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Localization of two-dimensional massless Dirac fermions
in a magnetic quantum dot

Martin Kénenberg and Edgardo Stockmeyer!

Abstract. We consider a two-dimensional massless Dirac operator H in the presence of a
perturbed homogeneous magnetic field B = Bo + b and a scalar electric potential V. For
Ve LP.(R?), pe(2,00],and b € L (R?), g € (1,00], both decaying at infinity, we show
that states in the discrete spectrum of H are superexponentially localized. We establish the
existence of such states between the zeroth and the first Landau level assuming that V' = 0.
In addition, under the condition that b is rotationally symmetric and that V' satisfies certain
analyticity condition on the angular variable, we show that states belonging to the discrete

spectrum of H are Gaussian-like localized.
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1. Introduction

Graphene is a two-dimensional lattice of carbon atoms arranged on a honeycomb
structure. Due to its unusual properties it has attracted a great deal of attention
since its discovery; see [4] and [21]. One of the striking facts about graphene is
that the dynamics of its low-energy excitations (the charge carriers) can be described
by massless two-dimensional Dirac operators. An interesting feature of such Dirac
fermions is the lack of localization under the influence of an external electric potential;
see [31] and [15]. This fact, related to Klein’s paradox [4], is due to the peculiar cone-
like gapless structure of the spectrum of massless free Dirac operators.

It was suggested in [7] that it is possible to confine such massless Dirac fermions
in graphene by inhomogeneous magnetic fields of the type B = By + b, where
By > 0 is a constant and b a perturbation with negative flux that decays at infinity.
The spectrum of the corresponding Dirac operator in a constant magnetic field By is
given by the (relativistic) Landau levels. The idea is that as the perturbation b is turned
on eigenvalues will emerge from the Landau levels giving rise to states localized on
the bulk of the support of 5. In this manner a so-called (magnetic) quantum dot or
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artificial atom can be created. These type of models, also with an external electric
potential V', have been further studied in the physics literature, for instance in [8],
[22], [32], and [16] for the one particle case and in [13] and [9] for the multiparticle
case. The articles [8], [22], [32], and [16] deal with specific electromagnetic fields
for which the model is partly solvable or suitable for numerical computations.

In this article we consider a large class of electromagnetic perturbations (b, V')
with V € L? (R?), p € (2,00], and b € L{ (R?), ¢ € (1,00], both decaying
at infinity. The essential spectrum of the corresponding massless Dirac-operator H
describing the quantum dot is given by the Landau levels. We show that eigenfunc-
tions belonging to the discrete spectrum of H are superexponentially localized, i.e.,
they decay faster than any exponential. In the case when IV = 0 we verify the ex-
istence of eigenvalues between the zeroth and the first Landau-level assuming that
b < 0. Assuming that a certain analyticity conditions on the angular variable of V is
fulfilled and that b is rotationally symmetric we prove that those states are actually
Gaussian-like localized. These type of results on superexponential and Gaussian lo-
calization, although new for Dirac operators, are known to hold for spinless magnetic
Schrodinger operators [6], [10], [19], and [29]. We benefit from this insight to prove
our statements. A precise description of our results is given in the next section.

Acknowledgements. Edgardo Stockmeyer thanks Horia Cornean for stimulating
discussions at the conference Spectral days in Santiago de Chile.

2. Results

We consider the massless two-dimensional Dirac operator with an external magnetic
field B: R?> — R, pointing perpendicularly to the plane, and an electric potential
V: R? — R. We are interested in the Hamiltonians

Da=o-(p—A), ()
H =Dy +V, (2)

a priori defined on C{°(R?; C?) C L*(R?; C?). Here p = ilV is the momentum of

. def . .
the particle and 0 = (07, 03) is a vector whose entries

w (01 w (0 —i
T=\1 o) 2=\ o)

are Pauli matrices. The magnetic field B enters in the definitions (1) and (2) by means
of the magnetic vector potential A = (41, A3): R? — R? through the relation

B =014, —0,A; = curl A, (3)

which is understood in the sense of distributions.



Localization of massless Dirac fermions 117
Throughout this article we assume the following on (B, V).

(Al) B = Bo+b where By > Oisanumberandb € L{ (R?; R)forsomeq € (1, o0]
and lim, o0 || Tgxj>n}bllc0 = 0.

(A2) V € LY (R%; R) for some p € (2, 00] and limy—oo || Ifx|n3V [loo = O.

loc

Here 1;(-) denotes the characteristic function on the set /. Assuming that B ful-
fills (A1) we can always find A € L! (R?; R?) for some ¢ € (2, oc] satisfying (3);
see Remark 8. For such magnetic vector potentials and electric potentials V' satisfy-
ing (A2) we know that the operators defined in (1) and (2) are essentially self-adjoint;
see Subsection 3.1. We denote their self-adjoint extensions by the same symbols and
their domains by D (Dy) and D (H ) respectively.

To the homogeneous magnetic field By we associate the vector potential

def B
Ag = 70(—362,)61), “4)

satisfying curl Ag = By. It is well known that the spectrum of D, consists of
infinitely degenerated eigenvalues (I, )z, called Landau levels, given by

I, = sgn(n)y/2n|By, neZz,

where sgn(n) = n/|n|if n # 0 and equals one if n = 0.

Given a self-adjoint operator 7" we write 0, (T'), 04(T'), and 0ess(T') to denote the
pure point, discrete, and essential spectra of 7" respectively. Our first main result is
as follows.

Theorem 1. Assume that B satisfies (A1) and let A € LY (R?;R?), p € (2,00],

loc
with curl A = B. Then, the spectrum of DA is symmetric with respect to zero and

Oess(DA) = (ln)nez -

Moreover,

(@) if b < 0 and strictly negative on some open set, then the discrete spectrum of
Dy on (0, 1) is non-empty, i.e., a4(D) N (0,11) # @ and

dim(Ran(T(g,1)(Da))) = oo;

(b) if b > 0 then
dim(Ran(T 1,)(Da))) = 0.

This theorem is a consequence of Lemmata 2 and 3. That the spectrum of Dy is
symmetric with respect to zero is well known; see, however, Proposition 1.
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Remark 1. A similar result to Theorem 1 is shown in [3] when b is replaced by
Ab and A is assumed to be sufficiently large. Moreover, in [3] stronger regularity
assumptions on b are made. In addition, the magnetic vector potential a associated
to b is assumed to decay at infinity. However, the results of [3] hold for more general
background magnetic fields than By. We note also that our proof differs from the one
in [3].

Remark 2. For Schrodinger and Pauli operators the spectral subspaces obtained by
splitting the Landau levels with electromagnetic perturbations decaying at infinity
have been investigated in the last years; see e.g. [25] and references therein.

Remark 3. Assume that (A1) and (A2) are fulfilled. As a consequence of Lemmata 1
and 2 below,

O—ess(I—I) = Gess(DA) = O—eSS(DA())v

forany A € L? (R?; R?), p € (2, 00|, with curl A = B.
Our next result state that eigenfunctions corresponding to the discrete spectrum
of H are super-exponentially localized.

Theorem 2. Assume that B and V satisfy (A1) and (A2) respectively and let A €
LE (R%; R?), p € (2,00], with curl A = B = By + b. Then, for any eigenfunction
VofH=Ds+VwithHY = EV and E € R\ 0(D4,) the following holds: for
everyr € [2,00] and y > 0 there exists an R > 0 such that

1= rye” MW, < oco. ®)
This theorem is proven in Section 5.

Remark 4. This type of results are known to hold for magnetic Schrodinger operators
(p—A)2+ B. Our proof follows the ideas presented in [6]. In fact, since our operator
is linear in A, some parts of the argument are more straightforward. For instance, we
do not require that b € C!(R?; R) decays in the C '-norm as done in [6].

Remark 5. One essential ingredient in the proof of Theorem 2 is the explicit knowl-
edge of the Green function Gg of Dy, . This is calculated in Appendix A.

In order to obtain Gaussian decay we make further assumptions on (B, V). Let
T = R/2rnZ) and let v = v(r,0),(r,0) € R* x T be the potential V written in
polar coordinates. We assume the following.

(A3) B isradially symmetric, i.e., b(x) = b(r), r = |x|.
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(A4) For any (r,0) € RT x T the mapping R 3 a +— v(r, 8 + a) = v,(r,6) has
an analytic continuation v,(r, #) to C. Moreover, for any t > 0 there exist a
p € (2,00] and a real-valued function u, € LY (RT x T, rdr df) such that
| 1¢>nyticllooc = O asn — oo and

|ﬁZ(r’ 9)' S u‘t(r’ 0)’
forany (r,0) e Rt x Tandz € S; = {z € C: |Imz| < t}.

(A5) v is differentiable with respect to r and R > a — d,v(r,8 + a) can be an-
alytically continued to 9,0.(r, 6) on C. Moreover, there exist a p > 0 such
that for any ¢ > 0 there is k; > 0 such that |1~ 30,v;(r, 0)| < k for any
(r,0) e Rt xTandz € S,.

Theorem 3. Assume that B satisfies (Al) and (A3) and V satisfies (A2), (A4),
and (AS). Let A € L{ (R*;R?), p € (2,00], with curl A = B. Then, for any

eigenfunction W of H = Do + V with HY = EV and E € R\ 0(Da,) the
Sfollowing holds: For every 0 < a < 1, we have

2
e Bo/ 4, < oo,
This theorem is proven in Section 6.

Remark 6. The analyticity assumption (A4) on the angular variable of V' implies, by a
Paley—Wiener argument, exponential decay of the Fourier modes of the potential in its
angular momentum decomposition; see (40), (41), and (50) below. Assumption (AS)
is similar to (A4) but for the radial derivative of the potential.

Remark 7. The first proof of Gaussian localization for magnetic Schrédinger oper-
ators using assumptions like (A4), but not (A5), was given in [10]. In addition, an
example of a potential decaying at infinity for which the corresponding ground state
decays slower than a Gaussian is also givenin [10]. The proofin [10]is based on a gen-
eralized Feynman—Kac formula. An alternative proof using Agmon-type estimates
with localizations in space and angular momentum was given in [19]. A variation of
the method in [19] was used in [29] to treat the general n-dimensional case, again
for magnetic Schrodinger operators. Our proof follows the ideas developed in [19].
However, it turns out to be more involved since our operator is not bounded from
below. To overcome this difficulty we square the Dirac operator (or parts of it). This
is the reason why (AS5) is used in our setting.

The article is organized as follows. In Section 3 we review some essentially well
known facts about magnetic Dirac operators. Sections 4, 5, and 6 are devoted to
the proofs of theorems 1, 2, and 3 respectively. The article ends with an appendix
containing some useful technical results.
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3. Preliminaries

3.1. Essential self-adjointness. Throughout this article we consider magnetic po-
tentials A € LP (R?; R?) and electric potentials V € L{ (R?), p,q € (2,00]. In
order to show essential self-adjointness of the operators H and D, defined in (1)

and (2) it suffices to prove that

Hrp Z 0 - (p—Tgy<miA)¢ + lix<r Vo, ¢ € C&C(R%:C?),

is essentially self-adjoint for every R > 0; see [5]. Using that for / € L?(R?;C)
and2 < p < 00
fEE -+ D72

is a compact operator (see [28], Theorem 4.1) we get that Tgy<g)(V —0 -A)isa
relative compact perturbation of Dy. This shows essential self-adjointness of Hpg,
since Dy is essentially self-adjoint on C{°(R?; C?).

p

P(R%R?), 2 < p < 00, be two vector

3.2. Gauge invariance. Let A,:& e L
potentials with R
curl A = curl A

in the sense of distributions. According to [17] there is a gauge function P e
W, 2P (R2; R) such that

A=A+V0.
It follows, for any electric potential V € L7 (R%;R), g € (2, 0o], that

loc
(Da+V) = ®(Dg + V)e 2.

In particular, ei&’(Dg + V)e~® is essentially self-adjoint on CSP(R?; C?).
This can be seen as follows. Note that

DE®(D; + V)e™®) = {f € L[R2 C?): e % f € D(D; + V).

Pick functions 7,77’ € C{°(R%; C?) and a sequence (®p)men in C®(R2; R) with

®,, — @ in WP (R?) (and hence in W.*(R?)) as m — oc. Then,

(D3 + V), e ¥y = lim ((Dz + V), e ™ ®mp)

lim
m-—00

= lim (eia’"n/, (Dz + V)n) — lim (eia’mn/,a -V ®,un)
m—00

m—00
= (1. (Dz + V) — (¢ ®n', 0 - V).
Since 7’ is an arbitrary element of a core of Dz + V/, it follows that

e D(D; 4 V)
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and R R
(D3 + V)e 1%y = e_‘qD(Dg +V—-0-VO)p,

which implies that
ei&’(D; +V)e = (Da+VIn, e CSP(R*; C?).

Due to the essential self-adjointness of Dy + V' we deduce that e@(Dg + V)e_i&’
is also essentially self-adjoint on C{°(R?; C?) and that the two operators coincide.

3.3. Supersymmetry. For A = (A1, Ay) with A; € LY (R?), p € (2,0, j =
1, 2, we define the following two operators

dip =[(p1 — A1) +i(p2 — A2)lp. ¢ € C{°(R*; C),
drgp = [(p1 — A1) —i(p2 — A2)]p. ¢ € CP(R*0).

Clearly, we have that

0 d
Dy rC(§>°([RZ;CZ): (dl 02)'

Since Dy rc(§>°([k2;cr:2) is essentially self-adjoint it follows that d; and d- are closable;
see [30], Section 5.2.2. In addition, setting d = d, one finds that d* = d and

Dy = (2 do*) on D(Dy) = D(d) & D). ©6)

It is known that dd* and d*d are self-adjoint with domains D(dd*) = {¢ €
DA*): d*p € D(d)} and D(d*d) = {p € D(d): dp € D(d*)}. Moreover,
there is a unitary map S from Ker(dd*)* to Ker(d*d)=, such that

dd™ Pgerganr=S"d"d Tga@rat S )

Let us note that we can block-diagonalize D4 using the Foldy—Wouthuysen transfor-
mation. Setting

1/+/2 onKer(Dy)*,
a =
" 1 on Ker(Dy),

1/+/2 onKer(Dy)*t,
a_— =
0 on Ker(Dy),

we define the Foldy—Wouthuysen transformation as

U =ay + o3sgn(Dp)a—,
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where sgn(D4) = Da/|D4| on Ker(Dy)* and equals zero on Ker(Dy) and

(10
03—0_1.

The unitarity of the above transformation can be easily verified observing that ¢ €

Ker(Dp) < o3¢ € Ker(Dy) and that o3sgn(Da) = —sgn(Da)os. The latter
relation holds since 03 D5 = —Da03 and 03| Da| = |Dalos. A direct computation
yields
d*d 0
UDAU* = . 8
A ( 0 V" d*) (3)

Equation (7) and (8) imply the following statement.
Proposition 1. Let A € LY (R?; R?) for some p € (2,00]. Then, the spectrum of
D is symmetric with respect to zero and

04(Da) N (0.00) = o3 (Vd*d) \ {0}, 1 € {pp.d.ess}.

4. The spectrum of Dy

The aim of this section is to show Theorem 1. An important ingredient is the study of
the essential spectrum of D4. In order to do that we modify an argument from [14]
obtaining Lemma 1 below. We combine this with a result from [24] on the infiniteness
of zero modes for Pauli operators (see Lemma 2 below). The proof of the theorem is
then a consequence of Lemmata 2 and 3.

In the following discussion we assume that B = By + b with By > O and b €
LL (R?;R) suchthat|b|'/? isrelative /p? + I-compact. LetA € L2 (R%;R?), p €

(2, 00], with curl A = B. We start by observing that, for ¢ € C°(R?; C),

2
(d*p.d*p) =Y _Il(p; — A)el” + (9. Bo),
Jj=1

©)
2
(dp,do) =" ll(pj — 4)¢l* — (¢, Be)

J=1
holds. This implies the commutator relation

def

(p.[d.d*|g) = (d*¢.d*¢) — (dp.dp) = 2(p. Bp), ¢ € CP(R*;C). (10)

The idea in [14] is to use this commutator to study the essential spectrum of dd* and
d*d. In order to extend this identity we define these operators as quadratic forms
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and show that Q(b) D Q(d*d) = Q(dd*) and |b|"/2(d*d + 1)~"/2 is a compact
operator. Here @(-) is used to denote the form domain.
Let us define

71(p, 9) = qile] = |lde|?,

92(0,9) = q2le] = ||d*¢]|?,

with form domains Q(q1) = D(d) and @(q2) = D(d*). Since d and d* are closed
(see Subsection 3.3) we have that ¢; and ¢, are closed and positive. Thus, associated
tog;, j = 1,2, there is a unique self-adjoint operator 7; characterized as follows:

W.Tip) =q;(V,0), ¥ €Q(q;), ¢ € D(T)),

D(Tj) ={p € O(g;) |In € L*(R*;C).V¥ € €.q;(¥.9) = (Y. n)},

where € is any form core of g;. It is easy to check using (11) that in fact 71 = d*d
and T, = dd*. Note that since the restrictions of d and d* to C{°(R?, C) are
closable C§°(R?, C) is a form core for ¢y and g,. We define yet another quadratic
form. For ¢ € C{°(R?, C) we set

an

2
gslel =Y ll(p; — Apell®.
j=1

Itis known (see [27]) that g3 is closable and we denote its closure by ¢3. Its associated
self-adjoint operator Hg = (p — A)? is the usual magnetic Schrodinger operator.
Recall that |b|'/2 is relative /p2 + 1-compact. Using the diamagnetic inequality
for |p — A| (see e.g. [11]) and arguing as in [2], Theorem 2.6, we conclude that

Q(q3) = @(H;/z) C D(|p|'/?) and that |b|'/? is relative H;/z—compact. Thus,
the quadratic form

Blel £ Bollel + (sgn(b)[b|?g, |b|'/2¢)

is in absolute value bounded with respect to g3 with bound 0. In particular,

a5 le] = qsle] £ Blel. ¢ € Qgs).

is closed. Observing that by (9) we have that ¢, fcgoz q;r fcooo and ¢ rcooo:
qs; rcgo and using that C{°(R?; C) is a form core for g1, g2, ¢3 and qgt we conclude
that Q(¢q1) = @(q2) = @(q3) = Qand gy = g5 and ¢ = q;. Moreover,

dd* = (p—A)*> + B,

(12)
d*d = (p—A)? — B,

in the sense of quadratic forms on @ and hence the commutator formula (10) extends
to @.
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Lemma 1. Let B = By + b with By > 0 and |b|'/?> € L2_(R?:R) be relative
VP2 + l-compact. Let A € LY (R*;R?),p € (2,00, with curlA = B. Then,
either one of the following statements holds:

(i) Oess(d™*d) = 0;

(i1) Oess(d*d) = {2Bon: n € No} and 0es(dd™) = {2Bon: n € N}.
In addition, if V satisfies (A2) then V is relative Da-compact and in particular
Oess(DA) = O—ess(l)A + V)

Remark 8. Note that our assumption on B are satisfied if B fulfills (A1). Indeed, in
this case |b|'/2(p? + 1)~1/2 is compact by Lemma 12 in Appendix B.
Moreover, note that if B € L (R?;R) for some ¢ > 1 we can always find

loc
A € L (R?;R?) for some p € (2, 00]. In order to see this define / to be a solution
of

Ah = B. (13)

A local solution to this equation is given by the Newton potential iy of B. We
know that hy € W?24(Q) by the Calderén-Zygmund inequality, where Q C R?
is a bounded domain (see e.g. [12], Section 9.4). This property extends to any
solution 4 of (13) since & — hy is harmonic on Q. Therefore, h € ngc,q([Rz)_ Now

one can define A = (—d,h, d,h). Clearly, A; € W,2?(R?). By standard Sobolev
inequalities one obtains that 4; € L (R?;R) for some 2 < ¢ < oo if ¢ € (1,2] and
A; € L°(R%R)if ¢ > 2.

loc

Proof. First note that for any A > 0 the operator (d*d + 2By + A)~/? maps
L?(R?;C) onto D(+/d*d) which equals @ and i)(H;/z). Thus, by the closed
graph theorem, the operator (Hs + 1)'/2(d*d + 2By + A)~'/2 is bounded. In
particular,

|b|"2(d*d +2Bo + A)7'/?
= b2 (Hs + )72 (Hs + D/(d*d + 2By + 1)/

is compact. Hence, the operator

T(A) £ (d*d + 2Bo + A)~2sgn(b)|b|V/2|b|Y?>(d*d + 2By + 1)~ 1/?

is also compact. It is easy to see that A > 0 can be chosen so large that | T(4)| < 1.
For such A’s we have, according to the resolvent formula for operators defined as
quadratic forms (see [26]), that

(d*d + 2By +2b+ A1)7!
= (d*d + 2By + A)"V2(1 + T(A)) "' (d*d + 2By + 1)~ V2.

Note that the inverse of 1 + T'(4) is well defined as a geometric expansion. Since
(1 + T(X))™' — 1 is compact, we conclude that the resolvent difference between
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d*d + 2By +2b + A and d*d + 2By + A is also compact. Therefore, by Weyl’s
theorem, the two operators have the same essential spectrum. Using this and (12) we
deduce that

Oess(dd™) = Oess(d¥d + 2Bo + 2b) = 0ess(d*d + 2By). (14)
The latter equality and Equation (7) imply (here we follow [14])

S = oess(d*d), S C [0,00),
(15)
S\ {0} = S + 2B,.

Assume now that S # @, then it is easy to see from (15) that 0 € S and hence
2Bon € S,n € Ng. Note also that no other points can belong to S. Hence,
using (14) we get that o5 (dd ™) = 2Bon, n € N.

Now, assume that V' fulfills (A2). Then, V is relative /p? 4+ 1-compact (see
Lemma 12 in Appendix B). It follows by the diamagnetic inequality that V is relative

H é/ 2—compact and consequently (arguing as before for b) D (V) D @ and the oper-
ators V(dd* + 22)™"/2 and V(d*d + A?)~'/2 are compact for any A # 0. From
these considerations follow that V(D4 —iA)~! is compact, since the identity

(Da—id)7!
= (D2 + 227 V2[(D2 + A%)7V2(Dy +i10)]

d*d + A2)71/2 0 _ :
= (T e ) (00 )
holds and the operator in [. . .] is bounded. Therefore,
Oess(DA + V) = O—ess(l)A)- U

We note that if b satisfies (A1) then Ker(d *d) is infinitely degenerated. Indeed,
this follows from the fact that

/ [B]yd?x = oo,
R2

[B]_d?*x < oo,
R2

(where [ f]+ and [ f]- are the positive and negative parts of f) which shows that
B = By + b fulfills the conditions of [24], Corollary 3.4. In particular, we know that

Ker(d*d) = {we™" |we™ € L>(R?;C) , w is analytic in x1 + ix2},

where /4 is a solution of the equation Ah = B; see [24]. Therefore, we get the
following result.
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Lemma 2. Assume that B satisfies (A1) and let A € LY (R?;R?), p € (2, 00], with
curl A = B. Then,

O—ess(d*d) = {ZB()I”l |n € D\IO},
(16)
O—ess(dd*) = {ZB()I”I |n (S IN}

In particular,
Ocss(Da) = Uess(DAo) ={lx |I’l €Z}.

Moreover, 0 is an isolated point of 6 (D) and o (d*d).

Proof. Dueto our previous discussion we see that 0 € e (d *d). This combined with
Lemma 1 imply (16). That 0 is an isolated point of o (d*d) follows by noting that,
since 0 & 0es(dd™), 0 is neither an accumulation point of o (dd™) nor of o(d*d).
The statements on o (D) are now a consequence of Proposition 1. O

Lemma 3. Assume that B satisfies (A1) and let A € LY (R*;R?), p € (2, 00], with
curl A = B. Then, we have

(a) If b < 0 and strictly negative on some open set, then
dim(Ran(15, /575,(D))) = dim(Ran(1_ 35,0 (Da))) = 00.
(b) If b > 0 then

dim(Ran(ﬂ(O’m)(DA))) = dim(Ran(ﬂ(_mjo)(DA))) =0.

Proof. We may choose A = (—d,h, d;h) where & is a solution of Ah = B. Due to
Remark 8 we know that A € L? (R?, R?) for some p > 2.

loc

Part (a). Let 2 be an open set with b | 2 < 0. Recall that there are infinitely
many functions w, analytic in x; + ix,, with ¢ = we™" € Ker(d*d). For such ¥
we have, using (12),

<w,dd*w>=2<w,3w>szBonwnz+2/Qb(x)|w(x)|2dx<2Bo||wn2, (17)

where in the last inequality we use the fact that 1 can not vanish on 2. Let ({;)nen

be an orthonormal system such that v, = e "w, € Kerd*d with w, analytic in

def

X1+ixy. For N € N define the self-adjoint matrix My = ((Vn, dd*¥m))1<n.m<nN-
It follows from (17) that My < 2By. The Rayleigh—Ritz principle implies

0<pun(dd®) < pun(My) <2Bg, n=1,...,N,
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where we write

def

pn(T) = sup inf (v.Ty)
@Lses®@n—1 VESPA{P1,..c.0p—13+
l¥ll=1,4€0(T)

for some self-adjoint operator T. Since N is arbitrary the mini-max principle implies
thatdim(Ran (1, 355)(dd™))) = oo. Itfollows thatdim(Ran(1, /555 (dd™))) =
00, for 0 ¢ oess(dd ™) by Lemma 2. The claim is now a consequence of Proposition 1
and (7).

Part (b). In this case we have that dd™ > 2By, since dd* —d*d = 2B > 2B,.
Thus, the claim follows now from Proposition 1 and (7). Ol

5. Super-exponential localization

The proof of Theorem 2 follows the ideas developed in [6]. An essential ingredient
is that, by means of suitable local gauge transformations on certain regions outside
a big ball of radius n centered at the origin, one can replace the operator Dy by a
Dirac operator Dy, with A, = Ao + a”, where a” is a magnetic vector potential
of a magnetic field b, satisfying limy, oo ||Pn|lcc = 0. The advantage of this is
that we can obtain explicit L? estimates (see Lemma 4 below) for the resolvents of
Da,,, conjugated with exponential weights. These estimates can be derived using a
certain resolvent expansion, see (35), in combination with an explicit expression for
the Green kernel of Dy, that can be found in Appendix A below.

Before stating these L? estimates let us fix some notation. For p, g € [1, o] we
denote by B(p, q) the space of bounded operators from L?(R?; C?) to L9(R?; C?)
and write, for T € B(p, q),

def

I, £

T 5000 (18)
Let y > 0 and u € R? with |u| = 1. We define the exponential weight function as
F(x) = yu-x, xeR2%

Let b, be a magnetic field with lim,, oo ||Pn |00 = 0 and a” be the associated vector
potential in the transversal gauge, i.e.,

1
a’(x) = / by (sx) A X sds, (19)
0

where we write @ A V = a(—v,, v1) fora € R and v € R2. The proof of the lemma
below can be found at the end of this section.
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Lemma 4. Let V,, € L®(R%; R), n € N, be a family of electric potentials satisfying
lim [Vl = 0.

For any n € N define the family of self-adjoint operators Da, + V,, where A, =
Ao +a" and a” is given in (19). Let z € R\ 0(Dya,) and q.r € [1, 00] be such that

1+ % — é = %for some p € [1,2). Then, there exists N > 0 such that, for all
n>N,z¢&da(Da, + Vyp)and
eF(DAn +Vy—2) e F e B(q.r). (20)

In what follows we apply the above result to show Theorem 2.
Proof of Theorem 2. Forn € N and u € R? with |u| = 1 set
Q,={xeR*: u-x>n}

For j € {1,2,3} define y; € C*®(R?;[0,1]) with y; = 0on R? \ Q,, and y; = 1
on £(;+1)n. We choose n so large that

18]l oo,y < 00-

Since b € LY (R?), g > 1, we find a vector potential a € L? (R?; R?), p > 2, with
q p p

loc loc
curla = b (see Remark 8). Define, for x € R?,

1
a"(x) = / b, (sx) AXxsds,
0

where b, = 1g, b € L®(R?). Observe that
curla = curla” on Q,,

that 2, is simply connected, and that a”,a € L?_(R?; R?) for some p > 2. There-

loc

fore, there exists a gauge function &Dn € Wl;c’p (£2,,) such that (see [17], Lemma 1.1)
Vo, =a—a" onQ,. (21)

By multiplying @, with a C *- cutoff function we may define a ®,, € Wléc’p (R?) that
coincides with ®,, on €2,,. In particular, we find that

Vo, =a—a" on Q. (22)

Define now V, = yV and observe that ||V, |lec — 0 as n — oco. Then we get, for
any n € €5°(R*; C?) and j € {2,3}, using (22) and the identity x; = x1 ;.

Xi(Da+V)n=xj(Dag—0-a+Vy)n
= xj(Dag—0 -V, —0 -a" + Vy)n

= y;e'®1(Dy, — 0 -a" + Vy)e 1y,
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Set A, = Ao + a” and let W be an eigenfunction of D, with eigenvalue E ¢
o(Da,)- By the previous computation we obtain, for any n € €$°(R?; C?) and
J €42.3},

(e!®"(Da, + Vo = E)e™ | W) = ((Da+V = E)n| g; ¥)
= (io-Vyn|¥).

This equality extends to any 7 in the domain of ¢! ®"(Dy, + V,, — E)e™ %1, since
€5°(R?; C?)isacore fore! @1 (Dy, +Vy—E)e™ ®n; Subsection 3.2. Clearly, A, and
V, satisfy the assumptions of Lemma 4. Thus, for n sufficiently large, £ ¢ 0(Da,,)
and we may replace 1 by e!®7(Dy, + V,, — E)~'e~ ®11 obtaining that

xjV=—iel®(Dy, +V, —E) le (0 - Vy)V, j e{2,3}. (23)

Observe that using (23) for j = 2 in combination with Lemma 4, withg = 2,r = 3,
and F = 0, we obtain that
12V e L3(R?; C?). (24)

We use again (23), for large n, to get in addition that
ef x3¥ = —ie' (" (Da, + Vo= E) e M) (e e (0 Vya) 12¥).  (25)

Since supp(Vy3) C Q3 \ Q4, we find thanks to (24) that e 7' ®7eF (6 V y3) 32 ¥ €
L?(R?;C?) N L3(R?; C?). Thus, we may apply Lemma 4 with ¢ = 3,7 = oo and
g = 2,7 = 2 to obtain the decay in the L> and L? norms respectively for n > ng
sufficiently large. We obtain the desired bound (5) from (25) by varying F over
finitely many vectors u. O

Proof of Lemma 4. Recall that the magnetic vector potential is given by A,, = Ag +
a" where a” is defined in (19).
A simple calculation shows that the vector potential

al(x) = /Olbn(x’ +sx—x)A(x—x)sds, x €R? (26)
is also a vector potential of the magnetic field b,. A crucial property of a7, is that
|l (X)] < [|bnllo - X =X, x,X € R 27)
Since curlag, = curl a" there exists a function ¢y, : R? — R with
Vg (x,x') = a” (x) — ay (x). (28)

We may further require that
@n(x,x) = 0. (29)
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The proof of Lemma 4 is based upon L7 estimates for the resolvent expansion (35)
below. We start by defining the relevant objects and list their L? properties. For
z € R\o(Da,) let Go(x, X/, ) be arepresentation of the Green kernel of (D, —z) ™!
as 2 x 2-matrix. Due to (60) from Appendix A and the triangular inequality we obtain
that

leF®Go(x,x; Z)e_F(x/)HCz@Cz < e 06Dty (x — ¥ 2) £ gp(x —X).
We observe that thanks to (61) we have that

gr €L'(R*)  1e[l2),

(30)
Ix|gr € L'(R?) 1 €[1,00].
We introduce, for n € N, the integral operators
Su(2), Ta(2): L*(R*: C?) — LA (R* C?)
with
5210 2 [ e#Go(xx52) f(x)dx. an

N0 E [ 0-atm e 6o [, G

where ¢, is determined by (28) and (29). Notice thatin view of (30), (27), and Young’s
inequality (see [18], Section 4.2) both operators are well defined and bounded. In
fact, since

le" Tu(z)e ™) (%, X)lc2ge2 < 16alloo /X — X'|gF (x = X)),
we find by (30) and Young’s inequality that, for g € [1, o],
lim " T(2)e™" |y = 0. (33)
lfurthermolre, a1 similar argument implies that, for ¢, r € [1,00] and ¢ € [1, 2) with
r=l+tr-7

sup [le” Sy(z)e™F |, < oo. (34)
neN

Our next task is to show the following resolvent formula in L2(R?; C?), forn € N
so large that || 7, (2)]l2,2 < 1, see (33),

(Da, —2)7 = Su(2) Y Tu(2)~. (35)

k=0
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Pick functions f € L?(R?;C?) and g € C{°(R?; C?) and, we find
((Da, —2)g, Sn(2) f)
= / ([(Da, — 28] / NGy (x X1 2) f(x) dX ), dx
R2

[R2
- / / (DD, — 2)g](x). Golx.x':2) f(X)) 2 dx dx,
[R2 [R2

where Young’s inequality together with Lemma 11 from Appendix A enabled us to
use Fubini’s theorem in the last equality. Observe that due to (28)

7O ON(Dy, —2)g](x) = [(Dag — 0 - af — 2)e 7)),
Hence, using again Fubini’s theorem,
((Da, —2)8, Sn(2) f) =

/[Rz </[Rz Go(x',x; 2)[(Day — Z)e_i(p"(.’X/)g](X) dx, f(X/)>c:2 dx’
- , (36)
—/ / (o -a,'(’,(x)e_”"”("’x)g(x), Go(x,X';2) f (X)) 2 dx' dx
R2 JR2
= (g, f)—(g Tu(2)f).

For the first integral after the first equality above we used (29) together with the fact
that G is the Green kernel of Dy, and thus, for any § € C{°(R?; C?),

/[RZ Go(X',x;2)[(Da, — 2)g)(x) dx = g(x') ae.

Now, since Dy, is essentially self-adjoint on CS°(R?; C?) we can extend the iden-
tity (36) forallg € D(Dy,, ). From this extension follows that S, (z) maps L2 (R?; C?)
in D(Dy,,) and

(Da, —2)Su(2) f = f =Tu(2)f. [ € L*(R%;CP).
This yields, for n large enough, the operator identity
Sn(z) = (D, —2) 7 (1 = Tu(2)),
from which follows (35).
We observe that (20), for V,, = 0, is a consequence of (33), (34), and

o0
le¥ (Da, —2)7' e gy < leFSu@e iy, Y (e Tu(z)e Pl k.
k=0
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Note that the last sum above converges for n large enough due to (33).
In order to show (20) for V,, # 0 we note that by Holder’s inequality

1Vae (Da, =27 el <IVallslle (Da, =27 Fflpy — 0. GT)

as n — oo. Therefore, the following computation is meaningful for n large enough

le” (Da, +Va—2)" e Ty,
= lle" (Da, —2)7' (1 + Va(Da, —2) )7 |,
o0
<l (Da, =)' e gy Y IHVae" (D, —2) '™

m=0

This finishes the proof. O

q.9°

6. Gaussian-localization

In this section we show Theorem 3 on Gaussian localization of eigenfunctions with
energies in the discrete spectrum of

H =Dx+V,

under the assumptions (A1)—(A5) stated in the introduction. We choose the magnetic
vector potential to be given by

Ax) £ 7 A®r) (_fo) Ay =r"" /rB(s)s ds. (38)
0

If B € LI (R? R) it is easy to see, using Holder’s inequality, that if ¢ € (1,2]
then A € L{ (R?; R?), for some p € (2,00), and that A € L% (R?; R?) whenever
q€2,00].

The proof of Theorem 3, given in Subsection 6.3, follows the ideas of [19] consist-
ing in Agmon-type estimates with localizations in space and in the angular momentum
variable. Of course, we have to adapt the method of [19] since our Hamiltonian is
not bounded form below.

In Subsection 6.1 we transform the operator H to polar coordinates and we de-
compose it in the angular momentum variable m;. The analyticity condition (A4)
on V permits us to obtain exponential decay in |m;| of eigenfunctions of H with
eigenvalues £ € o04(H); see Lemma 5 in Subsection 6.2. In order to obtain the
Agmon estimates, in Subsection 6.3, we square the transformed free Dirac operator

K((,z); see (39) for its definition. The Gaussian decay is essentially due to a positive

term in (K, (()2))2 that goes like 2. This term is in competition with a term that behaves
like m; when m; > 0. The Gaussian weights in the Agmon estimates are localized
in the region where m; < r2. The complementary region, on the other hand, is

controlled by the exponential decay in |m; .
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6.1. Unitary transform. In the following we derive an equivalent representation
of H. We denote by U the unitary map that represents H in polar coordinates; see
e.g. [30], Section 7.3.3.

UHU* = H® = K§V +v(r,0),
K((,l) g Sei—id, + irtosJs —i03A(r)},

acting on # () = L2(R*) @ L?(T; C?)?, where

def . def 0 6_16
J3:—189+1/20'3, S@Z eie 0 .

Next we identify L2(7'; C?) with £?(Z)? by means of the transformation
F: LX(T;C* — (*(2)*
given by

27w
?[f](j)g\/%—ﬂ [“yeim s 0 a0,

for f € L2(T;d0)?, where m; = (2j +1)/2, j € Z, and

i6/2
df [ € 0
Mo = ( 0 ie‘ie/z)'

Under these transformations we find the decomposition
L*(R%:C?) = # P = P L2(RT:dr)?
jeZ
and the corresponding operator
H=H® =k +w,

def

which is essentially self-adjoint on D@ = FUCS (R?; C?). Forh € D, K(()z) =
FUDNU*F* acts as
(KPn)(r. j) = (=i020, + 01 (—=mjr™" + A(F))A(r ). (39)

where we used the fact that ¥ Sg F ™ = 05, that ¥ Sgo3F * = io1, and that ¥ J3F*

[rod N Todt 3

is the multiplication operator by m;. The electric potential W = FvF ™ acts as

(Wh)(r, 1) £ (r.0 = j)h(r. j). (40)

jeZ
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where

1 21 )
3(r,n) /e—m%(r,e)de, nez. 1)
0

" om

Two other quantities play an important role in our analysis, namely W; = % 9,0 *
given by

(Wah)(r, 1) £ 0,001 — jh(r, j), (42)
JjEZ

and Wp = F9pvF * that acts as

(Wah)(r,1) £ Y i (j = Do, = j)h(r, j). (43)

JEZ
6.2. Rotation-analyticity. For f € #™" and a € R we set

(Ua f)(r,0) = (73 £)(r,0) = 7392 £ (1,0 + a).

We call a vector f € (1 rotation-analytic, if and only if the series

Jn
S,

n!

has an infinite radius of convergence. We start by presenting a lemma that gives
us some a priori decay of some eigenfunctions of H® in the angular momentum
variable.

Lemma 5. Assume that (A1)—(A4) hold. Let ¥ € J® be an eigenfunction of H @
10 the eigenvalue E € o4(H®). Then, for every y > 0, we have

oo
2 /0 MM (r, j)Pdr < oo.
JEZ

Proof. The proof is analog to the one given in [19], Section 3. We sketch it here for
the reader’s convenience. Due to Lemma 14 (in Appendix B) { H (V(2)},cc defined

on i)(K(gl)) through

HOz) = kY + 5.,
is an analytic family of type (A); see [23]. Note that when ¢ € R the identity
HW(a) = U,HDU} holds. Moreover, by Lemma 13 (in Appendix B) we have
that

b (K —i)7!
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is a compact operator in (V) for any z € C. Therefore, oo (H P (2)) = Uess(Kél))
by Weyl’s theorem. Arguing with analytic perturbation theory and using the fact that
the spectrum of H ™ (a) and H" is the same for a real (see e.g. the proof of Theorem
XII1.36 in [23] for a similar argument) we find that £ € oq(H (1)) of multiplicity
N € N is also an eigenvalue of H(V(z) of the same multiplicity.

Let P, be the N-dimensional E-eigenprojection of H()(z). Since rotation-
analytic vectors are dense in #) (see e.g. [20]) we find some rotation-analytic
vectors f1,..., fy such that Ran Py = Span{ Py f1, ..., Po fn}. Observing that, for
aeRandje{l,...,N},

UaPij = PaUafj,

we find an analytic continuation of a — U, Py f; € # (M) to the complex plane. In
particular, e' /37 Py f; belongs to # () for any z € C. Let ¥; € RanPy be such that
F W, = . By the discussion above we get that

Fel3w, e @, yeRr.

This ends the proof since (Fe”/3Y W) (r, j) = ™Y WU(r, j) and

[e.¢]
> / V1 (r, j)Pdr
jeZ 0

OC>—2ym- =\ (12 OC>2ym- <\ (12
SZ e J(r, J)| dr—i—z e V"M(r, j)|7dr < oo. O
jez”° jez”0

6.3. Agmon-type Estimate. In this section we deduce the Agmon estimates needed
in the proof of Theorem 3. They were obtained in [19] for the case of a magnetic
Schrodinger operator. These estimates uses heavily the fact that the Schrodinger
operator is bounded from below. As we commented before we will obtain these

estimates for the square of the Dirac operator K, ((,2).

Fix a number B > By and note that, due to (A2), there exists Ry > 0 so large
that the estimate (47) is fulfilled and moreover

IRy Bl < B. 7> Ro. (44)
We set, for0 < g < g1 <1,
4B
- " m
(a7 —a3)B5

0 m;j <O,

ijO

&
e,

r(J)

and

a

={(r,j) e RT xZ|r > r(j)}.

QQI’QZ
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Moreover, we define
q2Bo/4(r* —r(j)*) m; =0, 1 =71(j),
p(r,j) = 3 q2Bor?/4 m; <0,
0 m; >0, r<r(j).

Eventually we will choose ¢» to be sufficiently close to 1. A direct calculation shows
that

. . q>B . .
lo(r, j1) = p(r, jo)| < —5——5—"1/1 = ja2|.
(41 — 43) Bo
Let ps = p(1 4 &p)~ 1. It is easy to see that
. . @B
lpe(r, j1) = pe(r, j2)| < —5——5—=|j1 — jal. (45)
’ ’ (43 —43)Bo

Finally, for R > Ry, we fix a smooth function fr in r with bounded derivatives in
R x Z satisfying

. 1 r>2Rand (r,j) € Q.45
fr(r.j) = )
0 r<Ror(r,j)¥& Qg ug

where 1 € (0, 1) is a fixed number that will be chosen sufficiently close to 1. Note
that §24,,4, C $2gy, 145 R
Let W be the eigenfunction from Theorem 3 and ¥ = % U W be a normalized
eigenfunction of H® with corresponding energy E € o7 (H®). Weset, for R > Ry
and § € (0, ),
g =% frU. (46)

Observe that § can be chosen arbitrarily close to 1.

Lemma 6. We find constants Ry > Ro and ¢ > 0 such that, for any § € (—1,1), p >
Ry, and j € {0,1,2},
sup || B¢’ Pe W e8P, || < c, (47)
e>0

where Wy “ W and Gp e 1]{,>p}. In particular, the commutator

i io
(Ko Wol = ~ioa Wi + —= W, (48)
satisfies the estimate
sup || €27 fR[KSP, Wole 8P| < 2¢, R > Ry. (49)

>0
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Proof. We show (47) only for j = 2, for the other cases follow analogously. For any
m € Z andr > 0 wedefine the analytic function C 3 z > h,,(r, z) = e "2 ,(r, 0).
Using (41) and the decay and analyticity assumptions on v (A5) we find forany r > p
(sufficiently large), m € Z, and y € R that there is a constant C > 0 such that

1 27 1 27
Iﬁ(r,m)lz—/ hm (r,0)d6 z—/ B (r,0 —iy)d6
27| Jo 27 | Jo

(50)
e ™My

<

- 2n
Here we also used Cauchy’s integral theorem and the fact that /,, (r, z) is 27r-periodic
with respect to Re(z). In particular, replacing y by —y in the above estimate we see
that, for y > 0 and m € Z, the bound 6,|0(r,m)| < Ce™ ™Y holds. Therefore,
using (45), (43), and Young’s inequality for £2(Z?; C?) in combination with the
Cauchy—Schwarz inequality for L2((0, oo); C), we get, for y sufficiently large and
every f € H@, that |(f, Qpe8p€ Woe 8 pe 6, f)| is bounded by

TS DU 16,001 = D= 15 £ yldr < ENFIP,
0

2r
/ Usjy|(r, 0)d0 = ||0p“2|y|||ooe_my < Ce™™,
0

leZ JjeZ
~ def 7B
for some constant C > 0, where v = @-aDB
Equation (49) follows from (47) and (48). Equation (48) is a consequence of
(KP W] =F KV, v]F* (51)
S
=7 (—iSp0,0 + 22 2050) 5, (52)
r
and the fact that ¥ Sy F™* = 0, and F Syo3F* =1io0;. O

Before continuing let us state a simple technical result.
Lemma 7. Forany y € R we have that "’ fr¥ € J)(K(()z)).

Proof. Let A > 0and n € FUCS®(R?; C?). First observe that a simple computation
shows that

(@re™ fr)e ™
extends to a bounded operator on #®. In addition, e*” UeH® by Theorem 2.
Therefore, we get by explicit calculation on F UCS®(R?; C?), that

(KP 7, e fr¥) = (fre?* K0, U)
= (K fre?n, B) + (020,77 fr)n, V)

= (.e" fRK$ W) — i (1. 02(3,¢77 fr)e ™ (M D)),
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Since 7 can be chosen arbitrarily from the domain of essential self-adjointness of
K((,z) we get the desired result. O

An important role in our analysis is played by the quantity
0 ZRe(Kg el Peg, Ko Peg), (53)

which is well defined due to Lemma 7. Before we show Theorem 3 we state two
preparatory lemmata whose proofs are given in the next subsection.

Lemma 8. There are R, s-independent constants Cy, Cy > 0 such that, for R > R,
sufficiently large,
Q = (C1R* — Cy)|IglI*.

Lemma 9. There is an R, e-independent constant C3 and an e-independent constant
C(R) such that, for R > Ry sufficiently large,

0 = Gslgl* + C(R)lgl-

Proof of Theorem 3. Fix §,¢1,¢> € (0, 1). Combining Lemma 9 and 8 we find, for
R > R, sufficiently large,

lgll < (C1R* —Cy—C3)"'C(R) (54)

Since the right hand side of (54) is independent of ¢ we obtain, by the monotone
convergence theorem,

e = lim [le"¥)* < (sup g + 1" (1 = fR)I)? < oo.
£>
For M > 1 define
Qi =0 j) € RY X Z| 1% = Mr(j)%).

We have that Qg, 4. C Q4,.4,- Thus, for any (r, j) € Qg,.40.00, We get

.~ 92Bo, , 2. _ 92Bo 1y,
pr. ) = 207 = r(j)) = P2 (1 o),

Therefore, setting @ = §g»(1 — M ™), we obtain

|e*Bo/4r? g ¥ < oo. (55)

qu-qz-M

If(r,j) ¢ qu,qz,M then

L @i -a3)Byr 8.
’ = 4M B
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Thus, thanks to Lemma 5 we deduce, for any y > 0, that

1P 15, ¥ < oo. (56)
q

1:92.M

Choosing y = «/f - Bo/4 and combining (56) with (55) we conclude that
||e"‘BO/4’2\TJ|| < 00.

The latter holds for@ > 0 arbitrarily closeto 1, since § and ¢, can be chosen arbitrarily
close to 1 and M > 1 can be as large as we want. This proves the theorem. O

6.4. Proof of Lemmata 8 and 9. Before we give the proof of Lemmata 8 and 9 we
need a preparatory result.

Lemma 10. For R > R; sufficiently large we have that
" B .
1K g% = n2a3B3lIr g /4— Ir " gl /4 — B |Ig]*.
Proof. Letus write g = (g7, g7)T and gji = g*(., j). By Equation (39) we have

2
I1K$” 81120

= (10 —mjr™" + AN + 1(=0, —m;r~" + A(r)g; |1
jeZ

Furthermore, dropping the term —92, we get

(&8, —mr™ + A |1?

= (g7 ((m} F mp)r™2 + A(r)?)g}") + (g7 Fo,A(r) — 2m;r ™ A(r))gy).
Observe that (A2) implies that

rLZ/ b(s)sds =o(l), asr — oo. (57
0

This can be seen by splitting the integral above in the regions where b(s)s is integrable
and the one where b decays in the L°°- norm. Hence, given g3 € (q1, 1) we find,
using (57), a constant R, > R; such that, for all r > R»,

B(r) > q3Bo., A(r) > q1Bor/2,
~ N (58)
|0,A(r)| < B, A(r) < Br/2.

Therefore, for all r > R > R,, we get

(3, —mjr~" + A(r)g|1?

= (g7 (—r 72 /4 + g1 B3r? /4 —2mir T AGr) - B)g)),
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where we also use that (m]2 +tm;)>—1/4.
Assume that m; < 0. Since g1 > g» and A(r) > 0, for r > R, we find that
(&0, —mjr™" + A(r))gF|1*> = (g7 | (a3 B§r?/4 — r~2/4 — B)gF).

Assume now that m; > 0. Recall that A(r) < Br/2, for r > R,. Using that
m; <r2(q? — u?q3)BZ/(4B) onsupp g C 2g,,uq, WE et

(&3, —mjr~" + A(r)gi |17
> (g7 | (q1 Bar?/4—r /4 —m; B — B)g})
> (¢ | (WPq3BGr?/4—r2/4— B)gi’).
This finishes the proof. O
Proof of Lemma 8. Notice that
e*Bre kP eFore — gD o zEpe  7Ee B 15 b0y,
Thus, we have
0 =Re((K$? + Z77)g | (K§? + Z7%)g)
= |K§?glI* — 8219, peg .
Since |0, ps| < |9,p| < g2Bor/2 we find
0 = [KPgl? — (1/95%g3 B el

Combining this with Lemma 10 and that supp g C {(r, j) | r = R} we obtain (recall
that 0 <§ < pu < 1)

Q = ((u* = 8)q3 BER? /4~ R72/4 = B)||g|.
This concludes the proof. O
Proof of Lemma 9. We clearly have
0 < [(KPe™eg. fr(E = W)P)| + |(Kg e g.02(3, fr) D). (59)

We analyze each of the above terms separately. Using that (K ((,2) + W)\Tf = EVand
noting that W fg extends trivially to a bounded operator (for R > R; large enough),
we have, for any n € FUCS®(R?; C?),

(K, fr(E—W)¥)
= ((E — W) frK 0, ©)

— (KP fR(E = W)n, ®) + ((E — W) fr, KPn, B)

= (0. (E = W) oY) + (0. W. K1 fr D) + (n,102(3, fR)(W — E)D).
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This identity extends to any 1 € JD(K(()z)), in particular, we may choose = e%fe g

(see Lemma 7). Thus, using Lemma 6, we find a constant C > 0, independent of R
and &, such that

(KD e g, fr(E —W)B)|
< lgl %= [(E = W)2 f& + [W. K21 f& + 1023, fR)(W — E)]V|
< Cligl lle®= ¥ < Clglilgl + lle®® (1 = fR)ID.

We now treat the second term in (59). We define the operators Y and L acting, for
any h € #@ and (r, j) € Rt x Z, as

(Ch)(r. j) = =™ j).
(Lh)(r, j) = Qo102(mjr~" + Ar) (@, [RYD)(T, J).-
Clearly, since A(r) is bounded on the support of d, fg — for R > R; large enough;

see (58) — L is an anti-symmetric bounded operator on # ). With these definitions
we have, using again the eigenvalue equation, that for any n € F UC$°(R?; C?)

(KP1.02(0, fr) D)
= (KL 020, fR)1, ) + (0, Tauppa, £ (192 fRY — LY ))

= (1, Vappay 12 (023 fR)(E — W)W +192 fp¥ — LY 1))

Note that Y10 € # @ by Lemma 5. Next, we extend this identity to n € D (K, ((,2))
and replace 7 by %% g. Using that %0+ Tsuppa, 7 is bounded uniformly in & > 0, we
find &-independent constants C(R), C’(R) > 0 such that

(KPP g 003, fr)D)|
< C'(R)lIgll €% Tauppa, 2 IITT TN + [ Tauppar 12 W E 1)

<CWR)|zl.

where in the last inequality we use again Lemma 5. Therefore, we obtain from (59)
and the above bounds that

0 < lgl(Cligh + Clle®(1 = fr)ll + C(R)),

which concludes the proof. O
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A. Bounds for the Green function of D,

Let
of B() X — X/ 2

c] 0
n(x,x) = —7()61)6/2 — X2X7).

Lemma 11. Letz € R\ 0(Da,) andlet Go(x,X', z), X, X" € R2, be a representation
of the Green kernel of (Da, —z)~! as 2 x 2-matrix. Then we have that

[Go(x, % 2) | 2 < €O (x—x'; 2), (60)

or some function w(+;z): — at satisfies
t R? — RT that sat

—e|x|

sup |xle *Mw(x;z) < o0, &> 0. (61)

xeR2

Proof. Recall that by Proposition 1 we have for £ # 0 that = F € o(Dy,) if and
only if E2 € o(dd*) \ {0} = o(d*d) \ {0}, where

d*d = (p—Ao)’  Bo.
(62)
dd* = (p—Ag)* + By.
A simple computation using (6) yields, for any z € R \ 0(Da,),

(Dao —2)7" = (Da, + 2)(DX, —2°)7!

(2@*d =7 drdd* -z (63)
“\d(d@*d -z z@dd* -z )

It is well-known that the Green function of (p — Ag)? is given by
[(p—A0)® = {17! (x,X)

: ’ / (64)
= (47) 7T () ") =06 (g, 1,20(x — X)),

where U is a confluent hypergeometric function and « = —1/2({/Bo — 1) ¢ —N;
see for instance [6], Lemma 2.2.
Combining (62), (63), and (64) we obtain that the Green kernel of D,,, is given
by
Go(x,x: ) = ¢l 10X)=0G=) (QII(X’ x'1z) Qua(x. X" Z))’

Qua(x,x12) Qa2(x,X';2)
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where we define oy = —1/2((z% & Bg)/Bo — 1) and

def

Qi1 (x,x';2) = ()12l (aq) Ul 1,20(x — X)),
Q2(x,x';2)
= (4m) 7' BoT' (- + 1) Ula— 4 1,2,20(x — xX)){i (x1 — x}) + (x2 — x3)},
Qoo (x,X52) = (An) 12T (02) Ue—, 1,20(x — X')).
Here we also used that %U(ajl, t) = —a_U(a— + 1,2,1); see [1], eq. (13.4.22).
Since —a+ & Ny, the bounds (60) and (61) follow now from the asymptotic formulae
for U; see [1], eq. (13.5.2), eq. (13.5.7), and eq. (13.5.9). ]

B. The family {H D (2)}.cc

Throughout this section we assume that (A1)—(A4) are satisfied and use that notation
introduced in Section 6. Our concern is the family of operators { H ) (z)},¢c defined
a priori on the dense subspace UCS®(R?, C2) of H () as

HOY) £ kP +5,, zeC. (65)
We first state a technical lemma.

Lemma 12. Let T be a (complex-valued) multiplication operator on L*(R?, C?)
with T € LY (R?,C?), p € (2,00] and limy o0 || jxj>m3 T loo = 0. Then, T is

loc

relative \/p? + 1-compact.

Proof. Forn € N write T = T; + T> where Tj is supported inside the ball B, (0) C
R? and T, on the complement of B, (0). Then T is relative /p? + 1-compact;
see [28], Theorem 4.1. Moreover,

I7® + D72 = Ti@* + D72 < |72l — 0,
as n — oo, from which follows the claim. ]
Lemma 13. For any z € C the operator v, (K((,l) + )71 is compact in H D,

Proof. Letz € C and t > O with t > |z|. Due to the inequality |0,| < u; on R* x T
and the fact that u, € L?(RT x T, rdr d) (for some 2 < p < co) we see that ¥,
is well defined on the domain of K((,l). Let i, = U*u.U. It suffices to show that
U*5,U(Dy +i)7! is compact in L?(R?; C?). This is, however, a consequence of
Lemma 12 and the discussion at the end of the proof of Lemma 1. O
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Lemma 14. {H W (2)},cc defined in (65) extends to an analytic family of type (A)
with domain D(H M (z2)) = D(KV).

Proof. Due to Lemma 13 we know that, for any z € C, H (" (z) extends to a closed
operator with D(H M (z)) = i)(Kél)). It is enough to show that, for any ¢ €
i)(K((,l)) the mapping C 3 z > HM (2)p € # D is analytic.

By the assumption (A5) we have, for any (r, 0) € RT x T, that the power series
Uz(r,0) = D en, v® (r, 0)z" with

V™ (r. ) = Lgﬁ e 8 e (66)
|

271 tl=s é—n+1

for some s > 0, has an infinite convergence radius. In addition, we clearly get
from (66) that [v® (r, 8)| < uzs(r, 0)/s" for any (r,0) € R x T. In particular, we
find that

1
0@l < —luasell. @ € DKG).

Therefore, for any |z| < s,

g =y v, g e DK

neNg

This concludes the proof since s > 0 can be chosen arbitrarily large. O
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