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An estimate on the number of eigenvalues
of a quasiperiodic Jacobi matrix of size n
contained in an interval of size n=¢
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Abstract. We consider infinite quasi-periodic Jacobi self-adjoint matrices for which the three
main diagonals are given via values of real analytic functions on the trajectory of the shift
X — x + o. We assume that the Lyapunov exponent L(Ep) of the corresponding Jacobi
cocycle satisfies L(Eg) > y > 0. In this setting we prove that the number of eigenvalues
Ej(.")(x) of a submatrix of size 7 contained in an interval I centered at Eg with |I| = n=€1

does not exceed (log n)co for any x. Here n > ng, and ng, Co, C1 are constants depending
on y (and the other parameters of the problem).
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1. Introduction

Denote T & R /Z andleta: T — R, and b: T — C be real analytic functions,
with b not identically zero. Let w € (0, 1) satisfy a (generic) Diophantine condition
of the form

C
ol = ——=

n (logn)*’
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where @ > 1 is fixed. We consider the quasiperiodic Jacobi operator H (x, w) defined
on [?(Z) by

[H (x, ®)¢](k)
=—-b(x+ (k+ Dw)pk +1)—b(x + kw)pk — 1) + a(x + kw)p(k).

The important special case given by b = 1 (Schrodinger operator) has been studied
extensively (see the monograph [3]). The study of results that apply to quasiperiodic
Jacobi operators in such a general setting has been launched by the recent work of Jit-
omirskaya, Koslover, and Schulteis [7] and Jitomirskaya and Marx [8]. In particular,
they studied the extended Harper’s model which corresponds to a (x) = 2 cos(2mx),
b(x) = A2 x=0/2) 4 )0 4 Aze~2mI(x=@/2) (gee [6] and [9]). Further motivation
for the study of these operators comes from the general fact that quasiperiodic Jacobi
operators are necessary for the solution of the inverse spectral problem for discrete
quasiperiodic operators of second order, and for the solution of the Toda lattice with
quasiperiodic initial data.

The main objective of this work is to estimate the number of Dirichlet eigenvalues
of the problem on a finite interval of length n which fall into a given interval of
size n~C. This type of estimate plays a central role in the work of Goldstein and
Schlag [4] and [5]. In our analysis we use many ideas and methods of their work. On
the other hand, as it was noted in [8], the singularities (associated with the zeros of b)
of the corresponding matrix-functions introduce considerable technical difficulties.
These difficulties are addressed by using a large deviation theorem for subharmonic
functions ([4], Theorem 3.8) applied to log |b|, which will allow us to include the
singularities in the exceptional sets. The derivation of the large deviation estimate for
the characteristic polynomials via the method of [5] becomes especially complicated,
even if b would have no zeros. We show how to get around these difficulties by
introducing a different derivation which makes a finer use of the cocycle structure
(see the proof of Lemma 4.2). Our estimate on the number of eigenvalues also
improves on the estimate in [5].

The methods we will employ are complex analytic, so from now on we canonically
identify T with the unit circle in C. It is known that a and b can be extended to be
(complex) analytic on a neighborhood of T. Let

b(z) ¥p(1/7)

denote the analytic extension of b. We now extend the definition of H (-, w), to a
neighborhood on which both @ and b can be extended, by

[H(z, w)p](k)
= —b(z+ (k + D)ok + 1) = b(z + ko)p(k — 1) + a(z + kw)g(k).

Note that H(-, ) is not necessarily self-adjoint off T. We work with this ex-
tension because, for our methods to work, we want the determinant to be ana-
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lytic in the phase variable. For simplicity we make the notational convention that

z+ ko défzexp(2m'ka)), forzeCandk € Z.

We consider the finite Jacobi submatrix on [0, n — 1], denoted by H ™ (z, w), and
defined by

a(z) —b(z + w) 0 0
—b(z+w) alz4+w) —b(z+2w) 0
0 0 —b(z+ (n— Do) alz+ (- 1w)

Let L (E) be the Lyapunov exponent associated with H (x, w); see (2.11). Our main
result is as follows.

Main theorem. Assume that Ey € R is such that L(Ey) > y > 0. Then there exist
constants Cy = Co(w), C1 = Cy(a,b, Eg,w,y), and ng = no(a, b, Eg, w, y) such
that for every x € T and n > ng the number of eigenvalues for H™ (x, w) located
in{E: |E — Eo| <n~C1} is at most (logn)€° and furthermore, for any xo € T and
n > ng the number of zeros for det(H ™ (-, w)— Eg) contained in {z : |z—xo| < n~"'}
is at most (log n)<o.

In the Schrodinger case such estimates and further refinements were obtained
by Goldstein and Schlag (see [5], Proposition 4.9). In fact we will prove a slightly
stronger theorem, Theorem 4.13.

Acknowledgements. The authors are grateful to Michael Goldstein for suggesting
the problem and for extensive discussions which were instrumental to the completion
of the project. The first author was partially supported by the NSERC Discovery
Grant 5810-2009-298433.

2. Preliminaries

We proceed by introducing some notation and giving an overview of the methods.
For ¢ satisfying the difference equation H (z, w) ¢ = E¢ let M, be the matrix such

that
@(n) — M, ®(0) sl
p(n—1) e(=1)

We call M,, the fundamental matrix. We clearly have

T 1 a(z+ jo)—E  —b(z + jo)
My (z) = -l_[_1 (b(z+(j+1)w) |:b(z+(j+1)w) 0 |

J=n
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for z such that ]_[;?zl b(z 4+ jw) # 0. Note that in order to simplify the notation we
suppressed the dependence on w and E. We will be doing this throughout the paper
whenever possible. From now on, if needed, we will include the set on which the
matrices M, are not defined in the exceptional sets.

It is straightforward to see that

b(z)
fn(Z) _—fn—l(z+w)
My(z) = b(z @) , (2.1)
Jn—1(2) —%fn—zﬁ + w)
with
e P — 2.2)
[]6G+ jo)
i=1
where

£4(z) = det|H™ (2, 0) — E]

(see [11], Chapter 1, where such relations are deduced in a detailed manner). Since
S (x, E) is the characteristic polynomial of H ) (x, w) it is natural to estimate the
number of eigenvalues by applying Jensen’s formula to f,%. For this to work we
need upper and lower estimates on log | f,*|. These estimates will follow from the
deviations estimates for the fundamental matrix and its entries (see Theorem 3.10
and Proposition 4.10).

The main tools for obtaining the deviations estimates for the fundamental matrix
are a deviations estimate for subharmonic functions and the Avalanche Principle, both
of which we recall next. In what follows +, will denote the annulus {z € C: |z]| €
(1—p, 14+ p)}and we fix p > o + 2.

Theorem 2.1 ([4], Theorem 3.8). Let u be a subharmonic function and let

u(z) = /E log |z — ldu () + h(z)

be its Riesz representation on a neighborhood of A,. If (Ap) + ||h ||L°°(Ap) <M,
then for any § > 0 and any positive integer n we have

mes ({x eT: ‘ Xn:u(x + kw) —n(u)‘ > 811}) < exp(—coén + ry),
k=1

where ¢y = co(w, M, p) and
Co (logn)?, n>1,

In =

Co, n=1,
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with Co = Co(w, p). If ps/qs is a convergent of w and n = g5 > 1 then one can
choose r, = Cplogn.

Proposition 2.2 (Avalanche Principle; [S], Proposition 3.3). Let Ay, ..., Ay, n > 2,
be a sequence of 2 x 2 matrices. If

max |detA4;| <1,
1<j=n

min (4] = p > n.
1<j<n
and

1
max (log [[Aj41] + log || 4]l —log|4;+14;]) < = log .
1<j<n 2

then

n—1 n—1
n
log|dn ... A1l + ) log [ 4] = log [ 4; 414l < Co

j=2 Jj=1

with some absolute constant Cy.

In [4] (where b = 1) one takes advantage of the fact that log || M}, (-)| is subhar-
monic (on a neighborhood of T) and that it is almost invariant to get a first deviations
estimate by using Theorem 2.1. Next, this estimate is used to apply the Avalanche
Principle, which together with the almost invariance yields a sharper deviations esti-
mate. Almost invariance refers to the fact that

-1
1

log||Mn(x)||—72 log |My(x + kw)||| <CIl, xe€T.
k=0

In our case log || M}, (-)] is not necessarily subharmonic, the Avalanche Principle (as
stated) cannot be applied to M,,, because it possible that | det M,,| £ 1, and the almost
invariance may fail to hold on T. To work around these issues it is natural to use the
following two matrices associated with M,,:

ME(2) = ([ oG + jo) Ma(2) 2.3)
j=1
and
i I (1Pt G+ D)2 ,
M(2) = —meer (Z)|Mn(z)—(jg)( T )Ma(2): (24)

M (-) is analytic and hence log || M2 (-)| is subharmonic, and M} (-) is unimodular
(i.e. |det M}¥| = 1). Clearly, we will apply Theorem 2.1 to log ||M?|| and the
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Avalanche Principle to M. Note that log || M?(-)|| would be subharmonic even if we
had b instead of b, however b is needed to ensure that S is analytic. Furthermore, if
we have b instead of b the function log | £,%()] is not necessarily subharmonic. The
use of such auxiliary matrices is common to all the existing work in the quasiperiodic
Jacobi setting (see, for example, [7], [8], and [10]).

Using (2.1), (2.3), and (2.4) it is straightforward to check that

a _l; a
R O S Eto) s
b(z +nw)ft,(z) —b(2)b(z+nw)ft,(z+ w)
and
M,/ (2)
e @) |bera) P (o,
_ g bz +w)| p(2) nl
| bGetnw) |2, b)) | bz +no)bito) [V, ’
b(z + (n— 1)) ‘ L Yo, ‘E(Z + (n — 1)w)b(z) Tama )
(2.6)
where
n—1 .
b(z+ (j + Hw)|1/2
fi(z) = = In(2) (2.7
" (]1:[0 b(z + jo) )5
(fn and f,* have already been defined).
Let
n—1
Su(z) =) log|b(z + ko))
k=0
and
Su(z) =) log|b(z + kw)|.
k=0
From (2.3) and (2.4) we get
log [Mu(2)|| = —Sn(z + w) + log [ M,/ (2)]| (2.8)
and
1 ~
log [ M, ()] = —5(Sn(2) + Su(z + @)) + log 1M (2)]- (2.9)

It will be easy to see that these relations together with Theorem 2.1 applied to log |b|
and log |b| allow us to pass from deviations estimates for M? to deviations estimates
for M,, and M}/ (see for example Corollary 3.6).
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Even though we will apply the Avalanche Principle to M,/ the conclusion will
also hold for My} and M,. We will make this more precise. Letn = Y7, ;
Sp = Zle [; where m, [y, ..., I, are positive integers. We assume that 5o = 0. By
saying that, for example, the conclusion of the Avalanche Principle applied to M}
also holds for M;? we mean that

m—1
log | My (2)I| + ) log [ M}: (z + sj-10)]|
j=2
m—1
— > log IM}! (2 + 5;0) M} (2 + sj10)|
j=1
m—1
=log [M; ()] + ) log[|M{!(z + s;-10)]
j=2

m—1
_ Z log[|M}: (z + sj0) M} (z + sj—10)]l.
j=1

This follows easily from (2.9).

The deviations estimate for log | /,#| is just the John—Nirenberg inequality. The
needed BMO norm bound will be obtained by using the “BMO splitting lemma” [1],
Lemma2.3. Asinthe case for the fundamental matrix, we first obtain a rough estimate
(Lemma 4.9) that allows us to apply the Avalanche Principle in order to obtain a better
estimate. We follow the approach from [5] with the notable exception of the proof of
Lemma 4.2 (cf. [5], Lemma 2.7). This is the only place where the difficulties come
not only from the possible zeroes of b but also from the fact that » is not constant.

We will obtain a uniform upper bound for log| f,*(-)] on T from an uniform
upper bound forlog || M (-)|| (Proposition 3.14) and the obvious inequality log | £, (-)|
< log |M;!(-)||. The proof of Proposition 3.14 requires that the deviations estimate
for log ||[M2|| holds on rT for r in a neighborhood of 1. Of course this implies
that all the results leading to the deviations estimate should also hold on rT. For
simplicity we will prove these estimates on T, however the proofs will be such that
the generalization from T to r T is immediate. To this end the derivations up to
Proposition 3.14 won’t use the fact that > = b on T. However, after that point we
only need the results to hold on T and we will make use of said fact to simplify
notation.

The deviations estimates will rely on the positivity of the Lyapunov exponent. Let

1
L) = 1 [ 1og Myl

u 1 u
Lio) = 1 [ tog I olax
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a 1 a
Ly(r)=— [ log|M,(rx)|dx.
nJr

D(r):/log|b(rx)|dx,
T
and

D(r) = /Tlog |b(rx)|dx.

When r = 1 we will omit the r argument, so for example we will write L, instead
of L,(1). The quantity D appears naturally whenever one has to deal with the
singularities given by the zeros of b (see, for example, [8] and [10]). The quantities
Lé%(r), D(r), and D(r) are finite because the integrands are subharmonic (and not
identically —o0), and L, (r) is finite because from (2.8) we have

Ln(r) =—D(r)+ Li(r). (2.10)
By Kingman’s subadditive ergodic theorem the following limits exist:

L(r)= lim Ly(r)=inf Ln (r), .11

L"(r)= lim L; (r)=inf L} (r),
n—o0 n>1
and

L*(r)y= lim L% (r)=inf L% (r).
n—00 n>1
L = L(E, w) is called the Lyapunov exponent. From (2.9) it can be seen that
1 ~
L*(r) = 5(D(r) = D(r) + L(r)

and in particular, since D = ﬁ, wehave L = L¥. Since M,/ is unimodular it follows
that L¥(r) > 0, and hence L*(r) > 0. In particular we have that L = L* > 0.

Fix y > 0. From now on we assume that L > y > 0. This assumption is needed
to apply the Avalanche Principle, so in fact we will use L*¥ = L > y > 0. For
the results to hold on rT, r # 1, we will need that r is close enough to 1 so that
L*(r) > y/2 > 0. Note that the results up to Lemma 3.9 don’t use the Avalanche
Principle and so they hold without the assumption that L > y > 0.

Henceforth we will assume that ¢ and b are analytic on the closure of 4 o with
po > 0 fixed. We also fix pg and pj, such that 0 < pg < py < pg. The reason for
this setup is that log || M (-)|| will have a Riesz representation on 4 p,» but we will
be able to get the estimates on the Riesz representation (needed for Theorem 2.1)
only on +,,. The estimates before Proposition 3.14 will hold on r T for every r €
(1—po/2, 14 po/2) (provided L¥(r) > 0) and the constants can be chosen uniformly
for all such r. Proposition 3.14 will hold on rT for every r € (1 — po/4.1 4+ po/4)
(provided L¥(r) > 0).



An estimate on the number of eigenvalues 9
3. Estimates for the fundamental matrix

First we prove the almost invariance of M;?; see (3.7). The following lemma and
its corollaries contain the main estimates that are needed to deal with the fact that
b could have zeros. If b doesn’t have any zeros then all the estimates hold trivially
without exceptional sets and everything goes as in [4].

In what follows we will keep track of the dependence of the various constants
on the parameters of our problem. The dependence on @ will only come up through
Theorem 2.1. In order to simplify the notation we won’t record the dependence on py,
P> and pg (except in the lemmas where pg appears in the statement). Dependence on
any other quantities is such that if the quantity takes values in a compact set, then the
constant can be chosen uniformly with respect to that quantity. The main dependence
we are interested in, is that on |E|. We denote by || - ||oo the L% norm on Ay and
we let

16l = Ibllo +  sup  [D(r)].
r€(1-po,1+p0)

Note that ||b]|« = ||5||*. Also, note that, unless otherwise stated, the constants in

different results are different.

Lemma 3.1. There exist constants
Ao = Ao(llalloo. 1D]1%, | E], @)
and

co = co([[b[lx, @)

such that the following inequalities hold for any positive integer | and any A > Ag
up to a set (independent of E) of measure less than exp(—coAl):

|log |M[ (x)||| < Al (3.1)
and
|log | M (x)~" ||| < AL (3.2)

Proof. There exists a constant C = C(||a||oo [|6]lc0> | E]) > 0 such that
log | Mf(x)]| < CI

for all x. On the other hand

-1
IME@)I = [det ME@)IY? = [ 15Cx + jo)b(x + (j + Dw)| V>
j=0

for all x. Hence

S1(x) + S;(x + o)
2

< log || M (x)| < CI (3.3)
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for all x. From Theorem 2.1 we can conclude that for any A’ > 0 we have

D+ D

—2M'1 < ( —/V)l <log [Mj(x)| = Cl <2)\'l

up to a set not exceeding 2 exp(—cA’l + r;) in measure, provided
A’ > max{—(D + D),C}/2.

By setting A = 21’ and choosing 1o > max{—(D + D), C} we have that (3.1) holds
up to a set of measure not exceeding 2 exp(—cAl + r;7). Finally, it is easy to see that

by choosing A¢ such that
2 log2
C I>1 /
we have c
2exp(—cAl + 1) < exp(—E/U), A> Ao, [ > 1.

This concludes the proof of (3.1).
Since for almost every x we have

a(x + jo)—E  —b(x + jo)]
[b(x+(j + o) 0 }
B 1 0 b(x + jo)

C b(x + jo)b(x + (j + Do) [—b(x +( + Do) alx+ jo)— Ei|

it is straightforward to see that there exists a constant C = C(||a]lcos [|Plloos | E])
such that

81(0) + Si(x + )
2

for almost every x. Now (3.2) follows in the same way as (3.1). Note that the
exceptional set comes from S; (x) + S; (x + w) and is thus independent of E. [

<log||[Mf(x)7!| < Cl = 8;(x) = Si(x + w)

The same type of estimates can be obtained now for M,, and M}. We just record
one of the estimates that will be needed later.

Corollary 3.2. There exist constants

Ao = Ao(llalloo. [16]l+. | E]. @)
and

co = co([[b]l+, @)

such that
| log || M} (x)~H || < Al

holds for any positive integer | and any A > Ao up to a set of measure less than
exp(—coAl).
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Proof. From (2.4) we have

_ 1 ~ -
log [| M} (x)H| = 5(S1(x) + S (x + @) + log | M (x) 7.
Using Theorem 2.1 and (3.2) we get

D+ D D+ D

-3 < ( —2X)1 <log M} ()" < ( +20)1 <31

up to a set of measure less than 2 exp(—ciA’'l + r;) + exp(—caA'l) < exp(—c3A'])
provided A’ is large enough. Now we can take A = 31/. O

Corollary 3.3. There exist constants

Ao = Ao(llalloo. 1D]1%. | E], @)
and
co = co(||b]|x, w)

such that the following inequalities hold for any positive integers | and n, and any
A > Ao up to a set (depending on n) of measure less than exp (—coAl):

[log | M} (x)|| — IL]| < Al, (3.4)
[Tog [ My, () || — log [| M (x)l] < AL (3.5)
[log | My (x + lw)|| —log | My (x)||| < AL (3.6)
and
-1
a 1 a
log | M;{ ()l = 7 D log [ M (x + k)| = AL (3.7
k=0
Proof. By integrating (3.3) we get
D+D
+ <L <C. (3.8)
2
This and (3.1) imply (3.4).
We have
My (x) = M (x + no) M (x),
hence

—log [ M (x +nw)~|| < log | M\, (x)|| —log [| My (x)|| < log | M{'(x + nw)|

for almost every x. Now (3.5) follows by (3.1) and (3.2).
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From the fact that
My (x + lo)Mf (x) = M (x + no)MZ(x)
we conclude that
—log [ M} (x 4+ nw)™" || — log | M (x) |
<log||M; (x + lw)|| —log || M, (x)|
<log || M (x + nw)| + log || M (x)~"|

for almost every x. Now (3.6) also follows by (3.1) and (3.2).
Let A > Ag. Thenfork =1,...,/ — 1 we have Al/k > A¢, so by (3.6) we get

Al
[log 1M (x + ke) | — log [ M ()| = ()& = 21

up to a set of measure less than exp(—cAl). Summing over k = 0,...,/ — 1 and
dividing by / we get that (3.7) holds up to a set of measure less than [ exp(—cAl).
Finally, note that [ exp(—cAl) < exp(—cAl/2),[ > 1 if A is large enough. This
concludes the proof. O

Next we provide bounds on the Riesz representation of log | M (-)||, which are
needed to ensure that the constants we will get from Theorem 2.1 don’t depend on n.

Lemma 3.4. Let

Diog M2 = / log |2 — £lditn (¢) + n(2)
n

20

be the Riesz representation on A o) There exists a constant
Co = Colllallo. 1611+, 1L, po. oy, £
such that

Mn(Apo) + ”h””LOO(.ApO) < Co.

Proof. Let u,(z) = log |Mj(z)||/n and T,, = SUp4, , Un- From [5], Lemma 2.2,
0

we have that

Mn (‘Apo) = Un (A’p(’))
= C(pi)’ pg)(Tn — Sup un)
o0

= C(Tn — sup un)
T

= (T, - Ly)
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and
< _
||hn||LooMp0) < |\hn iup Un ||L°°('A00) + iul/) Un

/
) )

< C(po. py. o) (Tn — supup) + Ty
Ay
0

<C(T, — L%+ T,.
The conclusion now follows from the fact that there exists a constant
C =C(llallos. 1lloo. |ET. pg
such that 7, < C, and from (3.8). 1

Now we can prove the first deviations estimate.

Lemma 3.5. Let 8o > 0. Forany § € (0, 8¢) and any integer n > 1 we have
mes{x € T: |log |M?(x)|| —nL%| > n8} < exp(—cons> + Co(logn)?),
where

co = co(llalloo, 16|+ | E|, @, 80)
and
Co = Co(llall . 1Dl |El, @, p, o).

Proof. We have

mes{x € T: |log||MJ(x)|| —nLs| > nd}
1 [y 5
< mes {x eT: ‘;log | M, (x)|| — 72 ;log | M, (x —l—ka))H‘ > 5}

-1
1 1
+mes{x eT: ‘7 E ;logllM,?(x+kw)ll—LZ
k=0

8
> 5}
3.9

The conclusion will follow by estimating the two quantities on the right-hand side of
the above inequality.
From (3.7) we get

-1
a 1 a
log | M ()| = 5 3 log [ My (x + k)| < Cul
k=0
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up to a set not exceeding exp(—c/) in measure. Let [ = [6n/2C1] + 1. We have
s  Cql

2 n

so we get
-1

1 . 1 1 .
|~ log [ M ()| = 7 Y ~log [ My (x + kw) || <
k=0

| >

for all x except for a set of measure less than exp(—c/). Hence

-1
1 1 5
mes {x € T ‘;log 1M ) = 7 D~ log | M (x + ka)| > 5}

< exp(—cl)
< exp(—c16n),
where ¢; = ¢/(2C).
From Theorem 2.1 we have

-1
1 1
mes {x eT: ‘7 Z ;log | M (x + kw)|| — L§

8
> 5}

< exp(—cgl + C(logl)p)

< exp(—c28%n + C’(logn)P).

Recall that Lemma 3.4 ensures that ¢ and C don’t depend on #.
Now (3.9) becomes

mes{x € T: |log || M (x)|| —nLs| > nd}
< exp(—c18n) + exp(—c28%n + C’(logn)?)
< 2exp(—c8?n + C'(logn)?)
< exp(—c8?n + C"(logn)?),
where ¢ = ¢(cy, ¢2, §p). This concludes the proof. O

The same proof, with an adequate change in the second to last inequality, yields
that for § > 8¢ we have

mes{x € T: |log || M (x)|| —nLy| > nd} < exp(—cond + Co(logn)?).

Note that for §¢ large enough the above estimate, with Cy = 0, also follows from (3.4).
Also note that to get an estimate when n = 1 one just needs to apply Theorem 2.1.
The same type of estimate holds for MY and M,,.
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Corollary 3.6. Let 8o > 0. For any § € (0, 8¢) and any integer n > 1 we have
mes{x € T: |log |MY(x)|| —nL"| > n8} < exp(—coné* + Co(logn)?)
where

co = colllall o, 1Bl | E], @, do)
and
CO = CO(Ha”oo’ ||b||*’ |E|’w’ p’&))'

An analogous estimate holds for M.

Proof. Using (2.9) we easily get
mes{x € T: |log||M, (x)|| —nL)| > nd}
)
< mes {x e T:|log|M7(x)| —nLl| > %}

~ ~ )
+ mes {x € T:|Su(x)—nD]| > %}

)
+mes{x eT:|Sy(x +w)—nD| > %}

The conclusion now follows from Lemma 3.5 and Theorem 2.1. The estimate for
M,, follows in the same way starting from (2.8). O

The next step is to make use of the Avalanche Principle to improve the previous
estimate. The following lemma is the most general application of the Avalanche
Principle that suits our purposes.

Lemma 3.7. Letn > 1 be an integer andn = Z;"zl l; where l; are positive integers
such that | < 1; < 3l, with| = l(n) a real number. Let A;(x) = Aj(x,n) be2 x2
matrices for x € T, and let Ly, k > 1 be a sequence of real numbers. If

2
[ > —logn,
14

Ly, —L j=1....m—1,

Y Y
lj+lj+1 S ﬁ’ Llj+1 _Llj+lj+1 S ﬁ,

max |detAd;(x)| <1, forae xeT,
1<j=m

> L} < exp(—colf), j=1....m,

1
mes{xe'[l': ‘rlog||Aj(x)||—Llj 706
J
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and

mes {x €: | log | Aj+1()A4; ()| = Ly 41, | >

L}
li+ 141 100
<exp(—collj +1;+1)°), j=1,....m—1,
then there exists an absolute constant Cqo such that

log | Am(x) ... A (x)|| + Z log | 4; (x) || — Z log || A +1(x) A; (x)]|

j=2 j=
< Com exp (— gl)
1
< COT

up to a set of measure less than 3n exp(—col?).
Proof. Let u = exp(/y/2). We have
. . 4
 nin 14, (o)l =  min exp(ljLi; — 155) > exp(y/2) = > n
and

max  [log||4;+1(x)] + logl4;(x)| —log [|Aj+1(x)A; (x)]]
1<j<m-—1

§lj+1(Llj+1 + IVE) +1; (Ll + IVE) (7 +1,+1)(L1,+1+1 13(;0)

2y 2y
= j+1(Llj+1 Llj+1+l + 100) +lj( Llj+1+l + 100)
3 yl 1
6l — < =1
=00 S @ T2 8K

up to a set of measure 3m exp(—co/?) < 3nexp(—col/?). The conclusion follows
from the Avalanche Principle and the fact that m/u < 1/1. O

As mentioned before, it is important for us that the constants in the deviations
estimate can be chosen uniformly for £ in a compact set. For this we need to provide
a bound for L), — L that holds for all £ in a compact set. First we state a simple
estimate that we will use to deal with the integrals over the exceptional sets for our
functions.
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Lemma 3.8. Let [ be a measurable function defined on T such that for any § > 8¢
we have that | f (x) | < 8 up to a set of measure less than exp(—co8). Then

||f||L2('I]') = Co,

where

CO = Co (C(), 80)
Lemma 3.9. For any integer n > 1 we have

(logn)?

0<L,—L=L‘-L¥=L%—L%<C,

where
CO = C0(||a||oo7 ||b||*’ |E|,Cl), V)

Proof. 1t is sufficient to get the estimate for large n. We will tacitly assume that 7 is
large enough for our estimates to hold. We should keep in mind that the choice of
large n should be uniform for £ in a bounded set.

It is easy to see that the conclusion follows if we have

|L£2ln _Lm =

2
C@. (3.10)

Since we have

e = ‘/ log || M3, (x)|| —log || M, (x + nw)|| —log | My (X)]| ,
nl =
T 2n

L3,

’

it will be sufficient to prove that

| log || M5, (x)|| = log [|M,; (x + nw)|| —log | My (x)[|| < Ci(logn)*>  (3.11)
up to a set not exceeding Con~! in measure. Indeed, from (3.1) it follows that for
8 > 8o we have

‘log [M3, () || —log [ M (x 4+ nw)| —log | My (x)]

=5
2n

up to a set not exceeding exp(—c182n) + 2exp(—c16n) < exp(—cén) in measure,
and by using (3.11) and Lemma 3.8 we get

a a log || M3, (x)|| —log | M} (x + now)|| — log || M} (x)|
|L2n - Lnl = T n

‘dx

< Ci(logn)* + C3+/Con~1
< C(logn)>.
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Now we check that the sufficient condition (3.11) holds. Let/ = [C;logn] and
m = [n/1]. If C; is sufficiently large, we have [ > 2logn/y and 3n exp(—cl) < n™!.
We want to choose C; so that L} — L7, < y/100 and C; < C (note that without the
bound, such C; obviously exists). Suppose that L¥ L > 1”% for j > 0.

21~ Ly
Then using (3.8) we get

Qj+1] = ﬁ
This shows that by eventually replacing / with 2/ with some

j <1002C =D —D)/y

C —

we will have L} — L%, < y/100, and the corresponding C; will be bounded. Using
Corollary 3.6 and Lemma 3.7 we get

m—2 m—2
log||M,‘r’ll(x)||+zlog||Ml“(x+jlw)||—Zlog||M§l(x+jlw)|| <C (3.12)
j=1 =0

up to a set not exceeding 7! in measure, and analogous estimates for log || M % (x+

mlw)|| and log [[MJ_,(x)||. Recall that we apply the Avalanche Principle to M,/ but
the conclusion also holds for M. Note that we need to have m > 2. This clearly
holds for large enough n depending on C;. This can be done uniformly for £ in a
bounded set because of our bound on C;. Putting these estimates together we get

[log [| M3,,;(x)|| —log [|My,;(x + mlw)| —log | M, (x)|
+log | M[' (x + (m — Diw)|| + log || M} (x + mlw)|
—log || M3;(x + (m — Diw)||

<C

(3.13)

up to a set not exceeding Cn~! in measure. By (3.1) we have that

[log [ M} (x)||| < Clogn

1

up to a set not exceeding n~ " in measure. From this, similar estimates, and (3.13) we

get
|log [|M3,,,; ()|l —log [| My, (x + mlw)|| —log | M, (x)[[| < Clogn  (3.14)

up to a set not exceeding Cn~! in measure.
From (3.5) we get that for sufficiently large 6 we have

| log [[ M} (x)|| —log [ My, (Ol < 8(n — ml)

up to a set not exceeding exp(—c8(n—m!)) in measure. We can choose § > (logn)/c
to conclude that

| log | M7 (x)|| — log || M2, (x)]|| < C(logn)?
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up to a set not exceeding n~! in measure. From this, similar estimates (using (3.5)

and (3.6)), and (3.14) we can conclude that
| log [| M5, (x) || — log [| M, (x + nw)|| —log | M (x)||| < C(logn)?

up to a set not exceeding Cn~! in measure. Thus we proved (3.11) and this concludes
the proof. O

The bound from the previous lemma can be improved, as in [4], Theorem 5.1, to
L, — L < Cy/n. However, we won’t need this better bound in this paper.

Now we are able to prove the improved version of the deviations estimate (cf. [4],
Theorem 7.1). A couple of other deviations estimates exist for the Jacobi case. Kai
Tao proved an estimate which is very similar to Lemma 3.5 (see [10], Theorem 2.15).
Jitomirskaya, Koslover, and Schulteis generalized the estimate [2], Lemma 4, to the
Jacobi case (see [7], Lemma 1; also see [8], Theorem 3.1, for a more general version).
Their estimate is given in terms of approximants of the frequency, and in particular
it applies to any irrational frequency. As in the Schrodinger case, the fact that we
are restricting to frequencies satisfying a strong Diophantine condition allows us to
obtain a better estimate.

Theorem 3.10. For any § > 0 and any integer n > 1 we have
mes{x € T: |log |MZ(x)|| —nL§| > én} < exp(—codn + Co(logn)?)
where

Co = C()(”Cl”oo, ||b||*’ |E|,Cl), )/)

and

Co = Co(llall - 101, 1El. @, v, p).

The same estimate, with possibly different constants, holds with L* instead of L%.

Proof. First note that due to (3.4) we just need to check the estimate for § < .
Furthermore, note that the estimate is trivial if —coén + Co(logn)? > 0. Hence we
just need to check the estimate for § satisfying

1 V4
C% < 8§ <38, (3.15)

where C = Cy/c( canbe made as large as we need by choosing Cy large. Furthermore
by choosing Cy large enough we can make sure that the deviations estimate holds
trivially for small n. Hence it is enough to check the estimate for n large enough.
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Let [ = [§n]+1, m = [n/l] and I’ = n — (m — 1)l. An application of the
Avalanche Principle (using Corollary 3.6, (3.15), and Lemma 3.7) yields

m—2
log [| M (0)|| + D log [|M{*(x + jlw)| —log | Mf: ;(x + (m = 2)lw)]
j=1
m—3
— Y log [Mf(x + (j + DIo)M{(x + jlo)|
j=0

~o(})

up to a set of measure less than 3n exp(—cl) < exp(—cén/2). From (3.1) we can
conclude that

[log | M}7(x + (m — Dlw)M[ (x + (m —2)lw)|||
= [log | M} .;(x + (m —2)lw)|||
<Cl

up to a set of measure less than exp(—c/) < exp(—cén). Hence

m—2 m—3
log [ ME(x)[| + > log [|Mf (x + jlw)| = > log | Mg (x + jlw)| = O)
j=1 j=0

up to a set of measure less than exp(—cén). Summing the above estimate with x +kw
instead of x yields

- (m—1)I—1
1 1 }
P Z og [M;(x + ko) + Y log M (x+ jw)
k=0 j=I
(m—2)[—1
= D glogIM5(x + jo)
j=0

= 0()

up to a set of measure less than / exp(—cén) < exp(—cdn/2). Using (3.7) we can
conclude that

(m—1)I—1 (m—2)1—1

log|Mi)+ Y glog|Mf(x+jw)l— >
j=I Jj=0

+log | Mg (x + jo)|

= 0()
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up to a set of measure less than exp(—c16n) + exp(—ca!) < exp(—cén). From this,
Theorem 2.1, and (3.8) it follows that

log || M ()| + (m — 2)I(L§ —2L8)) = O(Sn)
up to a set of measure less than
2exp(—ci1én + C(logn)?) + exp(—c28n) < exp(—cén + C(logn)?).
Integrating over T and using Lemma 3.8 yields

[nLj + (m —2)I(L} —2L%;)| < C18n + Con exp((—cén + C(logn)?)/2)
< Cén.

Note that for the last inequality to hold we need to choose C large enough in (3.15).
Now we have that
|log M (x)]| — nL&| < Cén

up to a set of measure less than exp(—cdn + C(logn)?). The fact that L% can be
replaced by L¢ follows from Lemma 3.9 and (3.15). O

Corollary 3.11. For any § > 0 and any integer n > 1 we have
mes{x € T: |log | M, (x)|| —nLy| > én} < exp(—codn + Co(logn)?)
where

co = co(llall ., ID1l,.. |El, @, )
and

Co = CO(”aHoo’ ||b||*’ |E|,Cl), Vs p)

The same estimate, with possibly different constants, holds with L* instead of L.
An analogous statement holds for M,,.

Proof. The proof is the same as for Corollary 3.6. O

Next we establish some estimates that will be needed in the next section. First
we prove a uniform upper bound for log || M?||. We will need the following general
result about averages of subharmonic functions.

Lemma 3.12 ([5], Lemma 4.1). Let u be a subharmonic function and let

u(z) = [ toglz = lau(® + he:
be its Riesz representation on a neighborhood of A,. If i(Ap) + ||h ||L°°(Ap) <M,
then for any ri,r3 € (1 — p, 1 + p) we have

[(u(r1()) = (u(r2(:))| = Colr1 —r2|.
where Cy = Co(M, p).
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The following corollary is an immediate consequence of the previous lemma and
Lemma 3.4.

Corollary 3.13. There exists a constant

Co = Colllallo. 161, 1L po. pi. Pl

such that
|L,(r1) — Ly (r2)| = |Ly(r1) — Ly (r2)| < Colr1 — 12

Joranyry,ry € (1 — po, 1 4+ po) and any positive integer n.
Proposition 3.14. For any integer n > 1 we have that

sup log || M2 (x)]| < nL¢ + Co(logn)”
xeT

where

Co = Co(llall - 101, 1El. @ v, p).

Proof. 1t is sufficient to establish the estimate for large n. From the large deviations
estimate, with né = C(logn)? where C is sufficiently large, we have

log [ M, (rx)| —nLy(r) = C(logn)”
except for a set B(r) of measure less than
exp(—c1C(logn)? + C’(logn)?) < exp(—c(logn)?).

Here r is in a neighborhood of 1 such that L*(r) > y/2. Such a neighborhood exists
because of Corollary 3.13. By the subharmonicity of log || M?(z)| we have

1
log | Mg (x) | — L8 < —— / (log [ M2 (2)]| — nLE)dA(2)
n D(x,n=1)
1+n~ ! sx+2n—
<L / / o IM2 (o)l — Lélrdydr
mn 1

(3.16)

Forr € (1 —n~',1+n"") we have

x+2n
/ llog | M2 (ry)]| — LE|dy
x—2n—1

x+2n
< / log [M2(ry)|| — LE(r)|dy + |LE — L9(r)|
X

—2n—

(_ . (logzn)” )

< Cy(logn)?n~! 4+ Canexp + Cynt

< C(logn)?n™!
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As usual, we used Lemma 3.8 to deal with the exceptional set. Plugging this estimate
in (3.16) yields the desired conclusion. O

As was mentioned in the introduction, from this point forward we will make use
of the fact that b = b on T. In particular we will tacitly use that D = D,S =S5,
L,=L4 L=L" and |b| = |b| = |b|.

Next we want to estimate L, (E) — L,(Eo) in a neighborhood of Ej.

Lemma 3.15. There exist constants

Co = Co(llall . 1b1l,., max{|E1|, | E2[})
and
co = co(||D]l,, @)
such that
|log | M (x, E1)|| —log | M} (x, E2)||]
= |log M} (x, Ev)|| —log | M[ (x, E2)|||
< exp(Col)|E1 — E3|

holds for any positive integer | and any x up to a set (independent of E1 and E) of
measure less than exp(—col).

Proof. The identity follows from (2.9). By the Mean Value Theorem we have

|log [| M} (x, E1)|| —log | M} (x. E2)]l|

1
<
N mln{”Mla(x’El)”a ||M[a(xaE2)||}

M7 (x, EDl = 1M} (x, E2)|]

1 9
= sup M&(x. E)||E\ — Ey|.
min{ [ M7 (x, ED|, IMECx, ED} pele, £ I o0E ! |

There exists a constant
C = C(llall o 1Dl o, max{| E1], | E2[})

such that

sup H — M} (x, E)H <exp(Cl).
E€|E,E>]

The conclusion now follows by using (3.1). O
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Lemma 3.16. Fix Eg € C such that L(Ey) > y. There exist constants
Co = Co(llally. 121l |Eol. @, ).

C = Cl(”aHoo’ ||b||*’ |E0|’w’ )/),
and

no = no(llall . 101+ [Eol, @, y)
such that we have
|log | M (x, E)|| — log | M (x, Eo)||| <n~°

forn > ng, |E — Eo| <n~C1, and all x up to a set B = B(n, Ey) of measure less

than n™!.

Proof. Letl = [Cylogn], m = [n/l],and I’ = n — (m — 2)l. In what follows we
should keep in mind that some of the estimates hold by choosing C, large enough.
To be able to apply the Avalanche Principle we will need that m > 2, hence we also
need that »n is large enough. Applying the Avalanche Principle (see Lemma 3.7) we
get

m—2
log | M (x, Eo)l| + ) log [ M{(x + jlw. Eo)|
j=1
m—3

—log M} ;/(x + (m —2)lw, Eo)|| — Z log | M3, (x + jlw, Eo)||

— o(Lexp(~ 1))

= 0(;7c:)

up to a set of measure 3n exp(—c/) < n~¢€2. We claim that the Avalanche Principle
can be applied, with the same p, for the same factorization of M¢(x, E). Note that
we cannot apply the deviations estimate since we don’t know whether L(E) > 0.
For example, Lemma 3.15 and Corollary 3.6 imply that

(3.17)

log | M}'(x. E)|| = log | M}*(x, Eo)|| — exp(CI — Cy logn)

> (y— lj.%o)l —exp(Cl — Cylogn)

>Zl
2

up to a set of measure exp(—c1/) +exp(—ca2l) < exp(—cl). Note that the exceptional
set from the deviation estimate is already included in the exceptional set for (3.17)
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and recall that the exceptional set from Lemma 3.15 doesn’t depend on E. Also note
that C; needs to satisfy C; > CC,. The other estimates needed for the Avalanche
Principle are obtained similarly, provided C; is large enough. Hence, (3.17) holds
with E instead of Ey. The conclusion follows by subtracting (3.17) for £ and Ej
and using Lemma 3.15 (again, C; needs to be chosen to be large enough). Ol

Corollary 3.17. Fix Eg € C such that L(Ey) > y. There exist constants
CO = CO(”aHOO’ ||b||*’ |E0|’ w, )/),

Cy = Ci(llall o 1161l [ Eol, @, y),
and

no = no(llall . 161, Eol. @. )
such that we have
n(Ln(E) = La(Eo))| = In(Li(E) — Ly(Eo))| < n~
forn > ng and |E — Eo| < n~C1.

Proof. Integrate the estimate of the previous lemma. To deal with the exceptional set
we used Lemma 3.8 and the fact that as a consequence of (3.1) we have

[log [| M (x. E)|| —log || M (x, Eo)ll| < An

up to a set of size exp(—cAn) for any A > Ao. O

4. Estimates for the entries of the fundamental matrix
We will need the following particular case of a lemma from [5].

Lemma 4.1 ([5], Lemma 2.4). Let u be a subharmonic function defined on 4, such
that sup 4 u < M. There exist constants Cy = Cy(p) and Cy such that, if for some
0 < § < 1 and some L we have

mes{x € T : u(x) <—L} >4,
then
L

supu < Co/M — ————.
T C1log(C2/9)

Let Io,r = [y logla(x) — E|dx. Note that |/, | < oo if and only if a # E.
If @ = E then it is straightforward to see that L = 0. Hence if L(E) > 0 then
|I4.E| < oo. Furthermore, if L(E) > 0 on some set, it can be seen that I, g is
continuous in E on that set.
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Lemma 4.2. There exists lo = lo(||la|l o, La.E. 1Dl |E|, @, y) such that
mes{x € T: | fi(x)| < exp(—I°)} < exp(—I)
SJoralll > .
Proof. We argue by contradiction. Assume
mes{x € T: |f;(x)| < exp(—I3)} > exp(—I)

for arbitrarily large /. We will be tacitly using the fact that / can be arbitrarily large.
We have that

[
4@ = 1A ]I + jo)l < exp(~1*)C" < exp(=17/2)

j=1
on a set of measure greater than exp (—/). Hence
mes{x € T: [f*(x)] < exp(—13/2)} > exp(—1).
At the same time we have that
log | f;*(x)| < log||M}*(x)|| = CI

for all x, so by applying Lemma 4.1 we get that

13
“(x)| < Cil — < exp(—C1?
e (G = e ) S exp(-CI)
for all x and consequently
|fi(0)] < exp(I(1 = D) = C11?) < exp(~CI?) @.1)

for all x except for a set of measure less than exp(—ci/ + r;) < exp(—cl).
From Corollary 3.11 we have that

exp(ly) < M (x)|?

< 2P + | fis )P + |2

2
mfl—l(x —|—a))‘

‘ b(x)
b(x + w)

4.2)
2
fiatx + o))

for all x except for a set of measure less than exp(—c1yl/2 + r;) < exp(—cl).
Suppose that
b(x)

2 1
b(x + @) Ji—1(x + CU)‘ > 1 exp(ly) (4.3)
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for all x except for a set of measure less than 1/3 (any constant in (0, 1/2) would
work). Since

w
m = det M;(x)
b b
b(x(f S fioae o)+ g0 (i) 10 a5+ 0)
it follows that
| f1-1(x)]
_ | 2w b(x) b(x)
‘b(x—i— )fl 1(x+a))‘ ‘b(x—l—la)) b(x+w)ﬁ(x)ﬁ_2(x+w)

<2exp (— %)(Cl exp(§ — D) + exp(—C»l% + C3l))

for all x except for a set of measure less than 1/3 + exp(—c18 + r1) + exp(—c1l) +
exp(—cal + rl/ ). For the first factor in the above estimate we used (4.3). For the first
term in the second factor we applied Theorem 2.1 with u(x) = b(x +lw) andn = 1
to get

| b(x) 1L exp6— D)

bx+lw)' — |b(x +lw)| —
up to a set of measure less than exp(—c18 + rq). For the second term in the second

factor we used (4.1), and (2.1) (recall that |b| = |b| = |b| on T) together with the
deviations estimate for M; (with § = 1) to conclude that

b(x)

b(x + o) w)fl—z(x + )| = [M;(x)]| < exp((L + DI) = exp(C3l)

up to a set of measure less than exp(—ca/ + r;). Choosing § = ly/2 we get

[fia()| = C

for all x except for a set of measure less than 1/3 + exp (—c/). This contradicts (4.3)
because

|fisix + @) = C

and (4.3) would hold at the same time on a set of measure greater than 1/3—exp(—cl).
Hence we must have

b(x)

2
mﬁ_l(x + a)) < Z CXp(l]/) (44)

on a set of measure greater than 1/3. At the same time
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exp((d + 1) = My (02

<21 iR+ P + [

s

b(x + )

2
filx + o)

+ ‘ Jro(x + w)‘z)

for all x except for a set of measure less than

exp(—c1y(l + 1)/2 + rj4q) < exp(—cl).
This, (4.1), and (4.4) imply that we must have

| fr+1 ()2

1 1
= s exp(( + Dy) —exp(=Cil*) = Crexp(l = D = C11?) — Z-exp(ly)

1
> 1 exp(ly)

on a set of measure greater than

1 1

3 exp(—cy1l) — 2exp(—cal) —exp(—c3l +r1) > 3 exp(—cl).
From

b(x)
b(x+ (I + Do)
= det M;41(x)
b(x) b(x)

= —mfl+l(x)fl—l(x + o)+ mﬁ(x)fl(x + )

it can be seen that

‘ b(x)

rm i o)|

b(x) b
b(x+ (U +1)w) bx+w)

I
< 2exp (- %)(C1 exp(§ — D) + Cy exp(§ — D — Cal?))

= | fis1 )| J@)fix + o)

on a set of measure greater than 1/3 —exp(—c1l) — 2 exp(—c28 + r1) — 2 exp(—c3l).
Choosing § = [y/5 we get

‘ b(x)

mﬁ_l(x + a))‘ <exp (— %/) 4.5)
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on a set of measure greater than 1/3 —exp (—c/). We will contradict (4.2) by showing
that

iR + 1 fima 0P + |-
<C

b(x)
b(x + )

b(x)

2
mﬁ—z(x + w)

2
fiax+o)| +]|

(4.6)

on a set of measure greater than 1/3 — exp (—c/). Let G; be the set on which (4.5)
holds.

By writing
M (x + w)
B 1 ax+lw)y—E —b(x +lw)
_b@+a+nm[bu+a+um 0 ]M4@+w)
we get
_alx+lw)—E B b(x +lw)
S o) = T T ey T ) s s ey 12 T
From this we deduce that
‘7])()6) Ji—a(x + w)‘
b(x +w)’ 72
B ‘b(x +({+ o)
N b(x +lw)
[ BT I et ) fior (5 +0) - 2 i+ )

b(x + (I + w) b(x + )
< Crexp(§ — D)(Coexp(§ — D — yl/4) + Crexp(8 — D — C3l?))

on a subset of G; of measure greater than

1
37 3exp(—c16 + r1) —exp(—cal) — exp(—c3l).

By choosing § = yl/17 we get
b(x)
b(x + w)

on a subset of G; of measure greater than 1/3 — exp(—c/).
By writing

st o e (- 1)

M;(x —w) = M;_(x )—

alx —w)—E —b(x —w)
b(x)

b(x) 0
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we get

a(x—w)—Efl_l(x)_ b(x)

b(x) bt 2T

filx— o) =

From this we deduce that
b(x
L b
b(x + w)

< C;exp(§ — Ia,E)(eXp(_Cllz) +exp (_ %l))

alx —w)—E

o) fiea(x + o)

i) = A - w)

on a subset of G; of measure greater than 1/3 — exp (—c18 + r1) — exp (—c3l) —
exp (—cal). By choosing 6 = yl/17 we get

il = exp (- 12

on a subset of G; of measure greater than 1/3 — exp(—c!). Now it is easy to see that
we have (4.6). 1

Lemma 4.3. Let 0 > 0. There exist constants

lo=1ly(llall s Ia,E. [Pl |El, @, v, 0)
and
No = No(llall s Ia,e. [Pl |El, @, v, 0)

such that
mes{x € T: |f1(x)| < exp(—=N%)} < exp(—N°17?)

for any N > Ny and for any ly < | < N°/3. The same result, but with possibly
different ly and Ny, holds for f;".

Proof. We argue by contradiction. Assume
mes{x € T: |fj(x)] <exp(—=N9)} > exp(—N°17?)
for some arbitrarily large / and N. We have that
l NO
401 = LT I+ jo)] < exp(=N)C ™ < exp (= =)
j=1
on a set of measure greater than exp(—N°/~2). Hence

mes{x € T: |f;*(x)] <exp(—N?/2)} > exp(—N%172).
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By applying Lemma 4.1 we get that

NO'
2C1 log(Cyexp(N°172))
for all x. Note that the last inequality is equivalent to

Ci L No[72 B N°[72
l ~ 2C;log(Coexp(N°I=2))  2C,logC, 4+ 2C;N°[~2

1/2(0)] < exp(Cil — ) < exp(—C1?)

which clearly holds with C = 1/(4C}) for large [ and N, since N°1=2 > N°/3._ We
now have that

| /1()| < exp((I = 1)(1 = D) = C'I?) < exp(—CI?)

for all x except for a set of measure less than exp (—cy (I — 1) + r;—1) < exp (—cl).
The contradiction follows in the same way as in the previous lemma.
To get the result for f; one can argue by contradiction. Using

n—1

A4 = 1O T I+ jo)b(x + (G + D)l

Jj=0

one can get that | /% (x)| < exp(=Cl 2) for all x and this gives the same contradiction
as before. O

We recall for convenience some facts about stability of contracting and expanding
directions of unimodular matrices. It follows from the polar decomposition that
if A € SL(2,C) then there exist unit vectors u;; L uy and v;f L vy such that
Au;lF = || 4] v;‘" and Auy = [|A[|7 vy

Lemma 4.4 ([5], Lemma 2.5). Forany A, B € SL (2, C) we have
|Bugzp Augl < [AI7?||B],
luga Augl < A7 B,
lugp Avgl < 141721BI>,
lvga A Bug| < 14172 B].
We will need the following estimate (cf. [5], eq. (2.35)) in the proof of Lemma 4.6.
Lemmad4.5. If A € SL (2, C) and w1, w,, and w3 are unit vectors in the plane then

fwi A Aws| < [wn A Aws| + VZIA [Jws A wsl
and
lwi A Aws| < [ws A Aws| + V2| AllJwy A w3
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Proof. Since A preserves area we have

lwi A Aws| = |[A7 wy A ws
< |A7'wy Aws| 4+ min |47 wy A (W £ w3)|
< |lwi A Awz| + [|A™ wy || min [|wz + w3

< lwi A Aws| + [|A7H[V2[wa A w3,
The second inequality follows from the first one. O

Let Gy be the set of points x € T such that forany 1 < j < N andany |/| < 2N
we have

| log [ M} (x + lw)|| — jL| = N,

log || M (x +lw)7 Y < N°,
and
[log |b(x + jw)| — D] < N°.

From Corollary 3.11, Corollary 3.2. and Theorem 2.1 we have that

mes(T \ §n)
< @N + )N exp(—=c1N% +ry) + (4N + 1)N exp(—caN?)
+ Nexp(—c3N° +ry)
<exp(—cN?)

for N large enough. The choice of ¥y is such that all the estimates in the next lemma
hold on this set.

Lemma 4.6. Let 0 < o < 1. There exist constants

10 = lO(Han’ Ia,E, ||b||*’ |E|,Cl), Vs O‘)
and
No = No(llall - La.e. 1Pl |E|. @, y.0)

such that

mes{x € T: [fy ()| + [/y(x + j10)] + | fy(x + j20)]
< exp(NLy — 100N)} 4.7)

< exp(—N"/z)

foranylo < j1 < j1+1lo < j» < N°/® and N > Ny,
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Proof. Let {ey, e;} be the standard basis of R?. By (2.6) we have
Sy(x) = My (x)er A ez
= (M (0)[(uy (x) - en)uy (x) + (uy (x) - en)uy (x)]) A ea
= (uy (x) - eD) | My (x)[vy (x) A ea
+ (uy (x) - en) [My ()|~ oy (x) A ea.
If | f3 (x)] < exp(NLy — 100N ) then
M3 QoI (x) - erl[og (x) A ez = [My ()|~ Huy (x) - el [uy (x) A ea
< exp(NLy — 100N ).

From the above and the fact that uj\',(x) ~e1 = upy(x) A eg (recall that u; L ouy)
one gets that on §y we have

Un(x) Aer||vy(x) Aea| <exp N—L)— + exp —
N e N(Ly — L) —99N° (2N° —2NL
< exp(—90N°)

and hence |uyy (x) A e1| < exp(—40N?) or |v;vF (x) Aea| <exp(—40N9).
Suppose (4.7) fails. Then

mes{x € Gy |fy()] + |y (x + j1w)] + | fy(x + j20)|
<exp(NLy — 100N )}
> exp(—=N?) — exp(—c1 N) > exp(—cN'?).
Let x be in the above set. By the preliminary discussion, either
luy (x) Aer| < exp(—40N?)

or
[0} () A €a] < exp(~40N?)
has to hold for two of the points x, x + jiw, X + jrw.
We first assume that

luy (x + jiw) Aer] <exp(—40N?) and |uy(x + jow) Aer| < exp(—40N°).
(4.8)
We now compare M;;_jl (x + j1w)uy (x + jiw) and uy (x + jrw). It follows
from Lemma 4.5 that
luy (x + jaw) AMP_; (x + j1o)uy (x + jio)]
< uy(x + jaw) AME_ (x + jro)uy ., (X + J10)]
+ MY (x + j10) Uy 4oy (8 + J10) Auy (x + j1o))].
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Applying Lemma 4.4 with A = My (x + jow) and B =
firstterm,and 4 = My (x + jiw)and B = M} _
term, yields

M} _; (x + jiw) for the
(x+ (N + j1) w) for the second

luy (x + jaw) A ME_; (x + jro)uy(x + jio)]
< My (x + jao) | IME_j, (x + j10)]|
+CIMY_; (x + o) IMy (x + j1o)| 2 IIMp_;, (x + (N + j)o)|?
< exp((=2N + j2 = j)L +3N?) + Cexp((=2N + 2(j2 — j1))L + 5N°)
< exp(—NL)
4.9)
for x € §y. Using Lemma 4.5, (4.8), and (4.9) we get

lex A M (x + jiw)er]
<len AMJ_; (x + jro)uy(x + j1o)]
+ CIME_ (x + 1) ler Auy (x + j10)]
< fuy(x+ sz) AME_; (X + jio)uy (x + j10)]
+ ClIMj_j (x + j1o)lller Auy(x + joo)|
+ClIMp_,
< exp(=NL) + C exp((j2 — j1)L —39N?) + C exp(—39N?)
< exp(—30N°).

./2 J1
(x + j1w) M ler Auy(x + jiw)|

On the other hand by (2.6) we have

b(x + jow) ‘1/

let AMP_ (x + iw)er| = ‘
S0

. 1
£ 1(x + jiw)] < Cexp (E(N" — D) —30N7) < exp(—20N?).

The same type of estimate is obtained if we replace (j1, j») in (4.8) with (0, j;) or
(0, j2).
Now assume that
[v (x + j10) A e2] < exp(—40N7)
and
[vf (x 4 j2w) A ea] < exp(—40N).



An estimate on the number of eigenvalues 35
Similarly to the previous case (first use Lemma 4.5 and then Lemma 4.4) we have

i (x + jow) A MY (x + (N + jHo)vg (x + jio)]
< vy “(x + 1) AME_ (x + (N + jpo)i(x + j1o)]
+CIME_; (x + (N + joo)| oy (x + jaw) Avy, o (x4 j10)]
||MN(X+1160)|| UMY (x+ (N + o)
+CIME_; (x + (N + jDo) [ My (x + jao)|2IME_;, (x + j10)]?
<exp((—2N + jo — j1)L +3N?) + C exp((—2N + 3(j2 — j1))L + 5N?)
< exp(—NL)

for x € gy and

lea A MP_; (x + (N + j1)o)es|
<lea AMp_; (x + (N + jHo)vy (x + j10)|
+CIME_; (x4 (N + j)o) ez A v (x + jio)]
< vy (x 4 jpw) AME_; (x + (N + jHo)vg (x + jio)]
+ CIMp_ (x+ (N + joo)lle AvE(x + jaw)|
+CIIM}E_; (x4 (N + j)o) ez Avg(x + jio)]
< exp(—NL) + C exp((j2 — j1)L — 39N?) + C exp(—39N?)
< exp(—30N°).

On the other hand by (2.6) we have

lea A M (x + (N + j1w)ez]|

]2 J1

| b+ (N + j)e) (2, .
T Ib(x + (N + ji + 1)(0)‘ | f—ji—1 (X + (N + j1 + Do)l

SO

. 1
| f—ji—1(x + (N + j1 + Do) = Cexp (E(NU —-D)— 3ON")
< exp(—20N°).

In conclusion
mes{x € T: |f;"(x)] < exp(—20N°)} > exp(—cN?)

for some choice of / from j; — 1, j» — 1, j» — j1 — 1. However, this contradicts the
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fact that Lemma 4.3 implies
mes{x € T: |f;"(x)| < exp(—20N7)}
<mes{x € T:|f"(x)] <exp(—N?)}
< exp(—=N9172) < exp(=N37*) < exp(—cN/?)
(we used [ < N°/8). Ol
Lemma 4.7. There exist constants k > 0 and
No = No(llall - La,e. 1101, [El. @, )

such that for N > Ny we have
1

/ —|fx(x)|dx > Ly — N7*.
T N

Proof. Let Q2 be the set of points x € Gy such that
min{| f¥(x + j1o)] + | f¥(x + o) + | [¥(x + jao):
O<ji<p+lo<jp<ja+lo=<jz=<N%
> exp(NLy — 100N ),
where [y is as in the previous lemma. If N is large enough then
mes(T \ Qn) < N exp(—c1 N/?) < exp(—cN'?).
Letu(x) = log|fx(x)|/N and set
M = [N°8/1].
For each x € Q y we have that
| fa(x + klow)| > exp(NLy — 100N°)/3

for all but at most two k’s, 1 < k < M. We have

() & /T u(x)dx

M
i),
= — Z u(x + klow)dx
M =T

M—2 log3\ 2
> / (5= (L — 100no—1 - 222) - dnf u(xt klow) )dx
<K=

“Jay s M N M
| M
+ — / u(x + klow)dx.
M ;; ey

(4.10)
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Let v(x) = log|fy (x)|/N. We have that

1
s sup v(z) < sup —log|My(2)] < oo.
ZEeAp/O/ ZEeAp/O/ N
Let
0@ = [ toglz — Eldu(©) + hez)

0]

be the Riesz representation on A%. Applying [5], Lemma 2.2, (see the proof of
Lemma 3.4) we get that

P(Apg) + [hllLoe(a,y) = C(2S — s%p v) < C2S — (v)). (4.11)

Note that (v) is finite by subharmonicity. Since (v) = (u) + D, it follows that (u)
is also finite. Using Cartan’s estimate (see [4], Lemma 2.2) we get that for any small

g > 0 we have

inf v(x + klpw) > —C(2S — (v))N® (4.12)
1<k<M

up to a set not exceeding CM exp(—N?) in measure. Since

1
u(@) = v(x) = 3 (SN () + Sy (x + ©)) (4.13)
we can use (4.12) and Theorem 2.1 to conclude that

infMu(x + klpw) > —C(2S — (u) — D)N®* — D — N° > (C{u) — C')N*®

1<k<

up to a set By not exceeding exp(—c N ¥) in measure. Therefore

/ inf  u(x + klow)dx
Q

N 1=k=M
>(C(u)—C/)N‘9+/ inf  u(x + klow)
QNNBN 1<k<M
M
> (C(u)—C/)NE—Z/ lu(x + klow)|dx.
k=1 QNNBN

Now (4.10) becomes

10g3) n (C{u) — C")N°®

) =(1- %)(LN — 100N — = y

, M
- — E lu(x + klpw)|.
Mkzl/gvu:e,v
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Using Lemma 4.3 (with 0 = 3) and reasoning as in the proof of Lemma 3.8 we get
that [[u]| .2y < CN? and consequently

/ lu(x + klpw)|dx < (mes{Q% U £N})1/2||“”L2(T) < CN3exp(—cN¥).
QG UBN

Now it is straightforward to reach the conclusion. O

Corollary 4.8. Let

Slog 2] = [ Toglz — Lldna(6) + ha(@)

0

be the Riesz representation on A o) There exists a constant

Co = Co(llall - Ia.£. D], |El, @, ¥, po. Py £5)
such that
Mn(Apo) + ||h”||L°°(.ApO) < Co.

Proof. 1t suffices to obtain the bound for large n. The bound follows from (4.11) and
the previous lemma. O

Lemma 4.9. There exist constants oy > 0,

Co = CO(Ia,E’ ||b||*’ |E|’ w, )/),

and
CO = CO(Ia,E, ||b||*’ |E|,Cl), )/)

such that for every integer n and any § > 0 we have
mes{x € T: [log|f%(x)] — (log| £, )| > nd} < Coexp(—codn°).
The same estimate with possibly different co and Cy holds for f,'.

Proof. It is enough to establish the estimate for n large enough. Let u(x) =
log|f¥(x)|/n and v(x) = log|f,%(x)|/n. By the previous lemma (recall that
(v) = (u) + D) and Proposition 3.14 we have that there exists a small k > 0
such that

(v) > L8 —n7",

supv < Lo +n™" .
T

This implies that

”v - (v>||Ll('[r) = Cn™*
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and hence by [1], Lemma 2.3, we have

<Clv—@)|Y2  <cn2

= ||U_(v) Ll(-[r) =

lv ||BMO(T) ||BMO(T)

As in the proof of [5], Proposition 2.11, we note that in order to get the conclusion
of [1], Lemma 2.3, we just need the bounds on the Riesz representation of v. By the
John—Nirenberg inequality we get

mes{x € T: |v(x) — (v)]| > 8} < C exp(—c8n*/?).
Using (4.13) we have
mes{x € T: |u(x)— (u)| > 8}

< mes {x € T: o(x) - (v)] > g}

1 8
+mes {x € T | 2= (Sa(x) + Su(x + ) — D| > 2}
2n 2
< Cexp(—c8n*/?/2) 4+ 2exp(—c'$n/2 + ry)
< C’exp(—c"8n"'?)2).
This concludes the proof. O
Next we will use the Avalanche Principle to refine the previous estimate.
Proposition 4.10. There exist constants
co = co(llall - La.E. 101l |El. 0. 7).
Co = Co(w) >a +2,

and
Cl - Cl(Ha”oo’ Ia,E’ ||b||*’ |E|’w’ )/)

such that for every integer n > 1 and any § > 0 we have

mes{x € T: |log| /. (x)| — (log| f;*[)| > nd}
< C; exp(—codn(logn)~€0).

Proof. 1t is enough to establish the estimate for n large enough. We have that

i) 0 =107 Tl 0]
[ 0 0}_[0 O}M”(x)[o 0}_%’(”'

We define M} analogously. We obviously have that | £,%(x)| = || MZ(x)].
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Let [ = [(logn)?/90] with 0 as in Lemma 4.9. Letn = [ + (m — 2)] + I’ with
2] < I’ < 3l. We want to apply the Avalanche Principle to MY (x) = ]_[Jl-zm A%¥(x)
where A7(x) = M) (x + (j = Dlw), j =2,....m — 1,

-1 0 u 0]
Aﬁ‘(x)zM;‘(x)[O O]z[f’*(” )|

and

-1 0 fr) ]
Aﬁ‘n(x)=[0 O}Mﬁ(x){’ox .

We define the matrices Aj? analogously. We clearly have that

log | f*(x)| < log AT (x) || < log | M} (x)].

and an analogous estimate for log [|A%||. Now it follows from Corollary 3.11,
Lemma 4.9, and Lemma 4.7 that the hypotheses of Lemma 3.7 are satisfied and
hence

m—1 m—1
1
log [ M ()]l + Y log [ 4 ()| = Y log [ 4, (x) 4% (0)]| = O(5)
j=2 Jj=1

up to a set of measure less than 31 exp(—c/?) < exp(—c’(logn)?). Note that, as
before, we checked the conditions of the Avalanche Principle for M}, but we wrote
the conclusion for M?. By letting

uo(x) = log [ A7, (x) A7,y (x)[| + log | A3 (x) AT (x)

we rewrite the previous relation as

m—1

log [| M3 (x)| + D log | M{ (x + (j = Diw)]|
j=2

m—2
— > log||Mg (x + (j = Dlw)|| — uo(x)
j=2

~o(})
Note that

log || /i1 (x + (m = 2)lw) || + log || /37 ()]l < uo(x)

. i (4.14)
< log My, (x + (m = 2)lw)|| + log || M3; (x)].
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We apply the Avalanche Principle / — 1 more times. At each step we decrease the
length of A,, by one and increase the length of A; by one. Adding the resulting
estimates and dividing by / yields

(m—1)I—1
log [ME()Il+ Y ~log[Mf(x + jo)|

P
(m—2)I—1 -1
1 . 1 4.15)
= D plogMg(x + jo)ll = ) Juk(x)
Jj=l k=0

1
= 0(7)
up to a set of measure less than [ exp(—c(logn)?) < exp(—c’(logn)?). The functions
ug, k = 1,...,1 — 1 are defined analogously to u¢ and satisfy estimates analogous

to (4.14). Based on these estimates it is straightforward to conclude (see Lemma 3.4
and (4.11)) that there is an uniform bound for the Riesz representations of uy /[,

k=1,...,] —1. Hence we can use Theorem 2.1 to get
-1 1 I-1 1
Tuk(x) - Z 7<uk) = 0(I(logn)?) = O((logn)?*+2/90)
k=0 k=0

up to a set of measure less than / exp(—c(logn)?) < exp(—c’(logn)?). On the other
hand, using Theorem 3.10 we have

(m—1)I—-1 (m—2)I—-1

Y ploglMfGe+jo)l— 3 FloglM5(x+ jo)l
j=l j=l
= (m —2)IL{ — (m —3)ILS; + O((logn)?)
up to a set of measure less than exp(—c(logn)?). We can now conclude from (4.15)
that
-1 1
log | £(x)| + (m = 2)IL{ = (m = 3ILY = Y () = O((logm)®)
k=0

up to a set of measure less than exp(—c(logn)?), where C; = max{p,2 + 2/0¢}.
Integrating the above relation and then subtracting it, yields

|log | £, (x)] = (log | £,])] < C(logn)© (4.16)

up to a set of measure less than exp(—c(logn)?). Note that the exceptional set was

handled by using the fact that [| log | £,![, » ™ = Cn. This follows from

log| £4] — (log | 42D 27y < Cn @.17)



42 1. Binder and M. Voda

and [(log | f,%])| < Cn. The first estimate is an immediate consequence of Lemma 4.9
and Lemma 3.8. The second estimate can be deduced from Lemma 4.7.
Let 8 be the exceptional set for (4.16). Let

log | f,| — (log| /1) = uo 4 uy

where ug = Oon B and u; = Oon T \ B. By (4.16) and (4.17) we have that
||M() - (u0)||L°°(T) = C(lOg n)C2 and

||u1||L2(T) < Cn+/mes(B) < exp(—c(logn)?).
Applying [1], Lemma 2.3, we have

og | i llgyocry < € ((ogn) 2 + V/n exp(—c(logn)?)) < C'(logn) .

The conclusion follows from the John—Nirenberg inequality. O

Lemma 4.11. There exists a constant
Co = Co(llall o> Lo, 1Dl - [E], @, ¥)

such that
[(log | /') —nLy| < Co

Jor all integers.

Proof. Subtracting the Avalanche Principle expansions for M and M, at scale [ ~
(logn)“ and then integrating, yields

(log | £21) — nL2] < CR(4(ogm)*) + 0(%)

[
where
R(n)=sup [(log|fyl) —mLy,|.
n/2<m=<n
Iterating this estimate yields the desired conclusion (cf. [5], Lemma 3.5). O

We now prepare to prove the estimate on the number of eigenvalues. Fix Eg € R
such that L(Ep) > y > 0. As a consequence of Corollary 3.17 and Lemma 3.9 it
follows that there exists a disk O around Ej such that L(E) > y/2 on I. In what
follows we also fix . Note that the existence of the disk £ would follow from the
continuity of the Lyapunov exponent, which is known from [8]. However, we also
need the information on the modulus of continuity provided by Corollary 3.17. This
information follows from the Holder continuity of the Lyapunov exponent proved
in [10], but we use Corollary 3.17 in order to keep the paper self-contained. The
following deviations estimate in £ will be needed in the proof of the estimate.
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Lemma 4.12. Let Cy be as in Proposition 4.10. There exist constants

co = colllall . L. 1O, |E]. . 7)
and
Cl - Cl(Ha”oo’ Ia,E’ ||b||*’ |E|’w’ )/)

such that for every integer n > 1 and every § > 8¢ there exists a set B, 5 C T with
mes B, 5 < C1exp(—cod(logn)~C0), such that for each x € T \ B, s there exists
Ensx C D, withmes &, 5, < Cyexp(—cod(log n)~€0), such that

[log | /' (x, E)| —nLy(E)| <8, (4.18)
forany E € D\ &, 5 x.

Proof. From Proposition 4.10 and Lemma 4.11 it follows that (4.18) holds for § >
8o, and (x, E) € T x D except for a set of measure C exp(—c8/(logn)€0). The
conclusion follows by Fubini’s Theorem and Chebyshev’s inequality. O

Theorem 4.13. Let Cy = Co(w) be as in Proposition 4.10. There exist constants
Cl = Cl(”aHoo’ ||b||*’ |E0|’ w, )/)’

Cy = Cy(llall - 1a,0: 1161, | Eol. @, p),
and

no = nO(”a”oo’ Ia,{D, ||b||*’ |E0|’ w, )/)
such that for any xo € T, Eg € R, and n > ng one has
#{E €R: f%x0. E) =0, |E — Eo| < n~C1} < Cr(logn)2co
and
#zeC: f%z,E) =0, |z—xo| <n '} < C,(logn)%o.
Proof. From (4.18) it follows that there exist x1, £ such that
|x1 = xo| < C exp(—c(logn)?),
|E1 — Eo| < C exp(—c(log n)CO),
and
log | £%(x1, E1)| = nLn(E1) — (logn)?<°. (4.19)
Let R = n~2%3, where C; is the constant C from Corollary 3.17, and let vy g (r) =
#H{E: f,(x,E') =0, |[E' — E| <r}. Using Jensen’s formula we have that

4R
t
vy, E; BR) = C/ "x%l()dt
0 (4.20)

1 2 .
= E/ log | f, (x1, E1 + 4Re‘9)|d0 —log | £} (x1, Ev)|.
0
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By Proposition 3.14 we have
log | £, (x1, E)| < nLy(E) + C(logn)?
for E € D. Using this, together with (4.19) and (4.20) yields

va £ BR) = C( sup (n(Li(E) — Ly (E1) + (log n)*<).
|E—E|=4R

For E such that |E — Eg| < R we have that |[E — E{| < n~ and hence by

Corollary 3.17 we have that [n(L2(E) — L%(E1))| < n~¢. We can now conclude
that

Vay Eo(2R) < vy .5, (3R) < C(logn)*<°. (4.21)
Using the Mean Value Theorem we can conclude that
|H™ (x0) — H™ (x1)|| < Cnlxo —x1| < C exp(—c(logn)€°).

Let EJ(.")(x), j =1,...,nbethe eigenvalues of H ™ (x) ordered increasingly. Since
H™ (x0) and H® (x,) are Hermitian it follows that

|[E{" (x0) = E" (x1)] < C exp(—c(logn)©).

This implies that vy, £,(R) < vx,,E,(2R) and now the first estimate follows from
eq. (4.21).

The second estimate follows in a similar way. From Proposition 4.10 it follows
that there exists x; such that [x; — x| < C exp(—c(logn)€°) and

log | £%(x1. Eo)| = nL,(Eo) — (logn)2<°. (4.22)

Letve(r) =#{z € C: f*(z, Eo) = 0, |z—x]| < r}. Using Jensen’s formula, (4.22)
and Proposition 3.14, as before, yields
vxo(n_l) < vy, @2n™h

<C( sup (n(LA(r, Eg) — L%(1, Ep))) + (log n)*<°)
re(1-3n—1,14+3n=1)

< C'(logn)*o.

For the last inequality we used Corollary 3.13. This concludes the proof. O
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