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Approximate quantum and acoustic cloaking
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Abstract. For any £ > 0, we construct a sequence of bounded potentials VnE, n e N,
supported in an annular region By \ Bin C R3, which act as approximate cloaks for solutions
of Schrédinger’s equation at energy E: for any potential Vy € L°°(B;,) such that E is not a
Neumann eigenvalue of —A + Vj in Bj,, the scattering amplitudes Ay v E (E,0,w) — 0
asn — oo. The V,ZE thus not only form a family of approximately transparent potentials, but
also function as approximate invisibility cloaks in quantum mechanics. On the other hand,
for E close to interior eigenvalues, resonances develop and there exist almost trapped states
concentrated in B;,. We derive the V,F from singular, anisotropic transformation optics-based
cloaks by a de-anisotropization procedure, which we call isotropic transformation optics. This
technique uses truncation, inverse homogenization and spectral theory to produce nonsingular,
isotropic approximate cloaks. As an intermediate step, we also obtain approximate cloaking
for a general class of equations including the acoustic equation.
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1. Introduction

A fundamental problem is to describe the scattering of waves by a potential, as
governed by the time-independent Schrédinger equation at energy £ > 0,

(A + V)Y (x) = EY(x), xeR?, (1)

where x € R, ¥ (x) = exp(iEY2x-0) 4+ Ye(x), 0 € $¢71, and () satisfies
the Sommerfeld radiation condition. We restrict ourselves in this paper to compactly
supported potentials V, so

aV(E,‘ﬁ—l,Q)

Ve (x) = CdE% —— expGE?|x|) + 0(|x|_%), as |x| — oo.
o

X

The function ay, (E, w, 0) is the scattering amplitude at energy E of the potential V.
The associated inverse scattering problem consists of trying to determine V' from the
scattering amplitude, or measurements of waves at the boundary of some region 2
containing the support of V.

Recently, [22] described quantum mechanical cloaking at any fixed energy E.
Their construction starts with a homogeneous, isotropic mass tensor and a potential
V' = 0, and subjects this pair to a singular change of variables. This “blowing up a
point” transformation had been used in [34] and [35] to produce conductivities that
hide objects from detection by electrostatic measurements,” and was subsequently
used to describe the same phenomenon for electromagnetic waves [62]; one now
refers to a specification of material parameters having this effect as a cloak. The
cloaking Schrodinger equation in [22], which has an anisotropic, singular mass tensor,
is equivalent with the Helmholtz equation (at frequency w = VE ) for an associated
singular Riemannian metric, and thus covered by cloaking for the Helmholtz equation
in 3D, as we analyzed in Section 3 in [24]. Similarly, cloaks for acoustics in 3D have
been described in [11] and [17];® again, these are in fact direct consequences of
cloaking for the Helmholtz equation in 3D, cf. [28].

Thus, for ideal 3D cloaking in each of scalar optics, quantum mechanics and
acoustics, one knows from [24] that any finite energy distributional solution decouples
into a sum of a wave on the exterior of the cloak, unaffected (in terms of scattering
or boundary measurements) by the cloak, and a wave within the cloaked region
satisfying the Neumann boundary condition at the cloaking surface. Hence, if E
is not a Neumann eigenvalue, then the wave must vanish within the cloaked region
and cloaking works as advertised. On the other hand, if E is an eigenvalue, the
cloaked region supports interior resonances, or trapped states. This is an unphysical
situation, since the Dirichlet problem on €2 no longer has unique solutions, and this
can be considered as a failure of cloaking, per se. However, what emerges from this

2The 2D version has the same electrostatic cloaking property [42].
3See [16] for the 2D case, and [52] and [58] for more regarding elastic and acoustic cloaking.
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failure in the setting of approximate cloaking described below is, we believe, quite
useful.

In this paper, we construct for the Schrodinger equation, for each energy E, a
family {V,.F }°° | of potentials, supported in an annulus Boy \ Bin C R*, which are
not only almost transparent, in that the scattering amplitudes aye (E,-,©) = 0Oas
n — oo, but also act as approximate cloaks for potentials supported in the inner ball
Bi,: for any potential 1y € L° (Bj,) for which E is not an eigenvalue of —A + V)
in Bip, the scattering amplitudes ay, +VE (E,-,-) > 0asn — oo, as well. There
are also approximate versions of the interior resonances supported by the ideal cloak:
there exist energies close to the Neumann eigenvalues of the cloaked region Bj,, near
which there are waves largely concentrated in Bj,, which we call almost trapped
states. Furthermore, the quality of the approximate cloaking degrades as we move
towards these energies, with waves being able to penetrate Bj,, and the presence of
this region and Vj detectable by scattering or boundary measurements. In addition,
we are able to include a magnetic potential in the Schrédinger equation; this allows
one to switch between the approximate cloak and almost trapped state alternatives
by application of a suitable homogeneous magnetic field. We have given physical
applications of this in [29] and [30].

The inverse problem of recovering a potential from the Dirichlet-to-Neumann map
(near field) or scattering amplitude (far field) associated to the Schrddinger equation
has been extensively studied in the mathematical literature, see, e.g., [7], [70], [59],
[46], [55],9],[20], [54], [69], and [8]. Unique identifiability of the potential, as well
as counterexamples, have been shown under various regularity assumptions in [65],
[56], [67], [36], [60], [33], and [37].

We construct the families {V,E} of approximately cloaking potentials by means
of a result of independent interest. The use of changes of variables to produce novel
optical effects on waves or to facilitate computations has been considered in the
physics literature (see, e.g., Dolin [19]* or more recently Ward and Pendry [72])
and is now generally referred to as transformation optics (TO). However, to produce
cloaking and other extreme effects, nonsingular changes of variables are insufficient.
The recently proposed plans for cloaking are based on singular transformations and
consist of medium parameters which are both anisotropic and singular,’ whether
for the conductivity (electrostatics) [34] and [35], index of refraction (Helmholtz)
[48], [24], and [41], permittivity and permeability (Maxwell) [62] and [24], mass
density (acoustic) [16], [11], [17], and [28], or effective mass (Schrodinger) [22].
Physical realization of such designs is now potentially feasible due to the rapidly
developing area of metamaterials, but the singularity and extreme anisotropy make
characterizing and fabricating the materials to implement such designs an enormous
obstacle to manufacturing invisibility devices. These same remarks are valid for other
TO designs, such as [49], [10], [14], [25], [27], and [63], some of which are singular.

“We thank A. Kildishev for this reference.
By singular we mean that at least one of the eigenvalues goes to zero or infinity at some points.
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We propose here a general method, which we refer to by the oxymoronic isotropic
transformation optics, for dealing with both the anisotropy and singularity of TO ma-
terial parameters. We describe this in detail in the context of cloaking, but it should
be applicable to a wider range of TO designs. We in fact derive the quantum me-
chanical approximate cloaks from approximate cloaks for a general class of equations
that includes the acoustic equation. Using ideas from Nguetseng [57], Allaire [1],
Cherkaev [15], and elsewhere, we show how to find cloaking material parameters that
are at once both isotropic and nonsingular, at the price of replacing perfect (ideal)
cloaking with approximate cloaking (of arbitrary accuracy). This method, starting
with transformation optics-based designs and constructing approximations to them,
first by nonsingular, but still anisotropic, material parameters, and then by nonsingular
isotropic parameters, appears to be a very flexible tool for creating physically realis-
tic theoretical designs, easier to implement than the ideal ones due to the relatively
tame nature of the materials needed, yet (up to an arbitrarily small error) essentially
capturing the desired effects on wave propagation.

We review the ideal electrostatic cloak of [34], and extend this in Section 2.1
to a class of equations which will allow us to deal with both general acoustic and
magnetic Schrodinger equations. These equations have coefficients which, borrowing
the terminology from acoustics, we refer to as mass density and bulk modulus and
which are singular at the cloaking surface X, i.e. the interface between the cloaked and
uncloaked regions. The desingularization process begins in Section 2.2, by truncating
the mass density away from X, on the outer side of which the ideal cloaking parameters
are singular. (Similar truncations have been considered before in the context of
cylindrical or 2D cloaking, cf. [66], [26], [12], and [42].) We show in Section 2.3
that the Dirichlet forms for the ideal cloaks are well approximated (in the sense of
I"-convergence) by these truncations, and then desingularize the bulk modulus in
Section 2 4.

So far, the approximately cloaking mass densities are still anisotropic. As is well
known in effective medium theory, homogenization of isotropic material parameters
may lead to anisotropic ones [51]; in Section 3 and Section 4, we use this phenomenon
in reverse, showing that the Dirichlet forms obtained in Section 2 can be well approx-
imated by those for certain nonsingular isotropic conductivities, which thus provide
approximate cloaks for the general class of acoustic-like equations. These then allow
us to obtain in Theorem 5.1 families of approximate quantum cloaks. In Section 6 we
study failure of cloaking near exceptional energies, mirroring the failure of the exis-
tence of unique solutions for the ideal cloak at Neumann eigenvalues of the cloaked
region; see Remark 6.2 at the end of the section. We point out that these almost
trapped states make sense for waves modeled by the Helmholtz equation, such as in
acoustics, but for simplicity we present the details only for the Schrodinger equation.
Further physical applications, including a new type of ion trap, can be found in [29]
and [30]. Finally, numerical simulations are presented in Section 7.

One can use the resonances of the approximative cloaks analyzed in this paper to
construct various physical applications, for instance, to create almost invisible sen-
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sors, thatis sensors which cause only an arbitrarily small perturbation for the measured
field. Such sensors based on materials with negative refractive index have been pro-
posed earlier [3], but using the approximate cloaks, the sensors can be obtained using
materials with strictly positive refractive index. Indeed, an almost invisible sensor
can be obtained by placing a carefully chosen object inside an approximative cloak
so that the interior of the cloak is not in a resonance but very close to it. Then, the
object is almost cloaked but the external field penetrates inside the cloaked region,
see [31]. Such a construction is an example how delicate phenomena may happen
for an invisibility cloak near a resonance.

2. Approximating cloaking material parameters
by nonsingular anisotropic parameters

We will denote by B(a, R) the ball of radius R centered at a in R3 sometimes
denoted simply B(R) when centered at the origin O. Let M; = B(0;,3) C R3
and M, = B (03, 1), with O and O, being two copies of O, considered as disjoint
compact manifolds with boundary; set M = My U M,. Also, let Q2 = B (3) C R?,
and F': M; \ {O;} — 2\ B(1) C R? be the map

Fl(x) =x for2 < |x| <3,
Fl()c)z(l—l-m>i for0 < |x| <2 @
27 |x| T
Define also F2: M, — B(1) as the identity map,
F?(x) = x. 3)

Together, these form a surjective map F = (F!, F2) from the cloaking manifold
(or virtual space) M \ {O;} to the cloaking device (or physical space) 2. By a
conductivity we mean a measurable map with values in the symmetric non-negative
R3*3 matrices. Let yo = 1 be the constant isotropic conductivity on R3 and define
the conductivity o, on 2 as

oy = Flyy forxeQ)\ B(l),

“4)
o1 =2F2y, forx e B(l),

which has a singularity on the cloaking surface ¥ = 0B(1), both in that one of the
eigenvalues (corresponding to the radial direction) tends to 0 as » ™\ 1 and that there
is a jump discontinuity across the sphere 2. This conductivity o, is, up to the radius
of  and the factor 2 in the second of formulae (4), used here for technical reasons,
the one introduced in [34] and [35] and shown to be indistinguishable from yy,
vis-a-vis electrostatic boundary measurements at 9S2. In fact, o1 |p(;) can be replaced
by any smooth, non-degenerate anisotropic conductivity tensor and its values will be
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undetectable at 9€2. The same construction of 1|\ (1), applied instead to the electric
permittivity ¢ and magnetic permeability p in Maxwell’s equations, was proposed
in [62] (see also [48]) to cloak the region B(1) from observation by electromagnetic
waves at positive frequency; we thus refer to o7 as a cloaking conductivity, and,
following the physics literature, we will refer to (€2, 01) as the ideal cloak.

This gives rise to the Dirichlet problem for the singular conductivity equation,

V.o Vu=0 inQ, ul,,=h, )

and to the corresponding singular conductivity operator A,

Au= —g V2V .0,Vu, (6)

that we consider with Dirichlet boundary condition u| 2 = 0. Here, we use the
singular Riemannian metric (g ;) /3 x— associated to the conductivity o1, namely,

. N o )
g'2g/k = o]* g =|det[g"]]7! = |det[o}]]? (7)

cf. [34] and [35]. We denote by g both the metric and the corresponding scalar
function, the meaning being clear from the context.

A rigorous definition of the meaning of (5) and the operator + is given in the fol-
lowing sections. In particular, the operator +4 is self-adjoint on Li, (R2), the weighted

L2-space defined using the weight g'/2. For a general weight w(x) > 0, we denote
by L2(Q, wdx) = L?(w dx) the weighted space,

L*(Q,wdx) = {u: Q — C measurable, ”“”i%wdx) =[ lul> wdx < oo}.
Q

For simplicity, we denote L2 = L2(Q) = L?(, g'/?dx), the natural L2-space for
the metric g, and the norm in this space by || - ||¢. Note that

L*(Q) C L2(Q). lully < /8 lul. (8)

We also use the Sobolev spaces
HAQ) = {u e L2(Q): ulo\z € HL(Q\ 5) o 8ju Bu dx < ool
g g . Q\Z loc ) oz 1 95 k s

Hy o (R) = {v e Hg(Q): v|,, = 0}.

Here and below, we use Einstein summation convention, summing over indices j and
k appearing both as sub- and super-indices. Observe that H!(2) C H é} (£2) and

lul gy = (1, + [ of*oyuBidn)” < VBl ©)

Throughout, we also use the following standard terminology: when considering
convergence of sequences {x,}>, in a Hilbert space H, we say that x, converges
strongly to x in H if | x, — x||g — 0,as n — oo, while x,, converges weekly to x if
(xp —x,y)g — 0,asn — oo, forany y € H.
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2.1. Ideal cloaking for more general equations. In this paper we treat equations
more general than (5), which are important for physical applications, cf. [29] and [30].
To this end, consider a family of equations that simultaneously includes both the
magnetic Schrédinger equation and the acoustic equation; for simplicity, we will
refer to equations of this type as acoustic. Let g and b = (by, by, b3) be, respectively,
scalar-valued and vector-valued functions, which eventually will represent the electric
and magnetic potentials; we will assume that

geL®(Q:R), ¢=>0, and b e L¥(Q;R>).

We note that the condition ¢ > 0 is merely a convenience, since for general g €
L°°(2; R) we can always add a constant to achieve positivity, and of course this just
shifts the spectrum.

To deal rigorously with the elliptic boundary value problem

— g V2(V +ib)-01(V + ib)u 4+ qu — Au = =h, (10)

Ulpq

where ib acts as a vector-valued multiplication operator. Since (10) has singular
coefficients, we consider the corresponding quadratic form. In the following, we use
the notation

Vb =V +ib(x).

Lemma 2.1. The quadratic form
ayu, u] =/ 01VPu - Vb dx +/ qg"?|u|? dx, (11)
Q\x Q\x

defined in the domain D(a,) = HOI, ¢ (82) is closed. Moreover, the embedding D (a1)
< Lé () is compact, and there is Cp, > 1 so that
Cy lull

lullZ + arfu.u] < Cpllul| (12)

2 1 =< | 2 1 .
Hy (@) — Hj (@)
Proof. To prove the assertion, we need to show two facts. First, we need to prove
that a1 [u, u] < oo foru € HOI’ ¢ (§2). Second, we have to prove the closedness of the
form a; on Hol'g (R2).

We start with the fact [24] that the map Fy is unitary from L? (M) & L?(M>) to
L%g(Q) and from H} (M;) & H'(M>) to Hol’g (R2), respectively. For v = (vy, v2)
and u = F,v, we have

(vi. v2) € L? (My) & L>(M,)  iff u € L7(R),

(13)
(vi. v2) € Hy(My) & H'(M>) iff u € Hy ().

Hence, as H'(M 1), j = 1,2 is compactly embedded into L*(M 1), we see that the
space H ; (€2) is compactly embedded into Lz, ().
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Using definition (4) and the transformation rule for 1-forms, we see that

arfu,u] = afv,v] = a'lvy, vi] + @?[va, v2];

al[vl,vl] =/ Vv, +iB4 v1|2dx +/ K1 |v1|2dx, (14)
My M,

o?[vy, va] = 2/ |V, + 0By va|?dx + 8/ K2 |va|2dx.
M2 M2

Here the 1-forms 1 = ﬂ|M1 ,Ba = ﬂ|M2,and functions x; = Kl]u1 , K2 = K|pm, ,are
givenby b = F.f8,q = Fuk,thatis,

OFk
i) = GT0) B0 40 = k(). ¥ = FO) R\,

It follows from (2) and (3) that 85, k1 and k, are bounded, but 81 has a singularity at
x = 0, of the order 1/|x|, and

ClIbll ;oo
|x]
Consider o?[v,, v5] as an unbounded non-negative quadratic form in L2?(M>),

with domain D (a?) = H'(M;). Then a? is closed. The quadratic form o' [vy, vq]

requires further analysis. We consider a'[vy,v;] as an unbounded non-negative
quadratic form in L?(M;) having the domain

D(a') = {v; € L*(My): Vuy +ifyvy € L2 (M), vilapr, = 0} (16)

Note that the condition Vvy + ifv1 € L?(M,) implies that the trace v |y, is
well-defined. By [47] and [68], CS°(M;) is dense on D (') and &' on D(a!) isa
closed, non-negative quadratic form.

By Hardy’s inequality [43], it follows from (15) that

1B1(x)| = (15)

||'31v1||L2(M1) E C”b”LOO ||v1||H1(M1)’ (17)
so that
Hy (M) C D(a') is dense. (18)
Let vy € D(al). Then, by [47], [v1]| € Hj (M;). Using (17) again, we obtain
||ﬂlvl||L2(M) ||131|Ul|||L2(M)<OO

Thus, by definition (16), this yields that Vv; € L?(M),andhence vy € Hy (M;).
This shows that D (a') C H{} (M1) which, together with (18), implies that D (a!) =
HJ (My). Thus, the domain of the closed form « is D(a) = H} (M) & H'(M>).
Using the transformation rule (14) for u = F,v and (13) we conclude that a; [u u] <
ooforallu € HO1 (£2) and that the quadratic form a; with domain D (a;) = (Q)
is closed. The mequahty (12) follows from this by the open mapping theorem i
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By the theory of quadratic forms [39], the closed quadratic form a; [u, u] defines
an associated non-negative self-adjoint operator -, in L;(Q), having domain

D(A) ={u e H(},g(Q): there is f € L;(Q) such that

aifu,v] = (f.v)g forv e Hol,g(Q)}, (19)

that is, for u € D (A1) we have, forall v € Hy . (),

/ 01VPu - Vby dx —I—/ qg’ uvdx—[ g2 fodx (20)
Q\z Q\= Q\=

with Aju = f € Lz, (2). By Lemma 2.1, the spectrum of #; consists of discrete
eigenvalues with finite dimensional eigenspaces.

Observe that, formally integrating by parts in (20), we come to (10) with & =
0. To better understand the nature of the operator +4;, we give also an alternative
definition in the case when b € C(Q2:;R3). In this case, we use the fact that the

map D} : ¢ + o] (8k<p + ibr @), defined initially for ¢ € C§°(€2), has a bounded
extension

DJ: Hj,(Q) — M(Q:R?),

where M (€2; R) denotes the space of Borel measures on €2, cf. Lemma 3.2 in [24].
For b € C(R2; R?), an equivalent definition of the operator #; is then

Ar(u) = — g7 V2(0; +ibj)Diu + qu.

‘ (21)
D(A1) = {u € Hy ,(Q): 3 +ibj)DJu € L*(Q. g~ ?dx)}.

2.2. Approximate cloaking by truncation. For any 1 < R < 2, consider the
nonsingular truncations of (10),

—Vb.o Vbu—}—qg 2u—2g"?u =0 inQ, =h, (22)

Uz

where o, are measurable anisotropic conductivities in €2 satisfying
Orla\B0.5/2) = 70> OrlB(0.1) = 2V0

g3%00=0@LCNR—UWEGAMECWm1mx€9, (23)

Og,(X) = 0op (x), for Ry = Ry,

for some ¢; < 1/2, ¢, > 2. For instance, we can choose

(24)

Fuyo, x € Q\ B(R),
(x) = {2
Yo, X € B(R).
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We note that, by smoothing the conductivities (24), it is possible to construct con-
ductivities o, € C?(2; R?) , which we use in Section 5, satisfying (23).

We denote the solution of (22) by u = u}I’e . Note that,forb = Oandg = 0,eq.(22)
is an acoustic equation with the mass density 051 and the bulk modulus g_l/ 2 with
k = +/A; in the quantum mechanical setting, 0, corresponds to the inverse matrix of
effective mass and (¢ — A)g'/? to the potential. By abuse of notation, even for b # 0
and g # 0, we will refer to o, as the inverse of the mass density.

Observe that, for each R > 1, the inverse of the mass density Og is nonsingular,
i.e. is bounded from above and below with, however, the lower bound going to 0 as
R N\ 1. Moreover, forany x € R> the symmetric matrix valued function R op(x)
is increasing® as a function of R, and therefore decreases as R N\, 1. Nonsingular
regularizations or truncations of singular ideal cloaks have previously been considered
in [66], [26], and [42].

To motivate the treatment here, consider for R > 1 the Dirichlet-to-Neumann
(DN) map A% : HY/2(0Q) — H~1/2(3Q) that maps

A%z :

u|m»—>(8vu+iv-bu)|m, (25)

where u solves (22). The DN map corresponds to the Dirichlet-to-Neumann quadratic
form, which by abuse of notation is denoted also by A%,

N[h] = /a NI TS (), (26)

where we denote 1 = u| a0 € HY 2(3R); for A < 0, the Dirichlet-to-Neumann form
may be also represented as

AgIh] = inf (aglu,u]l — Alu)2) . (27)

where infimum is taken over all ¥ € H'(Q) with ul, = h. However, to treat
general A, and the general class of eq. (22), we will use the definition (31) below.

Returning to eq. (22), note that for A < 0 and R > 1 the solution can be ob-
tained from the minimization problem for the quadratic functional associated to the
sesquilinear functional

agrlu,v] =/0R(X)Vbu(x)-va(x) dx

y (28)

+/f](x)g1/2(X)u(x)v(x) dx.
Q

Moreover, we have

u’,‘2 = argmin(ag[u, u] — A||u||§,),

®Note that, due to the behavior of the eigenvalues of o7 , this simple but important monotonicity property
fails in the 2D case, which we thus do not deal with. However, approximate cloaking for the Helmholtz
equation in 2D has now been treated in [41] by other methods.
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where minimization is taken over u € H () such that u loyg = h. Observe that the
DN form (27) is related to a, defined by (28).

Thus, the solution ”}Ile of the acoustic equation (22) with the Dirichlet boundary
value /2 is the minimizer of ay[u, u] — Allu]; .

Now consider the quadratic form ag[u, u] withdomainu € H, 4(2),and we prove
that it is a closed unbounded form on L§ (R2) in sense of Section VI.1.3 of [39].

Lemma 2.2. Let R > 1 and consider the sesquilinear form given by (28), (u, v) —
aglu,v] with u,v € H} (), as an unbounded form on L;(Q) with the domain
D(ag) = HJ}(Q). Then ap: L;(Q) X L;(Q) — C is closed and positive definite
unbounded sesquilinear form.

Proof. Clearly ap is non-negative. The fact that a, is closed on Dr = H} ()
follows from the same considerations as those in Lemma 2.1. Next we show that
VPu = 0iff u = 0 which, due to the compactness of the embedding H}(Q) — L2,
implies the positive-definiteness of a,. Assume, on the contrary, that there is a non-
zero Y € HJ () such that Vb4 = 0in Q. Continue » and ¥ by 0 to R? \ Q. and
also extend o, to R*\ Q as yo = 1in R®\ B(3). Then ¢ € H'(R®) and V2y =0
in R3, and hence V2 - V2¢ = 0in R3\ {O}. Using unique continuation for elliptic
equations with non-smooth first order terms, see [5] and [40], we deduce that v = 0
inR>\ {O}. m|

As 0y, is bounded from below, Lemma 2.2 implies that there is ¢, > 0 such that
/QURVbu -Vbudx > CR”“”iZ(Q)’ u € HH Q). (29)

Similarly to (19), (20), the sesquilinear form a, defines a self-adjoint operator
AR in Lé and, analogously to (21), we have

Ar) = — g V2V (0, VPu) + qu,

(30)
D(AR) = {u € Hy (Q): VP - (0,VPu) € L*(Q, g~ "/?dx)}.
Using the operator A g, R > 1 we see that, for A ¢ spec(AR),
Ak = (3, 4 iv-b)(uo + vﬁ)bg,
€29

vh = RRAN(V? - (0, V?uo) — quo + Auo).

Here ug € H'(Q2) with supp(ug) C Q \ B(0O,2) satisfies Uglyg = h, while Rr(1)
is the resolvent

RrA) = (Ar =AD"V HHQ) — LA(Q). (32)
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We will use the notation (32) for R = 1 as well as R > 1, in which case we
have R;(A): H;'(Q) — L;(S2). Note that the right-hand side in (31) should be

understood in the sense of the pairing H ~'/2(dQ2) x H~Y/2(3Q),
| @+ iv- )0 + AT S = agluo + vk V1= Ao + vk sz,
Q

for all Y € H'(), and we again consider a, on the whole of H'().

Next, consider the DN map in the ideal case R = 1. Following [24], we say that
u is a finite energy solution of the boundary value problem (10) with 1 € H/2(3)
and f € Hg_l(Q),ifu € H;(Q) and

arlu —up, 9] = — /Q (01V0ug - Vb + (gg%uo — Mg ?u — fpdx, (33)

for every ¢ € Hy ,(2). Here Hg ' () is the dual space to Hy ,(£2).
On the other hand,
—(V+iB1)-(V+if)vi +kivr —Avy = fi in My,

34
_h (34)

Vilgpr,

and

1 ~
——(V+i,32)-(V+i/32)v2+K2v2—sz = f2 in M»,
4 (35)

(@ +iv-Pa)valy,, =0,

are satisfied in the weak sense if
afv —vg, ¥] = Z[ (c; VP - VBY + (kjug — Av — f)¥)dx,  (36)

forall y € Hy (M) & H'(M,), where ¢; = 1, ¢c; = 1/4. Here vg € H'(M;) &
H'(M,) is supported in M; \ B(2) and satisfies vo|gpr, = h.

Lemma 2.3. Let h € HY2(3Q) and f € H;'(Q). A functionu € HX(Q) is a
finite energy solution in the sense (33) of the boundary value problem (10) if and only
ifv = (vi,vp) € H' (M) ® H! (Mz) u = Fyv satisfies eq. (34) and (35) in the
weak sense (36) with [ = Fy (fl, fz)

In particular, for any A € R the Cauchy data, on 0$2, of solutions to (22) satisfy

Ulaers By +iv-D)ulyn): — VP-01VPu +qg1/2u = gl/z)tu in Q

lae
= {(W1]yg- By + iv-B)ila): — VP VPl 4oy = v in @} (37)
c H'20Q) x H™V2(3Q)
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Proof. By Lemma 2.1 and formulae (13) and (14) we see that u € D (a;) if and only
ifu = Fev, v=(v1,v2) € D(x), and

aily. ¢] = aly. ¢] (38)

forp, v € D(a),p = Fup, ¥ = Fu. L

Letvg € H'(My) @ H'(M) be supported in My \ B(2) and satisfy vo|apr, = &,
and ug € H'() be such that ug = Fyvo. Using formula (38) with 1} =u—1Up
and ¥ = v — vy, we see that u € H gl (£2) is a finite energy solution if and only if
v = (v1,v2) € HY (M) @ H'(M,), and setting u = F,v, satisfies (36) for all
@ € H} (My) & H'(M,), that is, v satisfies eq. (34) and (35) in the weak sense. O

Assume next that A ¢ spec(+1). Then the solution to eq. (10), in the sense of
definition (36), may be found in terms of the resolvent 1 (1) of #A 1, cf. (32). Indeed,
comparing (19), (20) with eq. (33), we see that its solution u has the form

u =g+ RiA)(f + VP 01VPug — quo + Aug).

_ (39)
= h, supp(uog) C 2\ B(2),

Uolyq

at least when f € L;(Q) and h € H3/2(dQ2) so that ug € H2(). Since D(a;) =
i)(a/%}/z) = Hol,g(Q), we see that Hg_l(Q) = i)(a%l_l/z). Therefore, the operator
R1(A) can be extended by continuity to a bounded operator from H, () onto
Hol,g (€2). This makes it possible to generalize (39) for all uy € Hg1 (RQ),ie. h €
H'23Q),and f € Hg_1 (€2). Observe that the right-hand side in (37) is related to
the unbounded selfadjoint operator Aoy in L?(2), D(Aow) C H, (), associated

with the form o, see (14) where we use 2 = M;. More precisely, this operator is
the unbounded selfadjoint operator in L2(£2) given by

Aou = =P VP 4y,
(40)
D (o) = {v1 € H'(Q): VA -VPlvy € LX(Q). 01y = O}

Moreover, when b € C! (5_2; R3), the selfajdoint operator associated to the form o
on B(1) = M, is the operator

1
A ==V VP2 40y,

41
D(Aip) = {v, € H*(B(1)): ] ypy = O}
When A ¢ spec(Aoy), the set (37) coincides with the graph of the DN-map
At Vilyq P Ou + iv- BVt (42)

where v; solves eq. (34) with f~1 =0.
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Note that if » = 0, ¢ = 0, then A = 0 is an eigenvalue of 4 with the corre-
sponding eigenfunctions of the form (cf. [35] and [24])
0 forxeQ\ B(),
u(x) = orx € QA\BWM). - "y 43)
co for x e B(1),

However, as follows from Lemma 2.3 even, in this case the Cauchy data on Q2 of
solutions of the eq. (10) with A = 0 coincide with the Cauchy data of the solutions
of Avy = 0on dM; = 0Q.

2.3. I'-convergence and spectral convergence. In this section we establish I'-con-
vergence and spectral convergence results for ag as R \ 1. To that end, following
the comment in the previous section, observe that, since og, > og, for Ry > R»,
one thus has

ag,[v,v] > ag,[v,v], ve HY(Q), if Ry > R,. (44)

This implies that R — apg[v, v] is decreasing as R N\, 1. For R > 1, consider
non-linear (quadratic) functionals ag: L3 (2) = RT = R U {+o0},

1
an(v) = {aR[v, v] when v € Hy(2), 45)
00 otherwise.
For the ideal cloak,i.e. R = 1, define
, h e H (Q),
a1(v) = {al[v 1 vhen » © Hog () (46)
00 otherwise.

We will make extensive use of De Giorgi’s I'-convergence, see, e.g., [4] and [18].

Definition 2.4. Let {Jr: 1 < R < 2} be a family of functionals on a Hilbert space
JC. We say that the Jg I'-converge to Jy, or J; = I'=limg~ 1 Jg on H, if

(i) for every v € J, and all sequences v, converging to v in # as R 1,
J1(v) < liminfgy; Jr(vg) and

(i) for every w € J¢ there exists a sequence wy, converging to w in J¢ such that
Ji(w) = limsupg~ ; JR(Wg).

Lemma 2.5. The functionals ag I"-converge to ay as R \ 1,

. _ 2
FR_{HHGR =ay on Lgz(R). 47)
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Proof. By Lemma 2.1, HOI, ¢ (§2) is a Hilbert space when endowed with the norm
(Jlu ||i2 + a1(u))"/2. Since the functionals dq, are pointwise decreasing as R ™\ 1,
g

it follows from Proposition 5.7 in [18] that the functionals a, I'-converge on L; to
a; =sc G, (48)

that is the lower semicontinuous envelope of G (see Definition 3.1 in [18]), where
G: L7 — Rt = R U {400} is defined by

/S.Z(olvbu-vbu dx 4 qg'?lu?) dx foru e H (),

G(v) = (49)

00 otherwise.

By Proposition 11.10 in [18], the function dj : L§ () — R U {oo} is a quadratic
form. Moreover, by Proposition 12.16 in [18], its domain

D(@y) = {u € Lg(Q): a1 (u) < oo},

endowed with the norm (||u||2 4 @y (u))'/2, is a Hilbert space.

Now H () is contained in both D(d;) and D(a;) = Hol’g (£2), and the norms
of these Hilbert spaces coincide on H{ (€2). Moreover, by the proof of Lemma 3.3
in [24], Hy () is dense in D(ay). Thus D(a1) C D(ay).

On the other hand, as G(v) > a;(v) for all v € L; (R2) and a; is lower semi-
continuous (see Proposition 2.16 in [18]), it follows that the lower semicontinuous
envelope dq of G also satisfies a;(v) > a;(v). Hence D(a;) C D(ay). Thus,
D(ay) = D(ay). O

Let us next consider the resolvent Rz (1) for A < 0.

Lemma 2.6. For any A < 0, the resolvents Rr(1), R > 1, strongly converge on
L;(Q) to R1(A), ie., forany [ € Lg,(Q),

lim Rr(A) f = Ri1(A 50
1\1 rR(A)f 1(A) f (50)
strongly in L§ (2) and weakly in HOI,g (2).

Proof. The quadratic forms ap(u) — Allul|z, R > 1 in the Hilbert space L3 (£2)
are associated to the unbounded selfadjoint operators #Agr — Al. Thus we can use
Theorem 13.6 in [18] to show that the resolvents (/g — A7)~ satisfy (50) in L2 ().
Indeed, to show the strong convergence (50) in Li, (€2) it is sufficient to prove the
following three properties:

ag: L; (2) = R U {oo} are lower semicontinuous; (51)
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: _ 2 .
I‘R—{gnaR =a; on L,(2); (52)
ar(u) = Alully <liminf(ag(ug) = Aluglly) asug = uin L3(Q).  (53)

where — denotes weak convergence in L§ ().

Clearly, the quadratic forms a g (u) —A|lu ||§ are lower semicontinuous on Lz, (),
see proof of Lemma 2.5. By Lemma 2.5, the quadratic forms a, I'-converge to a;.
Thus (51) and (52) are valid. To see (53), it suffices to consider the case when u, — u
in L? and

o 2
1‘},?1\1?““1%(”1%) — Alugllg) < oo.

Next we consider a sequence R¥ \ 1 such that
B 2N . 1: kg k k2
hgl\lrllf(aR(uR) — Mlugliz) = klgrgo(a ") = Allu®lg),

k k

where a* = apgr and uk = Ugk € H(} (2). Since u”* converges weakly in Lg,, the

norms ||u¥|| ¢ are uniformly bounded. Since also

ay ¥y < a*u*), (54)

k

we see that the sequence u* is uniformly bounded in H g} (£2). Let us now choose a

subsequence of u¥ (still denoted by 1¥) which converges weakly to u in HOI’ ¢ (). As
. 1 2 . . . 2

the embedding H, < L is compact, this sequence converges strongly in L (€2).

Using the weak convergence in Holj ¢ (§2), we see that

ay(u) — AMul; = lim /(olvbuk. Vou + g 2quki — Ag"2ukiaydx.  (55)
k—o0 JO
By the Cauchy—Schwarz inequality,

‘ /(alvbuk-vbu + ¢ 2qu*ia — gV 2 uk i) dx‘
Q

(Sl

< (/(O_lvbuk_vbuk +g1/2q|uk|2_/\gl/2|uk|2) dX)
Q

- 1
-(/(alvbu- Vou + g 2qul? — g2 ul?) dx)?
Q
Using (54) and (55), this implies that
ar() = Mullg < timinf(ar ) = A 3)"2 - (@1 () = Au3)"2

< lim inf(ar (u*) = Ak 5"/ - (@1 0o) = Al )12
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The desired inequality (53) follows immediately, proving (50) in L; (£2).

Finally, to prove that (50) holds weakly in H(}, < (£2), observe that, since Op = 01,

/(URva - Vby 4+ g'2¢|v|?) dx z/(alvbv Vbhy 4+ g 2qv)?)dx  (56)
Q Q

for v € Hj (). On the other hand, denoting up = Rr(A)f and using A < 0, we
have

/Q (0 V0 - Voug + 2qlug?) dx < || £ llg luglls-

The above two inequalities, together with the strong convergence (50) in Lz, (£2), show
that the [[ug | 5 1 are uniformly bounded. Thus, if weak convergence (50) in H(}, ¢ (§2)

is not valid, there is a v # u and a subsequence R, “\ 1 such that ug, — vin H é}.
Thenupg, — vin Lz, (£2), which is in contradiction with the strong convergence (50)
in Lé(Q). Thus (50) holds weakly in Holjg (). |

In some applications, e.g. dealing with scattering of plane waves e’ <kx> ke R
by the cloaking device, the main interest concerns not values A < 0, but rather
A = |k|?> > 0. To analyze this case, let us first consider the behavior of the spectra
spec(4AR) as R N\ 1.

Lemma 2.7. Let K be a compact set with K Nspec(4A1) = @. Then, for R sufficiently
close to 1, K N spec(ARr) = 0.

Proof. Tt suffices to consider K = [a, b] C R. Assume, to the contrary, the existence
of a sequence R, \ 1, un € [a,b], and functions u, € H} C H(},g, lunllg =1,
such that

AR, Un = [nlin. (57)

Then,
/ (Uanb”n : Vbun + gl/ZQ|un|2) dx = I'Ln/ g1/2|un|2 dx = pup, <b.
Q Q

Therefore, as 0, > 01 and ¢ > 0, this implies ||uy, ||§11 < b + 1. Thus there exists a
g

subsequence of u, and i, , which we relabel as the original sequence, u € H(}, ¢ and
W € [a, b], such that

U, — u weakly in H;, u, — u stronglyin L2, and p, — u

as n — oo. Thus, in particular, [|u|g = 1.
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Taking e.g. A = —1 in Lemma 2.6, we know that Rg(—1) — Ri(—1)as R\ 1
in the strong operator topology on L;. Consider R1(—1)u; then

Ri(=Du = lim Rg,(—Du = lim Rg,(—Du, in L3(Q)
n—o00 n—o0o

where, in the last step we have used fact that 4 are non-negative operators yielding
the estimate | R g, (—1) ||L§_>L§ <1.
However, taking into account (57),

1
Uy —
1+ wy 1+

RR, (=D, = . in L2 () asn — oo.

Thus, Ry (—1)u = (1 + )~ u with ||u||L% = 1, implying that u € spec (/1) with
u being an associated eigenfunction. This contradiction proves the statement. |

Lemma 2.8. Let K C C be compact subset such that K N spec(1) = @. Then, for
any f € Lé(Q) and A € K,

Ilei\Ian RrRQA) [ =R f (58)

strongly in HOI’ ¢ (82), and the convergence is uniform for A € K.

Proof. Let § > 0 satisfies
Ks Nspec(Ay) =0, Kz ={z e C:dist(z, K) < §}.

It then follows from Lemma 2.7 that, for R sufficiently close to 1, K5/, Nspec(Ar) =
@. As all Ar, R > 1 are self-adjoint in L;(Q), we see that, for R sufficiently close
to 1,

2
||<RR(’\)||L§—>L§ < 5 when A € K.
This implies that C \ spec(+1) = Ap, where Aj, denotes the region of boundedness
for the family of operators 4Ag, R > 1, i.e. the set of those A € C for which the
norms ||(Ag — A)~! ||L§_)L§ are bounded by some constant C; > 0 for all R > 1,
see Section VIIL.1.1 in [39]. As spec(s4q) is countable, Ap is connected. On the

other hand, by Lemma 2.6, R_ C Ay, where Ay is the region of strong convergence
for the above family, i.e. the set of A € C such that for f € L§ ()

lim Re()f = Ri(A)f in Lg(R), (59)
Therefore, by Theorem VIII.1.2 in [39],

Ay = Ap = C \ spec(y). (60)



Approximate quantum and acoustic cloaking 45

By Lemma 3 in [24], H, () is dense in Hol’g(Q) = D(ay). Thus Hy(Q)
is a core of the quadratic form a;[-,-]. Now H{(Q) = D(ag), for R > 1 and

ap are monotonically increasing with R > 1 on H{} (). Thus it follows from
Theorem VIII.3.6 in [39], that

Ilei{‘nlal(ﬁR(A)f - Ri1(M)f) =0, (61)

uniformly for A € K where K is an arbitrary compact subset of A;. By Lemma 2.1,
the desired convergence (58) now follows from (59)-(61). O

Let i & spec(sy). It follows from Lemma 2.7 that u ¢ spec(Ag) for R > 1
sufficiently close to 1. For u ¢ spec(+4g), we denote by Ng(u) the subspace of
L; (€2) spanned by the eigenfunctions of g with eigenvalues A; < . We also

denote by Pg the orthoprojectors in Lg (2) onto Ng(w). By Theorem III1.6.17
in [39], these (Riesz) projectors Pg have the representation

1
Pgu = —,/(AR —z) ludsz, (62)
2mi Jr

where the contour I' C C surrounds all the eigenvalues A; of s g satisfying A; <
and only those.

Lemma 2.9. Let 1 & spec(+1). For R sufficiently close to 1

dim(Ng(n)) = dim(N1(w)). (63)
Moreover,
: " s _
1121{?1 | P — P; ||L§—>L§ = 0. (64)

Proof. Recall that D (ay) = H{ () are independentof R > 1, Hy () C D(ay) =
H1 ¢(£2), and aplu,u] are decreasing, as R N\ 1, for all u € i)(aR) Thus the
1dent1ty (63) follows directly by Theorem VIIL.3.15 in [39].

Using representation (62) and Lemma 2.8, we see that

lim Pp = P{* strongly in L} (Q
Rlinl R strongly in L% (€2).

As P}!f and PIM are orthoprojectors, this and (63) yields (64) by [39] (see Lemmas
VIII.1.23 and VIII.1.24). O

We remark that in the course of this paper we need a number of results concerning
convergence of orthoprojectors that appear similar to (64),e.g., (78), (114) and (133),
but these are for different operators or with respect to different operator norms and
require separate proofs.
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2.4. Approximating the singular bulk modulus g ~!/2 by nonsingular densities.
Above, in the operator Ag = —g~/2VPb. og V® 4 ¢, there appears the determinant
g of the metric (also denoted g!), which vanishes at the cloaking surface ~. We now
consider how to approximate the scalar function g by functions g,, that are bounded
from below with positive constants. To this end, we introduce the functions

gm(x) = max (g(x),1/m), meZ;. (65)
Then L2(S2, gl “dx) C L2(£2) and

I/ le = 1/ lz2(@.1/2ax)> for f € L*(Q, gl/?dx). (66)

The multiplication map f +— g!/2f is unitary from L§ = L%(Q2,g"/%dx) onto
L?(Q,g7"/?dx). Note that L*(Q, g7"/?dx) C L*(Q) C L%(R). Next we will
consider operators g'/2Agu. For f € L2(R), we have

(Ar—AMu = f, (67)
where both sides are in Lg (R2), if and only if u is a solution to the acoustic equation
with mass density tensor o'z, bulk modulus g~!/2 and potential gg'/2),

(g"2AR —2¢'Pu = F. (68)

where F = g!/2f € L2(Q, g >dx). By the above considerations, we have for
feLz()

(Ar — V)7 = (g"2Ar — 2gY?) (g /?f). (69)

Later in this section we keep R > 1 fixed. Define an unbounded selfadjoint oper-
ator Bg in L2($2), having the same differential expression as the operator g'/2 4,
but with different domain

Bru = — V- (0,V?u) + ¢ %qu, 70
7
D(BR) = {u € H}(Q): VP (0,VPu) e L*(Q)}.

Since D(AR) C Hy (), see (30), Br is an extension of g'/2 A and, in particular,

VP (0,VPu) € L2(Q. g7 /2dx) foru € D(ARr); however, V- (0, VPu) € L2(Q)
for u € D(Bgr). Note that, by (69),

(Ar—N)7'f = (Br—Ag"/?) 7 (g'2f) for f € L2(Q), (71)

where A ¢ spec(sRg). We will use this formula extensively later for f € L?(Q) C
L2(Q).
g
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Lemma 2.10. The operator Br — Ag'/? has a bounded inverse if and only if . &
spec(AR).

Proof. For A < 0 the operator Bg — Ag'/? is strictly positive and, since D(Bg) C
H{ (), has a compact resolvent. Therefore, the operator (Bg — Ag1/2)~1 exists for
A < 0 and is bounded in L2(£2). Since the multiplication, u +> gl/ 2y, is bounded
in L2(2), by the analytic Fredholm theory [64] the operator-valued function

A (Br—AgVH) ™V =[1 — (A + 1)(Br + g/ g2 (Br + g/}

is a meromorphic operator-valued function of A € C. Therefore, if the inverse
(Br — Ag'/2)~1 does not exist for a given A > 0, then there is v € H{ () such that

(Br —Ag*v =0.

In this case Brv = Ag'/2v € L2(Q2, g7'/2dx) and we see that v € D(sAR), ie.
A € spec(sAR). On the other hand, if A € spec(sAR),i.c.

—g12yPh. (GRVbu) + qu = Au,

then V2-(0,Vou) = qg'/?u—Ag"?u € L*(Q),ie. u € D(Bg),sothat Br—Ag'/?
does not have a bounded inverse. O

Next we consider the uniform convergence of resolvents. To this end we introduce

operators Br ,,m € Z,in L?(2), of the form
Brmu = — VP (0,VPu) + qg/?u,
(72)
D(Brm) = {u € Hy (Q): VP - (0,V?u) € L*(Q)} = D(Br).

The operator Bg ,, is associated with the operator AR, in the same way that
AR 1s associated with Bg, where the operator AR, is the self-adjoint operator

in L2(Q, g1/%dx) defined by
AR mU = — g,;l/zvb . (GRVbu) + qu, 73)
D(Arm) = {u € H}(Q): V- (0,V?u) € L*(Q)}.
Note that D(AR.m) = D(Br.m).-

Lemma 2.11. Let R > 1 and K C C be compact and such that K N spec(Ag) = @.

Then there is an my € Z 1 such that K 0 spec(AR,m) = @ for m > mp, and
. -1 -1
im ] (Arm —A)  — (AR —A) 2@~ ml@ =0 (74)

uniformly for A € K.
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Proof. By the assumptions on K, the inverse (8g—Ag'/2)~! exists and is a continuous
function of A € K with respect to the L2(2)-operator norm topology. Let

d = e .
r;lea%ll(ﬂze g ) <00

L2(Q)—L2(Q)

Denote Vim(A) = (A —q)(gn* — g"/%) € L™(S2), 50 that

uniformly for A € K. Thus there is m(K) > 0 such that || Vg m(A)||Lee < (2d)~! for
m > m(K),A € K. Therefore, (Brm — /\g ) ! exists for A € K and is given by

(Brm —Ag?) ™t = (Br—2gV) 7 + Vem(M)(Br — AgV) 71 (76)

where the right hand side can be written as a Neumann series. This also shows that
there is an m such that K N spec(Ar,») = @ form > Mpy.

For any A’ € K, (Br — A'g'/?)~! is a bounded operator from L2(2) to Hl(Q),
and if |A — u| < (2d)~! we have

(Br— g1 = (Br— Mg+ WV —1)g'?(Br—Ng'?) !

Using this we see that the norm of (Bg —Ag'/2)~': L2(Q) — H{(Q) is uniformly
bounded in A € K. Using formulae (75) and (76), we see that

lim_[[(Bram —Agy )7 = (Br—2g'D) 7| =0 (77)

L2(Q)—~>H} (Q)

umformly for A € K, and that the norms of operators (B8R, — Agl/A1 L2(Q) —
H{ () are uniformly bounded for A € K. This proves

lim[|[(Brom —Agy{ D7 — (Br—2¢"D) 7| = 0.

L2(Q)—H{J ()

Additionally, the multiplication operators g./ 2, g'/2 are bounded on L2(£2), uni-

formly in m, and

1/2 1/2” —1/2

<m — 0, asm — oo.

”g 12512 —
Together with eq. (77) and the boundedness of (Bg , — A gm ) 1 as operators from
L?(R) to Hy (), this implies that

lim [|(Brm — rgl/H gh/? — (Br — Ag'/?) g2 = 0.
m—00

L2(Q)—HJ(Q)

This in turn implies eq. (74), due to formula (71) and the relations between Bg . Br
and AR, AR, which follow from their definitions (30), (70)—(72), and (73). m|
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Let R > 1, 1t & spec(AR). It follows from Lemma 2.11 that i & spec(ARr ) for
m sufficiently large. Denote by Ng (i) the subspace of L2(<2, g,l,,/ %dx) spanned
by the eigenfunctions of Ag ., with eigenvalues in (—oo, i), cf. the definition of
Ngr(). Also denote by P;im the orthogonal eigenprojectors onto Ng (i) in
L2, g1/ %dx).

Clearly, since, for m € Z, L2(Q, gi/?dx) = L%(R) as sets, we can consider
P“ R.m @S projectors, although not orthogonal, on L?(R2). Recall that PI’; is an or-
thoprojector in L2 (2) onto Ng(u) C H (S2). Restricting it to L>(£2), we obtain a
projector, which we still call P&, on L?(R2). Again, Pﬁ is not an orthoprojector on
L?(2). However, we can compare these projectors, as well as spaces Ng »,(u) and

Nr(w).

Corollary 2.12. Let R > 1 and . & spec(ARr). The Riesz projectors PR m corre-
sponding to the operators AR, satisfy

: © W _
,,}gnoo I PRm — Pr ||L2(Q)—>H(§ @ =0 (78)
Moreover, for m sufficiently large,
dim(Ng,m(p)) = dim(Ng(u)). (79)

Proof. Let I' C C be a contour surrounding only Ao from spec(4Agr). When m is
large enough, the Riesz projectors Pﬁ » have a representation analogous to (62),
obtained by replacing #Ag by A g, and using the contour I'. Thus

hm ||P Pg”L2(Q)—>H1(Q)

< lim / AR =2 = Ak = 2y g ).
where d! is the arclength measure on I Taking into account (74), this formula
implies (78).

Using eq. (78), we see that there exists an mg such that for m > m( we have
I Pg,m — Plg“ l22(@)—12() < 1. Using,e.g., Corollary IV.2.6 in [39], we see that this
proves (79). |

3. Approximating anisotropic by isotropic mass densities

We now show, using techniques from homogenization theory, cf. [1], [15], and [18],
that we can approximate arbitrarily closely, on the level of the operators, the nonsin-
gular anisotropic approximate mass densities olg , for any fixed R > 1, by a family
of nonsingular isotropic mass densities o5 R , € > 0, which will thus also function as
approximate cloaks. This can be considered as the reverse of the traditional homog-
enization theory.



50 A. Greenleaf, Y. Kurylev, M. Lassas and G. Uhlmann

3.1. Inverse homogenization with magnetic potential. Observe that, as all the
approximate cloaks 0, R > 1, are rotationally invariant, it is natural to use spherical
coordinates. Namely, we will use either the Euclidian coordinates x = ()c1 , X2, x3),
or the spherical coordinates s = s(x) = (r(x), 8(x), ¢(x)). Note that we use the
same notation x for a point inside  and its Euclidian coordinates, x = (x!, x2, x3).
Which meaning is intended will be always clear from the context. We denote by
X: (x',x2,x3)  (r, 0, ) the corresponding coordinate transformation. To exploit
the rotational invariance, we will employ in the homogenization process, cf. [1] and
[15], cells which are cubes in these spherical coordinates.

To approximate the anisotropic mass densities in spherical coordinates in the ball
Q = B(0, 3), let us consider isotropic mass densities which inverse is of the form

0:(x) = o(x,r(x)/e), o(x,r’)=h(x,r')I € R¥3, (80)

Here h(x, r’) is a scalar valued function, to be chosen later, that is periodic in r” with
period 1 and is bounded from above and below, i.e.

h(x,r" + 1) =h(x,r"), 0<cy <h(x,r') <cs. (81)

We will consider densities for which i (x, r’) is independent of 7 for x with r(x) < 1
and 5/2 < r(x) < 3, that is,

h(x,r"y = h(x) if |x| <lor5/2 < |x| <3. (82)

We make this assumption since later we will use the isotropic mass densities to
approximate the non-singular anisotropic mass densities 01;1, R > 1 that are isotropic
forr(x) < land5/2 < r(x) < 3.

Let(r, 0, p)and (r’, 0, ¢') be spherical coordinates corresponding to two different
scales. Then, in these coordinates,

(Xx(0e))(s) = 0" (s,5/¢),
where

o*(s,r") = h(s,r)det(DX(x)) "' DX (x) DX’ (x) | xXGo)=s

r?sinf 0 0
= h(s,r’) 0 sin 0 0
0 0 1/sinf

Here and later we denote by o, sometimes with various indices, the inverse of the
various mass tensors (or matrices) in the Euclidian coordinates, while ¢* always
stands for their representation in the spherical coordinates.

In the following, the material on homogenization is a quite straightforward gen-
eralization of known results [1] and [15]. However, as we need to introduce changes
due both to the presence of a magnetic potential and the use of spherical coordinates,
for completeness we give details of the arguments.
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In the small-scale coordinates t = (r',¢’,0’), we denote by e! = (1,0,0),
e? =(0,1,0),and e = (0,0, 1) the vectors corresponding to the differential forms
dr,df,and d¢’, respectively. Let W/ (s,t), j = 1,2, 3, be the solutions of

Vi o* (5. ) (VW (s.t) +e/) =0, t=(".0.¢)eR? (83)

that are 1-periodic functions in r, 8, and ¢’ variables (noting that the periodicity in r/
0’ and ¢’ has no relation to periodicity in the “large-scale” spherical coordinates 0,
©), and satisfy f[o 113 W/ (s, 1)dt = 0 for all s, where di = dr’df’' d¢’. Since o* is
independent of ', ¢’, the above conditions imply that W =0 for Jj =2,3. As for
Wit satisfies

d oWl oh(s,r")
W(h(s,r) ar’ ) I P

with W1 being 1-periodic withrespectto (', ¢’). These imply that W ! is independent
of (6', ¢’) with
ow'! _ Co
ar h(s,r")’
To find the constant Cy we use the periodicity of W now with respect to r/ to get
that Cy is given by the harmonic means A"™ of h,

Ldr -1
Co=hn""s)=([] ——). 84
0 © = 5577) (84)
Define the corrector matrices [1] as
d
k _ k k
P; (s, 1) = 5.7 W(s,t) + 8] . (85)

Then the inverse of the homogenized mass density in the spherical coordinates, oy,
is given by

3
(o)’ (5) = Z/ (0*)/P(s. 1) PF(s.1) dt. (86)
= Joar

We note that, applying integration by parts and using definition (85) and eq. (83),
eq. (86) can be written also in a more symmetric form

3
CVIOESY /[0’1]3(0*)Pq(s,t)P1{(s,t)qu(s,t)dt.

pq=1
Using the above formulae for the W' it follows from (86) that
hham ()72 sin(6) 0 0

O (s) = 0 h?(s) sin(0) 0
0 0 he(s) sin~1(0)
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Here h%(s) denotes the arithmetic means of / in the second variable,
h®(s) :/ h(s,r)dr’
[0,1]

Returning to the Euclidian coordinates, one sees that the conductivity, onom(X) =
Xy0op (X)), has the form

Ohom (X) = @1 (X)T1(x) + @2(x)(I — T1(x)), (87)
with
w1(x) = A"™™(x), wr(x) = h(x) (88)

and IT(x): R® — R? being the projection to the radial direction,

MM(x)v = (vi)i,
X1/ ||

represented by the matrix (|x|~2x/ x* )? k=1

Next, we analyze the Dirichlet problems for elliptic equations
— VP 0:VPu + Que = f. gy, = h. (89)

Here, b(x) = (b1(x), ba(x), b3(x)) is the magnetic potential and Q(x) is a scalar
function, with 0, b; € L*°(Q2; R),and o, ! are isotropic mass densities bounded from
above and below by positive constants independent of . Moreover, f € H~1(Q),
and h € HY2(dQ). Our goal is to show that the solutions u, convergence to the
solution of the equation

— V0 0pomVPu + Qu = 7, h. (90)

Uy =

By adapting the technique of Allaire [1], we can prove the following result.

Proposition 3.1. Let 0., ¢ > 0 be the inverse matrices of the mass densities in
Q satisfying (80), (81), and (82), Ohom be the inverse of the mass density defined
by (87), Q € L*®°(R2), Q(x) = 0, and b = (b1(x), ba(x), b3(x)) be a vector field,
b € L®(Q2: R3?). Then the solutions u, of (89) and solution u of (90) satisfy

lim u, = u weakly in H' (). 91)

e—0

Proof. Let E;, € HY(Q), supp(Ej) C {5/2 < |x| < 3} be an extension of &, i.e.
Eh|asz = h. Writing u, = E; + v, and u = Ej + v, we see that the functions v,
and v satisfy

—V? . 0VP0 + Que = f onQ. v, =0. (92)
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—V0 . 50 omVPv + Qv = f onQ, 0. (93)

Vg =

Here ~
f=f-Vl.0,VPE, + QE, e H'(Q), (94)

is independent of e. For proving (91) it is enough to show that v, converges to v
weakly in Hj ().

Letusrecall thatby, Lemma 2.2, a is (strictly) positive definite. Since Q(x) > 0,
we see that there exists a ¢g > 0 such that

/Q (VPP + Q)0 dx = colullyy g, foru € Hy ().

As the mass densities o, ! are uniformly bounded from above and below by positive

constants, it follows from the proof of Lemma 2.2 that there is also ¢; > 0 such that

foru e HO1 ().

b, 7b,, 2 2
[ 70T+ Q) dx = el g,

Thus, using the Lax—Milgram lemma, we see that the solutions v, (x) of (92) satisfy

Iell gy @) = el f a1 (95)

where ¢ > 0 is independent of ¢ > 0. Therefore, the solutions v, (x) are uniformly
bounded in HO1 (2). Thus, for an arbitrary sequence &, — 0, the corresponding v,
have a subsequence that converges weakly to some function w(x) in H/}(€2). Let us
show that w coincides with the solution v of (93).

To this end we consider convergence in a finer, two-scale, sense on local coordinate
neighborhoods. Let U C $2 be an open set on which we can define, in a regular
manner, spherical coordinates. For example, by choosing two antipodal points as
the South and North poles and connecting those by a meridian y, we can take U so
that U C $2\ y and define polar coordinates on U. Let Q' = {ro: w € U, r €
(r1,72)} C Q with some r, > r; > 0. Clearly, X : Q" — R3 defines the spherical
coordinates, x + (r, 6, @), with domain W = X(Q') = (ry,r2) x U.

Rewrite now eq. (92) and (93) on W in these spherical coordinates and multiply
the equations so obtained by det(DX (X ~1(s))). The resulting equations are

—(Vs +ib*(s)) - 0™ (s, g)(Vs +ib*()vs(s) + O*()ve(s) = f(5).  (96)
—(Vs 4 ib*(5)) - 075, (5) (Vs + ib*())v(s) + Q* (5)v(s) = f(5), 97
where s € W. Here

Q*(s) = det(DX(X ™' (5)) Q(X ™' (5)) € L®(W),
b¥(s) = 0; XK (X ()be (X7 (5)) € L¥(W: R?),



54 A. Greenleaf, Y. Kurylev, M. Lassas and G. Uhlmann

correspond to the electric potential Q and magnetic potential b in the spherical co-
ordinates and £ (s) = det(DX(X~(s))) f(X~1(s)) € H~'(W). To simplify no-
tations, we continue to denote the functions v and v, in the spherical coordinates
by v(s) = (X"H*v)(s), ve(s) = ((X~1)*ve)(s). Finally, Vy is the vector field
(97, 9. 9).

In the following, even though in the forthcoming applications the mass densities
(0} (x,r(x)/e))~! will depend only on the small-scale variable r’ = r(x)/e, we con-
sider the general case when the mass densities depend on all small-scale coordinates
t =(r',0',¢"). LetT = [0,1]> and C)"(T) denote those C"(T') functions that can
be continued as Z3-periodic functions in R* which are in C™(R?). By definition,
a family v,(s), ve € L2(W) is said to two-scale converge, as ¢ — 0, to a function
vo(s, 1) € L2(W x T) if, for all test functions ¥ (s, 7) in C°(W; C°(T)), we have

m)[wvs(s)w(s, g) ds = /W/Tvo(s,t)l//(s,t) ds dt. (98)

By [1], the two-scale convergence of v, implies the weak convergence of v, (s) in
L?(W) to the function w(s) = J7 vo(s. 1) dt, so that the two-scale convergence
gives finer information on the convergence than the weak convergence. For example,
functions of the form u(s, s/&) two-scale converge to u(s, ).

By [1], every bounded family v.(s) € L?(W) contains a two-scale converging
sequence. Moreover, if v (s) is a bounded family in H ! (W) that converges in L2(W)
to w(s) as e — 0, then v, (s) also two-scale converges to w(s) and there is a function
wq(s,t) € L2(W x T), so that Vsv,(s) two-scale converge to Vsw(s) + V,wq (s, 7).
For example, if functions v, (s) have the form v.(s) = ug(s) + cu1(s,s/e), then
Vsve(s) two-scale converge to u(s,t) = Vug(s) + Viui(s, t).

As noted above, the solutions v¢(x) of eq. (92) are uniformly bounded in HO1 ().
Consider the restrictions of these functions on € and rewrite them in the spher-
ical coordinates on W. Then any sequence of v.(s) has a subsequence vg; (s),
j €Z4, e — 0as j — oo, that weakly converges, in H!(W), to some function
w(s). By [1], vg; (s) also two-scale converge to w(s),as ¢ — 0,and there is a function
wi(s,t) € L2(W x T) so that Vg, (s) two-scale converge to Vsw(s) + Vw1 (s, 7).

Let us now multiply both sides of eq. (96) by a test function ¢(s) + ep1 (s, s/¢e),
where ¢(s) € Cg°(W)and ¢ (s, 1) € Cg°(W; C°(T)), and integrate over W. Using
integration by parts, we obtain

[ o DI+ i 600 (. 2) + emas. D)) ds

w

+[ 0" emle) +emlslds o9

- / F©)[e(s) + e (s.>)] ds.
Q/ &
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where

n1(s,t) = Vso(s) +ib*(s)p(s) + Vigi(s, 1),
n2(s. 1) = Vs@i(s,1) +ib*(s)p1 (s, 1).

Substitute ¢ = ¢; in (99) and let j — oo. First, we observe that, since both 7> (s, s/¢)
and ¢ € (0, 1) are uniformly bounded in L?(W), the terms in (99), involving 7, tend
to zero. Second, as vg(s) converge in strong topology of LZ(W) to w, the first
integral in (99) tends to fWQ*(s)w(s)m ds. Third, the inner product of f (s)
and e¢; in the last integral in (99) goes to zero. Fourth, the functions ¥.(s) =
o*(s,s/e)n1(s, s/€) two-scale converge to the function (s, 1) = o*(s,t)n1(s,1).
Since ¥ (x, y) € L2(Q; CP(T)), we have by Lemma 1.3 in [1] that

im [Yell 2y = 1Vl 2wy (100)

Furthermore, as Vv, (s) two-scale converges to Vsw(s) + V,wi(s,?) it follows
from (100) and Theorem 1.8 in [1], that

/a (s.= (Vs +ib*(s)vg, ()] -1 (s, = ) ds
w &j &j
> [ o6V + Van.0)- G ds dr
wJT
as j — oco. Summarizing, we see that

/ /0*(s,t)[sz(s) + Viwi(s, 1) + ib* (s)w(s)]
wJT
[Vso(s) +ib*(s)p(x) + (Vep1)(s, 1)] ds dt
+f /Q*(s)w(s)(p(s)dsdt (10D)
wJT

- [ F(s)9) ds.
w

Taking ¢(s) = 0 in (101) and varying ¢ (s, ¢) over all test functions, integration
by parts with respect to ¢ shows that

Vi-o* (s, 0)[Vsw(s) + Viwy (s, 1) +ib*(s)w(s)] =0 ae.in W xT. (102)
Since Vsw(s) + ib*(s)w(s) depends only on s and thus can be considered as a
constant vector in the ¢ variable, we see that

3
wi(s, 1) = Z (%(s) + ib;-‘(s)w(s)) W(s,t) ae.inW xT, (103)

Jj=1
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where W/ are solutions of the cell eq. (83).
On the other hand, taking ¢;(s,¢) = 0 in (101) and varying ¢(s) over all test
functions, we see, using integration by parts with respect to s, that

—(Vs +ib*(s)) - (/O'*(S, HIVsw(s) + Viwi (s, 1) + ib*(s)w(s)]dt)
T
+ 0% ()w(s) (104)
= f(s) a.e.in W.

Comparing the above integral with eq. (86) for oyom, we see that (103) and (104)
imply that

~

—(Vs +ib%(5)) - Opom () (Vs + 16" (s))w(s) + Q™ (s)w(s) = f(s) in W,
or equivalently, in the Cartesian coordinates
—(V+ib)-ohom(V +ib)w + Qw = f in €. (105)

Since Q \ {O} can be covered with coordinate neighborhoods €’ used above,
eq. (105) is valid in the domain 2 \ {O}. Moreover, since all the inverse matrices of
the mass densities oo, and o, are the same near the origin, we see that all functions
Ve, (x) satisfy eq. (105) near the origin. As v, (x) converge weakly in H{(Q) to
w(x), eq. (105) is valid in 2. This means that w(x), as well as v(x), is the solution
of the eq. (93). By the Lax—Milgram Theorem, eq. (93) has a unique solution, and
thus w = v.

Summarizing, we have now shown that an arbitrary sequence of the original family
ve(x) has a subsequence that weakly converges, in H; (), to the solution v(x) of
eq. (93). This shows that the whole family v.(x) of the solutions of the eq. (92)
converge weakly to v(x) in HJ (). O

3.2. Approximation of o,. Next we apply the above results to approximate the
inverse matrices of the mass densities oy, for a fixed R > 1. In the forthcoming

analysis, we will choose the function % to be

a(s)

YO = T by

(106)
where p(r') is a fixed positive, smooth 1-periodic function of r’ and both a(s) and
b(s) are positive. For any x € Q and a given function p(r'), the pair (w1 (x), w2 (x))
in (87) and (88) depends only on the values of functions (a(s(x)),b(s(x))). By
choosing (a(s), b(s)) appropriately, it is possible to achieve any value

(@1(x), 02(x)) € R, with 01 (x) < w2(x).
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We can choose a(x) = ap(x) and b(x) = by (x) so that ohom(x) corresponds to
the inverse of the approximate cloaking mass density, that is

Ohom(¥) = 0x(x), x € Q. (107)

In the sequel, we will denote by o (x, = g (x, r")~1I the isotropic mass
densities for which the homogenized mass densities o, ! satisfy (107). Observe that,
for R > 1, we can choose /i (s, r’) so that

0 <ci1(R) < hp(s.r') <2, c1(R) > 0as R\ 1. (108)

Let A < 0 and BR .. be the operators

Brm. U = —Vb-oR evbu + g,l,,/zqu,
D(Brme) = {u € HY(Q): — V-0, VPu e L2(Q)}.

Lemma 3.2. Forany A <0and f € L*(R),
lim (Brm.e — 28, )" = (Brom = Agy!*)7'f.
£—>

where BR m is as in (72), and the limit holds both in the sense of the strong topology
in L?(2) and weak topology in H'(R2).

Proof. This follows immediately from Proposition 3.1 by taking O = (¢—A) g,ln/ . o

As in the previous section, one can analyze the convergence of the resolvents in
more detail. To this end, introduce operators Ag m.. = g;,l/ ’3 R.m.e that is,

ARme = —8&n 2V -0r VU + qu,
D(Arme) = D(Brme) = {u e H(Q): — Vb-aR,gvbu e LX(Q)}). (109)
Clearly, the operators AR . are self-adjoint in L?(S2, g,ln/ 2dx) and
(ARme =) = (Brome — A&l ) " (&0 f) (110)
for A & spec(AR.m.e) and f € L*(R), cf. eq. (72) and (73).
Lemma 3.3. Let R > 1,m € Z4+ and K C C be compact and such that
dist(K, spec(ARr,m)) = 8o > 0.

(i) There is an g9 = €9(K, R, m) such that such that, for 0 < ¢ < g,

_ 2
[(ARme—A) 1”Lz(Q,grln/Zdx)—)Lz(Q,glln/zdx) = %, AeK.
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(ii) For any f € L*(Q),
lim (AR me—2)"f = (Arm —A)7f (111)
e—>0

in the strong topology of L?(R2) and weak topology of H{}(S2), with convergence
being uniform for A € K.

Proof. (i) Since the 4R 1, . are self—adjoint operators on L2(R, g;/ 2 dx),itisenough
to show that there is &9 > 0 such that the operators AR ,,  — p are invertible for
A — | <68p/2if € < gg.
Assume that there are &, \( 0, up, — W, |A — u| < 8/2, and u, , with
||u,,||L2(Q,g'1n/zdx) = 1, such that
AR m.enUn — Untn = 0.
Rewrite this as

—V.oRe,Vu, = Jn=— grln/zqun + Nng;ln/zun, un|3Q = 0. (112)
Taking into account the uniform boundedness of the right hand side of (112) in L2(2),
it follows from (92) and (95), with Q = 0, that ||un||H(§ @ = C, forsome C >0
independent ¢,,.

Thus, up to a subsequence, there exists u € HO1 (2) such thatu,, - uasn — oo
in the weak topology of H!(2) and strong topology of L?(2). This shows, in
particular, that |[u[|2(q ¢1/2 4x) = 1.

Let us show that u is an eigenfunction of Agr ,,, see (73), corresponding to the
eigenvalue u; as [A — u| < 8o/2 with A € K and dist(K, spec(Ag,n)) > § > 0, this
would yield a contradiction. We compare u, with vy, the solution to

- Vb-aR’anbvn = ﬁ, = —g,ln/zqu + ;Lg,ln/zu, Unlyg = 0. (113)

Letting i, — i, eq. (113) and the weak convergence u, — u in H'(£2) imply that
Tim || fo = all gy = 0-

Appealing again to (108), with R > 1 fixed, we see that u, — v, — 0 in the strong
topology of Hj (Q2).
Using Proposition 3.1 with O = 0, we see that v, — v in H!(Q), where

b, b 1/2 1/2 _
V7.0rV%0 = g, qu+pug,u, =0.

Vae
Summarizing, we have that ¥ = v, showing that u is an eigenfunction of A g corre-
sponding to the eigenvalue A. This proves claim (i).

(i) Compare the solutions of

=0.

b b 1/2 1/2
-V 'GR,sV Um,e = fm,8 =f _gm/ qUm,e + Agm/ Um,es Um,e|yg
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with those of

—VPogrVPiu = fou = f —g!qu + Ag'?u, 0.

Ulpg =

It follows, from claim (i) together with (95), that the u,, , are uniformly bounded in
H{ (). Choosing a weakly converging subsequence, we show, by similar reasoning
to the above, that the limit is u,,. This proves

lim (Brme = Ag)/ )7 = (Bram — 28,/)7'f.

This, eq. (110), and the boundedness of the multiplication operator f + g,l,,/ 2 f in
L?(Q) yields (111). |

For 11 & spec(sR m.c) we denote by Ng (i) the subspace of L?(£2) spanned
by the eigenfunctions of g ,, . corresponding to the eigenvalues in (—oo, (), and

by P& the orthoprojectors in L2(S2, g,ln/zdx) onto Ng m.e(1).

R,m,e

Lemma 34. Let R > 1, m € Z, and pu & spec(ARrm). () Thereisangp > 0
such that (1 & spec(Arm.e) for0 <e <e
(i) For f € L*(Q) we have

lim P o f = PRt (114)

R.m*

in the strong topology of L*(2) and weak topology of H( (2). Moreover,

1im dim (N (1)) = dim(Ngm(10): (115)

Remark 3.5. We note that the strong convergence of the resolvents does not generally
imply the stability of the resolvent set, cf. Section VIII.1.2 in [39].

Proof. (i) Take K = {u} and §¢ = dist(K, spec(AR »)). Lemma 3.3(i) implies that,
for sufficiently small ¢, dist(K, spec(AR m.e)) > So/2.

(ii) Relation (114) follows immediately from (111) and the Riesz formula for the
projectors, cf. eq. (62). For the proof of (115), let us consider Ao € spec(AR ) and
a,b € R,a < Ag < b such that [a, b] N spec(Ar.m) = {Ao}. Then by (i) there are
0(¢), 8(e) — 0 as ¢ — 0, such that

spec (Arm.e) N [a + 0(e). 2o — 0(e)) = 0,
spec (AR,ms) N (ho + 6(e). b — 0(e)] = 0.

Let P¢ = Pp % — pet?® ang pO = ph — P& . Then, by (114),

lim—o P¢f = P°f in the strong topology of L?(£2) and weak topology of H (2).
To establish (115), it is sufficient to show that

lim dim(Ran (P?)) = dim(Ran (P?%)). (116)
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Indeed, if we show eq. (116) for each eigenvalue of g, smaller than p, equal-
ity (115) follows.

To show eq. (116), we note that the ranges of the orthoprojectors P¢ P are also
subspaces of Hy () C L?(R2). We show first that

lim inf dim(Ran (P?)) > dim(Ran (P?)). (117)

On the contrary, if this does not hold, there is a sequence &(n) — 0 such that
dim(Ran (P*™)) < dim(Ran (P°)) = k. (118)

Denote by nx, k = 1,..., ko, an L?(Q)-orthonormal basis in Ran (P?). (Note that
as Ran(P®) C H, () is finite dimensional all norms are equivalent). Introduce
NMnik = P®nx € Ran(P?®), k = 1,...,ko. Consider the Gram—Schmidt matrices,

n _ 1n 1Ko
G" = [le k,l=1

Gy :/QUn,k(x)ﬁn,J(X)dx.

By (114) and orthonormality of 71, the matrix G”" is invertible for sufficiently
large n. Thus, n, %, k = 1,... ko are linearly independent. This implies that
dim(Ran (P¢™)) > ko, contradicting (118). This proves (117).

Assume next that

lim sup dim(Ran (P?)) > dim(Ran (P°)). (119)

e—0

Then there is a sequence £(n), such that
dim(Ran (P*™)) > dim((Ran (P°)).

Thus, there are u, such that

up € Ran (PE™), Nunll 2@ g1/2ax = L. (120)
(n, v)Lz(Q,g}n/zdx) =0, forall v eRan(P°). (121)
Then
kn kn
Up = Zun,kWn,k’ Z |”n,k|2 =1, k,= dim(Ran(Pg(n))),
k=1 k=1

where ¥,  are L2(<2, g;,/ 2dx)-orthonormal eigenfunctions of A g m ¢(n),

AR m,em)Vnk = AngkVnks |Anik — Aol < 0(e(n)).
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Therefore,
kn
A’R,m,s(n)un — AoUp = fn = Z un,k(/\n,k - Ao)wn,k —0asn—o0 (122)
k=1

in L2(Q, grln/2 dx), so that

/Q("R,M”un Vhuy + g,/2(q — Ao)un|?) dx
= (fn,un)Lz(Q,g’%/zdx) — 0 asn — oo.

Together with (120) and the fact that ¢ € L°°(R2), this implies that the forms

fQ og 8(n)Vb U, - Vbu, dx are uniformly bounded in n. Recalling (95), we see that,
with some ¢ > 0,

henll gy @y < ¢ forallneZy.

Restricting to a subsequence of the £(1), assume there exists ug € H, (€2) such that

lim u, = uo weakly in H,(€2) and strongly in L*($2), (123)

n—oo

so that also ||ug ”LZ(Q,g,i/zdx)

the fact that uo L Ran (P?) in L2(S2, gL/ 2dx), which follows from (120). Let v, be
the solutions to

= 1. Let us show that Ar ,uo = Aouo, contradicting

=V 0 oy V00 = 8l (ho = Dto. - Unlyg = 0.

From (95), together with (122), (123), we see that u, — v, — 0 asn — oo in
LZ(Q,g,ln/zdx). On the other hand, by Proposition 3.1 with Q@ = 0, v, — vy in
L?(Q) as n — oo, where vy is the solution to

_vb ~0Rva0 = g,ln/z()to —q)Ug, Vp 0.

lag =

Hence, vg = up # 0 is an eigenfunction of Ag ,, and belongs in Ran (P 9). This
proves the claim. |

4. Approximate acoustic cloaking

In this section, we show that, for A ¢ spec(sA1), it is possible to approximate the
solutions to the singular, anisotropic acoustic equation

Au—Au=f feL*Q),

by solutions to certain non-singular, isotropic acoustic equations. Namely,
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Theorem 4.1. Let K C C be a compact set such that K Nspec(#Aq) = @, and A € K.
Then, for f € L*(Q),

lim lim hm(eAR me— A = (A =),

R—1 m—o0o e~

in the strong topology of L§ () and weak topology of H gl (R2), uniformly with respect
toA € K.

Proof. By Lemma 3.3, see eq. (111), it follows that
Iim (Arme = A)7f = (Arm = A)7f (124)

in the strong topology of L?(2) and weak topology of H'(2), uniformly in A € K.
Using Lemma 2.11 we obtain

Jim (ARm — M = (AR =T (125)

in the strong topology of H!(£2), uniformly in A € K. Using (8) and (9), the
convergences in (124) and (125) are valid also in L2 () and H, ().
As f e L*(Q) C L%g(Q) we have by Lemma 2.8

Jlim (Ar ~ N7 = (A=),

. 2 1 . .
in the strong t(.)pology.of L% (2) and v.veak topology of H, (€2), unlforml}/ with respect
to A € K. This equation, together with (124) and (125), proves the claim. |

Let us turn our attention to the convergence of the DN maps. For R > 1 and
& > 0, the DN map for the acoustic equation,

—vb. “Og. 8Vbu + g 1/2 qu —Agl/zu =0, ul,g=h, (126)

is the operator
ARsm h— (0, +1iv- b)”Rem|3Q (127)

Here ué ¢.m 18 the unique solution to (126) assuming A ¢ spec(AR,e,m) and 9y, is the

normal (radial) derivative at d$2.

Recall that by Lemma 2.3 the DN map /\0ut defined in (42) corresponds to the
boundary measurements for eq. (10). In the following we assume, for technical
simplicity, that b € C1(Q2, R?).

Corollary 4.2. Assume that the magnetic field b is C'-smooth on Q and h €
H32(3R), [a,b] N spec(Ay) = @. Then, uniformly with respect to A € [a, b],

lim lim hm(ARmsh Ath) =0, (128)

R—1 m—o0 ¢—0

where the convergence is strong in the HY2(3S2) topology.
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Proof. Let h® € H?(R2), supp(h®) C {x: 7/3 < |x| < 3} be an extension of A, that
is
helaq =N K¢ llE2@) = €. i 1A% a2 gy < 1- (129)
Then the solution ué’m’ () to (127) may be represented as
Wi o (h) = W + Vi o (). i (h) = B + v (h)
where
v} = —(AL = V)T FAh),
Vime(h) = ~(Brome =28, FH(h) = ~(Arame — 2)'FA(h). (130)
F*(h) = —=V2.VPhe — Xh¢ € L2(Q). supp(F*(h)) C @\ B(7/3).

Here we use the fact that, in the layer Q \ B(7/3), OR e = 01 =8l gn=g=1.
By Theorem 4.1,

Jim - lim Jim [0, o (7) = 0} ()] 2 g7 /3<jx1 <3 = O
It then follows from Theorem 9.13 in [23] that

am, fim - lim 10k o (1) = vf(h)lle({8/3§|x|§3}) =0,
so that, by the trace theorem for Sobolev spaces, we have

lim * lim 1im (9, + v bYW o (h) = ut ()], =0, (131)
strongly in H'/2(0). 0

Our next goal is to show the existence of a sequence of non-singular isotropic
mass densities and non-singular bulk moduli, uniformly bounded (in 7) from above
but not from below, with the corresponding acoustic operators approximating the
singular acoustic operator 4, — A.

Theorem 4.3. There exist sequences R(n) — 1, m(n) — oo, and €(n) — 0 such
that, for any f € L>(Q),A € C, u € R, A, u ¢ spec(s;),

Iim (Areymmem — M7 = (A =D in Lg(Q).  (132)
-

A PRy mimeny /= PLS i Lg(€), (133)

Jim dim(NR (), mn) e) (1)) = dim(N1 (). (134)

For compact K C C with K N spec(A) = @, for n sufficiently large one has K N
spec(ARn),mm)e(n)) = @ and the limits are uniformin A € K and p € K N R.
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Proof. Let{f,: p=1,2,...}beadensesetin L?(Q). LetK, C C,n =1,2,...,
be a sequence of compact sets so that
K, Nspec(Ar) =0, K, C K",

o0 ) _1/2 (135)
U,2, Ky = C \ spec(s;), dist(spec(Ar), Ky) > n .

As L*(Q) C Lz(R), it follows from Lemmas 2.8 and 2.9, that, for any n € Z,
there exists a R(n) > 1 such that

- _ 1
(ARG = 1)y = (A1 =D fll, < .

—1/2
dim(N g (1)) = dim(Ny (1)), dist(spec(Argn). Kn) = “5—.  (136)

\

9’

1 1
w n w n
||PR(n) - P ||Ll2{_>L§ = '’ ||PR(n)fp - P fp”Lé o

IA

forall p=1,...,py, A € K, u € K, N R. Here p, is defined so that
{f € LZ(Q): ||f||L2(Q) = ”} C Nl/n({fp Il;n=1)’

where N, (S) denotes the e-neighborhoods of S in L2().
Having chosen R(n), using (8) and Lemma 2.11 and Corollary 2.12, we choose
m(n) such that

— _ 1
1(ARG,me) =) p = (Arey =D Wpll, < o
dim(NR(n),m(n) (1)) = dim (N (1)),

. n—1/2
dist(spec(ARn),mn)) Kn) > 3 (137)
1
1 I
PRy mny — PrOm) | 22502 = -
1

forall p =1,..., py, A € Ky, 1 € K, N R. Having chosen R(n) and m(n), one
can now use (8) and Lemmas 3.3 and 3.4 to choose g(n) > 0 so that,

_ _ 1
(ARG mm).er) — A) o — (AR mm) — A ollg < e

dim(NRm),m(),s(m) () = AM(NR @), mn) (1)),
4172 (138)
4 9’
1
< —

w u
”PR(n),m(n),a(n)fP—PR(n),m(n)ﬁ’”Lg, -n

diSt(SpeC(:A)R(n),m(n)’s(n)), Ky) >
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forallp=1,...,py, A € Kyand u € K, N R, and,

IR me = )7 ”L2(Q,grln/2dx)—>L2(Q,grln/zdx) < 6n'/2, (139)

with A € K.
Clearly, eq. (136), (137) and (138) imply that

- _ 3
(ARG M. — 2 fp = (A1 =) fll, < o

dim(NR(n),m(n),e(m) (1)) = dim(Ny(u)), (140)
3
H w
”PR(n),m(n),a(n)fI’ - Pl f””L% = ;,

forallp=1,...,py, A€ K, u € K, NR.

In particular, (140) implies (134) due to U, K,, = C \ spec(s1). It remains
to show that, for ¥ € L?(2) and a compact set K such that K N spec(A;) = @,
one has that (A gy m(n).e(n) — A)~'f converge to (41 —A)~'f in L () and that
convergence is uniform for all A € K. Indeed, this will provide eq. (132). Using the
Riesz formula for PI/iL(n),m(n),s(n)’ P}, this will also prove equation (133).

Letng € Z4 be such that K C K, foralln > ng. Forn > ng, there exists f,u)
with p(n) < p, such that

1
L = Tl L2y < - (141)
Clearly, for A € K,

(ARG M0 = AT = (A=) fl,
= ARG mm e =2 oy = (A1 = D7 fpmll,
+ (ARG mm,ee =) oy — Pl
+ 1A =D oy = -

By (140), the first term in the right-hand side of (142) is bounded by 3/n. To estimate
the second term, we use the estimates (66), (139), and (141), which imply that this
term s bounded by 12(2/11)1/2 for n > ny. Finally, by (8) and (135),

< V8 =V
~L% = dist (A, spec (A1) — V"

(142)

1AL =07 oz = VBICAL =272

for A € K. Thus by (141), the third term on the right-hand side of (142) is bounded
by (8/n)/2 forn > ny.

Summarizing, we see that the left-hand side of (142) tends to 0, as n — oo,
uniformly for A € K, thus proving (132). i
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In the sequel, we will use abbreviated notations
O(n) = ORmy,stny® 8 = Emw)s  Aw) = AR mm e (143)

for the sequences R(n), m(n), e(n) obtained in Theorem 4.3. For simplicity, denote
by A?n) , ra.ther than A/Ig(n),m (1)) the corresponding DN map. .
Regarding the convergence of the DN-maps, by the same arguments as in proof

of Corollary 4.2, we obtain

Corollary 4.4. Assume that the magnetic field b is C'-smooth in Q. Let K C C be
compact and such that K N spec(A1) = @. Then, for any h € H3?(3Q),

lim A{ h = A}h (144)

n—>00 out’”»
where the limit is in H'/?(3S2), uniformly with respect to A € K.

In particular, when b and ¢|q\ p(1) vanish, A%, corresponds to the measurements
on the boundary of a homogeneous ball. Thus (144) means that the isotropic material

parameters 0(y,) and g(,) approximate an acoustic invisibility cloak as n — oo.

5. Approximate quantum cloaking

The results of the previous sections can now be used to obtain approximate quantum
cloaking at a fixed energy, for any potential Q € L°°(2) supported inside the cloaked
region B(1).

In sequel, we assume that the conductivities o, satisfy (23) and that also 0, €
C2(Q; R?). This yields that also OR.e:O(n) € C2(Q; R?).

Let E € R be a given energy level and

1 3
g% (x) = 7200+ JEx (), (145)

where y; is the indicator function of the ball B(1). In this section we assume that
E and Q are such that £ is not in the spectrum of the operator A; = Af defined
in (19) using the potential £ Observe that spec(4Z) = spec(Aou) U spec(AE),
where A, and Aiﬁ are defined by (40) in (41) using potential qE. Note that Ay is
independent of £ and Ailf: = %S in + %E , where Sj, is the Schrodinger operator

Sin=—A+ Q, D(Si) = {v2 € H*(B(1)): dyv]ypa1) = O}
Observe that

E ¢ spec(a‘%f) <= FE ¢ spec(Sin) and E ¢ spec(Agut)- (146)
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Then, for n large enough, E ¢ spec(#(y,)). Next, consider the solutions u,, of

(—g&l)/zvb'a(n)vb +¢% —Eu, =0 inQ, = h. (147)

Un|yq

This equation can be converted to a Schrodinger equation with magnetic potential
using the gauge transformation,

Yn(x) = 0,12 (it (x). (148)

Then
— 0y 2V 0 VP 000 W) = VOV Wb, (149)

where
Wy = U(n) A (U(n) ), supp(W)) C B(2) \ B(1). (150)

Thus, using the transformation (148) we see that the acoustic eq. (147) for u, is
equivalent to the Schrodinger equation for v,

1/2
g
(= V29 4 Wy + 22 (qF — E)) ¥ = 0. Yiulyg = I, (151)
O(n)

where for the boundary condition we use ¥, |3 = un|aq = h, since o(,) = 1 near
Q2.
Next, define the cloaking potential
1/2
g (n/) (x) (3E

VE) = W)+ 2B (Zrin () — B) + B

(152)
g x >>

= Wan() + B = )1 = 0

where we have used the fact that gl/ 2(x) = 8, omy(x) = 2 for [x| < 1. Thus
Vn = 01in B(1). Clearly, VnE vanishes also near d2. Then (151) can be written as

VOV +VE) + Q= E)n =0, Yuloa =h. (153)

Now we are ready to prove our main result concerning approximate cloaking in
quantum mechanics.

Theorem 5.1. Assume that Q € L°°(2) is a function supported in B(1), b €
CY(Q,R?), and E € R are such that E ¢ spec(Aquw) U spec(Sin). Then for any
h e H¥2(Q),

lim AZ, h=AEh in HY?(Q). (154)

n—o00 Vn +0 out
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Here A€E+Q are the DN maps,

AE ch— 0,y

VE+o (V2P VE 4+ Q- E)n =0, Yulsa =1,

laq
while the DN-map Afm corresponds to the operator Ay with k1 = 0, see (40)
and (42).

Proof. By the hypotheses of the theorem, it follows that E ¢ spec((A£), where 4,
defined by (19) with magnetic potential » and the potential g given by (145). Thus,
the Dirichlet problem (147) is uniquely solvable for large n. As the gauge trans-
formation (148) is the identity map near 02, we see that 9,V |se = dyu,|yq and
Yulog = Unlsq. The DN maps for the Schrodinger eqution (153) and for eq. (147)
thus coincide, and the assertion follows from Corollary 4 4. |

Note that Theorem 5.1 is of a very different nature than the well-known results
from the classical theory of spectral convergence, since the cloaking potentials V2
do not tend to 0 as n — oo. On the contrary, as seen from the construction of

0g . in Section 3.2 and definition (150) and (152), sup, |VnE (x)] > ccasn — 0.

Moreover, VnE is of a highly oscillatory nature in B(2)\ B(1) with quasiperiod tending
to0asn — oo.

Theorem 5.1 has two important physical consequences; see [29] and [30] for
further discussion and applications. Consider separately the following two cases.
(i) Suppose that b = 0. Since Q is supported in B(1), the operator Ay = —A is
the free Schrodinger operator. Then, from a physical point of view, the potentials
VnE + O can be considered as almost transparent potentials at energy E. Also, the
V.E which depend on E but are independent of Q, serve as approximate invisibility
cloaks for two-body scattering in quantum mechanics. As all measurement devices
have limited precision, we can interpret this as saying that, given a specific device,
one can design, for a given energy level E, a potential to cloak an object, i.e. an
arbitrary potential, from any single-particle measurements made at this energy E.

(i) Now suppose that Q = 0, while b € C'(2,R3), b # 0. We now have
Aout = —VP1 - VA1 and, due to the transformation rules for the magnetic potentials,
B1 is in general no longer bounded near O. Thus, the potentials V,E act as devices
which give an external observer the illusion that, as n — o0, the magnetic field is
unbounded near O. In particular, for b(x) = Bg x x, By € R3 corresponding to a
homogeneous magnetic field, the illusion B;(x) has a singularity of the order |x|™!
at O; see [29] for details.

6. DN map near exceptional values of E

Theorem 5.1 shows that the behavior of Afi Eig when F is far from spec (eAibr: )andn
'\E

is large, well approximates the behavior of AJ,,.

This situation changes dramatically
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when E is close to an eigenvalue of the cloaked region.
For simplicity, let us consider the case of an E° € R which, while being in the

resolvent set of Agy, is also a simple eigenvalue of AE® that is E° spec(Sin),

see (146). This implies that E? is a simple eigenvalue of Af ° The corresponding
eigenfunction u® then satisfies supp (u®) C B(1),i.e.u? is a trapped state supported
in the cloaked region, cf. Lemma 2.3 and (43).

In the following, let d € (0, 1) be such that dist(E°, spec(Afo) \ E% > d.

Theorem 6.1. Let Q € L*(2) be a function supported in B(1), b € C1(Q2, R?),
and E° € R be an eigenvalue of Af 0 corresponding to potentials b and gF° defined
in (145). Assume that E°® has multiplicity one, and let u® be the corresponding
eigenfunction supported in B(1).

(i) There is a sequence Eg,y, E@)y — E® as n — oo, such that Ey are simple

Dirichlet eigenvalues of the Schrodinger operators —vb.vb 4 V(f )(n) + Q. Moreover,

the L?()-normalized eigenfunctions @(n) of these Schrodinger operators for the
eigenvalues E ) satisfy, for any p > 2,

lim ¢ 0, in CHQ\ B(p)). (155)

n—o00 () |§\B(P) -

(ii) Let h € H3'2(0Q) and Yn)(h) be the solution to (153) for some E with
0< |E — E(n)| < d/2. Then

. %y (0) . E
@y + v D)Y@y (h)|yg = ﬁ(av + v D) Vmylyg + Pey(h).  (156)
(n)
d
o0 i) = [ w2V s, (157)
a0 dv

and functions p(lfl) (h) are uniformly bounded, asn — oo, in H'/2(3Q)) for |h | g3/2
<land E € (E°—d/4,E°+d/4).

Proof. For a given potential Q, the potential ¢ defined in (145) depends on E. Thus
we start by analyzing how the eigenvalues and eigenfunctions of A{E and Agt ) change
relative to the variation of E. Denote by A(k, E), k = 1,2,..., the eigenvalues of
Af, numbered in increasing order and taking multiplicity into account. The depen-
dence of these eigenvalues on E then follows from (146). Similarly, let A(,)(k, E)
be the eigenvalues of ,A)gl )» Where Aa ) is the operator of form (143) with ¢ = ¢F.
Observe that

0 0 0 0
AT = A"+ (¢F —¢F), AL = AL+ @F —4F). (158)

Using Kato—Rellich formula, see Theorem VII.3.6 in [39], and the fact that ||q'§~ —
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gl 0o = 3|E — E|, see (145), we obtain that
~ 3 ~
k. E) = Ay (k. E)| < Z|E — E|. (159)

In the future we will consider only the value k = k° such that A(k°, E®) = E°,
writing, €.g., Ay (E) for Ag,(k°, E). Next, consider the spectral projectors for
w=E®—d/2oru = E®+d/2. Let P/“(E) be the Riesz projectors for the
operators A% and P(’; ) (E) be the projectors for 94)51 . They are defined analogously
to (62) using a contour I C C that surrounds all of the eigenvalues smaller than p.
We can assume that I is such a contour that, for n large enough, the distance from
I" to the eigenvalues of the operators ,A)E ® and ,A)E Y is more than d /4. Then the
norm of (A(n) —z)7Vin L%(Q, g(/zdx) is bounded by 4/d. Thus, assuming that
|E — E°| < d/8, we obtain, using the formula

(Al —2) T = (AL =) = (AE) =) U —(gF —g" )AL —2) )T =)

in (62), the estimate
16y (E) = Pl (B 21240 1261/ 2a) = CulE = E°I. (160)

where C,, depends only on the choice of I

As EO is the only eigenvalue of AZ° in the interval (E® — d, E® + d) and
has the multiplicity one, it follows from Theorem 4.3 that, when # is large enough,
then Agg has only one eigenvalue E? in the interval (E® —3d /4, E® + 3d /4) and

|E? — E°| < d /4. Moreover, the eigenvalue E? is simple.
Let us show that there are E,), Ey) — E 0 such that

Ay (Em) = Eg. (161)

Observe that, by Theorem 4.3, A, (E?) — E°® as n — oco. Together with (159) this
implies that for any & > 0 there is n(g) such that for n > n(e),

Amy(): [E®—e, E® +&] > [E®—¢&, E° +¢].

As Ay (-) is a contraction, see (159), we conclude by the Banach fixed point theorem
that there is a unique E(,) satisfying (161).
Returning to eq. (160) we see that

- 1
nlgrolo ”P(n)(E(n)) )(E )||L2(gl/2dx)—>(g(/2dx) 0, (162)

Combining this with (133) (for ¢ = qE 0) and embedding (66), we see

lim_ Pl (Ew)f = P{(E®)f in LL(Q). (163)
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Letu = E+d/2andv = E — d/2. For large n, the operators P(’Z)(E(n)) —
P(‘;)(E (n)) are the orthoprojectors in L?(S2, g(lrf)z dx) onto the eigenspace of Agl‘)’”
corresponding to the eigenvalue E(,). Using (162) we see that, for n large enough, the
eigenvalue E,) has multiplicity one. Denote by 1 ,) the eigenfunction corresponding
to E(;), normalized in L;(Q). Now u? is supported in B(1) and thus

1

0 0 0
u = ||u =1, n>0, |u = —.
| ||g | ”LZ(Q’g(ln/)zdx) | ||L2(S2) \/g

Using (163) we see that

(P(l,:)(E(n)) - P(‘;,)(E(n)))uo = anﬁ(n)m(P{L(Eo) - Plv(EO))“O = MO,
in L2 (), where a, = |a,|e’®" and |a,| — 1 asn — oo.

Denoting u,) = ei“"ﬁ(n) , we see that

lim ugy =u’ in L2(Q). (164)

n—>oo
Since u°(x) = 0, |x| > 1, this implies

Jim e gy gy 2@\ @) = ©- (165)

Observe that o(,) = Y0, &) = 1 and V(E) = 01in 2\ B(2). Thus it follows from
(165) that the functions u ,) satisfy

—V?- VU = Egyigny in 2\ BQ), uplyq =0,

where the right side Eyu ¢,y — 0in L2(Q \ B(2)) asn — oo. Since b € C1(Q\
B(2)), standard elliptic regularity results [23] imply that

Jim (e |1\ gy = 0- (166)

forany 2 < p < 3. Using the transformation (148) to define ¢, (x) = o(ln/ )2 (X)uu(x),
we see that

E@n
(=V2- VP + V' + Q)pn = Ey¢ns ¢nlyg = 0.

This proves that ¢, is an eigenfunction of the Schrodinger operator —V?2. V2 +

VnE(") + O for the eigenvalue E(,). Moreover, since o(,) = 2 in B(1), it follows

from (8) and (164) that

1
. . . . 0 _
hnn_l)géf ”(pn”LZ(Q) z \/Ellnrr_l)lo%f ”u””LZ(B(l)) z \/5”” ||L2(B(1)) = 5

This inequality and eq. (166) together imply (155). Thus we have proven (i).
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Next, consider (ii). We start with the boundary-value problem for the acoustic
equation

(=8 2 VP 0 VP + VE + ¢ + EyE(h) =0. vFm)|,, = h.
Clearly
vy () = ag (g + wy (), with (g (), ) 2 g1/245 = 00 (167)

where, using the notations introduced in (129), (130), we have

1

E
: (/’l) _ (he’ u(n))Lz(g(ln/)de) + m

(FE(h)7 u(n))LZ(g(ln/fdx)’
wE (h) = he — (h°, U(m) L2512 ) M) W (h), (168)
11)5 (h) = (A(n) — E)_l(FE(h) — (FE(h), u(”))Lz(g(ln/)zdx) u(n)).

Since FE(h) — (FE (h), U(n)) U(n) and uy) are orthogonal in L?(€2, g(ln/)zdx), and

dist(E, spec(Ax)) \ {Em)}) > d/2, it follows from (129) that, for n large enough,
187 Dl 2(gg/24m) = €

where C isindependentof E € (E°—d /4, E®+d /4) and h satisfying ||| 73/2 30y <
1. Note that in Q \ B(2) the function w£ (i) satisfies the equation

—VP VPG (h) = Ediy (h) + FE(h) = (FE (), uim) 2g1/2,40 i)
Dy (h)],q, = 0.
Thus, by boundary elliptic regularity, see Theorem 9.13 in [23],
||lf)5 (h)”HZ(Q\B(p)) =Cp, 2<p<3.

This inequality, (129) and (130) together imply that p(]i )(h) = 3y +iv-b)ywE(h)
satisfies

”pgl)(h)”Hl/z(aQ) = Co, for ||hI|H3/2(3Q) =1, (169)

if n is large and |E — E(,)| < d/2. Finally, integration by parts shows that

1 RiTTesY 1 0
af (h) = R e / R s
E — E(n) R v E — E(n) 0 av
The desired eq. (156) follows from the above equation together with eq. (167), (169)
and (157), if we take into the account the relation (148) between 1//(];: )(h) and vf (h).
O
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Remark 6.2. Theorem 6.1 means that, away from the cloaking structure, the eigen-
functions ¢(,) converge to zero as n — 00, i.e. the ¢(,) represent almost trapped
modes, effectively vanishing near dQ2. Physically speaking, we can say that if £ is
an eigenvalue of the Schroédinger operator with Neumann boundary condition in the
cloaked region B(1), and we connect the interior and the exterior via the cloaking
potential VnE in the layer B(R(,)) \ B(1), with R,y — 1 as n — o0, a particle
under the influence of the combined potential on B(3) is still largely confined (mod-
ulo standard tunneling) to the interior region, with a slight shift of the energy of the
eigenmode from E° to Ey).

Moreover, for energies E close to the values E(;) the presence of the cloaked
region is very clearly seen in the boundary measurements of the DN map, so that the
invisibility effect is compromised. On the other hand, at energies which are away
from the E(,), the DN map for the potential V(f) + QO well approximates Afut, and
thus the potential Q is approximately cloaked.

7. Numerical results

Next we consider scattering problems for the Helmholtz and Schrédinger equations
in the case when the magnetic potential vanishes, i.e. b = 0.
The scattering problem for Helmholtz equation is

(V-0 V + K2(1+a(x)guiu™ =0 in R (170)
utot(x’ k) — um(x, k) + MSC(X,k)

and for the Schrodinger equation

(~V-V+VE L+ Q-EW =0 inR3
Y (x E) = ¢ (x, E) + ¥ (x, E),

where E > 0,k = E'/2, the incident fields are u™(x,k) = ¢ (x, E) = e'k®x,
|w| = 1, and the scattered fields satisfy the radiation condition

ad d
lim r(a— —ik)usc(x,k) = lim r(a— —iEl/z)lﬁSC(x, E)=0, r=|x|
r—00 r r—00 r

In following we consider «(x) that corresponds to a real bounded potential Q sup-
ported in B(1), that is, «(x) = —(E~1Q(x) + 3)/4. We assume that Q(x) is such
that 1 + a(x) > ¢o > 0.

We consider also the solutions of the boundary value problems in €2 (note that we
denote these solutions by u and 1, without using superscripts),

(V-0 V + kK21 + a(x)g/u =0 inQ, h (172)

(n) Ulpg =
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and for the Schrodinger equation

(~V-V+VELQO-E)W =0 inQ, h. (173)

Ulpg =

The solutions of these scattering and boundary value problems are related through a
gauge transformation,

YO) = o Ou (). Y(x) = ogF (ou (). (174)

The computations are made without reference to physical units; for simplicity, we
use £ = 2. The cloak corresponds to the parameter R = 1.005 and inside the cloak
we have located a spherically symmetric potential;

0(x) = Qunxpo,r)(x]), thatis a(x) =—Qwn(4E) " x0,r1(x]) — 3/4.

To illustrate the approximate cloaking, we used

O =1, (175)
and to obtain an almost trapped state,

Qin = —2.576. (176)

In our numerical solution we have approximated o(,) by a piecewise constant
function consisting of 30 layers in the region R < r < 2. The values of the con-
ductivity in these layers are chosen as in the above sections. This corresponds to the
case when the cloaking potential VnE is a weighted sum of delta functions, and their
derivatives, on spheres.

In the numerical solution of the problem, we represent the solution ' and u in
terms of spherical harmonics Y, and Bessel functions up to order N = 7 in each
layer where the cloaking conductivity is constant. The transmission condition on the
boundaries of these layers are solved numerically by solving linear equations. After
this we compute the solution ¥ and v of the Schrédinger equation using the gauge
transformation (174).
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Figure 1. Solutions of acoustic equations. Left. Solution u'* of the scattering problem (170)
restricted to ball B(3), when a plane wave scatters from an approximate cloak in the case (175),
i.e. when k2 is away from the exceptional values £ ) - Right. Almost trapped eigenfunction
u of the acoustic operator (172), with Dirichlet boundary condition, 7 = 0, in the case (176),
i.e. when k2 is equal to the exceptional value E ).

. . ) M .
0 1 2 3 0 1 2 3
r r

Figure 2. Radial profiles of solutions of acoustic and Schrodinger equations. Left. The
solution u'®* of the scattering problem (170) on the line segment L = {(x,0,0): x € [0, 3]} in
the case of Figure 1 (Left), where k2 is far from the exceptional values E ), is shown with the
blue curve. Also, the eigenfunction u of acoustic operator (173) on the line segment L in the
case of Figure 1 (Right), where k2 is the exceptional value E ), is shown with the red curve.
Right. The solutions ¥ and v of the Schrodinger eq. (171) and (173) on the line segment L,
obtained from the solutions on the left via gauge transformations (174).
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