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Semiclassical estimates of the cut-off resolvent
for trapping perturbations

Jean-Francois Bony and Vesselin Petkov

Abstract. This paper is devoted to the study of the cut-off resolvent of a semiclassical “black
box” operator P. We estimate the norm of ¢(P — z) Ly, forany ¢ € CSe(R™), by the norm
of Te, ,(P — z)_lﬂgu.h where €, = {x € R"; a < |x] < b}anda > 1. For z in
the unphysical sheet with —Mh|Inh| < Imz < 0, we prove that this estimate holds with a
constant %ec Imz1/7 We also study the resonant states u of the operator P and we obtain
bounds for [|pu|| by ||T¢, ,u[|. These results hold without any assumption on the trapped set
nor any assumption on the multiplicity of the resonances.
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1. Introduction

In this paper, we prove estimates on the meromorphic extension across the real axis
of the cut-off resolvent of P, a semiclassical operator of “black box” type. This
abstract framework, introduced by Sjostrand and Zworski [25] and described below,
allows one to develop the theory of resonances for many kinds of perturbations (poten-
tials, obstacles, metrics, ...). In particular, the results stated below hold for arbitrary
dimension n > 1 and without any restriction on the geometry of the trapped set.

More precisely, we will estimate the norm of the cut-off resolvent (P —z)" ¢,
for any ¢ € C5°(R"), by the norm of Te, , (P — z)~! le, , where

Cup ={x eR"; a <|x| <b}.

Notice that, on the real axis, there is a big contrast between the behavior of these two
norms. Indeed, the resolvent truncated on rings €, 5, with 1 < a < b, is always
bounded above by C h~!. On the other hand, the norm of the resolvent, truncated
near the projection on R” of the trapped set, depends on the geometry of this set and
can be much larger than A~!. For scattering outside a bounded obstacle K C R”,
withn > 3 odd, a similar question has been investigated by Stoyanov and the second
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author [19]. Using the scattering theory of Lax and Phillips [15], they have proved
that the cut-off resolvent can be bounded by the norm of the scattering matrix (we
refer to Section 6 for more details).

In scattering theory, it is natural to consider the resolvent of P truncated in rings
€4,p far away from the origin. Indeed, the operator Te, , (P — z)~! le, , appears
in the representation of the scattering amplitude for compact perturbations. More
precisely, assume that P is a compactly supported perturbation of —h2A and denote
by S(z;h) = I + K(z; h) the associated scattering matrix at energy z. By definition,
the scattering amplitude a(z, w,w’; h) is the distribution kernel of K(z;h). The
standard formula (see for instance, Zworski and the second author [20]) gives

a(z.w,0' h) = c(z: ) VRN 2N 31 ](P —2)T W2, ya)e! VZERe)/ by,
(1.1)

where x1, 2 € C°(R") are cut-off functions, w, w’ € $"~1 and
c(z,h) = inQuh)y™z"2".

Moreover, we can take the functions y1, 2 equal to 1 on arbitrary large compact
sets containing the perturbation, and the scattering amplitude is independent of this
choice. Thus the estimation of Te, , (P —z)™! le, , with 1 < a < b is essential for
the estimations of the scattering amplitude and for the norm of the Hilbert—Schmidt
operator K(z; h).

We now give the precise assumptions on the semiclassical “black box” operator P.
This was introduced by Sjostrand and Zworski [25] (see also Sjostrand [22], [23],
and [24] in the long range case). Let J be a complex Hilbert space with an orthogonal
decomposition

H = Hr, ® L*(R" \ B(Ro)).

withn > 1, Ry > 0 and B(R) = {x € R"; |x| < R}. In the sequel, we will identify
u € L?>(R"\ B(Ry)) with 0 @ u € #. We consider a self-adjoint semiclassical
operator P: J/ —> J with domain £ independent of / €]0, 1]. We assume that

Ign\B(Ry)D = H*(R" \ B(Ry)),

and conversely that any u € H2(R" \ B(Ry)), which vanishes near dB(Ry), is an
element of O. To treat the contribution of P in #g,, we suppose that

18(Ro) (P + i)~ 1 is compact.
We also assume that, for all u € D, we have
Irm\B(Ro) Pt = Q(u|rm\B(R())

where Q is a self-adjoint semiclassical differential operator on L?(R")

0= au(x:h)(hDy)*. (1.2)

loe|<2
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We suppose that the ag’s are bounded in C.°(R") (the space of smooth functions
which are bounded with all their derivatives) when / varies, and that ay (x; h) = agq(x)
is independent of /4 for |o| = 2. We further assume that Q is elliptic:

> aa()E* 2 £, (1.3)

lor[=2

and a long range perturbation of the Laplacian:

Y ag(xh)E* — £, (1.4)

|| <2

as |x| — +oo uniformly with respect to /. Finally, we assume that

ag(x;h) = ag(x) + haé(x; h), (1.5)
where a2, al € C 5°(R") uniformly with respect to 1. We denote by
q(x.6) = Y ad(0)E, (1.6)
lor]<2

the semiclassical principal symbol of Q.
To define the resonances, we assume that the coefficients aq (x; /) extend holo-
morphically in x to the region

T ={xeC" |Imx| <§|Rex|and |Rex| > Ry}, (1.7)

for some § > 0 and R; > Ry, and that the relevant parts of (1.2)—(1.5) remain valid
in Y. Under these assumptions, it is possible to define the resonances by complex
distortion following the approach of Sjostrand [23] (see also Aguilar and Combes [1],
Hunziker [14], Hellfer and Martinez [12] and Sjostrand and Zworski [25] for more
references concerning the definition of the resonances by complex scaling). Let I'g
be a maximally totally real manifold which coincides with R” along B(R;) and
with e’ R” outside a compact set, and which satisfies some additional assumptions
described in [23], Section 3. For 0 < 6 < 6, with 6y > 0 small enough, the operator

Py = Plry,
is well defined on . Moreover, the spectrum of Pg in
Ag ={z€C; —20 <argz <0}, (1.8)

is discrete and independent of 6 and of the choice of I'g (in the sense that Py and Py
have the same eigenvalues with the same multiplicity in Ag N Ag/). By definition,
the resonances of P are the eigenvalues of Py, in Ag,.
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As a matter of fact, the resolvent
(P - Z)_l : c}€comp > o(Dlom

admits a meromorphic continuation from the upper complex half-plane {Imz > 0} to
A g, and the poles of this extension are the resonances. Moreover, if a cut-off function
@ € Cg°(R™) is supported in the set where I'g coincides with R”, then

p(P—2)"lo =Py —2)"'o. (1.9)

We refer to Helffer and Martinez [12] for the equivalence of various definitions of the
resonances.

For two functions f, g, we will use the notation f < g if g = 1 in a neighborhood
of the support of f. Since we work with operators of “black box” type, the different
cut-off functions appearing in the sequel will be assumed to be constant near B(Ry).
In the following, || - || will denote the norm of the Hilbert space J¢ and the operator
norm on J. Finally, (P — z)~! will designate the meromorphic extension of the
resolvent from the upper half-plane to Ay, (and not the inverse of P — z). Our first
theorem yields a link between the cut-off resolvents with two cut-off functions y and
an arbitrary cut-off ¢.

Theorem 1.1. Let [Ey, E1] CJ0, 4o00[. There exists ag > Ry such that, for all
M > 0and x,¢ € Cg°(R") with 1p(ay) < X, there exists C > 0 such that

le(P =27 gl < CeClm =Ry (P —2)7 .
forz € [Eg, E1] —i[0, M h|1n h|] not a resonance and h small enough.

On the real axis, such aresult was essentially obtained by Robert and Tamura [21],
page 437, to prove the well-known resolvent estimate in non-trapping semiclassi-
cal situations (see also Bruneau and the second author [4], Proposition 3, for trap-
ping perturbations). The next theorem is our main result. We obtain an estimate of
@(P — z)~ !¢ by the norm of the cut-off resolvent Te, , (P —z) ' T¢, ,.

Theorem 1.2. Let [Ey, E1] CJO, 400[. There exists ag > Ro such that, for all
ap <a <b, M >0and ¢ € Cg°(R"), there exists C > 0 such that

- h -
lo(P =27 ¢l < € e M T, , (P = 2)7 B, .

Jorz € [Eg, E1] —i[0, M h|In h|] not a resonance and h small enough.
In particular, both Theorem 1.1 and Theorem 1.2 hold for any aq large enough.

The above theorem gives no information on the real axis due to the factor |Im z|~!
in the right hand side. This is in agreement with already known results, which say
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that the behavior of the resolvent truncated near the trapped set can be very different
from its behavior truncated in rings far away from the origin. Indeed, under some
additional assumptions on the operator P, Burq [6] and Cardoso and Vodev [8] have
proved that
sup || Te, ,(P—2)""Te, Il Sh™",
z€[Eo,E1]

without hypothesis on the trapped set. On the other hand,

sup  Jlo(P —z)"" gl
z€[Eo,E1]

can be of order 4! in the non-trapping case (see Robert and Tamura [21]) or greater
than e*/ h with ¢ > 0, as in the well in an island situation (see e.g. Helffer and
Sjostrand [13] or Nakamura, Stefanov and Zworski [17]). For Imz = —Ah, our
result implies the following

Corollary 1.3. Under the assumptions and notations of Theorem 1.2 and for A > 0,
we have

lo(P —2)"'¢ll < lITe, , (P —2)"' e, , Il

for z € [Ey, E1] — i Ah not a resonance.

In particular, if in addition ¢ does not vanish near B(ay), the norms of the
operators o(P — z) "¢ and le, , (P — z)7! le, , are equivalent for z € [Eo, E1] —
i Ah not a resonance.
The term e€!™ 21/ appearing in Theorem 1.1 and Theorem 1.2 cannot be re-
moved in general. To show this, it is enough to consider the distribution kernel of
(=h2A — z)~ ! in dimension n = 1 which is given by

jeiVzlx=yl/h
2h/z
Note also that the constant C > 0 in the term e€!™Zl/% depends necessarily on

a,b,p.

Remark 1.4. If P has no resonance in [Eg — ¢, E1 + ¢] — i[0, Ah], ¢ > 0, and if
the norm of Tge, , (P — z)~! le, , is controlled in [Eg — &, Ey + ¢] —iAh, one can
exploit Corollary 1.3 combined with a priori bounds on the cut-off resolvent (see
e.g. Burq and Zworski [7]) and the semiclassical maximum principle (see Tang and
Zworski [27]) to establish a bound of the cut-off resolvent (P — z)~'¢ without
[Im z|~! in the band [Eg, E{] —i[0, Ah].

In the proof of the previous results, we will use the following lower bound which
can have an independent interest.
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Proposition 1.5. Let [Eq, E1] CJ0, +oo[. There exists ag > Ry such that, for all
¢ € C5°(R") satisfying supp ¢ N B(aog)® # @, there exists C > 0 such that

lo(P —2)""p| = Ch™leTImeVE,
for z € ([Eo, E1] —i[0, 1]) N Ag,/2 not a resonance and h small enough.

The second question we deal with in this paper is that of estimating resonant
states. Let z be a resonance of P. Then, from the general theory of resonances, we
can write, for A in a neighborhood of z,

My I,

_1—— e
I e VLS e

+ A, (1.10)

as operators from Heomp to Djoc, Where #A(A) is an operator-valued function holo-
morphic near z and the I1;’s are finite rank operators satisfying Im I1; C Im IT; and
I1; #0.

Definition 1.6. A resonant state u is an element of Im IT; which satisfies
(P—z)u=0.

In particular, resonant states are in ), but, in general, they are not in J¢. In the
same spirit as in Theorem 1.2, we obtain the following

Theorem 1.7. Let [Ey, E1] CJO, 4o00[. There exists ag > Ro such that, for all
ap <a <b, M >0and ¢ € C§°(R"), there exists C > 0 such that

h
loull = €[ rze ™ M ive, ul (L11)

for any resonant state u associated to a resonance z € [Eg, E1]—i[0, M h|1n h|] and
h small enough.

Thus, this theorem gives a lower bound of the resonant states on the ring €, p.
In a certain sense, it can be seen as an effective unique continuation result for the
resonant states. However, we not consider the behavior at infinity of the resonant
states.

Remark 1.8. i) Note that, under some assumptions and for resonances satisfying
| Im z| < h, Stefanov [26] and Michel and the first author [3] have shown that

| Im z|
e, pull < \f —— Is@ul.

Thus, the estimate given in Theorem 1.7 is sharp in this case.
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ii) Note also that one can use the known results concerning the resonant states to
refine Theorem 1.7. For instance, it is known that the resonant states are outgoing.
This means that they vanish microlocally in the incoming region

I_(Rez) = {(x,§&) € ¢ '(Rez); exp(tHy)(x,§) — coast — —oo}.

We refer to Michel and the first author [3] for a precise result. Thus, it can be possible,
under some assumptions, to replace ¥ by Wu in the right hand side of (1.11) where
W is a pseudodifferential operator which microlocalizes near the complement of the
incoming region.

iii) For Schrodinger operators P = —h2A + V(x) and for simple resonances,
Theorem 1.7 can be deduced from Theorem 1.2. Indeed, letting the spectral parameter
go to z in Theorem 1.2, we get

leTTig] < C——eC"™m/A|1e  TIiTe, , .

| Im z|

Therefore (1.11) follows since, for Schrodinger operators, we can write I1; =
cu(u,-) for some ¢ € C \ {0}.

iv) Theorem 1.7 shows that the resonant states associated to resonances at dis-
tance /1 from the real axis cannot be localized near the trapped set to first order. More
precisely, let u (/) be a family of resonant states, with |u(h)||pp) = 1, whose corre-
sponding resonances z (k) verify /A < —Im z(h) < Ah. Then, every semiclassical
measure . associated to u (/) has the property

1(€ap x R) > 0. (1.12)

Note that, for differential operators (i.e. P = ), one could obtain (1.12) by using
the propagation properties of the semiclassical measures associated to the resonant
states (see e.g. Theorem 4 of Nonnenmacher and Zworski [18]).

Example 1.9. The estimates given in Theorem 1.7 and Remark 1.8 i) are already
known in the well in an island situation. In dimension n = 1 and at the bottom of the
well, Helffer and Sjostrand [13], Proposition 11.1, have proved that the imaginary
part of the first resonance satisfies

Imz = —(a + o(1))h!/2e=250/ 1,

where So > 0 is the Agmon distance between the well and the sea and o # 0 is
explicit (see also Harrell and Simon [11]). On the other hand, the resonant state u
(normalized on B(b)) verifies

Ipeyull =1 and |[Te, ,ul = (8 + o(1)h~/*e=50/",

with B # 0. This is in agreement with Theorem 1.7 and Remark 1.8i).
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Note that the well in an island situation in the multidimensional case has been
treated in [13], Theorem 10.12. We also refer to Fujii€¢, Lahmar-Benbernou and Mar-
tinez [10] for potentials which are only C*° in a compact set. In all these works, the
authors prove precise asymptotics of the resonant states and they obtain the imagi-
nary part of the resonances by a formula similar to (5.2) which is used in the proof
of Theorem 1.7.

Example 1.10. The resonant states have also been computed for barrier-top res-
onances. In [2], Theorem 4.1, Fujiié, Ramond, Zerzeri and the first author have
proved that, for simple resonances with | Im z| < &, the resonant states u are classi-
cal Lagrangian distributions whose Lagrangian manifold A + is the stable outgoing
Lagrangian manifold at the critical point. Moreover, the principal symbol of u does
not vanish almost everywhere on A .

In particular, since the spatial projection of A is the whole space R”, we get

lpull < e, ,ull < lloull.

forall 0 # ¢ € C§°(R"). On the other hand, in this context, the imaginary part of a
resonance satisfies Imz = —Ah + o(h) where A # 0 is given by the eigenvalues of
the Hessian of the potential at its maximum. This is in agreement with Theorem 1.7
and Remark 1.8 1).

By our arguments, we can also study the generalized resonant states.

Definition 1.11. A generalized resonant state u is an element of Im IT;. The order
of u is the smallest integer J > 1 such that (P —z)’u = 0.

Note that, using the notations of (1.10), the order of a generalized resonant state is
bounded by N because (P —z)IIy = 0and (P —z)I1; =I1;4 forl < j < N—1.
As a consequence of Theorem 1.7, we have the following result on the generalized
resonant states of bounded order.

Proposition 1.12. Let [Ey, E1] CJ0, +o00[. There exists ag > Rq such that, for all
ap<a<b,M>0,J € N\{0}and ¢ € C§°(R"), there exists C > 0 such that

J—1
| h 1 .
loul = C mecumzvh Z Tmz |/ ITe, , (P —2) ul,
j=0

for any generalized resonant state u of order less than J associated to a resonance
z € [Eo, E1] —i[0, M h|In h|] and h small enough.

The rest of this paper is organized as follows. In Section 2, we prove Theorem 1.1
by constructing an auxiliary non-trapping operator which coincides with P at infinity.
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Section 3 is devoted to the proof of Theorem 1.2. The main idea is to exploit the
formula

(P = 2)u, yu) — (yu. x(P = 2)u) = ([, Plu,u) —2i Im z|| yul|?,

which is generally used to compute imaginary parts of resonances (see e.g. Helffer
and Sjostrand [13], page 155). Proposition 1.5 is proved in Section 4 by building a
well-chosen quasimode. The estimates concerning the resonant states are obtained in
Section 5 using ideas similar to those of Section 3. In Section 6, we apply our results
to the case of obstacle scattering and we make the link with the work of Stoyanov
and the second author [19]. Finally, we give some basic properties of the generalized
resonant states in Appendix A.

Acknowledgments. The authors would like to thank the referee for helpful com-
ments, making the paper more understandable.

2. Proof of Theorem 1.1

First, we construct a non-trapping operator by planing Q in a large compact set. This
idea has been used by Robert and Tamura [21] (see also Bruneau and the second
author [4] for trapping situations) to estimate the weighted resolvent on the real axis
in non-trapping situations. Secondly, we recall the standard estimate of the cut-off
resolvent associated to this new auxiliary operator. Let 7, v € C*°(R"; [0, 1]) be such
that

Ip1/2) < © < 1p),

and 72 + v%2 = 1 on R”. For a > 0, we define

B= (o) ()

a differential operator of order 2 whose semiclassical principal symbol is

a8 = g 002 (5) + 20 ().

a
In particular, 52 /C—C <r,<C 52 + C uniformly for a > 0. Moreover, using the
assumption (1.4), a direct computation yields

rax 8 = & x -8 + {897 (5).x ¢

= 252 + 0a—>+oo(($>2) =2rg + 0a—>+oo((§>2) > Eo/2 >0,

@2.1)

forrg(x,€) € [Eo/2,2E 1] and a > ag with ag > Ry sufficiently large. This implies
that, for @ > ag, the symbol r,(x, ) is non-trapping on r 1 (E) for all energies E
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lying in the interval [Ey /2, 2E4]. Then, we can apply a result of Nakamura, Stefanov,
and Zworski [17] (see also Martinez [16]) which yields the following resolvent esti-
mate.

Lemma 2.1. Forall j € N, s € R, M > 0 and ¢ € C§°(R"), there exists C > 0

such that
oClimz|/h

_ -
||(,0(Ra Z) (p”Hz_)HZ'i‘z <C hi s
forz € [Eg, E1] —i[0, M h|1n h|] and h small enough. Here,
Hji(R") = {u € S'(R"); (hDx)*u € L*(R")},
is the semiclassical Sobolev space equipped with the norm ||u ||H;' = |[{(hDx)ul 2.

Proof. Since the operator R, is non-trapping on the energies in [E(/2,2E1], we have
. eCIIsz/h
lo(Ra —2) " @llp2mp2 < CT,

for z € [Eg, E1] — i[0, Mh|In h|] + B(h). This estimate follows from Proposition
3.1 of Nakamura, Stefanov, and Zworski [17] and (1.9) for Im z < 0 and from the

usual Mourre theory (see e.g. Vasy and Zworski [28]) for Im z > 0. In particular, for
z € [Eo, E1] —i[0, M h|In k], it yields

eCI Imz|/h
h 9
forall A € z 4+ B(h). Then, the Cauchy formula implies

le(Ra —A) o2 <C

Ny = J—1 —z)7!
¢(Ra —2) w—(j_l)!az p(Ra—2)"¢
1 dA
= (R — M) 'p—,
2im J19Bh) ¢ (A —z)/
and then
oClimz|/h

lo(Ra —2)@llp22 < C 2.2)

hi
It remains to bound this operator from H; to H +2_ Since R, is an elliptic differential
operator of order 2, we have

Nk
el gr2x = [I(Ra +1)"ul L2,

for all k € Z. Thus, performing multiple commutations between R, + i and
@(Rs — L)/ ¢ and using (2.2), a standard argument gives
oClimz|/h

hi

for all k € Z. And the lemma follows from an interpolation argument. O

lo(Ra — Z)_j(p”H}%k_)H2k+2 < Cx
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We now prove Theorem 1.1. Assume that g, < y witha > ag where ag > Ry
is given by Proposition 1.5 and Lemma 2.1. Let y1, y2 € C5°(R") be such that

T1B@) < X1 < X2 < 1. (2.3)

In particular, P(1 — ye) = Ra(1 — xo). ForImz > 0 and then for z € Ag, by
meromorphic extension, we can write

o(P—2)""p
= @Tlpm\B(Re)(Ra —2) 7 (1 = x)@ + X1 (P —2)™" f29
+ @x1(P = 2)7' [P, x2l(Ra — 2) ™ Tpm\ B(R)®
— @lgn\B(Ry) (Ra — 2) '[P, x1](P — 2) " x29

— @IRm\B(Ry) (Ra — 2) T [P, x1](P — 2) '[P, x2l(Ra — 2) ™  IRn\ B(Ro) @-
2.4)

To prove this identity for Imz > 0, the cut-off function ¢ can be omitted and it is
enough to expand the commutator [P, y»] and then the commutator [P, y1], and to
use the formula [P, yo] = (P —2)(¥e — 1) — (xo — 1)(P — z). The properties of the
Xe’s given in (2.3) imply that

[P. xol = x(x)(RV)RO (1) x (x). (2.5)

where the @ (1) denotes an operator bounded uniformly in /# on L?(R"). Combining
Lemma 2.1, (2.4) and (2.5) (with its adjoint), we finally obtain

lp(P —2)" gl
< llp(Ra —2)" ol + X (P —2)" x|
+hlx(P =27 (X (Ra = D)7 @l 2y
+hllx(P =27l lle(Ra = 2) " Al g1 2
+ 12X (P =)yl le(Ra =) gl g1 o2 X (Ra = 27 @l 2y
eCIIsz/h
<
~ h
To complete the proof of Theorem 1.1, it is enough to use Proposition 1.5.

+ 12 (P = 2)7 Il (1 2Ty,

3. Proof of Theorem 1.2

We will first estimate y; (P —z)~! y; for a particular cut-off function y; adapted to the
ring €,  and then apply Theorem 1.1 to estimate p(P —z) ¢ forall ¢ € CS°(R").
Let x1. x2. x3. x4 € Cg°(R") be such that Ty < x1 < x2 < x3 < x4 < Ipw).
We also consider Y1, Y2, ¥3, ¥4 € Cg°(R") such that Vy; < ¥y < v2 < x2le, ,,
Vs <¥3 < ¥4 < xale, , and y24 = 0. We begin with the following estimates.
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Lemma 3.1. For [ € Hcomp and z € Ag, with |Im z| < 1, we have

lx3(P =27 I < m |2 lxa fII” + ﬁlll/u(P -7 I G

* 1 *
lxi(P=2)"" 12 < B 2 f1I” + —||¢2(P -7V fIP. (B2

|Im z |Im z|
Proof. For u € Do, we have

(x3(P —2)u, yau) — (x3u. x3(P — 2)u) = ([x3, Plu,u) — 2i Im z|| y3u|>.
Takingu = (P — z)~! f yields

[Imz|[[x3(P =2)7 fI? S (P =27 fllllxs S

33
+ x5 PIP =27 flllva(P —2)7 £ G

Moreover, combining (2.5), the ellipticity of P and the properties of the support of
the cut-off functions, we obtain
UG- PUP —2)7 f = [13. PYP + )" (P + D)Ys(P —2)7' f
=[G PUP + D)7 (Us(P +i) + [P.ys])(P—2)7' f

=[5, PIP+i)'ysf
+[x3. PI(P + i) NG + 2)¢3 + [P.ys]) (P —2) 7 f

= O xaf | +OWYa(P —2)7" f1I. (3.4)
Combining (3.3) and (3.4), we obtain

| Im z|

[Imz|[[x3(P —2)7' fI? < —Z)_1f||2+II |||)(3f||2
+Ch||X4f||2+ChIIW4(P—Z) LFI?

lxaf I + hllya(P —2)~ FI,

|Imz|

This implies (3.1). The estimate for the adjoint operator (3.2) can be proved by the
same argument using (P —z)™'" = (P — 2)"L. O
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We can now prove Theorem 1.2. Recall that, for simplicity, we use the notation
| - || for the norm of the space # and the operator norm on J. To be more precise,
in the rest of this section | - || denotes the norm of J¢ only when f or u appears in
the expression. From (3.1), we can write

Ix1(P=2)" 1 fI1? < lxs(P —2) a2

1
< m”)ﬂ)ﬁf“z + —— |V (P —2) ' fI?

III

1 *
|2||f||2 —||X1(P—Z) Syl 1R

<
“|Imz | Im z|

Using now (3.2) and x4 = 0, we get

I (P =2y fI?

h
|Imz|2||f”2+ II—m |||f||2 hlp lx1(P—2z)~ 1 1ﬂ4u||2
1

1
P+ |||f||2 » (e |2||x21/f4u||2

lull=1

+ Tim |||w2( -2 yaul?)

2
2 lya(P —2) a2 £ 12

1 , . h
SR+

- |Im z

Combining with ¥e < Tg, , yields

1 h

P—-2)"'yl <
[l x1( z) Xl“'”llmzl [Tm 2|

——llTe, ,(P —2)7'Te,, Il

We now apply Theorem 1.1 and assume thata > ag. Since 1p(,,) < x1, Theorem 1.1
together with the previous estimate gives

lo(P —2)""g| § ——

eCIIsz/h(”ﬂea.h(P _ Z)_lﬂzfa,bﬂ +h7Y. (3.5)
| Im z|

To conclude the proof of Theorem 1.2, it is enough to apply Proposition 1.5.

4. Proof of Proposition 1.5

To prove this result, we construct a quasimode of order /. Since the semiclassical
principal symbol ¢(x, £) of Q converges to £2 at infinity, there exists a9 > Rg such
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that, for all |x| > ag, we have ¢(x,0) < Eo/2. Letnow ¢ € C§°(R") and |xo| > ag
be such that ¢(xg) # 0.

Using ¢(x0,0) < Ey and the form of ¢(xo,-) given in (1.6), one can con-
struct £o(A) € C° such that g(xo,§0(A)) = A and ¢, q(x0,50(4)) # O for all
A € [Ey, E1]. Solving the Hamilton—Jacobi equation by the usual method (see e.g.
Dimassi and Sjostrand [9], Theorem 1.5), there exists a phase function ¥ (x, 1) € C*
defined for x in a neighborhood of x¢ and for A € [Ey, E1], and such that

q(x, Ve (x, 1)) = A,
forall A € [Ey, E1]. Let now

M(X,Z) — X(x)el'W(x,Rez)/h’

where 0 # x € Cg°(R") is supported in the intersection of W = {x; |p(x)| >
|¢(x0)|/2} and the set where ¥ is defined.
Let Pg be the operator P distorted outside the support of ¢ by a fixed angle
0 < 6 < 6 large enough. A standard computation by the method of stationary phase
gives
(Pg—2)u=(P—z)u= (0 —2)u

= (Op(q) —Rez)u + hQu —iImzu

= (q(x,Vx¥(x,Rez)) —Rez)u + O(h + |Imz|)

=0+ |Imz|), 4.1)
where Op(q) is any semiclassical quantization of ¢ and Q1 is a h-differential operator

of order two with coefficients uniformly bounded with respect to 4. Using that
(Pg — z)u = (Q — z)u is supported in W, we so can write

(Pg —2)u = v,

where
lv(x,2)|| Sh+ |Imz|. 4.2)

Then, using that (Pg — z)~! is invertible and the equality (1.9), we get
ou = @(Pg —2)"'gv = ¢(P —z2)" pv.

Finally, combining the previous equation with (4.2) and ||@u|| = 1, we obtain

1
P—2)"lpl| > —— > ple7Imzl/h
lp(P —2)" 0l 2 i

and the proposition follows.
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5. Estimates for the resonant states

In this part, we prove the estimates for the (generalized) resonant states given is
Section 1.

Proof of Theorem 1.7. Choose cut-off functions y, y € C5°(R") so that
ﬂB(a) < X< ]]B(b) and V)( < i < ﬂ‘@a.h. (5.1)

Let u be a resonant state associated to a resonance z € [Eg, E1] —i[0, Mh|Inh|].
We first estimate yu. Since u € Do and (P — z)u = 0, we have

0= (x(P—2u, yu) — (xu, x(P — 2)u)

- o , (5.2)
= ([x? Plu.u)—2i Im z|| yu|>.

Thus we obtain

2
lxull” =

< 3Tm7 x>, Pliu, ju)l. (5.3)

To estimate the action of [y2, P] on ju, we write
2, Plyu = [x* PI(P + i)™ (P + i) yu
=[x PI(P + )~ (J(P + i)u + [P, flu) (5:4)
= [X% PY(P + )7 (J(z + D) Ve, ,u + [P, 1] Te, ,u).
The operator [y2, P](P +i)~'j: L? — L? is bounded by @ (h), while the operator
[x*, PI(P + i) '[P, 7]: L* — L,

is bounded by ©(h?). Thus, combining (5.3) and (5.4), we deduce

[ h
[ xull <C m”ﬂt’a,h””- (5.5)

We now estimate gu for all ¢ € C5°(R"). Let Py (resp. Rg9) be a complex
distortion of P (resp. of R, whichis defined in Section 2) by a fixedangle0 < 6 < 6,.
We also assume that the scaling occurs only outside of supp ¢ U B(b). Then, from
Lemma A.6, there exists ug € D such that (Py — z)ug = 0,

ﬂB(b)ug = ﬂB(b)u and PUyp = Qu. (5.6)

On the other hand, the definition of R, and 1p(,) < y imply R, g(1—x) = Po(1—y).
Thus, we can write

(Rap —2)(1 — Yug = (Pg — z)(1 — Y)ug = =[P, xlus.
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This yields

(1= ug = —(1 = ))(Ra,0 —2) '[P, x]u,
where § € C§°(R"), with Tgr,) < ¥ < x. is an artificial cut-off function used to
identify (1 — 7)# and (1 — 7)L?. Finally, we get

ou = pug = gxug — (1 — ) (Ra o — 2) '[P, xlug 57
=gyu—(1—De(Ra—2) ' F[P. x]le, ,u.

To complete the proof of Theorem 1.7, it is enough to use (5.5) and

1= De(Ra = 2)7' FIP. Ml se—>3¢ < I9(Ra = )7 =1 12 TP M 2y gy

Climz|/h
<¢ e wh<C h oClimzl/h,
h |Im z|

which follows from Lemma 2.1. O

Proof of Proposition 1.12. We will prove this result by induction over the order J of
the generalized resonant state u. For J = 1, Proposition 1.12 is a direct consequence
of Theorem 1.7. Now assume that Proposition 1.12 holds true for generalized resonant
states of order less than J — 1 for some J > 2. Let u be a generalized resonant state
of order J. Following the analysis of (5.2), we have

(P = 2)u, yu) — (yu. g (P —2)u) = ([, Plu,u) —2i Im z|| yul|?,

which implies

{Dx®. Plu,u)| + ;leull lx (P = 2)ul

2 <
bl = 2| Im z| | Im z|

1 1
< 2, Plu, “lpull* + =—=lIx(P —2ul* (58
_2|Imz||([X ]uu)|+2llxull+2|Im2|2||x( Dull” (5.8)
1

.~ 1
(%, PIau, )| + ——5 X (P = 2)ull?.
|Im z|

<
- |Im z|?

As in (5.4), we can write
(2% Pliu = [x* PI(P + )~ (P +i)ju
= [x*. PI(P + )" J(P —2)u
+ 02 PIP + D)7 (R(z + DT, ,u + [P 7] Te, 1),
which yields

D2, Plgull < hliVe, , (P —2)ull + hllTe, ,ul.
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Then, (5.8) becomes

h h 1
| xull < m”ﬂt‘,’a,bun + ﬁm”ﬂt‘,’a,b(}) —2u| + mHX(P — Z)ull.

Now we remark that (P — z)u € I1; is a generalized resonant state whose order is
J — 1. Then, applying the recurrence assumption, the previous equation gives

J—1
h - 1 .
ol <\ e ™ 2 g e P =2 ul - 69)
j=0

Next will now obtain a formula similar to (5.7) to control u for ¢ € Cg°(R").
As in (5.6), let Py (resp. R, 9) be a complex distortion of P (resp. R,) by a fixed
angle 0 < 6 < 6. Assume also that the scaling occurs only outside of supp ¢ U B(b).
Then, from Lemma A.6, there exists ug € D7 such that (Py — z)’uy = 0,

ﬂB(b)ug = ﬂB(b)u and YUy = Qu.
We also have R, g(1 — y) = Pg(1 — x). A direct computation gives

J—1

(Rap —2)" (1= ug = (Pg —2)” (1 = pug = =y _ (adp™ x)(P — 2)/u,
j=0

where ad(l’J x = x and adf.,Jrl x =[P, adi, x]. Thus, mimicking the proof of (5.7),
we get

J

A —J ~ J—7 i
ou=gyu—(1-DeRa—2)"" 7> (adp’ x)le, ,(P —2) u.
=0

|
—-

Using (5.9), Lemma 2.1 and || adf,
gives

s—j = O(h'), the previous equation
h

J—1
h 1 ;
loull <\ e ™" 2 iy Pean (P —2)ul
j=0

J—1
m 1 j
+eC|I z|/h E :ﬁ”ﬂt’a,h(P_Z)J””
Jj=0

< Lecllmzl/hjil : e, , (P —2)7ul
~\ [Imz| j=0|ImZ|/ a.b ’

since h~1 < |Im z|~Yel™2l/% Thus Proposition 1.12 holds for generalized resonant
states of order J and the proof is complete. O

X”Hg—ﬂ{
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6. Scattering by obstacles

Let K C {x € R"; |x| < Rp},n > 2, be a bounded domain with smooth boundary
such that @ = R” \ K is connected. Let —A p be the Dirichlet Laplacian in  which
is a self-adjoint operator on # = L?(Q2) with domain D = H/} () N H*(K2). For
ImA > O the resolvent (—Ap — A?)~! is a bounded operator from # to O and,
for all ¢ € C°(S2), the cut-off resolvent ¢(—Ap — A2)~ !¢ admits a meromorphic
continuation in C for n odd and in C\i R~ for n even. For non-trapping perturbations,
we have an estimate

lo(=Ap =2l < (1),

for A € R, |A| > 1, while for trapping perturbations and A € R, |[A| > 1 this cut-off
resolvent is bounded by eCIM (see Burq [5)).
Since we will use the Lax—Phillips theory [15], we consider in €2 the wave equation

?u — Apu =0, (6.1)

with Dirichlet boundary condition on dS2. Let Hp(2) be the closure of C$°(2) for
the norm ||V - || 12(q). We introduce the energy space H = Hp(2) & L*(Q) and
the unitary group e /¢ : H — H with generator —i G, where

{0 I
G =i ,

is a self-adjoint operator on H (see Lax and Phillips [15]). As usual, the solutions
of (6.1) are given by

u(t . u(0
M) _ i [ ¥O) ) (6.2)
dru(t) 9;1(0)
To apply the results for semiclassical operators established in Section 1, we con-
sider the scaling A = % and write
(=Ap—=2*)7' =} (P -2, 6.3)
where P = —h?Ap satisfies the general assumptions of Section 1. We want to

estimate the cut-off resolvent of —Ap in the region
§={AeC;ReAl>1and0>1ImA > —M In(ReA)}.
It is then enough to consider the situation
Ae s, =[h".2n7 ] —i[0.M(/Inh| + In2)],
since the union of §;, over 0 < & < 1 covers §. For A € §j, we have

vz €[1,2]—i[0,hM(|Inh| 4+ In2)],
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and finally

z €[1/2,4]—i[0,5Mh|Inh]],
for & small enough. Applying Theorem 1.2 in this region to the operator P and using
the relation (6.3), we obtain, for A € §; with & small enough,

lo(=Ap =27 g| = [Ih*e(P —2)" ¢l
h

< C——e“ IR Te, (P —2)7 T, , |
[Im z| : :
ClImA|
| Im Al
since | Im z|/ h behaves like | Im A| in §j. Note also that such relation holds true in
any compact set (with a constant C depending on the compact set). This follows from
Corollary A.4 near the resonances and from the fact that Te, ,(—Ap — A2)~1 Te,,

does not vanish (because y = (—Ap — A2)"'(=Ap — A?)y) away from the reso-
nances. Summing up, we have proved the following

———|Te, ,(=Ap —AH) " Te,, |,

Theorem 6.1. There exists ag > Rg such that, for all ag < a < b, M > 0 and
@ € Cg°(R™), there exists C > 0 such that

C|Im/\|
[Tm A|
Jor A not resonance withRe A > 1 and 0 > Im A > —M In(Re A).

lo(—Ap — 22 "ol < CE——|lte, ,(~Ap — A2 'Te, [ (64)

For n > 3, n odd, there is a link between the cut-off resolvent p(—Ap — A?) 1o
and the contraction semigroup Z°(t) = PJ’:e_”GPLJ =B’ H — H,t >0,
with generator B”, introduced by Lax and Phillips [15]. Here, P i are the orthogonal
projections on the orthogonal complements of the Lax—Phillips spaces D i, p > Ry.
The spectrum of i B? coincides with the resonances and is then independent on the
choice of p > Ry. Given¢ € Cy°(£2), we may fix p > Ro sothatgoPi =@ = Pi(p.
In the sequel, we drop the indexes p in the notations and write B, Py instead of
B?, Pi. For Im A > 0, we have

o0
—o(B+i)) g = / eMpPre 'O P_pdt = —ip(G — 1),
0

and, by analytic continuation, this equality holds true for A not resonance withIm A <
0. Moreover, one can see that

lo(G =) ollr—m < CloA(—=Ap — 23" ¢ll12@)>12()-
for A not resonance with |A| > 1. Thus (6.4) implies

Al

le(B+id)'olasn < C
| Tm A|

eClm Mg, , (~Ap—22)~! Te, , l12@)—>r2(@)-
(6.5)
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Note that, in odd dimension n > 3, it is possible to estimate the cut-off resolvent
in term of scattering quantities. This was done by Stoyanov and the second author
in [19] using the Lax—Phillips theory. More precisely, consider the scattering matrix
S(A) =1 4+ KQA): L2(8" 1) — L2(5"71), associated to the Dirichlet problem
for the wave equation in 2 given in (6.1). This operator is defined for Im A > 0 and
it is unitary for A € R. The operator K (1) is a Hilbert—-Schmidt operator with kernel
a(A, w, w’), called scattering amplitude. The scattering matrix S(A4) (as the scattering
amplitude a(A, w, w)) has a meromorphic continuation from Im A > 0 to the half
plane Im A < 0 and the poles coincide with the resonances. Of course, the form of
the scattering operator S(A) depends on the outgoing and incoming representations
of the energy space H (see [15]) and to have the formula (1.1) for the scattering
amplitude we must have an appropriate outgoing/incoming representation.

By using the link between ||(B 4+ iA)~!||z— g and the inner representation of
the scattering operator S1(A) established in [15], Chapter IV, it is proved in [19],
Section 4, that

BlIm Al

B .A,_l — < —
1B i) o = 5 T

”S(A)||L2(S”—1)—>L2(S"—1)1 (66)

for some 8 > 0 given by the inner representation of the scattering operator. Using
that the Hilbert—Schmidt norm of an operator is the L? norm of its kernel, the last
estimate yields

3 eBlim Al ) 1/2
I(B+iM) Yaom <= / la(A, o' w)| dw do’ +1).

2 |Im)L| gn—1xgn—1

(6.7)

Now, we can handle the integral over $”~! x $”~! using the representation (1.1) with
h=1,z=2%and P = —Ap. Choosing the functions y; € C®(Q), j = 1,2 s0
that Vy; < Tg, ,, the formula (1.1) and the estimate (6.7) give an analog of (6.5)
with a possible polynomial loss in (A).

Appendix A. Properties of the generalized resonant states

In this part, we collect some basic properties of the generalized resonant states. Being
for the most part in the folklore of the theory of resonances, we only give them for a
reason of completeness.

Let z € Ag, be a resonance of P. Since (P — AL Heomp —> Dioe 1s an
operator-valued meromorphic function, we can write, for A in a neighborhood of z,

Iy IT,

_1—— e
I e VLS e

+ A1),
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as operators from Heomp to Djoc, where A(A) is holomorphic near z and the IT;’s are
finite rank operators. Let Py be a complex distortion by an angle arctan (%)

0 < 0. Then, for A in a neighborhood of z, we have

¢ a4
(Pg—2)' = ﬁ-l-““l‘ T A,

as operators from J# to O, where #4(A4) is holomorphic near z and the Hf’s are
finite rank operators. Moreover, if the distortion occurs outside of the support of
¢ € C5°(R"), it follows from (1.9) that

oljp = ¢lfp, (A1)
forall j > 1.

LemmaA.2. Let ¢ € C5°(R") be such that Tg(r,)y < ¢. Then, the multiplication by
@ is injective on Im I1; (resp. Im Hf)for alll1 <j <N (resp. 1 < j < Np).

Proof. Let ug € Im Hf be such that pug = 0. Using (Py — Z)H?VG = 0 and

(Pg—z)f =11¢ .

we get
(Pg —2)(Pg — )Mo ug = (Pg — 2)ug = 0.

From Lemma 3.1 of Sjostrand and Zworski [25], we deduce that (Pg — z)N¢~lug is

(outside of B(R1)) the restriction to I'g of a holomorphic function in Y. On the other
hand, (Pg — z)M*~'ug = 0 on the support of ¢ since pug = 0. Therefore,

(Pg —2)(Pg — 2)N02ug = (P — )V ug = 0.

Then, performing an induction argument, we get uy = 0. The fact that the multipli-
cation by ¢ is injective on Im IT; is similar. O

Remark A.3. Using (P —A)™'" = (P—=21)"!(resp. (Pg — 1)~ = (P_yg— L)1),
we can prove the same way that Im IT; ¢ = Im IT; (resp. Im Hf(p =Im Hf).

Combining (A.1), Lemma A.2 and Remark A.3, we get

CorollaryA4. Letp € C3°(R") be suchthat 1p(r,) < ¢ and such that the distortion
occurs outside of the support of . Then, we have N = Ng and, forall1 < j < N,

Rank IT; = Rank ¢IT;¢ = Rank <ijQ<p = Rank Hf.

In particular,
ImIT; = Im¢IT;¢ = Im ¢T1%p = Im pT17. (A.2)
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Lemma A.5. Forall1 < j < N, we have ImT1; C Im Iy and Im 1% C Im I1§.

Proof. Since the resolvent of Py acts from L2(R") to itself, a standard argument
gives Im Hje C Im H?. Consider now u € ImII;. Let ¢ € C5°(R") be such that
T(r,) < ¢ and Py be acomplex distortion outside the support of ¢. Then, from (A.2),
there exists uy € Im H;? such that pu = @uy. Therefore, using Im 1'[}9 C Im 1'[119
together with (A.2), there exists u, € Im IT; such that

YU = PU,.

Let now ¥ € C5°(R") be such that ¢ < . From the previous construction, gu =
oYuy = eYu = pu = @uy, and uy, — uy € ImI1;. Then, Lemma A.2 implies
Uy = Uy . In other words, for all Y € C5°(R"), we have

Yu = Yuy.

This implies ¥ = u, € Im IT;. O

Lemma A.6. Let ¢ € C5°(R") be such that Tp(r,) < ¢ and such that the distortion
occurs outside of the support of ¢. Then, for all u € Im I1y, there exists a unique
ug € Im H? such that ou = @ug. Moreover, (P — z)’u = 0 if and only if
(Pg —2)’ug = 0.

Proof. Letu € Im I1;. From (A.2), there exists ug € Im Hje such that pu = @ug.
Thanks to Lemma A.2, this ug is unique. Lemma A.5, (P — z)I1; = II;4; and
(Pg —Z)Hf = Hfﬂ imply (P —z)’u € ImT1; and (Py — z)’ ug € Im H?. Then,
from Lemma A.2, (P —z)7u = 0if and only if o(P — 2)’u = ¢(Pg — ) ug = 0
if and only if (Pg — z)’ug = 0. O

References

[1] J. Aguilar and J. M. Combes, A class of analytic perturbations for one-body Schrodinger
Hamiltonians. Comm. Math. Phys. 22 (1971), 269-279. MR 0345551 Zbl 0219.47011

[2] J.-E. Bony, S. Fujiié, T. Ramond, and M. Zerzeri, Spectral projection, residue of the
scattering amplitude, and Schrodinger group expansion for barrier-top resonances. Ann.
Inst. Fourier 61 (2011), 1351-1406. MR 2951496 Zbl 1246.35033

[3] J.-E. Bony and L. Michel, Microlocalization of resonant states and estimates of the residue
of the scattering amplitude. Comm. Math. Phys. 246 (2004), 375-402. MR 2048563
7Zbl 1062.35053

[4] V. Bruneau and V. Petkov, Semiclassical resolvent estimates for trapping perturbations.
Comm. Math. Phys. 213 (2000), 413-432. MR 1785462 Zbl 1028.81020

[5] N. Burq, Décroissance de I’énergie locale de 1’équation des ondes pour le probleme
extérieur et absence de résonance au voisinage du réel. Acta Math. 180 (1998), 1-29.
MR 618254 Zbl 0918.35081


http://www.ams.org/mathscinet-getitem?mr=0345551
http://www.emis.de/MATH-item?0219.47011
http://www.ams.org/mathscinet-getitem?mr=2951496
http://www.emis.de/MATH-item?1246.35033
http://www.ams.org/mathscinet-getitem?mr=2048563
http://www.emis.de/MATH-item?1062.35053
http://www.ams.org/mathscinet-getitem?mr=1785462
http://www.emis.de/MATH-item?1028.81020
http://www.ams.org/mathscinet-getitem?mr=618254
http://www.emis.de/MATH-item?0918.35081

Semiclassical estimates of the cut-off resolvent 421

[6] N.Burq, Lower bounds for shape resonances widths of long range Schrddinger operators.
Amer. J. Math. 124 (2002), 677-735. MR 1914456 Zbl 1013.35019

[71 N. Burq and M. Zworski, Resonance expansions in semi-classical propagation. Comm.
Math. Phys. 223 (2001), 1-12. MR 1860756 Zbl 1042.81582

[8] F. Cardoso and G. Vodev, Uniform estimates of the resolvent of the Laplace—Beltrami
operator on infinite volume Riemannian manifolds II. Ann. Henri Poincaré 3 (2002),
673-691. MR 1933365 Zbl 1021.58016

[91 M. Dimassi and J. Sjostrand, Spectral asymptotics in the semi-classical limit. London
Mathematical Society Lecture Note Series 268, Cambridge University Press, Cambridge,
1999. MR 1735654 Zbl 0926.35002

[10] S. Fujiié, A. Lahmar-Benbernou, and A. Martinez, Width of shape resonances for
non globally analytic potentials. J. Math. Soc. Japan 63 (2011), 1-78. MR 2752432
7Zbl 1210.81037

[11] E. Harrell and B. Simon, The mathematical theory of resonances whose widths are ex-
ponentially small. Duke Math. J. 47 (1980), 845-902. MR 0596118 Zbl 0455.35091

[12] B. Helffer and A. Martinez, Comparaison entre les diverses notions de résonances. Helv.
Phys. Acta 60 (1987), 992-1003. MR 0929933

[13] B.Helffer andJ. Sjostrand, Résonances en limite semi-classique. Mém. Soc. Math. France
(N.S.) 24-25,1986. MR 0871788 Zbl 0631.35075

[14] W. Hunziker, Distortion analyticity and molecular resonance curves. Ann. Inst.
H. Poincaré Phys. Théor. 45 (1986), 339-358. MR 0880742 Zbl 0619.46068

[15] P. Lax and R. Phillips, Scattering theory. Second ed., with appendices by C. S. Morawetz
and G. Schmidt. Pure and Applied Mathematics 26. Academic Press, 1989. MR 1037774
7Zbl 0697.35004

[16] A. Martinez, Resonance free domains for non globally analytic potentials. Ann. Henri
Poincaré 3 (2002), 739-756. MR 2360442 Zbl 1026.81012

[17] S. Nakamura, P. Stefanov, and M. Zworski, Resonance expansions of propagators in
the presence of potential barriers. J. Funct. Anal. 205 (2003), 180-205. MR 2020213
Zbl 1037.35064

[18] S. Nonnenmacher and M. Zworski, Quantum decay rates in chaotic scattering. Acta
Math. 203 (2009), 149-233. MR 2570070 Zbl 1226.35061

[19] V. Petkov and L. Stoyanov, Singularities of the scattering kernel related to trapping rays.
In A. Bove, D. Del Santo, M. K. Venkatesha Murthy (eds.), Advances in phase space
analysis of partial differential equations. In Honor of Ferruccio Colombini’s 60™ birth-
day. Selected papers based on the workshop, Siena, Italy, October 2007. Progress in
Nonlinear Differential Equations and Their Applications 78. Birkhduser, Boston, MA,
2009, 235-251. MR 2664614 Zbl 1197.35183

[20] V. Petkov and M. Zworski, Semi-classical estimates on the scattering determinant. Ann.
Henri Poincaré 2 (2001), 675-711. MR 1852923 Zbl 1041.81041

[21] D. Robert and H. Tamura, Semiclassical estimates for resolvents and asymptotics for
total scattering cross-sections. Ann. Inst. H. Poincaré Phys. Théor. 46 (1987), 415-442.
MR 0912158 Zbl 0648.35066


http://www.ams.org/mathscinet-getitem?mr=1914456
http://www.emis.de/MATH-item?1013.35019
http://www.ams.org/mathscinet-getitem?mr=1860756
http://www.emis.de/MATH-item?1042.81582
http://www.ams.org/mathscinet-getitem?mr=1933365
http://www.emis.de/MATH-item?1021.58016
http://www.ams.org/mathscinet-getitem?mr=1735654
http://www.emis.de/MATH-item?0926.35002
http://www.ams.org/mathscinet-getitem?mr=2752432
http://www.emis.de/MATH-item?1210.81037
http://www.ams.org/mathscinet-getitem?mr=0596118
http://www.emis.de/MATH-item?0455.35091
http://www.ams.org/mathscinet-getitem?mr=0929933
http://www.ams.org/mathscinet-getitem?mr=0871788
http://www.emis.de/MATH-item?0631.35075
http://www.ams.org/mathscinet-getitem?mr=0880742
http://www.emis.de/MATH-item?0619.46068
http://www.ams.org/mathscinet-getitem?mr=1037774
http://www.emis.de/MATH-item?0697.35004
http://www.ams.org/mathscinet-getitem?mr=2360442
http://www.emis.de/MATH-item?1026.81012
http://www.ams.org/mathscinet-getitem?mr=2020213
http://www.emis.de/MATH-item?1037.35064
http://www.ams.org/mathscinet-getitem?mr=2570070
http://www.emis.de/MATH-item?1226.35061
http://www.ams.org/mathscinet-getitem?mr=2664614
http://www.emis.de/MATH-item?1197.35183
http://www.ams.org/mathscinet-getitem?mr=1852923
http://www.emis.de/MATH-item?1041.81041
http://www.ams.org/mathscinet-getitem?mr=0912158
http://www.emis.de/MATH-item?0648.35066

422 J. F. Bony and V. Petkov

[22] J. Sjostrand, A trace formula and review of some estimates for resonances. In L. Rodino,
Microlocal analysis and spectral theory. Proceedings of the NATO Advanced Study In-
stitute, Il Ciocco, Castelvecchio Pascoli (Lucca), Italy, 23 September—3 October 1996.
NATO ASI Series. Series C. Mathematical and Physical Sciences 490. Kluwer Academic
Publishers, Dordrecht, 1997, 377-437. MR 1451399 Zbl 0877.35090

[23] J.Sjostrand, Resonances for bottles and trace formulae. Math. Nachr. 221 (2001), 95-149.
MR 1806367 Zbl 0979.35109

[24] J. Sjostrand, Lectures on resonances. Preprint 2007. sjostrand.perso.math.cnrs.fr/

[25] J. Sjostrand and M. Zworski, Complex scaling and the distribution of scattering poles.
J. Amer. Math. Soc. 4 (1991), 729-769. MR 1115789 Zbl 0752.35046

[26] P. Stefanov, Estimates on the residue of the scattering amplitude. Asymptot. Anal. 32
(2002), 317-333. MR 1993653 Zbl 1060.35097

[27] S.-H. Tang and M. Zworski, From quasimodes to reasonances. Math. Res. Lett. 5 (1998),
261-272. MR 1637824 Zb1 0913.35101

[28] A. Vasy and M. Zworski, Semiclassical estimates in asymptotically Euclidean scattering.
Comm. Math. Phys. 212 (2000), 205-217. MR 1764368 Zbl 0955.58023

Received February 6, 2012

Jean-Francgois Bony, Institut de mathématiques, Université Bordeaux I,
351 cours de la Libération, 33405 Talence, France

E-mail: bony @math.u-bordeaux1.fr

Vesselin Petkov, Institut de mathématiques, Université Bordeaux I,
351 cours de la Libération, 33405 Talence, France

E-mail: petkov@math.u-bordeaux1.fr


http://www.ams.org/mathscinet-getitem?mr=1451399
http://www.emis.de/MATH-item?0877.35090
http://www.ams.org/mathscinet-getitem?mr=1806367
http://www.emis.de/MATH-item?0979.35109
http://sjostrand.perso.math.cnrs.fr/
http://www.ams.org/mathscinet-getitem?mr=1115789
http://www.emis.de/MATH-item?0752.35046
http://www.ams.org/mathscinet-getitem?mr=1993653
http://www.emis.de/MATH-item?1060.35097
http://www.ams.org/mathscinet-getitem?mr=1637824
http://www.emis.de/MATH-item?0913.35101
http://www.ams.org/mathscinet-getitem?mr=1764368
http://www.emis.de/MATH-item?0955.58023
mailto:bony@math.u-bordeaux1.fr
mailto:petkov@math.u-bordeaux1.fr

	Introduction
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Proposition 1.5
	Estimates for the resonant states
	Scattering by obstacles
	A.  Properties of the generalized resonant states
	References

