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Resolvent conditions for the control of unitary groups
and their approximations

Luc Miller!

Abstract. A self-adjoint operator + and an operator € bounded from the domain D (A)
with the graph norm to another Hilbert space are considered. The admissibility or the exact
observability in finite time of the unitary group generated by i 4 with respect to the observation
operator € are characterized by some spectral inequalities on 4 and €. E.g. both properties hold
ifandonlyifx — ||[(A—X)x| 4| €x| isanormon D(A) equivalentto x > ||(A—A)x||+|x]|
uniformly with respect to A € R.

This paper generalizes and simplifies some results on the control of unitary groups obtained
using these so-called resolvent conditions, also known as Hautus tests. It proves new theorems
on the equivalence (with respect to admissibility and observability) between first and second
order equations, between groups generated by i/ and if () for positive 4 and convex f,
and between a group and its Galerkin approximations. E.g. they apply to the control of linear
Schrodinger, wave and plates equations and to the uniform control of their finite element
semi-discretization.
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1. Introduction

1.1. Resolvent conditions. The notion of resolvent condition considered in this
paper was introduced in control theory by David Russell and George Weiss in [40] as
an infinite-dimensional version, for exponentially stable semigroups, of the Hautus
test for controllability. Although this paper is self-contained, we refer to the mono-
graph [42] for an introduction to and a full account of the control theory of semigroups,
e.g. admissibility, exact controllability and the Hautus test, with applications to PDEs.
This paper deals with the controllability of unitary groups rather than exponentially
stable semigroups. We refer to [22] for the history of this latter issue since [40] and
the extension of the results on unitary groups in [30] to more general groups. We refer
to [8] for the investigation of resolvent conditions for parabolic semigroups, using
§3.2 of the present paper.

Readers more familiar with the spectral theory of semigroups may consider these
resolvent conditions as analogous to the better known resolvent condition for expo-
nential stability [9], Theorem V.1.11, due to Jan Priiss [34], Fa Lun Huang [20] and
Giinther Greiner (after a key result on contraction semigroup by Larry Gearhart [15]
generalized to any semigroup in [17] and [19]). Indeed the growth abscissa of a
semigroup (etg) =0 satisfies [34], Proposition 2:

127
wo(§) 1= tir;%ln”et—” =inf{w € R| sup [|(A -9 < 00}.
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The Greiner—Huang—Priiss test [34], Corollary 4, for exponential stability follows:
wo(§) <0 < IM >0, VA € Csuchthat RA >0, [(A—9)7 | <M. (1)

The analogous result for exact controllability of unitary group, or equivalently
exact observability, is stated precisely in Theorem 2.4. A self-adjoint operator + on
a Hilbert space X and an operator € bounded from the domain D (+) with the graph
norm to another Hilbert space are considered. The resolvent condition involved for
the exact observability in finite time of the unitary group generated by i 4 with respect
to the observation operator € is

IM >0,m >0, Vx € D(A), A €R, ||x]|><M|(A—1)x|*+ m|€x|>.
(2)

1.2. Outline. Starting from the basic resolvent conditions characterizing admissi-
bility in Theorem 2.3 and exact controllability in Theorem 2.4, this paper investigates
various other forms of resolvent conditions, with variable coefficients, with restricted
spectral parameter, with fractional powers of the generator. A quasimode approach to
disproving exact controllability is introduced in §2.7. In §3 and §4, resolvent condi-
tions are applied to unitary groups (e'***),cg with various positive # build on the same
positive self-adjoint operator denoted A in order to characterize and compare their
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admissibility and controllability properties. This improves on earlier results in [26],
[30], and [38] linking first and second order equations, and in [11], [12], and [13] link-
ing infinite-dimensional equations and their finite-dimensional semi-discretization.

The first main application is the following rough statement concerning the ob-
servability in time 7" by the same general operator C (bounded from D (A)):

Wave W + Aw = O for some T <=  Wave Group iV + VAV = 0 for some T

U (forany s > 1)
P4 Az =0ayTifou(d) =0 <= i+ (VA 'Y = 0.any T if 5,,(4) = 0
Plates if s = 2 Schrodinger if s = 2

If for example the resolvent of A is compact then the condition o.(A) = @ holds
(i.e. the spectrum of A is formed of isolated eigenvalues with finite multiplicity). For
s = 2, the implication from waves to plates and the bottom equivalence between
plates and Schrodinger are proved in [26], Theorem 5.2, for C bounded on X using
the Greiner—Huang—Priiss test (1) hence without explicit constants, therefore without
information on the time 7'. Still for s = 2, the implication from Schrodinger to plates
with the same control time 7" is proved in [42], Theorem 6.8.2, for unbounded C,
but under an extra eigenvalue condition. The proof by a simple isomorphism with
explicit constants of the top equivalence between the wave equation and the wave
group in Theorem 3.8 seems to be new. The analysis of the constants in the downward
implication from +/A to its fractional powers in Theorem 3.5 also seems to be new.
Putting these two new facts together proves the downward implication from the wave
equation for some 7 to the plate equation with any s > 0 and, if oei(A) = @, for
any 7'. Moreover, it yields this full scale of equivalent resolvent conditions for the
observability of the wave equation:

ds > 1, My > 0 and my > 0,

Ix]|? < A2 0)x|2 + mg||Cx|?, x € Higpg, A >0,

S
pEEEyELL
where Hy = D(A*/?) with norm |Jul|y = ||4%/2u]|, with Sobolev-type index s € R.
Corollary 3.9 proves this result and Remark 3.16 provides more background.

The second main application is to obtain filtering scales for the uniform exact
observability of the semi-discretization of exactly observable equations. As surveyed
in [44], exact controllability may be lost under numerical discretization as the mesh
size h tends to zero due to the existence of high-frequency spurious solutions for
which the group velocity vanishes.

One of the remedies, called filtering, is to restrict the semi-discretized equation to
modes with eigenvalues lower than 1/ h® for some positive 1 and o. It is proved in
[21] and [27] that o = 2 is optimal for the boundary observation of one-dimensional
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wave and plates equations with constant coefficients discretized on a uniform mesh.
Resolvent conditions where first used in this context by Sylvain Ervedoza to tackle any
dimension and non-uniform meshes (cf. [14] for time discretization). In a framework
which applies to the finite-element discretization on quasi-uniform shape-regular
meshes (cf. Remark 4.1), he obtained in [11] a filtering scale ¢ for the uniform exact
observability of approximations of unitary groups with mildly unbounded observa-
tion (excluding boundary observation), basically o = 2/5 for interior observation.
This was improved by the author into 0 = 2/3 and published in [12] and [13],
cf. Remark 4.15.

Section 4 provides a more general framework in which Theorems 4.11 and 4.18
yield respectively 0 = 1 and ¢ = 2/3 for the semi-discretization of interior and
boundary observability on shape-regular meshes in the sense of finite elements (for
the observation of the Schrodinger equation this improves respectively into 0 = 4/3
and 0 = 1 under the geometric condition of [1], which is always satisfied in one space
dimension). Conversely, Theorem 4.12 is a kind of Trotter—Kato theorem deducing
admissibility and exact observability of a group from resolvent conditions for its
filtered approximations. In this framework, Theorems 4.14 and 4.19 deduce from the
uniform exact observability of the filtered approximations that the minimal control
provided by the Hilbert Uniqueness Method is the limit of the minimal controls for
the filtered approximations. For second order systems, Theorems 4.24 and 4.23
yield respectively 0 = 4/3 and 0 = 2/3 for the semi-discretization of interior
and boundary observability, improving [12], cf. Remark 4.26. A forthcoming paper
compares the approximate observation operator (95) introduced in Theorem 4.23
where 0 = 2/3 to those in [21], Theorems 3.2 and 3.3, which concern only the
simplest system but reach the optimal value o = 2.

We refer to [6] for a new approximation method for interior control of second
order systems with error estimates.

The bottom-line of this paper is to deal with resolvent conditions in the abstract
unitary group framework and keep track of the coefficients in the most explicit manner.
Some applications to PDEs are briefly given. Many more details and examples are
given in [42]. Examples 3.12 and 3.18 seem to be new.

The semiclassical approach to proving these resolvent conditions can be found in
[3] and [32]. E.g. Theorem 8 in [3] gives a much simpler proof (based on stationary
semiclassical measures) of the boundary control of Schrédinger equation under the
sharp geometric condition for the wave equation than the original microlocal proof
of [24] (or the proof in [29] based the space-time semiclassical measures). The proof
of Theorem 8 in [3] combined with the above resolvent condition for s = 2 yields
the famous results of [1] on the boundary control of the wave equation in a simpler
way but without estimate on the control time. Indeed, combining the result of [1] for
the wave equation and a control transmutation method similar to [33], Theorem 10.2
in [30] yields more information on the Schrodinger equation (more precisely on the
cost of fast controls) than the current resolvent condition approach.
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1.3. Background. The first condition of type (2) was introduced by Kangsheng Liu
in Theorem 3.4 in [26] for second-order equations like the wave equation (hence M
was replaced by M/A in (2)) under the name frequency domain condition. It was
adapted to first-order equations in [46]. Liu used the Greiner—Huang—Priiss test (1)
with § = iA — €*€ (hence € was replaced by €*€ in (2)) taking advantage of
the equivalence between exact controllability and exponential stabilizability. This
strategy was limited to observations operator € which are bounded on X and did not
give information on the controllability time.

Conditions of type (2) were independently introduced by Nicolas Burq and Maciej
Zworskiin [3], Theorems 4 and 7, as sufficient to deduce results in the Control Theory
of distributed parameter systems from the Spectral Theory of differential operators
(one of these theorems is both semiclassical and spectrally localized, both theorems
make intricate compatibility assumptions in addition to the resolvent condition). Their
direct strategy overcomes both limitations: it allows boundary observation operators
and it links the controllability time to the behavior of M for high frequency modes.

The final form of the theorem states that the resolvent condition (2) is both neces-
sary and sufficient for controllability in some time 7', with explicit relations between
the constants M and m in (2) on the one hand, the time 7', the admissibility constant
and the control cost on the other hand (it does not assume the boundedness of € on
X or the compactness of the resolvent of +4). This theorem and its proof are repeated
here as Theorem 2.4 (and e.g. in [42], Theorem 6.6.1) from [30], Theorem 5.1. The
proof that the resolvent condition is necessary is close to the proof in [40] of the
stronger resolvent condition implied by the stronger assumption of exact observabil-
ity on [0, 00). The proof of sufficiency using the Fourier transform is close and was
inspired by the proof of Theorem 7 in [3], where the resolvent is assumed compact.
This proof shortcuts the use of the Greiner—Huang—Priiss test in [26] and [46].

The analogous result for admissibility is Theorem 2.3 first proved under the ad-
ditional assumption that the resolvent of + is compact in [13], Theorem 2.2. The
new proof of this Theorem 2.3 shortcuts the use of packets of eigenvectors in [13]
and unifies it with the simple proof of Theorem 2.4. From reading [13], Marius
Tucsnak proved independently Theorem 2.3, explicit constants excepted, as a direct
consequence of older results of George Weiss, cf. Remark 2.8.

We emphasize that, as in the proof of the Greiner—-Huang—Priiss test, the key
point in the proof that the resolvent condition is sufficient (for both admissibility
and exact controllability) is the unitarity of the Fourier transform in Hilbert spaces
(Plancherel theorem) used in Lemma 2.7. The two alternative proofs for admissibility
in Remark 2.8 both use the Paley—Wiener theorem on the unitarity of the Laplace
transform which is also a consequence of the Plancherel theorem.

Alternatively, the Hautus rank condition for finite-dimensional state space may
be stated as the following eigenvectors condition discussed in §2.6: for all eigen-
vector x of A, €x # 0. An infinite-dimensional version was introduced in [5] for
the exponential stabilizability of unitary groups by a bounded damping perturbation
(which is equivalent to the exact observability with bounded observation). It assumes
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that the resolvent of «# is compact and considers clusters of eigenvectors of # rather
than single ones. This version was called wavepackets conditions in [38], where the
assumption that € is bounded has been dropped using the resolvent condition in [30],
Theorem 5.1. They are discussed in the more general framework in §2.5. Sylvain
Ervedozain [13] and [12] introduced another equivalent version of the resolvent con-
dition obtained by optimizing A. This paper does not deal with this condition which
he called interpolation inequalities.

2. Resolvent conditions for admissibility and observability

Most of this paper is about resolvent conditions for the observation of unitary groups.
The dual notions of control are recalled in parallel in §2.1, but they are not used in
any statement or proof of §2 and §3. Therefore all considerations of duality could be
skipped (i.e. all statements mentioning X', Y', A', B, €, A’, B, ¢, {).

2.1. Framework for the control of unitary groups. In this section, we review
the general setting for control systems conserving some “energy”: admissibility,
observability and controllability notions and their duality (cf. [7], [43], and [42]).

Let X and Y be Hilbert spaces. Let A: D(A) — X be a self-adjoint operator.
Equivalently, i 4 generates a strongly continuous group (e’***), cg of unitary operators
on X. In particular the norm is conserved: |le!’*x| = ||x||, x € X, ¢ € R. Let X;
denote D (+A) with the norm || x||; = ||(A— B)x| for some B ¢ o (A) (0(4A) denotes
the spectrum of #, this norm is equivalent to the graph norm and X; is densely and
continuously embedded in X') and let X_; be the completion of X with respect to the
norm [lx[|—1 = [[(A — B)~'x].

Let X’ be a Hilbert space and J: X’ — £(X, C) be a conjugate linear Hilbert
space isomorphism defined by some pairing (-,-) on X x X’ which is linear on X
and conjugate-linear on X', i.e. (J&)x = (x,§) where (-,-) is a non-degenerate
sesquilinear form such that [{x, )| < ||x||||€|| and J is onto, J(a§) = @J&. From
now on, the dual space £(X, C) of X is identified with X' by this pairing. E.g. if
this pairing is the inner product of X as in (29), then X = X’ and this is the Riesz
identification; if this pairing is the inner product of a Hilbert space X in which X is
continuously embedded as in (51), then X is the dual of X with respect to the pivot
space X, cf. [42], §2.9; similarly, if X’ is continuously embedded in Xy, then X is
the dual of X’ with respect to Xo; in (49) this pairing is not an inner product.

The dual of # is a self-adjoint operator A’ on X' (if Jr: X — £(X, C) denotes
the Riesz isomorphism as in [42], §1.1, then the Hilbert space adjoint of #A is A™ =
Jx'JA'J71JR). The dual of X; is the space X/, which is the completion of X’
with respect to the norm ||£]—; = ||(A’ — B) €| and the dual of X_; is the space
X1 which is D (A’) with the norm €[], = [[(A" — B)E]|, cf. [42], §2.10.

Let€ € £(X;,Y)andlet B € £(Y', X" ) denote its dual.
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We consider the dual observation and control systems with output function y and
input function u:

X(t) —iAx(t) =0, x(0)=x9€ X, y(t)=7%Cx(), 3)

§()—iAEW) = Bu(), E0) =6 X uelf (RY) @

loc

The following dual admissibility notions for the observation operator € and the
control operator B are equivalent.

Definition 2.1. The system (3) is admissible if for some time 7" > 0 (an thus for any
times by the group property) there is an admissibility cost K7 such that

T
/ e xolPdi < Krllxol? %o € D(A). 5)
0

The system (4) is admissible if for some time T > 0 (an thus for any times) there is
an admissibility cost K7 such that

2

T T
/ Y Bu(nydi| < KT/ lu(@)|?dt, ue L*(R;Y’). (6)
0 0

The admissibility constant in time T is the smallest constant in (5), or equivalently
in (6), still denoted K.

Under the admissibility assumption, the output map xo +— y from D(+A) to
Lﬁ)c( R; Y) has a continuous extension to X. The equations (3) and (4) have unique
solutions x € C(R, X) and § € C(R, X’) defined by

t
x(0) = g, E() = ¢ EO) + / 94 By (5)ds. ™
0

The following dual notions of observability and controllability are equivalent.

Definition 2.2. The system (3) is exactly observable in time T at cost «kr if the
following observation inequality holds:

T
Ixoll® < k7 /0 Iy Pdr,  xo € D(A). ®)

The system (4) is exactly controllable in time T at cost k7 if for all &y in X', there is
auin L2(R;Y’) such that u(¢) = 0 for ¢ ¢ [0, T], £(T) = 0 and

T
/0 lu()Pdt < erlléoll® ©)

The controllability cost in time T is the smallest constant in (9), or in (8) and it is
still denoted k7.
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If the system is exactly controllable then, using the group property, for all & and
£r in X/, there is a u in L?(R; Y’) such that f0T||u(t)||2dt < krleTH g — 7|2,
u(t) = 0fort ¢ [0, T], and the solution of the system (4) satisfies §(T) = &r.

The assumption € € £(X1, Y) covers most applications to PDEs but is not really
necessary to apply this theory since [43], Remark 3.7, proves that any operator €
with a dense domain D (€) invariant by (e!!*),>¢ satisfying (5) with D (A) replaced
by D(€) is in some sense equivalent to an operator in £(X1,Y).

2.2. Basic resolvent conditions. In the general framework of §2.1, we consider the
following conditions on € and +A which are reminiscent of relative boundedness of
€ with respect to 4 (e.g. [9], Definition 2.1) and resolvent estimates for #:

AL > 0,1 > 0,Vx € D(A), AeR, |€x||®> < L|(A—=Mx|?+1]x]> (10)
IM >0,m>0,Yx € D(A), AeR,|x]|*><M|(A-V)x|*>+m|€Ex|? (11)

The following theorems say that these conditions are necessary and sufficient for
admissibility and exact controllability respectively.

Theorem 2.3. The system (3) is admissible if and only if the resolvent condition (10)
holds. More precisely, (5) implies (10) with L = TKy andl = 2K7/T. Con-
versely (10) implies (5) with Kp = [T + ~LI.

Theorem 2.4. Assume that the system (3) is admissible. It is exactly observable if
and only if the resolvent condition (11) holds. More precisely, (8) implies (11) with
M = T?*k7 K7 and m = 2Tkr. Conversely (11) implies (8) for all T > w~/M
with k7 = 2mT/(T? — M n?).

Corollary 2.5. The system (4) is admissible and exactly controllable if and only if
x > [(A—=A)x]|| + [|€x|| is a norm on D(A) equivalent to x +> ||(A—A)x]|| + || x]|
uniformly with respect to A € R.

The proof uses lemmata which do not rely on the assumption that +4 is self-adjoint.

Lemma 2.6. Forall T > 0, xg € D(A), A € R

T T
T|€xo|* < 2/ [€e’**xo|dt + T2/ [€e’*™ (A — A)xo||?dt,
0 0

T T
/ [€e**xo||?dt < 2T | €xo|?* + T2/ [€e’t (A — A)xo|dt.
0 0

Proof. Setx(t) = elttyg, (1) = x(l)—ei’_’lxg and f = i(A—2A)xo. Since X(¢) =
iAx(t) = e'*(idxy + f) =iix(@) + et f we have 2(t) = idz(t) + e''rf
and therefore z(¢) = fé el t=)eish £ g
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We plug it in e/"*xg = x(¢) — z(¢) and x(¢) = e!"*xo + z(¢) to estimate
T T
/ le" Pt exo|? $2/ Iex()|?dt
0 0

T t
+2/ z/ e’ X121 €es* £ |12 ds dt,
0 0

T T
/ lex()Pdr <2 / At [€xo 2
0 0

T t
+2/ z/ e’ =92 121 €esA |2 ds dt.
0 0

1A = |!t=94| = 1. Now the inequality

Since A € R, we have |e

/OTZ/OIF(s)dsdts/OTz/OTF(S)dsd[:(Tz/z)/OTF(s)ds

with F(s) = | €e’* f||> completes the proof of the lemma. O

Lemma 2.7. For all Lipschitz function y with compact support in R, xo € D (A),

(10) = /||€eit«>‘°x0||2x2(,)dt < /Ileimxollz(L)'(z(l) + 12 (@),
(1n = /||e”"’°x0||2(x2(z) — M (1)) dt < m/||€e”'f’°x0||2x2(z)dz,
Proof. Let xo € D(A), x(t) = e''xp, z = yx and f = Z — iAz. Since
X = iAx,wehave f = yx. The Fourier transform of f is f (1) = —i (A — 1)2(7).

Applying (10) and (11) with x = Z(7) and A = 7 and integrating with respect to ©
yields

/||‘(:‘2||2dr <L /||f||2dr +1 /||2||2dr,

/||2||2dr < m/||‘€2||2dr + M/||f||2dr.

The proof of the lemma is completed by making the following substitutions

/ 12 1Pd~ = / 2 2dt,
/ 1 f1PdT = / 1221,

/ lez|Pdr = / lexl22dr,
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resulting from the unitarity of the Fourier transform, i.e. Plancherel theorem. O

Proof of Theorems 2.3 and 2.4. The implications result from Lemma 2.6. The con-
verse results from Lemma 2.7 with the following choices of .
To prove the converse in Theorem 2.3, we take y(¢) = 1 on [0, T']. We have

T
/ [CeiAxo|2di < / ICe ™ xol? 2(1)d1 (12)
0

and, since (e/’*),>¢ is a unitary group, the resolvent condition (10) and Lemma 2.7
imply the admissibility inequality (5) with K7 = [ (L 12 +1 Xz(t)) dt. Taking
the support of y equal to [—7, T + 7] and

o
X(T+t)=x(—t)=%, f e 0.7

with w = /I /L, yields
2
sinhQot) o I

inh
Ky =TI+ VLI =
sinh”(w7)

as T — +00.
To prove the converse in Theorem 2.4, we take y(t) = ¢(¢/T) with the support
of ¢ equal to [0, 1] and ¢(¢) = sin(srt) for ¢ € [0, 1]. We have

T T
/ lee ™ xol2 2 (0)d1 < ¢l2ee / [CeitAxo|2dt = / [Ceixo|2dt,
0 0

and, since (e''*),> is a unitary group,

[l 20 = MOt = ol 1n

with
_ o[ 1 M it
It —/(‘P (7)—ﬁ‘ﬂ (7))0”
2(t)dt p2(t)dt
[P0 sy S0
T [ 2(r)dt
_ T? — Mn?
- 2r
Thus, for all T > ~/ M, (11) and Lemma 2.7 imply (8) with k7 = m/Ir. 1

Remark 2.8. Concerning the first statement of the admissibility Theorem 2.3 (i.e.
without the explicit relation between the constants in (5) and (10)) Marius Tucsnak
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pointed out that the necessity of the resolvent condition (10) results directly from
[42], Theorem 4.3.7, and the sufficient from [42], Corollary 5.2.4, with « = 1. For
completeness, we recall Corollary 5.2.4 in [42]: if § generates a right-invertible
semigroup, € € L(D(F).Y), a > wo(¥) and ||€(a +id — &)~ is bounded for
A € R then the system (&, €) is admissible. Taking § = i s, since +4 is self-adjoint,
(1 +id) —€)x|?> = [|((A — A)x||? + ||x]|>. We also recall that Corollary 5.2.4 in
[42] follows from a result of [43], was first explicitly stated in [16], and was given an
alternative shorter proof in [45], Theorem 2.2: as pointed out in the introduction, both
proofs use the unitarity of the Laplace transform between L?(0, co) and the Hardy
space 2 on the right half-plane.

2.3. Resolvent conditions with variable coefficients and restricted spectral in-
terval. In this subsection, we consider resolvent conditions more general than (10)
and (11) in two ways.

Firstly we allow the coefficients to vary (e.g. this is necessary to obtain the char-
acterization for second order systems in §3.2):

x| < LA I(A = Vx| + 1) [Ix]I?,  x € D(A). A R, (13)
Ix[> < MQ)[I(A = Dx|> +m@)[Ex|?, x € D(A).LeR, (14

where [, L, m and M are locally bounded positive functions on R.

Both (13) and (14) can be easily extended to A € C since 4 is self-adjoint:
1A =2 —i)x]? = [|(A = Vx| + @2 x]|> = (4 — A)x||* for real A and pu.

Secondly we restrict the interval for the spectral parameter A (many proofs of
§3 rely on this). Recall that o () denotes the spectrum of 4. Let inf 4, sup A
and [0](+) denote its infimum, supremum and convex hull (i.e. the smallest interval
containing it). E.g. if inf A > —o0 and sup A = +o0 then [0](A) = [inf A, +00).
We always assume inf 4 # sup +. The following proposition says that there is no
loss in restricting (13) and (14) to A € [o](4):

x| < Lo (A = Dx|? + (D) x]*, x € D(A), 4 € [0](A),  (15)
IXI> < Mo (M)(A = Vx| +meW[Ex|?, x € D(A), A € [0](A).  (16)

where l5, Ly, my and My are locally bounded positive functions on [o](#A). This
proposition discusses how to extend the functions /,, L, my and M, in (15) and (16)
into [, L, m and M for which (13) and (14) hold (the converse being obvious).

Proposition 2.9. The restricted resolvent condition (16) implies (14) with functions
(M, m) which are the following extensions of (My, mg).

(1) If the spectrum of A is bounded from below but not from above then for each
A < inf A define (M,m)(A) = (Mg, mg)(2inf A — A). Ifinf A = 0, supA =
+00, My and mgy are nonincreasing then one may define more simply, for A € R,

(M, m)(A) = (My, mgy)(max{inf A, |A|}).



12 L. Miller

(i1) If the spectrum of A is bounded then for each A ¢ [0](A) define M and m as
the supremum of My and the supremum of my respectively.

(iii) In particular, if My and mgy are constants then (M, m) = (Mg, my) is always
suitable.

With the same extensions of (Ls, ls) into (L, 1), (15) implies (13).

Proof. The spectral theorem yields for any non-negative self-adjoint operators B:
(B —mwx| < [I(B+wx|. xeD(B),u>0. (17

This results from writing B — u = (B + 1) f(B/u), where f(t) = (t — 1)/t + 1)
remains in [—1, 1] for ¢ € [0, 00). Applying (17) with u = inf A — A yields

I(A — (2inf o — A))x|| < [[(4 — A)x]|, A < inf A. (18)

The choice in (i) results from (18). The last sentence in (i) results from 2 inf A — A >
max{inf A, —1} for A < inf A.

To prove (ii) we assume that both inf A and sup 4 are finite, (16) holds and
we define M and m as the supremum of M, and m, respectively. Thanks to (18),
(14) holds for A € [2inf A — sup A, sup A]. Applying (17) recursively with B =
A — (inf A — n(sup A — inf A)) and p = inf A —n(sup A —inf A) — A forn € N
yields that it still holds for A € [inf A — (1 + 1)(sup 4 —inf A), sup 4] foralln € N,
i.e. for all A < sup «. It still holds for all A = sup 4 by a similar recurrence with
B = sup A + n(sup A —inf A) — A and u = A — (sup A + n(sup A —inf A)). O

The following proposition says that there is only a loss of a factor 4 in the main
coefficient in restricting (13) and (14) to the sheer spectrum of A:

Iex[? < Lo (A = DxlI” + lo(M)][x]? x € D(A), A €a(A), (19

x> < Mo )| (A = 2)x]I> + meW)[Ex|?, x € D(A), A € a(A), (20)
where /;, Ly, ms and M, are locally bounded positive functions on o ().

Proposition 2.10. The system (3) is admissible (resp. exactly observable) if and only
if the resolvent condition (19) (resp. (20)) holds for some constant ly and Ly (resp.
for some constant my and My).

More precisely, (20) implies (14) with functions (M, m)(A) = (4My, mg) (7w (1))
where 7(A) denotes the spectral value closest to A. When the distance of A to the
spectrum of + is large enough this improves into (M, m)(A) = (J]A — 7(1)[72,0).
With the same definition of (L, ly) from (L, 1), (19) implies (13).

Proof. If A ¢ o (), then the spectral theorem yields ||(A — A) 7! < |7(A) — A7
Hence [[(A — 7 (A)x|| < [[(A = x| + (A =7 (D)x]| < 2[[(A = A)x]. O

The characterization of observability in Proposition 2.10 was proved by contra-
diction in [46] (for bounded C) without explicit constants.
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2.4. Resolvent conditions with variable coefficients and the controllability time.
From Theorem 2.4 and Proposition 2.9(iii), if the resolvent condition (16) holds with
constant M, and m, then exact controllability holds in time 7 > 7 +/M,. Hence, if
the resolvent condition (16) holds with a smaller coefficient M on some part of the
spectrum then the corresponding part of the system is controllable in a shorter time.

The following proposition ensures that the full system is actually controllable in
this shorter time provided the spectral subspace of the complementary part of the
spectrum is finite dimensional. Although its statement is slightly different from [42],
Proposition 6.4.4, (which does not assume that # is self-adjoint), its proof is so
close to that of Tucsnak and Weiss that it is omitted here. It is based on their earlier
simultaneous controllability result in [41], cf. Theorem 6.4.2 in [42].

Proposition 2.11. Assume that the system (3) is admissible and that there is a finite
set S of eigenvalues A of A such that V) = ker(4A — M) is finite dimensional and all
the eigenvectors x) € V) satisfy €x, # 0.

If exact observability in time Ty > 0 holds for the restricted system

X(t) —iAox(t) =0, x(0) =x0€ Xo, y()="TCx(),

where Ag = 14¢5 A is the restriction of A to the orthogonal space Xg = X é‘ of
Xs = 1ues X = D, cg Va in X, then it also holds for the full system (3).

The following propositions improve the basic time estimate in Theorem 2.4. They
says roughly that, when computing the control time from M, any compact part of
the discrete spectrum can be discarded: in other words, only the essential spectrum
matters including +=0co when they are limit points of the spectrum.

Proposition 2.12. Assume that the system (3) is admissible and that the resolvent
condition (16) holds with a constant coefficient mq. From the other coefficient M,
define the essential coefficient

M. = inf sup Mg (L),
K ER\Gess (4) Ae[o(A)\K]

where K € R\ 0ess(oh) means that K is a compact subset of R which does not
intersect the essential spectrum of A.
Then the system (3) is exactly observable for all time T > 1w v/ Mgs.

If 0 (A) is bounded from below and Gegs(A) = O then Mg, = lim sup My (1).
A—>~+o00

Proof. Let Ty > 7 +/Mess s0 that Mg := 77 2T§ > Megs. By the definition of Mg,
there is a K € R\ 0ess () such that sup) ¢y x] Mo (2) < Mo.

Since the restriction /g = 14¢x s satisfies D (Ag) = D (A)NXpand o (Ag) =
o(A) \ K, the resolvent condition (16) and the definition of K imply

IX[1> < Mol|(4o — M)x[|> + mo|[€x[?,  x € D(Ao), A € [0](Ao).



14 L. Miller

By Proposition 2.9(iii), this implies that the restricted system in Proposition 2.11 is
controllable in time Tj.

By the definition of 0.ss(+4), K N o () is composed of isolated eigenvalues with
finite multiplicities. Since K is compact, the cardinal of K N o () is finite. Since
mg > 0, the resolvent condition (16) implies €x # 0 for any eigenvector x of .

Applying Proposition 2.11 with S = K completes the proof. O

The estimate of the controllability cost in Theorem 2.4 is lost in Proposition 2.12
due to the contradiction argument in the proof of Proposition 2.11. This was the main
reason for replacing it with the control transmutation method in [30], §9.

The following version of Proposition 2.12 is better e.g. when A is neither bounded
from below nor from above. The proof is the same except it uses Proposition 2.10 in-
stead of Proposition 2.9. A simpler formula for M. is also given when the coefficient
M in the resolvent condition (11) is continuous. (Note that oess(+) is closed.)

Proposition 2.13. Proposition 2.12 still holds if the resolvent condition (16) is re-
placed by (20) and the definition of the essential coefficient is replaced by

M. =4 inf sup  My(A).
KER\Oess (A) Aea(A)\K

If Ocss(A) = O then Mo, = 4lim sup My (L) as |A| = 400 in o (A).
Proposition 2.12 still holds if the resolvent condition (16) is replaced by (11) with
continuous M and the definition of the essential coefficient is replaced by

Mess = max { sup  M(A),lim sup M(A), lim sup M(A)}.
AEDess (A) A——00 A—>+00

Corollary 2.14. If 0.ss(A) = @ (e.g. if the resolvent of A is compact), the system (3)
is admissible and the resolvent condition (20) holds with my constant and

Ms(A) —> Oas |A| — 400, A € o(A),
then the system (3) is exactly observable for all times T > 0.

This corollary is inspired from [3], Theorem 7, which makes more involved as-
sumptions on (A, €) but allows the coefficient m to vary.

Remark 2.15. Under the additional assumption that #4 is bounded from below, Corol-
lary 2.14 says that M(1) — 0 as A — +oo implies observability for all 7 > 0. But
observability for all 7 > 0 does not imply M(1) — 0 as A — +oo (Schrodinger
equation in a rectangle observed from a strip is a counter-example). What follows
says, in a very vague sense: M(A) — 0 means fast observability of high modes at
low cost Kk ~ % We refer to [29], Theorem 3.2, for a similar but rigorous statement
about fast observability of high modes at low cost.
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Recall the link of M and m to the time T', admissibility K7 and cost k7:
T >nvM, kr =2mT/(T?> = Mn?), and M =T?*krKr, m =2T«kr.

If the resolvent condition holds with M (1) — 0 as A — +o00, then the restriction of
A to 14|>2 X is observable in time 7' (1) = m /2M(A) at cost kr(x) = 4m/T(A).
This should be considered as “low cost” since k7 ~ % whenever € is the identity,
i.e. full observation is available.

Conversely, if the restriction of 4 to 14> X is observable in time 7'(A) with
T(A) — Oand y = limsupT(A)krp) < oo as A — +o0, then the resolvent
condition holds with M(A) < yK;T(X) for large A. In particular, this implies
observability of 4 for all 7 > 0.

2.5. Wavepackets condition. The wavepackets condition introduced in (H6’) in
[5] and (1.6) in [38] corresponds to (21) with constant d and D. The following
proposition generalizes [38], Theorem 1.3: the resolvent of A is not assumed to be
compact, the functions in (21) and (14) are not assumed to be constants and their
relation is explicit because the proof is direct (does not go through (2.2) in [38]).

Proposition 2.16. The observability resolvent condition (14) implies the wavepackets
condition, for any function d > m and associated function D = #,

Xz < A Ex]2, x € La_zpepgy X A € R. @1

The wavepackets condition (21) and the admissibility resolvent estimate (13) imply the
observability resolvent estimate (14) for any function m > d and associated function

M) =6L + 1+Tf”, where § = (% — l)_1. Note that § > d and m = (% — %)_1.

m

Proof. Letx € 1|4-22<p(x) X By the spectral theorem || (A —1)x||? < D()|x|.
Plugging this in (14) yields (21) with d(1) = =37 since | — DM = % > 0.

To prove the converse, we introduce the projection x; = 1j4-32<p@) X Of
X € @(A),andxi- = x—x;. Using || €x,||? < (1—|—82)||‘(:‘x||2+(1—|—8_2)||‘€xi-||2,
e(A) > 0, and applying (13) to estimate this last term, then plugging this in (21) yields

x| <d(1 + )[[€x[* + d(1 + e ) L[|(A — M)xi |I?
+ (L4 dI1+ 72 x>
But the spectral theorem implies ||xi- 1?2 < % | (A — /\)xi- |2, so that (14) holds with

m:d(1+32)andM:(1+8—2)dL+%i8—2)‘ -

Combining this Proposition 2.16 with Theorem 2.3, yields this restatement of
Theorem 2.4 in terms of wavepackets.
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Corollary 2.17. Assume that the system (3) is admissible. It is exactly observable if
and only if the following wavepackets condition holds:

3D > 0.d > 0. ||x|| < Vd[€x]|. x €1, ycypX-AER, (22)

More precisely, (8) implies (11) implies (22) with D = 1/2M) = 1/QT?*kr K1)
and d = 2m = 4T«kr. Conversely (22) implies exact controllability (8) for all T
suchthat T? > 712(%+dKT(T+%)), inparticular forall T > LD+n2dKn/@.

D

Moreover; (22) implies (8) with the simpler cost formula kT = 4dT for all T such

&
that ¢ := T? — n%(3 + 2dKr (T + 57)) > 0.

Proof. We only make the lengthiest computation: assuming 7" > % + n2dK,

where K := K, /55, we deduce (T/7)* > + +dKr(T + #7). Since T +— Kr

implies K7 > K and ﬁ > %. Hence it suffices to

b1

NG
prove that x := T/m satisfies x2 > % + dK(T + ﬁ) =: o + 2fx, where
o= de% + % and B = ”dTK. This is equivalent to x > B + /B2 + «. Since
> 2/, this is implied by the assumption which translates into x > % +ndK =

ndK 1
B+ B+ + 5 O

Corollary 2.18. Assume that the system (3) is admissible, that Oess(A) = @ (e.g. that
the resolvent of A is compact) and that there is a spectral gap y > 0 in the following
sense: |A — | = y for all distinct eigenvalues A and L.

The system (3) is exactly observable if and only if the following eigenvectors
condition holds:

is increasing, 7 >

35 > 0, for all eigenvector x of A, || x| < §||€x|. (23)
More precisely (23) is equivalent to (22) with d = §2 and any D < y? /4.

Remark 2.19. Corollary 2.18 slightly generalizes [42], Proposition 8.1.3, in partic-
ular eigenvalues of «# need not be simple. It could also be proved by the classical
theorem of Ingham on non-harmonic Fourier series, cf. e.g. [42], Theorem 8.1.1,
which would give the better time estimate 7 > 27/y. The time estimate in Corol-
lary 2.17 matches Ingham’s T > 7/+/D in both asymptotics D — 0 or d — 0,
whereas the less general Theorem 2.5 in [12] does not, since its time estimate trans-
lates into: 7' > Z&(FIn L + )V E with L = 3K, 75d v/ D.

Example 2.20. Corollary 2.18 applies to the interior observability of the Schrodinger
(with A = —A,) and wave equations (with A& = +/—A,, cf. Theorems 3.8 and 3.13)
where A, = 0x(c(x)dy) is the Laplacian with Dirichlet boundary conditions on a
segment and c is a positive smooth function.



Resolvent conditions for control 17

Remark 2.21. Consider the Schrodinger equation on a rectangle [0, «] x [0, 1],
a’? ¢ Q, observed from a smaller rectangle wy x wy, wx C [0,a], oy C [0, 1].
Although the natural orthonormal basis of eigenfunctions satisfies (23) and although
exact controllability does hold (this result due to Jaffard has been extended to any
dimension by Komornik, and to partially rectangular billiards in [3], and [4]), Corol-
lary 2.18 (with # = —A) does not apply if a®> ¢ Q, since the gap condition does not
hold. It does apply in principle when a? € Q (the gap condition holds) but it is not
trivial to check (23) since there are eigenspaces with arbitrary large dimension (it is
easy in the case of observation from a strip, i.e. w, = [0, 1], cf. [5], Example 3.a).

2.6. Eigenvectors condition. Although slightly off the topic of this paper, we com-
ment on the following version of the Hautus test in finite dimension already mentioned
in §1:

for all eigenvector x of A, €x # 0. (24)

When the resolvent of A is compact, Proposition 6.9.1 in [42] proves that it is equiv-
alent to the following observability notion.

Definition 2.22. The system (3) is approximately observable in infinite time if x = 0
is the only x € D(+A) such that y(z) = 0 forall ¢t = 0.

Using the homeomorphism (i — A)™! : X — D(A), this is equivalent to
[ ker(€e'*(i — A)™") = {0}. (25)
teR

When € is admissible, this is equivalent to: x = Oisthe only x € X suchthaty =0
in Lﬁ)C(O, 00). This results from considering x as a the limit in X of its usual smooth

approximation x, € D(A) ase — 0T:

1 [ré .
Xg 1= —/ et xdt,
& Jo

ye(T) := €e'TAx,

1 [¢ .
_ _/ ol THDA L s
& Jo

T+e
= / y(t)dt.
T

Proposition 2.23. Let B denote the c-algebra of Borel sets of R. Consider a set
By C B of bounded sets such that, for any Q € B, Q2 N o(A) is a countable
disjoint union of elements of By (e.g. if By is the set of bounded Borel subset with
diameter smaller than & > 0, then any Q € B can be written Q@ = | |,z Qi with
Qr = QN ke, (kK + 1)e[e By).
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The system (3) is approximately observable in infinite time if and only if

ﬂ ker(€ 14e@) = {0} .

QeBy

In particular, assuming Oess(A) = @ and defining By as the set of singletons {1}
Jor all eigenvalues A of A, we obtain that (3) is approximately observable in infinite
time if and only if the eigenvector test (24) holds.

Proof. The second of the following equalities results from the spectral theorem:

(ker(€e™ (i —A) ™) = [ ker(Cf(A)G —A)")

teR SEL>®(R)
— ﬂ ker(€ 1aea(i — A)™") (26)
QeB
= ﬂ ker(€ Laeca(i — A)7").
QeBy

The first equality (26) results from the Fourier transform in the following way.
Consider x € D(A), such that €e!’*x = 0,7 > 0. Forany f € C*®(R) with
compact support, f is the Fourier transform of an f € L'(R), hence

Cf(A)x =€ / F(t)e " Pxdr = / F)yee "t xdt = 0.

The property € f(4)x = 0 extends to the set of continuous function f with compact
support since C*°(R) functions with compact support are dense in this set for the
L*(R) norm (e.g. by convolution). To extend this property to an f € L*(R), first
consider a sequence of continuous functions with compact support ( f,)»en bounded
in L°°(R) and converging pointwise to f (e.g. by Lusin theorem). Since f, ()
converges to f () pointwise in X, f,(#4)x converges to f(+A)x in D(A). Hence
we still have € f(A)x = 0 forany f € L°(R).

If @ € B can be written as the disjoint union Q = | |, <) 2, with Q, € B,
then 14eq X = ) _,cn 1aoeg, X converges in X. Since € € £(X,Y), this implies
the convergence in Y of € 14eq(i — A) 'x = Y,y € Laeg, (i — 4) !x. Since
Q, € B, is bounded, ker(€ 14¢cq,) = ker(€ 14eq, (i — A)~1). This completes
the proof of the last equality in (26).

Proposition 2.23 results from (26) and the equivalent definition (25). O

Itis not clear that approximate observability in infinite time is an interesting notion
for controllability unless the semigroup is analytic. When the semigroup ¢ > e’
is analytic, the output ¢ > €e’*x is analytic so that approximate observability in
infinite time is equivalent to approximate observability in any time 7" > 0, which is
equivalent to approximate controllability in any time 7" > 0. Nonetheless we mention
the following easy implication in our context of unitary group.
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Lemma 2.24. Consider Q2 C R compact and the restriction Agq of A to the spectral
subspace Xq = 1aeq X. If the system (3) is approximately observable in infinite
time then the system (4) obtained by replacing 4 on X by Aq on Xgq is approximately
observable in any time T > 0.

Proof. The set Q is compact, hence Agq is bounded, hence the semigroup ¢ > e’
is analytic, hence y : t > €el’?2x is analytic. By unique continuation, (g, €) is
approximately observable in infinite time if and only if it is approximately observable
in any time 77 > 0, i.e. x = 0 is the only x € Xq such that y(¢) = 0 for all
te€l0,7T]. O

2.7. Quasimode condition for the lack of exact controllability. The necessity
of resolvent conditions has been widely overlooked as a means to disprove exact
observability. There are two more common means. Firstly, to produce an eigenvector
which is not observable in the sense that it violates the eigenvector test (24). Secondly,
to produce an approximate solution of the system (3) which is close enough to an exact
solution and little enough observable so that it violates (11), e.g. the exact observability
of the wave equation is disproved in [37] by a space-time Gaussian beams construction
(microlocal measures extend this result from hyperbolic to diffractive and gliding
geometric rays, cf. [2], and [28]). Here we point out this intermediate means: to
produce an almost not observable approximate eigenvector (approximate eigenvectors
are also known as quasimode).

In addition to the first order system (3) we shall consider a second order system,
anticipating on (48) in section 3.2. For this purpose we use the notations at the
beginning of section 3 and consider the second order observation system associated
to a self-adjoint, positive and boundedly invertible operator A on a Hilbert space Hy
with domain D (A4), where H; is D(+/A) with the norm ||x||; = [|[v/Ax|o:

Zt)y+ Az(t) =0, z(0)=1z9€ Hi, 2(0)=2z;€ Hy, y()=Cz(). (27)

Definition 2.25. A guasimode for the system (3) at A € R is a sequence (X, )nen in
D (A) such that there is a real sequence (A,),en satisfying

lxall = 1, [[€xull = 0, [[(A—=Ap)xs| =0, and A, — 4

as  n — 00. A quasimode for the second order system (27) is a (X, )nen in D(A3/2)
such that

[xnli = 1. ICxpll = 0(1), (A —=An)xalli = 0(VAn). and A, — 400

as n — oQ.

This second definition anticipates on the study of second order systems in §3.2
to allow comparison: a quasimode for the wave-like system (27) must only satisfy
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(A—A)xx]l1 = o(~/A) whereas a quasimode for the corresponding Schrodinger-like

system (50) with s = 1 must satisfy the stronger condition ||[(4 — A)x, |1 = o(1).

The same comparison can be made in the context of interior observation in §3.2.3.
As a direct consequence of definition 2.25, Theorem 2.4 and Corollary 3.10:

Theorem 2.26. Assume that the system (3) (resp. the second-order system (27)) is
admissible. If there is a quasimode for (3) (resp. for (27)) then it is not exactly
observable.

Applying Theorem 2.26 to the very large literature on quasimodes provides rele-
vant specific PDEs systems where exact controllability does not hold. We dwell on
this quasimode approach in a forthcoming paper, e.g. it deduces from a construction
in [35] that the Schrodinger equation is not exactly controllable from the boundary
of a domain where the diffusion constant takes some value outside a bounded strictly
convex smooth subdomain and a lower value inside this subdomain, with transmission
conditions at the boundary of the subdomain.

In keeping with the topic of this paper, we give two rather abstract applications.

Consider two positive self-adjoint operators A; and A, on two Hilbert spaces H !
and H2. The operator A; ® I + I ® A, defined on the algebraic tensor product
D(A1) ® D(A») is closable and its closure, denoted A = A; + A, is a positive self-
adjoint operator on the closure H'® H? of the algebraic tensor products H'! @ H?2.

Theorem 2.27. Assume C1 € £(D(A1);Y), C = C;1 @1 € L(D(A);YRH?),
and the second order system (27) with A and C is admissible. If ker C1 # {0} and
A5 is compact then (27) is not exactly observable.

Proof. Since A, has compact resolvent, there is a sequence A of eigenvalues tending
to +o00 and a corresponding sequence (xi) AeA IN i)(Ag/ 2) of normalized eigenvec-
tors, i.e. (A2 —A)x3 = Oand ||x3||; = 1. Since ker C; # {0} and éD(Af/z) is dense
in D(A,), there exists x! € éD(Ai’/z) such that C;x! = 0 and ||x!|o = 1. Now
X =x'® xi defines a quasimode for (27), since Cx; = Cix! ® xi =0,

2 2 120,212 120,212
Ixall} = IVAxA G = (Axa, xa)o = X 1T 1311 + I 1513113
1)2 112y[142 12 12
= (I l7/A + lIx I lxzliy = 1+ Ix [I5/A — 1,

and [(A=2)x, 17 = |A1x'®@x7 (] = [Ax![|[7/A+[A1x1 5 = O(1) = o(R). O

The same theorem can be stated in the context of interior observation in §3.2.3
and its application to the wave equation was already stated in [26], Theorem 4.5.

In the second application X = L?(R¢). Assume the self-adjoint operator - on
X is locally compact, i.e. for all compactly supported ¢ € C>(R?) considered as
a multiplication operator, (4 — z)~! is compact for some hence all z ¢ o ().
Also assume that 4 is local, i.e. there exists a non-negative compactly supported
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¢ € C®(R?) such that ¢(q) = 1 for |g| < 1 and ¢,(q) = ¢(gq/n) satisfies
0nD(A) C D(A) and || (A@n — @nA)(A — i)~ 1| — 0. The observation operator
€ € £(D(A):;Y) is compactly supported if there is a compact K C R¢ such that
€x = 0 for any x € D(-A) with support in RY \ K.

Theorem 2.28. Assume A is locally compact and local as above. If Oegs(A) # 0
then, for all compactly supported €, the system (3) is not exactly observable.

Proof. Let A € ges(sA). Equivalently by Theorem 10.6 in [18] there exists a Zhislin
sequence (x,)nen for A and A, ie. x, € D(A), ||xn|| = 1, the support of x, is
outside the ball of radius n and ||(A — A)x,|| — 0 as n — oo. Since C is supported
in some ball of radius ng, Cx,, = 0 for n = no. Hence (x,)neN is a quasimode for
the system (3) and Theorem 2.26 completes the proof. O

3. Links between systems with generator build on a positive 4

This section investigates the logical links between the control properties of various
systems of the form (3) with various positive # which are defined using the same
building block: a positive self-adjoint operator denoted A.

The framework for this section is more specific than §2.1. Let Hy and Y be
Hilbert spaces with respective norms ||-||o and ||-||. When the context is unambiguous
we shall omit the index O in ||-|[o. Let A be a self-adjoint, positive and boundedly
invertible unbounded operator on Hy with domain D (A).

We introduce the Sobolev scale of spaces based on A. For any positive s, let
H, denote the Hilbert space D (A%/?) with the norm ||x||; = ||4%/%x|o (which is
equivalent to the graph norm ||x||o + [|A%/2x]lo). We identify Hy and ¥ with their
duals with respect to their inner product (i.e. we use them as pivot spaces). Let H_;
denote the dual of H;. Since Hj is densely continuously embedded in Hy, the pivot
space Hy is densely continuously embedded in H_g, and H_; is the completion of Hy
with respect to the norm || x||_y = ||A™%/2x||o. We still denote by A the restriction of
A to Hy with domain Hg4,. It is self-adjoint with respect to the Hj scalar product.
We denote by A’ its dual with respect to the duality between Hy and H_g, which is
an extension of A to H_; with domain H,_;.

Let C € £(H;Y) andlet B € £(Y; H_5) denote its dual.

The dual observation and control systems for the generator A are

X(t) —iAx(t) =0, x(0) =x9 € Hy, y(t)=Cx(1), (28)

(1) —iA'€(t) = Bu(r), £(0) =& € Ho, u€ L (R;Y). (29)

loc

We consider the following resolvent conditions (which are restricted to the convex
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hull [o](A) of the spectrum of A with variable coefficients /, L, m and M):
ICx|?> < LAYI(A = D)x g + I xIl5,  x € D(A), A € [0](4),  (30)
X115 < MO (A =2)x[g +mQ)Cx|?, x € D(4), 4 € [0](4), (31
where [, L, m and M are locally bounded positive functions on [o](A).

Example 3.1. We refer to [42], §7.5, for the typical example of the free linear
Schrédinger equation on a domain with Dirichlet boundary condition observed from
a subset of the domain, or from the Neumann derivative on a subset of the boundary.
Systems of such equations can also be written as (28).

3.1. Systems generated by fractional powers of A and other convex functions
of A. Forany function f of the form f(A) = Ah(A) where h: o(A) — [ho, +00) is
measurable and /¢ > 0, the spectral theorem defines a positive self-adjoint operator
f(A) such that D(f(A)) C D(A) and 6(f(A)) C f(o(A)). Therefore we may
consider the systems generated by f(A) fitting the general framework of §2.1 with
X=Hy=X,8=0,€=Cand A = f(A):

X(0) —if (A)x(1) =0, x(0) = xo € Ho, y(1)=Cx(t),  (32)

§() —if(A)E(1) = Bu(r), §(0) =& € Ho, ueLi (RY)). (33)

This section investigates the link between the control properties of (29) and (33).

An example of particular interest is f(1) = A%* with @ = 1 which defines an
operator f(A) known as the fractional power A%* of the operator A with domain
D(A%) = Hyo C D(A) = Hy:

x()—iA%x(t) =0, x(0) = x0 € Hy, y()=Cx(1), 34)

E(1) —i(ANE() = Bu(r), £(0) =& € Hop, ueLi(RY). (35

In deducing control properties of (33) from (29), convexity is the main property
of f: [0, +00) — [0, +00) that our argument relies on. E.g. Theorem 3.2 applies to
f(A) = AIn(1 + A) which has an interesting application (cf. [8]). Although systems
generated by fractional powers of the Laplacian are a well established modeling tool,
we do not know which range of the power-logarithm scale of the Laplacian has ever
been actually considered for modeling purposes. Conversely in deducing control
properties of (29) from (33), we use homogeneity as an additional property of f,
therefore Theorem 3.5 only concerns fractional powers.

Throughout this section the norm ||-|o on the state space Hy is simply denoted
Il @s the norm on the observation space Y without ambiguity.
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Theorem 3.2. [f the system (28) for A is admissible (resp. exactly observable) then
the system (32) for f(A) is admissible (resp. exactly observable) for any convex
function f: [0, +00) — [0, +-00) which vanishes only at 0.

More precisely (31) implies the observability resolvent estimate

X1 < My ICF(A) = DxIP +mp)ICx ]2 x € D(f(A)). 4 € f([o](A)),

with me(A) = m(f~1 (X)) and My (X) = (f L AR)/A)2M(f 1 (X)). If moreover
S (A) = Ah(A) then this simplifies as My (X) = M(f~"(X))/h*(f~1(R)). Similarly
(30) implies the admissibility resolvent estimate for f(A) with coefficients defined
from [ and L as my and My were defined from m and M .

Note that £ is strictly increasing since 0 < x < y implies W = % > 0.
Moreover convexity implies continuity. Hence f is bijective.

Since f is continuous, the spectrumof f(A)iso(f(A)) = f(o(A)). Taking con-
vex hulls and using the convexity of f yields [0](f(A4)) = [f(o(A))] = f([c](A)).

Theorem 3.2 results directly from the following simple convexity inequality.

Lemma 3.3. If f: [0, +00) — [0, +00) is convex and vanishes only at 0 then

(4 = x|l < m ICFCA) = fGu))x]l, (36)

for x € D(f(A)) and u > 0.

Proof. The hypothesis implies that f is continuous and ¢ + ¢/f(t) is positive
nonincreasing on (0, +00) hence bounded on [g, +00) for all & > 0. Therefore f(A)
is well defined and D ( f(A4)) C D(A).

For all i > 0, the difference quotient g, is the left continuous function at t = p

defined on [0, +00) by g, (t) = A (tz f:(“). Since f is convex, g is increasing.

Hence g,,(t) = gu(0) = L (“) fort > 0. Therefore, setting /1, := 1/g,, the spectral
theorem yields ||/, (A)| < f(M) Now (36) results from A — pu = h;, (A)(f(A) —

S (). O

Example 3.4. Theorem 3.2 applies, e.g., when f(¢) = tlog*(14+1) = th(t),a = 1
and M is a constant. In this case we check that the coefficient M satisfies:

Mp(A) = M/B*(f7H ) < (1 +a)** M/ log® (1 + A).

Setting A = f(u) = plog*(1 + w), we have 1/h(f (1)) = 1/log®(1 + u) and
we want to check 1/log*(1 + p) < (1 + «)*/log*(1 + A), which is equivalent to
1+ A < (14 p)'™®. But this results from 1+ ! ™% < (14 p)'™* and this estimate
of the logarithm: A = plog®(1 + ) < p'te.
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Applying Theorem 3.2 to (1) = A* with & > 1 yields
My(h) = M) /3272,

This makes the following notations for the resolvent conditions more convenient when
dealing with the fractional powers in (34):

LO! /\ o o o
ICel? < TSI~ AP + I, ¥ € DA%, 4 € 014, GT)
M, (A
eI < Sl (A%~ AxlP + maICIP, x € DA, € [o](A%). (38)

where [y, Ly, mg and M, are locally bounded positive functions on R. The first part
of the following theorem is the application of Theorem 3.2 with these notations. The
new feature is the converse in the second part using the homogeneity of f.

Theorem 3.5. If the system (28) for A is admissible (resp. exactly observable) then
the system (34) for A% is admissible (resp. exactly observable) for any a > 1. More
precisely (31) implies (38) with mg(A) = m(AY%) and My (L) = MAY®). Simi-
larly (30) implies (37) with I, (A) = [(AM®) and Lo(A) = L(AV®).

The system (28) for A is admissible if and only if the resolvent condition (37)
for A% holds for some o« = 1 and some constant Ly and l,. Assuming that it is
admissible, it is exactly observable if and only if the resolvent condition (38) for A*
holds for some a = 1 and some constant My and my, (if moreover 0es(A) = O this
implies that the system (34) for A% is exactly observable for any positive time).

More precisely, (37) implies (30) with

LG = 2max{(2 — 12La (%), 41C |20}
and [(A) = 21, (A%). Moreover (30) and (38) imply (31) with m(A) = 2my(A%) and
M) = max {(2* — 1)*My(A%), m(A)L(A) + (1 + m(A)I(X))/ inf A%}.

Proof. Thanks to Theorem 3.2 and Proposition 2.9 (and Corollary 2.14 for the state-
ment in parenthesis), we only need to prove the last paragraph. We shall prove (30)
and (31) by density, taking x € D(A%Y). Let u € [0](A) and € > 0. In each case we
use some spectral projection x,, of x which depends on ¢ and take advantage of:

Ixl1? =l + llx = x1? (39)
1A = p)x[1? = [1(4 = x4+ 1(A = ) (x = x0) 1%,

all (A — wxul® + BI(A — ) (x = x)[1* < max {e, B} II(A — p)x[|*. (40)

Since f(u) = u® satisfies the homogeneity equality f (i) = t* f (1), the difference
quotient function g, defined in Lemma 3.3 satisfies g, (ut) = g)f(n)/n =
u*lg(t) where g is defined on [0, +00) by g(1) = a and g(¢) = (1 —1%)/(1 —1).
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We first assume only the admissibility condition (37) for A*. We introduce the
projection X, = 14<(1+s)u X Of x on the spectrum of A below (14 ¢)u. The spectral
theorem yields

[AGx = x)ll < (1 +1/e)[[(A = ) (x = x)ll, (41)

1
= 1A% = p*)xpll < g(1 + ) (A = p)xpll. (42)

The former inequality results from writing A = (A4 — w)h(A/un) where h(t) =
1/(1—1/t)is decreasing. The latter inequality results from writing 1! =% (A% —u%) =
(A —n)g(A/ ) where g is increasing. Using C € £(H>;Y) and (41) yields

ICGx —x )l < A+ 1/)CII(A = ) (x = x). (43)
Applying (37) to x,, and plugging (42) yields
ICx.)1? < 21 + &) La(u®) (A = )xp[1* + Lo (1) |, 1. (44)

Plugging (43) and (44) in [|Cx|*> < [[Cx,[* + |C(x — x,)||I* and simplifying
by (40) yields (30) with

() = 2la(pn®) and L(p) = 2max{g?(1 + ) La(u®), (1 +1/£)*|C||*}.

Taking ¢ = 1 completes the statement that (37) implies (30) in Theorem 3.5.

Now we assume the admissibility condition (30) for A and the observability
condition (38) for A%*. We introduce the projection x,, = 14<y+¢Xx of x on the
spectrum of A below p + €. The spectral theorem yields

1
[l =2l < ;II(A —mWx = x| (45)

1
P 1A% = ) xpll < g(1 + &/ I(A = p)xpl.- (46)
Applying (38) to x,,, plugging (46) in, and using the monotony of g yields
||xu||2 < g7(1 + &/ inf A) Mo, (u*)||(A — M)xunz + ma(ﬂa)||cxu||2- (47)

To estimate the last term, we apply (30) to x — x;:

1
EHCXMHZ S CxI? + LA = ) (x = x) 1 + 1)l — x|,

Plugging this in (47), then plugging the resulting inequality in (39), and simplifying
by (45) and finally by (40) yields (31) with m () = 2mq(u*) and
1+ 2ma(u"‘)l(u)}

> .

M) = max {g2(1 + —— ) M%), 2ma (L)L (1) +

Taking ¢ = inf A yields the last statement in Theorem 3.5. O
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Remark 3.6. In the particular case of second-order equations, the part of the first
sentence concerning exact observability was proved in [46] (without explicit M, and
Mg).

3.2. Second order systems. In this section we start with the general framework for
second order systems which suits the boundary control of PDEs. We finish with a
framework which suits the interior control of PDEs better.

3.2.1. “Boundary” second order systems. In addition to first order systems for A4,
we consider the dual observation and control second order systems:

Z(t)+ Az(t) =0, z(0)=z¢ € Hy,

(48)
2(0) =z € Hy,  y(1) = Cz(1),

¢(t) + A'C(t) = Bo(t). £(0) =& € Ho, )
{O)=tie Hy,  ve L2 (RY).

Example 3.7. We refer to [42], §7.4 and 7.6, for the typical example of the wave
equation on a domain with Dirichlet boundary condition observed from a subset of
the domain, or from the Neumann derivative on a subset of the boundary. We refer
to [42], §7.5, for the examples of plate equations.

We shall now explain how they fit in the general framework of §2.1. The states
x(¢) and £(r) of the systems (48) and (49) at time ¢ and their state spaces X and X’
are defined by

xX(1) = (z(1),2(t)) € X = Hy x Ho,  £(t) = ({(1),{(1)) € X' = Ho x H-y.

X is a Hilbert space with the “energy norm” defined by ||(z¢.z1)||*> = | \/ZZQH% +
lz1]13, X' is a Hilbert space with norm defined by [|(¢o. $1) (1> = (180113 + 1C111%4,
and X is densely continuously embedded in X’. These spaces are dual with respect
to the pairing ((zo. z1). (§o. {1)) = (4229, A7Y/2¢1)0 — (z1. So)o-

The dual second-order systems (48) and (49) rewrite as dual first order systems (3)
and (4), where u = v, 4 is defined on the domain D(A) = D(A) x D(VA) by
A(zo,z1) = i(—z1, Azg), A’ is an extension of A to X’ with domain X, § = 0, X,
is Hy x Hy with the norm defined by [|(zo,z1)[|? = ||A(z0,21)[|* = ||\/Zzl||% +
|Azol|3, € € £(X1;Y) is defined by €(z9,z1) = Czp and B € L(Y; X)) is
defined by By = (0, By).

We also consider the dual observation and control first order systems for A%/2,
with s > 1:

f@O)—id2f@)y=0,  fO0)=foeH, y)=Cf@), (50)

¢(1) —i(A)?p(t) = Bu(t), ¢(0)=g¢o€ Hoy, ue LB (RY). (51
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It fits in the general framework of §2.1: X = Hy, X' = H_{,€ = C, A is A5/2
with D(A4%/2) = Hy iy, A is (A")/? with D((A")*/?) = Hs_1, B = 0.
We consider the improved resolvent conditions for (50): 3L, I5, Mg, ms > 0,

ICF 12 < g 142 =S IR+ LS IR f € Hing,d € 1A%,
(52)
M
171 < S @72 = DS IF +mslCAIP. f € Higsd € [0)(42).
(53)

Theorem 3.8. The second order system (48) generated by A is admissible (resp.
exactly observable) if and only if the first order system (50) with s = 1 generated by
VA is admissible (resp. exactly observable).

More precisely, (10) implies (52) for s = 1 with Ly = 2L and Iy = 2[; (11)
implies (53) for s = 1 with M1 = M and m; = m/2; (52) for s = 1 implies (10)
with L = Ly andl = ly; (53) for s = 1 implies (11) with m = 4m; and M =
max{My,2m; ||C||?.‘C(£(A);Y) + 1/(inf ~/A)?}; (52) and (53) for s = 1 implies (11)
withm = 4my and M = max{M;,2m Ly + (2m 1} + 1)/ (inf ~/A)?}.

For variable coefficients as in §2.3 the result still holds with inf ~/A replaced by
A +inf /A in the two formulas for M. E.g. ifmy = 1, is constant but My = L, — 0
slower than 1/A? as A — 400, then m is constant and M — 0 as fast as My in the
second formula for M (whereas the first formula does not even ensure M — 0).

Proof. The theorem follows from the Hilbert spaces isomorphism ‘W from X = H; x
Hyonto W = Hyx Hy definedby W(zg,z1) = (Zo—iA_l/zzl,Zo—l—iA_l/zzl)/«/Z
with inverse W™ (wo, w1) = (wo + wi,ivA(we — w1))/~/2. Unitarity is eas-
ily checked: [|(wo, w1)[[f := lwoll} + [lwil} = (IVAzo — iz1llg + lIVAzo +
iz1]2)/2 = ||[vVAzoll2 + ||—iz1]|2 = |[(z0,21)]|?>. The operator 4 for the second
order system (48) is isomorphic to Ay = WAW™! = VA(} ).

The resolvent conditions (10) and (11) for (48) write: VYwg,w; € Ho, A €

[0](VA),
SIC o + wn) I SLAA Aol + (VA + )
+1(lwollT + w1 D),
lwoll} + w1l <M(I(VA = Dwolf + (VA + DwillF)
+ S Cwo + )2
(Note that the symmetry between wq and w; allows to let A vary only in the positive

part of [0](A) = [0](VA) U [0](—+/A4).) Taking w; = 0 proves the first two
implications in the second statement of the theorem.
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The converse for admissibility with L = L; and [ = [; follows from writing
2IC(wo + w1)||* < [Cwol* + ||Cwi ||* and applying (52) with s = 1 to f = wy
and f = w;. To prove the converse for observability, the main step is to apply (53)
with s = 1to f = wg and write |Cwo|?> < 2||C(wo + wy)||?> + 2||Cwq]||?. The
following two alternative subsidiary steps lead to the alternative values for M.

The first value of M results from [|Cwy || < ||C ||| VAwy |1, and finally simplify-
ing by (inf VA + 1) lwi ]l < (VA + Vw1

To prove the second value of M, apply (52) withs = 1to f = wy, change the sign
of A thanks to (17), and finally simplify by |Jwq||; < mll(\/g + Mwi|. O

3.2.2. Fractional second order systems. We also consider the dual observation and
control second order systems for A%, with s > 1:

Z(t)+ A%z(t) =0, z(0)=z¢ € Hy,

(54)
2(0) =z € Hi—5., y(1) =Cz(),

E(t) + (A)*L(t) = Bo(t). £(0) =& € Hy1,
£(0) =1 € Hoy, vel2 (RY).

loc
They fit the general framework of §2.1: X = Hy x Hy—g, A(z0,21) = i(—21, A%Zp)
with the domain X; = Hiyy x Hy, X1 = Hi—s X Hi_g5, X' = Hg_1 x H_q,
((z0.21). (0. $1)) = (4229, A7V21) g — (AU=9/22, AG=D/244) and therefore
A (8o, C1) = 1(=81, (A")*¢o) with X = Hogy x Hy—y, X!{ = H_1 x H_y_,
€(z9,z1) = Czp and therefore By = (0, By).

The following corollary of Theorem 3.8 (using Theorem 3.5 with Hy and A
replaced by H; and +/A, and using Corollary 2.14 for the time), characterizes the
properties of the second order system (48) in terms of improved resolvent conditions
for the first order systems (50).

(55)

Corollary 3.9. Ifthe second order system (48) is admissible (resp. exactly observable)
then for any s > 1 the first order system (50) and the second order system (54) are
admissible (resp. exactly observable, moreover they are exactly observable for any
positive time T if 0ess(A) = 0).

More precisely, the second order system (48) is admissible if and only if (52)
holds for some s = 1. Assuming that it is admissible, it is exactly observable if and
only if (53) holds for some s = 1.

The constants L, [, M, m in (10) and (11) for (48) on the one hand, and Lg, /;,
Mg, mg in (52) and (53) on the other hand are explicitly related here.
In particular, for s = 2 we have the following (using Corollary 2.14 for the time)

Corollary 3.10. Admissibility and exact observability for the wave-like equation (48)
hold if and only if «/LI”(A —Mxllo + ||CA_%x|| is a norm on D(A) equivalent to
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ﬁ (A — A)x|lo + ||x|lo uniformly for A = inf A > 0, and it implies admissibility
and exact observability (in any positive time T if moreover 0ess(A) = 0) for the
Schrodinger-like equation (50) and the Plate-like equation (54) both with s = 2.

Example 3.11. When A4 is the Dirichlet Laplacian and C is the Neumann derivative at
the boundary, combining corollary 3.10 with [1] gives another proof of Theorem 4.1
and Proposition 5.1.B in [24]: under the geometric condition of Bardos, Lebeau, and
Rauch for the exact observability of the wave equation in H) X L, with Neumann
observation, exact observability in arbitrary time holds for the Schrodinger equation in
H | with Neumann observation and for the plate equation in /] x H ~! with Neumann
observation. Under the same assumption, the control transmutation method in [30],
Theorem 10.2, yields more information on the Schrodinger equation since it provides
a geometric bound on the cost of fast controls.

Example 3.12. We now use Theorems 3.8 and 3.2 to interpret in terms of differen-
tial operators an initially abstract example due to Thomas Duyckaerts of a positive
self-adjoint operator A, with observation Cx € £(D(Ax);Y), Y = C, such that
the Schrodinger group e?*4* is exactly observable for all positive time but the heat
semigroup e ~*4* is not final-observable for any time, cf. [8], §5.1. Let A denotes
the Laplacian 02 on the segment [0, 1] with Dirichlet boundary condition, which
is negative self-adjoint on L2(0,1) with domain D(A) = H}(0,1) N H?(0, 1).
Let d,, denote the derivative at the endpoint 1. It is well-known that the wave
equation W — Aw = 9w — 92w = 0 is observable by the Neumann derivative
dy in any time 7 = 2 on the energy space H{(0,1) x L?(0,1) (by the unitar-
ity of the discrete Fourier transform known as Parseval’s theorem). Hence Theo-
rem 3.8 with A = —A and s = 1 yields that v/—A on X = L2(0, 1) is observ-
able by C = 3,(—A)"Y2 € £(H,;Y), Y = C. Applying Theorem 3.2 with
A = /=A, f(t) = tlog(l + 1) and constant M as in example 3.4 yields that
Ay := V—Alog(l + /—A) satisfies the logarithmically improved resolvent condi-
tion:

M
Ix* < mll(/l* = 0)x[? +mi|Cx|?, x € D(Ax). 1 €R.
og

Note that we have D((—A)*T1/2) € D(A4) € D(V/—A), foralle > 0and C €
L(D(Ax);Y).

3.2.3. “Interior” second order systems. The previous Theorem 3.8 is adapted to
boundary observability (for wave and Schrodinger equations) since C € £(H»;Y).
For interior observability, we have C € £(Hy; Y) and admissibility is obvious. In the
following version of Theorem 3.8, the assumption made on the observation operator
C is in-between: C € £(H;;Y), equivalently B € £(Y; H_1). Accordingly, we
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may consider a larger space of states (zo, z1) than the previous “energy space”:

Z(t)+ Az(t) =0, z(0) = z¢ € Hy,

(56)
z(0) =z1 € Hy, y(@)=Cz(1),

¢(t) + A'C(t) = Bu(t)., £(0) =& € Hy, -
£(0) = &1 € H, ve L2 (R:Y).

It fits in the general framework of §2.1: X = Hy x H_; with norm ||(zg, z1)||* =
20§+ 121112, X" = Hix Ho with the “energy norm™ || (S0, £1) 1> = [I5olIF+ 11115

the duality pairing is ((2o. z1). (0. £1)) = (Z0. £1)o — (A71/2z1, AV20),.
We rewrite the fractional first order systems (34) and (35) with o = 5/2:

x(1) —iA*%x (1) = 0, x(0) = xo € Hy, y(t) = Cx(1), (58)
E(t) —i(A)*?E(t) = Bu(t), £0) =& € Ho, uel2(R:Y). (59

We also consider the improved resolvent condition for (58): 3Ly, Iy, My, mg > 0,

ICx|* < (A2 = Nx|2 + Lslx)|2,  x € Hy, A € [0](4?),  (60)

S
22(—1/s) I

Sl = 0x 3+ mlCx|? x € Hy € [o)(A4%2). (1)

2
||X||0 < 2’2(1_1/5

Applying Theorem 3.8 to the observation operator CA'/? € £(H,:Y) and using
Theorem 3.5 and Corollary 2.14 (as in Corollary 3.9) yields:

Theorem 3.13. Assume C € £(H1;Y). The second order system (56) is admissible
(resp. exactly observable) if and only if the first order system (58) with s = 1 is
admissible (resp. exactly observable). These imply that, for any s > 1, (58) is
admissible (resp. exactly observable, moreover it is exactly observable for any positive
time T if 0.5s(A) = ).

Moreover, (56) is admissible if and only if (60) holds for some s = 1. Assuming
that it is admissible, it is exactly observable if and only if (61) holds for some s = 1.

The constants L, [, M, m in (10) and (11) for (56) on the one hand, and Ly, I,
Mg, mg on the other hand are explicitly related. In the following example, we only
state these relations in the case s = 1 (e.g. this is used in [8]).

Example 3.14. Assume the two resolvent conditions for A:

1
ICx1” < La) (S 1A= Dx [+ [1x]3).  x € D(A). A € [o](A).

1
21 < Mo (S 14 = Dxll§ + ICx[F). - x € D)4 € [o](A).
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where L, is positively bounded from below and M, — +o00 as A — 4o0. We
shall compute the asymptotics as A — 400 of the coefficients in the resolvent
conditions (13) and (14) for the wave-like equation (57). Firstly, the converse in
Theorem 3.5 with o = 2 yields

ICxI? < LiWI(VA = Dx ]+ LiWIIx[G.  x € D(VA), & € [o](VA),
X1 < M) (VA = D) x[I§ + mi)Cx[[5, x € D(VA), A € [0](VA),

with 11 () =2L2(A), L1(A) =2max{9L2(A%), 4| C |3,y }» M1 (A1) = 2M2(A?),

and My (1) ~ 2M,(A?) max {%, Li(A) + IHIH%) } Secondly, with the same compu-
tations as in Theorem 3.8, Theorem 3.13 yields (13) and (14) with [(A) = [;(A) =
2L5(32), L) = Ly(3) = 2max{9L2(12), 4[C 3,y (1) = 41 () =
8Ms(A2) and M(R) ~ 2Ms(A%) max {2, L(A) + 22292 21.(3)}. In particular, if
L, is a constant, then L is a constant, and M (1) ~ 2M5(A?) max {%, L+ 1%1?31 , 2L}.
If Ly — +00as A — 400, then L(A) ~ 18L,(A?) and

1
M(3) ~ 4Lo(F%) Mp(A?) max {9 + ——. 18}.

Similarly to Corollary 3.10, we have in the case s = 2:

Corollary 3.15. Admissibility and exact observability for the wave-like equation (57)
hold if and only if %H(A — Mxllo + ICx| is a norm on D(A) equivalent to

%H(A —Mxllo + l|x|lo uniformly for A = inf A > 0, and it implies admissibil-

ity and exact observability (in any positive time T if moreover 0.(A) = @) for the
Schrodinger-like equation (29).

Remark 3.16. We first discuss earlier results concerning the first part of Corol-
lary 3.15, i.e. admissibility and observability resolvent conditions on A for the ad-
missibility and the observability of the wave-like equation. The implication for ob-
servability was proved in the proof of Theorem 3.4 in [30]. The equivalence under
the additional assumption that the resolvent of A is compact was proved in [38],
Proposition 4.5, for observability, and in [12], Theorem 2.2, for admissibility by a
proof through wavepackets conditions which does not relate explicitly the constants
in the resolvent conditions (as partly explained after [12], Theorem 2.2, the submitted
version of (2.9) in [12] was (7.2.10) in [11] which contains a spurious term in the
right hand side; the privately communicated (52) for s = 2 gets rid of this spurious
term and restricts the spectral interval; it was published as (2.10) in [12]).

Concerning the implication from the wave-like equation to the Schrédinger-like
equation in the second part of Corollary 3.15: it was proved in Theorem 3.1 in [30]
for observability (cf. [42], Theorem 6.7.2, for a simpler proof under the additional
assumption that the resolvent of # is compact, in which the cost cannot be estimated,
cf. Remark 3.17); it was proved in [42], Proposition 6.8.1, for admissibility.
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Remark 3.17. Concerning the implication from the wave-like equation for some
time L > 0 to the Schrodinger-like equation for all times 7' > 0 in corollaries 3.10
and 3.15, the following stronger result is proved in [30]: without the assumption
Oess(A) = @, for all times 7' > 0, the controllability cost «;,7 for the Schrodinger-
like equation satisfies k1.7 < cexp(eL?/T) where « is a universal constant and
the positive constant ¢ depends only on the uniform lower and upper bounds for the
ratio between the two norms in Corollaries 3.10 and 3.15 respectively (e.g. in the
case of boundary observation, ¢ depends only on Ly, Is, My, mg in (52) and (53) for
s = 2). Although it is not explicit in [30], Theorem 3.1, this statement can be easily
checked on the explicit bound of 1,7 at the end of its proof: « and y come from
an independent one dimensional problem, « and d come from [30], Theorem 3.4,
hence from [30], Theorem 6.1, hence depend only on the observability constants M,
and m, of the wave-like equation, the admissibility constant K ; of Schrodinger-like
equation in time 1 comes from the corresponding constants L, and /5 of the wave-like
equation. We do not include here the proof of this result since it combines resolvent
conditions with the quite different control transmutation method.

Example 3.18. Combining Corollary 3.15 with the interior control version of [1]
yields: under the geometric condition of Bardos, Lebeau, and Rauch for the wave
equation in H} x L? with L? interior controls, exact controllability in arbitrary
time holds for the Schrodinger equations generated by fractional Laplacians (—A)%,
a > 1/2,in L? with L? interior controls. Recall that the heat equation generated by
these fractional Laplacians (a.k.a. anomalous diffusion), is null-controllable in any
positive time without geometric condition on the control set, cf. e.g. [31].

4. Semidiscretization of a system with positive A

The framework of this section is the same as the previous section. In particular we
keep the notations introduced at the beginning of section 3: a positive A, its scale
of Sobolev spaces Hy and its observation system (28). This section introduces a
finite-dimensional approximation of this system which encompasses a wide range of
numerical schemes where the state space Hy is a space of functions on the continuum
R¢ discretized on non-uniform meshes. It investigates the links between the infinite-
dimensional system (28) called the continuous system and such finite-dimensional
approximation called semidiscretized system because it applies to the discretization
of spatial variables but not the time variable, cf. [14] for time discretization.

4.1. Approximation spaces. Let (V/);-, be a family of finite-dimensional vector
spaces with injections J;, : V# — H,. We assume that the range H” := J"V}, of the
injection Jj, is included in D (+/A), therefore inducing a Hilbert structure on V" from
each Hy, s < 1. Let V' denote V" with the corresponding norm [v||s = || Jxv]s,
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v € V" The dual J n o Ho — V', defines the Hy-orthogonal projection Jj, J , from
Hoy onto H", and the identity operator J » Jnon vh

Let rj, be the H-orthogonal projection from H; onto H h. The only approxima-
tion assumption we make is: ||[(I — m3)A~"2||; = O(h), i.e. 3co > 0,

[x — mpxlly < cohtfx|2, x € D(A),h>0. (62)

In other words ||A'/2x — A 25;x|lo < coh| Ax||o, recalling || x5 = ||4%/2x]o.

Only the asymptotics 7 — 0 matters in this section, hence / can be restricted to
a finite interval i € (0, hg). When the approximation space V" is based on a finite
element, 4 is usually the maximal cell diameter of the mesh /ig, or h = h% for some
fixed 8 > 0.

Remark 4.1. The approximation assumption (62) is satisfied when J}, is the canonical
injection of the Hj-conformal approximation space V# = H” based on the P;
Lagrange finite element for a shape-regular family of affine, simplicial, geometrically
conformal meshes, cf. e.g. [10], Proposition 1.134, where Jj, J ; and 7y, are denoted

Hg’}l and Hi’}l, or [36], §3.5, where they are denoted Ph1 and Hi 5 In practice (62)

is weaker than (1.9) in [13] where Jj, J;l* and & are denoted JThJT; and h?, since (1.9)
in [13] is satisfied only for quasi-uniform meshes, cf. e.g. [10], Proposition 1.134(iii),
or (3.5.21) in [36]. Quasi-uniform meshes satisfy the inverse inequality (65), cf. [10],
Remark 1.143(i), or (6.3.21) in [36], which is not assumed here unless explicitly.

Remark 4.2. The following Lemma 4.4 proves that (62) is equivalent to: ¢y > 0,
inf, (Ix = Jpvllo + hllx = Jpvl) < cih®|xll,  x € D(A),h >0,
ve

or to the existence of an interpolation operator I, : D(A) — V" such that: 3¢; > 0,
Ilx = JuInxllo + hllx = Jnlnx |y < cih®|| x|z, x € D(A),h > 0.

The approximation assumption appears in the literature in one of these three forms.

Remark 4.3. The framework of this section can be slightly generalized by consid-
ering two bounded linear operators: an injection Jj,: V* — Hj and an interpolation
operator J. ; : Hy — V" (not necessarily the adjoint of J},) such that J ; Jy, is the iden-
tity operator on V”*. In this case J » Jn is still a projection from Hy onto H h although
this projection is not necessarily orthogonal, hence the only failing statements in this
section are the first two parts of Lemma 4.8. Moreover, in practice Lemma 4.8 holds
anyway since interpolation operators are usually required to satisfy (71), e.g. finite
element interpolation operators for a shape-regular family of affine meshes does, cf.
e.g. [10], Corollary 1.109. This framework also generalizes to infinite-dimensional
Hilbert spaces (V") ;~¢. In this case, whenever the admissibility of finite-dimensional
systems is used explicitly in a proof, the corresponding statement should assume the
admissibility of the semidiscrete system.
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The approximation assumption (62) is the same as (1.7) in [39] (which deals
with stabilization rather than observability, and with second rather than first order
systems) and (1.4) in [6] where / is denoted 19 Indeed, each of these papers makes
a second approximation assumption: (1.8) in [39] and (1.5) in [6]. They are both a
consequence of the first according to the following lemma (which is a simple version
of the Aubin—Nitsche lemma, cf. e.g. [10], Lemma 2.31).

Lemma 4.4. The approximation assumption (62) (in Hy) implies the approximation
in Ho: ||(1 — i) A™Y2 )| g(rg) = O(h) and (I — 7tp) A | £ (a1g) = O(h?).
More precisely, (62) implies, with the same constant c,
|x — mpxllo < cohllx|1, x € Hy,h >0, (63)
Ix = 7nxllo < cgh*|xlla. x € Ha.h > 0. (64)

Proof. Since A and 7, are selfadjoint on Hy, the H,-adjoint of (I — 75)A~"2 is
A~Y2(I — 1), hence they have the same H; operator norm and its square is the H;
operator norm of the latter times the former. Therefore

I(I = mn) AV ey = 1472 — 7o) 2y

= (I = m) A 2y
= C()h,

asd
11— 7n) A ey = 1 — 70)* A7 2 (a0
= |42 — wp) (I — 7)) A7 2| 2oy
= —ﬂh)A_l/zllfg(Hl)
= (coh)?,

where (I — ;)% = I — 7y, since I — my, is an Hy-orthogonal projection as . [

4.2. Galerkin approximation of the unitary group. In the framework of §4.1,
the Ritz—Galerkin variational method considers the finite-dimensional positive self-
adjoint operator G, = (VAJy)*(VAJy): Vi — Vj and approximates A by the
non-negative selfadjoint operator A, = (vAJj, J};‘)*(«/ZJ;, Jy) = JuGpJ; on Ho.
Their spectra are related by o (A4y,) = o(Gp) U {0}.

Lemma 4.5. The infimum of the spectrum satisfies inf Gy, = inf A > 0.
The spectrum satisfies o (Gy,) C [inf A, no/ h?] if this inverse inequality holds

hlxl < Vollxllo, x € H". (65)
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Proof. The first inequality results from (inf v/4)? = inf 4 and

(Ghvvv>0 — inf (\/ny \/Zx>0

inf G, = inf =
"Ten IE xemr x|
. (VAx, VAX)o
B mf T
xeD(VA) x5
= (inf VA)2.
Using (65):
sup Gy, = sup (Gpv,v)o/||v]|> = sup ||Ix]I3/]IxII§ < no/h*. O
veVy xeH”"

The definition of Gy, implies that the norm in Vlh coincides with the “H; Sobolev
norm corresponding to G”” and the dual norms also coincide, i.e.

1/2
vl = [ Javll = 1G> v]lo,

_ (66)
vll—1 = |Jpvll=1 = G}, ?vllo, v eV

Lemma 4.6. This equality of bounded operators on Hy defines Gy, in terms of wp,:

AT = Gy (67)

The approximation assumption (62) is |(A™! — Jp, G;l J)x(1 < cohfx
It implies Ay, converges to A in H; strongly in the resolvent sense, i.e.

0, X € Hy.

(A—z)'x — (A4 —2) 'xin Hy, x € H;,3z #0.

Proof. Forallv € V!, (A" x, Jpv)1 = (A7 x, Jpv)1 = (x, Jpv)o = (Jx.v)o
= (G;IJ}:‘x, V) = (JhG_lJ;x, Jpv)1. This proves (67).

Let Ro(z) = (A—z2)7", z ¢ 6(A), and Ry(z) = J5(Gy, — z)_lJ}:‘, z & o(Gyp).
According to Lemma 4.5, the distance of 0 to 0(A) and to o (Gy,) is greater than inf A,
hence ||Ry(0)|| < 1/inf A, h = 0. Forall z € C such that |z| < inf A4, the Neumann
series Ry(2) = Y rep 2% Ry (0)¥*1 converges for all |z| < inf A and & = 0 and
the approximation assumption implies Ry (0)x — Ro(0)x in H; as h — 0, hence
Ry (z)x — Ry(z)x in Hy. This property is propagated to all z € C such that Iz # 0
by Neumann series similarly, since the distance of z to 0(A) and to 0 (Gy,) is greater
than Jz. This completes the proof of the convergence in the strong resolvent sense,
since 0(A4;,) C Rand Ry(z) = (A, —z)~ ! for z ¢ o(Ap). O

This convergence in the strong resolvent sense is called “convergence in the gen-
eralized sense” in [23], §.VIII.1.2, where the following two spectral properties are
deduced. All open sets containing a point of o (A) contain at least a point of o (A4y,)
for sufficiently large 4, i.e. the spectrum does not expand suddenly in the limit (in
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particular, with Lemma 4.5: inf}, inf G, = inf A). If A € R is not an eigenvalue of
A, then the finite dimensional spectral projections 14, <3 = J4 16, <a J), satisfy

[(1a<r —14,<)Xx[l1 — 0, x € Hj. (68)

The following theorem is a quantitative version of the semigroup approximation
resultin [23], Theorem IX.2.16, i.e. convergence in the strong resolvent sense implies
strong convergence of the generated semigroups uniformly on finite time intervals.

Theorem 4.7. If x" — x in Hy (resp. in Hy) then e'*Anx" — ¢it4

H\) uniformly on finite intervals of t.
More precisely, (62) implies these convergence rates in Hy and Hy:

x in Hy (resp. in

(" 4n — "™ )x|ly < coh(t|lxlla +2lx]2). x € Hyh>0.1€R, (69
("4 — e )xlg < cgh?(t]|x]|a + 2llx]2). x € Hah>0.0€R. (70)

Proof. Werecall (IX.2.27)in[23, ] whichis simply verified by taking time derivatives:
with R(g) = (¢ + A)~ ! and Ry(e) = (¢ + Ap)7 ',

Rh(E)(eitAh o eitA)R(g) _ /t ei(t—s)A/, (R(S) _ Rh(E))eiSAdS.
0

Taking the limit & — 0 yields, since Ry(e) — J;G; ' JF = mp A~ due to (67), and
since Ry, (g)e!t4n = " 4n Ry (e):

t
(eltAhJTh _ nhe”A)A_z = / el(t—S)Ah (1 _ JTh)A_1€ISAdS.
0

Combining this with (62), (64) and the unitarity of the group first yields
(" y, — mpe' x|y < coht|x|la. x € Hah > 0,1 €R,
(" Ay — mne' M)xllo < cght|xlla.  x € Hyh> 0.1 €R,

then completes the proof of (69) and (70). These imply the first statement of the
theorem since Hy = D(A?) is dense in H; and in Hy, and the group is unitary. [J

The following lemma s used to approximate initial datain Theorems 4.14 and 4.19.

Lemma 4.8. The approximation assumption (62) implies

lx — Jndy xllo < cohllx|1. x € Hy,h>0, (71)
x — JnJyxl|l-1 < cohllxllo, x € Ho,h >0, (72)
lx = Jpdyxll-1 < cgh?lxlli, x € Hy,h>0,, (73)

JhJ;x — x in Ho forall x € Hy and Apmp, A~ 'x — x in H_, forall x € H_,.
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Proof. Using that J; J, hence I — Jj, J;; are Ho-orthogonal projection, ||J;J; € llo <
Illo, § € Ho, and ||x — JJ;*x|lo < |lx — 7pxlo, x € Hy, Hence (62) implies (71).
Replacing mj, by Jj, J,:‘ and H, by Hj in the proof of Lemma 4.4 deduces (72), (73).

To prove the first convergence, let x € Hy and ¢ > 0. There exists x, € H; such
that ||x — x¢[lo < &. Taking § = x — x; yields ||/, J; (x — x¢)|lo < & and (71) yields
lxe — JuJy xello < cohllxell1. Hence |[x — JpJ;x|lo < 2& + coht| x¢]l1. Taking
first the limsup as &4 — 0 then the limit ¢ — O completes the proof of the first
convergence.

The second convergence is proved similarly by density of Hy in H_; since, for
Xe € Hy, Apmp A~ x, = JhGhJ}:‘JhG}f_lJ}:‘xg = JpJ)xe, and, for§ = x — x; €
Hoy, | Apmp AT E -1 = |GhIfmp AT E -1 = Iy mp ATl = mpA7EN <
| A7YE|l1 = ||€]|-1 using (67), (66), and that 7, is an H-orthogonal projection. [

4.3. “Interior” semidiscrete systems. In order to define the semidiscrete observa-
tion system for the generator Gy:

o) —iGp" () =0, WRO) =l e HY, Yy =), (74
it seems natural to approximate the observation operator C by
Cpn=CJy, Cef(HY). (75)

In order for this definition of C; to make sense we must assume C € £(Hy;Y).
As already mentioned in §3.2.3, this assumption is in-between the general case C €
£ (H>;Y) adapted to boundary observability of PDEs and the bounded case C €
£(Hy; Y) adapted to interior observability of PDEs.

The norm of Cy, in £(V}*;Y) is the norm of C in £(H;:Y).

4.3.1. Convergence of the observation systems. In this framework, the following
proposition discusses the convergence of the discrete observation y” in (74) to the
continuous observation y in (28) depending on the convergence of the initial data
J hvg to xo in Hy. It uses the following lemma.

Lemma 4.9. Assume (28) is admissible.  Consider (vh)h>0 in Vh and x € Hy.
Weakly in L?(0,T:Y): Cre''6nG; " — Ce'" A7 x implies Cpe''Cnvh —

Celt4y.

Proof. Ifx € D(A) then CA™'e!*4x € C'(0, T; Y) hence the following integration
by parts is justified, therefore by admissibility of (28) and density of D(A) in Hy:

T T
i/ (CA—lei’Ax,<p/(z))dz:/ (Ce'™x, o(1))dt,
0 0
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forx € Hp,and ¢ € C
sible and similarly

(0, T;Y). Since Hy, is finite dimensional, (74) is admis-

comp

T T
i/ (ChG; e Oyl o (1))dt :/ (Cre' nv® (t))dt, v* € H".
0 0

The density of C1 (0, 7T;Y)in L?(0, T;Y) completes the proof. O

comp

Proposition 4.10. Assume (75). Consider afamily WM psoin VA If v — xin Hy
then Cpe'tGnvt — Ce''x in Y uniformly on finite intervals. More precisely, (62)
implies the convergence rate

1(Cre'CnJy — Ce'™)x|| < ||Clleca,yycoh x4 + 2]x]2),

forallx € Hy, h > 0,t € R.
If o' — x in Hy then Cpe'* %yt — Ce*x in L?(0,T:Y) forall T > 0.
If Jyo" — x in H_q, x € Hy and (28) is admissible then Cpe'*%nvh — Celt4x
in L2(0,T:Y) forall T > 0.

Proof. The first implication results from the convergence in H; in the first part of
Theorem 4.7, since Cre''Cn = Ce'*nJ, and C € £(H;;Y). Moreover (69)
implies the convergence rate since Ce’’Gn J¥ — Ce''4 = C(e''4n — ¢'14),

The strong convergence implication in the first part of Theorem 4.7 also implies
the weak convergence implication: if x* — x in H then e/'4rx" — ¢/'4x in H,
uniformly on finite intervals of 7. Using Cj,e’*%n = Ce/*4n J; and C € £(H;:Y)
again results in the second implication in Proposition 4.10.

To prove the third implication, we assume J,v* — x in H_;, equivalently
JhG;IUh — A7 'x in H,. By the second implication, we have Cj,e’?Cn G;lvh
CA '™ x in L?(0,T:Y). Lemma 4.9 completes the proof. O

4.3.2. From continuous to filtered discrete observability. We consider improved
resolvent conditions for (28), s = 0: ALy, [, Mg, mg > 0,

L .
ICxIP < Z20(A=DxIZ + LIxIE. ¥ € Hoh=infd,  (76)

M .
Ix|I3 < A—;H(A — M)x|2 4+ ms||Cx||?,  x € Ho, A = inf A. (77)

Unfortunately such conditions do not imply the corresponding conditions for the
semidiscrete system (74) uniformly with respect to /. Therefore we consider uni-
form conditions for the semidiscrete system (74) restricted to the filtered space
1G,,<n/ho V", where 1 and o are positive filtering parameters: 3L, I}, M., m} > 0,

IChv? < 7;||(Gh =l + LlvlIiE, (78)

M/
10115 < S5 1(Gn = Dvli§ + milICav ], (79)
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where, in both equations, v € 16, <y/ro Vh and n/h® = A = inf A.

Theorem 4.11. Assume (75). Recall the approximation assumption (62) with co.

If the continuous system (28) is admissible (resp. moreover exactly observable)
then, for all n > 0 (resp. for n > 0 small enough), there exists T > 0 such that the
semidiscrete system (74) restricted to the filtered space 1G,,<n/n V" is admissible in
time T (resp. moreover exactly observable in time T') uniformly in h € (0, n).

If the second order system (56) is admissible and exactly observable then, for all
n > 0 small enough, for all T > 0, the semidiscrete system (74) restricted to the
filtered space 1G,,<n/h V" is admissible and exactly observable in time T uniformly
inh € (0,n).

If C € £(Hy; Y) and the second order system (56) is admissible and exactly ob-
servable then, for all n > 0 small enough, for all T > 0, the semidiscrete system (74)
restricted to the filtered space 1¢, <,/ p4/3 V" is admissible and exactly observable
in time T uniformly in h € (0, n).

More precisely, for o = 1 and any s = 0, setting ¢, = max{(con)?, con}: for
all n > 0, (76) implies (78) with L, = 4Ly and I, = 4l; + 2(|C||*> + 2I; +
2L/ inf AS)C,ZI; SJor n > 0 small enough such that d; = 1 — c%(l + 4mg|C > —
4My/ inf A%) > 0, (77) implies (719) with M, = 2My/ds and m), = 2mg/ds. Here
ICI = IC ey

Proof. According to Proposition 2.9, A = inf A4 in (76), (77), (78), (79) can be
equivalently replaced by A > 0 since inf G;, = inf A > 0. For s = 0, the range of
A can be equivalently replaced by A € R. Thus, the first (resp. second) implication
of the theorem results from the last part of the theorem with s = 0 (resp. s = 1)
according to Theorems 2.3 and 2.4 (resp. Theorem 3.13 and Remark 3.17).

To prove the last part of the theorem let v € V* and consider x* = A='J;,Gpv. It
satisfies Ax" = J,Gp,v and 7, x"* = Jj,v due to (67), hence x" — J,v = (I —np)x",

(A= )x" = 1, (Gp — Vv = =A(I —mp)x",  Cx" — Cpv = C(I — mp)x".
UsingLemma4.4,C € £(H;;Y)and (62), thisimplies || x" —J,v|lo < c2h?|| Ax" o,
(4 = )" = Ju(Gh = M)vllo < cgh?A] Ax" o,

ICx" = Cpoll/IC Il < cohl| Ax™[lo.

Leto =1,5s >0,7n>0andn/h = A > 0. Forv € 1G,<p/n Vh | Ax o =
|[Grvllo < (n/h)||v|o. Hence all the above norms are bounded by ¢, ||v||o for 2 < 7.
Plugging these bounds in (76) and (77) for x”, and factoring out [vl|3 yields (78)
and (79) with the constants stated in the theorem.

To prove the third implication of the theorem, we assume C € £(Hy;Y), (76),
and (77) with s = 1. The above bound is now replaced by

ICx" = Choll/IIC | < cgh* [ Ax" o,
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which is better than A™/2||(A — A)x" — J,(Gp — Mv|lo < c%hzkl_s/ZHAtho for
s <2, 4> 1 Forv € 1g,<ppas VP 14X o = 1Ghvllo < (n/M)*>||v]lo.
Plugging these bounds in (76) and (77) with s = 1 for xh, yield (78) and (79) with
s = 1 and errors bounded by the square of c212((n/ h)*/3)'=1/2+1|jy||o for h < 1,
where the power of 4 is zero. O

4.3.3. From filtered discrete to continuous observability. We prove that general-
ized resolvent conditions for the continuous system (28),

[Cx|I> < LAVI(A=Dx|§ + IA)x[§. x € DA).A>2=0,  (80)
Ixl5 < M)A —)x]I§ + mQ)|Cx[|?, x € D(A).A> X =0, (8]

where [, L, m and M are bounded positive functions on (0, +00), can be obtained as
the h-limit of the following -uniform resolvent conditions for the semidiscrete system
(74) restricted to the filtered space 16, <y V", where f: (0,hg) — (0, +00)
decreases and f(h) — +ocoash — 0:

IChulI? < LG = Mvlig + 1) ]G, (82)
lvllg < MG = vl +mR)[|Crol?, (83)
where, in both equations, v € 16, < r(1) Vh and A € [Ao, f(h)).

Theorem 4.12. Assume (75). The semidiscrete admissibility (resp. observability)
resolvent condition (82) implies (80) (resp. (83) implies (81)).

Proof. Consider x € D(A) and u > A > A¢. It is enough to prove (80) and (81) for
x replaced by 14<; x since ||x —14<, X|2 = [|[A 14z, X[lo = 0 as u — oo. Let
h,, > Osuchthat f(h,) > p,and let vt = 16,<u J}:‘ﬂhx € 1G,<fh) Vhtorallh e
(0, hy). Since 14, <y th —la<p = (M4, <p — Va<p)7h + 14, <, (I — 1), using (68)
and (62) yields || Jv" — la<px|lh = |(Qa,<pw 7w — 1a<pw)x|i — O0ash — 0.
Since C € £(H;;Y), this convergence implies ||Cjv" — C 14<, x| = |C(Jpv" —
la<p)x| — 0. Since J,Gpv" = Jy16,<u GpJ A~ Ax = 14;,<, Ax due
to (67), since ||(1a<u — 14, <) Ax[lo — O due to (68), the convergence Jph —
la<p X in Hy hence in Hy implies |J#(G, — M)v* — (4 — 1) 1a<p x[lo — O.
Therefore, taking the limit # — 0 in (82) and (83) for vh implies (80) and (81) for
1A</,L X. O

4.3.4. Convergence of the filtered control systems. We consider the semidiscrete
control system dual to (74) with B;, = (AY/2J;,)*A~Y2B = G, J*my A~' B (which
is both the dual of Cy, : Vlh — Y and the adjoint of Cp,: Voh —Y),

V) -Gy 0) = B, M0 =yg e H' wh e L}

loc

(R;Y).  (84)
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The norm of By in £(Y; Vfl) is the norm of C in £(Hy;Y). According to Theo-
rems 2.3 and 2.4, the admissibility and exact observability resolvent conditions (82)
and (83) for constant /, L, m and M are equivalent to the admissibility and exact
observability of (74) restricted to the filtered space 16, < r(n) V" for some T > 0 uni-
formly in /. As in definitions 2.1 and 2.2, the dual notions for (84) are the following.
There is an admissibility cost K7 such that:

T
/ "G Bpu” (t)dt
0

There is a controllability cost k7 > 0 such that: Yo € H", Ju" € L2(R;Y),

ul(t)y=0, t¢10,7],

2 T
< KT/ lu” ()|?dt, u" € L2(R;Y). (85)
0

1Gh<f(h) wh(T) = O, and (86)

T
h 2 hi2
/ W ()1Pdr < er 2 2.
0

The following theorem discusses the convergence of the inputs u” for the dis-
crete system (84) to the input u for the continuous system (29) depending on the
convergence of the initial data Jj, Iﬂé’ to &y. It needs the notion of minimal control in-
vestigated by Jacques-Louis Lions, a.k.a. HUM control after the Hilbert Uniqueness
Method he introduced (cf. [25]), and the characterization of this minimal control u
in (29) as the only control being also an observation y in (28). For completeness, we
prove this result and the same result for the discrete system (84).

Proposition 4.13. If (28) is admissible and exactly observable in time T at cost kT
then among all the inputs u such that the solution of (29) satisfies £(T') = 0, there
is one of minimal norm in L*(0, T; Y) and this is the only one for which there exists
xo € Hy such thatu(t) = Ce'*4xq, t € [0, T]. Moreover it satisfies

T
I[xollo < «7l[Sollo  and  —{xo0.60)0 :/ lu@)?dt < krlléolly. (87
0

If (74) restricted to the filtered space 16, < f(h) V" is exactly observable in time T,
among all the inputs u” such that the solution of (84) satisfies 16, < f(h) wh(T) =0,
there is one of minimal norm in L*(0, T;Y) and this is the only one for which there
exists VI € 1, < rny V" such that u" (t) = Cpe'*nvli, t €10, T).

Proof. The Hilbert space Hy with the hermitian scalar product (-, -)o is also a real
Hilbert space with the scalar product % (-, -)o. Consider the strictly convex €! func-
tional J defined on the real Hilbert space Hy by density and admissibility as

|
J(x) = 5/ [Ce™x|?dt + R(x,E)o, x € D(A). (88)
0
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Exact observability implies J(x) = ﬁ”x”2 + M(x, &)o, hence J is coercive.

Therefore J has a unique minimizer xs € Hp, i.e. J(xx) = infxep, J(x), and the
gradient VJ computed with respect to the real scalar product (-, -)o vanishes at x,
hence

T
0= elTAVJ(x*) — / el(T—t)ABCeltAx*dt + elTASO.
0

This equation also says that the solution of (29) with the input u.(t) = Ce'*4x,
reaches the final state £(7°) = 0. In terms of this us, (VJ(x4), x«)o = 0 writes

T T
/ s () |Pd1 = / 1Cei ™, |2dt = —(xs. E0)o. (89)
0 0

The second equality and observability yield # x5 < —(xx, E0do < [lx«lloll€o]lo-
Hence ||x«|lo < k7 |0ll0- Plugging this in (89) yields (87) for x, and u.
Integrating by parts in time the scalar product in Hy of (28) and (29) yields:

T
(eiTAXO,S(T»O = (x0.&0)o —l—/(; (CeitAxo,u(l‘))dl‘, (90)

for all xg, £ in Ho and u in L?(R; Y). Thus u controls &, in time 7 if and only if

T
0= (x.&)o +/ (Ce'™x,u(t))dt, x € Ho. (C2))
0

The minimality of u results from this consequence of (89) and (91) with x = Xx:

T
ullZ 20 7.7 :/ [ (2) |71
0

T
= /0 (us(t),u(t))dt

< lluslizzo,m:vy 1l 200,137y -
Writing (91) twice with x = x¢ — x«, once with u(t) = Ce'*4xy and once with
u4(t) = Cel'x,, then taking the difference of the two equations yields

T T
0= / (Ce'™x,u(t) — u(t))dt = / |Ce'™x|?dt.
0 0
Exact observability deduces | x||> = 0, therefore xo = x4 hence u = u.

The second implication is proved similarly considering the functional Jj defined
on the real Hilbert space 16, < r(n) V" with scalar product R (-, -)o by

17 ,
Jp(v) = 5/0 ||CheltGhv||2dl + N(v, Yoo, v E 16,<rm) Vh.
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The projection 1, < r(n) commutes with ¢'TCn and, for this scalar product,

T
VJ,(v) = 1Gh<f(h)/ e_ltGhBhCheltGhvdt + 16,<rm) Yo-
0

The solution of (84) with u” satisfies 16, <7 " (T) = 0if and only if, as (91),

T
0= (va. ¥iho +/ (Cre Crol uh())de, vl elg,<ramy V. (92)
0

Admissibility holds since 1, < r(n) V" is finite dimensional (this proposition does
not mention uniformity in /). O

Theorem 4.14. Assume (75). Consider a family of initial data (Wél)h>0 in VP and
a family of inputs (u")p=¢ in L%(0, T Y) such that u* controls 1//{} in time T in the
filtered space 16, < f(n) V" ie. the solution of (84) satisfies 16, <7 vh(T) = 0.

If.lhwg — & weakly in H_y and u" — w weakly in L2(0, T; Y) then u controls
&o intime T, i.e. the solution of (97) satisfies E(T) = 0.

Assume the discrete system (74) restricted to the filtered space 1g,,< f(n) Vh with
the Voh norm and the system (28) are admissible and exactly observable in time T
uniformly in h (equivalently (85) and (86) hold, and (29) is admissible and exactly
controllable in time T). If Jy, Iﬂé’ — & in Hy then the minimal control u" of w(’}
converges in L*(0, T:;Y) to the minimal control u of &y given in Proposition 4.13.
E.g. this applies to 1//{,1 = Jy&o for all & in Ho, cf. Lemma 4.8.

Proof. As in the proof of Proposition 4.13, integrating by parts in time the duality
pairing between H; and H_; of (96) and (97), u controls & if and only if

T
0 = (x0,0)1,—1 +/ (Ce'xo.u(1))dt.  xo € Hy, (93)
0
and u” controls Iﬂé’ in time 7" in the filtered space 16, < r(n) V" if and only if (92).
As in the proof of Theorem 4.12, consider xo € D(A4), u > A > 0, h, > 0 such that
flhy) > p, and v} = 16, <u I mnxo € 1G,<sm V" forall h € (0, h,,). Recall
from the proof of Theorem 4.12, Jj, vé’ — 14<y, Xo in Hy as h — 0. Proposition 4.10
deduces Cpe!*Cn vé’ — Ce''xq in L%(0, T;Y). Therefore the two assumptions of
the first implication allows taking the limit # — 0 in (92) and yield (93) for xq
replaced by 14<; xo. Taking the limit 4 — oo and recalling from the proof of
Theorem 4.12 14<y, X0 — X in H>, hence in Hj, yield (93) for x¢ in H>, hence in
H 1 by density. This completes the proof of the first implication.
Letu” (t) = Cpe'*%n v/ be the minimal control of ¥/} and u (1) = Ce'*“x, bethe
minimal control of £y provided by the Hilbert Uniqueness Method in Proposition 4.13.
Similarly to (87) we have

T
[vilo < krllwlllo and  — (Wl ylyo = /0 luh @) |12dt < ir|plI2, ©4)
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where k7 is the uniform controllability cost in (86). Since Iﬂé’ converges in Hy, we
deduce that J " vg and u” are bounded respectively in Hy and L2(0, T; Y). We deduce
that, after extracting a sequence if needed, (1) has a weak limit » in L2(0, T'; ) and,
after extracting again a sequence if needed, (J" vé’) has a weak limit xo in Hy. Since
Jn ‘/’(})l — &y in Hy hence in H_q, the first implication now ensures that u controls
& in time 7. Since thé’ — Xx¢ in Hy hence in H_;, Proposition 4.10 ensures
ul(t) = Cpe''Crvlt — Cel'xy in L2(0,T;Y). Therefore u(t) = Ce*4xq in
L?(0,T:;Y). Hence Proposition 4.13 ensures that xg = x4 and ¥ = uy. Thus u,
is the only accumulation point of (u”) weakly in L2(0, T;Y), hence u" — u, in
L?(0,T;Y). Since thg — Xo = Xxx in Ho and Jhx/f(’} — &y in Hy, the left hand
side of the equality in (94) converges to the right hand side of (89). Hence the norm
of u” converges to the norm of u.. Since we already proved the weak convergence
of u” to uy in L2(0, T'; Y), this proves the strong convergence, which completes the
proof of the second implication. O

Remark 4.15. The investigation in §4 was triggered by the approach introduced
by Sylvain Ervedoza in [11] under the assumptions C € £(H,;Y), y € [0,1)
and A~! is compact. After the version of [12] and [13] in [11] was submitted, the
author privately communicated to Ervedoza an improvement of the filtering scale
now included in [12] and [13]. E.g. with the current notations Ervedoza proved his
main theorem with (6.1.11) in [11], 0 = min {2(1 — y), 2/5}, using a version of the
resolvent condition which he called interpolation inequalities; the author improved it
to (1.11) in [13], 0 = min {2(1 — y), 2/3}, using Proposition 2.9 instead. Similarly,
the author improved (7.1.12) in [11] into (1.12) in [12], cf. [12], Remark 3.1.

Theorem 4.11 improves Theorem 1.3 in [13] in four ways: the approximation
assumption (62) is weaker in practice (cf. Remark 4.1), the assumption on the ob-
servation operator C € £(H;;Y) is weaker, A~ is not assumed to be compact, the
filtering power o = min {2(1 — y),2/3} is improved into ¢ = 1.

The converse Trotter—Kato type Theorem 4.12 is not considered in [13].

The second part of Theorem 4.14 improves Theorem 6.2 in [13] by eliminating,
thanks to Lemma 4.9, the dubiously used assumption (6.11) in [13] which limited to
C € £(Hy; Y) the validity of Theorem 6.2 in [13] and the validity of the convergence
of the observation. Proposition 4.10 also improves this convergence of the observation
in particular by providing explicit convergence rates. Theorem 4.7 is proved here,
with no claim of originality, since we could not find the proof of the similar Lemma 6.4
in [13] in the reference given for it.

4.4. “Boundary” semidiscrete systems. To address the general case of §3 which
suits boundary observability of PDEs, i.e. C € £(H>;Y), we need to modify the def-
inition (75) of the approximate observation operator. Thus we consider the semidis-
crete observation system (74) with (75) replaced by:

Cp=CA ' J,Gy, C e £(HaY). (95)
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Note that | Cv|| < ||C|l2(H4:7)|Grv|lo but the V' norm [|v]|> was not defined as
Grvlo.

4.4.1. Convergence of the observation systems. Similarly to Proposition 4.10:

Proposition 4.16. Assume (95). Consider a family (V") o in V* and x € D(A).
If JhGpv" — Ax in Hy then Cre''Cnot — Ce'*Ax in Y uniformly on finite
intervals of t. More precisely, (62) implies the convergence rate: Yh > 0, Vt € R,

1(Che Ty — Ce™)x]) < IIC | eqasirch*(tIxlls + 2lixlla).  x € He.

If J,Gpv" — Axin Hy then Cpe'*Cnvh — Cei*Ax in L2(0, T;Y) forall T > 0.
Ithvh — x in Ho, x € Hy and (96) is admissible then Cye'tCnvh — CeltAx
in L2(0,T;Y) forall T > 0.

Proof. The first implication results from the convergence in Hy in Theorem 4.7, since
Cpe'Cn = CA e n J;,Gj, and CA™! € £(Hy:;Y). Since (67) is equivalent to
A = J,GyJ;m on D(A), we have Cpe'tGn J;nh—Cei’A = CA (et An—eitA) 4,
Therefore (70) implies the convergence rate in Proposition 4.16.

The second implication in Proposition 4.16. is proved as in Proposition 4.10.

To prove the third implication, we rewrite the assumption J,v" — x in Hy, as
JnGp (G;1 v") — A7™'(Ax)in Hy. The second implication yields Cj, e n G;l v —
CA™'e"xin L%(0, T;Y). Since x € H; and (96) is admissible, this completes the
proof as in Lemma 4.9. O

4.4.2. Continuous and filtered discrete observability. For boundary observation
and in relation to the second order system (48), it is natural to consider the unitary
group on H; instead of Hy, i.e. we consider (50) and (51) for s = 2:

X(t) —iAx(1) =0, x(0)=x¢ € Hy, y(t)=Cx(t), (96)
E(t) —iA'E(t) = Bu(t), £0) =& € Hy, ue L2 (R:Y). 97)

We consider improved resolvent conditions for (96): 3L, I, Mg, ms > 0,

L
ICx|* < lel(A —MDx)7 +LlxlF. x € Hs, A >0, (98)
> _ M 2 2
I¥llT < 510 = Dxlly + mslCx[% x € Hs, A > 0. 99)
Recall from (66) that the V/* norm on V" is ||[v||; = || Jpv]: = G2y ,veVh
1 h

We also consider the improved resolvent conditions (78) and (79) for the semidiscrete
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system (74) but with this V}* norm instead of the V! norm: 3L/, I1, M, m > 0,

L/
[Choll*> < = 1(Gn =l + LlvliE, (100)
M/
10l < 531 (Gh = Mvll} + milICholl?, (101)

where, in both equations, v € 1, <y/ho V" and n/h® = A > 0. Similarly to
Theorem 4.12, we have:

Theorem 4.17. Assume (95). The semidiscrete admissibility (resp. observability)
resolvent condition (82) implies (80) (resp. (83) implies (81)) when replacing the H
norms by Hy norms and D (A) by H3 in all these resolvent conditions.

Proof. Few modifications of the proof of Theorem 4.12 are necessary.

Consider x € H3 and u > A = A¢. It is enough to prove (80) and (81) for x re-
placed by 14<,, x since ||x —1a<, X||3 = |A 1azp x||1 = O0aspu — oo. Leth,, >0
suchthat f(h,) > p,andletv” = 16, <, JFpx € 16, <smy V" forallh € (0, ).
Recall from the proof of Theorem 4.12 that || J,v" — la<p x|t = Oash — 0 and
JnGpv" = 14, <, Ax. Moreover ||(1a<y — 14, <u)Ax||1 — 0 due to (68). Hence
[J%(Gp, — Mv* — (A — M) 1a<px|li — 0. Since Cpv"* = CA™'J,Gp" =
CA 14, < Ax and CA™! € £(Ho;Y) due to (95), this also implies | Cpv® —

Cla<ux|| = ||CA_1(1Ah<M —14<p)Ax|| — 0. Therefore, replacing the Hy norms
by H, norms and D(A) by H3 and taking the limit # — 0 in (82) and (83) for v”
implies (80) and (81) for 14« x. 1

Similarly to Theorem 4.11 for the direct implications and due to Theorem 4.12
for the converse implications:

Theorem 4.18. Assume that the observation operators satisfy (95).

The continuous system (96) is admissible (resp. moreover exactly observable) if
and only if, for all n > 0 (resp. for n > 0 small enough), there exists T > 0 such
that the semidiscrete system (74) restricted to the filtered space 1¢, <, p2/3 vV with
the Vlh norm is admissible (resp. moreover exactly observable) in time T uniformly
inh e (0,1).

If the second order system (48) is admissible and exactly observable then, for
n > 0 small enough, for all T > 0, the semidiscrete system (74) restricted to the
filtered space 1G, <y n V" with the VI norm is admissible and exactly observable in
time T uniformly in h € (0, 1).

The continuous system (28) is admissible (resp. moreover exactly observable) if
and only if, for all n > 0 (resp. for n > 0 small enough), there exists T > 0 such
that the semidiscrete system (74) restricted to the filtered space 16, <n/n V" with the

Voh norm is admissible (resp. moreover exactly observable) in time T uniformly in
h e (0,1).
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More precisely, for s € [0,4) ando = 1/(1 —s/4) (resp. s € [0,3) and 0 =
2/(3—1s)), forall n > 0, (76) implies (78) (resp. (98) implies (100)); for n > 0 small
enough (77) implies (79) (resp. (98) implies (100)).

Proof. According to Proposition 2.9, A > 0 in (98), (99), (100), (101) can be equiv-
alently replaced by A = inf A since inf G, = inf A > 0. For s = 0, the range of
A can be equivalently replaced by A € R. Thus, the first and third (resp. second)
implication of the theorem results from the last part of the theorem with s = 0 (resp.
s = 1) according to Theorems 2.3 and 2.4 (resp. Theorem 3.8).

To prove the last part of the theorem let v € V" and consider x” = A=1J,Gpv
as in the proof of Theorem 4.11. Due to (95), we now have Cpv = Cx".

Recall from the proof of Theorem 4.11 that Lemma 4.4 implies:

Ix* — Jpvllo < cgh* [ Ax o, [[(A = X)x" = Jn(Gh = Vvl < cgh>Al|Ax" [o.

For v € 16, <p/ho Vi Ax" o = |IGrvllo < (n/h%)||v]lo. Plugging these bounds
in (76) and (77) for x" yield (78) and (79) with errors bounded by the square of
cnhz_"(z_s/z) ||v]lo for i < 1, where the power of 4 is zero foro = 1/(1 —s/4), and
¢y = max {(con)?, con} — Oasn — 0.

Similarly, the approximation assumption (62) yields:

[x" — Jpvlli < cohl|Ax" o, (A — X)x" — Jn (G — 2|1 < cohA]| Ax"|o.

For v € 1g,<y/ne V", |Ax" o = Gpvllo < (/h°)?||v]ly. Plugging these
bounds in (98) and (99) for x” yield (100) and (101) with errors bounded by the square
of cyh'=9G=9)/2||y||o forh < 1,and the power of & isnow zeroforo = 2/(3—s). [

4.4.3. Convergence of the filtered control systems. We consider the semidiscrete
control system (84) dual to (74) with By, = Gy, J;l* A~'B (which is both the dual
of Cp: V}' — Y and the adjoint of C: V! — Y). Note that IG;, ' Buyllo <
IC £y 1y 1l-

Theorem 4.19. Assume (95). Consider a family of initial data (Wé’)h>0 in VP and
a family of inputs (U)o in L*(0, T; Y) such that u" controls w(’} in time T in the
filtered space 1¢,, < f(n) V" ie. the solution of (84) satisfies 16, <7 vh(T) = 0.

If.lhw(},’ — & weakly in H_y and u" — w weakly in L2(0, T; Y) then u controls
§o in time T, i.e. the solution of (97) satisfies E(T) = 0.

Assume the discrete system (74) restricted to the filtered space 1g,,< f(n) Vh with
the Vlh norm and the system (96) are admissible and exactly observable in time T
uniformly in h. If Jj, Wg — & in H_; then the minimal control u" of w(’} converges in
L%(0, T;Y) to the minimal control u of &. E.g. this applies to Wé’ = Gy, J;ﬂhA_ISO
Jorall & in H_1, cf. Lemma 4.8.
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Proof. Few modifications of the proof of Theorem 4.14 are necessary.

In the proof of the first implication, Proposition 4.16 replaces Proposition 4.10.
In order to apply this Proposition 4.16 to vg as in the proof of Theorem 4.14, recall
from the proof of Theorem 4.12 that JhGhvé’ — Ala<u xoin Hpash — 0.

The proof of the second implication uses the Hilbert Uniqueness Method as in
Proposition 4.13 but the Hj scalar product in the functional (88) is replaced by the
duality pairing between H; and H_;. Thus (87) and (94) are replaced by

T
Ixollr < krlléoll-1  and  — {xo.&0)1,—1 =/ lu@*dr < krllol2;,
0
(102)
h h h . h r h h
lvglly < krl¥oll-1 and  —(vg. ¥g)1,-1 =/ lu® @) 12dt < ker Y5112,
0
(103)

Since Wél converges in H_;, we deduce that J hvé’ and u” are bounded respectively
in Hy and L?(0, T;Y). We deduce that, after extracting a sequence if needed, (")
has a weak limit # in L2(0, T;Y) and, after extracting again a sequence if needed,
(J hvé’) has a weak limit xq in H;. Since Jj, wé’ — &y in H_; strongly hence weakly,
the first implication now ensures that u controls & in time 7'. Since J hvg — Xo
in H; hence in Hy, Proposition 4.16 ensures uh(t) = Che”Ghvg — Ce''xq in
L?(0,T:Y). Therefore u(t) = Ce'*4xy in L%(0, T Y). As in Proposition 4.13, we
deduce xg = x4 and u = u,. Thus u, is the only accumulation point of (1") weakly
in L2(0, T;Y), hence u”" — u, in L2(0, T;Y). Since (J"v}) — xo = xx in H;
and (J" {,’) — & in H_j, the left hand side of the equality in (103) converges to
the left hand side of the equality in (102). Hence the norm of u” converges to the
norm of u = u,. Since we already proved the weak convergence of u” to u, in
L?*(0,T;Y), this proves the strong convergence, which completes the proof of the
second implication. O

4.5. Second order semidiscrete systems

4.5.1. Framework for the Galerkin approximation of second order systems.
Section 3.2 explains how the second order observation systems both in the “bound-
ary” case (48) and the “interior” case (56) fit in the general framework of §2.1. Since
they are dual to each other, from now on the state space and the operator generating
the observation system are denoted by X and + in the “boundary” case, by X’ and
A’ in the “interior” case (X is the “energy space” for the wave equation). Using the
new notation

Zy = Hypy x Hs,  ||(z0, 20)|1? = | Azo|* + ||z1]1?

= [ ACTD220|Z + || 4522y 2,
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these state spaces and operators are defined by
X=Zy=X| =DA), DA =X =2,
Xa=Z,=X, Z,=X",,

with duality pairing ((zo, z1), ({0, (1)) = (Al/zzo, A_l/zfl)o —(z1.¢0)o,
A(zo,21) = i(—21,Az9), A'(20.21) = i(—z1, A'2p).

Thus A’ is an extension of #4 to Z_; with domain Z,.
The spectra and spectral projections of 4 and A are linked by the isomorphism
W in the proof of Theorem (3.8):

o(A) = 0 (VA) U (—vVA), 14223(20.21) = (la<i Zo. la<a z1).  (104)

In both cases the observation operator € is bounded on the domain of the generator
of the observation system, it is defined by €(zp,z;) = Czo and the dual control
operator 8B is defined by By = (0, By). Thus € € £(Z;;Y)and B € £(Y; Z_5)
in the “boundary” case, € € £(Zo:Y) and B € L(Y; Z_1) in the “interior” case.

The approximation spaces are W" = W" x W' with injections gj,: W" — Z,
defined by g, (wo, w1) = (Jpwo, Jpwy). Let W/ denote W with the norm ||w||s; =
| gnwlls, w € W", induced by g, from Zg. The dual Ir: Zo — Woh is defined by
45 (2o, z1) = (J) mpzo, J; z1). The Zo-orthogonal projection from Zo onto VAST
Fndy, definedby $r gy (20, 21) = (wnzo, JnJ), 21), and &, & is the identity operator
on W,

The Ritz—Galerkin variational method considers the finite-dimensional positive
self-adjoint operator on §;, on Woh defined by G5, (wg, w1) = i(—w1, Gpwy), approx-
imates » by the non-negative selfadjoint operator 4, = $,9,d, on Zy defined by
An(zo,21) = (=J; Jpz1, Aptpzo), approximates € by the observation operator €y,
defined by €, (wo, w;) = Cpwyp, and approximates B by the control operator By,
defined by 8,y = (0, By, y). In the “interior” case the definition of Cy, is (75) thus
€), = €Jp,inthe “boundary” case the definition of Cy, is (95) thus €, = €A~ 9, Gy.

The dual observation and control systems generated by g, are:

W) + Gpw" () =0, wh(0) = we € V",

105
wh(0) = wy € V, y(t) = Chwh (1), (10

Uh(r) + G"h (1) = B (1), W(0) = Wy € V",
U(0) = U, € VA, uel? (RY).

loc

(106)

We still denote by 7y, the projectiondefined on Hy x Hy by 703, (20, z1) = (720, Tp21).
The approximation assumption (62) and its consequence (63) write:

|z —mnzllo < cohllzlli, z € Zy,h>0. (107)
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As in Lemma 4.6, in terms of 3, §j, is defined by
AT = 418, 97 (108)

hence [[(A™" — 419, ' d5)zllo < cohllzllo, x € Ho. Therefore A, converges 1o 4
in Zy strongly in the resolvent sense. In particular, if A € R is not an eigenvalue of
s, then the finite dimensional spectral projections 1.4, <) = &5 1g,<x &, satisty

[(Ma<r —1a,<1)zllo = 0, z € Zo. (109)

The proof of Theorem 4.7, (107) and (108) yield:

Theorem 4.20. If z" — z in Zg then e''?nzh — e''Az in Zo uniformly on finite
intervals of t, i.e. the solutions z and w of (48) and (105) satisfy

sup ([w” (1) —z()]l1 + " (1) — 2(0)[l0) — O,
t€[0,T]

with (z(0),2(0)) € Hy x Hy, T € R. More precisely, (62) implies the conver-
gence rate

[(e""*n —e""*)z]lg < coh(t]z]l2 + 2l|zll1). z € Wa,h>0,1€R. (110)

If(z(0), 2(0)) € H3zx Ha, w"(0) = 7,2(0), and " (0) = 71,2(0), then the solutions
z and w of (48) and (105) satisfy

1w (0) = ez ()11 + 10" (1) = 72 (D) o < coht (12015 + [12(0)]12) ,

forallh > 0andt € R.

4.5.2. Convergence of the observation systems. The proof of Proposition 4.16
yields:

Proposition 4.21. Assume (95). Consider a family (w_h)h>0 in Wh and z € D(A).
If $n6pw — Az in Zy then €pe'nwh — €el'*z in Y uniformly on finite
intervals of t. More precisely, (62) implies the convergence rate

I(€ne ™ G mn =€)z ]| < ICll2arrycoh tllzs + 21|z]2),

withz € Z3, h > 0,andt € R.

If $n&w" — Az in Zg then Cpe'®nwh — €e'tz in L2(0,T:Y) for all
T > 0.

If $pv" — z in Zo and (48) is admissible then €pe''¥rwh — €elthz in
L2(0,T:Y) forall T > 0.

In the “interior” case, the proof of Proposition 4.10 yields:
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Proposition 4.22. Assume (75). Consider a family (WM pso in W and z € D(A).
Ifgpw” — zin Zo then €pe'Brwh — €e'**z in Y uniformly on finite intervals
of t. More precisely, (62) implies the convergence rate:

I(Ene" " gn — €M)zl < IC ey pycoh(t[1zll2 + 2]2]1),

withz € Z>, h > 0,andt € R.
If $pw" — z in Zg then €pe'rwh — €eit*z in L2(0, T:Y) forall T > 0.
If $pw" — z in Z_y and (56) is admissible then €pe''%rwh — Celttz in
L2(0,T:Y) forall T > 0.

4.5.3. Continuous and filtered discrete observability. As in §4.3.2, §4.3.3, we
consider the semidiscrete system (105) restricted to the filtered space 15/% ) wh,
where f: (0,h9) — (0,+400) decreases and f(h) — —4ocoas h — 0, and in
particular we consider the filtering scale f(h) = n/h°, where n and ¢ are positive
parameters.

As in (104), the link between the first and second order filtered spaces is

h h h
Loz ry W™ = 1G,<rm V" X 1G,<ri V"

Due to Theorem 3.8 and the last part of the Theorem 4.18 with s = 1 for the direct
implications, and due to Theorem 4.17 for the converse implications we obtain:

Theorem 4.23. Assume that the observation operators satisfy (95).

The second order system (48) is admissible (resp. moreover exactly observable) if
and only if, for all n > 0 (resp. for n > 0 small enough), there exists T > 0 such that
the semidiscrete system (105) restricted to the filtered space 1%%«] n2/3 W™, with the

Woh norm is admissible (resp. moreover exactly observable) in time T uniformly in

h e (0,1).
In the “interior” case, Theorem 3.13 and the proof of Theorem 4.11 yield:

Theorem 4.24. Assume that the observation operators satisfy (75).

The second order system (56) is admissible (resp. moreover exactly observable)
if and only if, for all n > 0 (resp. for n > 0 small enough), there exists T > 0 such
that the semidiscrete system (105) restricted to the filtered space 15ﬁ<ﬂ /h Wh with

the W_h1 norm is admissible (resp. moreover exactly observable) in time T uniformly
inh e (0,1).

Assume C € L(Hy;Y). The second order system (56) is admissible (resp. more-
over exactly observable) if and only if, for all n > 0 (resp. for n > 0 small enough),
there exists T > O such that the semidiscrete system (74) restricted to the filtered
space 15}%” /143 W with the W_h1 norm is admissible (resp. moreover exactly ob-

servable) in time T uniformly in h € (0, 1).
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4.5.4. Convergence of the filtered control systems. The proofs of Theorems 4.19
and 4.14 respectively in the “boundary” case (95) and “interior” case (75) yield:

Theorem 4.25. Assume (95) (resp. assume (75)). Consider a family of initial data
(W, \P{’)h>0 in W" and a family of inputs (u")p=o in L*(0,T:Y) such that u"
controls (\I/h, \IJ{’) in time T in the filtered space lg/% <Fh) Wh, ie. the solution

of (106) satisfies 1g2_ wh(T) = 12 (i) Wh(T) = 0.
If (JpVh, J Wt — (Lo, &1) weakly in Z—y and u” — u weakly in L*(0,T;Y)

then u controls (Co, £1) intime T, i.e. the solution of (49) satisfies ¢ (T) = £(T) = 0.
Assume the discrete system (105) restricted to the filtered space 1g}%< W Wh with

the Woh norm (resp. the W_h1 norm) and the system (48) (resp. the system (57)) are
admissible and exactly observable in time T uniformly in h. If (Jh‘l-'g, Jh\Il{’) —
(¢0.81) in Z_y (resp. in Zy) then the minimal control u® of (W, \I/{’) converges in
L%(0,T;Y) to the minimal control u of ({o,C1) in (49) (resp. in (57)). E.g. this
applies to all (8o,C1) € Z_y, (W, \I/{’) = (J*¢o, GhJ;;kiThA_lé'l), (resp. to all
(Co.81) € Zo, (Wh, W) = (J*7plo, J*01)), cf. Lemma 4.8.

Remark 4.26. The direct implications in Theorem 4.24 improve Theorem 1.1 in
[12] in four ways: the approximation assumption (62) is weaker in practice (cf.
Remark 4.1), the assumption on the observation operator C € £(H,;Y),y € [0, 1),
is weakened into C € £(Hy;Y), A~ is not assumed to be compact, the filtering
powero = min {2(1 — y), 1}in(1.12) in [12] (which is already the author’s improve-
ment of Ervedoza’s (7.1.12) in [11], cf. [12], Remark 3.1) is improved into o = 1
for C € £(Hy;Y)and 0 = 4/3 for C € £(Hy;Y). The converse implications in
Theorem 4.24 are not considered in [13].

The second part of Theorem 4.25 in the “interior” case improves Theorem 6.1 in
[12] by eliminating the dubiously used assumption (6.11) in [12] which limited to
C € £(Hy;Y) the validity of Theorem 6.1 in [12]. The explicit convergence rates
of the observations in Proposition 4.22, and the “boundary” case in Theorems 4.25
and 4.23 were not considered in [13].
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