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Lieb—Thirring inequalities on some manifolds

Alexei A. Ilyin!

Abstract. We prove Lieb—Thirring inequalities with improved constants on the two-dimen-
sional sphere $2 and the two-dimensional torus T2. In the one-dimensional periodic case we
obtain a simultaneous bound for the negative trace and the number of negative eigenvalues.
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1. Introduction

The Schrodinger operator in L, (R™)
—A+V

with a real-valued potential V' that sufficiently fast decays at infinity has a discrete
negative spectrum satisfying the Lieb—Thirring spectral inequalities [20]

>l <Ly [ Vo2, (1)
v; <0
where V4 (x) = (|V(x)| & V(x))/2. The Lieb-Thirring constant L, , is finite for
y>1/2,n=1(ory =1/2see [24]); y > 0,n = 2;and y > 0, n > 3 (where
y = 0 is the Lieb—Cwikel-Rozenblum inequality).
The Lieb-Thirring constants satisfy the lower bound

1 'y+1
L,,>LS, = 1—[EDhdE = :
Pr= T T (yn /[Rn( EDds (Am)" 2T (/2 +y + 1)
Sharp results valid for all dimensions n, L, , = Lf,ljn, y > 3/2 were obtained in [18]
(see also [5]). The best known estimate of L, , for 1 < y < 3/2 from [8] is as
follows

(1.2)

Lya<R-LY, R= % — 1.8138.... (1.3)
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and improves the previous result [11]: R = 2.
The spectral inequality (1.1) for the negative trace (that is, for y = 1) is equivalent
to the following integral inequality for orthonormal families. Let {¢; };Vzl € H'(R")

be an orthonormal family in L,(R"). Then p(x) := Z]N:l @;j(x)? satisfies the
inequality

N
/p(x)1+2/”dx <kn > _[IVell*, (1.4)

j=1
where the best constants k,, and L, , satisty [20], [19]

kn = (2/n)(1 +n/2) +2/mL3/n, (1.5)

In addition to the initial quantum mechanical applications inequality (1.4) is very
important in the theory of infinite dimensional dynamical systems, especially, for the
attractors of the Navier—Stokes equations (see, for instance, [19], [3], [6], [7], [23]
and the references therein). Accordingly, for satisfying these needs Lieb—Thirring
inequalities (1.4) were generalized to higher-order elliptic operators on domains with
various boundary conditions and Riemannian manifolds [10], [23]. However, no
information was available on the values of the corresponding constants. A differ-
ent approach to the Lieb—Thirring inequalities for periodic functions, based on the
methods of trigonometric series, was proposed in [16].

In this article we shall be dealing with Lieb—Thirring inequalities on manifolds.
We consider the two-dimensional torus T? = [0, 27]? (with flat metric) and the
two-dimensional sphere $2. Below we denote by M either T? or S2. Both the
scalar and vector-functions are considered. We first observe that for scalar functions
inequality (1.4) cannot hold unless we somehow get rid of the constants, and we
assume that the ¢;’s satisfy

/ pdM = 0. (1.6)
M
Accordingly, the Schrédinger operator is of the form
1
—Ap + II(Vy), where [1f = f — —/ fdM, (1.7)
(M| Jm

and | M | denotes the measure of M. In Section 2 we obtain a bound for the negative
trace of the operator (1.7) on M

> |vj|§L1(M)/MV_(x)2dM withLl(M)fg.

v; <0

It is worth pointing out that we obtain the same bound as in the original paper [20]
for the constant Ll,z([Rz) improving the previous results in [12], [15]: L1($2) < 1/2
and Ly (T?) < 3/(2n).
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As in [20] we use the Birman—Schwinger kernel (see also [23]). The current best
known results (1.3) for R” are, of course, much sharper. However, the argument in [2]
and induction in the dimension [8], [18], [11] are not directly applicable to the case
of the torus and the sphere because of the global condition(1.6) (especially since on
the sphere there is no global coordinate system without singular points).

Next, we consider the case of vector-functions and show that

3
Li*(M) < 7. (1.8)

This is, of course, obvious for the torus since the vector Laplacian acts independently
on the two components of vector-functions. This is not the case for the sphere,
but (1.8) still holds. We also observe that for the sphere (as for any simply connected
manifold) we do not need any orthogonality conditions and the (negative) vector
Laplacian is strictly positive on $2. Using the one-to-one correspondence between
divergence-free and potential vector fields inherent in two dimensions we show that
in the divergence-free case the bound for the corresponding Lieb—Thirring constant
is the same as in the scalar case. Finally, in the three-dimensional case we prove
the inequality for the negative trace for T3 with the original Lieb—Thirring constant
[20] and some 1.039% larger constant for g3,

In Section 3 we consider the one-dimensional case. Using the idea of C.Foias
[23], p. 440, (see also [9]) and a recent refinement [4] of the multiplicative inequality
characterizing the imbedding H'($') < Lo ($") we obtain for the operator

1571

d2<p

T dx2?
acting on 2w-periodic functions with mean value zero the following simultaneous
bound for the negative trace and the number N of negative eigenvalues:

+ M(Ve),

Z|v]|+N 3f/ V(x)3?dx.

In Section 4 we prove two main technical results concerning sharp estimates for a
series and a 2D lattice sum depending on a parameter. Corresponding to these sums in
R" are the integrals depending on a parameter which are easily calculated by scaling.

In conclusion we recall the basic facts concerning the Laplace operator on the
sphere [21]. Let $”~! be the (m — 1)-dimensional sphere. We have for the (scalar)
Laplace—Beltrami operator A = div grad:

—AYF = A YE k=1, kp(n). n=1,2,....
Here the Ynk are the orthonormal spherical harmonics. Each eigenvalue

Ay =nn+m-=2)
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has multiplicity

2n+m-—2(n+m-—3
km(n): n ( n—1 )

For example, for m = 2, 3, 4 we have
St A, =n?, ko(n) =2,
S2: Ap =nm+1), kz(n) =2n+1, (1.9)
S An =nn+2), ka(n) = (n + 1)%
The following identity is essential [21]: for any s € ™!
km (n)

3 vis)? = K (11) (1.10)
=1

o(m)’

where o(m) = 2n™/2/T(m/2) is the surface area of S”~'. In the vector case
we have the similar identity for the gradients of spherical harmonics [13]: for any
s € gm-1

km (n)

S VY )P = A,k
=1

o(m)’

(1.11)

We also use the following notation labelling the eigenfunctions and the corre-
sponding eigenvalues with a single subscript

—Agi = Aig;, (1.12)
where

(it = v}, Yo N = A AR

n=101
ki (n) times

2. Lieb-Thirring inequalities on the sphere and on the torus

In this section we obtain estimates for the negative trace of the Schrodinger operators
on the 2D sphere $2 and the 2D torus T2 = [0,27]?. Both cases are treated
simultaneously and we denote below by M one of these manifolds. With a slight
abuse of notation a generic point x € T2 and s € $2 is denoted by x.

For V € L,(M) we consider the quadratic form on H'(M)

Oy (h) = |Vh|* + /M V(x)h(x)?dM, he H'(M). 2.1)
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Here and in what follows H ! (M) denotes the subspace of the Sobolev space H ' (M)
of functions orthogonal to constants. The form (2.1) is bounded from below and
defines the self-adjoint Schrodinger-type operator

— Ah+TI(VR), he HY(M) (2.2)

with discrete spectrum vy < vy < --- — 00 accumulating at infinity.
We estimate the negative trace of (2.2) for M = $? and M = T?

> vl < Liy(M) /M V_(x)%dM. (2.3)

v; <0
Theorem 2.1. For M = $% and M = T?

Li(T?) < % Li1($?%) < % (2.4)

Proof. As usual we first assume that the potential V' is smooth. Having proved (2.3)
for smooth V' we prove the general case by approximating V' with smooth poten-
tials V,. We denote by N,(V) the number of eigenvalues v; such that v; < r.
Then

> vl = V/OOO r'IN_ (V)dr. 2.5

v;<0

We use the Birman—Schwinger inequality (see [23], Appendix, Proposition 2.1, where
this inequality is adapted to the Schrodinger-type operators defined on subspaces).
Setting g(x) = (V(x) 4+ (1 —t)r)—, we have

N_, (V) < Tr[g"2(II(=A + tr)ID) g2k, r >0, k>1,1€e[01],
where the trace is calculated in L,(M). Next we use the convexity inequality of
Lieb and Thirring [1], [20]: for positive operators A and C, Tr(Al/ 2c4Y 2)k <
Tr A*/2C* AK/2 ' We obtain

N_p(V) < Tr[g"2(TI(—=A + tr) 1) gk/?] = Tr[gF (TT(—A + 1) TT) 7],

where the last equality holds for k& > 1, since in this case the operator (IT(—A +
tr)IT)~* is of trace class (and multiplication by g%/2 is bounded in L,(M)).
Now we show that for k > 1 (k = 3/2),

ik ok
Nor (V) < e (t7) /M(V(x)+(1 Hrkdm. (2.6)
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We first consider the case M = $2. Using the basis (1.12) and identity (1.10), we
have

Tr[g* (TI(—A + 1)) = > (gF (—A + 1) Fg;. )
j=1

=Y +zr)—k/ 2(5)*;(5)%dS
j=1 52

0o 2n+1

=3 (A, + 1) / RO SHORE
s I=1

2n + 1 k
- ds,
7 (n(n + 1) + () /g;zg(s)

n=

which proves (2.6) for M = $2 in view of Proposition 4.1.
For the torus T? we use the orthonormal basis (27)~!e!™, m € Z3 = Z>\ 0

and obtain | :
N_ (V)< — _ X kdx,
V=3 2 (m]? + tr)k /ng( )
meZ%

which proves (2.6) for M = T2 in view of Proposition 4.2.
Next, restricting k to k € (1,2) and using (2.5) with y = 1 we have

Sz [ [T et vw v a-onkara

ot T 4nk—1

We evaluate the inner integral setting r = llft Vo(x)p. If V < 0and V_ = —V, then
V(x)+ (1A —=0)r)- =V_(x)(p—1)- and

/Oo(tr)l_k(V(x) + (1 =0)r)kdr =t"7F1 = t)*2BQ =k, 1 + k)V_(x)2.
0

For the optimal t = k — 1 € (0, 1) we obtain

L1 1 BQ-kl1+k) )
> vl < 4nk—1(k—1)k—1(2—k)2—k/MV_(X) dM, ke(1,2), 2.7

v; <0

which proves (2.3) with

1 BQ2—-k,1+k 3
LiM) < — 22K 1HD =2 0
Remark 2.1. The minimum, in fact, is attained at k = k. = 1.38..., giving

L;(M) < 0.3605. However, one has to make sure that inequalities (4.1), (4.7) still
hold for k = k. This can be verified similarly to the case k = 3/2.
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We now consider the vector case important for applications. The case M = T2
involves no difficulties since the Laplacian acts independently on the components of
a vector field, so we consider M = $2. The Laplace operator acting on (tangent)
vector fields on $2 we define as the Laplace—de Rham operator —d § — 8d identifying
1-forms and vectors. Then for a two-dimensional manifold we have [13]

Au = Vdivu —rotrotu,

where the operators V = grad and div have the conventional meaning. The operator
rot of a vector u is a scalar and for a scalar ¥, rot i is a vector:

rotu ;= —div(n x u), roty :=—n x Vy,

where 7 is the unit outward normal vector. We note that for the operators rot so
defined, for a scalar v it holds

rotroty = —Ay (= —div grad ). (2.8)
Integrating by parts, that is, using

(VY. ), rs2) = —(Y.divu)p,s2). (ot ¥, u)p,(rs2) = (V. 10tU) 1, (52),

we obtain
2 2
(—Au,u)p,(rs2y = [[rotu|” + || divu|”.

Next, we have the orthogonal sum L,(7$?) = H @ H:
H ={u e Ly(TS?), divu =0}, H* = {ue Ly(TS$?), rotu = 0}.

Both H and H~ are invariant with respect to A (in then sense thatifu € H and Au €
L,(TS?), then Au € H, and similarly for H1) and there exist two orthonormal

systems of eigenvectors: {w;}72, € H and{v;}?2, € H L with the same eigenvalues

_ij :Ajwj, —Avj:/\jvj, (2.9)

where
w; = /\j_l/zn xVg;, v = /\j_l/ngoj.

Here the A;’s and the ¢; ’s are the eigenvalues and eigenfunctions of the scalar Lapla-
cian on $2, see (1.12). Both (2.9), and the orthonormality of the w ;i’s and v;’s follow
from (2.8). Hence, corresponding to the eigenvalue A, = n(n + 1) there are two
families of 2n + 1 orthonormal eigenvectors wfl (s) and vfl (s),l =1,....2n+ 1
and (1.11) gives the following important identities: for any s € $2

2n+1 2n+1

2n+1 2n+1
PG CY s = . (2.10)
=1 =1

4 4
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We finally observe that —A is strictly positive
—A>A I =21 (2.11)

Having done these preliminaries we consider the quadratic form
Qﬁ%m::nmum2+ndqu41/ V(s)lu(s)|*dS, ue HY(TS?), (2.12)
g2

which is bounded from below, and defines the self-adjoint Schrodinger operator
—Au+Vu

with discrete spectrum. We estimate its negative trace

EZIWISLf%SH/nVL@VdS (2.13)
32

v; <0

Theorem 2.2.
Li(s?) =

1w

(2.14)

Proof. Using the basis (2.9), identity (2.10), similarly to Theorem 2.1

N_ (V) < Tr[gF(=A +1r)7¥]

o o
=D (€ A + ) Fwjw) + Y (g (A +1r) v v)
Jj=1 j=1
2n 41 &
=2 ds
A = (n(n + 1) +tr)* /32 8(s)

1 1—k/ k
SE e O ML

1 o0

and we complete the proof as in Theorem 2.1. O

Remark 2.2. We point out thatin view of (2.11) no orthogonality condition is required
in Theorem 2.2 for the vector Laplacian on $2.
The same estimate also holds for T2

3
QWT%EZ. (2.15)

However, in this case we have to assume that u has zero average.

Spectral inequalities (2.3) and (2.13) are equivalent to the integral inequalities for
orthonormal families. As before, M stands for $2 or T?2.
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Theorem 2.3. Let {¢p; }N | € H! (M) be an orthonormal scalar family. Then for
p(x) = ijl @ (x)? the following inequality holds:

w

N
2 2
| pwram < kzj§=1: Vel ko=, (2.16)

If a family of vector fields {u; };V=1 € HY(TM) is orthonormal in L*>(TM), then
/ p(x)?dM < k)¢ Z(n rotu; |2 + || divu;||?), ki€ <3, (2.17)
ji=1

where p(x) = Zjvzl luj(x)|%. If, in addition, divu; = 0 (or rotu; = 0) for
j=1,...,N, then

N
k§°12||rotuj||2, divu; =0,
/M p(x)2dM < % (2.18)
kgOtZH divu;||?, rotu; =0,

where

ec 3
k;ol — kgm <2 < 5 (2.19)

2
-2

Proof. In two dimensions the relation (1.5) between the constants k, and L; is as
follows (the fact that we are dealing with manifolds does not play a role)

ko, = 4L;. (2.20)

This proves (2.16) and (2.17). For the sake of completeness we recall the proof
of (2.18), (2.19) from [15]. By symmetry inherent in the two-dimensional case

divu =0 rotu =0, wheret =n x u.

Furthermore, u1, . .., uy are orthonormal if and only if 111, . . u N are orthonormal.
This shows that ks‘)l = kb*. Letus prove the inequality k' < 2 . Letuy,...,uynbe
orthonormal and letdivu; =0, j =1,..., N. We set p(x) = ijl [ (x)|2 and
consider the family of 2NV vector functionsuy, ..., un, %1, ..., dy. Sincedivu; =0
androti; =0,j =1,...N,wehave (u;,11;) = 0for1 <i, j < N,and the whole
family is orthonormal. Applying (2.17) to this family of 2N functions and taking
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into account that |u; (x)| = |i;(x)| and div i (x) = —rotu;(x) we obtain

N
2
[ pwrar= [ (3wl + 1 0P) dx
M M T
N N
< k3 Y (llrotu |* + [|divii; ||%) = 2Ky > f[rotuy |,
j=1 j=1

Therefore k5 < k3y/2 < 3/2. O

Remark 2.3. The lower bound for k, (M) is the same as in R?
1
ko (M) > —. (2.21)
2

For instance, for the sphere we take the first N eigenfunctions (1.12) and use the fact
that A; = [jV/2]([j /2] + 1) ~ j. Then

2 N
g2

j=1
Accordingly, in view of (2.20),
1
Li(M) = —.
8w
The same lower bound holds for T2 since in this case A i~ Jj/m.
Concluding this section we briefly consider the three-dimensional case. For %3

we see from (1.9) that the eigenvalue A, = n(n + 2) has multiplicity (n + 1) and
arguing as in Theorem 2.1 and setting k = 2 we obtain using Proposition 4.3

_ 1 > (n + 1)? )
N—r(V) = ﬁ; (n(n +2) +1r)? /33 g(s)"dS

)
< ()2 / g(5)%ds.
8 g3

For the torus T3 using the basis of exponentials (277)73/2¢!™* m Z} we have
Vo) 25 3 s [ et
— — — x)“dx
" ~ 8x3 (Im?>+1tr)? Jr2 g
meZ%

< ‘SE(”)—Uz/ g(x)%dx.
8 T3
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We set t = 1/2 and for a fixed x € M calculate the integral
* -1/2 2 32 5/2
(tr) Vx)+ A —=t)yr)zdr = EV_(X)
0
and obtain using (2.5) the following result.

Theorem 2.4. The negative spectrum of the operator —A + I1(V-) on M = S3 or
T3 satisfies

>yl <L) [ v

v; <0
where

4
LiM) <éyy—.
1( )_MISJT

Here 3g3 = 1.0139... and 613 = 1.

3. One-dimensional two-term Lieb-Thirring inequalities

The imbedding of the Sobolev space H!(R), I > 1/2, into the space of bounded
continuous functions can be written in the form of a multiplicative inequality

1713 < eI IPHILL O (3.1)
where the sharp constant ¢ (/) was found in [22]:
c() = Qla®*(1 — ) sinwa)”t, o =1/20). (3.2)

It was also shown there that there exists a unique (up to dilations and translations)
extremal function. For periodic functions with zero average f € H!(S') inequal-
ity (3.1) holds with the same sharp constant (3.2), however, there are no extremal
functions [14]. An important improvement of (3.1) for 2w -periodic functions has
been recently obtained in [4], where it was shown that

1/ 2 < cOIAIPILPIVT = KO (3.3)

For all [ the constant K(/) > 0 and, in particular, K(1) = 1/7 and K(2) = 2/(37),
so that

113 < - IAIA I = %Ilfllz, 1113

5 (3.4)
= @DV = A

where all four constants are sharp and no extremal functions exist.
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Theorem 3.1. Suppose that {¢; szl c H'(SY) is an orthonormal family in L (S).

Then for p(x) := Zjl-vzl @ (x)? the following inequality holds:

2w N
/ p()? ldx + N - KD <)Y 1o |12 (3.5)
0

Jj=1

Proof. For any £ € RN using (3.3) with f(x) = Zjvzl & ¢j(x) we have

1 N

N N -1 N
Eoawf =c(X8) 7 (3 ao6e) k(L)
j= j=

i,j=1 Jj=1

by orthonormality. Setting £&; = ¢; (x) we obtain

N 1
p(0)? < cDp) T (- 0@ ™)™ — K()p(),

ij=1
or
21
p()?! !+ K1) p(x) < p(x)(p(x) + K (1))
N
n o«
< D e ()@ o).
ij=1

Integrating and again using orthonormality we finally obtain (3.5). O

For V(x) > 0 we consider the following quadratic form on H!(S')

2m 2w
/ oD (x)%dx — / V(x)p(x)?dx, (3.6)
0 0
which is bounded from below and defines a Schrodinger-type operator
a2 @
o = TV), 37

In view of compactness of $! the spectrum of this operator is discrete.

Theorem 3.2. Suppose that there exist N negative eigenvalues —v; < 0, j =
1,..., N of the operator (3.7). Then both the negative trace and the number N of
negative eigenvalues satisfy the following inequality

N

K(l)\2! 21 /2” 2041
E : C+ N - < -c(l Vv 2 dx. 3.8
P g (c(l) ) RS <@ 0 0 ¥ G8
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Proof. Let the orthonormal eigenfunctions ¢; (x) correspond to the eigenvalues —v;.
Then

2m o 2w
| e wrar = [ veoe s = -,

Setting as before p(x) := Zsz

N 27 N ,
Sou= [ veetods - Y eI
Jj=1 Jj=1

1 #j (x)? and using (3.5) we obtain

K(l)\2
< v _ 2[+1 Y
< IVl sy Holzars, (l)z,npnw (C(,))
1 K(l)\2!
<max([|V - A+ N (—2) .
< max (Vg v IER ) <c(1))
Calculating the maximum we obtain (3.8). O

Remark 3.1. It is worth pointing out that unlike c(/), the constants K(/) are not
dimensionless and for L-periodic functions (with mean value zero) we have Ky (/) =
Ko7 (1)(2m/L). For example, for [ = 1,

L
/0 P dx+N g < lew,llz
3.9

N 4 2 (L
v-+N—§—/ Vix)3%dx.
;’ =370 Y

Remark 3.2. If the potential V' is even (and periodic), then the subspace of odd
periodic functions is invariant for the operator

d21
Cdx2l

and the orthogonal projection IT (1.7) can be omitted.

v —Vo,

4. Auxiliary inequalities
Proposition 4.1. For u > Oand k = 3/2

2n +1 1

2k—2
Ha = n Z((n(n—i—l)—i—,uz)k k-1

4.1)
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Proof. Since

H(p) = p=2 ) @n+ 1) f(n(n+1)/p). (4.2)
n=1

where ©
f(X) = m and /0 f(X)dX = le,

the fact that inequality (4.1) holds for all & > o, where g is sufficiently large,
follows from Lemma 4.1 below, which gives the asymptotic expansion of H (xt) for
large p:
1 21 5
H(p) = — 32 +o(1/p%).
The point o = 5.0833 is specified in the Appendix (see Section 5). On the finite
interval [0, (o] we make sure that (4.1) holds by numerical calculations. The graph

of H(u) on [0, wo] is shown in Fig. 1. O

Lemma 4.1. Suppose that f is sufficiently smooth and sufficiently fast decays at
infinity. Then the following asymptotic expansion as L — oo holds for H (1) defined
in(4.2):

o0 12
1w = [ f0dr = =210 + 01/, @3
0
Proof. We consider the following partitioning of the half-line x > 0 by the points
(n—1)n
ap, = ay(pn) = T) n=1,....

Then a direct inspection shows that

2 Zn fnn+ D/p?) = Z f(@ns1)(@ns1 = an),

n=1

- Z(n + 1) f(n(n + 1)/ ) = Z f(@ns1)@ns2 = ans1).

n=1

Therefore

(@n+1—an).

H(w) = 5 @)@ —ay) + Y LTSt
n=2

Next, we recall the trapezoidal formula for the approximate calculation of the integrals
(see, for instance, [17]):

/ feodr = LTI ) 4Ry, “44)
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where b )3
Rap(f) =20

f7€). a<é&<b.
This gives

/Oo f(x)dx = i/am F(x)dx

/ f(x)dx + Z f(an) +2f(an+1) (Ans1 —an) + Z Ra, an+1(f)
n=2

— Hw) + / (F) = F(@)/Ddx + 3 Rayanss ().
ai n=2

4.5)
Since a1 = 0 and a, = 2/u? we clearly have
az
iim 22 [ (£() = f@a)/Ddx = FO)
JL—>00 ai
For the third term, using (4.4) with
n?  Oun
&n € (an,any1), & = ﬁ + n_z, |9n| <1 (4.6)

we obtain

Jim 1Y Ry (f) = =3 lim —Z(n/u) [ ()
n=2

3 p—o0

=2 gim © Z(n/u) £ )

3 p—oo

= —%/0 X3 f(x?)dx
1
= —gf(o),

as the following integration by parts shows:
/0 X 1@ P)dx = 5 /0 W[ pdx = — /0 xf'(R)dx = 3 £(0).

Thus, the last two terms in (4.5) are both of order 1/44? and add up o 325 f (0). The
proof is complete. O
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Proposition 4.2. For > 0andk = 3/2

1
F(M)—MZkzz (| |2+M2)k<k7i1' 4.7

Proof. The function F(u) for k > 1 has the following asymptotic expansion as
U —> 00:

= = Lo, 4.8)

This follows from the Poisson summation formula (see, e. g., [21])

Y fmfp) = @) Put Y fRamp), (4.9)

meZn meZn

where ¥ (f)(&) = f(é) = (2n)™"/? fgn f(x)e ¥ dx. For the function f(x) =
/(1 + xz)_k, x € R?, this gives

P =25 3 S/ = 25 /0 = ==+ 2m 3 femum)

meZ?2 meZ2

The third term is exponentially small as © — oo since f is analytic in the strip
Rez; < a, Rez, < a, a < +/2/2, and therefore |f(§)| < C(a,k)e %l see
Remark 4.1. This proves (4.8). Hence (4.7) holds for all i € [uo, 00).

To specify o for k = 3/2 we take advantage of the formula [21]:

1
FA/(1 4+ xH)0tD/2y) = —— 7l x e R", 4.10
(1/( ) ) (&) ) (4.10)
where
1 g tD/2 dx
en T(mn+1))2) /[R (1 4+ x2)m+D/2°

In the two-dimensional case with k = 3/2

1
Fu)=——-—+2=n e~ 2milm|
e 2.

mEZ2

Therefore (4.7) is equivalent to showing that the inequality

1
2 Y e < — 4.11)

2
n
meZ%
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holds for all ;© > 0. To estimate the series on the right-hand side we write down the
numbers |m|?> = m? + m3, m € Z3, in the increasing order counting multiplicities
and denote them by A;: {4;}72, = {m? +m%, m € Z3}. For A > 1 we denote by
N(A) the number of A;’s less than or equal to A (the number of points with integer
coordinates inside the circle of radius ﬁ):

Ny = > L

/{jf/{

We inscribe the circle of radius +/A into the square with side 2+/A + 1 and cross out
the origin. We obtain

NA) < VA + 12— 1 =41+ 4V <8A.

For A = A; this gives j = N(4;) <84, sothat A; > é.
Returning to (4.11) and setting below L := m1/2+/2 we have

o0 1/2 o0 oo
_ _ | o7 i1/2 _ 7 (mil/2_
E:eZMLImI:}:eZnMAJ 52:62[’] =eL§:eL(21 1)
meZ(z) Jj=1 Jj=1 j=1
0 [ —L
_ 7172 _ 7 .1/2 2e
SeLEeLJ <eL/eLx dx = 5
0 L
J=1
16 _ =
= e 2«/5’
202

and inequality (4.11) is satisfied for all u > o = %5 log % = 2.0896. In fact,
Aj > j/4 (see [15]), which gives © > po = %loglﬂ—6 = 1.0363. On the finite
interval [0, o] we verify (4.7) on a computer, see Fig. 1. O

Remark 4.1. Shifting for x; and x, the domain of integration by +ia and using
analyticity we obtain

e_a|$|
(1 —2a2)k—1°

3 <
F®1 = 55
and we can specify po for any fixed k > 1 similarly to k = 3/2.

Remark 4.2. Inequalities (4.1) and (4.7) hold for k = 1.38.. ..
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181 1 0.9

161 1 0.8

1.2F q 0.6

0.8 1 0.4
06 1 0.3
04r 1 0.2

0.2r 1 0.1

Figure 1. Graphs of the functions H () and kn;lF (u) on the corresponding intervals [0, 1to]
fork = 3/2.

Proposition 4.3. The following inequalities hold for . > 0:

> (n+1)? ®  r2dr T
Hss() :==p Yy §8$3/ =83 —
el (n(n 2 0

+2) + p?) (r2 + 1)? 4’
(4.12)

1 dx
Fraw=p Y oo <bp | 5 = by a2,
TN 2 Py v fo @ e
meb

where 83 = 1.0139... and §13 = 1.

Proof. Calculations show that the function Hgqs (@) attains a global maximum at
Msx = 3.312..., which is 1.0139... =: §g3 times greater than Hg3(c0) = m/4.
In calculations we can also take advantage of the fact that for Hg3 (i) there exists an
explicit formula. In fact, using the formula

2

o0
n m coth(mv)  n? )
T T coth :
; (n24+v2)2 4 v T3 (1 = coth™(xv))

and noting that n(n + 2) = (n + 1)%> — 1 we see that Hg3(u) is equal to

%Jﬂ—_cothwu SR cothzw—uz—m—%'

Unlike the 2D case, for large p, Hg3 (i) > Hg3(00) = /4.
For the second sum the Poisson summation formula and (4.10) give

1 1
Frs(u) =n?—— 47> Y e =x2 - — 4 0™
w3 w3

mEZ3
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We find a 1o such that F3 (i) < 72 on [pg, 00) and then verify the inequality on the
remaining finite interval [0, 1] by calculations. We omit the details concerning (i
that are similar to those in Proposition 4.2. The graphs of Hg3 (1) and Fp3(p) are
shown in Figure 2. O

1.015 1

0.9

0.8

0.7

0.6

1.005 0.5

0.4

0.3

0.2

0.1

0.995 L L L L L L L 0

Figure 2. Graphs of the functions %HSS (u) and #qu (w)-

5. Appendix. Estimate of u ¢ for the sphere

Lemma 5.1. For k = 3/2 inequality (4.1) holds for i € [ug, o0), where (g =
5.0833.

Proof. Tt follows from (4.5) that we have to show that for f(x) = 1/(x 4+ 1) and
M= Mo

[ redx —axf@z > =Y Rapanir (1), 5.1)
a1 n=2

the main task being specifying (o. Since f(x) is monotone decreasing,

/ " F0)dx > as f(a),

and the left-hand side is greater than
1 1 1 2k
— > — (1= ) =t —2kt> = Ly (1), t = p 2. (5.2)
P21+ 25k MZ( uz)

For the right-hand side of (5.1) with f”(x) = k(k 4+ 1)/(x + 1)k*2 and £ in (4.6)
satisfying &€ > n(n — 1)/ > ((n — 1)/ 1)* we have
o

k(k e 3
=3 Ry (/) = ZEED L~ /1)

— (5.3)
= 3w o (e DEF2
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and

(n/1)° ((n+ 1)/’
_Z(s A Z((n/m2+1)k+2

o0

= — Zgl(n/u) +— pe Zgz(”/ﬂ)
n=1

o0

Mi > satnfi + 5 Y aatn/).

4—j

where g;(x) = m,

j = 1,2,3,4. The function g;(x) has a unique global

. . 1/2
maximum attained at xo = (ﬁ) / . Therefore

%Zgl(n/u) < x0g1(x0) +/ g1(x)dx
n=1 0

92k + ¥ 1 (Sk+4Qk+DF 610
Tk 4k T 2k(k+ 1) (k +4ktr TS
Similarly (replacing xg in the integral by 0)
1 & (k+ D2 1T@/T(k +1/2)
ﬁ’;gzm/“) Skt T2 Tary ok
1 & Qk+3)F32 1 1
ﬁzga(n/u«) < arraFe Ty = 6.
1F12Fk+32
—Zg4(n/ )< ALADVE 37D _ .

Tk +2)

which gives that the right-hand side in (5.1) is less than

2k(k + 1)

3 (G1(k)t + 3Go(k)t3'? + 3G3(k)1? + G1(k)t*/?) =: Ri(1)

and R3/5(¢) = 0.5317 - ¢ + 1.5844 - t3/2 4+ 32851 - 2 4 1.3333 - t5/2. Obviously,
L3/a(t) =t —3t% = R3)(t) for t € [0, 1], where fg is the first root of the equation
L3/2(t) — R3/2(t) = 0. We find that 7o = 0.0387. Accordingly, (5.1) holds for all
w > o = (1/19)"/? = 5.0833. Explicitly calculating the integral on the left-hand
side of (5.1) and estimating the series involving g, and g3 in the same way as g; we
have R3/5(t) = 0.5317-¢ +0.90074-¢3/2 4+2.8054 -2 + 1.3333 -£5/2 and therefore
can improve the estimate: o = 3.9229. O
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