J. Spectr. Theory 3 (2013), 423-464 Journal of Spectral Theory
DOI 10.4171/JST/50 © European Mathematical Society

Semiclassical Analysis with Vanishing Magnetic Fields

Nicolas Dombrowski and Nicolas Raymond
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1. Introduction

We consider a vector potential A € €*°(R?, R?) and we consider the self-adjoint
operator defined by:
Lha = (—ihV +A)?,

where i > 0 is the semiclassical parameter: We are interested in the limit # — 0.
This operator is gauge invariant. Indeed, for a smooth and real-valued function ¢, we
have

eI E ne M = Ly Aty

Therefore the spectrum of &£ o only depends on the magnetic field 8 = V x A.

Notation 1.1. We will denote by A, (%) the n-th eigenvalue of £ 4.



424 N. Dombrowski and N. Raymond

The aim of this paper is to give asymptotic expansions of A, (%) when 7 — 0.
Let us notice that this regime is equivalent to the strong magnetic field limit which is
often involved in applications (superconductivity, Hall regime etc.).

Framework and state of the art. There are essentially four motivations to the
present analysis. The first one comes from the theory of superconductivity in which
the magnetic Laplacian appears in the study of the third critical field associated
with the Ginzburg-Landau functional (see [29], [30], and also the book [12] and the
references therein).

The second one is related to the papers of R. Montgomery [32], X-B. Pan and
K-H. Kwek [33] and B. Helffer and Y. Kordyukov [18] (see also [20] and [16])
where the authors analyze the spectrum of the magnetic Laplacian when the mag-
netic field vanishes along a smooth curve. In these papers, the main question is to
know if the cancellation of the magnetic field can be seen on the semiclassical ex-
pansion of the eigenpairs (until now only the first term of the asymptotics is known
for A, (h), see [18], Corollary 1.1, when k& = 1). Coming from geometrical moti-
vations, Montgomery was interested by the geometrical aspect of the magnetic field.
More precisely, the magnetic Hamiltonian is the Laplacian associated to a connec-
tion whose curvature is the magnetic field (see [32] for more details). Our results
complete these considerations in the sense that the asymptotics of [32] only gives the
leading term whereas our method will give the complete structure of the spectrum in
the semiclassical limit.

The third motivation appears in the recent paper [10] where the authors are con-
cerned with the “magnetic waveguides”. Among other questions they analyze the
case of a magnetic barrier, that is of a piecewise constant magnetic field in R2. In
particular they investigate the case when the field takes two opposite values and en-
lighten the classical “snake orbits” along the jump through the semiclassical limit. It
turns out that the singularity (arising along a line) of the magnetic field in their paper
seems to play the role of a vanishing magnetic field. The main application is related
to new type of semi-conductor devices for which the transport caused by Quantum
Hall-effect (QHE) would be played by such magnetic phenomenons. The important
fact proved in [10] is that such phenomenons are intrinsic to the system (in the sense
that the transport is topologically quantized). For the physical counterpart of these
results one refers to [38] and [14].

The last motivation is to understand at which point there is an analogy between
the magnetic Laplacian and the Laplacian with electric potential (see the papers [24],
[25], and [15]). For instance, it is clear that if we translate the electric potential
by a constant, then the spectrum is translated by a constant; but if we translate the
magnetic field by a constant, we will see in this paper that the semiclassical analysis is
strongly changed. Moreover this paper also aims at enlightening that, at some point,
the magnetic Laplacian can be reduced to the electric Laplacian thanks to a local and
microlocal analysis and unitary transforms (as it is the case when the magnetic field is
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positive in [11] and [37]). Part of our analysis will use the Feshbach—Grushin method
(also called Lyapunov—Schmidt reduction and which is a resolvent approximation
result) and a homogenization process involving multiple-scale expansions (see for
instance the recent work [26] where the same philosophy appears in another context).

Let us now recall the nature of the known results concerning the asymptotic
expansion of the eigenvalues of the magnetic Laplacian. When the magnetic field
is constant in 2D, there are many results concerning the two terms asymptotics of
the lowest eigenvalue A1 (%) (see [2], [3], [9], and [21] in the case of a smooth and
bounded domain with the Neumann condition on the boundary); the asymptotics at
any order of all the lowest eigenvalues is proved in [11]. In the Neumann case, when
the magnetic field is generically non constant and positive, the one term asymptotics
is given in [29], the two terms asymptotics in [34] and at any order in [37]. For the
Dirichlet case, the complete asymptotics is done in [19]. When the magnetic field
cancels, the main results concern the one term asymptotics of the eigenvalues and
the eigenfunctions concentration near the zero locus of the magnetic field (see [32]
and [33]). In 3D, the two terms expansion is performed in [22] whereas in the variable
case this problem is analyzed in [35] and [36].

General Assumptions on . Let us describe the main frame of this paper. In order
&£.a to have compact resolvent, we will assume that

B(x) ——— +o0. (1.1)
|x|—>+o00
As in [33] and [18], we will investigate the case when S cancels along a closed and
smooth curve I' in R2. Let us notice that the assumption (1.1) could clearly be relaxed
so that one could also consider a smooth, bounded and simply connected domain of
R? with Dirichlet or Neumann condition on the boundary as far as the magnetic
field does not vanish near the boundary. Nevertheless we do not strive for maximum
generality the present “generic” case giving enough information when the magnetic
field “nicely” cancels (one could also make it to cancel at a higher order as in [18]).
We let
I' ={y(s),s € R}.

We assume that § is non positive inside I and non negative outside. We introduce
the standard tubular coordinates (s, ) near I,

(s, 1) = y(s) + 1v(s),
where v(s) denotes the inward pointing normal to I at y(s). We let:
Bls.1) = B(P(s.1))

so that:

B(s.0) = 0.
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Heuristics and leading operator. Let us adopt first a heuristic point of view to
introduce the leading operator of the analysis presented in this paper. We want to
describe the operator &£ o near the cancellation line of 8, that is near I'. In a rough
approximation, near (so, 0), we can imagine that the line is straight ( = 0) and that
the magnetic field cancels linearly so that we can consider B(s,7) = J(so)¢ where
38(s9) is the derivative of B with respect to ¢. Therefore the operator to which it seems
we are reduced at the leading order near s is
1%\2
W2D? + (hDs — S(SO)E) .

1.1. The Montgomery operator. As in [32], [33], and [18], we will be led to
investigate the following operator (self-adjoint realization on R) with parameters
neRandd > 0,
b} 2
Hys=D2+(—n+ Eﬂ) , (1.2)
where we have used the notation:

Notation 1.2. If y is a variable, we let Dy, = —id,.

We can also refer to [22], Section 2.4, where this operator appears. In fact, this
operator is sometimes called Montgomery operator (see [32]). This operator is a
generic example of a larger class of anharmonic oscillators (see [23]). We will see
that it will be involved in the asymptotics at the first order whereas the second order
will be related to a harmonic oscillator.

The Montgomery operator has clearly compact resolvent and we can consider its
lowest eigenvalue denoted by vg(n). In fact, vs is related to vy. Indeed, we can
perform a rescaling ¢ = §71/3 so that H,, s is unitarily equivalent to

1
823 (D2 + (—ns~3 + 5r2)2) = 82 H, 5 1/3,.
It is known (see [17] and [23]) that, for all § > 0,

n + vg(n) admits a unique and non-degenerate minimum at a point 9.  (1.3)

We may write
inf vs () = 82/%v1 (o). (1.4)
ne

Notation 1.3. We let H, = H,, and we denote by u, the L>-normalized and
positive eigenfunction associated with vy (7).

For fixed 6 > 0, the family (H,, s)yer is an analytic family of type (B) so that
the eigenpair (v (n), u;) has an analytic dependence on 7 (see [28]).
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Numerical computations of the 79 and vy, are performed by V. Bonnaillie No&l
(see [23], Table 1) and give no ~ 0.35 and v1(n9) ~ 0, 57. It is also proved that

lim | >-4o0v1 (7) = +o0.

Feynman-Hellmann Theorem. Let us recall a few formulas justified by the per-
turbation theory of Kato and known as “Feynman—Hellmann” formulas.

Lemma 1.4. We have
(Hypo —v(10))vne = —(0n Hy)ln=noUne,
with vy = (nn)ln=no-

Proof. We write
Hyun = v(n)uy.

We have
(Hy —v()dqun = (' () — 9y Hy)uy. (1.5)
For n = ny, this becomes
(Hno —v(10)) (Oquy)ln=no = —(0nHyp)ln=non,- U

The next lemma is sometimes called “effective mass theorem” (see [26]).

Lemma 1.5. We have
(Hpy = v(M0))wyy = (V" (110) = 2)utng — 2(3n Hy) ln=no Vo
with wy, = (3%@1,,),,:,70. Moreover, we have

v"(no) —2

((On Hy)ln=noVngs Uno) = 5

Proof. Taking the derivative of (1.5) with respect to 7, we obtain

(Hyo — V(WO))(a%“n)nﬂlo = (1" (o) — 2)uny — 2(dy Hy)ln=noVno-

Then, we take the scalar product with uy,,. g

1.2. Local coordinates (s, ). Before stating the main result of this paper, we shall
introduce some notation related to the geometry of the zero locus of . We use the
local coordinates (s, ¢), where #(x) is the algebraic distance between x and I" and
s(x) is the tangential coordinate of x. We choose a parametrization of I':

y: R/(10Q|Z) —> T.
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We choose the orientation of the parametrization y to be counter-clockwise, so that
det(y'(s), v(s)) = 1.
The curvature k(s) at the point y(s) is given in this parametrization by
y"(s) = k(s)v(s).
The map @ defined by

®:R/(|T|Z) x (—tg, o) —> R2, (L6)
(s.2) —> y(s) + tv(s),
is clearly a diffeomorphism, when 7 is sufficiently small, with image
O(R/(IT'Z) x (—t0.20)) = {x € Qld(x.T') <10} = Qqy.
We let
Ai(s,0) = (1= tk(sDA(D(s, 1)) - /(). Az(s,1) = A(D(5,1)) - v(s),

B(s.t) = B(D(s, 1)),

and we get 5 _ ~
IsA2 — 9 Ay = (1 — 1k(s))B(s,1).

The quadratic form becomes

Ona(y) = /(1—tk(S))|(—ih3z + ) P+ (1= 1k(5)) ™" [(—ihds + A1)y | dsdt.
In a (simply connected) neighborhood of (0, 0), we can choose a gauge such that:
t
Ai(s,t) = —/ (1 —1'k(s)B(s,t)dt’, A, =0. (1.7)
0
1.3. Assumptions and main result. We consider the normal derivative of 8 on T",
i.e. the function § : s — 9d,8(s,0). We will assume that:
§ admits a unique, non-degenerate and positive minimum at xg. (1.8)

We let 8o = §(0) and assume without loss of generality that xo = (0, 0). Let us state
the main result of this paper.

Theorem 1.6. We assume (1.8). For all n > 1, there exist a sequence (0}');>0 and
ho > 0 such that for h € (0, hy), we have

An(h) ~ W43 " orp/le

Jj=0
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where

o1 = 82"%v1 (o).

1 =0,
oy v 1/2
or = 832Co + 837 n — 1)( (770)3 (no)) ’
where we have let .
o= 58318”(0) >0 (1.9)
and
Co = (Luyg, tng)z, (1.10)
where
_ §-4/3 ? A3 ~s=1/3) 72,2
L = 2k(0)8, (7_770)7 + 274, (O)(_n0+7) ;
and

1(0) = éa,z,é(o, 0) — @50.

Let us make a few remarks concerning our main theorem and give perspectives.

Remark 1.7. This theorem is mainly motivated by the paper of B. Helffer and Y. Ko-
rdyukov [18] (see also [16], Section 5.2, where the result of this paper is presented as
aconjecture and the paper [20] where the case of discrete wells is analyzed) where the
authors prove a one term asymptotics for all the eigenvalues (see [18], Corollary 1.1).
Moreover, they also prove an accurate upper bound in [18], Theorem 1.4, thanks to
a Grushin type method (see [13]). In the present case (dimension 2 and the order
of cancellation is k = 1), our result is stronger in the sense that we get a complete
asymptotics (in the same spirit as [11]).

Remark 1.8. As mentioned in the previous remark, in comparison with [18], we only
deal with the case of dimension 2, k = 1 and when the metrics is flat. Nevertheless, the
different generalizations are technical adaptations. Indeed, when k = 1, in the case of
higher dimension and with a Riemannian metrics, the only additional (and technical)
point is the introduction of normal coordinates related to the Riemannian structure.
After such a choice (using the exponential map), we are essentially reduced to the
flat case (modulo error terms which are lower order) and our normal form technique
can be implemented exactly in the same way. For the case k > 1, the difference is
only the leading operator which is a higher order anharmonic oscillator (see [23]) and
our method can again be used under the same kind of generic assumptions (see (1.8)
where § has to be replaced by s — 8’,‘ B(s,0)). Let us finally mention that the case
k > 2 and the cancellation along a hypersurface in dimension greater than 2 are
maybe not the most generic situations.
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Remark 1.9. Theorem 1.6 can be seen as a semiclassical Birkhoff normal form for
the magnetic Laplacian (see the references [39], [6], and [40] concerning the Birkhoff
normal form).

In order to prove Theorem 1.6, it is enough to prove the two following theorems.

Theorem 1.10. We assume (1.8). For all n > 1, there exist a sequence (0}’)‘,-20 such
that, for all J > 0, there exists hg > 0 such that for h € (0, hgy), we have

J
d (337071715, 6(2p4)) < CHPRUFDIC,

j=0
Moreover, we have
65 = 55" v (o),
)

0“’(770)1’”(770))1/2‘

63 = 57/°Co + 85 2n — 1)( ;

The second theorem provides the spectral gap between the eigenvalues.

Theorem 1.11. We assume (1.8). For all n > 1, there exists hy > 0 such that for
h € (0, hg), we have

An(h) = B*3(08 + hV3602) + o(h°13).

1.4. Organization of the paper. In Section 2, we prove Theorem 1.10. The main
ingredients of the analysis are the Feynman—Hellmann theorem, the reduction of
&£.a to a “normal form” and an expansion of the operator in power series which is an
alternative to the so-called Grushin procedure (see [13], [16], and [11]). In Section 3,
we prove localization and micro-localization estimates for the true eigenfunctions
thanks to the Agmon estimates and a repeated use of the IMS formula. More precisely
we will prove estimates of the eigenfunctions with respect to s and Dy in order to
reduce the symbol of the operator when acting on the eigenfunctions. In Section 4, we
use the localization results of Section 3 to estimate the Feshbach—Grushin projection
and reduce the operator to a Schrodinger operator with electric potential which is
in the Born—Oppenheimer form. Finally, we use the Born—-Oppenheimer theory to
estimate the spectral gap between the eigenvalues of Theorem 1.11.

Acknowledgments. N. Dombrowski acknowledges the partial support of “Nucleo
Cientifico ICM P07-027-F: Mathematical Theory of Quantum and Classical Magnetic
Systems” and also Georgi Raykov for his support. N. Raymond would like to thank
F. Faure for giving the idea to write this paper and also B. Helffer for useful references.
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2. Construction of quasimodes

This section is devoted to the proof of Theorem 1.10.

2.1. Reduction to a normal form. Before starting the analysis, we shall use a few
unitary transformations to normalize &£ 5. Let us notice that these transformations
do not appear in [18] (or in the context of [11]) and permit to strongly simplify the
analysis.

We can write the operator near the cancellation line in the coordinates (s, t)

Lna =h2(1—tk(s)"' D1 —th(s))D; + (1 — tk(s)) ' P(1 — tk(s))"' P,

where
P =ihds + A(s, 1)

with

A(s,1) = /Ot(l —k(s)t")B(s,1")dt'.

In terms of the quadratic form, we can write

Opa(y) = / (D2 + (1 — tk() 2| Py Py m(s. 1)dsdt,
with
m(s,t) = (1 —tk(s)).

We consider the following operator on L2 (dsdt) which is unitarily equivalent to £ A
(see [27], Theorem 18.5.9 and below):

B2k (s)>
4m?2

L =m'2 Ly am™V? = P2+ P} — :
with Py = m~Y2(=hDs + A(s,1))ym~"/? and P, = hD;.

We wish to use a system of coordinates more adapted to the magnetic situation.
Let us perform a Taylor expansion near t = 0. We have

2
B(s.1) = 8(s)t + a?ﬁ(s,())% + 0.

This provides

A(s.1) = —=12 + «k(s)> + 0(tY),

5
e
with

(5) = 25,0~ i)
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This suggests, as for the model operator, to introduce the new magnetic coordinates
in a fixed neighborhood of (0, 0),

T = 8(s)1/3l, o =35.

The change of coordinates for the derivatives is given by
1
D; =8(0)'*D,;, Dg= Dy, + gs/s—er,.

The space L2(dsdt) becomes L?(8(c)~/3dod ). In the same way as previously,

we shall conjugate £3°\'. We introduce the self-adjoint operator on L*(dodr)

Lo = 810250816,

We deduce _ 5
Lna = h%8(0)?*D? + P2,

where
. _ 1
B =85 V2(—hDy + A(0.7) - h§8/8_11Dr)nﬁ_1/281/6,

with 3 5
A(o,7) = A(0,8(0)V31).

A straight forward computation provides
~ v —1/2 b 1, -1 »—1/2
P=m (—hD<y + A(o, r)—hgéé (tD: + Drr))m ,

where we make the generator of dilations T D¢ + D7 to appear (and which is related
to the virial theorem). Up to a change of gauge, we can replace P by

_ |
i~V = hDg — 10(8(0)) 2>/ + A(o.7) - h=8'67 (eD + D.o))i V2.

Normal form £ (h). Therefore, the operator takes the form “a la Hormander”

h2k(0)?

SN 2 2 _
E£(h) = P1(h)” 4+ Py(h) 4m(o, 8(0)137)2’

@2.1)

where
Py(h) = ™2~ hDg — 10(8(0)) /21?3

_ 1
+ Alo.t) — hed'57 (xDe + Do) V/2,

P>(h) = h§(0)/?Dy.
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Computing a commutator, we can rewrite Py (k) as

- 1
Pi(h) = rh‘l(—hDg— 10(8(0))3*h?/3 + A(o, f)—hga/a—l(m, + D,r)) +Cy,
(2.2)

where
hé'§1

C, = _hnjl—l/Z(DU,,h—l/Z)_ ‘L'nvi_l/z(Dfl’;’l_l/z).

Notation 2.1. The quadratic form corresponding to £ (h) will be denoted by Q .

Remark 2.2. The different transformations that we have used are allowed as soon as
the functions of which acts &£ 5 are compactly supported near I'. This will be the
case for the quasimodes that we will use. Moreover in the localization analysis of the
eigenfunctions, we will see that we will be able to truncate (with a rough support) the
eigenfunctions by loosing a remainder of order O(h*°).

Remark 2.3. As we will see in the analysis, the “normal form” given by (2.1) will
spare us many technical considerations (see [11] and [18]) involved in the construction
of quasimodes and also in the microlocal estimates.

2.2. Construction of quasimodes. We now enter in the proof of Theorem 1.10. The
main ingredient for the proof is to homogenize the operator &£ and to use a formal
power series expansion.

2.2.1. The homogenized operator £. We perform the scaling:

r=h'32, o =h'/%. (2.3)

Notation 2.4. The operator 1 ~*/ 3¢ will be denoted by £ in these new coordinates.

1/6

We expand the new operator in powers of /1 /® in the sense of formal power series

8572 E () ~ Y L1710,

Jj=0

with

1
£, =-2Ds (—770 + 5%2) ,

2
Lo = D?r + 30(62:60 + L,
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where o = %8518”(0) > (0 and

~2 222
_ =4/3(1 V43 1 228(0)" /3 _ v
L = 2c(0)8(0)~*3( . m0) 2% +228(0) "2k (0)(— no + 5 )"
We look for quasi eigenpairs in the form
A~ 360,76,
Jj=0
v~y vkl
Jj=0
so that, in the sense of formal power series
L)Y ~ Ay 2.4)

2.2.2. Solving the formal system. Considering (2.4), we are led to solve an infinite
formal system of PDE’s which we will solve thanks a compatibility condition known
as the Fredholm alternative.

Term in #°. We solve the equation

Lovo = boo.

This provides
o = v1(no)

and
Vo(0,7) = go(0)un, (7).

Term in A1/, We solve the equation
(Lo —0o)Y1 = (01 — L1)Vo.
Using Lemma 1.4, we have
(Lo — 6o) (Y1 + D5g0(6)vny (7)) = 1 V0.
The Fredholm alternative (the r. h. s. is orthogonal to u,, for each &) implies
01 =0

and
V1 + Dggo(0)vyo(T) = g1(0)up, (7),

where g shall be determined in a next step.
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Term in #2/®,  We solve the equation
(Lo —bo)Y2 = (62 — L2)Yo — L1Y1. (2.5)
Using Lemmas 1.4 and 1.5, this equation rewrites
(Lo — 90)(1/& + Dsg1vng — D?,go%)

2
V" (10)
2

2 . .
= (ngo — DZgo— gavl(no)azgo —goL(z, 3%))“%-

The Fredholm condition implies that, for all &,

(# + Co)go = 6280,

where C is defined in (1.10) and where J¢ denotes the effective harmonic oscillator
(we recall (1.9) and that v{'(n9) > 0 by (1.3)):

4
2
= 20 (0) D} + Zab?.

H
2 T3

(2.6)

If we denote by (u,),>1 the increasing sequence of the eigenvalues of #, we have
by scaling

avy(no)\1/2
n = n = (2L 0) 2
Anyway we choose
0 = n + Co

and for go, we take g(,) a corresponding L?-normalized eigenfunction. With theses
choices, we determine a unique function ;- which is solution of (2.5) and satisfying
(Y5, uny)s = 0 so that ¥ can be written as

Wy

V2 =5 — Dogivy + Digo—

+ g2(6)uno (%)1

where g5 has to be determined in a next step.

Further terms (““Grushin procedure”). Let J > 2. Let us assume that vy, ...,
Yy, are determined as functions in the Schwartz class, that 6, ..., 0y are deter-
mined and that yy_; and ¥ are in the form

Vi = Vit — Do gk—1Vno + &kthngs k =J — 1, J,

where wkl is a determined function in the Schwartz class which satisfies
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(%]&7“"0)% =0,

for all 6. Let us write the equation of order J + 1:

J J+1
(Lo—00)Vs+1 =0r11%0+ Y 0Vs1—j— ) LY.
j=2 =1

This equation can be put in the form

(Lo —00)Vys1=0701%0 + O0yy1 — L1y — Loy + Fy,

where Fj is a determined function in the Schwartz class by recursion. We now use
the explicit form of ¥ y_; and ¥y and, using Lemmas 1.4 and 1.5, we deduce

w
(Lo — 90)(¢J+1 + Dsgrvny — D?,g.z_l—z"‘))
V" (M0) >

2

2 . ~
= O0711%0 + (02871 — gr-1— gaﬁng—l —gr—1L)uy, + Fy.

Taking the scalar product with u,,, with respect to the variable 7, we find the equation

(J + Co)gr—1 — 02871 = 07118y + (Fr.ung)z.
where J is given in (2.6). The Fredholm condition determines a unique pair (671,

gs—1) with g7 in the Schwartz class and such that (g;_1, g@m))s = 0.

Proof of Theorem 1.10. Let us introduce a smooth cutoff function y¢o supported in
a fixed neighborhood of xy = (0,0). For J/ > 0andn > 1, we let

J
1‘0}5],}1] = Yo Z W] (h_1/6s, l’l_l/3l)hj/6,
j=0

and

J
AEIJ,n] — 8(2)/3h4/3 Z 91h1/6

J=0

Using the fact the ; are in the Schwartz class, we deduce that
>4 J, J,
IEG) =257yl M) < cypPr+vre

and the spectral theorem provides the conclusion.
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3. Local and microlocal estimates
This section deals with a priori estimates satisfied by the eigenfunctions of £ 4.

3.1. A rough estimate for the eigenvalues. Let us first state an elementary lemma
the proof of which can be found in [32], Theorem 5.

Lemma 3.1. Forall ¢ € €3°(R?), we have

Onaly) =

/ B)lgP dx
[R2

This lemma is interesting when the sign of 8 does not change on the support of ¢.
Proposition 3.2. Forall n > 1, there exists ho > 0 such that, for h € (0, ho):
An (h) > 83/3\)1 (Uo)h4/3 _ Ch4/3+2/15.

Proof. We use a partition of unity with balls of size h”
2 t=1
J

and such that
> IVaal? < Chm2e.
We will denote
Bjn = suppy;h-
We have the IMS formula (cf. [8])

Y Onaltyn¥) =R IV a7 = Al I
J

We distinguish between the balls which intersect 1 = 0 and the others so that we
introduce

S ={j: BaNT #0 and Jy(h)=1{j: B, NT =0},

If j € Jo(h), we use the inequality of Lemma 3.1,

> ch' P xinv|?

Ona(xjn¥) = h ‘/ B xjnv | dx

If j € Ji(h), we write

OnaCuyat) = (1— ChP) / 110, Gyt -+ |GRds + D)yt dsd,
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where we have

~ 8(s;)t?
Lu&g——gg—\gcaﬁ+u—gn%.

We infer, for all ¢ € (0, 1),

Onaltynt)
> (1-Ch?) ((1 —) [ i Ceyal? + 1ho,
5(5;)0 Cho

+ 20 G dsdt = S v )

and we deduce, with (1.4),

Ona(tin¥) = (1= Ch?)((1 = )h* v (10)87 > 1y |2 — e Ch | a1

Optimizing with respect to &, we choose

Wi

e =h3"3,
Then, we take p such that

2
2-2p =3+

and we deduce A

:1—5‘

Jointly with Theorem 1.10, we infer the following result.

p

Corollary 3.3. Foralln > 1, we have

An (h) — 55/31)1 (Tlo)h4/3 + O(h4/3+2/15).
3.2. Normal estimates of Agmon. In this subsection, we aim at proving localization
estimates of Agmon type (cf. [1] and also [20], Section 5, and [22], Section 7, where

the same ideas are used).

Proposition 3.4. Let (A, ) be an eigenpair of £ 4. There exist hg > 0, C > 0 and
g9 > 0 such that, for h € (0, hy),

/ 2l Iy 2 g < Cly 2 3D

and s
Qpa (el gy < Cn*3|y |2, (3.2)
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Proof. Let us consider an eigenpair (A, ¥) of Py 4. We begin to write the IMS
formula:
Ona@®y) = Al |” + h?|[Voe®y >, (3.3)

We use a partition of unity with balls of size Rh'/3
2t =1
J
and such that
> IVxjal? < CR2hT23,

We may assume that the balls which intersect the line # = 0 have their centers on it.
Using again the IMS formula, we get the decomposition into local “energies”

> Onaltjne®V) = Mapne® V> = W1 xnV e ®y | = h* |V x; ne®vr|)> = 0.
j

We distinguish between the balls which intersect ¢ = 0 and the others:
Jithy={j:B;,NT #0}, Jo(h)={j: Bj,NT =0}

If j € Jo(h), we use Lemma 3.1 combined with the non-degeneracy of the cancella-
tion of 8 (see (1.8) in which we just use the positivity of the minimum) and 1.1. We
get the existence of ¢ > 0 and sy > 0 such that, for & € (0, hy),

Ou(ase® ) = | [ B dx| = cRA 736y 1.
If j € J1(h), we write, in the same way as in the proof of Proposition 3.2,
Onaline®W) = (1 — CREV3) (1 = e)h*Pv1(n0)8> — e C12 |||t jne v |1?).

We take ¢ = h'/3. We use Corollary 3.3 to get an upper bound on A. We are led to
choose ®(x) = go|t(x)|h~"/3 so that

R2|V®|? < h*/3e2.

Taking ¢ small enough and R large enough, we infer the existence of ¢ > 0,C > 0
and Ay > 0 such that, for 4 € (0, hy),

a3 [ ElgarPax <cit 3 [,
JjeJi(h) Jj€J2(h)
Then, due to the support of y; , when j € J,(h) ,we infer
> [emPar=C Y [lavax
J€J2(h) Jj€J2(h)
We deduce (3.1). Finally, (3.2) follows from (3.1) and (3.3). O
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3.3. Rough localization. This subsection is devoted to the proof of localization
estimates near and on the cancellation line of the magnetic field.

Proposition 3.5. Let (A, ) be an eigenpair of £ 4. There exist hg > 0, C > 0 and
g9 > 0 such that, for h € (0, hy),

[ ey pay < cpy G4)

and
Qpa(eXCENB@IRTIE gy /34,2, (3.5)

where y is a fixed smooth cutoff function being 1 near 0.

Proof. Let us consider an eigenpair (A, ) of P, . We begin to write the IMS
formula
Ona®y) = Ay |I* + h?|[Voe®y >, (3.6)

We use a partition of unity with balls of size h*/15
DK =1
J

and such that
D IVajal? < ChTES,

We take
@ = x(t(x))|s(x) |15,

In particular, we have
|V®| < Ch /15,

We write

Y Cualtine®v) = Al xjne® v | = 21 x;nV @Y |> — |V g 0e®v | = 0.
j

Let us defined the two subsets of index
Jithy=1{j:8;,NT'#0} and Jo(h)={j: Bj,NT = 0}.
As previously, we can write, for the balls with index j € J,(h),
Ona(tjne®V) = h ‘ / B xjne® V> dx| = ch' 3 e Y|P,
For the balls of index j € J;(h), we have

OnaGrrne®y) = (W31 (no)837% — ChY3H219) |y e @y |2,
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where §; = 6(s;) ((sj,0) is the center of the ball). Gathering the estimates, we
deduce

(ch" 15 — h*301(0)83%) D Iame®v|?
JE€J2(h)

+ 2 W)@ =8 = CHEEE ety D)
JjeJi(h)

<0.
Then, we fix &g > 0 and D > 0 and we write
Ji(h) = J11(h) U J12(h) U Jy1 3(h),

where

Jia(h) =1{j € Ji(h): |s;| < DR},

Jia(h) ={j € Ji(h): DAY < |s;| < g0},

Ji1,3(h) = {j € Ji(h): |sj| = €o}.
For j € Jy,3(h), there exist c¢(g9) > 0 and /¢ > 0 such that, for & € (0, hy),

]’l4/31}1 (710)(5,2/3 _ 83/3) _ Ch4/3+2/15 > C(Eo)h4/3.
For j € Jy,2(h), from the assumption 1.8, there exists ¢(g9) > O such that
h4/3V1(no)(5?/3 o 53/3) o Ch4/3+2/15 > h4/3c~(80)sf _ Ch4/3+2/15.
We notice that
h4/3C~(80)SJ2 _ Ch4/3+2/15 > h4/3(5(80)D2 _ C)h2/15.

We choose D so that
é(e0)D? — C > 0.

We notice that, for j € Jy.1(h),
Ixjne®vll < Cly .
We now deduce from (3.7)
S eyl < Clivl?
JE€J1.2(h)
and then
S lae®vIP =Clvl®. D lxwe®v I < Cllv >,
J€J1.3(h) JE€J2(h)
This provides (3.4) and the identity (3.6) implies (3.5). O
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Introduction of cutoff functions. From Propositions 3.4 and 3.5, we are led to
introduce a cutoff function living near xo. We take y > 0 and we let

Xy () = (W34 1(0) x (0 s(x)).

where y is a fixed smooth cutoff function supported near 0. Moreover, we will denote
by ¥ the function yp,, (x)¥ (x) in the coordinates (o, ). In particular, we have

11 = (1 + 0Bl

As a consequence of Proposition 3.4 we have the following corollary.

Corollary 3.6. Let (A, V) be an eigenpair of £ 4. Foralln € N, there exist hg > 0,
C > 0and g9 > 0 such that, for h € (0, hy),

/r"|¢|2dodr < CH |,

and

/r"(|hD,¢|2 + |hDgVr|?) dodt < Ch>"Ph*3 ||y ).

3.4. Order of the second term. From the normal estimates of Agmon, we deduce
the following proposition.

Proposition 3.7. For all n > 1, there exist hg > 0 and C > 0 such that, for
h € (0, hy),
An(h) = 857 vi(no)h* — /2.

Proof. We consider an eigenpair (A, (h), ¥, ») and we use the IMS formula
O W) = An(W)[ W pl> + OGX) [P a1
We have (cf. (2.1)),
O (Wrn)
> /m*”(—w(, — no8V/3R213
+A- %S’S_I(ID, + D7) + Ch)lﬁ,,,h‘z dodt
+ W28 Dol nll> — Ch? [ nl>

Let us deal with the terms involving Cj, in the double product produced by the ex-
pansion of the square. We have to estimate

h|Re(8'§ 1 (¢ Dy + Det) Vi ps Crlinp)l-
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We have 5 5
[Cr¥n.nll = o) [V nll
and, with the estimates of Agmon (and the fact that 0 is a critical point of §),

18’67 (t D + Det)Ynnll = 0(1)[[Vin.ll-
Moreover, we have in the same way

hIRe{ AV . Chiin )| = o(h>) [ 11>
Then, we have the control

h|Re(h DoV i, Chiimn)l = o(h*) W 1]l
where we have used the rough estimate
1h Do ]l < CH* |y ll-
We have
O (W)
> /na—z\( —hDy — o8V 3R%3 4 A - %5/5—1(@, + Drf))lz,,,hjz dodt

+ 12852 Dol all? + 0(h3?) |91 2.
(3.8)

We now deal with the term involving t D, + D,t. With the estimates of Agmon, we
have

h| RC(S/S_I(IDT + Drf)lpn,h, (_hDU_n051/3h2/3 +g)¢n,h)| = 0(h5/3)||¢n,h”2-
This implies
O (W)
= 3 PIRID Gl + [ 72D o8 I 4 A dod
+ 0(h*) [y 1.
With the same arguments, it follows
O (Yrn.1)
> 1285”3 D n)?
22 . 2 (3.9
+ /nﬁ_zK— hDy — no8'3h?/3 + 51/37)1%,,;,’ dodt

+ O [V 17
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and

O Wrnp)
v 20, 2
Zh25§/3||D,1/fn,h||2+/’(—hDg—n051/3h2/3+51/3%)1//n,h‘ dodt

+ O Y]l
(3.10)

We get
O (np)

y 20, 2
> 1283 | Devinl® + / 85 |(= h872 Dy = noh® + )| dodz

+ ORP)[Yin p 1.

Then, we write
5_1/31)0— — 8_1/6D05_1/6 + i(5—1/6)/

and deduce
O (V)
> 1285 | Doy a1
+ /55/3(( — 86 D56 — ok + ;)xzn,h\z dodr
+ OR") [Vl

We can apply the functional calculus to the self-adjoint operator § ~1/6 D ;8716 and
the following lower bound follows:

OWnn) = h*3822v1(10) + O [l O

From this analysis, we infer that, for all n > 1, there exist iy > O and C > 0
such that, for all & € (0, hg) :

An(h) — 852 v1 (no)h*3| < Ch/3, (3.11)

Introduction of the space generated by the truncated eigenfunctions. For all
N > 1, let us consider L2-normalized eigenpairs (4, (h), ¥ n)1<n<n such that
(Vn.n, ¥m.p) = 0if n # m. We consider the N dimensional space defined by:

€n(h) = span Vi, p.

1<n<N

Remark 3.8. The estimates of Agmon of Corollary 3.6 are satisfied by all the elements
of Ex(h).
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3.5. Localization with respecttoo and D,. Thissubsection is devoted the analysis
of the behavior of the eigenfunctions with respectto o and D . In particular the crucial
propositions that we prove are Propositions 3.9 and 3.12. We will see that these local
and microlocal controls will be enough to estimate the spectral gap between the
eigenvalues (we do not need higher order controls, i.e. estimates of 0 and D},
even if they could be proved).

3.5.1. Localization with respect to ¢. This subsection deals with the proof of the
following proposition.

Proposition 3.9. There exist ho > 0, C > 0 such that, for h € (0, ho) and for all
Y € En(h), 5 e
lov Il < ChYe|19).

Proof. We only have to prove the wished inequality for 1} = &n,h, the extension to

Ve En(h) being an easy consequence. We consider (A, V) an eigenpair of &£ 4.
We can write

(W) = Ally|* + 0(h™) ||y |12
We have . 5 5 5
OW) = IPL(WV 1> + 1P2( Y ||* + OB |y 1>

We can write
| Pr ()2
= i~ (=h Do — no(8(0))'* 1?3
+ A(o,7) — héa/a—l(w, + D)y + G|,
with
Cp = ihm™V29,m™ 1% — Z—‘Z[m, + DT, V2.

Let us first erase the term involving C (/). From the estimates of Agmon, it follows

I PP

= i (~hDg — no(3(0) WP + (o 7) ~ hed'57 (D + Der)§

— CR2|ly .
(3.12)

Then, we use again the normal Agmon estimates to replace 71 by 1:
| Py ()11
> |[(=hDgy — no(8(0))'*h** + A(0.7) - héS’S_l(rD, + Do)y > B.13)
—CHP |7,
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From the non-degeneracy assumption on §, we infer that there exist ¢ > 0 and by > 0
such that, for & € (0, hy),

o)
> 5230, (no)h* 2P| + cllh Doy |2

+ec / o2|((h6™P8, + noh®" (3.14)

2 ’

T
+ — + Ry —

. =75 (De + D r))w( dodt

— CR* ||,

with
Ry, = k(0)87*303 + 0(z%).

We must analyze

el 72 hé’
/ozK(th 1/380 + n0h2/3 + > + Ry — AR (tD; + Drr))lp‘ dodt

_ / [((Gh5™/%05 + noh®"®

‘L’2 /
+7+Rh e

We shall estimate the double product

Z/Re i ((ih871/335 + noh?/3

(tD: + D, r))mﬁ ihé~ 1/3W’ dodr.

‘52 ’
+ 5+ R = s (tDe+ D D)o yhs=1/3 ) dodx
. hé’ S
=2h / Re {l (1h5 139, — O (tD; + Drr))mﬁS—lﬂw} dodr.

We have
pye / Re{81/30, (00U} dodt
= 0|12 -k / 57130, 1§ P dodt

= 0|y |*

Then, we write, thanks to the estimates of Agmon,

) 05—1/35/ Vv 2812
oh / —egis Rel(@de + D)y} dode = 00|91,
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We infer that

e 2 hs'
/ozK(th V395 + noh®’ + > + Ry — 684/3 —= (D, + Drr))lp‘ dodt

= / \((ihcﬁ‘ma(r + noh?/3 + z. Ry — (rD +D r))mp) dodt

2 54/3

+ O(h)|1¥r ).
(3.15)

We have to control the following double product:

2 v <
ghz Re {/ i8530, (avr)8—4/38'(tDy + Do7)Yr dcrdr}

We use the rough control (see Corollary 3.6),
|hooyr|l < 21|

and the estimates of Agmon to get

h?Re {/ i871385(0r)8—4/38'(t Dy + Do7)Vr dadf} = o(h/3) |y ||
The other terms in the double product can be estimated in the same way so that

2
. e—1/3 2/3 , T
/‘(th 0o + noh®* + — + Ry — 547

(D, + D t))mﬁ‘ dodt
2 L2 v
- / (@830, + noh?/3 + % +1(0))od| dodt + o(h™3)||§|2.

We can also erase the term in 73:

2
e—1/3 2/3 , T hé'
/‘(lh(g do + noh +7+Rh 684/3

(tD, + D, r))(ﬂ/f‘ dodt
— [ W(ans=0g 4 noi?* + o[ dodz + 001G

Finally, one will need a last technical detail. We write

/’(th 1384 4+ noh?3 + )olp’ dodt
(3.16)
=/’((z’h8—1/6808_1/6 ih(5V/5Y + noh?/® + )mp\ dodx
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so that we make the self-adjoint operator § 71/ D, 8~'/6 to appear. We deal with the
double products as previously to deduce

N
[ |(ins1e0,57400 — 19y 4 ob 4 2 Y| oo

2y .2 v
= / (187100557116 4 oh® + - )| dod + o(h¥) ||

We have now a nicer lower bound. There exist ¢ > 0 and hy > 0 such that, for
h € (0, hyp).

o)
> 820 (no)h* B[ |1 + cllh Doy ||

2 V12 .
v [ |(ins/50,571 4 o’ + )i dod + OB

Using the functional calculus applied to § '/ D,571/6, we infer that

OW) = 821 (o) * 2|V |12 + cvi o)k * 2o ||> + O(B3) |||

Jointly with the upper bound on A, we deduce the result. O

Proposition 3.10. There exist ho > 0, C > 0 such that, for h € (0, ho) and for all
v € €y(h), o ]
O(ay) = CIP | .

In particular, we have
|AD(@P)I> < CH¥ || and  [hDg(0)|> = CHP||1.
Proof. Let (A, V) be an eigenpair of &£, o. By the IMS formula, we can write
O(0y) = Ao |> + I[P2(h). o1 .
An immediate computation provides
I[P2(h). 011> < Ch? |11,

It remains to use Proposition 3.9. O

3.5.2. An improved lower bound. As a consequence of the localization estimates
with respect to 7 and of the localization with respect to o given by Proposition 3.9,
we have a lower bound for Q.
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Proposition 3.11. There exists ho > 0 such that for h € (0, ho) and ¥ € €y (h)
o)
> 6, /(1 + 2kotsy )| (871 0ihdg8 7V + o
+ g + 80_4/3K(O)r3)1}‘2 dodt
+ [ BPID P dode + 35w o Plo V1P + ot

Proof. The proof is essentially based on the same estimates as in the proof of Propo-
sition 3.7. Let us recall (3.8)

@) = |m(=hDy — no(8(0)3h*" + A(0.7) — héa/s—l(m, + D,z)xp”z
+ 82D P + o ()91

We transform a little bit (3.9):

- o 2 L2
o) = /nv?_z’<—hDa—ﬂo5l/3h2/3 +81/3% +K(0)50_113)1p‘ dodt
+ h2|8 3D |12 + o(h>13) |||

We improve now (3.10) by replacing m by 1 — koéé/ >¢ thanks to the estimates of
Agmon with respect to  and using the support of v with respect to o:

o)
> /(1 + 2ko8y*0)| (= h Do — 00823 + 51/3; + K(O)SO—IH)&\Z dodt
+ W82 D |7 + o (W) 91117,
It follows
o)
> / §213(1 + 2k08(1,/3r)‘(— h8~ 3Dy — noh?/?
+ %2 + 554/3;((0)#)1/?(2 dodt
+ W82 D P + o (R[]

We use now the Taylor expansion:

2
523 = 827 (1+ §omz) + 0(c?).
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One of the terms which we can neglect is
/|a|3|hD,¢|2dadf < Ch2/15/ lo|2|hDr|? dodt = o(h°?)||¥/||%,
where we have used Proposition 3.10. In the same way, we can write

/ lo?1(1 + 2k053/3f)|\( — 873Dy — noh?/?

2 .2
+ % + 854/3K(0)r3)w’ dodt
= o(B*) |y 1.
It remains to analyze

200

2 v 12
53 [ 02|(—ns2D, o + 5 45,45k 0)) i doar

This can be done in the same way as in the proof of Proposition 3.9, see (3.15):
20 573 2 —1/3 2/3 T’ —4/3 3\ v |2
L (= 1872 Dy — noh?/3 + =+ 8 e )| dodx

2 Vou /
- 7“53/3 f (= 1872 Dg — noh?/3 + %)ow\ dodt + o(h°")||y/|*.
We deduce

o) > /53/3(|h1),1/7|2 + (1 + 2kot8, /)| (8712i g + noh?/3

+ %2 + 554/3K(0)r3)1/7(2) dodt

2 v v
+ 28w o o 1P + o) 112

We replace § /39, by §71/9,671/6 as in (3.16) and the conclusion follows. [

3.5.3. Localization with respect to D, . In this subsection, we investigate a micro-
localization property with respect to D .

Proposition 3.12. There exist ho > 0, C > 0 such that, for h € (0, ho) and for all
V€ En(h), 5 e
IDoY Il < Ch™Ye|¥ ).

We introduce a new coordinate

=t = [ " 5(0)/* do.
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The space L2(dodt) becomes L2(§~/3d cd ). We can write

o = 813(0)d,.
Notation 3.13. We will denote by ¢ the function V¥ in the coordinates (¢, 7).

Fourier transform. We are led to introduce a weighted Fourier transform
F5(@)(n) = 7 (571/°9). (3.17)
A straight forward computation provides
F5((8"/ihd6~")p) (1) = —pF5(@) (1)

and
D, Fs(@) () = —Fs(s @) ().

Using the Parseval formula, we see that %5 is unitary from L2(8~'/3dcdr) to
L?(dudt). We can now prove a microlocal estimate with respect to §71/6D,§71/6
which implies Proposition 3.12.

Proposition 3.14. There exist ho > 0, C > 0 such that, for h € (0, ho) and for all
V€ En(h), 5
1876D87 %Gl 125113040 = CHTVENY

To prove the proposition we need the following lemma.

Lemma 3.15. We have
IhD (870587 ) )| < Ch*3|[(87 /%0687 |12 + CH*3 ||| (3.18)
and
1h Do (87005814 > < Ch*3||(87 Y0581 + Ch* 3| ||, (3.19)
Proof. Let (A, V) be an eigenpair of &£ ». We use the IMS formula and we get
O((67%9,67/%))

= A8 00587/ O) g |2 — [[P1(h). (67 0567/0)]yr |12
— [[P2(h), (870958701 + O (W) |19 |1%.

A computation of the commutators provides

I[Py (h). (87" /%356y [1> < Ch*/3 |y ||?
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and
I[P2(h). (8710958112 < ChY 3|y ||>.

This implies
O((87005876)r) < A5~ 9587 |12 + Ch*3 |||
We immediately deduce (3.18). For the proof of (3.19), we write
1P (R)(8™ %0687 O) 1> < A0 |1 + ChY> ||,

It remains to investigate the sizes of the different terms appearing in P;(h). We
observe (see Corollary 3.6) that

1T2(878:87 0|2 < Ch*3||(878,8 ) |2 + ChY3 |y ||

and
178’ (D + Det)(87 068~ /0)yr |1
< C|hD(8759:8"VOWI> + Cl[hs' (6~ %9,6 7Oy |
< Ch*P3[[(87%8,8 ) |> + Ch*P |17,
where we have used (3.18). O

Proof of Proposition 3.14. Let (A, ¥) be an eigenpair of £ 4.

Microlocal estimate near the minimum. We have (see Proposition 3.11 jointly with
Corollary 3.6)

00 = / 852 (1hD 2 + |(871/6ihde871/6 + noh®’ + ’—j)&f) dodr
— P
This becomes
o) = /83/3(|hD11/?|2 (= hpn+ ok + ’2—2)%@)\2) dudt
—Crlg .
We infer

O > / W38, (0 — 1P )| F5(9) 2 dud T — Ch |12,

Let us fix £9 > 0 small enough to have, for |1'/3 1| < &,

v//
0100 — ) 2 vy (o) + 1202



Semiclassical Analysis with Vanishing Magnetic Fields 453
For this value of g, there exists co > 0 such that, for |h1/ 3ul > &g

v1(n0 — Y3 p) > v1(1n0) + co.

Let us recall that Q(xp) < (A + O(h™))||¥/||? and that A satisfies (3.11). Then, it
remains to split the integrals on |23 < g9 and |h'/3 11| > & and we infer

[\ 1m@)Pdudz <RI,
|hl/3ul=e0
and
/ |uFs(@)* dpd < Ch= 7|1, (3.20)
[n1/3u]<eo
Microlocal estimate away from the minimum. Then, we want to obtain a control of

[ RGP dude
|h1/3pl=eo
For that purpose, we will use Lemma 3.15. Let us first write

O((57109,871%))
> || Pr(h) (8087 0|12 + 1?83 D (870056 0) |2

— CR2 (670,671 .

We have immediately

hz”51/3Dr(5—1/6865—1/6)¢”2 > 53/3}12”DT(5—1/6305—1/6)¢”2‘
Then, we write

1P () (809587 O |1 = |0~ P+ Ca) (8700567 €)ir |2,
where

P = —hDy — 10(8(0))/3h*? + A(0,7) — %S/S_I(IDT + D.7).
Expanding the square, we are led to estimate the following term:

Re (i~ P(5/59,6 /6, Ch(87/%0,6 /%))

We have 5 5
1Ch (87005671 /0)r|| < Ch|(8™"/03,8 /)|

and
[~ P50 O || < C | P 09871 ).
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We get
| P(™00687 )|l < Chl8'(tDe + Do) (800,670
and
18'(zDe + D7) (80,871 ) |
(3.21)
< Chl|[(8™ %0561 O) || + C|8'tD (871056 ).
Using the support of 1}, we deduce
18D (570687 O)r || < Ch'2 | Do(67/ %9587 /) Y. (3.22)
Therefore, with (3.18), we infer
1P (h)(8™" /%0587 )y |17
> |G~ PY(E 0587 O |2 — CRPY(87 08,87 1> — CRP |,
We write
”(nv,l—lP)(8—1/6865—1/6)¢”2 > 8(2)/3”(’h—18—1/3P)(8—1/6868—1/6)¢”2'
We shall again expand the square and control the term
17200587 C) | < CRPP(I(57Y 9587l + 17 ]).-
With (3.21), (3.22), (3.18) and (3.19), it follows that
| Py ()™ /006871 )i 12
A
§1/3
— ChP 00687101 = |y

> 52/ ) ea,5710yg

i~ (= h8P Dy — ok +

With the same arguments and using the Taylor expansion of A, we find
| Py(h) @S 098710) |12

2/3|| v —1 —1/3 2/3 o —1/6 s—1/6v.5 |1
> 833 (= b7 Dy — ol 4 ) (6710058710 |

— ChS(E 00,6 VO | — ChSP ||

Let us notice that, see (3.19),

2 )
/ jel|(— 612Dy — ok + %)(8‘1/6808‘1/6)1#’ dodt

72 v |2
< Ch1/3"’/ (= 1872 Dg — noh?/? + 7)(5—1/6(‘905—1/6)1/4 dodt

< Ch5/3_y||(8_1/6805_1/6)¢”2 + Ch5/3—y||¢”2‘
(3.23)
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Using the Taylor expansion of m and (3.23), we find
O((871°0587)y)
= [ 5P (npoie
+|(5713ihdg + noh®’ + 2—2)(5—1/6305—1/6)1})2) dodt
— CIP (700,87 |P — CRPT |y |2

Replacing §71/33, by §71/6956~1/® (modulo error terms which can be controlled
with the same arguments), we deduce

O((57109,87 V%))
> [ 52 (mpoip
2 )
1| (87V/6ihdes71/6 4 o/ + %)(5—1/63(,5—1/6)¢\ )dodx
— CHY |57 V/69,8V6) |2 — ChS3Y || |2,
We infer
0 = / B350 (g0 — B3 ) s (@) P dpud
— CHY (569,81 /S) |2 — ChSI3Y || |2,
It follows

/ 131z 1 F5 @ PdpdT < CRPTV | uFs@l? + ChP )2,

Combining this last estimate with (3.20) , we get the conclusion. O

4. Approximation by tensor products

We can now prove an approximation result for the eigenfunctions. Let us recall the
rescaled coordinates (see (2.3)):

o=h"% and 1 =h'3%. 4.1)

Notation4.1. £ (h) denotes h—*/ 3¢ (h) in the coordinates (6, 7). The corresponding
quadratic form will be denoted by Q. We will use the notation &y (%) to denote
& n (h) after rescaling.
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We introduce the Feshbach—Grushin projection

Mop = (@, uyy)ztino (7).

We will need to consider the quadratic form

Qolp) = 52/3/ |D:g|? —i—‘ — 1o + ) ’ dodz.
Proposition 4.2. There exist ho > 0 and C > 0 such that for h € (0, ho) and
e En(h):
0.< 0o(P) — 82 vi(no) 1V 11> < ChYO|r 12 4.2)
and
ITloWr — ¥|| < ChY 2|9,
ID:(Toyy — )|l < ChY™2|[4r ]|, (4.3)
122(Toy — )l < ChY 2| ]].

Proof. Let us consider ¥ € Ey (h) which is associated with a rescaled eigenvalue A
We have

O(W) < (4 O™ |¥]?
and R . R . X
IPL (WY (12 + 1P (WP (1> < (vi(no) + ChY )|y

We now use Proposition 3.11 to get (the term in 73 and the term associated with 7
are controlled by the estimates of Agmon)

o)
2/53/3(|D%1ﬁ|2
+ | (B1/5in1/00,871/6 — o + )w\ )dsdi +o(h' )|

We wish to make the term §~1/6 1/ 6868_1/ 6 to disappear modulo some error term.
Expanding the square, we are led to estimate the double product

2Re((—no + )1// §1/in1/09;5-1/4).

We have
(=m0 + )wﬂ <C|J]
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and, with Proposition 3.12,
1871/0inM 09581 g | < ChOY058~ o)l < ChY| ).

It follows
OW) = QoY) — ChY||y||%.

We deduce (4.2). We get (4.3)A as a consequence of (4.2) in a standard way (using
that the second eigenvalue of Qy is strictly larger than the first one). O

Proposition 4.3. There exist hg > 0 and C > 0 such that for h € (0, ho) and
Y € En(h):

*)dasaz

i 2/3 2 e—1/6:71/69 $—1/6 %_2 n
QW) = [ 8" (IDey|” + |87 /°ih /°058 o+ =)V

2 . A N N
+ 385 e ) 1691 + Coh P17 + o) 17|,

where Cy is defined in (1.10).

Proof. We use Proposition 3.11 to write
o)
=5 [ (1npedr
A—1/6ih1/6868—1/6 _

+( g

A

+ L; T 8P nP8)i [ ) doat

+ 2h1/3k0551/3/f (8-1/6in"/69551/6 — pq

4.4)

A

LY 1323\ % 74
+ 5 + 38, "Tk(0)h7T Y| dodr
2 A o
+ 28w (o) 671 + o) 12
With the estimates of Agmon and Proposition 3.12, we get on the one hand
|
2

A % 2 h -~ 7 )
=h1/3/r(—no+7) W12 dédt + o(h'?)|y|?

R . 22 A2
(B0 cint05540 =m0 + = 85O #2%) i dbd

4.5)
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and on the other hand

o o 72 12
/ |(3=1/6in"/69567116 —po + % + 85 Pen'323) | dadz
o o 220 2
= / \(5—1/61';11/63&5—1/6 —no + %)w dédt

A2
_ T
+280“/3K(0)h1/3/( mo+ ) IR ST+ o) |9

It remains to approximate the quantities

/(—no—l— )|1ﬂ|2d0dr
/( m+ S)E i bdz

Let us analyze the first one. We consider

and

‘/ o+ =) (9P~ Mod ) dd

<(/ no+ ) (191~ Mo (1| + Mo ) dédt

=

( 7]0+ ‘(W oy )(|Y| + [Toyr|) d6d

< ||¢>—no¢||(/ 2(— o +

< V2l = o [ (= o +

We infer

"2

1/2
) 001+ Mo asat)

2

/

(f#(-m+ )(|W|2+|H01/’|)d0df)12
< (/ 22(— o + %)ﬂ&ﬁd&d%)l/z

+(/ 2(—no+ Az) |How|2dodr)l/2-

Using the fact that uy,, is in the Schwartz class, we get

52
[ #(=m+ 5) IM0idsat < ¢ [Ghun2as < cliP

1/2
e+ |now|2>dodr) .

(4.6)
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With the estimates of Agmon, we get

[#(=n+5 BV (9P + Mop ) dbat < CIFI
We deduce

22
[ (=m0 + ) QPP - Mad ) dbat| < chgR,

In the same way, we get

/( o + )3(|w|2 Mo [?) dédt| < ChY/2 |2,

Then, we can write

[#(=no+ 5 inoip asaz

_ (/ #(=no+ ;)2|u,,0|2d%) (/(@,um)gd&).

[tz = [[[az, 09 w26t = 012 = @1+ 019

We get

We infer

[e(=m+ ) g P dsaz

a2, 4.7)
A T A ~
- (/T(—flo + 5 |un0|2dr)(1 o) IdIP.
In the same way, we get
22
[ (=m0 + 5 )mad 2 asa
(4.8)

:(/ (= o+ )|u,,0|2dr)(1+o(1>)||w||2

Gathering (4.4), (4.5), (4.6), (4.7), and (4.8) and the definition of Cy in (1.10), we get
the lower bound. Il

After rescaling, we deduce the following corollary.
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Corollary 4.4. There exist hg > 0, C > O such that, for h € (0, ho) and 1/7 € En(h),
- v . 202
oW = /53/3(|h0rw|2 1| (57/5ihdg5710 — o + %)w\ )dodz
2 . v v
+ 38 v ) h* o I + Coh™ P11 + o) [

We use the weighted Fourier transform defined in (3.17) and we infer the following
result.

Corollary 4.5. There exist hg > 0, C > O such that, for h € (0, ho) and 1/7 e En(h),
37 2/3 V2 2/3 L 2
0 = [ 87(1hDep + 1yt = nal?* + Z)37) dud

2 v v v
+ 38 i ) DI + Con™ g1 + o h*) |11,

<

with ¢ = Fsr.
Conclusion: proof of Theorem 1.11. Let us introduce the operator
2 ‘[2 2
355/3av1(n0)h4/3Dﬁ + 85 (h2D2 + (— hp — noh® + 7) ) + Coh™ (4.9)
on L%(R?, dodt). We denote by An (h) its n-th eigenvalue. From Corollary 4.5 and
the min-max principle, we deduce
An(h) = An(h) + o(h%'3). (4.10)

The Born—-Oppenheimer approximation (see [7] and [31]) provides the following
estimate for A, (h):

An(h) = 00R*3 4+ 02153 + o(h5/3). (4.11)

The estimates (4.10) and (4.11) provide the conclusion. Let us recall the spirit of the
Born—Oppenheimer approximation (see the historical reference [5]) without going
into the details. The principle consists of replacing, for fixed y, the operator

2.2
212 273 T
hDT—I-( hit — noh +2)

by its lowest eigenvalue h*/3v; (9 + wh'/?) and to analyze the spectrum of the
“Born—Oppenheimer approximation” defined by

2
B35 (Sev (0) D + vino + uh'7)).
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This (semiclassical) analysis can be done through standard techniques (see [24], [25],
and [15]). We can also refer two our recent works [4] and [37] where this idea appears.
It can be proved (through Agmon estimates with respect to u and a Feshbach—Grushin
type argument) that the investigation reduces to the harmonic oscillator

2 v//
h4/38(2,/3(§av1(770)Di T+ v1(no) + h2/3$'u2)

and the estimate (4.11) follows.
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