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Discrete spectrum of quantum Hall effect Hamiltonians
I. Monotone edge potentials

Vincent Bruneau, Pablo Miranda, and Georgi Raikov

Abstract. We consider the unperturbed operator Hy = (—iV — A)? + W, self-adjoint in
L?(R?). Here A is a magnetic potential which generates a constant magnetic field b > 0, and
the edge potential W is a non-decreasing non-constant bounded function depending only on
the first coordinate x € R of (x, y) € R2. Then the spectrum of Hg has a band structure and
is absolutely continuous; moreover, the assumption limy — oo (W(x) — W(—x)) < 2b implies
the existence of infinitely many spectral gaps for Hp. We consider the perturbed operators
Hy = Ho=+V where the electric potential V € L°°(R?) is non-negative and decays at infinity.
We investigate the asymptotic distribution of the discrete spectrum of H in the spectral gaps
of Hp. We introduce an effective Hamiltonian which governs the main asymptotic term; this
Hamiltonian involves a pseudo-differential operator with generalized anti-Wick symbol equal
to V. Further, we restrict our attention on perturbations ' of compact support and constant
sign. We establish a geometric condition on the support of V' which guarantees the finiteness of
the number of the eigenvalues of H in any spectral gap of Hyp. In the case where this condition
is violated, we show that, generically, the convergence of the infinite series of eigenvalues of
H_ (resp. H_) to the lower (resp. upper) edge of a given spectral gap, is Gaussian.
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1. Introduction

The general form of the unperturbed operators we are going to consider in the present
article and its successor [16], is

2

3 9 2
Ho = Ho(b. W) = —=— + (—z@ —bx) + W().

Here b > 0 is the constant magnetic field, and the edge potential W € L°°(R; R) is
independent of y. The self-adjoint operator Hy is defined initially on C$°(R?) and
then is closed in L2(R?). Let ¥ be the partial Fourier transform with respect to y,
ie.

(Fu)(x, k) = (271)—1/2/ e u(x, y)dy, (x.k) e R
R

Then we have

@
FHoF* :/ h(k)dk
R

where the operator

d2
h(k) = o= (bx —k)> + W(x), keR,

is self-adjoint in L2(R). Note that h(k), k € R, is a Kato analytic family (see [13]
or [25], Section XI1.2). For w € L?(R) and k € R set (tzw)(x) = w(x —k/b).
Evidently 7 is a unitary operator in L2(R), and we have Ty h(k)te = h(k) where

~ d?
hk) = ——— + b*x*> + W(x + k/b), k eR.
dx?

Evidently, for each k € R the operator /& (k) (and, hence, h(k)) has a discrete and
simple spectrum. Let {E}(k)}72, be the increasing sequence of the eigenvalues of
h(k) (and, hence, of i(k)). The Kato analytic perturbation theory [13] implies that
Ej(k), j € N, are real analytic functions of k € R. When we need to indicate the
dependence of E; (k) on b and/or W, we will write E; (k; b, W) or E;(k; W) instead
of E;j(k). Note that if W = 0, then the eigenvalues are independent of k, and their
explicit form is well known:

E;(k;b,0) = E;j(b,0) =b(2j —1), keR, jeNl.

Further,

o(Ho) = | J E;(®). (L.1)
j=1
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In the present article we will consider monotone W. For definiteness we assume that
W is non-decreasing. Then the band functions E;, j € N, are also non-decreasing,
and o (Ho) = 7Z,[€;, €] with

& = lim E;j(k)=b2j — 1)+ W,
k——o00

+ . (1.2)
8j = lim E;j(k) =b2j — 1)+ Wy,
k—o00
and
W_ = lim W(x), Wi= lim W(x)
X—>—00 X—>00
(see Proposition 2.1 below). Throughout the article we assume that
W_ < Wy, (1.3)

ie. W is not identically constant. Hence, & < & j+ for each j € N. Moreover, we
will assume that
Wy — W_ < 2b. (1.4)

Then we have
€F <€y, JjeEN, (1.5)

and the intervals (& j+, &1 1), J € N, are open gaps in the spectrum of Ho. Thus all
the bands in the spectrum of H are separated by gaps where discrete spectrum may
appear under appropriate perturbations.

The perturbations under consideration will be electric potentials V' : R? — R
which are A-compact. A simple sufficient condition which guarantees the compact-
ness of the operator V(—A —i)71, is

Ve LP(R?) = {u € L¥(R?) | u(x,y) — 0as x> + y? — oo}.

By the diamagnetic inequality, the operator V' (Ho —i)~! is also compact, and hence

o0

odess(I_IO + V) = UeSS(HO) = U [81'_’ 8J+]
j=1

For simplicity, we will consider perturbations of definite sign. More precisely we
will suppose that V' > 0, and will consider the operators H+ = Hy = V. Note
that in the case of positive (resp. negative) perturbations, the discrete eigenvalues of
the perturbed operator which may appear in a given open gap of the spectrum of the
unperturbed operator, may accumulate only to the lower (resp. upper) edge of the
gap.

In order to give a more explicit formulation of the problem, we need the following
notations. Let 7" be a self-adjoint linear operator in a Hilbert space. Denote by Po (7')
the spectral projection of 7' corresponding to the Borel set @ < R. For A > 0 set

Ny (A) = rank IP(—oo,é’l_—A) (H-).
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Next, fix j € N and assume that (1.4) holds. Pick A € (0, &7

I 8]7"), and set

p— _ + _
N;"(A) = rank [P(Sf,é:;+l—)u)(H—)’ ,NJ (A) = rank [P(81_++A,81__+1)(H+).

We reduce the investigation of the accumulation of the discrete eigenvalues to the
edges of the gap (& j+, &) of its essential spectrum, to the study of the asymptotic

behavior as A | 0 of the counting functions Nji (A).

The investigation of the asymptotic behavior of the discrete spectrum of perturbed
analytically fibred quantum Hamiltonians, lying in the gaps of the essential one has a
long history. Probably, the first results of this type were obtained for the Schrodinger
operator with periodic potential perturbed by a decaying one (see, e.g., [29], [14],
[21], and [27]). Recently, similar problems have been considered for perturbed
2D magnetic Hamiltonians [4], and for Dirichlet Laplacians in twisted wave-guides
[3]. The common feature of the above cited articles is that the edges of the gaps
in the spectrum of the unperturbed operator coincide with the extremal values of
the band functions taken at local non degenerate extrema; in this case the arising
effective Hamiltonian is a differential Schrodinger type operator. In the present
article the edges of the gaps are the limiting values of the band functions E; (k) as
k — too. The effective Hamiltonian which arises in this case involves a “kinetic”
part equal in the momentum representation to the multiplier by £, and a “potential”
part which is a pseudodifferential operator (WDO) with contravariant (generalized
anti-Wick) symbol equal to V. These WDOs are unitarily equivalent to the Berezin—
Toeplitz operators which appear as effective Hamiltonians in the study of compact
perturbations of the Landau operator (see, e.g., [20], and [23]). Note however that in
the case of the Landau operator (which is equal to Hy with W = 0) the kinetic part
of the effective Hamiltonian is proportional to the identity operator.

The article is organized as follows. In Section 2 we describe the basic spectral
properties of the unperturbed operators which we need in the sequel. In Section 3 we
introduce the effective Hamiltonian appropriate for the asymptotic analysis as A |, 0
of the functions eNji’ (A) withfixed j € N. Our effective Hamiltonian approach allows
us to consider various types of W and V' which satisfy the assumptions stated above.
Nonetheless, the rest of the article is dedicated to the case where V' € L(R?; R)
has a compact support. This choice is motivated by the possible applications in the
theory of the quantum Hall effect (see, e.g., [6], [10], and [5]), and, on the other
hand, by the spectacular progress in the investigation of the discrete spectrum for
localized perturbations of the Landau Hamiltonian Hy (b, 0) (see, e.g., [23], [15],
[18], [7], [26], [17], and [19]). For definiteness, we suppose that V' > 0 and discuss
only the behavior of the counting functions Nf (L), j € N, near the lower edges of
the spectral gaps; in the case V' < 0 the behavior of N;"(1) near the upper edges is
analogous. In Section 4 we establish a sufficient condition of geometric nature which
guarantees that all the functions N;r (A), j € N, remain bounded as A | 0, i.e. that
there is a finite number of eigenvalues of H4 in any gap of its essential spectrum.
When this sufficient condition is violated, we show that for any j € N the functions
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Nj" (1) generically blow up as A | 0. More precisely, in Section 5 we reduce the

analysis of N;L (A) to counting functions for operators in holomorphic spaces. These
operators are studied in Section 6 in order to establish a lower asymptotic estimate

€ A1+ 0(1) = NFT(A)., 210 jeN, (1.6)

with €_ > 0 which holds when the sufficient condition of Section 4 is not fulfilled,
and an upper asymptotic estimate

NFEQ) <€y mAI"2(1+0(1), A0, jeN, (1.7)

with €4 > €_. Note that the constants €1 in (1.6) and (1.7) admit a clear geometric
interpretation and are independent of j € N. Thus, in the case of infinitely many
eigenvalues in any given gap, the main asymptotic term of Nj+ (1) is expected to be

of order | In A|'/2 which, loosely speaking, corresponds to a Gaussian convergence
of the discrete eigenvalues to the edges of the gaps of the essential spectrum. This
behavior is different from the case of compactly supported perturbations of the Landau
Hamiltonian where typically we have

[In A
In|lnA|’
(see, e.g., [23]). Hopefully, in a future work we will attack the problem of finding
the main asymptotic term as A |, 0 of e/\/jj: (A),j € N.

Finally, we note that in the second part [16] of this study, we consider analogous
problems for periodic edge potentials W'.

N () ~

210, jeN, (1.8)
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2. Basic spectral properties of Hy

In the following proposition we consider the general properties of the band functions
E;, j € N. By analogy with the operator A (k), introduce the shifted harmonic

oscillator 5

d
hoo =—W—I—b2x2+ W, (2.1

which is self-adjoint in L?(R), and essentially self-adjoint on C{°(R).
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Proposition 2.1. Assume that W is non-decreasing and bounded. Then for each
J € N the eigenvalue E; (k) is a non-decreasing function of k € R, and (1.2) holds
true.

Proof. The fact that E; are non-decreasing bounded functions of k follows directly
from the mini-max principle. Let us prove (1.2). Pick £ > —b — W_. Then for
each k € R we have —E < b + W_ < info(h(k)). Moreover, —E < b + W, =
inf 0 (heo). Then,
(Ej(k) + E)™' = (b(2j =) + Wy + E)7'| <
I(h (k) + EY (Wi = W+ k /b)) (hoo + E) || < 2.2)
12 (k) + E) MW = W+ k /b)) (hoo + E)7 .
Moreover, _
I(hG) + E)TH < (E + b+ W)™, 2.3)

and the r.h.s. is k-independent. Further, the multiplier by (W — W(-+k /b)), x € R,
tends strongly to zero as k — oo, while the operator (1o + E)™! is compact and

k-independent. Hence, the operator (W — W (- +k /b)) (heo + E) " tends uniformly
to zero as k — co. Now, (2.2)—(2.3) imply

Jim (E;(k)+E) ' =BQj-1)+ W4+ E)', jeN,

which yields the second limit in (1.2). The first one is proved in the same manner. [

Proposition 2.1 implies that if (1.3) holds, then there are no identically constant
functions E;, j € N. Applying the general theory of analytically fibred Hamiltonians
(see, e.g., [25], Section XIII.16), we immediately obtain the following result.

Corollary 2.2. Assume that W is increasing and bounded, and that (1.3) holds true.
Then the spectrum of the operator Hy is absolutely continuous.

Our next theorem will play a crucial role in the construction of the effective
Hamiltonian introduced in the next section. For its formulation we need the following
notations. Fix k € Rand j € N denote by m;(k) the orthogonal projection onto
Ker (h(k) — E;(k)). Then we have

mi(k) = (- ¥ (k)Y (k). (2.4)

where (-, -) is the scalar product in L?(R), and v/ (x; k), x € R, is an eigenfunction
of h(k) which satisfies

h(l)y; (k) = Ej(l)y; (k). 19 o)l2m) = 1. (2.5)

Moreover, ¥; (-; k) could be chosen to be real-valued.



Discrete spectrum of quantum Hall effect Hamiltonians I 243

Set
2

- d
hoo(k) = Tihooty = -5 (bx —k)> + Wy, keR,

the operator hoo being defined in (2.1). Denote by m;(k), Kk € R, j € N, the
orthogonal projection onto Ker (hoo (k) — & f). Then, similarly to (2.4), we have

Tjoo(k) = (- ¥joo (1 K))Yji00 (1 K). (2.6)
where the eigenfunction ¥ o (x; k) satisfies
B 02Y) 00 (x: k)

S+ (bx = k)Y olx:K)
= b2~ DYjoorik).  [VjooliR) 2y = 1.

Moreover, ¥/ o (-; k) could be chosen to be real-valued. The functions ¥ o, j € N,
admit an explicit description. Namely, if we put

Q2.7)

Hj—l (X)e_xz/z

@j(x) = (T2 DO xeR, jeN, (2.8)
where 44
H,(x) = (—l)qexzﬁe_xz, xeR, qgeZ,,

are the Hermite polynomials (see, e.g., [1], Chapter I, egs. (8.5) and (8.7)), then the
real-valued function ¢; satisfies

—] () + X709 (x) = (2] = Dg; (%), llejll2g =1,

and we have

Yjoo(x:k) = b4, (0" 2x —bV%k), jeN, xeR, keR. (2.9)
Put
b—j+3/2 .
pj =pjb)= NCTENT N. (2.10)
Note that

Vjoolxik) = pl/2 (k) Tlem@ PRI o)) @)
as k — oo, uniformly with respect to x belonging to a compact subset of R.
Theorem 2.3. Fix j € N. Then we have

Jim (& = E; (k)™ 21700 — 7 (R) 1 = 0 (2.12)

where ||T'||; denotes the trace-class norm of the operator T .
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We will divide the proof of the theorem into several propositions.
By analogy with (2.4) and (2.6) set

7ik) = (Y GOV k), kER Tjoo = (Vo) Vjor  J €N,
where ~ ~
Vi(5k) = gy (5k), Ve = T oo

the function ¥; (-; k) (resp., ¥j o) being introduced in (2.5) (resp., in (2.7)). Evi-
dently,

(k) (k) = Ej (k)P i h). 195 (iR 2y = 1.

Vjoo(x) = 0!/ (0'/%x). x €R,

the function ¢; being defined in (2.8), and
hooWjco = € Voo Wicol2m = 1.
Since we have
(k) = nj(k), WAjeoTp = Tjolk), keR, jeN,

relation (2.12) is equivalent to

Jim (& = E; (k) ™20 = 7 ()1 = 0. (2.13)
Forz e C\ (o(ﬂoo) \ {8]*}) set

Ry ;(2) = (hoo = 2) ™' (I = 7j00).

Similarly, for z € C \ (o (h(k)) \ {E;(k)}) put

R (z) = (h(k) — 2)"1(I — 7; (k).

Set
Ur(x) = Wy — W(x + k/b) = heo — h(k), x€R, keR.
Proposition 2.4. We have
oo = Mjooj (k) — ﬁ'j,oonRJJ-‘(gjf*') 2.14)
= 7 (k)7j.00 — RF () Uk 00 '

and
7t (k) = 7 (k)#j,00 + 7; (k)Ux Ry (E;)

o f ~ (2.15)
= Tjoomj(k) + Ro,j(Ej)Ukﬂj(k).
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Proof. We have
Tjoo = Tjootlj (k) + Tjeo(I — 7 (k))
= #j0oftj (k) + Fj 00 (hoo — € — Up) (h(k) — €)™ (I — 7; (k).

Since 77, o0 (hoo—€ j+) = 0, we obtain the first equality in (2.14). The second equality
is obtained by taking the adjoint. In relations (2.15) we have only exchanged the role
of h(k) and h . O

Set
B 1/2
qu:@@wm:(/m@mmMYM) , keR. (2.16)
R
By the dominated convergence theorem we have limy_, 1 o ®; (k) = 0. Note that

®; (k) = (Tr 7,00 Ur T00) V2 = |1 7j.00UL 2 1 = U2 7o I

) ) (2.17)
= 17,00 U2l = 10 70l
Corollary 2.5. Fix j € N. Then we have
17,00 — 7j (k) |[1 = 0(®; (k)), k — oo. (2.18)

Proof. By (2.14) and (2.15) we have
7j,00—7j (k) = =) 00Uk Ry (€)= Ry, ; (Ej) Uk j 00+ Ry ; (E) Uk (7, 00— (K)),
ie.
1 ~ ~ _ = Lip+ il ~
(I = Ry (Ej)U)(7tj,00 — 7j (k) = —7jocUk Rj (") — Ry ; (Ej) Uk 7,00
Since s — limy o, Uy = 0 and the operator Ri ;(Ej) is compact and uniformly

bounded, we have limg _ oo ||R¢j (E;)U|l = 0, so the operator [ — Ré_,j (Ej)Uyg is
invertible for sufficiently great k, and for such k£ we have

Fjoo — (k) = —(I — Ry ; (ENUk) ™" (0o Uk RF(E]7) + Ry ; (Ej) Uk 7 00)-
Therefore,

1700 = 70Nl = 10 = Ry, (EpUO MU > REE)

(2.19)
+ I1RG  (ENUL D7 00U 1
Arguing as above, we easily find that
: 1/2pLleo+y) — 1 1 N 722
lim [[U2RFE)) = tim [|R: (UL = o. (2.20)

Now the combination of (2.19), (2.20), and (2.17) implies (2.18). O
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Proposition 2.6. We have

€ —Ej(k) = @;(k)*(1 +0(1), k — oo. (2.21)
Proof. Assume k large enough. Evidently,
+ - ! L (h -1
8]. =Trheofljco = —TTr hoo(hoo —w) ™ dw
Tl r;

1 -
= ——.Tr/ o(hoo — @) 'dw
27 r;

where I'; is a sufficiently small circle run over in the anticlockwise direction which
contains in its interior E; (k) and & j+ but no other points from the spectra of (k) and

hoo. Similarly,
1 -
Ej(k) = —%Trfrw(h(k) —w) dw.
J

Therefore,

1 ~ ~
& — E;(k) = —ﬁ“/p‘“((hoo — )™ — (k) — ) dw
J (2.22)

- ﬁn/ g)(ﬁw — o) "W (h(k) — w) ' dow.

1—‘]
Applying the Cauchy theorem, we easily get

L iy — ) UG ) — ) deo
2mi Jr, (2.23)

= 700 Usj (k) — € 7 Uk Ry (€]) — E; Ry ; (Ej) Ui 7 (k).
Comparing (2.22) and (2.23), and bearing in mind (2.17), we obtain
8;“ —Ej(k) —®; (k)?> = Tr oo Uk (7 (k) — 7j 00)
— & Tr j 00Uk R (6) (2.24)
— E;Tr Ry (Ej) Uit (k).
In order to complete the proof of (2.21), it remains to show that the three terms on

the r.h.s. of (2.24) are of order o(®; (k)?) as k — oo.
First, we have

ITt 2,00 U (757 (k) — 700 | < 175,00 UL 2 IO 2 177 (k) — 500l

(2.25)
= 0(<I>j(k)2), k — o0,

by (2.17), (2.18), and the fact that ||Uk1 / 2|| is uniformly bounded with respect to
k eR.
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Next, using the trivial identities 7T oo = 77[]-2 o~ and RjL (& ;')frj (k) = 0, as well as
the cyclicity of the trace, we obtain

Tr 7,00 Ui R} (6]7) = —Tr (7 (k) — 7j.00) 7,00 Uk R} (€;1). (2.26)
Therefore, similarly to (2.25), we have
|6 Tr 7100 Uk R (8)] < 16/ 1117 (k) — .00l
1700 U 211U RF-(6D)] (2.27)
= 0(®;(k)?)
as k — oo. Finally, by analogy with (2.26) we have
Tr Ry (Ej) Uy (k) = Tr Ry (Ej) Uyt (k) (7 (k) — ),00)
= Tr Ry ; (E)) Uk j.00 (7 (k) — 7j.00)
+ Tr Ry (Ej)Ur (7 (k) — 7j,00).
Hence,
|E;Tr Ry, (Ej) U #; (k)|
< |E; ()| Rg; (ENUL 11U 700177 () = 701
+ |E; ()| Ry ; (EN U175 (k) = 7,00l
= 0(®;(k)*), k — oo,

(2.28)

by (2.17), (2.18), and the fact that both | E; (k)| and || Ry ; (E; (k))Uk‘/ 21|, as well as

I Ri ;(Ej(k))Ug| are uniformly bounded with respect to k € R.
Putting together (2.24), (2.25), (2.27), and (2.28), we obtain (2.21). O

Now (2.13) (and, hence, (2.12)) follows immediately from (2.18) and (2.21).

3. Effective Hamiltonians

Assume that W is a non-decreasing function, and (1.4) holds true. As explained in
the introduction, for definiteness, we will consider the case of positive perturbations,
and respectively the asymptotic behavior as A | 0 of a\/j+ (A), j e N, A €(0,2b +
W_ — Wy).

Pick j € N, A € [-00,00) and A > 0, and set

@
Pi(A) = / 7 (k)dk,

(4,00)
Pi(A) = F*Pj(A)F,
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D
Pioolt) = [ matlrd
(4,00)
(S}
Tj(A; A) = / (& — Ej(k) + 1)~ 2m;(k)dk,
(4,00)
D
Tjoo(A: A) = / (6F — E; (k) + )™ o (K)dk.
(4,00)

Proposition 3.1. Assume M € LP(R?). Then the operator M F*Tj o (A; A) is
compact for any A > 0 and A € [—00,00). Moreover, for any Ay, Ay € [—00, 00)
the operator

M‘?*(Tj,oo(/\;fll) — Tjoo(A; A2)) (3.1

extends to a uniformly bounded and continuous operator for A > 0.

Proof. Denote by y g the characteristic function of a disk of radius R centered at the
origin. For A > 0 and 4 € [—o0, 00) write

MF*Tjoo(AA) = yRMF*Tjoo(A;A) + (1 — xp)M F*Tj 0 (A; 4).  (3.2)

The first operator at the r.h.s of (3.2) is Hilbert—Schmidt for any R € (0, 00),
and the norm of the second one tends to zero as R — oo. Hence, the operator
M F*Tj o (A; A) is compact. Further, the case A; = A in (3.1) is trivial so that we
suppose A1 # A,. Define the value for A = 0 of the operator in (3.1) as

53]
MF* / (& — Ej(k)™?nj0(k)dk
(A—.4)

with A_ = min{A4;, A} and A} = max{A4;, A>}. Now the uniform boundedness
for A > 0 of the operator in (3.1) follows from the estimates
”M}T*(Tj,oo(k; Ay) — Tj,oo(k§ AZ))”
< [Mllpoow2y  sup (8;r —E;(k)~'2, a=0,
ke(A_,AL]

while the uniform continuity of this operator for A > 0 follows from the estimates

IM F*(Tjo0(A1; A1) — Tjioo(A1: A2)) — (Tj,00 (A2: A1) — Tj00(A25 A2))) |
<M =AMl o2y sup (& — Ej(k)72, A1, A2 = 0. O
ke(A—,A4]

Lets > 0 and T = T* be a linear compact operator acting in a given Hilbert
space.! Set
n+(s;T) = rank P(s,00)(£T);

! All Hilbert spaces in this article are supposed to be separable.
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thus the functions n4.(-; T') are respectively the counting functions of the positive
and negative eigenvalues of the operator 7. In the case where T is compact but
not necessarily self-adjoint (in particular, T could act between two different Hilbert
spaces), we will use also the notations

ne(s:T) =ny (s> T*T), s> 0;

thus n4(-; T') is the counting function of the singular values of T'. Of course, we have
n«(s;T) = ny(s; T*) and hence n4(s; T*T) = ny(s; TT*) for any s > 0. For
further references we recall here the well-known Weyl inequalities

I’l+(S1 +852: T + Tz) < I’l+(S1; Tl) + I1+(S2; Tz) 3.3)

where s; > 0, and T}, j = 1,2, are linear self-adjoint operators acting in a given
Hilbert space. In the case where 77 and 7> are linear and compact but not necessarily
self-adjoint, we recall also the Ky—Fan inequalities

nx(s1 4 52T + T2) < nu(s1;T1) +ns(s2;T2), 51,52 > 0. (3.4)

Theorem 3.2. Assume that V € LP(R*:R). Fix j € N and A € [—00,00). Then
for any € € (0, 1) we have

ny(1+ 6 Tjoo(A A)F VI *Tj oo (A; A)) + O(1)
=N (3.5)
<nt(1 =& TjeA AFVF* T (A A) + O0(1), A]0.
Proof. The Birman—Schwinger principle implies
N =n_(LVI2(Hy = &F —)TVIH +01). 210 (3.6
Pick 4 € R. Applying the Weyl inequalities (3.3), we get
ny(1+s: VY& = Ho+ )7'P, V7
—n_(s: V(&S —Hy+ 1)U =2, pV'/?)
<n_(LV'2(Hy— & -7V (3.7)
<ni(l—s; Vl/z(é”;r — Hy + A)_lﬂ)j,ng/z)
+ (s VIE — Ho+ )M =2, pV'/?),

forany s € (0,1). By V € LP(R?; R) and the diamagnetic inequality, we easily find
that

ni(s:VV2(EF = Ho+ )71 — 2, pV/?) =0(1). Ao, (3.8)
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Further, for any r > 0 we have

ny (K2 VY€ — Ho+ )71 P, 1V1?)

D
= n+(r2; yl2g /~ (& —Ej(k) + 1) 'x; (k)dkjrvl/z) (3.9)
(4,00)
= no(r: VI2F*T;(1; A)).
Applying the Ky—Fan inequalities (3.4), we obtain
na(r(1+ ) V2F*T; 0o (1; A))
= (rs; VI2F X (Tj00 (A A) = Tj (4; A)))
< n (r; VIY2F*T;(1; A)) (3.10)
<nk(r(1 —s5): VY2F*T; oo (A: A))
+na(rs; VI2F X (Tjoo (O A) = T (1 A))).
Now note that
VY255 (T 00 (A: A) — Tj (A: A)) |

< ||V||;{i(mz) sup (& — £ (k)21 (k) = 71,00 (R

(3.11)

uniformly with respect to A > 0. By (3.11) and Theorem 2.3 we find that for each
q > 0 there exists Ag = Ag(q) such that A > Ay(g) implies

VY25 (T) 0o (A: A) = Tj(A: A)|| < q
for each A > 0. Choosing A > Ay(rs) in (3.10) we find then that
na(rs: VI2F*(Tj oA A) = Ty (A: A)) = 0 (3.12)
for each A > 0. Next, the Ky—Fan inequalities (3.4) imply that for any A > 0, r > 0,
s €(0,1) and A4, A, we have
na(r(149); VI2F*Tj 00 (4 4))
—nu(rs: V2T (Tj,00(A: A) — Tj oo (A1 A)))
< n (r; VI2F*T; o (A A)) (3.13)
< (r(1=5): VV2F*T) 00 (1 A))
+ 1 (rs; V2 F (T 00 (A A) — Tjoo(A; A))).

By Proposition 3.1 we have

na(r V25 (T 00(As A) = Tjoo(A; A))) = O(1), 4]0, (3.14)
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for any fixed r > 0. Finally we note that
ne(riV2F*Tj oA A) = 04 7% Tjoo M AF VI *Tioo(A: A))  (3.15)

for each r > 0, A > 0. Putting together (3.6)—(3.10), and (3.12)—(3.15), we ob-
tain (3.5). O

Note that the operator 7} oo (A; A)FVF *T; o (A; A) regarded as an operator
on the Hilbert space Pj o (A)L*(R?), is unitarily equivalent to S;(A; A)*S; (A; A),
where S;(A; A): L?*(A, 00) — L?(R?) is an operator with integral kernel

Qm) 2V (x, 3) 2R oo (x: k) (€ — Ej (k) + 1) 712, (3.16)

for k € R, (x,y) € R, and A > 0, the function V.00 being defined in (2.9).
Therefore,

ny(r: T A)FVF*Tjo(X; A) = ny(r; Sj(A: A)*S;(A: A),  (3.17)

for r>0andA > 0.
For (x,£) € T*R = R? and j € N set

lIJx,:‘?;j(k) = b_l/ze_ikSWj,w(XQk), k € R.

Note that for each j € N the system {Wy ¢ }(x,6)eT*R is overcomplete with respect
to the measure %dxdg, i.e. for each f € L?(R) we have
o [ U Paxas = [ 1pRdk
T JT*R R

(see [1] or [28], Section 24).

For (x,§) € T*Rand j € Nset Pyg.; = (-, Wy ;) ¥t > and introduce the
operator

b
Vi = 27 ) V(x,8) Py jdxdg,

where the integral is understood in the weak sense. Then V; can be interpreted as a
WDO with contravariant (generalized anti-Wick) symbol V, see [1]. Moreover, we
have

Sj(A:—=00)*S;(A:—00) = (6 — E; + M)V (6 — E; + )7V (3.18)

Bearing in mind (3.17) and (3.18), and applying the Birman—Schwinger principle,
we find that (3.5) with A = —oo and ¢ € (0, 1) can be re-written as

rank [P(G;LJFA,OO)(EJ‘ + 1 +e)~ V) +00)
<N
< rank ﬂ)(s_;r+x,oo)(E/ + (=) '"V)+0(1), A0

Thus, the operator £; 4+ V; could be interpreted as the effective Hamiltonian which
governs the asymptotics of N;“ (A) as A | 0, the multiplier by E; being its “kinetic”
part, and the ¥DO V; being its “potential” part.
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4. Sufficient condition for the boundedness of Nj"’ )

Assume that W is a bounded non-decreasing function with W_ < W,.. Set
xt =inf{x e R| W(x) = Wyl 4.1)
By the assumption W_ < W, we have xT > —oo. Set
X = {x € R| there exists y € R such that (x, y) € esssupp V},
X" =infX, XT = sup X.

Theorem 4.1. Let W be a bounded and non-decreasing function with W_ < W,
and x < co. Assume that V € LP(R?), V >0, —oo < X~ < X < co. Suppose
in addition that ess supcp [p V(x,y)dy < oo, and

Xt <x™. 4.2)

Then we have

N =0(), A0, jeN. (4.3)

In order to prove Theorem 4.1 we need some information on the asymptotic
behaviouras k — oo of the function ®; (k) defined in (2.16), which by Proposition 2.6
determines the asymptotics of &; — E; (k). Letw_, w4 € R, w— < w4, xo € R. Put

.
w(x) = {w+ Cree (4.4)
w— if x < xp.

Proposition 4.2. Assume that w— < wy. Then we have

2 (wy —w-)
N 2

the number p; being defined in (2.10).

®; (k: w) Pk 3= G Pk=b2x0% (1 4 6(1)), k- 00, (4.5)

We omit the simple proof of the proposition, based on the standard Laplace method
for approximate evaluation of integrals depending on a large parameter.

Remark. Comparing (2.21) and (4.5), we find that under the assumptions of Propo-
sition 4.2, we have

Ei(k;b,w)

(ws —w-) (4.6)
2
Thus, in spite of the fact that the band functions E; (k;b, W), k € R, j € N, imitate
in many aspects the behaviour of the edge potential W (see, e.g., Proposition 2.1),

=& - kP30T PR (1 Lo (1)), k- oo,
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asymptotic relation (4.6) reveals an important difference: the function w is equal to its
maximal value w4 on the interval [xo, o), while the band functions E; (k;: b, w), j €
N, being analytic increasing functions, never reach their suprema & j+. This purely
quantum effect related to the uncertainty principle, explains many of the asymptotic
results obtained in the sequel.

Proof of Theorem 4.1. By the upper bound in (3.5), and (3.17), it suffices to show
that

n«(r; Sj(A; A)) = 0(1), A0, 4.7
for any fixed r > 0 and A € [—00, 0c0). We have
1
ny(r; Sj(A; A)) < r2TrS;(A; A)*S; (A A) = 5300 (4.8)

where
o0
do(A) = / / (8]»+ —E;j(k;b, W) + ) W00 (x: k) V(x, y)dxdydk.
A R2

Now pick X € (X*, x™) which is possible due to (4.2), and set

- W. ifx > x,
W=+ =T (4.9)
W(x) ifx <X.
Since W(x) < W (x), x € R, the mini-max principle implies
(8;r —Ej(k;b, W)+ 27!
< (& —Ej(k:b,W)+2)~". keR jeN 1>0.
Therefore,
Jo(A) < <ess sup / V(x, y)dy) 410 (4.10)
xeR JR
where

o] X+
J1(X) :/A / (& — Ej(kib, W) + 1)~ j 0o (x: k) *dxdk.

Taking into account (2.11), (2.21), and (4.5), and bearing in mind that the interval
[X~, X ] is compact, we find that for sufficiently large A > 0 and any A > 0 we
have

oo pXt
I < 4(Wy = W(E)™ max e b= / ke 2KGE=2) gy d ke
xe[X—,XT] A JX— (4'11)

[e.¢]
<2(Wy —W(E)™' max e bG&F) / e KCE=XD) g < oo,
x€[X—,XT] A

dueto ¥ > X T. Putting together (4.8) - (4.11), we obtain (4.7), and hence (4.3). [
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5. Reduction to operators in holomorphic spaces

In the sequel we assume that there exist bounded domains Q.+ C R? with Lipschitz
boundaries, and constants coi > 0 such that

Coxg (X ) SV(.y) Sedxg, (7). (x.y) €R% (5.1)

where XQj: denotes the characteristic function of the domain Q4. Next, for § €
(0, 1/2) introduce the intervals

I_=1_(8)=@,1-8), I,=1.(8)=(014+36).

In what follows we will assume that the infimum x * defined in (4.1) satisfies x T < o0,
because in the case x* = oo Theorem 4.1 implies :A/j+ (A) = 0(1)as A | 0. Since

the operator Hy is invariant under magnetic translations, we will assume that xt=0
without any loss of generality.

Let§ € (0,1/2) and m > 0. Define the operator I'y (m): L?(1_) — L?*(R_) as
the operator with integral kernel

7 V2o b ¥ 2gmGik2 e T (xy) e @
and the operator I 5+ (m): L?(14+) — L?(24) as the operator with integral kernel

_ —bx2 i
T 1/2me bx /Zem(x+ly+5)kk1/2’

kely, (x,y) € Q4.
Remark. Introduce the set
B(Q1) = {u € L*(Q+) | uis analytic in Q4 } (5.2)

considered as a subspace of the Hilbert space L?(Q24; e_bxzdxdy). Note that as
a functional set B(€24) coincides with the Bergman space over Q24 (see, e.g., [9],
Subsection 3.1). Then, up to unitary equivalence, the operators th (m) map L>(1+)
into B(24).

Theorem 5.1. Suppose that W is a bounded non-decreasing function with W— < W,..
Assume that V € LP(R?; R) satisfies (5.1). Then we have

nx(r; Sj(A; A)) = na(r(1 4+ &)/ (We = W_) /ey : Ty (Vb[InA])) + O(1), (5.3)
and

n«(r; Sj(A; A))
5.4
< na(r(1 = ey Wy = W(=8)) /e 512, T (VB AD) + O, oY
asA 0, forall j e N, A>0,e6€(0,1),5 €(0,1/2)and r > 0.
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We will divide the proof of Theorem 5.1 into two propositions.
For the proof of the first one we need the following auxiliary result. Define the
operators F;, [ =0, 1. by

(Fv)(z) = / e klv(kydk, veCLP(R), z eC.
R
d(F

Note that Fjv are entire functions in C, and (F1v)(z) = a—gv)(z). Moreover, the

operators Fy can be extended as continuous operators from D(,,,,(R), the subclass
of compactly supported distributions from the class O’(R), dual to C5°(R), into the
space of functions entire in C. Set

fli[v] = /Q e_bx2|(F1v)(x +iy)[?dxdy, veC(A, ), 1 =0,1.
+

Denote by D[ f;%] the closure of C§°(A, 00) in the norm generated by the quadratic
form fli.

Lemma 5.2. The quadratic form fojE is closable in D[ fF), and the operator F*
generated by its closure, is compact in D[ f~].

Proof. Consider D[fF + fst], the closure of C§°(A, oc) in the norm generated by
the quadratic form fljE + foi. The quadratic form fojE is bounded, and hence closable
in D] fli + foi]. Denote by F= the operator generated by its closure in D | fli + foi].
For v € C§°(A, 00) set

w(x,y) = (Fov)(x +iy), x+iyeC.

Then we have
fiEw] = / e P \wPdxdy, fE[v] =2 / e 0 |VwPdxdy.  (5.5)
Qi Qi

Since the €24 is a bounded domain with a Lipschitz boundary, the Sobolev space
H!(Q4)iscompactly embeddedin L2(£2+). Hence, (5.5) implies that F*is compact.

Let us now check that |F¥|| < 1. Evidently, [|[F%| < 1. Assume ||[FE| = 1.
Since F¥ is compact, this means that there exists 0 # v¥ € D[ £+ f55] such that
fifv] = 0. Let {v},en be a sequence of functions v € C{°(A4,00) C C§C(R)
converging to v¥ in D[fE + foi]. Set wE(z) = (FovE)(z). Evidently, for any
n € N we have wF € B(Q4) (see (5.2)). Since B(Q) is complete, there exists
w* € B(Q+) such that lim, o [|wE —wi||;3(gi) = 0. Since (F1v)(z) = ag)ft,
it is not difficult to check that f;¥[v*] = 0 implies that w? is constant in Q1 (see,
e.g., [9], Theorem 2, Exercise 1), and hence w* admits a unique analytic extension
as a constant to C. Then the distributional Paley—Wiener theorem (see, e.g., [11],
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Theorem 1.7.7) combined with [24], Theorem V.11, implies that v¥ is proportional
to the Dirac §-function supported at k = 0. Since supp v C [4,00) and 4 > 0 we
conclude that v* = 0 as an element of O’(R), and hence f=[vE] + fF[vE] = 0,
which contradicts with the hypothesis that v* # 0 as an element of D| fljE + foi].
Therefore, || F= || < 1, and the quadratic form foi is bounded, and hence closable in
D] fli]. Finally, the operator F* generated by its closure is unitarily equivalent to

(I — F¥)~'F¥ and therefore is compact in D Vil O

Define the non-decreasing functions

Wi if 0
Won =45 T
W_ ifx <0
and
W. if x > —§
W) =Wheesy =4+  TE=T% 55,
W(=6) ifx < -6,
Since x* = 0 and § > 0 we have
Wy (x) < W(x) < Wy (x;8), xeR. (5.6)
Set
w+ = {x € R| there exists y € R such that (x, y) € QL}. (5.7)

LetA > 0, A € [-00,00). Fix j € N. Define sz-t()t; A): L?(A,00) — L?(Q+) as
the operator with integral kernel

(Z2)"%etbrem 02t 02 2 e gy s W) + )2V 658)
T

with k € (4,00), (x,y) € Q4, the number p; being defined in (2.10).

Proposition 5.3. Assume that W and V satisfy the assumptions of Theorem 5.1. Then
forevery A > 0,r > 0, and ¢ € (0, 1), we have

na(r(l + ) \/eg Q7 (A: A) + 0(1)
< nx(r; S;(A; A)) (5.9)

< nu(r(1—e);/eg 0 (As A)) + O(1),

ash | 0, where S;(A; A) is the operator defined by (3.16), jS (A; A) arethe operators
defined by (5.8), and coi are the constants occurring in (5.1).

Proof. Inequalities (5.1) and (5.6), combined with the mini-max principle, imply the
estimates

na(ri /g 57 (A A)) < na(ri S; (A A) < ma(riyfeg SF (A 4)  (5.10)
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where §ji (A; A): L?(A, 00) — L?(24) is the operator with integral kernel
Q@) 2 Y o (e k) (EF — Ej(ks W) + M 7V2 ke R, (x,y) € Q.

In the case j = 1 inequality (5.10) yields immediately (5.9) since in this case we
have SljE A A4) = th(k; A). Assume j > 2. Then we have

Jj—1
i—1—] —(p—1/2k—p1/25)2
Vico(xik) = p/2 D" Py j(x) (k) 17 em 0T ERDIE2, (5.11)
=0

forx € R, and k € R, where P; ; is a polynomial of degree less than or equal to /,
and Py,; = 1. Therefore,

Jj—1
SFQ:A) =) "P ;07 (A A)B!
=0
where the operator B: L?(A, 00) — L?(A, 00) with A > 0 is defined by
(Bu)(k) = k™ 'u(k), ke (A,00), u € L*(A,0).
Further, for each u € L?(A, c0) and n € (0, 1), we have
ji—1
ST AulZag = [ | PLix)(QF (. A)B! Paxd
1570 iz = | |30 Prye)(@7 G ) Bl ) dixdy
- I=0

= (1 —77)/Q | Po,j (x)*(Q (. A)B"u)(x, y)|*dxdy

j—1
oo fg |3 P05 (MBI )| dxdy

- I=1

> (1-n) /Q |Po.j (x)2(Q7 (1, A)Blu)(x, ) Pdxdy
St
0 =G =06 3 [ 107G A Bl ) Py,
=1 -

withey = max;—i,  j—1SUPyeo_ Pr,; (x)2, the set w_ being defined in (5.7). There-

fore,

.....

ST A)*S7 (A 4)

= (1=nQ; (A: 4)" Q5 (A: 4)
. (5.12)

j—1
—( =D =Dey Y B'O7 (1 A)* Q7 (L A)B'.

=1
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Similarly,
S ) SF (s A)
<A +mOf (A0 (A 4)

j—1
+( =D+ e Y B'of () 0f (B,
=1

(5.13)

.....

quadratic forms
aflu] = aif[u; A, j]
2
= E”Q]i(k’ A)Blu”%;(gzi)

1.2
:/ebx
Qg

o0
/1:1 ek(x-‘rly)e—b_]kz/Z(g;' _ E](k, Woﬂ:) + A)—I/Z (514)

2

(k) = Yu(k)dk| dxdy

withu € C§°(4,00), A > 0, j = 2,1 =0,...,j — 2. Evidently, a;*[u] > 0, and
ali[u] = 0 implies # = 0. Denote by D[ali], [ =0,...,j —2, the completion of
Cy° (A, 00) in the norm generated by ali.

Further, for j > 2,/ =0,...,j —2,and A > 0, define the operator U, ; 5 by

(U a0 (k) = K26 — ik W) + 172 T ulk). k€ (4, 00).
Note that the mapping ‘qu, 50 € (A, 00) — Cg°(A, 00) is bijective, and we have

ai[u] = U ul. aii,[u] = £ U5 ul. (5.15)

foru € Cg°(A,00) and !/ = 0,...,j — 2. It follows from Lemma 5.2 that the
quadratic form ali_H is closable in D[ali], [ =0,...,j — 2. Denote by Ali the
operator generated in D [ali] by the closure of the quadratic form aliﬂ. Since Ali =
(uj.f,, )k)_1 I]-_i‘l,(j.fl’ 3> 1.e. the operator Ali is unitarily equivalent to F*, and F* does
not depend on A, we find that U(Ali) is independent of A. Moreover, since F* is
compact by Lemma 5.2, we find that the operator Ali is compact as well.

Now it follows easily from (5.12)—(5.13) that for each ¢ € (0, 1) there exist
subspaces J+ of C5°(A, 00) such that the codimensions codim -+ are finite and
independent of A, and

IS (s ull? = (1 + )72 Q7 (s Aull®, u e H_, (5.16)
IS All? < (1 =) 2 QF s A2, we s (5.17)
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Combining (5.16)—(5.17) with standard variational arguments (see, for instance, [2],
Lemma 1.13, and the proof of Lemma 1.16 in [2]), we get

ne(r: 87 (A; A)) = ny(r(1 4 €); Q7 (A; A)) — codim J_, (5.18)
nx(r: S (A: A)) < na(r(1—£): 0F (A: A)) + codim .. (5.19)
Putting together (5.18)—(5.19) and (5.10), we arrive at (5.9). O

Proposition 5.4. Foreveryr >0, A> 0,8 € (0,1/2), and ¢ € (0, 1), we have

n.(r; QJ-_()L; A)) = nu(r(1 + &)y Wy = W_;T5 (vb|InA])) + O(1)  (5.20)
and

ni(r; Q5 (A; A))

< nu(r(1 — &)y Wy — W(=8)e /2,1 (/b In A]) + 0(1), 20
as A | 0.
Proof. Let A > 0, A € [—00, 00). Define the operators
M5 A): LP(Qx) - L*(Qx)
as the operators with integral kernels
PJ b +x")/2 /OO(E:.+ —Ej(k; W5 + 1)1
27 R (5.22)

(201 p=b7 1k ke (etx!+i(y=y") g

with (x, y), (x’,y") € Q4. Evidently, Qf(A;A)QjF(A;A)* = Mﬁl (A; A). There-
fore,

e (r; QF (A A)*QF Qs ) = na (i M5 (s A)). 7> 0. (5.23)

In the rest of the proof of the proposition we just show by successive simplifications
that we can replace the operators M 1%1 (A; A) by their “asymptotic values” as A | 0,
namely the operators

const. th(\/b| InA|) I'gc(\/b| In A|)*.

The main ideas of these steps are inspired by the elementary asymptotic analysis as
A | 0 of the integral in (5.22); here we apply essentially relation (4.6) dealing with
the asymptotics of E;(k) as k — oo. The technical details of the proof become
somewhat tedious since we need to ensure an adequate control on the differences of
the eigenvalue counting functions for the successive approximations.
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First, we concentrate at the proof of (5.20). Fix ¢ > 0. Then by (4.6) there exists
Ay = Ag(e) such that k > A implies

— W W— P _p—172
&5 — Ej(k:Wy) < (1 + &)———— p;k¥ 707K, (5.24)

2

For p > 0 and A > 0 define M, (%, A, p): L*(2-) — L*(Q-) as the operator
with integral kernel

5—’e‘b<x2+x’2)/2 /oo(p + Ak3—2jeb_1kz)—lkek(x+x’+i(y—J/’))dk (5.25)
Vs A

with (x, y), (x", y") € Q_. Then (5.24) implies that for A; = max{A, A;} we have
M My (i A)) 2 g My A py (1 + ) (We = W) /2)). (5.26)

Fix§ € (0,1/2). Set A = |In A|'/2, and assume that A > Oissmallthat A; < §~/DA.
Then, by the mini-max principle,

n+(r;M,T2(/\7Alap)) Z n+(r;M]TZ(Aa8\/EA’ p))’ P > 07 r> O (527)

In the integral defining the kernel of the operator M, (A, §v/bA, p) (see (5.25)),

change the variable k = v/bA (1 + u)'/2 with u € (—1 + 62, 00). Then we see that
the integral kernel of M, (4,8 VbA, p) is equal to

bA2 oy [P ~
Dj e—b(x2+x 2)/2/ (p + (\/ZA(I + u)1/2)3—2jeA2u)—1
4 —1+482

X H =y NVOA+W)2 g

Define M;5(A,8, p): L*(Q-) — L*(2-) as the operator with integral kernel

hA2 , —1+(1-8)2 _
Dj e—b(x2+x 2)/2/ (p + (\/EA(I + Z/01/2)3—2] eAzu)—l
4r —1+82

e(x+x/+i(y—y/))«/5A(1+u)1/2du

with (x, y), (x’, y") € Q_. Evidently, the mini-max principle implies
ny(ri M5 (A 8VDA, p)) = ny(r: Mi5(X. 8. p)). (5.28)
for p > 0,r > 0,and § € (0, 1/2). Further, define
M, (1.8, p): L*(Q-) - L*(Q-)

as the operator with integral kernel

2 —1+(1-6)?
pjbA e—b(x2+x’2)/2/ ( )e(x+x’+i(y—y’))~/3A(1+u)l/zdu (5.29)
4mp —1+462
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with (x, y), (x’, y") € Q_. By the dominated convergence theorem,

lim | M35, p) - M (2.8, p)3=0

where || - |2 denotes the Hilbert—Schmidt norm. Fix ¢ > 0. Applying the Weyl
inequalities and the elementary Chebyshev-type estimate

na(s: M58, )~ M7 (1.5 ) < s M58, p)~ M4 8. 3. s > 0,
we get
n (i Mis(,6, p) = na (1 + ) Mg (4,8, p) + O(1), A 40, (5.30)

In the integral defining the kernel of the operator M 4 (4,8, 1), see (5.29), change the

variable (1 4+ u)'/? = k with k € (6,1 — §). Then we see that the integral kernel of
M;,(A,8,1) equals

A2 1-6
pjbA e—b(x2+x’2)/2/ AN HO-YDVEMK L gk (¢ ). (¥ y) € Q@
27Tp 8 ’ b ’ b .

Therefore

Mi,(4.8,p) = %F{(x/bl ANy (VB AD*. (531)

Combining now (5.23), (5.26), (5.27), (5.28), (5.30), and (5.31), we obtain (5.20).

Let us now prove (5.21). The proof is quite similar to that of (5.20), so that we
omit certain details. Setv; = 0andv; = 1if j € N, j > 2. Pick ¢ € (0,1). Then
there exists A(J{ = A(J{ (¢) such that k > A(")|r implies

— W(=$)
2

For p > 0 and A > 0 define MIZ(A, A,p): L>(Q4) — L*(R24) as the operator
with integral kernel

W. a _(p—1/2 1/25)2
EF—E;(k: Wyh) = (1—)— pj(k4v,)2 3= ®TERABIE® (5 30y

. / w . -_—
&e—b(xz-i-xz)/Z/‘l:1 (p+)\,(k+vj)3_2j€b 1k2+25k)—1k

27 (5.33)

ek(x+x/+i(y—y’)+28)dk’

with (x, y), (x’,y") € Q4. Therefore, similarly to (5.26), we have
ny(r; Mf (A; A))

+ —bs§2 (534)

=ni(riM;(A, Ay, (1 —e)pje™" (Wy — W(=0))/2))

for A7 = max{A, AaL }. Moreover, it is easy to check that

ni(rs M54, A, p)) = ny(r; M75(2,0, p)) + O(1), 4]0, (5.35)
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forany A > 0, p > 0. In the integral defining the kernel of the operator M ;’2 (12,0, p)

(see (5.33)), change the variable k = v/AA(1 + u)'/2 with u € (=1, 00). Then we
see that the integral kernel of M J?Lz (4,0, p) is equal to

pjbA?

y e—b(x2+x/2)/2/oo(p + (\/EA(I + u)l/z + Uj)3—2jeA2u+28«/EA(l+u)1/2)—1
T -1

e(x—i—x’-‘ri(y—y’)+28)«/3A(l+u)1/2du‘

Define now M; 3()& 8,p): L?(4) — L?(Q4), as the operator with integral kernel

hA2 ) —1+(148)2 4
p,]47[ e—b(x2+x 2)/2/ (p + (\/EA(I + u)1/2 + Uj)3_2‘/
-1

eA2u+28JZA(1+u)1/2)—1
X H =y +25)Vo A+ 2 g
with (x, y), (x’, ") € Q4. By the dominated convergence theorem,

lim [|M5,(2..0. p) = M52 8. p)ll3 = 0.

Therefore, similarly to (5.30), we obtain
ny(ri M0, p) < na(r(1—e): M5(A.8.p) + O(1). A 10, (536)
forany r > 0,¢ € (0,1),6 > 0, p > 0. Next, define
M, (1,8, p): L*(Q4) — L2(Qy), §>0,
as the operator with integral kernel

2 -1+ 2
bp; A e—b(x2+x/2)/2/ 1+ X iy y/)+28)«/_A(l+u)1/2du
p -1

4
for (x, y), (x’,y’) € Q4. Evidently, the mini-max principle implies
ni(ri M5(A, 8. p) < ny(rs M7, (A.68, p). r>0. (5.37)

Finally, by analogy with (5.31), we get

M, (0,8, p) = p;)F+(\/b|lnA|)F+(\/b|1n/\|) (5.38)

Putting together (5.23) and (5.34)—(5.38), we arrive at (5.20).

Now, the combination of (5.9) and (5.20)—(5.21) yields (5.3)—(5.4).
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6. Asymptotic bounds of NJ."’ (A)asA )0

In what follows we identify when appropriate R? with C writing z = x +iy € C for
(x,y) € R2. Moreover, we denote by duu(z) = dxdy the Lebesgue measure on R2.
Further, we assume as before that x™ = 0, that V' satisfies (5.1) with some constants
cgE > 0 and some bounded domains Q4+ C R? with Lipschitz boundaries, and that

Q_N{zeC|Rez >0} #0. (6.1)

We will show that under these assumptions the functions ,NJ.Jr (A) satisty the asymp-
totic estimates (1.6) and (1.7) with some explicit constants €+ > 0. In order to define
these constants we need the following notations. Let & C R? be a bounded domain.
Put

K_(Q) = {(p.q) € R? | p < g and there exists x € R such that
(x,p+1tlg—p)) €Qforallt €0, 1]},

and

()= sup (¢—p).
(p.9)EK—()

In other words, ¢_(£2) is just the maximal length of the vertical segments contained
in Q. Next, for s € [0, 00) put

x(s)=1|{t >0]|tlnt < s}|

where | - | denotes the Lebesgue measure of a Borel set in R. Let Bg({) C R? be the
open disk of radius R > 0 centered at { € C. Set

K (R2) ={(¢,R) € Rx (0,00) | there exists n € R such that @ C Br(§ +in)},

and ¢
Q)= inf  Rx(2E
c+(82) (S,R)lenl(+(§2) X(eR)
where &4 = max{¢, 0}. Evidently,
1. 1
¢ () > Edlam () > Ec_(Q). (6.2)

Finally, put _
QiZ{ZEQ:E |ReZ>0}.

Note that (6.1) implies Qi = ). Occasionally, we will also use the notation
Q.6 ={ze€Qy|Rez > 268

for § > 0 so that Q. (0) = Q.
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Theorem 6.1. Suppose that W is a bounded non-decreasing function with W_ < W,
and x* = 0. Assume that V satisfies (5.1), and (6~. 1) holds true. Then asymptotic re-
lation (1.6) is satisfied with €_ = (27) "' v/be_(Q_) while asymptotic relation (1.7)

holds true with €, = e~/be4 (§+). In particular,
In N (A 1
im 17() =—, jelN

240 In [In A| 2

Remark. Under the hypotheses of Theorem 6.1 we have € < €4 due to (6.2),
Q_CQy,and 1/ <e.

The proof of (1.6) is contained in Subsection 6.1, and the proof of (1.7) can be
found in Subsection 6.2.

6.1. Lower bound of uVJ.+ (A). In this subsection we prove (1.6). Taking into ac-
count Theorem 3.2, (3.17), and Theorem 5.1, we find that it suffices to show that, for
any r > 0 independent of A > 0, we have

E%hgﬂyfanr“mn+01Fg(JbUnAD*Fg(JankD)E:f_. (6.3)

Let Q@ C R? be a bounded domain, and 4 C (0, co) be a bounded open non-empty
interval. For m > 0 and § > 0 define the operator §,, 5(2,d): L2(d) — L*(J) as
the operator with integral kernel

n_lmzvkk’/ M CEEDACEID g (), kK € d. (6.4)
Q
Set , 5
e_ = inf e, gy = sup e7B¥, (6.5)
XEw— XEW4

the sets w4 being defined in (5.7). Then we have
[y (m)* Ty (m) = e_Gpm0(Q-,1-(8)), m > 0. (6.6)

Further, let R ¢ Q_ C Q_bean open non-empty rectangle whose sides are parallel
to the coordinate axes. Since a translation z +— z + in, n € R, in the integral
in (6.4) generates a unitary transformation of the operator ,, o(2—, /_(8)) into an
operator unitarily equivalent to it, we assume without any loss of generality that
R=(a,f) x(—L,L)with0 <a < B <oocand L € (0,00). Evidently,

Gm,0(R-,1-(8)) = Gn,o(R.1-(8)). m>0. (6.7)

Forn € Rand § € (0,1/2) define the operator G, 5(m): L2(1_(8)) — L?*(1_(5))
as the integral operator with kernel

k) sin (m(k — k') 2vkk’

kK e I_(5).
x(k—k) k+k €I-¥
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Then
Gno(R,1-(8)) = Gﬁ_’s(mL) — Goza(mL). (6.8)

Define the operator gg(m): L?(4) — L2(J), m > 0, as the operator with integral
kernel

sin (m(k — k') 2vkk’

ntk—k) k+k’

Note that we have gg(m) = yg(m)*yy(m) where

k. k' e d.

ya(m): L2(d) — L2((0,00) x (—m,m))
is the operator with integral kernel
g Y2tk 12 e gy e (0,00), y € (—m,m).

Evidently, for any finite m > 0, the operator y4(m) is Hilbert—Schmidt, and we have
lya(m)|| < 1. Therefore, gg(m) = gg(m)* > 0 is a trace-class operator, and

lgs(m)|| < 1. (6.9)
Simple variational arguments yield
n4(r: Gy 5(m) — G 5(m))
2 4 (r(1 = 2P G () (6.10)

> ny(re 2PIm (1 — 2@PNmy=1 o) 5y (m)),

forr > 0andé € (0, 1/2). Combining (6.6)—(6.10), we find that under the hypotheses
of Theorem 6.1 for each § € (0, 1/2) we have

14 (riTy () Ty (m))

6.11)
> ny(re P (e_(1 — 2@ P¥my)~l. o) 5 (mL)).
In order to complete the proof of (6.3), we need the following result.
Proposition 6.2. For alll € N we have
. —1 I _ I'“
lim m™ " Trgg(m) = —. (6.12)
m—o0 T
- — mld]
Proof. Letl = 1. Then, Tr gg(m) = == Letnow [ > 2. Set
inmk
om) = 2 ke d.
wk

Denote by x4 the characteristic function of the interval 4. Then we have



266 V. Bruneau, P. Miranda, and G. Raikov

ﬁgumﬂ=3Au.ﬁwmml—bw%wz—hy.wmwFI—mwmwr—M)
G[(kl,.. vkl)XJ(kl) Xj(kl)dkl .. .dkl,
where

B 2 ky .k
(k1 + k2)(kz + k3) ... (ki1 + kp)(kp + k1)

Gy(ky, ... kp)
Changing the variables k1 = 11, k; = t; + m_ltj, j=2,...,1, weget

ﬁmWY=@AMA%FM%®—muwMH—M%M)
Gim(trs . tDx gt x gt +m™ 1) oy gt +m™ y)dey .1y,
where

@Tl,m(tl’ ] tl) =
2Lt +m ).t + mT )
Qty +m™ )2t +m™ (12 + 13)) ... Rty + m~ (G- + 1)) 2t +m™y)’

Applying the dominated convergence theorem, we get

lim m~'Tr g4 (m)’
m-—00

(6.13)
= |4] / . / p1(—2)p1(t2 — 13) ... 1 (t1—1 — 1)1 ()d 12 . .. d1y.
R R
Further, we have
1 )
00 =5 [ ren@ds tew
T JR
Therefore,
[ [ oot -t o - @,y
R [R1 l . (6.14)
= — _ d == —.
or [ rein@'as =
Putting together (6.13) and (6.14), we obtain (6.12). O

Proposition 6.2 and estimate (6.9) combined with the Kac—-Murdock—Szeg6 the-
orem (see the original work [12], [8], Section 11.8, or [22], Lemmas 3.1, and 3.2),
imply the following result.



Discrete spectrum of quantum Hall effect Hamiltonians I 267

Corollary 6.3. We have

4]
— 0,1),
limoom_ln+(s;g,g(m)) =q 7 s eO.1) (6.15)

m—
0 ifs>1.

Now we are in position to prove (6.3). Fix arbitrary s € (0, 1). Assume that m is
so large that re=28m(¢_(1 — ¢2(@=P)dm))=1 — ¢ Then (6.11) implies

n4(r; Ty (m)*Ty (m)) = ny(s:gr_es(mL)). (6.16)
Putting together (6.15) and (6.16), we find that the asymptotic estimate

L
lirﬁionf|lnk|_1/2n+(r; U5 (vb|In A])*T5 (v/b[In A]) > fiu —2§)
T

holds for every 6 € (0,1/2). Letting § | 0, and optimizing with respect to L we
obtain (6.3).

6.2. Upper bound of e/Vj"'(A). In this subsection we prove (1.7). By analogy
with (6.3), it suffices to show that for any r > 0 independent of A > 0, we have

limlimsup [ In A| ™20 (r; T3 (/B[ In A[)* T (/B In A])) < €4 (6.17)

5§40 240

Evidently,
Iy ()T (m) < 64 6 5(Qe1 1 8). m >0, (6.18)

the integral kernel of the operator §,, s (€24 ; J) being defined in (6.4), and the number
¢4 being defined in (6.5). Since we have §,, 5(24+ \ 24+(8); /+(5)) > 0 and

lim Tr Gy, 5 (24 \ Q4(8): 1+(5))

m—00

1+68
=7"! lim m2/ / 2Rz Ok g (2)kdk = 0,
0 Jop\Q4©®

we easily find that the Weyl inequalities entail

Ny (r:Gm,s(Q4:14(5)))

~ (6.19)
=4 (r(1 =€) Gn,5(R+(8): 1+(8))) + O(1), m — oo,

for each r > 0 and ¢ € (0, 1). Further, pick an open disk Br({) C R? such that
Q4 (8) € Br(¢). Evidently,

N (75 G 5 (Q4(8); 1+(8))) < 14 (ri G s(BR(O): 14(5))), 7 >0.  (6.20)
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Next, put I, = I.(8) = (0, (1 + §)1), and define
G5 (m): L*(Ix) — L*(1,)

as the operator with integral kernel
7 m2e?mET)+ / MR 11 (2), kK € 1.(8).
BR(0)

Changing the variable
Z>z4+¢

in the integral defining the kernel of §,, s(Br({); 1+(5)), see (6.4), and after that
changing the variable
k— (14 6)%

in 14(§), we find that the mini-max principle implies
N4 (r;Gm,s(Br(O): 1+(8))) < ny(r; G5 (1 +8)’m)), >0, (6.21)

with § = Re{. Further, expanding the exponential functions into power series, and
passing to polar coordinates, we get

2 p2 ng

ok +ZK) oo mTR7kK)
w(z) =nR E _—
./;R(O) < (g)*q + 1)

Therefore, the quadratic form of the operator G; (m) can be written as

(mR)2q+2 )
(G (m)u, u) - e2mE+I)+ |itg] (6.22)
L = Z < (@D2q+ D"
where
iy = kfu(kydk, ue L*(1.(8)), qeZ,.
L« (8)

Let { py(k)}4ez .. be the system of polynomials orthonormal in L?(14(8)), obtained
by the Gram—Schmidt procedure from {k?},cz_ , k € I.(J). Then,

q
k= "60up1k). k€l.6). qeZy,
=0

with appropriate 6, ;; in what follows we set 8, ; = 0 for [ > g. Put

Ug = / po(yu(k)dk, ue L*(1.(8), qe€Z4.
1+(8)
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Then we have

0o
iy =Y Ogui. q€Zy, (6.23)
=0
and
00
”u||22(1*(5)) = Z |uq|2‘ (6.24)
qg=0

Further, it is easy to check that
—21-1
2 (1+6)2
qupgj =y LEOTT
4=01=0 *(@) pri s

Therefore, the operator @: [2(Z ) — [?(Z ) defined by

o0
Ou)g = Ogu. qeZy. uw={uez,.
1=0

is a Hilbert-Schmidt, and hence bounded operator. Let p(m): [2(Zy) — [*(Z)
be the diagonal operator with diagonal entries

R 2g+2
pmeray (RTT g (6.25)
(@h*(@@+ 1)
Now (6.22)—(6.25) imply
ny(s: Gy (m)) = ny(s; 0 p(m)®), s> 0. (6.26)
Evidently,
ny(s:©*p(m)®) < ny(s:0O]p(m)). s> 0. (6.27)
On the other hand, for any s > 0 we have
em($+5)+ (mR)q+l

ny(s; p(m)) = #{q eZ, | ﬁ} s > 0. (6.28)

qg+1
Applying the Stirling formula

g'=m)'"2 g+ DT g+ DT A o(1). g — oo,
we find that for each ¢ € (0, 1) there exists g € Z 4 such that

eMmE+8) 4 (mR)‘1+1

{61 €Zy | — > «/E} <
V4 (6.29)
E+0)+ qg+1_ g+1 In (v/27s(1 —¢))
#{q€Z+ | eR ~ eRm ln(eRm)—’_ eRm }+ 0
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Passing from Darboux sums to Riemann integrals, we find that for each constant
¢ € R we have

1 1
lim m~'#{g € Z. | E+0)+ gtl, g+l °
m—>00 eR eRm eRm m (6.30)
_ ((E + 5)+)
= eRx|——).
eR

Putting together (6.18)—(6.21) and (6.26)-(6.30), we get

limsup | In A| ™20, (r; F;‘(\/b| ln/\|)*I‘;(\/b| InA|))

240
<+ 5)2\/5813%((5:—%)

for any § > 0. Letting 6 | 0 and optimizing with respect to £ and R, we obtain
(6.17).
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