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Convergence of Dirichlet eigenvalues
for elliptic systems on perturbed domains

Justin L. Taylor

Abstract. We consider the eigenvalues of an elliptic operator

ad ou®
L =~ (Y
(Lu) dx; \ Y 0x; p
where u = (u! ..., u")" is a vector valued function and a®? (x) are (n x n) matrices whose

elements af;.ﬁ (x) are at least uniformly bounded measurable real-valued functions such that
a?;B(x) = af;x(x)

for any combination of &, 8,7, and j. We assume we have two non-empty, open, disjoint, and

bounded sets, €2 and Q, in R”, and add a set T of small measure to form the domain Q.. Then

we show that as ¢ — 071, the Dirichlet eigenvalues corresponding to the family of domains

{Qc}e>0 converge to the Dirichlet eigenvalues corresponding to Qo = Q U Q. Moreover,

our rate of convergence is independent of the eigenvalues. In this paper, we consider the

Lamé system, systems which satisfy a strong ellipticity condition, and systems which satisfy
a Legendre—Hadamard ellipticity condition.
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1. Introduction

There is a great deal of work studying eigenvalues for elliptic equations, but there
seems to be less work on eigenvalues for elliptic systems. Much of the work on
equations requires estimates for solutions that do not hold for systems. In this paper,
we consider the behavior of eigenvalues for elliptic systems in singularly perturbed
domains. We give a simple characterization of the families of domains that we can
study and this class includes families such as dumbbell domains formed by connecting
two domains by a thin tube. We show that as the measure of the perturbation shrinks
away, the convergence of the eigenvalues is obtained. We also provide a rate of
convergence, which is independent of any eigenvalue. We make no assumption on
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the smoothness of the coefficients and only mild assumptions on the boundary of the
domain.

Studying solutions of elliptic boundary value problems with Dirichlet or Neumann
boundary conditions on domains which can be approximated by solutions on simpler
domains has been an interest for many years, and is still ongoing. The motivation
to study such problems is that it is easier to study the spectra on sets with a reduced
dimensionality. One may approximate the spectra on these “fattened” sets with the
spectra on the “thinner” sets. Some applications include studying quantum wires,
free-electron theory of conjugated molecules, and photonic crystals. For a complete
description, see the work of Kuchment [26]. Recent work by Exner and Post [15]
study the Neumann Laplacian on manifolds with thin tubes which is related to the
theory of quantum graphs. The Fireman’s Pole problem consists of approximating
the resolvents of a bounded set in R3 by the resolvents of this set with a cylinder
removed. For a complete description, see Rauch and Taylor [29]. A classic paper
by Babuska and Vyborny [5] shows continuity of Dirichlet eigenvalues for elliptic
equations under a regular variation of the domain, but gives no rates of convergence.
Dancer [11], [12] considers how perturbing the domain affects the number of positive
solutions for nonlinear equations with Dirichlet boundary conditions and includes the
case where solutions are eigenfunctions for the Laplacian. Davies [14] and Pang [28]
study the approximation of Dirichlet eigenvalues and corresponding eigenfunctions
in a domain 2 by eigenvalues and eigenfunctions in sets of the form R(s) = {x €
Q: dist(x, d2) > e}. They each give rates of convergence and their estimates include
the case when the domain is irregularly shaped. The work of Brown, Hislop, and
Martinez [6] provides upper and lower bounds on the splitting between the first two
Dirichlet eigenvalues in a symmetric dumbbell region with a straight tube. Chavel
and Feldman [9] examine eigenvalues on a compact manifold with a small handle
and Dirichlet conditions on the ends of the handle. The work of Anné and Colbois [1]
examines the behavior of eigenvalues of the Laplacian on p-forms under a singular
perturbation obtained by adding a thin handle to a compact manifold, but requires
more regularity on the eigenfunctions than holds in our setting.

More recent work for Dirichlet conditions includes work by Daners [13], which
shows convergence of solutions for elliptic equations on sequences of domains. These
domains €2, converge to a limit domain €2 in the sense of sequences u, € HO1 (24n)
converging to a function u € H (£2). Also, Burenkov and Lamberti [8] prove sharp
spectral stability estimates for higher-order elliptic operators on domains in certain
Holder classes in terms of the Lebesgue measure of the symmetric difference of
the different domains. Kozlov [25] obtains asymptotics of Dirichlet eigenvalues for
domains in R” for n > 2 using Hadamard’s formula. Grieser and Jerison [20] also
give asymptotics for Dirichlet eigenvalues and eigenfunctions, but only on plane
domains.

We note here that the results for Neumann eigenvalues may be different than those
for Dirichlet eigenvalues. In fact, a classic example of Courant and Hilbert [10] shows
that the Neumann eigenvalues may not vary continuously as the domain varies. Their
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example is constructed by taking the unit square in R? and attaching a thin handle
with a proportional square attached to the other end. They show that if {A;} and
{19} are the Neumann eigenvalues of —A in increasing order including multiplicities
with respect to the perturbed square and the unit square, then A5 — 0 as ¢ — 0,
but A9 > 0. This example shows that one needs additional regularity in order to
achieve convergence. Furthermore, Arrieta, Hale, and Han [4] show that for this
type of domain, A5, — /\21_1, as ¢ — 0 for m > 3. Another work of Arrieta [3]
gives rates of convergence for eigenvalues of the Neumann Laplacian on a dumbbell
domain in R? when the tube is more general. Jimbo and Morita [24] study the first N
eigenvalues of the Neumann Laplacianin N disjoint domains connected by thin tubes.
They show that the first N eigenvalues approach zero and the (N + 1)st eigenvalue
is uniformly bounded away from zero. If D; and D, are two disjoint domains,
then for {ox} = {u;} U {A;}, where {u;} are the Neumann eigenvalues of —A in
D = Dy U D5 and {A,} are the Dirichlet eigenvalues of %{22 in (—1, 1), Jimbo [22]
gives a rate of convergence on the difference oy — o;. This work was generalized
to more classes of domains in a more recent work by Jimbo and Kosugi [23]. Also,
Brown, Hislop, and Martinez [7] show that if o3 € {14;}\{A,} then
lox —of| < C[log (l)]%l n=2,
€
and s
lox —of| <Ce 2, n=>3.

Here, we aim to provide an outline of the proof. In section 2, we give several
definitions and describe the family of domains for which we can prove the conver-
gence of eigenvalues. We also describe the well-known construction of eigenvalues
and state our main result. In section 3, we give Theorem 3.1 from Giaquinta and
Modica [17] and [18] which uses a technique introduced by Gehring [16]. We also
prove a Caccioppoli type estimate for eigenfunctions in Theorem 3.4 and use this
along with Theorem 3.1 to obtain a reverse Holder inequality given in Theorem 3.5.
This gives LP-integrability for the gradient of the eigenfunctions for p > 2. In
section 4, we are able to bound these L? norms by a constant in Proposition 4.2.
The proof uses the reverse Holder inequality as the key ingredient. This estimate
is then used to prove Lemma 4.2 and Proposition 4.4, which are used to satisfy the
first part of a well-known theorem from Anné [2] given in Lemma 4.1. The second
part of Lemma 4.1 follows from the first part along with the above estimates, thus
giving Corollary 4.1. The main result follows from this corollary. As a by-product of
our research, we give a simple proof of Shi and Wright’s [30] L?-estimates for the
gradient of the Lamé system as well as other elliptic systems. Many of the results
first appeared in the author’s Ph.D. dissertation [31].

Acknowledgments. The author thanks Russell Brown for his valuable discussions
and suggestions. The author also thanks the referee for his or her helpful comments.
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2. Preliminaries and main result

We give conditions on a family of domains €2, that allow us to prove the convergence
of eigenvalues. We let €2 and Q in R” be two non-empty, open, disjoint, and bounded
sets. We let &; > 0 (which will be chosen small later), and then let {7 }o<s<¢, be a
family of open sets such that

T:CT, ife<e.
If | T;| denotes the Lebesgue measure of T, then
|Ts| < Ce?, 2.1)

where C and 0 < d < n are independent of ¢. Fix two points p; and p, on 92 and
I, respectively. For each ¢, let B, and B, be two balls of radius ¢ in R” centered at
p1 and p,, respectively. The connections from 7 to 2 and & will be contained in
B, and Eg, sothat T, N QR =@Pand T, NQ C B% where B% is the concentric ball
to B, of radius % Also, suppose a similar condition for Q and Eg. Then for any ¢,
define €2, to be the set 2 U QuU T, which we assume to be open and connected, and
Qo = QUQ. So, if our family is the family of dumbbell domains, you may think
of T, as a “tube” connecting each of the two domains. We now have the family of
domains {Q2;}o<s<e, -

Next, we give a condition on the boundary of Q.. If B, is any ball of radius r
satisfying B, N Q¢ # @, then

|Byr N Q5| = Cor™, (2.2)

where Cy is a constant independent of r and ¢. This eliminates domains with “cracks”
and “in-cusps,” and will be used to help show the Caccioppoli inequality in Theo-
rem 3.4 for the case when we are close to the boundary.

Throughout this paper we use the convention of summing over repeated indices,
where i and j will run from 1 to n and «, B, and y will run from 1 to m. We
let af;.ﬂ (x) be bounded, measurable, real-valued functions on R” which satisfy the
symmetry condition

af;ﬁ(x) :afia(x), i,j=12,....n,a,8=1,2,...,m.

We let L2 (£2;) denote the space of square integrable functions taking values in R”* and
H{ () denotes the Sobolev space of vector-valued functions having one derivative

in L2(Q,) and which vanish on the boundary. We use uj to denote the partial

. . au(x
derivative 3%,
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Let n, € C°(R") be a cutoft function so that we have n, = 0in T¢, n, = 1
in Qo\(Bs U By), |Vns| < Cg—”, and 0 < 7, < 1, where C, only depends on .

We emphasize that B,, B,,and ne depend on the parameter £. With these assumptions
and definitions, we have that for any u € H; (Q;), neu will be in H (Q0).

We now introduce the notion of an eigenvalue and corresponding eigenvector. We
say that the number o is a Dirichlet eigenvalue of L with Dirichlet eigenfunction
u e HN(Q),ifu # 0and

/ a;’}ﬁ (x)u;-"(x)gojﬁ (x) dx = 0/ u¥ (x)g¥ (x) dx, ¢ € Hy(Q). (2.3)
Q Q

We say that L satisfies the Legendre—Hadamard condition if there exists 6 > 0 so
that

alf (VEatpvivy = 01EPIVIE. EER™ ¥ R, ae.x € Q. (2.4)
If we define the norm on matrices A = A4;; € R™*" as
m n
AP =" 144,
i=1j=1

and L satisfies the Legendre—Hadamard condition with continuous coefficients in Q,
then it is well-known that for any u € H{ (), we have Gérding’s inequality [32],
p. 347,

C1/ |Vul? dx < / ag.ﬁ(x)u?‘(x)uf (x) dx + C2/ lu|? dx. (2.5)
Q Q Q

L is said to satisfy a strong Legendre condition or a strong ellipticity condition if
there exists 6 > 0 so that

aif (ErEl = 052 £ € R™, ae.x € Q.. 2.6)

We introduce the Lamé system as Lu = —div{ (1), where ¢ (1) denotes the stress
tensor defined by

é‘]’.g (u) = a?;.ﬂu?‘ (2.7)

which is defined in terms of the Lamé moduli v(x) and u(x) by

a? (x) £ v(0)8iabip + 1()818ap + L(X)SipS)a. 2.8)

where v(x) and u(x) are both assumed to be bounded and measurable. Also, define
the strain tensor « (1) as

def

1 . .
Kij(u) = E(u} +ul). (2.9)
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Note that for the Lamé system, m = n and the Lamé parameters v(x) and p(x) given
in (2.8) satisfy the conditions

v(x) >0 and pu(x)>68>0. (2.10)
With these assumptions, the Lamé system satisfies the ellipticity condition
azﬂu“uﬂ >z, ue HH () (2.11)

where = 2. With Korn’s 1st Inequality, it is easy to see that for the Lamé system,
we have

%/ |Vul|? clyf/s2 af;ﬂ “uﬂ dy, ue H}(RQ).

Thus, if u satisfies either the ellipticity condition (2.6), (2.11), or (2.4) with continuous
coefficients in , then we have Garding’s inequality (2.5).

The well-known construction of eigenvalues and eigenfunctions for scalar func-
tions (which is the same for vector-valued functions) is taken from Gilbarg and
Trudinger [19], p. 212. If we define the bilinear form on H, (Q;) x H{ (Q2) as

tj

Bs(u,v)ﬁ/ atPutv? dx (2.12)
Qe

and define the Rayleigh quotient R, as

Ro(u) & B w). (2.13)

” ”LZ(Q )

for u # 0, then we can construct an increasing sequence of eigenvalues, listed
according to multiplicity, {ox}72 , such that for each corresponding eigenfunction
up € H}(Qe), we have

min N R:(w) = Re(ug) = o (2.14)

WE{U .Uk —1}

and
Ikl =1 (2.15)

for any k. Furthermore, each eigenspace is finite-dimensional and the constructed
set of eigenfunctions forms an orthonormal basis in L?(Q,).
We now state the main result.

Theorem 2.1. Let

d ou®
B _ ap _
(Lu)? = __ij (aij _Bxi) B=1,....m

satisfy one of the following conditions:
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(1) L has uniformly bounded coefficients and satisfies either the ellipticity condi-
tion (2.6) or the ellipticity condition (2.11);

(2) L has continuous coefficients and satisfies the ellipticity condition (2.4).

Also assume {0,8},2‘;1 and {0} }72 | are the Dirichlet eigenvalues of L with respect
to Qo and Q¢ in increasing order numbered according to multiplicity. Then for each
J € N, we have the following estimate:

o —09] < Ce®

for 0 < & < eo(J), where go(J) depends on the multiplicity of OJO. Moreover, the
rate a > 0 is independent of any eigenvalue and C only depends on the eigenvalue
OJO and the distance from OJO to nearby eigenvalues.

3. A reverse Holder inequality

If
][ FO)] dy
E

is defined to be the average of f on E, then recall that the maximal function is defined
for f € L], .(R") to be

r>0

M(f)(x) £ sup ][B 0l

where B, (x) is a ball of radius r centered at x. Also, define Mz(f)(x) to be
Me(H) = swp - rlay.
R>r>0JBy(x)

We will need the following theorem from Giaquinta [17], p. 122, which uses the
technique introduced by Gehring [16], and refined by Giaquinta and Modica [18].

Theorem 3.1. Let r > g > 1, and QR be a cube in R" with sidelength R centered
at 0. Define
d(x) = dist(x, 00 R).
If f and g are measurable functions such that f € L"(QRr), g € LY(QRr), [ =
g = 0 outside Q g, and with the added condition that
Mag (Ig1")(x) = bM?(g)(x) + M(|/17) +aM(|g|?)(x)

for almost every x in Qr where b > 0and 0 < a < 1, then g € LP(Qg), for
p<lg.q+e)and

(][Q |g|P(y)dy)’l’sc[(][Q |g|q(y)dy)‘l’+(][g FPe ay)?] G
R/2 R R

where ¢ and C depend on b, q, n, a, and r.
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The conclusion of this theorem is known as a reverse Holder inequality. To
show that the gradient of eigenfunctions satisfy this inequality, we will need to prove
a Caccioppoli inequality. However, to show this Caccioppoli inequality, we first
need the following two well-known inequalities taken from Hebey [21], p. 44, and
Oleinik [27], p. 27.

Theorem 3.2 (Sobolev—Poincaré Inequality). Let 1 < p < n and é = % — % Also,

let B, be any ball of radius r with u € WP (B,). Then, for S contained in B, with

|S| > cor”,
4q

/ lu(x) — us|? dx < c(/ Vul?(x) dx)” (3.2)
By By
where us = ﬁ [ u dy, for some constant C(n, p, co), independent of u.

Theorem 3.3 (Korn’s Inequality on a Ball). Ifu € H'(B,) then

1
IVl 25,y = CU@IZ2(5,, + 5125, (3.3)
where C only depends on n.
We now state and prove a Caccioppoli inequality for eigenfunctions.

Theorem 3.4. Let u be an eigenfunction with eigenvalue o associated to the operator
L satisfying either (2.6) or (2.11) with uniformly bounded coefficients or associated
to (2.4) with continuous coefficients. Extending u to be 0 outside 2, there exists
ro > 0sothatifro > r > 0, x € R", we have

n+2

fowupay=a(f 1vua)”
B, BZr

+ c2|a|][ P dy + c3f Vul? dy
BZr BZr

(3.4)

where B, is a ball with radius r centered at x, C3 < 1, and C; > 0 only depends
on M = max; jqp ||a?;-ﬁ||Loo(Qg), n, m, 0, t, and Cy. Furthermore, if L satisfies
either (2.6) or (2.11) with uniformly bounded coefficients, then the inequality holds

foranyr > 0.

Proof. First, choose a ball B, and define a cutoff function v € C2°(R") to be so
that v = 1 in B,, v = 0 outside By, |Vv| < %, and 0 < v < 1, where C, only
depends on n. Below, we will find an appropriate constant vector p € R™, so that
v2(u — p) € H}(2). By the weak formulation (2.3), we have

/Q aPut (v (u - p))f dy = 0/ u? [v2(u — p)]” dy.

& &
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Then, performing the differentiations, we get

/ “ﬂ u¥2vv; (u — )P +v uﬁ] dy = 0/ u’v2(u — p)? dy. (3.5)

& QS
From this point, the argument depends on the ellipticity condition. We have three
cases.

Case 1: L satisfies the strong ellipticity condition (2.6). Using (2.6) and proper-
ties of v, we obtain the inequality

C
/ vaf ufu] dy</ 2M—”v|Vu||u—p|dy+/ o lul e = pl
BZr BZr r

B2r
which, for any constant @ > 0, then leads to

2 2

wv°|Vu C
/ a]ﬂ "‘u dy</ #d —I——2 lu — p|* dy
BZr BZr 2 wr BZr

(3.6)

+Clo| | |u*dy
By,
where C depends on M and C,. Then choosing w = 6 in (3.6) gives

0 C
—/ V2| Vul? dy < 2/ lu—pl>dy+Clo| | [uf?dy.
2 B>, Or Bay

Then, multiplying both sides by 2 5 and using that v = 1 on Br gives

2C
[waray =2 [ w-ppay+ 250 [ P o)
B, 0 r B>, By,

Now, for the term lu — p|* dy, we must consider two subcases.
B2r

Subcase 1.A. If By, C €2, then let

0% =][ u® dy.
BZr

Our condition on the support of v implies vZ(u — p) € H}(R2%). So, setting g = 2
and S = B», in the Sobolev—Poincaré Inequality (3.2), we obtain
n+2

[ w—pkayzc([ vutay) "
By, By

Using this estimate with (3.7) gives

n+2

C n -
/ Vul? dy < —2(/ Vul#2 dy) "+ Clol | ul? dy.
By r BZr BZr

Now, dividing through by r” gives the desired result with C3 = 0.
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Subcase 1.B. If By, N Q¢ # @, then set p = 0, which, again, guarantees that
v2(u—p) € Hy(R2). Sosetting g = 2 and S = Bs, N, in the Sobolev—Poincaré
Inequality (3.2), we have by our assumption on Q¢ (2.2) that

n+2

[ w—pPay=c([ vutay) "
By Byy

From (3.7), we obtain

n+2

C n n
[k ay < S([ 1vuEEa) T el [ ula.
B r Byr By

A simple covering argument gives the estimate with By, replaced with Bs,.

Case 2: L satisfies the ellipticity condition (2.11). From (2.11) and (3.6), we have

wv?|Vul? C
/ fIK(u)IzdyS/ wv [Vul® dy+—2/ Iu—plzdy+C|0|/ ul? dy.
B, By 2 wr? JB,, By,

Also, by Korn’s inequality (3.3), we have
T 2 T 2 2
& vutay=5 [ w-pPay < [ claop a.
C Jg, r* JB, B,
This implies
Cw 1 1
[ wupay<S2 [ wupavec(—+5) [ w-pPay
B, 2t Jp,, wTr r%/ JB,,

Clo|

T B>y

+ lul? dy.

This again leads to two subcases. We must choose p appropriately and use the
Sobolev—Poincaré inequality (3.2) as in case 1. Then, by taking w sufficiently small,
we obtain the desired result.

Case 3: L satisfies the Legendre-Hadamard condition (2.4) with continuous
coefficients in .. We note that it suffices to study when u € C2°(€2;) and first
consider when the coefficients are constant. We rewrite the left side of (3.5) as

/Q 0™ (1 — V)i (e — p)Pv); dy

+ / azﬂ[vv/'u?(u —p)? —viv(u - p)"‘uf —vivj (u = p)*(u — p)] dy.



Convergence of Dirichlet eigenvalues for elliptic systems on perturbed domains 303
This implies

/B a?? ((u = p)*v)i((u — p)Pv); dy

< C/B [VlIV((u = p)v)llu — pl + [u — p*| Vv |* + [oJullu — p| dy.
2r

We note that we may use the Fourier transform to get a lower bound for the left side
to achieve the estimate

C
/ IV ((u = p)* dy < —2/ u—pf? dy+C|0|/ ul? dy.
BZr r B2r B2r

This implies the estimate

C
[y <5 [ w-pPaveciol [ wPd G
B, r B>y B>y

So, again, if we employ the Sobolev—Poincaré inequality (3.2), we get the desired
result in the case of constant coefficients. If the coefficients are continuous and non-
constant, then we freeze the coefficients at x. That is, from the weak formulation (2.3),
we have

|t pnf dy+ [ @ af oo = pn)f dy
’ ‘ (3.9)
= 0/ u” (u — p)v?)? dy.
Qe

So, if we define the modulus of continuity to be

M(xo.R) = max_|a®f (y) —aiF (xo)|
YE€BR(x0)
i,j,a,8

then we have that

/ @ —af o o]

< M(x,2r) V2| Vu|? dy +2M(x,2r) v|Vu||Vullu — p| dy
BZr BZr

C
<C(M(x,2r)+ M(x,2r)2)/ |Vul? dy + r_2/
BZr

B>

u — p|? dy.

Also, by the uniform continuity of the coefficients on Q, for any ¢ < 1, there exists
ro depending on ¢, so that if C(xq, R) = C(M(xo,2R) + M(x¢,2R)?) and r < rg,
then

C(xo.r) =c
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for all xo € Q,. So, now moving the second term on the left side of (3.9) to the
right and using the constant coefficient case (3.8), we obtain that for any ¢ < 1, there
exists ro so that if r < rg,

C
[ty <5 [ w-pPaveciol [ wedyee[ (vupa.
B r By, By, By,

We again choose p appropriately and apply the Sobolev—Poincaré inequality (3.2) to
get the desired result. O

As stated earlier, our proof of Theorem 2.1 relies on the gradient of an eigenfunc-
tion satisfying the reverse Holder inequality, as in our next theorem.

Theorem 3.5. There exists €1 > 0 so that if u is an eigenfunction with eigenvalue o,
then

I ; )
][ \Vu|? dy < c[(][ Vul? dy)* + |a|%][ ul? dy) (3.10)
Qe Q¢ Qe

where 2 < p <2+ ¢1, and €1 and C are independent of € and any eigenvalue.

Proof. Now if u is an eigenfunction with eigenvalue o, we have u € HJ (), and
thus we may employ the Sobolev inequality to get that [u| € L"(S2.) for some r > 2.
If L satisfies either (2.6) or (2.11) with uniformly bounded coefficients, then we may
choose a cube Q g, centered at 0, with sidelength R such that 2, C Q B, uniformly

. _ n27" _ s nzin 42 _ .
in g, and set g = |Vuln+2, ' = (Cs|o|)"+2|u|n+2, ¢ = "=, and u = 0 outside
., we may conclude by (3.4) and (3.1) that

n

(f |Vu|mdy)%gc[(]€2 Vup dy) " ol (£ e @)”]

where ”niz <p=< ”niz + ¢, which, from Theorem 3.4 is independent of ¢ and

any eigenvalue. So, setting p = ’3%, we have the result. If L satisfies (2.4) with
continuous coefficients, then since we only have Theorem 3.4 true for small r, we
must cover 2, with a fixed number of cubes and apply (3.1) to each cube to obtain

the result. O

4. Stability of eigenvalues

From this point, let o} be the k7h eigenvalue with respect to €2, and @7 be its
corresponding eigenfunction with ¢ = 0 outside €2, for ¢ > 0. We also fix an
eigenvalue o) with multiplicity m; where 69_, < o9 if J > 2. We will consider
the family {0} as ¢ > 0 tends to 0. We begin with the following proposition taken
from Anné [2], pp. 2595-2596.
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Lemmad.1. Let (q, D) be a closed non-negative quadratic form with form domain O
in the Hilbert space (¥, (-, )). Define the associated norm || f |13 = || f |15, + ¢ (/).
and the spectral projector Iy for any interval I = (a, B) for which the boundary
does not meet the spectrum.

(1) Suppose f € D and A € I satisfy

lg(f.g) —A(f. @) <8I fIllgllh. g€ D.

Then there exists a constant C > 0, which depends on I, such that if a is less
than the distance of a or B to the spectrum of q,

)
1T () = £l = [Te (Ol < <2170

a

(2) Suppose the spectral space E (1) has dimension m and f1, ..., [ is an orthonor-
mal family which satisfies

Mze(f)l1 <6, j=1,....m.
Also let E be the space spanned by the f;’s. Then,
dist(E(I),E) <C$

where the distance is measured as the distance between the two orthogonal
projectors.

This lemma will give us the results we need for the convergence of eigenvalues. We
will prove estimates on eigenfunctions using the reverse Holder inequality (3.10),
which will allow us to use this lemma. We start with the following proposition which
follows immediately from the construction of eigenvalues.

Proposition 4.1. We have for any ¢ > 0, and any k € N,
of <. 4.1

This proposition gives us the easy half of the inequality in our theorem. To prove the
second half of the inequality, we will need a few items.

Proposition 4.2. Forany e > 0, and k > 1, if p = ¢, then we have

/ |Vo|? dy < C (4.2)

&

where p > 2 is from (3.10), and C depends on |Q2¢| and n, with order, for n > 3,

2p+n(p—2) aP+2(P—q

)
(9(|0,?| & )orforn =2, (9(|0,?| 2¢ ), where2 — £ < g < 2 for small
&. Furthermore, p and C are independent of € and if n = 2, C blows up as ¢ — 2.
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Proof. Now, from (3.10), we have

| vel ay =i ([ |w|zdy)§+|0;|§(/g o7 dy)] 43)

where p > 2 is from (3.10). Recall that by Garding’s inequality (2.5) and since ¢ is
an eigenfunction, we have

C1/ Vol dy S/Q a?l g2 o derCz/Q lo|* dy

<ca+ |oz|)/g o dy

< C( + |og)),

the last line owing to the normalization of the eigenfunctions. Next, we will consider

n > 3 and estimate
/ lp|? dy.
Qe

Using Sobolev’s inequality and (4.4), we have

2n_ ot 7 1
(/Q ol dy) " < C(/Q Vol dy)® < C+ofl?). (44
Also, by Holder’s inequality, we have
t(n—2)

;b TP
(/Q lol? dy)” < (/Q I dy) (/Q ol 2 dy)

where ¢ satisfies

11—t tn—-2)
PR 2n
From this inequality and (4.4), it follows that

| —

1

~ = )
([ 107 )" = ca+ioflh) =€ +1of)
Qe

n(p—2
4p

).

Now, using this inequality along with (4.3), (4.4), and (4.1), we obtain

np

b —2)
+ o7+ o] F )]

[SSH

/Q Vol dy < C[(1 + o))

25+n(p—2) B

< Cllof 4 4 10012 + 1),

This completes the proof for n > 3.
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If n = 2, then from Sobolev’s inequality, Holder’s inequality, and (4.4), we have

Sk )
(/Q lpl?” dy)* <7(/Q Vol dy)*

T 2-¢)

c

1
2 1
< —1(/ Vol? dy)” Q|7
2-g)2 Ja.
c
< —(+ o).
2-9)2

where ¢* = quqz is the Sobolev conjugate of g. Then, again applying Holder’s
inequality, we obtain

1
~ % C !
P q p<—1+ oflz) =
(/Q lol? dy)” < G gr e

C P—=q)
———=y (L + log| 707).
2—¢q

)ﬁq

Now using (4.3), (4.4), and (4.1), we obtain

[, 9917 @ = = {(1 o) ot (1 1ot 7))
& —q q
- @ C)"";(” o2 " of £y 1]. O
-9

Lemma 4.2. For the eigenfunction (p,i, J<k<J4+my—1,andanyw € HO1 (Ro),
we have the following estimate:

af e, B £ e\, o n(p=2)
o a;; (”a‘pk)j w; dy — 0y o (na‘pk) w*dy| <Ce 27 |lw| 4.5)
0 0

where ||w||1 is from Lemma 4.1 with
a(ro)= [ aif feel ay
0

and C only depends on ||, n, OJO, and is independent of ¢.
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Proof. First, recall that w is extended to be 0 outside 2o and ¢y is extended to be 0
in (B U By) N Q<. We have

IR T e
Qo Qo
< ‘ /Q al [(ne)i ()" w! — (n0); (0f)* w] dy‘
0

+ ‘ /Q al? ()¢ (ew)? dy — of /Q (@5)* (new)® dy'
= [T+ 10| + [T+ 1V].

First, since ¢; is an eigenfunction with eigenvalue o}, we have that Il + IV = 0.
Also, by Holder’s inequality and Poincaré’s inequality, we have

[T+ 1 < ?”(p/i”LZ(BSUES)(”VW”LZ(BSUES) + ”w”Lz(BsUEs))

IA

C ”Vw]i ||L2(BgU§g) ||w ”1

where we have used Garding’s inequality (2.5) on the last line for w. Thus, from
Holder’s inequality and Proposition 4.2,

n(

p=2)
I+1] < Ce 27 ||[Vop Lo, lwlh

n(p—2)
=Ce 27wl

Since 0 = 09, the proof of the lemma is concluded. O

If we choose an interval / around 0,? such that 0;{9 e I, and let

a(ro) = [ aif feel ay
0

and f = n.;, we aim to satisfy the hypotheses for Part 1 of Lemma 4.1. In order
to do this, we need [|n:9 [ 12(q,) to be bounded away from 0. To achieve this, we
start with the following well-known proposition.

Proposition 4.3. If Aisan N x N matrix and v is a N x 1 vector such that Av = 0
and

N
ZlAlil <|Aul, 1=1,....N,
il

then v = 0.
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The next proposition shows that the functions {7, ¢; }g:}"’ ~! are almost orthonor-
mal.

Proposition 4.4. Foranye > 0andl,k e N, (J <1,k <J+my—1),ifor = w,i,
we have the following estimates:

d(p—2)
/ o> dy =1—-Ce 5 (4.6)
and
2 d(ﬁN—Z) A
| Tevgrdy| =Ce T ik AL (4.7)

where C only depends on ||, n, and OJO, and is independent of e.

Proof. We start by showing (4.6). Since the eigenfunctions are normalized, we obtain
for each k,

1—/ n§|<pk|2dy=/9<1—n§)|¢k|2dy

=/T (=)l dy

UB:UBg¢

p=2

= ||V§0k||iﬁ(g28)|Ta U Bg U Bs| p

d(p=2)
<Cre 7

where, from (4.2), Cx depends on o). Again, since 0 = ¢, we have (4.6).
Next, to show (4.7), we have

‘/ R d)"
Qe

/B k@ dy‘+

sUBg

<

/ Nk d)"
QO\(BEUBS)

/ _ §0k‘§0ldy_/ ‘Pk‘ﬁl’ld)"
QO\(BSUBE) QS

S/ _ |<Pk‘<Pl|dJ’+/ _ ok @il dy.
BeUB. T.UB.UB,

/ N2k dy' +
B:UB;¢
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the second inequality following since the set of eigenfunctions form an orthogonal
setin L?(£2;). So, next by Holder’s inequality, we get

‘/Q ek - 1 dy‘ < (/BEUEE |§0k|2d)’)%(/3 s | dy)%

& &

+(/T _ Iwklzdy)é(/n _ Iwzlzdy)%

UB:UB;¢ UB:UBg¢

=I+1IL

Now, from Poincaré’s inequality and (4.2), we get

I< [</Bsu§8 ok ” dy)%|Bgu§8|%]%[(/Baugs ML dy)%lBanl%]%

» n(p—2)

n 72)
< WIVerllLoeye 22 IVollLsqoe 27

n(p—2) n(p=2)
< Cre 27 (e 27

where C again depends on 0]? and C; depends on 010. Thus, we have

I<Ce 7 (4.8)

n(p=2)

where C depends only on ||, n, and ¢9. Similarly,

N<Ce 7 4.9)

so that the proposition is proved. O

Note that with the aid of Lemma 4.2 and Proposition 4.4, if ¢ is small enough, we
have satisfied the hypotheses for Part 1 of Lemma 4.1 with

a(f.e)= | af f2gl ay
Qo

and f* = n.p; . Here, we relabel &1 to be small enough to achieve this for any & < &1,
and note that £; only depends on fixed parameters. To satisfy the hypotheses for
Part 2 of Lemma 4.1, we need an orthonormal basis. The next proposition shows that
for small &, we have a basis.

Proposition 4.5. The set {n.¢; },vaz j forms alinearly independent set forany N > J,
Jor0 < & < eog(N), where eg(N) depends on N.
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Proof. Assume Cyn:¢5 + -+ + Cynepy = 0. Then, multiplying this equation by
Ne@;, we obtain

N
Z 7]8§0k 778§01)L2(Qs) =0, [=J,...,N.

So, if Ax; = (N9, N9} ) 12(g,)» We obtain by (4.6) and (4.7) that

N
|Ai| = 1 — o > > |4l
k=J
k#1
ife < e(N), where (N ) depends on N due to applying (4.7) N — J times. Thus, we
may use Proposition 4.3 to see that by setting C = (Cy,...,Cy)’, we have C = 0,
so that the proposition is proved. O

Now we define
Jo: L*(Q:) — L*(RQ0)

to be given by
Jof =nef
and, similarly, we define

Jo: L*(Q0) — L*(Q)

to be such that
f(x) ifx e Qo,

0 if x € Q2,\Qo.

Jsf(x) =

Let o o
(p—2) 07 +0O
= (o8 — pe™4, 7 Oy
2

for M > 0 to be chosen later. Also, let IT be the projector onto the space spanned
by the eigenfunctions corresponding to the eigenvalues, {Uli}]ivz g»in 1. We first
consider & = 1. By Proposition 4.1, we may choose M = M(e1) so that o}, is in
IforJ <k <N,where N> J + my — 1, and where N depends on ;. We next
note that as ¢ gets smaller, we may choose M = M (¢) so that the set of eigenvalues
in 7, {ali},]jij, will have index Ny in the range J +myjy — 1 < Ny < N since our
family {2} is nested. Our aim is to show that for ¢ small, Ng = J +my — 1.

We apply Proposition 4.5 to get the existence of £9(N) < &1 so that {n.¢; },vai ; is
a linearly independent set for ¢ < g¢(/N) and for any Ny in the range J +my — 1 <
No < N. Then, we choose M = M(&(N)) so that {n.¢; },1:2] is also a basis for the
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range of JoI1J,. Thus, we may apply the Gram—Schmidt process to this basis. That
is, define

fJ = 7’8(/)‘8],

(newi. f1)
I f7112

f_] L (”a(ﬂk, fk_l)fk_l,

Jie = newic = T

We have the following lemma.

Lemma 4.3. Let [ be as defined above. Foreachk, J <k < J +myj —1, we have
c d(p=2)
e
IMze (SOl = —7—
for e < &(N), and where M only depends on 09, OJO_I, and e(N).

Proof. Following the previous arguments, when ¢ = ¢(N), we find M = M(e(N))

so that {n.¢; },]cvi ; 1s a basis for the range of JoI1Je, and then apply the Gram-
Schmidt process to this basis. We note the dependence on OJO and 09_1 is so that we
only have 1 eigenvalue (with respect to €2¢) in /. So, defining

a(f) = [ atlgel v
Qo

we may apply Lemma 4.2, Proposition 4.4, and then Lemma 4.1 (Part 1) to obtain

d(p=2)

Ce(N) 45
M(e(N))

[Tze(f)l <

where C dependson |2/, 7, OJO ,and OJO tmy Then, from Proposition 4.4, Lemma 4.2,
and properties of the norm, we get the result for e(N) and J < k < J +my — 1.
Then, for ¢ < ¢(NN), we may repeat this argument to get the result with (V) replaced
with ¢ and M (e(N) replaced with M (g). But, since M(e(N)) < M(e), we obtain

the desired result for ¢ < g(N). O
We now let £ = span{w,‘i}ii’,’” ~!. Also, let TT; be the spectral projector corre-

sponding to the eigenvalue OJO and I1g be the spectral projector onto E.

Corollary 4.1. We have

1T — JoTEJell 2112(00); <



Convergence of Dirichlet eigenvalues for elliptic systems on perturbed domains 313

for e < &(N), where M only depends on 09, UJO_I, and e(N). Consequently, for
somee(J), No=J +my—1whene <e(J).

Proof. Again, we first show for ¢ = ¢(N). Normalize the f;’s and observe that

1 1
= dG—2)
15l = 1 con) %
Then apply Lemma 4.1 (Part 2) to the normalized functions. Then for general ¢ <
e(N), we note that since Lemma 4.3 is true with a uniform M, we obtain
d(p=2)
Ce 4

T = JoTlE Jell eir2@on = —;

We next note that ift No > J + my — 1 for all ¢ < &(/V), then we may find another
projector ITy4 so that

d(p=2)
e 4p
Iy = JoMaJellgr2@on = —;
But this would mean
d(p—2)
Ce 45
[JoTlE Je — JoTlaJell £i12(00)y < -
Therefore, for some e(J), Ngo = J +my — 1, when ¢ < g(J). ]

Proof of Theorem 2.1. We first prove for J = 1. By Corollary 4.1, for ¢ < g(1), we
d(p—2)
obtain m; = Ny. This implies that |0,§ - 0,8| <Ce 5 only for k, 1 <k < my,

and hence, the result for / = 1. The result for / = 1 implies that not only may
we choose M so that all eigenvalues {0}, }Z ! ;'I"il are in the interval corresponding
to the next highest eigenvalue 0,(3! 10 but also that 0{) is not in this interval. Thus,
we apply the same reasoning here to get the result for a,?“ +1- Then, by an induction

argument, we get the result for each J € N, satisfying 09 > 09_1. We note here

that since C depends on £(J), it depends on the multiplicity J. O

We note that this paper introduces the use of L?-estimates obtained by the reverse
Holder technique to the study of spectral problems for elliptic operators. Thus, this
technique may be useful in studying spectral problems in situations where we do not
know if higher regularity of solutions is true. We close by listing some open problems.

¢ If we have some additional regularity on the domain, can we use the methods
from this work to get convergence of Neumann eigenvalues for general elliptic
systems?
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For elliptic systems on a symmetric dumbbell region with a straight tube, can
we achieve upper and lower bounds on the splitting between the smallest eigen-
values?

Can we investigate this problem further to see if a better rate of convergence
exists?
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