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Discrete spectrum of quantum Hall effect Hamiltonians
I. Monotone edge potentials

Vincent Bruneau, Pablo Miranda, and Georgi Raikov

Abstract. We consider the unperturbed operator H0 D .�ir � A/2 C W , self-adjoint in
L2.R2/. Here A is a magnetic potential which generates a constant magnetic field b > 0, and
the edge potential W is a non-decreasing non-constant bounded function depending only on
the first coordinate x 2 R of .x; y/ 2 R2. Then the spectrum of H0 has a band structure and
is absolutely continuous; moreover, the assumption limx!1.W.x/�W.�x// < 2b implies
the existence of infinitely many spectral gaps for H0. We consider the perturbed operators
H˙ D H0˙V where the electric potentialV 2 L1.R2/ is non-negative and decays at infinity.
We investigate the asymptotic distribution of the discrete spectrum ofH˙ in the spectral gaps
of H0. We introduce an effective Hamiltonian which governs the main asymptotic term; this
Hamiltonian involves a pseudo-differential operator with generalized anti-Wick symbol equal
to V . Further, we restrict our attention on perturbations V of compact support and constant
sign. We establish a geometric condition on the support of V which guarantees the finiteness of
the number of the eigenvalues ofH˙ in any spectral gap ofH0. In the case where this condition
is violated, we show that, generically, the convergence of the infinite series of eigenvalues of
HC (resp. H�) to the lower (resp. upper) edge of a given spectral gap, is Gaussian.
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1. Introduction

The general form of the unperturbed operators we are going to consider in the present
article and its successor [16], is

H0 D H0.b;W / D � @2

@x2
C

�
� i @

@y
� bx

�2 CW.x/:

Here b > 0 is the constant magnetic field, and the edge potential W 2 L1.RI R/ is
independent of y. The self-adjoint operator H0 is defined initially on C1

0 .R2/ and
then is closed in L2.R2/. Let F be the partial Fourier transform with respect to y,
i.e.

.F u/.x; k/ D .2�/�1=2

Z
R
e�ikyu.x; y/dy; .x; k/ 2 R2:

Then we have

FH0F � D
Z ˚

R
h.k/dk

where the operator

h.k/ D � d2

dx2
C .bx � k/2 CW.x/; k 2 R;

is self-adjoint in L2.R/. Note that h.k/, k 2 R, is a Kato analytic family (see [13]
or [25], Section XII.2). For w 2 L2.R/ and k 2 R set .�kw/.x/ D w.x � k=b/.
Evidently �k is a unitary operator in L2.R/, and we have ��

k
h.k/�k D Qh.k/ where

Qh.k/ D � d2

dx2
C b2x2 CW.x C k=b/; k 2 R:

Evidently, for each k 2 R the operator h.k/ (and, hence, Qh.k/) has a discrete and
simple spectrum. Let fEj .k/g1

j D1 be the increasing sequence of the eigenvalues of

h.k/ (and, hence, of Qh.k/). The Kato analytic perturbation theory [13] implies that
Ej .k/, j 2 N, are real analytic functions of k 2 R. When we need to indicate the
dependence ofEj .k/ on b and/orW , we will writeEj .kI b;W / orEj .kIW / instead
of Ej .k/. Note that if W D 0, then the eigenvalues are independent of k, and their
explicit form is well known:

Ej .kI b; 0/ D Ej .b; 0/ D b.2j � 1/; k 2 R; j 2 N:

Further,

�.H0/ D
1[

j D1

Ej .R/: (1.1)
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In the present article we will consider monotoneW . For definiteness we assume that
W is non-decreasing. Then the band functions Ej , j 2 N, are also non-decreasing,
and �.H0/ D S1

j D1ŒE
�
j ;E

C
j � with

E�
j D lim

k!�1
Ej .k/ D b.2j � 1/CW�;

EC
j D lim

k!1
Ej .k/ D b.2j � 1/CWC;

(1.2)

and
W� D lim

x!�1W.x/; WC D lim
x!1W.x/

(see Proposition 2.1 below). Throughout the article we assume that

W� < WC; (1.3)

i.e. W is not identically constant. Hence, E�
j < EC

j for each j 2 N. Moreover, we
will assume that

WC �W� < 2b: (1.4)

Then we have
EC

j < E�
j C1; j 2 N; (1.5)

and the intervals .EC
j ;E

�
j C1/, j 2 N, are open gaps in the spectrum of H0. Thus all

the bands in the spectrum of H0 are separated by gaps where discrete spectrum may
appear under appropriate perturbations.

The perturbations under consideration will be electric potentials V W R2 ! R
which are �-compact. A simple sufficient condition which guarantees the compact-
ness of the operator V.�� � i/�1, is

V 2 L1
0 .R

2/ D fu 2 L1.R2/ j u.x; y/ ! 0 as x2 C y2 ! 1g:
By the diamagnetic inequality, the operator V.H0 � i/�1 is also compact, and hence

�ess.H0 C V / D �ess.H0/ D
1[

j D1

ŒE�
j ;E

C
j �:

For simplicity, we will consider perturbations of definite sign. More precisely we
will suppose that V � 0, and will consider the operators H˙ D H0 ˙ V . Note
that in the case of positive (resp. negative) perturbations, the discrete eigenvalues of
the perturbed operator which may appear in a given open gap of the spectrum of the
unperturbed operator, may accumulate only to the lower (resp. upper) edge of the
gap.

In order to give a more explicit formulation of the problem, we need the following
notations. Let T be a self-adjoint linear operator in a Hilbert space. Denote by PO.T /

the spectral projection of T corresponding to the Borel set O � R. For � > 0 set

N �
0 .�/ D rank P.�1;E�

1
��/.H�/:
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Next, fix j 2 N and assume that (1.4) holds. Pick � 2 .0;E�
j C1 � EC

j /, and set

N �
j .�/ D rank P

.E
C
j

;E�
j C1

��/
.H�/; N C

j .�/ D rank P
.E

C
j

C�;E�
j C1

/
.HC/:

We reduce the investigation of the accumulation of the discrete eigenvalues to the
edges of the gap .EC

j ;E
�
j C1/ of its essential spectrum, to the study of the asymptotic

behavior as � # 0 of the counting functions Nj̇ .�/.
The investigation of the asymptotic behavior of the discrete spectrum of perturbed

analytically fibred quantum Hamiltonians, lying in the gaps of the essential one has a
long history. Probably, the first results of this type were obtained for the Schrödinger
operator with periodic potential perturbed by a decaying one (see, e.g., [29], [14],
[21], and [27]). Recently, similar problems have been considered for perturbed
2D magnetic Hamiltonians [4], and for Dirichlet Laplacians in twisted wave-guides
[3]. The common feature of the above cited articles is that the edges of the gaps
in the spectrum of the unperturbed operator coincide with the extremal values of
the band functions taken at local non degenerate extrema; in this case the arising
effective Hamiltonian is a differential Schrödinger type operator. In the present
article the edges of the gaps are the limiting values of the band functions Ej .k/ as
k ! ˙1. The effective Hamiltonian which arises in this case involves a “kinetic”
part equal in the momentum representation to the multiplier by Ej , and a “potential”
part which is a pseudodifferential operator (‰DO) with contravariant (generalized
anti-Wick) symbol equal to V . These ‰DOs are unitarily equivalent to the Berezin–
Toeplitz operators which appear as effective Hamiltonians in the study of compact
perturbations of the Landau operator (see, e.g., [20], and [23]). Note however that in
the case of the Landau operator (which is equal to H0 with W D 0) the kinetic part
of the effective Hamiltonian is proportional to the identity operator.

The article is organized as follows. In Section 2 we describe the basic spectral
properties of the unperturbed operators which we need in the sequel. In Section 3 we
introduce the effective Hamiltonian appropriate for the asymptotic analysis as � # 0
of the functions Nj̇ .�/with fixed j 2 N. Our effective Hamiltonian approach allows
us to consider various types ofW and V which satisfy the assumptions stated above.
Nonetheless, the rest of the article is dedicated to the case where V 2 L1

0 .R
2I R/

has a compact support. This choice is motivated by the possible applications in the
theory of the quantum Hall effect (see, e.g., [6], [10], and [5]), and, on the other
hand, by the spectacular progress in the investigation of the discrete spectrum for
localized perturbations of the Landau Hamiltonian H0.b; 0/ (see, e.g., [23], [15],
[18], [7], [26], [17], and [19]). For definiteness, we suppose that V � 0 and discuss
only the behavior of the counting functions N C

j .�/, j 2 N, near the lower edges of
the spectral gaps; in the case V � 0 the behavior of N �

j .�/ near the upper edges is
analogous. In Section 4 we establish a sufficient condition of geometric nature which
guarantees that all the functions N C

j .�/, j 2 N, remain bounded as � # 0, i.e. that
there is a finite number of eigenvalues of HC in any gap of its essential spectrum.
When this sufficient condition is violated, we show that for any j 2 N the functions
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N C
j .�/ generically blow up as � # 0. More precisely, in Section 5 we reduce the

analysis of N C
j .�/ to counting functions for operators in holomorphic spaces. These

operators are studied in Section 6 in order to establish a lower asymptotic estimate

C�j ln �j1=2.1C o.1// � N C
j .�/; � # 0; j 2 N; (1.6)

with C� > 0 which holds when the sufficient condition of Section 4 is not fulfilled,
and an upper asymptotic estimate

N C
j .�/ � CCj ln �j1=2.1C o.1//; � # 0; j 2 N; (1.7)

with CC > C�. Note that the constants C˙ in (1.6) and (1.7) admit a clear geometric
interpretation and are independent of j 2 N. Thus, in the case of infinitely many
eigenvalues in any given gap, the main asymptotic term of N C

j .�/ is expected to be

of order j ln �j1=2 which, loosely speaking, corresponds to a Gaussian convergence
of the discrete eigenvalues to the edges of the gaps of the essential spectrum. This
behavior is different from the case of compactly supported perturbations of the Landau
Hamiltonian where typically we have

N C
j .�/ � j ln �j

ln j ln �j ; � # 0; j 2 N; (1.8)

(see, e.g., [23]). Hopefully, in a future work we will attack the problem of finding
the main asymptotic term as � # 0 of Nj̇ .�/, j 2 N.

Finally, we note that in the second part [16] of this study, we consider analogous
problems for periodic edge potentials W .

Acknowledgments. The authors were partially supported by the Chilean Science
Foundation Fondecyt under Grant 1090467, and by the Bernoulli Center, EPFL, Lau-
sanne, where a part of this work was done within the framework of the Program
“Spectral and Dynamical Properties of Quantum Hamiltonians”, January - June 2010.

V. Bruneau was also partially supported by the Agence Nationale de la Recherche
under Grant NONAa (ANR-08-BLAN-0228).

P. Miranda and G. Raikov were also partially supported by Núcleo Científico ICM
P07-027-F “Mathematical Theory of Quantum and Classical Magnetic Systems”.

2. Basic spectral properties of H0

In the following proposition we consider the general properties of the band functions
Ej , j 2 N. By analogy with the operator Qh.k/, introduce the shifted harmonic
oscillator

Qh1 D � d2

dx2
C b2x2 CWC; (2.1)

which is self-adjoint in L2.R/, and essentially self-adjoint on C1
0 .R/.
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Proposition 2.1. Assume that W is non-decreasing and bounded. Then for each
j 2 N the eigenvalue Ej .k/ is a non-decreasing function of k 2 R, and (1.2) holds
true.

Proof. The fact that Ej are non-decreasing bounded functions of k follows directly
from the mini-max principle. Let us prove (1.2). Pick E > �b � W�. Then for
each k 2 R we have �E < b C W� � inf �. Qh.k//. Moreover, �E < b C WC D
inf �. Qh1/. Then,

j.Ej .k/C E/�1 � .b.2j � 1/CWC C E/�1j �
k. Qh.k/C E/�1.WC �W.� C k=b//. Qh1 CE/�1k �

k. Qh.k/CE/�1kk.WC �W.� C k=b//. Qh1 CE/�1k:
(2.2)

Moreover,
k. Qh.k/CE/�1k � .E C b CW�/�1; (2.3)

and the r.h.s. is k-independent. Further, the multiplier by .WC �W.�Ck=b//, x 2 R,
tends strongly to zero as k ! 1, while the operator . Qh1 C E/�1 is compact and
k-independent. Hence, the operator .WC �W.�Ck=b//. Qh1 CE/�1 tends uniformly
to zero as k ! 1. Now, (2.2)–(2.3) imply

lim
k!1

.Ej .k/C E/�1 D .b.2j � 1/CWC CE/�1; j 2 N;

which yields the second limit in (1.2). The first one is proved in the same manner.

Proposition 2.1 implies that if (1.3) holds, then there are no identically constant
functionsEj , j 2 N. Applying the general theory of analytically fibred Hamiltonians
(see, e.g., [25], Section XIII.16), we immediately obtain the following result.

Corollary 2.2. Assume thatW is increasing and bounded, and that (1.3) holds true.
Then the spectrum of the operator H0 is absolutely continuous.

Our next theorem will play a crucial role in the construction of the effective
Hamiltonian introduced in the next section. For its formulation we need the following
notations. Fix k 2 R and j 2 N denote by �j .k/ the orthogonal projection onto
Ker .h.k/ � Ej .k//. Then we have

�j .k/ D h�;  j .�I k/i j .�I k/; (2.4)

where h�; �i is the scalar product in L2.R/, and  j .xI k/, x 2 R, is an eigenfunction
of h.k/ which satisfies

h.k/ j .�I k/ D Ej .k/ j .�I k/; k j .�I k/kL2.R/ D 1: (2.5)

Moreover,  j .�I k/ could be chosen to be real-valued.
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Set

h1.k/ D �k
Qh1��

k D � d2

dx2
C .bx � k/2 CWC; k 2 R;

the operator Qh1 being defined in (2.1). Denote by �j;1.k/, k 2 R, j 2 N, the
orthogonal projection onto Ker .h1.k/ � EC

j /. Then, similarly to (2.4), we have

�j;1.k/ D h�;  j;1.�I k/i j;1.�I k/: (2.6)

where the eigenfunction  j;1.xI k/ satisfies

� @2 j;1.xI k/
@x2

C .bx � k/2 j;1.xI k/
D b.2j � 1/ j;1.xI k/; k j;1.�I k/kL2.R/ D 1:

(2.7)

Moreover,  j;1.�I k/ could be chosen to be real-valued. The functions  j;1, j 2 N,
admit an explicit description. Namely, if we put

'j .x/ D Hj �1.x/e
�x2=2

.
p
�2j �1.j � 1/Š/1=2

; x 2 R; j 2 N; (2.8)

where

Hq.x/ D .�1/qex2 dq

dxq
e�x2

; x 2 R; q 2 ZC;

are the Hermite polynomials (see, e.g., [1], Chapter I, eqs. (8.5) and (8.7)), then the
real-valued function 'j satisfies

�'00
j .x/C x2'j .x/ D .2j � 1/'j .x/; k'j kL2.R/ D 1;

and we have

 j;1.xI k/ D b1=4'j .b
1=2x � b�1=2k/; j 2 N; x 2 R; k 2 R: (2.9)

Put

pj D pj .b/ D b�j C3=2

p
�.j � 1/Š2j �1

; j 2 N: (2.10)

Note that

 j;1.xI k/ D p
1=2
j .�k/j �1e�.b�1=2k�b1=2x/2=2.1C o.1// (2.11)

as k ! 1, uniformly with respect to x belonging to a compact subset of R.

Theorem 2.3. Fix j 2 N. Then we have

lim
k!1

.EC
j �Ej .k//

�1=2k�j;1 � �j .k/k1 D 0 (2.12)

where kT k1 denotes the trace-class norm of the operator T .
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We will divide the proof of the theorem into several propositions.
By analogy with (2.4) and (2.6) set

Q�j .k/ D h�; Q j .�I k/i Q j .�I k/; k 2 R; Q�j;1 D h�; Q j;1i Q j;1; j 2 N;

where
Q j .�I k/ D ��

k j .�I k/; Q j;1 D ��
k j;1;

the function  j .�I k/ (resp.,  j;1) being introduced in (2.5) (resp., in (2.7)). Evi-
dently,

Qh.k/ Q j .�I k/ D Ej .k/ Q j .�I k/; k Q j .�I k/kL2.R/ D 1;

Q j;1.x/ D b1=4'j .b
1=2x/; x 2 R;

the function 'j being defined in (2.8), and

Qh1 Q j;1 D EC
j

Q j;1; k Q j;1kL2.R/ D 1:

Since we have

�k Q�j .k/�
�
k D �j .k/; �k Q�j;1��

k D �j;1.k/; k 2 R; j 2 N;

relation (2.12) is equivalent to

lim
k!1

.EC
j �Ej .k//

�1=2k Q�j;1 � Q�j .k/k1 D 0: (2.13)

For z 2 C n .�. Qh1/ n fEC
j g/ set

R?
0;j .z/ D . Qh1 � z/�1.I � Q�j;1/:

Similarly, for z 2 C n .�. Qh.k// n fEj .k/g/ put

R?
j .z/ D . Qh.k/ � z/�1.I � Q�j .k//:

Set
Uk.x/ D WC �W.x C k=b/ D Qh1 � Qh.k/; x 2 R; k 2 R:

Proposition 2.4. We have

Q�j;1 D Q�j;1 Q�j .k/ � Q�j;1UkR
?
j .E

C
j /

D Q�j .k/ Q�j;1 �R?
j .E

C
j /Uk Q�j;1

(2.14)

and

Q�j .k/ D Q�j .k/ Q�j;1 C Q�j .k/UkR
?
0;j .Ej /

D Q�j;1 Q�j .k/CR?
0;j .Ej /Uk Q�j .k/:

(2.15)
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Proof. We have

Q�j;1 D Q�j;1 Q�j .k/C Q�j;1.I � Q�j .k//

D Q�j;1 Q�j .k/C Q�j;1. Qh1 � EC
j � Uk/. Qh.k/ � EC

j /
�1.I � Q�j .k//:

Since Q�j;1. Qh1 �EC
j / D 0, we obtain the first equality in (2.14). The second equality

is obtained by taking the adjoint. In relations (2.15) we have only exchanged the role
of Qh.k/ and Qh1.

Set

ĵ .k/ D ĵ .kIW / D
�Z

R
Uk.x/ Q j;1.x/2dx

�1=2

; k 2 R: (2.16)

By the dominated convergence theorem we have limk!C1 ĵ .k/ D 0. Note that

ĵ .k/ D .Tr Q�j;1Uk Q�j;1/1=2 D k Q�j;1U 1=2

k
k1 D kU 1=2

k
Q�j;1k1

D k Q�j;1U 1=2

k
k D kU 1=2

k
Q�j;1k:

(2.17)

Corollary 2.5. Fix j 2 N. Then we have

k Q�j;1 � Q�j .k/k1 D o. ĵ .k//; k ! 1: (2.18)

Proof. By (2.14) and (2.15) we have

Q�j;1� Q�j .k/ D � Q�j;1UkR
?
j .E

C
j /�R?

0;j .Ej /Uk Q�j;1CR?
0;j .Ej /Uk. Q�j;1� Q�j .k//;

i.e.

.I �R?
0;j .Ej /Uk/. Q�j;1 � Q�j .k// D � Q�j;1UkR

?
j .E

C
j / �R?

0;j .Ej /Uk Q�j;1:

Since s � limk!1 Uk D 0 and the operator R?
0;j .Ej / is compact and uniformly

bounded, we have limk!1 kR?
0;j .Ej /Ukk D 0, so the operator I � R?

0;j .Ej /Uk is
invertible for sufficiently great k, and for such k we have

Q�j;1 � Q�j .k/ D �.I �R?
0;j .Ej /Uk/

�1. Q�j;1UkR
?
j .E

C
j /CR?

0;j .Ej /Uk Q�j;1/:

Therefore,

k Q�j;1 � Q�j .k/k1 � k.I �R?
0;j .Ej /Uk/

�1k.kU 1=2

k
R?

j .E
C
j /k

C kR?
0;j .Ej /U

1=2

k
k/k Q�j;1U 1=2

k
k1:

(2.19)

Arguing as above, we easily find that

lim
k!1

kU 1=2

k
R?

j .E
C
j /k D lim

k!1
kR?

0;j .Ej /U
1=2

k
k D 0: (2.20)

Now the combination of (2.19), (2.20), and (2.17) implies (2.18).
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Proposition 2.6. We have

EC
j �Ej .k/ D ĵ .k/

2.1C o.1//; k ! 1: (2.21)

Proof. Assume k large enough. Evidently,

EC
j D Tr Qh1 Q�j;1 D � 1

2�i
Tr

Z
�j

Qh1. Qh1 � !/�1d!

D � 1

2�i
Tr

Z
�j

!. Qh1 � !/�1d!

where �j is a sufficiently small circle run over in the anticlockwise direction which
contains in its interiorEj .k/ and EC

j but no other points from the spectra of Qh.k/ and
Qh1. Similarly,

Ej .k/ D � 1

2�i
Tr

Z
�j

!. Qh.k/ � !/�1d!:

Therefore,

EC
j �Ej .k/ D � 1

2�i
Tr

Z
�j

!.. Qh1 � !/�1 � . Qh.k/ � !/�1/d!

D 1

2�i
Tr

Z
�j

!. Qh1 � !/�1Uk. Qh.k/ � !/�1d!:

(2.22)

Applying the Cauchy theorem, we easily get

1

2�i

Z
�j

!. Qh1 � !/�1Uk. Qh.k/ � !/�1d!

D Q�j;1Uk Q�j .k/ � EC
j Q�j;1UkR

?
j .E

C
j / �EjR

?
0;j .Ej /Uk Q�j .k/:

(2.23)

Comparing (2.22) and (2.23), and bearing in mind (2.17), we obtain

EC
j �Ej .k/ � ĵ .k/

2 D Tr Q�j;1Uk. Q�j .k/ � Q�j;1/
� EC

j Tr Q�j;1UkR
?
j .E

C
j /

�Ej TrR?
0;j .Ej /Uk Q�j .k/:

(2.24)

In order to complete the proof of (2.21), it remains to show that the three terms on
the r.h.s. of (2.24) are of order o. ĵ .k/

2/ as k ! 1.
First, we have

jTr Q�j;1Uk. Q�j .k/ � Q�j;1/j � k Q�j;1U 1=2

k
kkU 1=2

k
kk Q�j .k/ � Q�j;1k1

D o. ĵ .k/
2/; k ! 1;

(2.25)

by (2.17), (2.18), and the fact that kU 1=2

k
k is uniformly bounded with respect to

k 2 R.
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Next, using the trivial identities Q�j;1 D Q�2
j;1 and R?

j .E
C
j / Q�j .k/ D 0, as well as

the cyclicity of the trace, we obtain

Tr Q�j;1UkR
?
j .E

C
j / D �Tr . Q�j .k/ � Q�j;1/ Q�j;1UkR

?
j .E

C
j /: (2.26)

Therefore, similarly to (2.25), we have

jEC
j Tr Q�j;1UkR

?
j .E

C
j /j � jEC

j jk Q�j .k/ � Q�j;1k1

k Q�j;1U 1=2

k
kkU 1=2

k
R?

j .E
C
j /k

D o. ĵ .k/
2/

(2.27)

as k ! 1. Finally, by analogy with (2.26) we have

TrR?
0;j .Ej /Uk Q�j .k/ D TrR?

0;j .Ej /Uk Q�j .k/. Q�j .k/ � Q�j;1/
D TrR?

0;j .Ej /Uk Q�j;1. Q�j .k/ � Q�j;1/
C TrR?

0;j .Ej /Uk. Q�j .k/ � Q�j;1/2:

Hence,

jEj TrR?
0;j .Ej /Uk Q�j .k/j

� jEj .k/jkR?
0;j .Ej /U

1=2

k
kkU 1=2

k
Q�j;1kk Q�j .k/ � Q�j;1k1

C jEj .k/jkR?
0;j .Ej /Ukkk Q�j .k/ � Q�j;1k2

1

D o. ĵ .k/
2/; k ! 1;

(2.28)

by (2.17), (2.18), and the fact that both jEj .k/j and kR?
0;j .Ej .k//U

1=2

k
k, as well as

kR?
0;j .Ej .k//Ukk are uniformly bounded with respect to k 2 R.
Putting together (2.24), (2.25), (2.27), and (2.28), we obtain (2.21).

Now (2.13) (and, hence, (2.12)) follows immediately from (2.18) and (2.21).

3. Effective Hamiltonians

Assume that W is a non-decreasing function, and (1.4) holds true. As explained in
the introduction, for definiteness, we will consider the case of positive perturbations,
and respectively the asymptotic behavior as � # 0 of N C

j .�/, j 2 N, � 2 .0; 2b C
W� �WC/.

Pick j 2 N, A 2 Œ�1;1/ and � > 0, and set

Pj .A/ D
Z ˚

.A;1/

�j .k/dk;

Pj .A/ D F �Pj .A/F ;
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Pj;1.A/ D
Z ˚

.A;1/

�j;1.k/dk;

Tj .�IA/ D
Z ˚

.A;1/

.EC
j �Ej .k/C �/�1=2�j .k/dk;

Tj;1.�IA/ D
Z ˚

.A;1/

.EC
j �Ej .k/C �/�1=2�j;1.k/dk:

Proposition 3.1. Assume M 2 L1
0 .R

2/. Then the operator MF �Tj;1.�IA/ is
compact for any � > 0 and A 2 Œ�1;1/. Moreover, for any A1; A2 2 Œ�1;1/

the operator
MF �.Tj;1.�IA1/ � Tj;1.�IA2// (3.1)

extends to a uniformly bounded and continuous operator for � � 0.

Proof. Denote by 	R the characteristic function of a disk of radius R centered at the
origin. For � > 0 and A 2 Œ�1;1/ write

MF �Tj;1.�IA/ D 	RMF �Tj;1.�IA/C .1 � 	R/MF �Tj;1.�IA/: (3.2)

The first operator at the r.h.s of (3.2) is Hilbert–Schmidt for any R 2 .0;1/,
and the norm of the second one tends to zero as R ! 1. Hence, the operator
MF �Tj;1.�IA/ is compact. Further, the case A1 D A2 in (3.1) is trivial so that we
suppose A1 ¤ A2. Define the value for � D 0 of the operator in (3.1) as

MF �
Z ˚

.A�;AC/

.EC
j �Ej .k//

�1=2�j;1.k/dk

with A� D minfA1; A2g and AC D maxfA1; A2g. Now the uniform boundedness
for � � 0 of the operator in (3.1) follows from the estimates

kMF �.Tj;1.�IA1/ � Tj;1.�IA2//k
� kMkL1.R2/ sup

k2.A�;AC�

.EC
j �Ej .k//

�1=2; � � 0;

while the uniform continuity of this operator for � � 0 follows from the estimates

kMF �..Tj;1.�1IA1/ � Tj;1.�1IA2// � .Tj;1.�2IA1/ � Tj;1.�2IA2///k
� j�1 � �2jkMkL1.R2/ sup

k2.A�;AC�

.EC
j � Ej .k//

�2; �1; �2 � 0:

Let s > 0 and T D T � be a linear compact operator acting in a given Hilbert
space.1 Set

n˙.sIT / D rank P.s;1/.˙T /I
1All Hilbert spaces in this article are supposed to be separable.
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thus the functions n˙.�IT / are respectively the counting functions of the positive
and negative eigenvalues of the operator T . In the case where T is compact but
not necessarily self-adjoint (in particular, T could act between two different Hilbert
spaces), we will use also the notations

n�.sIT / D nC.s2IT �T /; s > 0I
thus n�.�IT / is the counting function of the singular values of T . Of course, we have
n�.sIT / D n�.sIT �/ and hence nC.sIT �T / D nC.sIT T �/ for any s > 0. For
further references we recall here the well-known Weyl inequalities

nC.s1 C s2IT1 C T2/ � nC.s1IT1/C nC.s2IT2/ (3.3)

where sj > 0, and Tj , j D 1; 2, are linear self-adjoint operators acting in a given
Hilbert space. In the case where T1 and T2 are linear and compact but not necessarily
self-adjoint, we recall also the Ky–Fan inequalities

n�.s1 C s2IT1 C T2/ � n�.s1IT1/C n�.s2IT2/; s1; s2 > 0: (3.4)

Theorem 3.2. Assume that V 2 L1
0 .R

2I R/. Fix j 2 N and A 2 Œ�1;1/. Then
for any " 2 .0; 1/ we have

nC.1C "ITj;1.�IA/F V F �Tj;1.�IA//CO.1/

� N C
j .�/

� nC.1 � "ITj;1.�IA/F V F �Tj;1.�IA//CO.1/; � # 0:
(3.5)

Proof. The Birman–Schwinger principle implies

N C
j .�/ D n�.1IV 1=2.H0 � EC

j � �/�1V 1=2/CO.1/; � # 0: (3.6)

Pick zA 2 R. Applying the Weyl inequalities (3.3), we get

nC.1C sIV 1=2.EC
j �H0 C �/�1Pj; zAV

1=2/

� n�.sIV 1=2.EC
j �H0 C �/�1.I � Pj; zA/V

1=2/

� n�.1IV 1=2.H0 � EC
j � �/�1V 1=2/

� nC.1 � sIV 1=2.EC
j �H0 C �/�1Pj; zAV

1=2/

C nC.sIV 1=2.EC
j �H0 C �/�1.I � Pj; zA/V

1=2/;

(3.7)

for any s 2 .0; 1/. By V 2 L1
0 .R

2I R/ and the diamagnetic inequality, we easily find
that

n˙.sIV 1=2.EC
j �H0 C �/�1.I � Pj; zA/V

1=2/ D O.1/; � # 0: (3.8)
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Further, for any r > 0 we have

nC.r2IV 1=2.EC
j �H0 C �/�1Pj; zAV

1=2/

D nC
�
r2IV 1=2F �

Z ˚

. zA;1/

.EC
j �Ej .k/C �/�1�j .k/dkF V 1=2

�
D n�.r IV 1=2F �Tj .�I zA//:

(3.9)

Applying the Ky–Fan inequalities (3.4), we obtain

n�.r.1C s/IV 1=2F �Tj;1.�I zA//
� n�.rsIV 1=2F �.Tj;1.�I zA/ � Tj .�I zA///

� n�.r IV 1=2F �Tj .�I zA//
� n�.r.1 � s/IV 1=2F �Tj;1.�I zA//

C n�.rsIV 1=2F �.Tj;1.�I zA/ � Tj .�I zA///:

(3.10)

Now note that

kV 1=2F �.Tj;1.�I zA/ � Tj .�I zA//k
� kV k1=2

L1.R2/
sup
k> zA

.EC
j �Ej .k//

�1=2k�j .k/ � �j;1.k/k; (3.11)

uniformly with respect to � > 0. By (3.11) and Theorem 2.3 we find that for each
q > 0 there exists A0 D A0.q/ such that zA � A0.q/ implies

kV 1=2F �.Tj;1.�I zA/ � Tj .�I zA//k � q

for each � > 0. Choosing zA � A0.rs/ in (3.10) we find then that

n�.rsIV 1=2F �.Tj;1.�I zA/ � Tj .�I zA/// D 0 (3.12)

for each � > 0. Next, the Ky–Fan inequalities (3.4) imply that for any � > 0, r > 0,
s 2 .0; 1/ and A, zA, we have

n�.r.1C s/IV 1=2F �Tj;1.�IA//
� n�.rsIV 1=2F �.Tj;1.�IA/ � Tj;1.�I zA///

� n�.r IV 1=2F �Tj;1.�I zA//
� n�.r.1 � s/IV 1=2F �Tj;1.�IA//

C n�.rsIV 1=2F �.Tj;1.�IA/ � Tj;1.�I zA///:

(3.13)

By Proposition 3.1 we have

n�.r IV 1=2F �.Tj;1.�IA/ � Tj;1.�I zA/// D O.1/; � # 0; (3.14)
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for any fixed r > 0. Finally we note that

n�.r IV 1=2F �Tj;1.�IA// D nC.r2ITj;1.�IA/F V F �Tj;1.�IA// (3.15)

for each r > 0, � > 0. Putting together (3.6)–(3.10), and (3.12)–(3.15), we ob-
tain (3.5).

Note that the operator Tj;1.�IA/F V F �Tj;1.�IA/ regarded as an operator
on the Hilbert space Pj;1.A/L2.R2/, is unitarily equivalent to Sj .�IA/�Sj .�IA/,
where Sj .�IA/ W L2.A;1/ ! L2.R2/ is an operator with integral kernel

.2�/�1=2V.x; y/1=2eiky j;1.xI k/.EC
j �Ej .k/C �/�1=2; (3.16)

for k 2 R, .x; y/ 2 R2, and � > 0, the function  j;1 being defined in (2.9).
Therefore,

nC.r ITj;1.�IA/F V F �Tj;1.�IA// D nC.r ISj .�IA/�Sj .�IA//; (3.17)

for r > 0 and � > 0.
For .x; 
/ 2 T �R D R2 and j 2 N set

‰x;�Ij .k/ D b�1=2e�ik� j;1.xI k/; k 2 R:

Note that for each j 2 N the system f‰x;�Ij g.x;�/2T �R is overcomplete with respect
to the measure b

2�
dxd
, i.e. for each f 2 L2.R/ we have

b

2�

Z
T �R

jhf;‰x;�Ij ij2dxd
 D
Z

R
jf .k/j2dk

(see [1] or [28], Section 24).
For .x; 
/ 2 T �R and j 2 N set Px;�Ij D h�; ‰x;�Ij i‰x;�Ij , and introduce the

operator

Vj D b

2�

Z
T �R

V.x; 
/Px;�Ijdxd
;

where the integral is understood in the weak sense. Then Vj can be interpreted as a
‰DO with contravariant (generalized anti-Wick) symbol V , see [1]. Moreover, we
have

Sj .�I �1/�Sj .�I �1/ D .EC
j �Ej C �/�1=2Vj .E

C
j �Ej C �/�1=2: (3.18)

Bearing in mind (3.17) and (3.18), and applying the Birman–Schwinger principle,
we find that (3.5) with A D �1 and " 2 .0; 1/ can be re-written as

rank P
.E

C
j

C�;1/
.Ej C .1C "/�1Vj /CO.1/

� N C
j .�/

� rank P
.E

C
j

C�;1/
.Ej C .1 � "/�1Vj /CO.1/; � # 0:

Thus, the operator Ej C Vj could be interpreted as the effective Hamiltonian which
governs the asymptotics of N C

j .�/ as � # 0, the multiplier by Ej being its “kinetic”
part, and the ‰DO Vj being its “potential” part.
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4. Sufficient condition for the boundedness of N C
j

.�/

Assume that W is a bounded non-decreasing function with W� < WC. Set

xC D inffx 2 R j W.x/ D WCg: (4.1)

By the assumption W� < WC, we have xC > �1. Set

X D fx 2 R j there exists y 2 R such that .x; y/ 2 ess suppV g;
X� D inf X; XC D sup X:

Theorem 4.1. Let W be a bounded and non-decreasing function with W� < WC
and xC � 1. Assume that V 2 L1

0 .R
2/, V � 0, �1 < X� < XC < 1. Suppose

in addition that ess supx2R

R
R V.x; y/dy < 1, and

XC < xC: (4.2)

Then we have
N C

j .�/ D O.1/; � # 0; j 2N: (4.3)

In order to prove Theorem 4.1 we need some information on the asymptotic
behaviour ask ! 1 of the function ĵ .k/defined in (2.16), which by Proposition 2.6
determines the asymptotics of Ej �Ej .k/. Letw�; wC 2 R,w� < wC, x0 2 R. Put

w.x/ D
´
wC if x � x0;

w� if x < x0:
(4.4)

Proposition 4.2. Assume that w� < wC. Then we have

ĵ .kI w/2 D .wC � w�/
2

pjk
2j �3e�.b�1=2k�b1=2x0/2

.1C o.1//; k ! 1; (4.5)

the number pj being defined in (2.10).

We omit the simple proof of the proposition, based on the standard Laplace method
for approximate evaluation of integrals depending on a large parameter.

Remark. Comparing (2.21) and (4.5), we find that under the assumptions of Propo-
sition 4.2, we have

Ej .kI b;w/
D EC

j � .wC � w�/
2

pjk
2j �3e�.b�1=2k�b1=2x0/2

.1C o.1//; k ! 1:
(4.6)

Thus, in spite of the fact that the band functions Ej .kI b;W /, k 2 R, j 2 N, imitate
in many aspects the behaviour of the edge potential W (see, e.g., Proposition 2.1),
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asymptotic relation (4.6) reveals an important difference: the function w is equal to its
maximal valuewC on the interval Œx0;1/, while the band functionsEj .kI b;w/, j 2
N, being analytic increasing functions, never reach their suprema EC

j . This purely
quantum effect related to the uncertainty principle, explains many of the asymptotic
results obtained in the sequel.

Proof of Theorem 4.1. By the upper bound in (3.5), and (3.17), it suffices to show
that

n�.r ISj .�IA// D O.1/; � # 0; (4.7)

for any fixed r > 0 and A 2 Œ�1;1/. We have

n�.r ISj .�IA// � r�2Tr Sj .�IA/�Sj .�IA/ D 1

2�r2
I0.�/ (4.8)

where

I0.�/ D
Z 1

A

Z
R2

.EC
j �Ej .kI b;W /C �/�1 j;1.xI k/2V.x; y/dxdydk:

Now pick Qx 2 .XC; xC/ which is possible due to (4.2), and set

QW .x/ D
´
WC ifx � Qx;
W. Qx/ ifx < Qx: (4.9)

Since W.x/ � QW .x/, x 2 R, the mini-max principle implies

.EC
j �Ej .kI b;W /C �/�1

� .EC
j �Ej .kI b; QW /C �/�1; k 2 R; j 2 N; � > 0:

Therefore,

I0.�/ �
�

ess sup
x2R

Z
R
V.x; y/dy

�
I1.�/ (4.10)

where

I1.�/ D
Z 1

A

Z XC

X�

.EC
j �Ej .kI b; QW /C �/�1 j;1.xI k/2dxdk:

Taking into account (2.11), (2.21), and (4.5), and bearing in mind that the interval
ŒX�; XC� is compact, we find that for sufficiently large A > 0 and any � � 0 we
have

I1.�/ � 4.WC �W. Qx//�1 max
x2ŒX�;XC�

e�b.x2� Qx2/

Z 1

A

Z XC

X�

ke�2k. Qx�x/dxdk

� 2.WC �W. Qx//�1 max
x2ŒX�;XC�

e�b.x2� Qx2/

Z 1

A

e�2k. Qx�XC/dk < 1;

(4.11)

due to Qx > XC. Putting together (4.8) - (4.11), we obtain (4.7), and hence (4.3).
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5. Reduction to operators in holomorphic spaces

In the sequel we assume that there exist bounded domains �˙ � R2 with Lipschitz
boundaries, and constants c0̇ > 0 such that

c�
0 	��

.x; y/ � V.x; y/ � cC
0 	�C

.x; y/; .x; y/ 2 R2; (5.1)

where 	
�˙

denotes the characteristic function of the domain �˙. Next, for ı 2
.0; 1=2/ introduce the intervals

I� D I�.ı/ D .ı; 1 � ı/; IC D IC.ı/ D .0; 1C ı/:

In what follows we will assume that the infimumxC defined in (4.1) satisfiesxC < 1,
because in the case xC D 1 Theorem 4.1 implies N C

j .�/ D O.1/ as � # 0. Since
the operatorH0 is invariant under magnetic translations, we will assume that xC D 0

without any loss of generality.
Let ı 2 .0; 1=2/ and m > 0. Define the operator ��

ı
.m/ W L2.I�/ ! L2.��/ as

the operator with integral kernel

��1=2me�bx2=2em.xCiy/kk1=2; k 2 I�; .x; y/ 2 ��;

and the operator �C
ı
.m/ W L2.IC/ ! L2.�C/ as the operator with integral kernel

��1=2me�bx2=2em.xCiyCı/kk1=2; k 2 IC; .x; y/ 2 �C:

Remark. Introduce the set

B.�˙/ D fu 2 L2.�˙/ j u is analytic in�˙g (5.2)

considered as a subspace of the Hilbert space L2.�˙I e�bx2
dxdy/. Note that as

a functional set B.�˙/ coincides with the Bergman space over �˙ (see, e.g., [9],
Subsection 3.1). Then, up to unitary equivalence, the operators �˙

ı
.m/ map L2.I˙/

into B.�˙/.

Theorem 5.1. Suppose thatW is a bounded non-decreasing function withW� < WC.
Assume that V 2 L1

0 .R
2I R/ satisfies (5.1). Then we have

n�.r ISj .�IA// � n�.r.1C "/

q
.WC �W�/=c�

0 I��
ı .

p
bjln �j//CO.1/; (5.3)

and

n�.r ISj .�IA//
� n�.r.1 � "/

q
.WC �W.�ı//=cC

0 e
�bı2=2I�C

ı
.
p
bjln �j//CO.1/;

(5.4)

as � # 0, for all j 2 N, A > 0, " 2 .0; 1/, ı 2 .0; 1=2/ and r > 0.



Discrete spectrum of quantum Hall effect Hamiltonians I 255

We will divide the proof of Theorem 5.1 into two propositions.
For the proof of the first one we need the following auxiliary result. Define the

operators Fl , l D 0; 1. by

.Flv/.z/ D
Z

R
ezkklv.k/dk; v 2 C1

0 .R/; z 2 C:

Note that Flv are entire functions in C, and .F1v/.z/ D @.F0v/
@z

.z/. Moreover, the
operators Fl can be extended as continuous operators from D 0

comp.R/, the subclass
of compactly supported distributions from the class D 0.R/, dual to C1

0 .R/, into the
space of functions entire in C. Set

f ˙
l Œv� D

Z
�˙

e�bx2 j.Flv/.x C iy/j2dxdy; v 2 C1
0 .A;1/; l D 0; 1:

Denote by DŒf1̇ � the closure of C1
0 .A;1/ in the norm generated by the quadratic

form f1̇ .

Lemma 5.2. The quadratic form f0̇ is closable in DŒf1̇ �, and the operator F ˙
generated by its closure, is compact in DŒf1̇ �.

Proof. Consider DŒf1̇ C f0̇ �, the closure of C1
0 .A;1/ in the norm generated by

the quadratic form f1̇ Cf0̇ . The quadratic form f0̇ is bounded, and hence closable

inDŒf1̇ Cf0̇ �. Denote by zF ˙ the operator generated by its closure inDŒf1̇ Cf0̇ �.
For v 2 C1

0 .A;1/ set

w.x; y/ D .F0v/.x C iy/; x C iy 2 C:

Then we have

f0̇ Œv� D
Z

�˙

e�bx2 jwj2dxdy; f1̇ Œv� D 2

Z
�˙

e�bx2 jrwj2dxdy: (5.5)

Since the �˙ is a bounded domain with a Lipschitz boundary, the Sobolev space
H1.�˙/ is compactly embedded inL2.�˙/. Hence, (5.5) implies that zF ˙ is compact.

Let us now check that kzF ˙k < 1. Evidently, kzF ˙k � 1. Assume kzF ˙k D 1.
Since zF ˙ is compact, this means that there exists 0 ¤ v˙ 2 DŒf1̇ C f0̇ � such that
f1̇ Œv� D 0. Let fvṅ gn2N be a sequence of functions vṅ 2 C1

0 .A;1/ � C1
0 .R/

converging to v˙ in DŒf1̇ C f0̇ �. Set wṅ .z/ D .F0vṅ /.z/. Evidently, for any
n 2 N we have wṅ 2 B.�˙/ (see (5.2)). Since B.�˙/ is complete, there exists

w˙ 2 B.�˙/ such that limn!1 kwṅ �w˙kB.�˙/ D 0. Since .F1vṅ /.z/ D @w˙
n

@z
,

it is not difficult to check that f1̇ Œv
˙� D 0 implies that w˙ is constant in �˙ (see,

e.g., [9], Theorem 2, Exercise 1), and hence w˙ admits a unique analytic extension
as a constant to C. Then the distributional Paley–Wiener theorem (see, e.g., [11],
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Theorem 1.7.7) combined with [24], Theorem V.11, implies that v˙ is proportional
to the Dirac ı-function supported at k D 0. Since supp v˙ � ŒA;1/ and A > 0 we
conclude that v˙ D 0 as an element of D 0.R/, and hence f1̇ Œv

˙�C f0̇ Œv
˙� D 0,

which contradicts with the hypothesis that v˙ ¤ 0 as an element of DŒf1̇ C f0̇ �.
Therefore, kzF ˙k < 1, and the quadratic form f0̇ is bounded, and hence closable in
DŒf1̇ �. Finally, the operator F ˙ generated by its closure is unitarily equivalent to

.I � zF ˙/�1 zF ˙ and therefore is compact in DŒf1̇ �.

Define the non-decreasing functions

W �
0 .x/ D

´
WC if x > 0;

W� if x � 0

and

W C
0 .x/ D W C

0 .xI ı/ D
´
WC if x � �ı;
W.�ı/ if x < �ı; ı > 0:

Since xC D 0 and ı > 0 we have

W �
0 .x/ � W.x/ � W C

0 .xI ı/; x 2 R: (5.6)

Set
!˙ D fx 2 R j there exists y 2 R such that .x; y/ 2 �˙g: (5.7)

Let � > 0, A 2 Œ�1;1/. Fix j 2 N. DefineQj̇ .�IA/ W L2.A;1/ ! L2.�˙/ as
the operator with integral kernel

� pj

2�

�1=2

eikye�.b1=2x�b�1=2k/2=2.EC
j �Ej .kIW0̇ /C �/�1=2.�k/j �1; (5.8)

with k 2 .A;1/, .x; y/ 2 �˙, the number pj being defined in (2.10).

Proposition 5.3. Assume thatW andV satisfy the assumptions of Theorem 5.1. Then
for every A > 0, r > 0, and " 2 .0; 1/, we have

n�.r.1C "/I p
c�

0 Q
�
j .�IA//CO.1/

� n�.r ISj .�IA//
� n�.r.1�"/I

q
cC

0 Q
C
j .�IA//CO.1/;

(5.9)

as� # 0, whereSj .�IA/ is the operator defined by (3.16),Qj̇ .�IA/are the operators

defined by (5.8), and c0̇ are the constants occurring in (5.1).

Proof. Inequalities (5.1) and (5.6), combined with the mini-max principle, imply the
estimates

n�.r I
p
c�

0
zS�
j .�IA// � n�.r ISj .�IA// � n�.r I

q
cC

0
zSC
j .�IA// (5.10)
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where zSj̇ .�IA/ W L2.A;1/ ! L2.�˙/ is the operator with integral kernel

.2�/�1=2eiky j;1.xI k/.EC
j �Ej .kIW0̇ /C �/�1=2; k 2 R; .x; y/ 2 �˙:

In the case j D 1 inequality (5.10) yields immediately (5.9) since in this case we
have zS1̇ .�IA/ D Q1̇ .�IA/. Assume j � 2. Then we have

 j;1.xI k/ D p
1=2
j

j �1X
lD0

Pl;j .x/.�k/j �1�le�.b�1=2k�b1=2x/2=2; (5.11)

for x 2 R, and k 2 R, where Pl;j is a polynomial of degree less than or equal to l ,
and P0;j D 1. Therefore,

zSj̇ .�IA/ D
j �1X
lD0

Pl;jQj̇ .�IA/B l

where the operator B W L2.A;1/ ! L2.A;1/ with A > 0 is defined by

.Bu/.k/ D k�1u.k/; k 2 .A;1/; u 2 L2.A;1/:

Further, for each u 2 L2.A;1/ and � 2 .0; 1/, we have

k zS�
j .�IA/uk2

L2.��/
D

Z
��

ˇ̌̌ j �1X
lD0

Pl;j .x/.Q
�
j .�; A/B

lu/.x; y/
ˇ̌̌2
dxdy

� .1 � �/
Z

��

jP0;j .x/
2.Q�

j .�; A/B
lu/.x; y/j2dxdy

� .��1 � 1/
Z

��

ˇ̌̌ j �1X
lD1

Pl;j .x/.Q
�
j .�; A/B

lu/.x; y/
ˇ̌̌2
dxdy

� .1 � �/
Z

��

jP0;j .x/
2.Q�

j .�; A/B
lu/.x; y/j2dxdy

� .��1 � 1/.j � 1/c�
2

j �1X
lD1

Z
��

j.Q�
j .�; A/B

lu/.x; y/j2dxdy;

with c�
2 D maxlD1;:::;j �1 supx2!�

Pl;j .x/
2, the set!� being defined in (5.7). There-

fore,

zS�
j .�IA/� zS�

j .�IA/
� .1 � �/Q�

j .�IA/�Q�
j .�IA/

� .j � 1/.��1 � 1/c�
2

j �1X
lD1

B lQ�
j .�IA/�Q�

j .�IA/B l :

(5.12)
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Similarly,

zSC
j .�IA/� zSC

j .�IA/
� .1C �/QC

j .�IA/�QC
j .�IA/

C .j � 1/.��1 C 1/cC
2

j �1X
lD1

B lQC
j .�IA/�QC

j .�IA/B l ;

(5.13)

with � > 0, and cC
2 D maxlD1;:::;j �1 supx2!C

Pl;j .x/
2. Let us consider now the

quadratic forms

a˙
l Œu� D a˙

l ŒuI�; j �
D 2�

pj

kQj̇ .�IA/B luk2
L2.�˙/

D
Z

�˙

e�bx2

ˇ̌̌
ˇ
Z 1

A

ek.xCiy/e�b�1k2=2.EC
j �Ej .kIW0̇ /C �/�1=2

.�k/j �l�1u.k/dk

ˇ̌̌
ˇ
2

dxdy

(5.14)

with u 2 C1
0 .A;1/, � > 0, j � 2, l D 0; : : : ; j � 2. Evidently, a˙

l
Œu� � 0, and

a˙
l
Œu� D 0 implies u D 0. Denote by DŒa˙

l
�, l D 0; : : : ; j � 2, the completion of

C1
0 .A;1/ in the norm generated by a˙

l
.

Further, for j � 2, l D 0; : : : ; j � 2, and � > 0, define the operator Uj;l;� by

.U˙
j;l;�u/.k/ D e�b�1k2=2.EC

j � Ej .kIW0̇ /C �/�1=2kj �l�2u.k/; k 2 .A;1/:

Note that the mapping U˙
j;l;�

W C1
0 .A;1/ ! C1

0 .A;1/ is bijective, and we have

a˙
l Œu� D f1̇ ŒU

˙
j;l;�u�; a˙

lC1Œu� D f0̇ ŒU
˙
j;l;�u�; (5.15)

for u 2 C1
0 .A;1/ and l D 0; : : : ; j � 2. It follows from Lemma 5.2 that the

quadratic form a˙
lC1

is closable in DŒa˙
l
�, l D 0; : : : ; j � 2. Denote by A˙

l
the

operator generated inDŒa˙
l
� by the closure of the quadratic form a˙

lC1
. Since A˙

l
D

.U˙
j;l;�

/�1F ˙U˙
j;l;�

, i.e. the operator A˙
l

is unitarily equivalent to F ˙, and F ˙ does

not depend on �, we find that �.A˙
l
/ is independent of �. Moreover, since F ˙ is

compact by Lemma 5.2, we find that the operator A˙
l

is compact as well.
Now it follows easily from (5.12)–(5.13) that for each " 2 .0; 1/ there exist

subspaces H˙ of C1
0 .A;1/ such that the codimensions codim H˙ are finite and

independent of �, and

k zS�
j .�IA/uk2 � .1C "/�2kQ�

j .�IA/uk2; u 2 H�; (5.16)

k zSC
j .�IA/uk2 � .1 � "/�2kQC

j .�IA/uk2; u 2 HC: (5.17)
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Combining (5.16)–(5.17) with standard variational arguments (see, for instance, [2],
Lemma 1.13, and the proof of Lemma 1.16 in [2]), we get

n�.r I zS�
j .�IA// � n�.r.1C "/IQ�

j .�IA// � codim H�; (5.18)

n�.r I zSC
j .�IA// � n�.r.1 � "/IQC

j .�IA//C codim HC: (5.19)

Putting together (5.18)–(5.19) and (5.10), we arrive at (5.9).

Proposition 5.4. For every r > 0, A > 0, ı 2 .0; 1=2/, and " 2 .0; 1/, we have

n�.r IQ�
j .�IA// � n�.r.1C "/

p
WC �W�I��

ı .
p
bj ln �j//CO.1/ (5.20)

and

n�.r IQC
j .�IA//

� n�.r.1 � "/
p
WC �W.�ı/e�bı2=2I�C

ı
.
p
bj ln �j//CO.1/;

(5.21)

as � # 0.

Proof. Let � > 0, A 2 Œ�1;1/. Define the operators

Mj̇;1.�IA/ W L2.�˙/ ! L2.�˙/

as the operators with integral kernels

pj

2�
e�b.x2Cx02/=2

Z 1

A

.EC
j �Ej .kIW0̇ /C �/�1

k2.j �1/e�b�1k2

ek.xCx0Ci.y�y0//dk

(5.22)

with .x; y/; .x0; y0/ 2 �˙. Evidently, Qj̇ .�IA/Qj̇ .�IA/� D Mj̇;1.�IA/. There-
fore,

nC.r IQj̇ .�IA/�Qj̇ .�IA// D nC.r IMj̇;1.�IA//; r > 0: (5.23)

In the rest of the proof of the proposition we just show by successive simplifications
that we can replace the operators Mj̇;1.�IA/ by their “asymptotic values” as � # 0,
namely the operators

const: �˙
ı .

p
bj ln �j/ �˙

ı .
p
bj ln �j/�:

The main ideas of these steps are inspired by the elementary asymptotic analysis as
� # 0 of the integral in (5.22); here we apply essentially relation (4.6) dealing with
the asymptotics of Ej .k/ as k ! 1. The technical details of the proof become
somewhat tedious since we need to ensure an adequate control on the differences of
the eigenvalue counting functions for the successive approximations.
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First, we concentrate at the proof of (5.20). Fix " > 0. Then by (4.6) there exists
A�

0 D A�
0 ."/ such that k � A�

0 implies

EC
j � Ej .kIW �

0 / � .1C "/
WC �W�

2
pjk

2j �3e�b�1k2

: (5.24)

For p > 0 and A > 0 define M�
j;2.�; A; p/ W L2.��/ ! L2.��/ as the operator

with integral kernel

pj

2�
e�b.x2Cx02/=2

Z 1

A

.p C �k3�2j eb�1k2

/�1kek.xCx0Ci.y�y0//dk (5.25)

with .x; y/; .x0; y0/ 2 ��. Then (5.24) implies that for A1 D maxfA;A�
0 g we have

nC.r IM�
j;1.�IA// � nC.r IM�

j;2.�; A1; pj .1C "/.WC �W�/=2//: (5.26)

Fix ı 2 .0; 1=2/. Setƒ D j ln �j1=2, and assume that� > 0 is small thatA1 < ı
p
bƒ.

Then, by the mini-max principle,

nC.r IM�
j;2.�; A1; p// � nC.r IM�

j;2.�; ı
p
bƒ; p//; p > 0; r > 0: (5.27)

In the integral defining the kernel of the operator M�
j;2.�; ı

p
bƒ; p/ (see (5.25)),

change the variable k D p
bƒ.1C u/1=2 with u 2 .�1C ı2;1/. Then we see that

the integral kernel of M�
j;2.�; ı

p
bƒ; p/ is equal to

pjbƒ
2

4�
e�b.x2Cx02/=2

Z 1

�1Cı2

.p C .
p
bƒ.1C u/1=2/3�2j eƒ2u/�1

e.xCx0Ci.y�y0//
p

bƒ.1Cu/1=2

du:

Define M�
j;3.�; ı; p/ W L2.��/ ! L2.��/ as the operator with integral kernel

pj bƒ
2

4�
e�b.x2Cx02/=2

Z �1C.1�ı/2

�1Cı2

.p C .
p
bƒ.1C u/1=2/3�2j eƒ2u/�1

e.xCx0Ci.y�y0//
p

bƒ.1Cu/1=2

du

with .x; y/; .x0; y0/ 2 ��. Evidently, the mini-max principle implies

nC.r IM�
j;2.�; ı

p
bƒ; p// � nC.r IM�

j;3.�; ı; p//; (5.28)

for p > 0, r > 0, and ı 2 .0; 1=2/. Further, define

M�
j;4.�; ı; p/ W L2.��/ ! L2.��/

as the operator with integral kernel

pj bƒ
2

4�p
e�b.x2Cx02/=2

Z �1C.1�ı/2

�1Cı2

e.xCx0Ci.y�y0//
p

bƒ.1Cu/1=2

du (5.29)
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with .x; y/; .x0; y0/ 2 ��. By the dominated convergence theorem,

lim
�#0

kM�
j;3.�; ı; p/ �M�

j;4.�; ı; p/k2
2 D 0

where k � k2 denotes the Hilbert–Schmidt norm. Fix " > 0. Applying the Weyl
inequalities and the elementary Chebyshev-type estimate

n�.sIM�
j;3.�; ı; p/�M�

j;4.�; ı; p// � s�2kM�
j;3.�; ı; p/�M�

j;4.�; ı; p/k2
2; s > 0;

we get

nC.r IM�
j;3.�; ı; p// � nC.r.1C "/IM�

j;4.�; ı; p//CO.1/; � # 0: (5.30)

In the integral defining the kernel of the operatorM�
j;4.�; ı; 1/, see (5.29), change the

variable .1C u/1=2 D k with k 2 .ı; 1 � ı/. Then we see that the integral kernel of
M�

j;4.�; ı; 1/ equals

pjbƒ
2

2�p
e�b.x2Cx02/=2

Z 1�ı

ı

e.xCx0Ci.y�y0//
p

bƒkkdk; .x; y/; .x0; y0/ 2 ��:

Therefore
M�

j;4.�; ı; p/ D pj

2p
��

ı .
p
bj ln �j/��

ı .
p
bj ln �j/�: (5.31)

Combining now (5.23), (5.26), (5.27), (5.28), (5.30), and (5.31), we obtain (5.20).
Let us now prove (5.21). The proof is quite similar to that of (5.20), so that we

omit certain details. Set 
1 D 0 and 
j D 1 if j 2 N, j � 2. Pick " 2 .0; 1/. Then
there exists AC

0 D AC
0 ."/ such that k � AC

0 implies

EC
j �Ej .kIW C

0 / � .1�"/WC �W.�ı/
2

pj .kC
j /2j �3e�.b�1=2kCb1=2ı/2

: (5.32)

For p > 0 and A > 0 define MC
j;2.�; A; p/ W L2.�C/ ! L2.�C/ as the operator

with integral kernel

pj

2�
e�b.x2Cx02/=2

Z 1

A

.p C �.k C 
j /
3�2j eb�1k2C2ık/�1k

ek.xCx0Ci.y�y0/C2ı/dk;

(5.33)

with .x; y/; .x0; y0/ 2 �C. Therefore, similarly to (5.26), we have

nC.r IMC
j;1.�IA//

�nC.r IMC
j;2.�; A1; .1 � "/pj e

�bı2

.WC �W.�ı//=2//
(5.34)

for A1 D maxfA;AC
0 g. Moreover, it is easy to check that

nC.r IMC
j;2.�; A; p// D nC.r IMC

j;2.�; 0; p//CO.1/; � # 0; (5.35)
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for anyA � 0, p > 0. In the integral defining the kernel of the operatorMC
j;2.�; 0; p/

(see (5.33)), change the variable k D p
bƒ.1C u/1=2 with u 2 .�1;1/. Then we

see that the integral kernel of MC
j;2.�; 0; p/ is equal to

pjbƒ
2

4�
e�b.x2Cx02/=2

Z 1

�1

.p C .
p
bƒ.1C u/1=2 C 
j /

3�2j eƒ2uC2ı
p

bƒ.1Cu/1=2

/�1

e.xCx0Ci.y�y0/C2ı/
p

bƒ.1Cu/1=2

du:

Define nowMC
j;3.�; ı; p/ W L2.�C/ ! L2.�C/, as the operator with integral kernel

pjbƒ
2

4�
e�b.x2Cx02/=2

Z �1C.1Cı/2

�1

.p C .
p
bƒ.1C u/1=2 C 
j /

3�2j

eƒ2uC2ı
p

bƒ.1Cu/1=2

/�1

e.xCx0Ci.y�y0/C2ı/
p

bƒ.1Cu/1=2

du

with .x; y/; .x0; y0/ 2 �C. By the dominated convergence theorem,

lim
�#0

kMC
j;2.�; 0; p/ �MC

j;3.�; ı; p/k2
2 D 0:

Therefore, similarly to (5.30), we obtain

nC.r IMC
j;2.�; 0; p// � nC.r.1 � "/IMC

j;3.�; ı; p//CO.1/; � # 0; (5.36)

for any r > 0, " 2 .0; 1/, ı > 0, p > 0. Next, define

MC
j;4.�; ı; p/ W L2.�C/ ! L2.�C/; ı > 0;

as the operator with integral kernel

bpjƒ
2

4�p
e�b.x2Cx02/=2

Z �1C.1Cı/2

�1

e.xCx0Ci.y�y0/C2ı/
p

bƒ.1Cu/1=2

du;

for .x; y/; .x0; y0/ 2 �C. Evidently, the mini-max principle implies

nC.r IMC
j;3.�; ı; p// � nC.r IMC

j;4.�; ı; p//; r > 0: (5.37)

Finally, by analogy with (5.31), we get

MC
j;4.�; ı; p/ D pj

2p
�C

ı
.
p
bj ln �j/�C

ı
.
p
bj ln �j/�: (5.38)

Putting together (5.23) and (5.34)–(5.38), we arrive at (5.20).

Now, the combination of (5.9) and (5.20)–(5.21) yields (5.3)–(5.4).
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6. Asymptotic bounds of N C
j

.�/ as � # 0

In what follows we identify when appropriate R2 with C writing z D xC iy 2 C for
.x; y/ 2 R2. Moreover, we denote by d�.z/ D dxdy the Lebesgue measure on R2.
Further, we assume as before that xC D 0, that V satisfies (5.1) with some constants
c0̇ > 0 and some bounded domains �˙ � R2 with Lipschitz boundaries, and that

�� \ fz 2 C j Re z > 0g ¤ ;: (6.1)

We will show that under these assumptions the functions N C
j .�/ satisfy the asymp-

totic estimates (1.6) and (1.7) with some explicit constants C˙ > 0. In order to define
these constants we need the following notations. Let � � R2 be a bounded domain.
Put

K�.�/ D f.p; q/ 2 R2 j p < q and there exists x 2 R such that

.x; p C t.q � p// 2 � for all t 2 Œ0; 1�g;
and

c�.�/ D sup
.p;q/2K�.�/

.q � p/:

In other words, c�.�/ is just the maximal length of the vertical segments contained
in x�. Next, for s 2 Œ0;1/ put

~.s/ D jft > 0 j t ln t < sgj
where j � j denotes the Lebesgue measure of a Borel set in R. Let BR.�/ � R2 be the
open disk of radius R > 0 centered at � 2 C. Set

KC.�/ D f.
; R/ 2 R 	 .0;1/ j there exists � 2 R such that � � BR.
 C i�/g;
and

cC.�/ D inf
.�;R/2KC.�/

R~
� 
C
eR

�

where 
C D maxf
; 0g. Evidently,

cC.�/ � 1

2
diam .�/ � 1

2
c�.�/: (6.2)

Finally, put
z�˙ D fz 2 �˙ j Re z > 0g:

Note that (6.1) implies z�˙ ¤ ;. Occasionally, we will also use the notation

z�C.ı/ D fz 2 �C j Re z > �2ıg
for ı � 0 so that z�C.0/ D z�C.
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Theorem 6.1. Suppose thatW is a bounded non-decreasing function withW� < WC,
and xC D 0. Assume that V satisfies (5.1), and (6.1) holds true. Then asymptotic re-
lation (1.6) is satisfied with C� D .2�/�1

p
bc�.z��/ while asymptotic relation (1.7)

holds true with CC D e
p
bcC.z�C/. In particular,

lim
�#0

ln N C
j .�/

ln jln �j D 1

2
; j 2 N:

Remark. Under the hypotheses of Theorem 6.1 we have C� < CC due to (6.2),
z�� � z�C, and 1=� < e.

The proof of (1.6) is contained in Subsection 6.1, and the proof of (1.7) can be
found in Subsection 6.2.

6.1. Lower bound of N C
j

.�/. In this subsection we prove (1.6). Taking into ac-
count Theorem 3.2, (3.17), and Theorem 5.1, we find that it suffices to show that, for
any r > 0 independent of � > 0, we have

lim
ı#0

lim inf
�#0

j ln �j�1=2nC.r I��
ı .

p
bj ln �j/���

ı .
p
bj ln �j// � C�: (6.3)

Let � � R2 be a bounded domain, and I � .0;1/ be a bounded open non-empty
interval. For m > 0 and ı � 0 define the operator Gm;ı.�; I/ W L2.I/ ! L2.I/ as
the operator with integral kernel

��1m2
p
kk0

Z
�

em..zCı/kC. NzCı/k0/d�.z/; k; k0 2 I: (6.4)

Set
"� D inf

x2!�

e�bx2

; "C D sup
x2!C

e�bx2

; (6.5)

the sets !˙ being defined in (5.7). Then we have

��
ı .m/

���
ı .m/ � "�Gm;0.��; I�.ı//; m > 0: (6.6)

Further, let R � z�� � ��be an open non-empty rectangle whose sides are parallel
to the coordinate axes. Since a translation z 7! z C i�, � 2 R, in the integral
in (6.4) generates a unitary transformation of the operator Gm;0.��; I�.ı// into an
operator unitarily equivalent to it, we assume without any loss of generality that
R D .˛; ˇ/ 	 .�L;L/ with 0 < ˛ < ˇ < 1 and L 2 .0;1/. Evidently,

Gm;0.��; I�.ı// � Gm;0.R; I�.ı//; m > 0: (6.7)

For � 2 R and ı 2 .0; 1=2/ define the operator G�
�;ı
.m/ W L2.I�.ı// ! L2.I�.ı//

as the integral operator with kernel

e�m.kCk0/ sin .m.k � k0//
�.k � k0/

2
p
kk0

k C k0 ; k; k0 2 I�.ı/:
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Then
Gm;0.R; I�.ı// D G�

ˇ;ı.mL/ �G�
˛;ı.mL/: (6.8)

Define the operator gI.m/ W L2.I/ ! L2.I/, m > 0, as the operator with integral
kernel

sin .m.k � k0//
�.k � k0/

2
p
kk0

k C k0 ; k; k0 2 I:

Note that we have gI.m/ D �I.m/
��I.m/ where

�I.m/ W L2.I/ ! L2..0;1/ 	 .�m;m//
is the operator with integral kernel

��1=2e�.xCiy/kk1=2; k 2 I; x 2 .0;1/; y 2 .�m;m/:
Evidently, for any finitem > 0, the operator �I.m/ is Hilbert–Schmidt, and we have
k�I.m/k < 1. Therefore, gI.m/ D gI.m/

� � 0 is a trace-class operator, and

kgI.m/k < 1: (6.9)

Simple variational arguments yield

nC.r IG�
ˇ;ı.m/ �G�

˛;ı.m//

� nC.r.1 � e2.˛�ˇ/ım/�1IG�
ˇ;ı.m//

� nC.re�2ˇım.1 � e2.˛�ˇ/ım/�1I gI�.ı/.m//;

(6.10)

for r > 0 and ı 2 .0; 1=2/. Combining (6.6)–(6.10), we find that under the hypotheses
of Theorem 6.1 for each ı 2 .0; 1=2/ we have

nC.r I��
ı .m/

���
ı .m//

� nC.re�2ˇım."�.1 � e2.˛�ˇ/ım//�1I gI�.ı/.mL//:
(6.11)

In order to complete the proof of (6.3), we need the following result.

Proposition 6.2. For all l 2 N we have

lim
m!1m�1Tr gI.m/

l D jIj
�
: (6.12)

Proof. Let l D 1. Then, Tr gI.m/ D mjIj
�

. Let now l � 2. Set

'm.k/ D sinmk

�k
; k 2 I:

Denote by 	I the characteristic function of the interval I. Then we have
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Tr gI.m/
l D

Z
R
: : :

Z
R
'm.k1 � k2/'m.k2 � k3/ : : : 'm.kl�1 � kl /'m.kl � k1/

Gl.k1; : : : ; kl/	I.k1/ : : : 	I.kl /dk1 : : : dkl ;

where

Gl .k1; : : : ; kl/ D 2l k1 : : : kl

.k1 C k2/.k2 C k3/ : : : .kl�1 C kl /.kl C k1/
:

Changing the variables k1 D t1, kj D t1 Cm�1tj , j D 2; : : : ; l , we get

Tr gI.m/
l D m

Z
R
: : :

Z
R
'1.�t2/'1.t2 � t3/ : : : '1.tl�1 � tl/'1.tl /

zGl;m.t1; : : : ; tl/	I.t1/	I.t1 Cm�1t2/ : : : 	I.t1 Cm�1tl /dt1 : : : dtl ;

where

zGl;m.t1; : : : ; tl/ D
2l t1.t1 Cm�1t2/ : : : .t1 Cm�1tl/

.2t1 Cm�1t2/.2t1 Cm�1.t2 C t3// : : : .2t1 Cm�1.tl�1 C tl //.2t1 Cm�1tl/
:

Applying the dominated convergence theorem, we get

lim
m!1m�1Tr gI.m/

l

D jIj
Z

R
: : :

Z
R
'1.�t2/'1.t2 � t3/ : : : '1.tl�1 � tl /'1.tl /dt2 : : : dtl :

(6.13)

Further, we have

'1.t/ D 1

2�

Z
R
ei t�	.�1;1/.
/d
; t 2 R:

Therefore,Z
R
: : :

Z
R
'1.�t2/'1.t2 � t3/ : : : '1.tl�1 � tl /'1.tl /dt2 : : : dtl

D 1

2�

Z
R
	.�1;1/.
/

ld
 D 1

�
:

(6.14)

Putting together (6.13) and (6.14), we obtain (6.12).

Proposition 6.2 and estimate (6.9) combined with the Kac–Murdock–Szegő the-
orem (see the original work [12], [8], Section 11.8, or [22], Lemmas 3.1, and 3.2),
imply the following result.
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Corollary 6.3. We have

lim
m!1m�1nC.sI gI.m// D

8̂<
:̂

jIj
�

if s 2 .0; 1/;
0 if s > 1:

(6.15)

Now we are in position to prove (6.3). Fix arbitrary s 2 .0; 1/. Assume that m is
so large that re�2ˇım."�.1 � e2.˛�ˇ/ım//�1 < s. Then (6.11) implies

nC.r I��
ı .m/

���
ı .m// � nC.sI gI�.ı/.mL//: (6.16)

Putting together (6.15) and (6.16), we find that the asymptotic estimate

lim inf
�#0

j ln �j�1=2nC.r I��
ı .

p
bj ln �j/���

ı .
p
bj ln �j// �

p
bL

�
.1 � 2ı/

holds for every ı 2 .0; 1=2/. Letting ı # 0, and optimizing with respect to L we
obtain (6.3).

6.2. Upper bound of N C
j

.�/. In this subsection we prove (1.7). By analogy
with (6.3), it suffices to show that for any r > 0 independent of � > 0, we have

lim
ı#0

lim sup
�#0

j ln �j�1=2nC.r I�C
ı
.
p
bj ln �j/��C

ı
.
p
bj ln �j// � CC: (6.17)

Evidently,
�C

ı
.m/��C

ı
.m/ � "CGm;ı.�CI IC.ı//; m > 0; (6.18)

the integral kernel of the operator Gm;ı.�CI I/ being defined in (6.4), and the number
"C being defined in (6.5). Since we have Gm;ı.�C n z�C.ı/I IC.ı// � 0 and

lim
m!1 Tr Gm;ı.�C n z�C.ı/I IC.ı//

D ��1 lim
m!1m2

Z 1Cı

0

Z
�Cn z�C.ı/

e2m.Re zCı/kd�.z/kdk D 0;

we easily find that the Weyl inequalities entail

nC.r I Gm;ı.�CI IC.ı///
� nC.r.1 � "/I Gm;ı.z�C.ı/I IC.ı///CO.1/; m ! 1;

(6.19)

for each r > 0 and " 2 .0; 1/. Further, pick an open disk BR.�/ � R2 such that
z�C.ı/ � BR.�/. Evidently,

nC.r I Gm;ı.z�C.ı/I IC.ı/// � nC.r I Gm;ı.BR.�/I IC.ı///; r > 0: (6.20)
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Next, put I� D I�.ı/ D .0; .1C ı/�1/, and define

GC
ı
.m/ W L2.I�/ ! L2.I�/

as the operator with integral kernel

��1m2e2m.�Cı/C

Z
BR.0/

em.zkCNzk0/d�.z/; k; k0 2 I�.ı/:

Changing the variable
z 7! z C �

in the integral defining the kernel of Gm;ı.BR.�/I IC.ı//, see (6.4), and after that
changing the variable

k 7! .1C ı/2k

in I�.ı/, we find that the mini-max principle implies

nC.r I Gm;ı.BR.�/I IC.ı/// � nC.r IGC
ı
..1C ı/2m//; r > 0; (6.21)

with 
 D Re �. Further, expanding the exponential functions into power series, and
passing to polar coordinates, we get

Z
BR.0/

em.zkCNzk0/d�.z/ D �R2

1X
qD0

.m2R2kk0/q

.qŠ/2.q C 1/
:

Therefore, the quadratic form of the operator GC
ı
.m/ can be written as

hGC
ı
.m/u; uiL2.I�/ D e2m.�Cı/C

1X
qD0

.mR/2qC2

.qŠ/2.q C 1/
j Quqj2 (6.22)

where

Quq D
Z

I�.ı/

kqu.k/dk; u 2 L2.I�.ı//; q 2 ZC:

Let fpq.k/gq2ZC
be the system of polynomials orthonormal in L2.I�.ı//, obtained

by the Gram–Schmidt procedure from fkqgq2ZC
, k 2 I�.ı/. Then,

kq D
qX

lD0

�q;lpl.k/; k 2 I�.ı/; q 2 ZC;

with appropriate �q;l ; in what follows we set �q;l D 0 for l > q. Put

uq D
Z

I�.ı/

pq.k/u.k/dk; u 2 L2.I�.ı//; q 2 ZC:
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Then we have

Quq D
1X

lD0

�q;lul ; q 2 ZC; (6.23)

and

kuk2
L2.I�.ı//

D
1X

qD0

juqj2: (6.24)

Further, it is easy to check that

1X
qD0

1X
lD0

�2
q;l D

1X
lD0

Z
I�.ı/

k2ldk D
1X

lD0

.1C ı/�2l�1

2l C 1
< 1:

Therefore, the operator ‚ W l2.ZC/ ! l2.ZC/ defined by

.‚u/q D
1X

lD0

�q;lul ; q 2 ZC; u D fulgl2ZC
;

is a Hilbert–Schmidt, and hence bounded operator. Let �.m/ W l2.ZC/ ! l2.ZC/
be the diagonal operator with diagonal entries

e2m.�Cı/C
.mR/2qC2

.qŠ/2.q C 1/
; q 2 ZC: (6.25)

Now (6.22)–(6.25) imply

nC.sIGC
ı
.m// D nC.sI‚��.m/‚/; s > 0: (6.26)

Evidently,
nC.sI‚��.m/‚/ � nC.sI k‚k2�.m//; s > 0: (6.27)

On the other hand, for any s > 0 we have

nC.sI �.m// D #
n
q 2 ZC j e

m.�Cı/C.mR/qC1

qŠ
p
q C 1

>
p
s
o
; s > 0: (6.28)

Applying the Stirling formula

qŠ D .2�/1=2.q C 1/qC1.q C 1/�1=2e�q�1.1C o.1//; q ! 1;

we find that for each " 2 .0; 1/ there exists q0 2 ZC such that

n
q 2 ZC j e

m.�Cı/C.mR/qC1

qŠ
p
q C 1

>
p
s
o

�

#
n
q 2 ZC j .
 C ı/C

eR
>
q C 1

eRm
ln .

q C 1

eRm
/C ln .

p
2�s.1 � "//
eRm

o
C q0:

(6.29)
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Passing from Darboux sums to Riemann integrals, we find that for each constant
c 2 R we have

lim
m!1m�1#

n
q 2 ZC j .
 C ı/C

eR
>
q C 1

eRm
ln .

q C 1

eRm
/C c

m

o

D eR~
� .
 C ı/C

eR

�
:

(6.30)

Putting together (6.18)–(6.21) and (6.26)–(6.30), we get

lim sup
�#0

j ln �j�1=2nC.r I�C
ı
.
p
bj ln �j/��C

ı
.
p
bj ln �j//

� .1C ı/2
p
beR~

� .
 C ı/C
eR

�
for any ı > 0. Letting ı # 0 and optimizing with respect to 
 and R, we obtain
(6.17).
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