apartment A(SF ur ; F ur). Then for each r 2 R�0, there exist OF -models
Gx;r ;Gx;rC of G (à la Bruhat–Tits [6] and Yu [51]). Say S splits over the degree-n unram-
ified extension Fn of F and let U be the unipotent radical of an Fn-rational Borel sub-
group of GFn containing SFn . Following [12, Sections 2.4–2.6], for r 2 Z�0, there exist
group schemes Sr � Gr defined over Fq and a group scheme Ur � Gr;Fqn . The group
scheme Gr is constructed by considering the functor of positive loops applied to the OF -
group schemes Gx;r . To each smooth closed Fm-subgroup of GFm , one may construct an
associated subgroup scheme of Gr;Fqm [12, Section 2.6]; the subgroup schemes Sr � Gr

and Ur � Gr;Fqn are obtained by this construction applied to S;U. These group schemes
have the property that

Gr (Fq) D Gx;0(OF )=Gx;rC(OF ) D Gx;0WrC; Sr (Fq) D S0WrC;

Ur (Fqn ) D (U(Fn) \ Gx;0(OFn ))=(U(Fn) \ Gx;rC(OFn )):

Let � WGr ! Gr denote the Frobenius morphism associated to the Fq-rational structure
on Gr .

Definition 6.1. For r 2 Z�0, we define the following Fqn -subscheme of Gr :

Xr WD ¹x 2 Gr j x
�1� (x) 2 Urº:

The schemeXr is separated, smooth, and of finite type over Fqn [12, Lemma 3.1]. For
(g; t ) 2 Gx;0WrC � S0WrC and x 2 Xr , the assignment (g; t ) � x D gxt defines an action
of Gx;0WrC � S0WrC on Xr which pulls back to an action of Gx;0 � S0.

We fix a prime number ` which is not equal to p. By functoriality, the cohomol-
ogy groups H i

c (Xr ; xQ`) are representations of Gx;0 � S0. If � WS ! xQ�
`

is a xQ�
`

-valued
character trivial on SrC, the subspace H i

c (Xr ; xQ`)[� ] of H i
c (Xr ; xQ`) on which S0 acts

by multiplication by � jS0 is a representation of Gx;0. We define a virtual representation
R

Gr
Sr ;Ur

(� ) of Gx;0 with xQ`-coefficient by

R
Gr
Sr ;Ur

(� ) WD
X
i�0

(�1)iH i
c (Xr ; xQ`)[� ]:

In the special case that r D 0, the variety X0 is an affine fibration over a classical
Deligne–Lusztig variety and hence their cohomology is the same up to an even degree
shift. Hence RG0

S0;U0
(� ) is exactly the usual Deligne–Lusztig representation of the finite

reductive group G0(Fq) attached to the character � jS0 of S0(Fq).
The next two results are r > 0 analogues of known r D 0 theorems. Proposition 6.2 in

the r D 0 setting is a special case of the Deligne–Lusztig character formula [18, Theorem
4.2] and Theorem 6.3 in the r D 0 setting is a special case of the Mackey formula for
Deligne–Lusztig varieties [18, Theorem 6.8].

Proposition 6.2 ([12, Theorem 1.2]). Let � W S0 ! xQ�` be any character of depth r > 0
and let 
 2 Gx;0 be an unramified very regular element. If 
 is not Gx;0-conjugate to an
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element of S , then the character value ‚
R

Gr
Sr ;Ur

(� )(
 ) is equal to zero. If 
 belongs to S ,

then
‚
R

Gr
Sr ;Ur

(� )(
 ) D
X

w2WGx;0 (S)

�w (
 ):

Theorem 6.3 ([12, Theorem 1.1]). Let � WS0! xQ�` be a 0-toral character of depth r > 0.
Let U0�GFn be another unipotent radical of a Borel subgroup of GFn containing S. Then
for any character � 0WS0WrC ! xQ�` ,

hR
Gr
Sr ;Ur

(� ); RGr
Sr ;U 0r

(� 0)iGx;0WrC
D

X
w2WGx;0 (S)

h�; � 0wiS0WrC : (6)

In particular, if � has trivial WGx;0 (S)-stabilizer, then RGr
Sr ;Ur

(� ) is irreducible (up to a
sign) and is independent of the choice of U.

Remark 6.4. We remark that a depth-r character � of S0 is 0-toral if and only if it is
regular in the sense of Lusztig [39, Section 1.5]. Note that there are � which can be 0-toral
in the sense of Definition 3.7 which do not appear in the literature (e.g. [17, 19]) because
Theorem 6.3 requires no assumptions on p. If we were to assume the four conditions
on p from Section 2.1 (i.e., odd, not bad for G, p − j�1(Gder)j, and p − j�1(yGderj), then
torality (and in particular 0-torality) implies that � jS0C has trivial WG(S)-stabilizer by
Lemma 3.8. Hence � has trivial WGx;0 (S)-stabilizer, and under these conditions on p,
Theorem 6.3 asserts that the virtual representation RGr

Sr ;Ur
(� ) is irreducible (up to sign)

for any 0-toral character � of depth r .

6.2. The Drinfeld stratification

In this section, we introduce subschemes of Xr associated to certain twisted Levi sub-
groups of G, following [11, Definition 3.3.1]. The work of this paper will allow us to
formulate a conjecture (Conjecture 6.5) about the Drinfeld stratification which had previ-
ously (in op. cit.) only been conjectured for GLn. We will prove part of Conjecture 6.5 in
Section 7 (see Theorem 7.6).

Let GCr be the kernel of the natural reduction map Gr ! G0. Note that GCr (Fq) D
Gx;0CWrC. For a twisted Levi subgroup L of G containing S, we let Lr denote the cor-
responding subgroup scheme of Gr . Attached to the twisted Levi L, one can naturally
associate the following subscheme of Xr :

X (L)
r WD ¹x 2 Gr j x

�1� (x) 2 (Lr \Ur )UCr º:

It is straightforward to show (see [11, Lemma 3.3.3]) that X (L)
r is a disjoint union over

Gx;0=(Lx;0Gx;0C) copies of the schemeXr \LrGCr . It follows from this (see [11, Lemma
3.3.4]) that for any character � WSr (Fq)! xQ�

`
,

H i
c (X (L)

r ; xQ`)[� ] Š IndGr (Fq )

Lr (Fq )GCr (Fq )

(
H i
c (Xr \ LrG

C
r ;
xQ`)[� ]

)
for all i � 0:



Geometric L-packets of Howe-unramified toral supercuspidal representations 43

Conjecture 6.5. Let L � G be a twisted Levi subgroup of G containing S. If R0C �
R(L;S) (or, equivalently, G0(S; �) � L), then

H�c (Xr ; xQ`)[� ] Š H�c (X (L)
r ; xQ`)[� ]:

Remark 6.6. Let GD GLn. In the setting LD S, Conjecture 6.5 was proved in [13, The-
orem 4.1] using geometric techniques (note that this forces G0(S; � ) D S). On the other
hand, in the GLn setting, it is expected that Conjecture 6.5 holds without any assump-
tions on p. By [34, Lemma 3.7.7], the notions of a tame elliptic regular pair and of an
admissible pair coincide. Then one can translate between Kaletha’s generalized Howe
factorization for tame elliptic regular pairs and the classical Howe factorization for admis-
sible characters (see [41, Section 5.2]). Then Conjecture 6.5 is the same assertion as [11,
Conjecture 7.2.1].

The proof of Theorem 6.3 [12, Theorem 1.1] on the cohomology ofXr can be applied
almost identically to obtain an analogous statement for the cohomology of Xr \ LrGCr .

Theorem 6.7. Let � WS0 ! xQ�` be a 0-toral character of depth r > 0. Let U0 � GFn be
another unipotent radical of a Borel subgroup of GFn containing S and let X 0r be the
associated variety. Then for any � 0WS0WrC ! xQ�` ,

hH�c (Xr \ LrG
C
r ;
xQ`)[� ];H�c (X 0r \ LrG

C
r ;
xQ`)[� 0]iLx;0WrCGx;0CWrC

D

X
w2WLx;0 (S)

h�; � 0wiS0WrC :

In particular, if � has trivial WLx;0 (S)-stabilizer, then H�c (Xr \ LrGCr ; xQ`)[� ] is irre-
ducible (up to a sign) and is independent of the choice of U.

Remark 6.8. Let � W S ! xQ�
`

be a 0-toral character of depth r > 0. Let us consider the
cohomologyH�c (Xr \LrGCr ; xQ`)[� ] for LD S. Then, since the groupWLx;0 (S) is trivial,
Theorem 6.7 asserts that H�c (Xr \ SrGCr ; xQ`)[� ] is irreducible. Note that, in contrast to
Remark 6.4, we do not need any assumption on p for this irreducibility result for 0-toral
characters.

7. Geometric toral supercuspidal representations

We are now ready to prove one of our main theorems: an explicit comparison of Yu’s
algebraic construction of supercuspidal representations (Section 3) and the geometric
construction of parahoric representations coming from Deligne–Lusztig-type varieties
(Section 6). To do this, we will apply the results of Section 5—that certain represen-
tations are characterized by their character values at unramified very regular elements.
These comparison methods will result in several theorems as quick corollaries of the
work already established in previous sections of this paper.

As such, we inherit the assumptions on p and the assumptions on (S; �) that have been
needed for these preceding sections. In this section, we will assume (vreg) (i.e., S0;vreg
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generates S0 as a group) in addition to our usual assumptions on the residue characteristic
of F (i.e., p is odd, p is not bad for G, p − j�1(Gder)j and p − j�1(yGder)j). Aside from
the GLn setting discussed in Section 7.3, in this section we consider (S; �) where

� S is unramified elliptic,

� � is 0-toral; equivalently, G0(S; �) D S and G1(S; �) D G.

We note that such a pair (S; � ) is necessarily a tame elliptic regular pair in the sense of
Kaletha (Section 3.2) by definition. The first condition is inherited from Section 6, though
there we considered unramified tori S which were not necessarily elliptic. The second
condition is inherited from Section 5, though there we considered � satisfying the weaker
condition that � is toral.

The unramifiedness and ellipticity assumptions on S imply that SGx;0 D ZGGx;0.
This equality has an important consequence: since the (S0 � Gx;0)-action on Xr can
be extended to an action of ¹(z; z�1) j z 2 ZGº � (S0 � Gx;0), we see that the Gx;0-
representation RGr

Sr ;Ur
(� jS0 ) D H�c (Xr ; xQ`)[� jS0 ] can be extended to a representation

of ZGGx;0 according to � ; abusing notation, we call this representation RGr
Sr ;Ur

(� ).
Fix a prime number ` which is not equal to p and an isomorphism �WC Š xQ`. Let

� WS ! C� be any character of depth r > 0. The following lemma demonstrates that the
choice of � is innocuous from the perspective of considering the a priori `-adic represen-
tation RGr

Sr ;Ur
(� ) as a complex representation.

Lemma 7.1. Let �`;� denote the xQ�
`

-valued character obtained by composing � with the
isomorphism �WC� Š xQ�

`
. The complex SGx;0-representation �RGr

Sr ;Ur
(�`;�) is indepen-

dent of ` and �.

Proof. The scheme Xr (Definition 6.1) is separated and of finite type over xFq (see
[12, Lemma 3.1]); therefore by [18, Proposition 3.3] (thanks to Andy Gordon for
reminding the authors about this), we know that for any (s; g) 2 S0 � Gx;0, the trace
Tr((s; g)�;H�c (Xr ; xQ`)) is an algebraic integer independent of `. By definition,

Tr
(
g�; R

Gr
Sr ;Ur

(�`;�)
)
D

1

jS0WrCj

X
s2S0WrC

� (s)�1 � Tr
(
(s; g)�;H�c (Xr ; xQ`)

)
:

As a character of the subquotient S0WrC, the S -character � is valued in the algebraic
integers; it follows from the above that the character of RGr

Sr ;Ur
(�`;�) considered as a rep-

resentation of Gx;0 takes values in xQ. It follows that

�R
Gr
Sr ;Ur

(�`;�) Š �0R
Gr
Sr ;Ur

(�`0;�0 )

asGx;0-representations, where `0 is a prime not equal to p and �0WC Š xQ`0 is a(ny) chosen
isomorphism. Since the ZG-action on �RGr

Sr ;Ur
(�`;�) is given simply by multiplication by

� jZG , it now further follows that �RGr
Sr ;Ur

(�`;�) is independent of ` and � as an SGx;0-
representation.
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7.1. Comparison for Xr

Theorem 7.2 is one of the central theorems of this paper. It not only gives an explicit
description of the geometrically arising representation RGr

Sr
(� ), but puts it in the frame-

work of algebraic constructions of supercuspidal representations, allowing us passage
between these drastically different realizations of these representations.

From Theorem 7.2, we get the irreducibility (and hence supercuspidality) of the G-
representation c-IndGSGx;0

(RGr
Sr ;Ur

(� )) as a free consequence. We note that this irreducibil-
ity was previously only known for inner forms of GLn and was highly non-trivial to
establish: a geometric proof in the 0-toral setting is in [10, Theorems 9.1 and 12.5], and a
geometric proof in the toral setting is the subject of [13], which further relies on [11] (see
Section 7.3 for more details).

We focus on the 0-toral case (see Remark 7.4 for comments on relaxing this assump-
tion to toral characters). If � WS ! C� is 0-toral, then by Theorem 6.3, the virtual repre-
sentation RGr

Sr ;Ur
(� ) does not depend on the choice of U, so we replace this notation by

the simpler RGr
Sr

(� ).

Theorem 7.2. Let � W S ! C� be a 0-toral character of depth r > 0 and let � be the
unique character of S satisfying4 � D � � "ram[�]. Then

R
Gr
Sr ;Ur

(� ) Š (�1)r(S;�) ı�d ; (7)

where ı�d on the right-hand side is Yu’s representation associated to the pair (S; �) (see
Section 3). In particular

(i) c-IndGSGx;0
((�1)r(S;�)R

Gr
Sr

(� )) Š �(S;�);

(ii) c-IndGSGx;0
((�1)r(S;�)R

Gr
Sr

(� )) is irreducible and supercuspidal.

Proof. By the 0-torality of � and the assumption on p, Theorem 6.3 implies that RGr
Sr

(� )

is an irreducible virtual representation of SGx;0 (see Remark 6.4). Hence either RGr
Sr

(� )

or its negative is a genuine representation; call it c � RGr
Sr

(� ). By Proposition 6.2, for

 2 Svreg,

‚
c�R

Gr
Sr

(� )(
 ) D c �
X

w2WGx;0 (S)

�w (
 ):

Therefore Theorem 5.17 is applicable to � WD c � RGr
Sr

(� ) and we get c D (�1)r(S;�) and
� Š ı�d .

Remark 7.3. Suppose that � is toral and that the virtual SGx;0-representation RGr
Sr ;Ur

(� )
D H�c (Xr ; xQ`)[� ] is irreducible. Suppose that H i

c (Xr ; xQ`)[� ] is in fact concentrated in a

4Note that we may equivalently set � D � � "ram[� ]. Indeed, since "ram[� ] is a tamely rami-
fied quadratic character determined by � jS0C , we have � jS0C D �jS0C and "ram[� ] D "ram[�] D
"ram[�]�1.
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single degree i D rgeom(� ). (This is known to be the case when G is a division algebra;
see [8, 9].) Then Theorem 7.2 gives a cohomological meaning to the parity of the purely
root-theoretically defined integer r(S; �) (Proposition 4.9):

r(S; �) � rgeom(� ) (mod 2):

(In the division algebra case, one can check this directly—compare the formula for r(S;�)
in Proposition 4.9 to the formula for the nonvanishing cohomological degree in [9, Theo-
rem 5.1.1].)

Remark 7.4. The 0-torality condition on � is only needed because we need the irre-
ducibility of RGr

Sr
(� ) ([12, Theorem 1.1], presented as Theorem 6.3 in the present paper).

On the other hand, it is expected (and known in certain cases) that Theorem 6.3 holds
beyond the 0-toral case as long as S is elliptic. When G is an inner form of GLn, Theorem
6.3 is known without any constraints on � (see [13, Theorem B]), and we will discuss this
in more detail in Section 7.3. For G arbitrary and S Coxeter, establishing Theorem 6.3 is
recent work of Dudas–Ivanov (see [19, Theorem 3.2.3]) announced during the prepara-
tion of the present paper. With this, when S is Coxeter, the 0-torality condition on � in
Theorem 7.2 can be relaxed to torality, with identical proof.

7.2. Comparison for Xr \ SrGCr

As in Section 7.1, there is a unique extension of H�c (Xr \ SrGCr ; xQ`)[� ] to a (virtual)
representation of SGx;0C on whichZG acts via � jZG . We again denote this representation
by H�c (Xr \ SrGCr ; xQ`)[� ].

Theorem 7.5. Let � W S ! C� be a 0-toral character of depth r > 0 and put � WD
� � "ram[� ]. Then

H�c (Xr \ SrG
C
r ;
xQ`)[� ] Š (�1)r(S;�) IndSGx;0C

Kd
(�0d ˝ �d );

where the right-hand side is Yu’s representation associated to the pair (S; �) (see Sec-
tion 3).

Proof. By the 0-torality of � , Theorem 6.7 implies that H�c (Xr \ SrGCr ; xQ`)[� ] is an
irreducible virtual representation of SGx;0C (see Remark 6.8). The proof of Proposition
6.2 in this setting yields the result that if 
 2 SGx;0C is an unramified very regular ele-
ment, then

‚
H�c (Xr\SrGCr ; xQ`)[� ](
 ) D

{
� (g
g�1) if 
 2 g�1Sg for some g 2 Gx;0C;

0 otherwise.

Then the same proof as in Theorem 7.2 works by using the above formula and Theorem
5.13 in place of Proposition 6.2 and Theorem 5.17, respectively.

As a straightforward corollary of Theorem 7.2 and 7.5, we resolve Conjecture 6.5 for
0-toral characters:
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Theorem 7.6. If � W S ! C� is a 0-toral character of depth r > 0, then

R
Gr
Sr

(� ) Š H�c (X (S)
r ;
xQ`)[� ] Š IndSGx;0

SGx;0C

(
H�c (Xr \ SrG

C
r ;
xQ`)[� ]

)
:

Proof. The second isomorphism in the assertion holds in general (see the para-
graph before Conjecture 6.5), so it suffices to check that RGr

Sr
(� ) is isomorphic to

IndSGx;0
SGx;0C

(H�c (Xr \ SrGCr ; xQ`)[� ]). But this isomorphism holds by Theorems 7.2
and 7.5 together with the fact that

ı�d Š IndSGx;0
SGx;0C

IndSGx;0C
Kd

(�0d ˝ �d ):

7.3. The case of GLn

Let G be an inner form of GLn and let S be an unramified elliptic maximal torus of G.
Then there are no bad primes of G and j�1(Gder)j D j�1(yGder)j D 1, so the only baseline
assumption on the residue characteristic of F (Section 2.1) is that p > 2. In this setting,
G Š GLn0 (Dk0=n0 ), where n D n0n0 and Dk0=n0 is the division algebra of dimension n20
with Hasse invariant k0=n0, and S Š E�, where E is the unramified degree-n extension
of F (i.e., it is the smallest extension of F which splits S). This is a specialization of the
setting of Section 6, and in this setting Theorems 6.3 and 6.7 are known by work of the
first author and Ivanov without the 0-torality assumption on � . We record this result here:

Theorem 7.7 ([13, Theorem 4.1], [11, Theorem 5.2.1]). Let r > 0 and let �; � 0W
S0WrC ! xQ�` be any characters. Then

hR
Gr
Sr

(� ); RGr
Sr

(� 0)iGx;0WrC
D

X
w2WGx;0 (S)

h�; � 0wiS0WrC :

Furthermore, H�c (Xr \ SrGCr ; xQ`)[� ] is an irreducible representation of S0Gx;0C.

This means in particular that we may apply Theorem 5.13 toH�c (Xr \ SrGCr ; xQ`)[� ]
and Theorem 5.17 to RGr

Sr
(� ) for any toral character � WS ! xQ�

`
of depth r 2 R>0 when-

ever the following conditions are satisfied:

� p > 2 (required for Yu’s construction),

� (GdG) is satisfied by T
 for any unramified very regular element 
 2 SGx;r ,

� (vreg) holds.

The second condition on (GdG) is always satisfied by Remark 4.4 (2). On the other hand,
recall that inequality (?) (jS(Fq)j=jS(Fq)nvregj > 2) is sufficient, though not necessary, to
guarantee the assumption (vreg) (see Corollary 5.5). We will show that in fact (?) is satis-
fied for all (q; n), including even q, illustrating that in this setting, our constraint (?) on q
is weaker than the constraints on p in Yu’s construction. In [31, Section 2.7], Henniart
proves that jS(Fq)j=jS(Fq)nvregj>2n unless (q;n)2 ¹(2;2); (2;4); (2;6); (3;2)º. Of course
this means that (?) holds for all (q; n) except possibly the four in this list; by direct com-
putation for these last four, one sees that (?) holds for all (q;n). In summary, in our present
setting of G being an inner form of GLn, Theorems 5.13 and 5.17 hold for all odd q.
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Theorem 7.8. Let � be a toral character of S of depth r > 0. Put � WD � � "ram[� ]. Then

R
Gr
Sr

(� ) Š (�1)r(S;�) IndSGx;0
Kd

(�0d ˝ �d );

H�c (Xr \ SrG
C
r ;
xQ`)[� ] Š (�1)r(S;�) IndSGx;0C

Kd
(�0d ˝ �d );

R
Gr
Sr

(� ) Š IndSGx;0
SGx;0C

(
H�c (Xr \ SrG

C
r ;
xQ`)[� ]

)
:

The twist "ram[� ] is subtle, and we will discuss it later in this subsection. Before we
do that, we note that Theorem 7.8 in particular yields an algebraic alternative to the
geometric approach of [13] to establish the irreducibility of the � -eigenspace of loop
Deligne–Lusztig varieties:

Corollary 7.9. Let � be a toral character of S of depth r > 0. Then c-IndGSGx;0
(RGr

Sr
(� ))

is (up to sign) irreducible supercuspidal. In particular, the assumption p > n in [13,
Theorem A] can be relaxed to p > 2.

The p > 2 assumption in Corollary 7.9 likely cannot be relaxed due to our approach of
comparing with Yu’s construction, which uses from the start the assumption that p is odd.
However, given Henniart’s work [31], it seems likely that one can obtain the above result
for p D 2 by considering Gérardin’s construction [27] in place of Yu’s in this setting.

Remark 7.10. We remark that the p > n assumption in [13, Theorem A] is in place
for deep technical reasons, and that this assumption is only needed for � which are toral
but not 0-toral. For 0-toral � , the first author and Ivanov obtain the irreducibility (and
hence supercuspidality) of the compact induction c-IndGSGx;0

(RGr
Sr

(� )) for all primes p in
[10, Theorem 12.5] by purely geometric techniques. In particular, Corollary 7.9 is strictly
weaker than op. cit. in the 0-toral setting, exactly because Corollary 7.9 says nothing about
p D 2.

To finish this subsection, we illustrate the subtle nature of "ram[� ] and the sign
(�1)r(S;�) by further specializing the present setting to the case G D GLn. Then, in gen-
eral, any twisted Levi of G is isomorphic to the product of several Weil restrictions of
general linear groups. For any cuspidal G-datum, because of the anisotropy assumption
on ZG0=ZG, each twisted Levi Gi is given by ResEi=F GLni , where Ei is the unramified
degree-n=ni extension of F . If 
 2 S0;vreg is such that the image of 
 in S0W0C Š F�qn
generates all of S0W0C, then "ram[� ] is the unique tamely ramified character of S such that
"ram[� ]jZG D 1 and

"ram[� ](
 ) D
d�1Y
iD0

(�1)(bniC1=2c�bni=2c)(ri�1):

Recalling the definition of "ram[� ] from Definition 4.8, the above formula comes from the
calculation

j(�F � ¹˙1º)n(RG
x;r=2 \R(G;S)sym)j D

{
b(n � 1)=2c if r is even;

0 otherwise;
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j�F n(RG
x;r=2 \R(G;S)sym;ur)j D

{
1 if r is even and n is even;

0 otherwise:

The calculation of the sign (�1)r(S;�) is slightly less delicate. We first note that r(S; �)
equals r(S; �) since r(S; �) depends only on the positive-depth part �jS0C by definition
(Proposition 4.9) and we have �jS0C D � jS0C . We can calculate that

j�F nR
G
x;r=2j D

{
n � 1 if r is even,

0 otherwise.

and therefore

r(S; �) D r(S; �) �
d�1X
iD0

(niC1 � ni )(ri � 1) (mod 2):

It is known ([11, Theorem 6.1.1]) that there is a unique and explicitly described coho-
mological degree rgeom(� ) such that H rgeom(� )

c (Xr \ SrGCr ; xQ`)[� ] ¤ 0. Moreover, if
G0(S; � ) D S, then Theorem 7.8 guarantees that rgeom(� ) � r(S; �) modulo 2. We can
see this explicitly as well:

r(S; �) D
d�1X
iD0

(niC1 � ni )(ri � 1)

� (rd C 1)(nd ) � n0(r0 C 1)C
dX
iD1

ni (ri�1 � ri ) (mod 2);

and if n0 D 1 (i.e., if G0(S; �) D S), then this last formula is almost exactly equal to
rgeom(� ) in [11, Corollary 6.1.2], the only difference being summands with even values.
We note the peculiarity that the algebraically calculated number r(S; �) has summands
that consider the difference between ni ’s (which captures the sequence of twisted Levi
subgroups Gi ), while the geometrically calculated number rgeom(� ) has summands that
consider the difference between the depths ri .

These calculations can be made similarly for G being any inner form of GLn, keep-
ing in mind the further calculations that if G is a non-split form of GLn, the point
Nx 2 Bred(G; F ) corresponding to S ,! G is not superspecial in the sense of [34, Defi-
nition 3.4.8].

7.4. Discussion of small residual characteristic

We illustrate some of the subtleties that arise for small p by considering a particular
example: Let F have residual characteristic p D 2 and G D SL2. In this case, Yu’s con-
struction is not available since it requires the oddness of p to utilize the theory of Weil
representations for Heisenberg groups over Fp [50, Sections 10 et seq.]. When p D 2, the
notion of Yu-datum still makes sense, even if Yu’s construction cannot be used to build a
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supercuspidal from such data. On the other hand, when p D 2 and G D SL2, there does
not even exist a toral Yu-datum! To see this, we let S be the unramified elliptic maximal
torus of G; note that S splits over the degree-2 unramified extension of F which we denote
by E. In this setting, one can compute that

SrWrCDKer(E�r
NrE=F
����!F �r )=Ker(E�rC

NrE=F
����!F �rC)DKer(E�rWrC

NrE=F
����!F �rWrC)DF �rWrC;

where the second equality holds since E is an unramified extension of F , so the norm
map on higher unit groups is surjective, and the third equality holds because the residue
field has even characteristic. In particular, every character � of SrWrC is stabilized by all
of WG(S) D Gal(E=F ). A closely related observation is that WG(S) acts trivially on the
reduction-modulo-2 of the character lattice. This implies that Yu’s condition (GE2) (see
[50, Section 8]), which is one of the two conditions for a character � of S to be G-generic
of depth r , is never satisfied.

Now let us move to the geometric side. Let � W S ! xQ�
`

be a character of depth r .
In this setting, it is automatic that � jSrWrC is non-trivial and � jNrE=F (˛_(E�r )) ¤ 1 for all
˛ 2 R(G;S). By Theorem 6.3, we have

hR
Gr
Sr ;Ur

(� ); RGr
Sr ;Ur

(� )iSL2(OF =p
rC1
F

) D h�; �iS C h�; �
�
iS � 2;

where � is the nontrivial element of Gal(E=F ). An elementary computation reveals that
equality is achieved if and only if � is the restriction of a character z� of E� such that
z�=z�� is a quadratic character. In this case, it necessarily follows that RGr

Sr ;Ur
(� ) con-

sists of two non-isomorphic irreducible representations �1; �2. It seems possible to guess
that c-IndSL2(F )

SL2(OF )(�1) and c-IndSL2(F )
SL2(OF )(�2) are non-isomorphic irreducible (and therefore

supercuspidal) representations of SL2(F ).
Our expectation is that in general the geometric representations RGr

Sr ;Ur
(� ) realize

representations which do not appear in Yu’s construction. In the above setting, we expect
thatRGr

Sr ;Ur
(� ) should be a representation constructed by Gérardin [25,26]. In some cases,

this is a theorem of Chen–Stasinski [14]; their technique works for all p, and specializing
their result to the setting of SL2 and p D 2, Chen and Stasinski prove that if r is odd,
then RGr

Sr ;Ur
(� ) coincides with the representation corresponding to the character � jS0 in

Gérardin’s construction. It seems reasonable to us that for general depths, the representa-
tion RGr

Sr ;Ur
(� ) should also correspond to one of Gérardin’s representations. (For large p,

Theorem 5.17 can be applied to compare Gérardin’s construction with Yu’s construction.)

8. Geometric L-packets of toral supercuspidal representations

In this section, we examine the implications of our results within the context of the local
Langlands correspondence. We write WF for the Weil group, IF the inertia group, and
PF the wild inertia group. We let I rF denote the r-th upper ramification filtration of IF for
r 2 R�0. Let yG be the Langlands dual group for G and write LG D yG ÌWF . Following
Kaletha [34], we assume F has characteristic zero in this section.
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We first review Kaletha’s construction of 0-toral supercuspidal L-packets. As in [34,
Definition 6.1.1], define:

Definition 8.1. A 0-toral supercuspidal parameter of generic depth r > 0 is a discrete
L-parameter 'WWF ! LG satisfying the following conditions:

(1) The centralizer of '(I rF ) in yG is a maximal torus and contains (the projection from
LG to yG of) '(PF ).

(2) '(I rCF ) is trivial, i.e., '(� ) D 1 Ì � for any � 2 I rCF .

In the present paper, our focus is on Howe-unramified supercuspidal representations.
If a 0-toral supercuspidal parameter ' of generic depth r > 0 is such that the central-
izer of '(I rF ) in yG corresponds to an unramified torus in G [34, Section 5.1], then we
additionally say that ' is Howe-unramified.

Following [34, Definition 5.2.4, Section 6.1], we define a Howe-unramified 0-toral
supercuspidal L-packet datum of depth r to be a tuple (S; y| ; �; � ) such that

� S is an unramified torus of dimension equal to the absolute rank of G, defined over F
with anisotropic quotient S=ZG,

� y| W yS! yG is an embedding of complex reductive groups whose yG-conjugacy class is
�F -stable,

� � is a minimally ramified �-data for R(G;S),

� � WS ! C� is a 0-toral character of depth r .

Here, although a priori ZG is not a subgroup of S, we may regard ZG as a subgroup of S
by choosing an embedding of S into G which is admissible for y| . Moreover, the resulting
subgroup structure does not depend on the choice of such an embedding. We refer the
readers to [34, Section 5.1] for more details including the definition of admissibility. We
note that there is a unique choice of � because S is unramified [34, Definition 4.6.1], so
we will omit it from the tuple. By [34, Proposition 6.1.2], there is a bijection

(S; y| ; � ) 7! '(S;y| ;�)

between isomorphism classes of Howe-unramified 0-toral supercuspidal L-packet data of
depth r and yG-conjugacy classes of Howe-unramified 0-toral supercuspidal parameters of
generic depth r . Explicitly, the L-parameter is the composition

'(S;y| ;�)WWF
'�
�!

LS
Lj
�!

LG

where '� WWF ! LS is the L-parameter of � and Lj W LS ! LG is the Langlands–
Shelstad extension of y| determined by the canonical �-data. A Howe-unramified 0-toral
supercuspidal datum of depth r [34, Definition 5.3.2] is a tuple (S; y| ; �; j ) where (S; y| ; � )
is a Howe-unramified 0-toral supercuspidal L-packet datum of depth r and j W S ,! G is
an F -rational embedding admissible for y| . We crucially observe that the set of all Howe-
unramified 0-toral supercuspidal datum of depth r corresponding to a fixed (S; y| ; � ) is
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indexed by G-conjugacy classes within the stable conjugacy class of a(ny) F -rational
embedding j WS ,! G admissible for y| .

For such an embedding j W S ,! G, let xj 2 B(G; F ) be a point whose image in
Bred(G; F ) is associated with jS WD j (S). We let Sj;r � Gj;r be the group schemes
defined over Fq associated to jS and xj as in Section 6.1 and we assume (vreg) in Sec-
tion 5.1. By combining our geometric comparison theorem (Theorem 7.2) with Kaletha’s
construction of toral supercuspidal L-packets, we obtain the following result:

Theorem 8.2. Let (S; y| ; � ) be a Howe-unramified 0-toral supercuspidal L-packet datum
of depth r . Then the corresponding L-parameter '(S;y| ;�) has L-packet

¹c-IndGjS �Gxj ;0
(jRGj;r

Sj;r
(j� )j)ºj2JG

G
;

where

� j� WD � ı j�1,

� jR
Gj;r
Sj;r

(j� )j denotes (�1)r(jS;j� )R
Gj;r
Sj;r

(j� ),

� JG
G is a set of representatives of the G-conjugacy classes within the stable conjugacy

class of F -rational embeddings S ,! G admissible for y| .

Proof. Kaletha’s construction of regular supercuspidal L-packets assigns to '(S;y| ;�) the
finite set of supercuspidal representations of G given by ¹�(jS;j� 0)ºj2JG

G
where j� 0

is a particular twist of the character j� of jS WD jS(F ). In [34, Step 3 in Sec-
tion 5.3], this twist is written as j� 0 D (� � ��1S ) ı j�1 � �f;ram � �

ram; Kaletha’s �ram

is the character "ram[j� ] with respect to (jS � G; j� ) in Section 4, and because we
assume S is unramified, the other twists �S and �f;ram are trivial. Therefore by Theo-
rem 7.2, �(jS;j� 0) is isomorphic to the geometrically arising supercuspidal representation

c-IndGjS �Gxj ;0
(jRGj;r

Sj;r
(j� )j).

The fact that the geometric description does not need to be separately twisted by
"ram[j� ] has non-trivial significance. Kaletha’s L-packets ¹�(jS;j� 0)ºj2JG

G
are not the

same as ¹�(jS;j� )ºj2JG
G

; these packets can be genuinely different (see [17, Example 5.5]
for an explicit example). In fact, it is known that although ¹�(jS;j� )ºj2JG

G
appears more

canonical from the perspective of Yu’s construction and Kaletha’s generalization of the
Howe factorization, these sets of supercuspidals do not (!) satisfy stability and therefore
cannot be L-packets.

Let us elaborate on stability here. In general, it is expected that the local Langlands
correspondence not only associates anL-packet…G

' to eachL-parameter ', but also gives
a parametrization of the members of …G

' in terms of a certain finite group �' determined
by '; members of…G

' are expected to be labelled by irreducible characters of �' . If we let
h�;�i denote the irreducible character of �' corresponding to � 2 …G

' , then the stability
of the L-packet …G

' asserts that the linear combination of Harish-Chandra charactersX
�2…G

'

h�; 1i �‚�
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is stable, i.e., constant on every stable conjugacy class of strongly regular semisimple
elements (see [4, Section 6] for a general formulation of stability). When ' is a 0-toral
supercuspidal parameter (or, more generally, regular supercuspidal parameter), the associ-
ated group �' is abelian (see [34, Section 5.3]). Hence, for such an L-parameter, stability
simply asserts that the sum

P
�2…G

'
‚� should be stable. Although stability alone cannot

characterize the local Langlands correspondence, it has an important role as a touchstone
in verifying the validity of the construction of the L-packets.

Given this, is it naturally pressing to ask:

Does the correspondence (j WS ,! G; � ) 7! �(jS;j� ) map stable conjugacy classes
to sets of supercuspidals with stable character sums?

In the setting of Howe-unramified 0-toral supercuspidal representations, this question
was posed by Reeder [42], who proved that this correspondence maps stable conju-
gacy classes to sets of supercuspidals with constant formal degree. DeBacker–Spice [17]
proved that the answer is in fact no and defined a twisting character "ram. Under the
additional assumption that F has characteristic zero with sufficiently large residual char-
acteristic, DeBacker–Spice proved that the twisted correspondence (j W S ,! G; � ) 7!
�(jS;j� �"ram[j� ]) does in fact preserve stability [17, Theorem 5.10]. Kaletha [34] defined
twisting characters in the more general setting of regular supercuspidal representations
and proved the associated stability preservation assertion for 0-toral supercuspidal repre-
sentations under the same assumptions on F as in DeBacker–Spice [34, Theorem 6.3.2].
This fact is strong evidence for the validity of Kaletha’s construction of the local Lang-
lands correspondence.

The content of the next theorem is that if we replace the correspondence (j WS ,!G; � )
7! �(jS;j� ) with the geometric construction

(j WS ,! G; �) 7! c-IndGjS �Gxj ;0
(jRGj;r

Sj;r
(j� )j);

then we do not need to separately define a twisting character. Theorem 8.3 is a corollary of
results we have already established in this paper (and [17, Theorem 5.10] or [34, Theorem
6.3.2]), but we would like to emphasize and repeat the following point mentioned in the
introduction: the geometry seems to innately know about automorphic side of the local
Langlands correspondence.

Theorem 8.3. Assume additionally5 that F has characteristic zero with residual char-
acteristic p � (2 C e)n where e is the ramification degree of F over Qp and n is the
dimension of the smallest faithful rational representation of G. The correspondence

(j WS ,! G; �) 7! c-IndGjS �Gxj ;0
(jRGj;r

Sj;r
(j� )j)

preserves stability for 0-toral characters � .

5These assumptions are needed in [17] as their proof relies on the logarithm map on Gx;0C
(exists when p � (2C e)n by [16, Lemma B.0.3]) and also Waldspurger’s results [49] on the funda-
mental lemma and the transfer conjecture. These are the same assumptions as in [34, Section 6.3].
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9. Regular supercuspidal representations characterized by Svreg

In this section, we prove that certain regular supercuspidal representations are determined
by their Harish-Chandra characters on unramified very regular elements. These results
can be viewed as versions of the comparison results of Section 7 in the setting where the
group SGx;0 is replaced by the p-adic group G; on the other hand, neither result implies
the other logically (see Remark 9.3). The advantage of obtaining a characterization result
at the level of G is that it allows one to characterize members of certain L-packets by
their Harish-Chandra characters on a very small collection of elements of G, as one does
for real groups [37]. In [34, (5.3.3)], Kaletha writes that ideally, his conjectural L-packets
should be constructed by taking the regular supercuspidal representation whose Harish-
Chandra character is given by a particular simple formula at shallow regular elements,
but that not enough is known about Harish-Chandra characters to know if such a formula
specifies a unique representation. Theorem 9.1 answers Kaletha’s question in the negative
but supplies a salvage: while the Harish-Chandra character at shallow regular elements
is not enough to specify a unique representation, if we expand this locus to very reg-
ular elements and consider the unramified case, it is enough to specify a unique regular
supercuspidal representation. Such a characterization problem was also mentioned several
years earlier by Adler–Spice [3, Section 0.3], motivated by Henniart’s characterization of
certain supercuspidal representations of GLn [31, 32].

The class of regular supercuspidals for which we establish this characterization are
those which correspond to tame elliptic regular pairs (S; �) where S is unramified and
G0(S; �) D S—that is, precisely the class of Howe-unramified toral supercuspidal repre-
sentations. We will additionally assume in this section that S is such that the assumption
(vreg) introduced in Section 5.2 is satisfied.

We prove the following theorem in Section 9.2.

Theorem 9.1. Let S be an elliptic unramified maximal torus of G and let � WS !C� be a
toral character. Then there is a unique regular supercuspidal representation � of G such
that for every 
 2 Svreg,

‚� (
 ) D c �
X

w2WG (S)

� (w
 ) (8)

for a non-zero constant c 2C. Furthermore, � Š �(S;�) with � WD � � "ram[� ] and we must
have c D (�1)r(S;�), where x 2 B(G; F ) is a point associated to S and r(S; �) is as in
Proposition 4.9.

Theorem 9.1 allows us to formulate the construction of Kaletha’s L-packets in the
following way. Let j W S ,! G be an unramified elliptic maximal torus defined over F
and let � WS ! C� be a toral character. For any F -rational embedding j 0W S ,! G stably
conjugate to j , let �j 0 be the regular supercuspidal representation of G with Harish-
Chandra character

‚�j 0 (
 ) D c �
X

w2WG (j 0S)

j 0� (w
 ) for 
 2 j 0Svreg,
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where j 0� WD � ı j 0�1 and c is some non-zero constant. Then the L-packet Kaletha con-
structs [34, Section 5.3] is precisely the collection of all �j 0 ; moreover, the L-parameter
corresponding to this L-packet is the homomorphism '(S;yj ;� )WWF !

LG recalled in Sec-
tion 8. The contribution of Theorem 9.1 in this context is exactly the italicized the above;
that is, that members of certainL-packets are characterized by their Harish-Chandra char-
acters on unramified very regular elements.

Remark 9.2. Kaletha actually asks for something slightly different—that regular super-
cuspidal representations are characterized by their characters on shallow elements (see
around [34, (5.3.3)]). Not all shallow elements are unramified very regular (because shal-
low elements can have connected centralizer, being equal to a torus which is not unrami-
fied), and not all unramified very regular elements are shallow (because shallow elements
necessarily have order coprime to p). A key point here is that if 
 is unramified very
regular, then any element of 
 � T
;0C is also unramified very regular. But this is not the
case for shallow elements! Pushing further in this direction, it is in fact possible to find
two non-isomorphic regular supercuspidal representations with identical character values
on shallow elements. Indeed, if we take two non-G-conjugate tame elliptic regular pairs
(S; � ) and (S; � 0) such that the regular generic reduced cuspidal G-data associated to them
have the same depth-zero part (but have different positive depth part), then we cannot
distinguish the regular supercuspidal representations �(S;� ) and �(S;� 0) by their characters
at shallow elements. So, in order for Kaletha’s desired characterization to hold in general
(i.e., outside the Howe-unramified setting), one must replace “shallow” by a generalized
notion of very regularity.

Remark 9.3. We note that Theorem 9.1 is not strong enough to obtain Theorem 7.2
without the work of Sections 5 and 7. The point here is that without Sections 5 and 7, we
would not know the irreducibility or the supercuspidality of the induced representation
c-IndGS �Gx;0

(jRGr
Sr

(� )j).
On the flip side, the results of Section 5 are not enough to obtain Theorem 9.1 because

the results of Section 5 characterize representations at the level of parahoric subgroups.

9.1. Character formula on unramified very regular elements

In order to prove Theorem 9.1 we will first need a character formula for regular supercusp-
idal representations on unramified very regular elements. Such a formula is not contained
in the work of Adler–Spice [3, Theorem 6.4] because their formula requires the com-
pactness assumption that Gd�1=ZG is F -anisotropic, and not every regular supercuspidal
representation satisfies this hypothesis. In [34, Section 4.4], Kaletha establishes a charac-
ter formula for shallow elements without this compactness condition. Given the comments
in Remark 9.2, neither Kaletha’s nor Adler–Spice’s formulas suffice for us.

In this section, we prove:

Proposition 9.4. Let (S0; �) be a tame elliptic regular pair of G and let x0 2 B(G; F )
be a point associated to S0 ,! G. Let S be an unramified elliptic maximal torus of G.
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When S0 is not G-conjugate to S, we have‚�(S0;�)
(
 )D 0 for any unramified very regular

element 
 2 Svreg. When S0 equals S, for any unramified very regular element 
 2 Svreg

we have

‚�(S0;�)
(
 ) D (�1)r(G0)�r(S)Cr(S;�)

X
w2WG (S)

"ram[�](w
 ) � �(w
 );

where the exponent of (�1) is as in Proposition 4.9.

Before we prove this result, which we will use to prove Theorem 9.1 in the next
section, let us fix some notation. From now until the end of the paper, we will use the
following notation. Let (S0; �) be a tame elliptic regular pair with an associated point x0 in
B(G;F ) and let ( EG;��1; E�) be a corresponding regular generic reduced cuspidal G-datum
(Section 3.2). We caution that at this point it could happen that either S0 is not unramified
or � is not toral. We let ı�0i , Q�i denote the “intermediate” representations arising in Yu’s
construction of the supercuspidal representation associated to ( EG; ��1; E�) (see Sections
3.1 and 3.4 for recollections). We remind the reader that ı�0i is a representation of ıKi D
S 0G0x0;0(G0; : : : ; Gi )x0;(s0;:::;si�1) and Q�i is a representation of Gi

Nx0 Ë J
iC1 where J iC1 D

(Gi ; GiC1)x0;(ri ;si ). Furthermore, we fix an unramified elliptic maximal torus S of G.

Proof of Proposition 9.4. We first note that the central character of �(S0;�) is given by
�jZG [34, Fact 3.7.11] and "ram[�]jZG D 1 by definition (Definition 4.8). Moreover, since
S is unramified, we have S D S0ZG. Thus it is enough to treat the case where 
 belongs
to S0;vreg.

Recall (Sections 3.1 and 3.4) that

�(S0;�) D c-IndGK� (� ˝ �d ) D c-IndGK� (� )˝ �d ;

whereK� DK�d DG
d�1
Nx0 Gx0;0C and � D �d D Ind

K�d
Kd

(�0
d

): Let‚� denote the character
of � and let P‚� denote the extension by zero of ‚� to a function of G.

Claim 1. For any unramified very regular element 
 2 Svreg,

‚�(S0;�)
(
 ) D �d (
 )

X
g2ıKd nGNx0

P‚ı�0
d

(g
 ):

We first argue that the function g 7! P‚� (g
 ) on G=ZG is supported on a single right
coset (GNx0=ZG) � g� in G=ZG (and is in particular compactly supported). For this we
follow an argument of Kaletha [34, Section 4.4] (who worked under the assumption that

 is shallow) adapted to our situation (
 is an unramified very regular element of S ). By
definition, for any ˛ 2 R(G; S), we have ˛(
 ) 6� 1 (mod pF ). Moreover, 
 is bounded
modulo ZG since S D S0ZG. Hence, by [48, Section 3.6.1], the set of fixed points of 

in Bred(G; F ur) is Ared(T
 ; F ur) D Ared(S; F ur). Hence the set of fixed points of 
 in the
rational building Bred(G; F ) consists of a single point Nx. The same holds for g
 in place
of 
 , with fixed point g Nx. Obviously g
 is an element of the stabilizer subgroup GNx0 of Nx0

if and only if Nx0 D g Nx. In particular, unless Nx0 D g Nx, we have g
 … K� and P‚� (g
 ) D 0.
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Hence g 7! P‚� (g
 ) is supported on ¹g 2 G j g Nx D Nx0º, which is either empty (in which
case we take g� arbitrarily) or forms a single right coset of GNx0=ZG in G=ZG (in which
case the coset of g� is uniquely determined).

In the following, by replacing (S; 
) with (g�S; g� 
 ), we assume that g� D 1. Note
that the point Nx associated to S is then necessarily equal to Nx0.

By noting that 
 is elliptic, the Harish-Chandra integral character formula (see [30,
p. 94]) implies that

‚�(S0;�)
(
 ) D

deg�(S0;�)

dim �
�d (
 )

Z
G=ZG

P‚� (g
 ) dg; (HC)

where deg �(S0;�) is the formal degree of the supercuspidal representation �(S0;�) with
respect to a fixed Haar measure of G=ZG. (In [30], the characteristic of F is assumed to
be zero. See [3, proof of Theorem 6.4] for an expository on the validity of the integral
formula in the positive characteristic case.) Since the support of the function g 7! P‚(g
 )
is contained in GNx0=ZG (note that now g� D 1), we can compute this integral as follows:Z

G=ZG

P‚� (g
 ) dg D
X

g02K�nGNx0

Z
K�g0=ZG

P‚� (g
 ) dg

D

X
g02K�nGNx0

meas(K�g0=ZG) � P‚� (g
0


 )

D meas(K�=ZG)
X

g2K�nGNx0

P‚� (g
 ):

As the irreducible supercuspidal representation �(S0;�) is obtained by the compact induc-
tion of � from K� to G, we have

deg�(S0;�) D dim � �meas(K�=ZG)�1

(see, e.g., [7, Theorem A.14]). Thus formula (HC) is simplified to

‚�(S0;�)
(
 ) D

X
g2K�nGNx0

P‚� (g
 ):

Since � D IndK�ıKd
ı�0
d
˝ �d , the Frobenius formula implies Claim 1.

Claim 2. If there is an unramified very regular element 
 2Svreg such that‚�(S0;�)
(
 )¤ 0,

then S0 is necessarily G-conjugate to the unramified elliptic maximal torus S.

If ‚�(S0;�)
(
 ) is not zero, then ‚�(S0;�)

(z
 ) ¤ 0 is also not zero for any z 2 ZG. Thus,
by ZG-translation, we may suppose that 
 belongs to S0; in particular, 
 is bounded.
Moreover, if ‚�(S0;�)

(
 ) is not zero, there exists g 2 GNx0 such that P‚ı�0
d

(g
 ) is not zero
by Claim 1. By replacing 
 with g
 , we may assume that ‚ı�0

d
(
 ) ¤ 0 (in particular, 


belongs to ıKd � S 0Gx0;0). As discussed in the proof of Claim 1, now we have Nx D Nx0.
This implies that the unramified very regular element 
 of S � SGx;0 is also unramified
very regular as an element of S 0Gx0;0. Hence, by Lemma 4.7, we may furthermore assume
that 
 belongs to S 0G0x0;0 (D ıK0) by replacing 
 with its ıKd -conjugate appropriately. By
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definition, ı�0
d

is the representation of ıKd D ıKd�1J d descended from the ıKd�1 Ë J d -
representation ( Q�d�1jıKd�1ËJd )˝ ((ı�0

d�1
˝ �d�1jıKd�1 ) Ë 1). Thus we have

‚ı�0
d

(
 ) D ‚ Q�d�1 (
 Ë 1) �‚ı�0
d�1

(
 ) � �d�1(
 ):

Then the second factor on the right-hand side can be computed in the same way:

‚ı�0
d�1

(
 ) D ‚ Q�d�2 (
 Ë 1) �‚ı�0
d�2

(
 ) � �d�2(
 ):

Continuing inductively, we see that we must have‚ı�0
0
(
 )¤ 0. By the boundedness of 
 ,

we can take a topological Jordan decomposition (i.e., a normal (0C)-approximation) 
 D

0
C with a topologically semisimple element 
0 2 S 0G0x0;0 and a topologically unipotent
element 
C 2 S 0G0x0;0 (see [43, Proposition 1.8]). Then

‚ı�0
0
(
 ) D ‚�(S0;��1)

(
 ) D ‚�(S0;��1)
(
0):

By Lemma 4.5, this vanishes unless 
0 is S 0G0x0;0-conjugate to an element of S 0. We take
g 2 S 0G0x0;0 such that g
0 2 S 0. Since 
 is unramified very regular, the topologically
semisimple part 
0 is regular semisimple in G. Thus the connected centralizer Tg
0 D
gT
0 of g
0 2 S 0 is equal to S0. On the other hand, 
0 is contained in the closure xh
i
of the cyclic group group h
i in G (see [43, Proposition 1.7 (2)]). Since xh
i is contained
in T
 D T
 (F ), where T
 is the connected centralizer of 
 in G, we get 
0 2 T
 . This
implies that T
0 D T
 by the regularity of 
0. As T
 is nothing but S, we get S D T
 D
T
0 D g�1S0, which establishes Claim 2.

We are now ready to finish the proof of Proposition 9.4. From now on, we assume that
S0 is G-conjugate to S. Let us compute the character

‚�(S0;�)
(
 ) D

X
g2ıKd nGNx0

P‚ı�0
d

(g
 ):

This can be done in a similar way to the proof of Proposition 4.11. By G-conjugation,
we may assume that S0 D S. In the following, we omit the primes from the notation; we
simply write S and x. By the argument in the previous paragraph, we see thatX

g2ıKd nGNx

P‚ı�0
d

(g
 ) D
X

g2ıKd nGNx
g
2S

‚ı�0
d

(g
 ):

The index set of the sum on the right-hand side can be furthermore rewritten as (ıKd \
NGNx (S))nNGNx (S), which equals NSG0x;0 (S)nNGNx (S) by Lemma 4.10 (2). Here note that
NSG0x;0

(S)D SNG0x;0 (S) andNGNx (S)DNG(S) (the latter equality holds since if an element
of G normalizes S, then g stabilizes the point Nx associated to S). Hence, by Proposi-
tion 4.9, we have

‚�(S;�) (
 ) D
X

g2SN
G0x;0

(S)nNG (S)

(�1)r(G0)�r(S)Cr(S;�)
X

w2W
G0x;0

(S)

"ram[�](wg
 ) � �(wg
 )

D (�1)r(G0)�r(S)Cr(S;�)
X

w2WG (S)

"ram[�](w
 ) � �(w
 ):
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Remark 9.5. After we released the first version of this paper, it was announced by
Fintzen–Kaletha–Spice that they established, under the additional assumptions that F has
characteristic zero and p > n(2C e) (the same assumptions as in Theorem 8.3), a general
formula for the characters of regular supercuspidal representations [22, Theorem 4.3.5]
based on the work of Spice [44, 45].

9.2. Proof of Theorem 9.1

We use the notation fixed in the previous subsection. To prove Theorem 9.1 we will use
Proposition 9.4 together with the following lemma:

Lemma 9.6. Let � W S ! C� be a smooth character such that � jS0C has trivial WG(S)-
stabilizer. Then for any 
 2 Svreg, there exists an element x 2 S0C such thatX

w2WG (S)

� (w (
x)) ¤ 0:

In particular, the function
P
w2WG (S) �

w is not identically zero on Svreg.

Proof. If
P
w2WG (S) � (w (
x)) D 0 for all x 2 S0C, then this implies thatX

w2WG (S)

� (w
 ) � �w jS0C D 0:

This implies that the �w jS0C are linearly dependent, which is impossible since they are
assumed to be distinct.

Proof of Theorem 9.1. First, the regular supercuspidal representation associated to the
pair (S; �) indeed satisfies (8) by Proposition 9.4. Thus our task is to show uniqueness.

Let � be a regular supercuspidal representation of G. By Proposition 3.3, there is a
corresponding tame elliptic regular pair (S0; �0), which is unique up to G-conjugacy. We
assume that the representation � satisfies the equality (8) for a toral character � of an
unramified elliptic maximal torus S of G. Because � jS0C has trivial WG(S)-stabilizer by
Lemma 3.8, Lemma 9.6 implies that there is an element 
 2 Svreg such that‚� (
 )¤ 0. By
Proposition 9.4, this implies that S and S0 must be G-conjugate. In particular, this means
we may assume S0 D S, so that we now have � Š �(S;�0) for some character �0 of S .

By Proposition 9.4, for all 
 2 Svreg, we have

‚�(S;�0) (
 ) D (�1)r(G0)�r(S)Cr(S;�0)
X

w2WG (S)

"ram[�0](w
 ) � �0(w
 ): (9)

It is now in relating �0 and � that we will invoke the remaining assumption (vreg).
With this assumption, Lemma 5.16 holds. Therefore we must have "ram[�0] � �0 D �w for
some w 2 WG(S) and c D (�1)r(G0)�r(S)Cr(S;�0). As "ram[�0] is tamely ramified, we get
�0jS0C D �

w jS0C . Since "ram[�0] (resp. "ram[�w ]) is determined by �0jS0C (resp. �w jS0C ),
we have "ram[�0] D "ram[�w ]. By noting that "ram is a sign character, we finally conclude
that �0 D �w � "ram[�w ] (D (� � "ram[� ])w ). This implies that �(S;�0) Š �(S;� �"ram[� ]).
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