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1. Introduction

The spectral analysis of magnetic Schrodinger operators in domains with boundary
has been the subject of many research papers in the last two decades. Apart from
the mathematical interest behind the study of their spectra, magnetic Schrodinger
operators in interior/exterior domains with various boundary conditions arise in sev-
eral models of condensed matter physics, as superconductivity (see [15], [9], [16],
and [17]), liquid crystals (see [13], and [19]), and Fermi gases (see [6]).

The present paper is devoted to the study of magnetic Schrodinger operators in
domains with corners (piecewise smooth domains). The presence of corners in the
domain has a strong effect on the spectrum of the operator. In particular, it is shown
in [2] and [14] that the presence of corners decreases the value of the ground state
energy of the operator compared with the case of smooth domains. Discussion of
this effect in the framework of superconductivity is given in [3].

We give in a simple particular case, a brief presentation of the semiclassical results
proved in this paper. Suppose for simplicity that 2 is a simply connected bounded
domain in R? and that A is a vector field such that b = curl A is constant. Let
P = —(hV —iA)? be the magnetic Laplacian in L?(€2) with magnetic Neumann
boundary condition, N (Ah) and E (A1) be the number and sum of negative eigenvalues
of Py g — Ahld. If the boundary of €2 is smooth, it is proved in [10] and [11] that,
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ash — 0,
N(Ah) ~ c1(b,)|3QhY2 and  EAh) ~ c2(b. 1)|0S2|h1/2, (1.1)

where ¢1 and ¢, are two explicit constants. The formula for the number N(Ah) is
valid for all A < b, while that for the energy E(Ah) is valid for all A < b.

In Theorem 4.1 of this paper, we prove that (1.1) is still holding true when the
domain 2 has a finite number of corners. The key to prove this extension is a
rough estimate on the number of eigenvalues of a Schrodinger operator with constant
magnetic field in a sectorial domain (see Lemma 2.5).

The result of Theorem 4.1 shows that corners only affect the low-lying eigenvalues
of the operator. As we will see in Theorem 3.1, corners create a few additional
eigenvalues compared with smooth domains.

As a consequence, we may say that in the semi-classical limit and the regime con-
sidered in this paper, the numbers of eigenvalues of magnetic Schrédinger operators
for smooth and non-smooth domains are asymptotically the same.

The paper is organized in the following way. In Section 2, we collect some key
results that will be used throughout the paper. Section 3 is about the number of
low-lying eigenvalues of the operator in a domain with corners (here the regularity
assumption on the domain is precisely stated). Finally, Section 4 contains the semi-
classical analysis that extends (1.1) to domains with corners.

Throughout the paper, the notation N(A, P) will be often used to denote the
number of eigenvalues (counting multiplicities) of the operator P that are below A.
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paper. The research of the authors is funded by a grant from the Lebanese University.

2. Preliminaries

2.1. Variational principles. Let H be a self-adjoint operator in a Hilbert space #
(of domain D(H)) such that

inf oess(H) > 0
(H)
H1(_o,0)(H) is trace class.

We shall need the following two simple variational principles concerning the
operator H, which are frequently used in [18] and [8].

Lemma 2.1. Let y be a bounded operator such that 0 < y < 1 (in the sense of
quadratic forms) and the operator Hy is trace class. Then it holds that

tr (H1(—o0,0)(H)) < tr(HYy).
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Lemma 2.2. Assume that the operator H satisfies the hypothesis (H). Then it holds
that

N
tr (H1(—oo,0)(H)) = inf Y (f;, H}),

J=1

where the infimum is taken over all orthonormal families { f1, f2,..., fn} C D(H)
and N > 1.

2.2. A family of one-dimensional differential operators. Let us recall the main
results obtained in [7] and [15] concerning the family of harmonic oscillators with
Neumann boundary condition. Given & € R, we define the quadratic form

B'(R+) > u > q[£](u) = / W' ()] + |t — E)u(n)Pdt, 2.1

R+

where, for a positive integer k € N and a given interval I C R, the space B¥(I) is
defined by

B¥(I) ={u e H*(I):t/u@t) € L*(I),j = 1,....k}. (2.2)

Since the quadratic form (2.1) is closed and symmetric it defines a unique self-adjoint
operator £[£]. This operator has domain

D(Z[§]) = {u € B>(R+);u/(0) = 0},
and is the realization of the differential operator
L[] = =07 + (. = §)°, 2.3)

on the given domain. We denote by {1 (£ )};’;"1’ the increasing sequence of eigenval-
ues of £[£], which are all simple. By the min-max principle, we have

p@©= e A ey
u€B1(Ry),u#0 ||“||L2([R+)

It follows from analytic perturbation theory (see [7]) that the functions

R>&— i)

are analytic. Furthermore, ;£1(0) = 1, u1(§) < 1 forall £ > 0, and |u1(§) — 1]
decays like exp(—£2) as £ — 400 (see [4]). These properties of j1; yield that

‘[(m@»4ws=—/mwa—uﬁs
0 R
is finite. We define the constant

©o = inf 1 (8). 2.5)
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In [7], itis proved that ®¢ = w1 (&p), that & is the unique value at which the minimum
Oy is attained and that u” (&) > 0.

An important consequence of standard Sturm—Liouville theory is recalled below
(c.f. Lemma 2.2 in [11]).

Lemma 2.3. The second eigenvalue of £ €] satisfies
inf > 1.
égmllz(g)

Notice that part of this conclusion is a consequence of the analysis of Dauge and
Helffer [7], who show that the infimum of p»(§) is attained for a unique &, € R.

2.3. Rough energy bound for the cylinder. Let us consider the operator
Ppa = —(hV —ibAg)* in L*(Q),

with

Q = [0, S] x (0, h/2T).
Functions in the domain of Py g satisfy Neumann condition at ¢ = 0, periodic
conditions at s € {0, S} and Dirichlet condition at t = h'/2T. We assume that the

vector field Ay is given by
Ao(s, 1) = (=1,0).

In this particular case, the operator has compact resolvent, hence the spectrum
consists of an increasing sequence of eigenvalues (e;);>1 converging to +00. Note
that the terms of the sequence (¢, ) are listed with multiplicities counted. Given A € R,
the energy

E(.b.S.T)=> [hb(1+ 1) —e;], (2.6)
J
is finite. The number of eigenvalues below (1 4+ A)Ab is also of particular interest:
N@A,b, S, T)=Card{j:e; <hb(l+ A)}. 2.7

A function in the domain of P g is periodic with respect to the first variable
(s-variable) so that it can be expanded in a Fourier series. In the proof Lemma 2.4
below, expansion in a Fourier series is used to separate variables.

Lemma 2.4. There exist positive constants Ty and Ao such that, forall S > 0, b > 0,
T > «/ETO and A € (0, Ag], we have
ST

€N, b,S,T) < (1+ A)hb(m +1) (2.8)
T

and

N@A, DS, T) <

STy 2.9)
Zn«/% ' .
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The lemma is proved in [10], although the estimate (2.9) is not stated explicitly.
Actually, (2.8) is proved as follows. First (2.9) is established by separation of variables
and the variational min-max principle then the energy & (A, b, S, T') is easily estimated
as N (A,b,S,T) x (1 + A)bh, from which (2.8) follows.

2.4. Rough bounds for the sector. Leta € (0,27), R > 0,h > 0,b > 0 and
Qrie =1{(rcosf,rsind) e R*:0<0 <a,0<r < h'/2R}. (2.10)

Consider the self-adjoint operator Py 4 = —(hV —ibAg)? in L?(QR j.¢). Func-
tions in the domain of Py, satisfy Dirichlet condition on the boundary r = h'/2R
and Neumann condition

v (hV —ibAg)u =0

on the boundary defined by & = 0 or # = «. Here v is the unit outward normal
vector on the boundary 0Q2g p, o and Ag(x1, x2) = (—x2, 0) is the magnetic potential
introduced in (3.2).

The operator Py, o has compact resolvent and its spectrum is discrete and consists
of isolated eigenvalues (e;) counted with multiplicities. Let A € R and define

Ecom(e, b, R, ) = Y [hb(14+2) —¢j] ., 2.11)

J

and
Neom(t, b, R,A) = Card{j: e; <hb(l + A)}. (2.12)

We give rough estimates of E.om(et, b, R, A) and N (c, b, R, A) in the next
lemma.

Lemma 2.5. Given b > 0 and « € [0, 27), there exist positive constants C, hgy, Ro
and Ay such that, for all R > Ry, h € (0, ho], and A € (—o0, A1], we have

Neom(at, b, R, 1) < C(R? + 1), (2.13)

and
Eeom(ct,b, R,A) < C(1 + AM)hb(R? + 1). (2.14)

Proof. Observe that the upper bound (2.14) on the energy &com (e, b, R, 1) follows
immediately from the definition of &.,, (e, b, R, A) and the upper bound in (2.13).
Therefore, we establish the bound in (2.13). The method that will be used is introduced
in [5] and based on a decomposition of the operator via a partition of unity and on
the min-max variational principle.

To simplify the notation, we denote by €2 and P the set Qg j o introducedin (2.10)
and the operator Pj, , respectively.
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Let Lo be a positive real number whose choice will be specified later. Suppose
R > Ly. We cover 2 by two sets

Ui(h) = {x € Q: |x| < Loh'/?},
and

Loh'/?

Ur(h) = {x € Q: < x| < RR'2.

Consider a partition of unity of €2

Z)(J(x)—l and Z|ij(x)| <_th

where C; > 0 is a universal constant and suppy; C U; (h).
Letu € H'(Q). The following decomposition formula holds:

2
/ |(hV — ibAg)u|?dx = Z/ (|(hV — ibAg) xjul> — 2|V x; | u|?)dx.
Q : Q

Jj=1

This decomposition yields the inequality stated below by using the upper bound on
IVl

2
/ |(hV —ibAg)u|?dx > E /(|(hV—ibAo))(‘,-u|2—C1L0_2h|u|2)dx.
Q — Ja

Jj=1

By using the method in [5] and the variational min-max principle, we get that
Neom(at, b, R, A) < N(Ah, Py,n)) + N(Ah, Pu,m)), (2.15)

where A = (1+1)b+C; L0_2, Py, = —(hV—ibAy)?isthe operatorin L2 (Uj (h))
with Dirichlet condition on r = Loh'/? and Neumann condition on the other parts of
the boundary of Uy (h), and Py, = —(hV —ibA)? is the operator in L?(U(h))
with Neumann boundary condition on § = 0 and 6 = « and Dirichlet condition on
the other parts of the boundary defined by 6 = «/4, r = Loh'/?/2 and r = Rh'/2.
Notice that we use polar coordinates (7, €) in the definition of the domains.

We will need a technical assumption on the number A. We try to explain the need
of this technical assumption. While estimating the terms in the right side of (2.15),
we will define the number

A=A+2b71C Lg% + Cob™ " h.

Recall the number of eigenvalues N (i, b, Rh'/ 2, R) as introduced in (2.7). We shall
see later that we need to estimate the number N (A, b, Rh 1/2, R). An estimate of this
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number is given in Lemma 2.4 provided that A is smaller than a certain constant g
(this constant is introduced in Lemma 2.4). Suppose A1 € (0, Ag). If & and LO_1 are
selected sufficiently small compared with A1, it is possible to have A < Ao whenever
A € [0, A1] (note that such an upper bound on A will fail if A is supposed to vary in
the extended interval [0, A¢]).

Suppose in the sequel that A € [0, A;]. We will prove that there exists a positive
constant C independently of A € [0, 1] and such that

N(Ah, PUl(h)) <C (2.16)
and
N(Ah, Puyiny) < C(R* +1). (2.17)

In light of (2.15), Theorem 2.5 will be proved once the statements in (2.16)
and (2.17) is shown to be true.

Proof of (2.16). The re-scaling y = h~'/2x gives immediately
N(Ah, Py,my) = N(A, Py,1))-

Here
Py,ay = —(V —ibAg)* in L*(U;(1)).

Since the operator Py, (1) has compact resolvent and the number A is bounded
independently of 2 € (0, 1], it follows that N(A, Py, (1)) is bounded as / varies in
(0, 1] too. This establishes the upper bound in (2.16).

Proofof (2.17). The proofrequires introducing an additional parameter € as follows:

L /0T«
O<8<m1n(—,———).
8 4 8
The need for this parameter is rather technical. Let us explain the idea that will be
used. The domain U, (k) will be covered by four sectorial domains with openings not
exceeding «/4 + 2¢ and overlapping in a region with area proportional to &. With the
choice of &, we see that the openings of the sectorial domains do not exceed 77 /2 and as
a consequence, each of these domains is included inside a rectangle. In a rectangular
domain, it is possible to estimate the number of eigenvalues of Schrédinger operators
as in Lemma 2.4. Details will follow below.
Recall the definition of the set
1/2

Loh

Ur(h) = {x € Q: < x| < RR'2.
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We cover U, (h) by four sets
Vi(h) = {(rcos6.rsin6) € Up(h): 0 < 6 < %}

Va(h) = {(r cos 6. 7 sin 6) € Up(h): %—e<9 < % + e,

_ 3
Va(h) = {(r cos 6. 7 sin6) € Up(h): %—e<9 < T"‘ +¢f

and
Va(h) = {(r cos 6.7 sin 6) € Up(h): %“ <6 <af.

Define four operators Py, ), Pv,n)> Pvsny» and Py, in L2(Vyi(h)), L*(Va(h)),
L?(V3(h)), and L2?(V4(h)) respectively. The four operators are self-adjoint realiza-
tions of the differential operator —(hV —ibA¢)?. Functions in the domain of Py, )
satisfy Neumann condition on # = 0 and Dirichlet condition on the other parts of
the boundary defined by » = Loh'/?/2 and r = Loh'/2. Similarly, functions in
the domain of Py, ) satisfy Neumann condition on 6 = « and Dirichlet condition
on the other parts of the boundary. Functions in the domains of Py, ) and Py, )
satisfy Dirichelt boundary condition.

Notice that the operators Py, () and Py, ) are unitary equivalent and hence have
same spectra. Also, the operators Py, ) and Py, ) are unitary equivalent and have
same spectra.

We apply an argument similar to the one we did to obtain (2.15). By introducing
a partition of unity supported in Vy(h), Va(h), V3(h) and, Va(h), using the IMS
decomposition formula and the variational min-max principle, we get a constant
C, > 0 that is allowed to depend on ¢ but not on / and such that

4
N(Ah, PUz(h)) < Z N(/~\h, PVj(h))
]=12 (2.18)
= ZZN(MI’ Py, ).
Jj=1

with A = A 4+ C1Lg? + Cah.
Recall the number N (A, b, S, T) introduced in (2.7). This number counts the
eigenvalues of the operator Py g . in the cylinder Us 7 = [0, S| x (0, h'/2T).
Since the angle /4 is acute and R > L, we see that

Vi(h) C [0, Rh"?] x (0, Rh'/?).

A function u(x1, x) in the form domain of Py, () satisfies Dirichlet boundary con-
dition on
r=Loh'?/2, r=Loh"? and 0 =a/4.
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As a consequence, such a function u(xy, x2) in the form domain of Py, ;) can be
extended by zero to a function #(xy, x») defined in the cylinder

def

U = [0, RhY?] x (0, Rh'/?).

The extended function #(x1, x7) satisfies Dirichlet condition on x; = 0, x; = Rh 1/2
and x, = Rh'/2. In particular @ (x1, x») is periodic with respect to x; and is inside
the form domain of P 7. In this way, we see that the form domain of the operator
Py, ) is embedded in the form domain of the operator Py, ;.

Thus, by the variational min-max principle, it is easy to see that

N(Ah, Py,y) < N (X, b, Rh'? R),

with A = A 4+2b~1C Lg% + C2b~"h (remember that A = A + C; Lg% + C2h, and
N (A, b, Rh'/2, R) counts the eigenvalues < (1 + A)bh).

Similarly, V>(h) is inside a rectangular domain D. Rotating the rectangular
domain D transforms it to the domain U introduced above. Notice that the action
of a rotation is a unitary transformation on the operator Py, ) and does not change
the spectrum. In this way, functions in the form domain of Py, ;) are embedded in
the form domain of Py via unitary transformations (rotation of the variable and
extension by 0). The min-max principle will also give us that

N(Ah, Py,gy) < N (A, b, RR'/2 R).
As a consequence, we infer from (2.18)
N(Ah, Pyygy) < 4N (A, b, RhV2, R). (2.19)
Select hg sufficiently small and L sufficiently large such that
2b71C1 Lg% 4 Cob™ hg < Ao — Ay
In this way, we get for all A € (0, A1) and i € (0, ho]
A=A+2b71C Lg% + Cob™ ho € (0, Ao].

Consequently, it follows from Lemma 2.4 that N (1, b, Rh'/2, R) is bounded by a
constant times (R? + 1), and thereby get the upper bound in (2.17). O

3. Asymptotic number of low-lying eigenvalues near corners
3.1. The operator in an infinite sector. Let o € (0,27) and

Qo ={(rcosf,rsinf) e R2: r > 0,0 < 6 < al. (3.1)
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Define the magnetic potential
Ao(x1.X2) = (=x2.0),  (x1.x) € R?, (3.2)

whose curl is constant and equal to 1.
Consider the self-adjoint operator Pg, = —(V—iAg)? in L?(24) whose domain
is

D(Pg,) = {u € L*(Qa): (V —iAg)u € L*(Q). Po,u € L*(Q).
v-(V—iAg)u =0o0n dQy \ {0}},

where v is the unit outward normal vector of 0€2,.

It is proved in [2] that the bottom of the essential spectrum of Pgq, is a universal
constant ®¢ € (%, 1). Furthermore, when a € (0, 3], the operator Pg,, has discrete
spectrum below ®g.

Many questions connected with the spectrum of the operator Pg,, are left open.
Among these questions are the following onces.

* [s the spectrum of Pg, below Oy finite?

e When o = 7, the operator Pgq_ is the half-plane and its spectrum is purely
essential and consists of the interval [0, 00). Is [0, 00) the essential spectrum
of Pg, for any a?

e Itis conjectured in [2] that the ground state energy (bottom of the spectrum) of
Pgq,, is constant and equal to ® when « € [r,27). This conjecture has not
been proved or disproved yet (see [2]).

3.2. Assumptions on the domain. We describe precisely the regularity properties
of the domain €2. The assumptions will be the same as those made in [2] and [3].

In this and the subsequent sections, €2 is an open and connected set in R? whose
boundary is compact and consists of a curvilinear polygon of class C 3. By saying that
the boundary I" of € is a curvilinear polygon (of class C3) we mean the following
(see [12], p. 34—42). For every x € I, there exists a neighborhood V' of x in R? and
a mapping ¥ from V to R? such that

(1) ¥ is injective,
(2) V¥ together with ¢! (defined on v/ (V')) belongs to the class C?3,

3) QN Viseither {y € Q: ¥2(y) <0}, {y € Q: ¥1(y) <0and ¥»(y) < 0}, or
{y € Q: ¥1(y) <O0orya(y) < 0}, where /; denotes the components of .

The boundary T of €2 is a piecewise smooth curve. We work under the assumption
that the boundary I" consists of a finite number of smooth curves I_'k fork =1,...,m.
The family (I'x) is the minimal family of curves making up the boundary I'. If T’
consists of more than one smooth curve (m > 2), then we suppose that the curve
T4 follows Ty according to a positive orientation, on each connected component
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of I'. Let si denotes the vertex which is the end point of I't. Ina neighborhood of
092, define a vector field vi. For each k, the vector vy is the unit normal a.e. on I'.

Let X be the set of vertices the domain €2 has. We suppose that ¥ ## @. Under this
assumption m > 2 and X consists exactly of m vertices. This assumption certifies
that the domain €2 does not have a smooth boundary but only a piecewise smooth
boundary. When ¥ = @, then m = 1, the boundary of €2 is smooth and the operator
in L2(2) is the one studied in [11] and [10].

Ateach vertex s € X, let o, denotes the angle between I} and ka measured
towards the interior.

3.3. Main result. For each angle «, recall the sectorial domain €2, introduced
in 3.1). Let Py, = —(V — ibAg)? be the operator in L?(£2,) introduced in
Section 3.1 (with Neumann boundary condition on the smooth part of the boundary
of the sector €2,). The number

n(e. A:b) = tr(Loo,1)(Po.2,)) = Y dim(Ker(Py, g, — Ald)) (3.3)
A<A

is finite for all @ and A < ®y.
If b = 1, we write
n(e,A) =n(a, A; b =1). (3.4)

By a scaling argument, it is easy to see that
n(e, A;b) = n(a, A/b). (3.5)

Let the domain €2 be as described in Section 3.2. Define the magnetic Schrodinger
operator
Pra =—(hV —iA)?, in L*(Q), (3.6)

where A € C?(2; R?) is the magnetic potential, & > 0is the semi-classical parameter
and B = curl A is the magnetic field. The domain of the operator P g is

D(Phq) = {u e L2(Q): (hV —iA)f e L2(Q), k = 1,2,
vj - (hV —iA)u =0on Ty, k =1,....,m}.
Define two constants

b = inf B(x) and b’ = inf B(x). 3.7)
X€IR

xeQ
The main result of this section is the following theorem.
Theorem 3.1. Let the constant O be as defined in (2.5), A € (—oo, min(®yb’, b))

and N(Ah) the number of eigenvalues of the operator Py o below Ah counting mul-
tiplicities. Suppose that the magnetic field B(x) is selected such that b > 0. There
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exists a positive number hg such that, for all h € (0, hg), the following equality holds,

N(Ah):in(ask, A ). (3.8)

famt B(sk)
The number hqo depends only on the angles as, and the domain Q.

Theorem 3.1 gives the exact number of low-lying eigenvalues of Pj, g correspond-
ing to corners in the domain 2. When A > ©®,, we will see in Section 4 that corners
no more affect the leading order term of N(Ah).

3.4. Proof of Theorem 3.1.

Upper bound. Let p be apositive constant satisfying 0 < p < 1. We start by choosing
a partition of unity yj ; introduced in Proposition 11.2 in [2] satisfying

Z |)(k,h|2 =1, Z |VXk,h|2 <Ch™?" inR?
k k

and
suppyk,n C B(z;j, cich?),
with the choice of indices such that
e zx =sgand ¢, = 1forallk =1,2,...,m;

e ifk &{1,...,m}and z; &€ 3L, then
Bz, ckh®)NoQQ =0

and

1
Cx = 5min(|tanask|, 1);

e ifk &{l,...,m}and z; € 09, then
B(zg,cikh®) N =0,
B(zg, cih®) N 0Q is connected,

and

1
Ce =7 min(| tan o, |, 1).
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Recall that X is the set of vertices of the domain 2. If u is a function in the form
domain of Pj, g, define

q(u)=/9|(hV—iA)u|2dx.

The following decomposition formula holds true for every function u in the form
domain of the operator Pp, q:

q) =Y quen) + Y q(ten)
k=1

k>m
Zkeaﬂ
+ > C](Xk,hu)_hZZ/ IV x| ludx.
k>m k Q@

Zx €02

Using the upper bound on |V yg 4|2, we get the lower bound

q) = " g + Y qQent)
k=1

k>m

Zkeaﬂ (39)
+ Y aGn = [ P
k>m 2
Zi €02

Let k € {1,2,...,m}. It is proved in [2], p. 252, that by performing a change
of variable y = ¥ (x) and a gauge transformation (defined by a function ¢y ), the
following lower bound holds true:

WG = [ (1= ChP = CHP) | = B Aoy = Ch~2 [ )dy.
Qas

‘ (3.10)
Here 6 € (0, 1) is any constant, By = B(zg), Ay is the magnetic potential in (3.2)
and

vk (y) = %O () 0 i ().

The optimal choice of p and 6 is p = 3/8 and 6§ = 1/8. This produces the lower
bound

4 Grant) = / (1 = CRY) (Y — iBeAo)uel? — CHS 4o Pydy.  (3.11)

C(sk

Similarly, when k & {1,2,...,m} and z; € 02, by applying a change of variable
and a gauge transformation, we obtain the lower bound (see [11])

aGrant) = / (1 = CRY)|(hY — iBeAo)ue? — Ch e Pdy.  (3.12)
Up
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where U = {y = (y1.,y2) € R?: y; € (0,h%®) and y, € (0,00)}. By inserting
the lower bounds in (3.11) and (3.12) into (3.9) we obtain

m
OEDD /Q ((1 = CHY4)|(AY — iBeAo)ui 2 — Ch¥/*|ul?)dy
k=1 sy

+ Y [ enHIn ~ iAol — )y
Uy

k>m
Z €02

+ > q(Xk,hu)—ChS/“/ |u|?dx.
Q

k>m
Z) €02

(3.13)

By the variational min-max principle (and the remark in (3.5)), we deduce the fol-
lowing upper bound on the number N(Ah):

” A+ Ch'/4
N(Ah) < ,
( )_;n(“s" TG

+ Z N<PBk,Uh, M)

1 —Ch'/4
k>m
Z €02
+ Y N(PPG A+ CRTH),
k>m
Z) €02

Here Pg, u, = —(hV —iBrAo)? is the operator in L?(Uy,) with Neumann boundary
condition at y, = 0 and Dirichlet condition elsewhere, and PhD,Q = —(hV —iA)?is
the operator in L2(£2) with Dirichlet boundary condition. The spectrum of Pg, u,
starts at ®o By 1 and that of Phl?g starts above b/ (cf. Section 2 in [15] or Lemma 3.2
and eq. (1.4) in [11]). Thus, if A < min(®¢b’, b) and £ is selected sufficiently small,
we get

Ah + Ch/*

1—Chl/4

Since the spectrum of the operator PQask below B consists of isolated eigenvalues,
we get for & sufficiently small that

N (PBk,Uh, ) = N(P2q. Ah + Ch*/*) = 0.

n( A+ Ch'/4 ) € A )
s, , =n(dg,, —).
*7 (1= ChY/4)B(s) *" B(sk)

This finishes the proof of the upper bound. O
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Lower bound. The proof of the lower bound is similar to the one in [11] and uses a
bracketing technique. Let P}, g be the self adjoint realization of the restriction of the
operator P q on functions vanishing outside the set

N

|J B(s.n*'®).

k=1

By the variational min-max principle, the eigenvalues of ﬁh,Q are larger than those
of Ph,g. Thus

N(Ah) = N(Ah, Pp.q).

We will show next that there exist constants C > 0 and 4o > 0 such that, for all
h € (0, hy], we have

A—Ch'/*
).

¥ (1 + ChY/4)B(sy) G-19

N
NG, Prg) = Y n(a
k=1

If i is made sufficiently small, then

A —Chl/* A
(e T emBEn) =" )

and we get the lower bound we wish to prove.
Derivation of (3.14) is easy. Let g be the quadratic form associated with Pj, q.

Select an arbitrary function u in the form domain of ﬁh’g. A matching asymptotic
upper bound of (3.11) is proved in [2], p. 252:

/ |(hV — i A)u|?dx
B(si,h3/8)

< / (1 = CRYH|(hY — i BiAo), |2 — ChS/* e 2)dy,

Sk

where By = B(sg) and vy is obtained from u by the change of variables y = ¢ (x)
times a gauge transformation. Summing over k, we get

TOEDS /Q ((1 = CHY4)|(AY — iBeAo)ui 2 — Ch¥/*|ue ?)dy.
k sy

By the variational min-max principle, we deduce that the eigenvalues of the operator
Pp, o are smaller than those of the direct sum of the operators Pq,, By, thereby
proving (3.14). O
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4. Energy and number of eigenvalues in piecewise smooth domains

4.1. Main results. We will state other results concerning the number and sum of
eigenvalues of the operator P, g introduced in (3.6). The assumptions on the domain
Q2 is as described in Section 3.2. The notation and assumption on the magnetic field
B = curl A is as in (3.7) and Section 3.4.

Let (e;) be the increasing sequence of eigenvalues of the operator Py g in the
interval (—oo, bh], counting multiplicities. If A € (—oo, b], define

N(Ah) = tr(l(_oo,;th)(Ph,Q)) = Card{ej rej < )&h} “4.1)
and
E(h) = t(l oo (Phg — A1) = 3 (¢j — Ah). 4.2)
e; S/lh

The main result we prove in this section is Theorem 4.1. Its statement requires the
notation [x]4+ = max(x, 0) for any real number x, the eigenvalue w1 (§) introduced
in (2.4), and the arc-length measure ds(x) along the boundary of 2.

Theorem 4.1. For any real number A < b and as h — 0, it holds true that

p1/2
pom === [ [ B i - m©) dsds + ot @)

Furthermore, if A < b, then

1

1/2 / B(x)'2dEds(x) + o(h™/?). (4.4)
22 Ji(x,8)ed@xR: BG) (§)<

N(Ah) =

While proving Theorem 4.1, we only give the new ingredients and constructions
required to adapt the proof given in [10]. We will refer to [10] for the detailed
calculations.

4.2. Proof of Theorem 4.1. Notice that (4.4) is a consequence of (4.3). Actually,
the term on the right side of (4.4) is the derivative with respect to A& of that on the
right side of (4.3). On the other hand, using the variational principle of Lemma 2.2,
the number N(Ah) can be seen as the derivative of the energy E(Ah) with respect to
Ah.

Therefore, to prove Theorem 4.1, itis sufficient to establish the asymptotic formula
in (4.3).

Using a magnetic Lieb-Thirring inequality and a decomposition of the operator
by a partition of unity, it is possible to prove that the energy E(Ah) is finite for all
A < b. Details regarding this proof are given in Section 5.1 in [10], pp. 242-243.
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We start by proving the asymptotic lower bound

pl/2

Eom === [ / ()3/2[m—/x1(5)] deds(x) + o(h'?). (45)

Let H = Pj o —Ahld and notice that the energy E(Ah) can be expressed in the more
useful form
E(Ah) = tr(H1(—00,0)(H)).

Let { fi. f2...., fn} be any L? orthonormal set in D(H). We will give a uniform

lower bound of
N

Y (S HS)
Jj=1
Using Lemma 2.2, this will imply a lower bound of tr(H 1(—x,0)(H)).
Consider a partition of unity of R

1
Yi+v3 =1 suppyr Cl—oo 1] suppys C [5, 00 (4.6)
such that
VY > +|Vyal? < C 4.7)
and C > 0 is a universal constant.
Let
t(h) == m1n(| tan o/, 1)h/8, (4.8)
where @ = min{og, : k = 1,2,. ..,m}.

Using the partition of unity in (4.6), we put

() = a0 Vs = (S3). vaan = va(5). @9
for x € Q. We introduce the potential
Vi = R2(IVY1ul* + V20 ?). (4.10)
It is possible to prove that (see the proof of eq. (5.10) in [10], p. 243)
N N
h h
,-;m’ Hf}) = ;m, Vil =Viynafy) = C o= (1+ ) @i

With our choice of 7(k), the remainder terms in (4.11) are of the order of h%/® =
o(h'/?). Thus, we have

N N
SGHS) =Y 5 ia(H = Viyaf) +o(h?). (4.12)
Jj=1

Jj=1
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Next, we estimate from below the term on the right side of (4.12). Recall the vertices
sk, k = 1,2,...,m, of the domain 2. Recall also that the boundary of the domain
Q consists of smooth curves (I';). For each k, define

_ 1
I (h) = {x € Q: dist(x, I'x) < t(h) anddist(x,sz) > §h3/8}, (4.13)

where 7(h) is defined in (4.8). Consider a partition of unity of R?

m m m C
Zg,f + Zhi =1, Z (|ng|2 + |th|2) =< 734

k=1 k=1 k=1

where suppgr C B(sk.h?'8), supphy C Tk (h) for all k, and C is a universal
constant.
Then, we have the decomposition formula

N
D S vin(H = Vi) fi)
j=1
N m
= > (S gevrnH = Vi aVinfy) (4.14)
Jj=1k=1
N m
+ Y S i (H = Vi hiyr n /7).
j=1k=1
where " "
Vip=Va+h> Y |Verl? + 12 Y |Vhe|,
k=1 k=1
and

Vil < Ch3/*,

We will show that the first term on the right side of (4.14) is of order o(h 1/ 2). Recall
the definition of the energy Ecom(ar, b, R, 1) in (2.11). Weuse (3.12) withu = v 5 f;
and yx,» = gk to bound the term (f;, gx V1,0 (H — V1,1) €k V1,1 f;) from below by
a quadratic form defined over the sector Qasj . Then we use the variational principle
of Lemma 2.2 and the lower bound of V; j to get

N
> o gevin(H = Vi gevin f) = —(1 = ChY*) 6o (o . Bi. h7V/E, D).
j=1

Here A = Ab™' — 1 + Ch'/* < Ch'*. The number A appears naturally after
replacing —V/; j by the lower bound —C 154 (see [10], pp. 244-245, for more details).
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Clearly, X can be made smaller than an arbitrary positive number. Thus, we can
apply Lemma 2.5 and use (2.14). In this way, we get the following lower bound that
holds uniformly with respect to k

N
S S givian(H = Vigginfi) = —Ch¥* = o(h'/?). (4.15)

Jj=1

The second term on the right side of (4.14) is bounded as in the proof of eq. (5.26)
in [10], pp. 244-248. The following lower bound holds uniformly in k, N and the
orthonormal family { f; }:

N

Y S5 v w(H = Vi i fy)
j=1 (4.16)

/
Z—E/ [ B2 o) - 55 ] dsax - cn

Substitution of (4.15) and (4.16) into (4.14) establishes the lower bound (4.5).

Upper bound. The upper bound will be obtained by constructing a specific density
matrix y and computing the energy of tr((Pp g — Ahld)y). The calculations follow
closely those in Section 5.3 in [10], p. 248.

Recall the sets 'y (2) introduced in (4.13). Let t(h) be as defined in (4.8). For
each k, we cover 'y (h) by disjoint squares

Kix={xeR:|x -zl <7}, 1=j<Ng

where the points (z; ) are on I'y and equally spaced. In each Kk, it is possible
to apply a transformation ®@; ;(x) = (s,t) that straightens 92 (+ = 0 defines the
boundary of 2 and s measures the arc-length along 9€2).

Recall the eigenvalues (1, (§)) of the harmonic oscillator in (2.3). We introduce
an orthonormal basis (1) of L?(Ry):

(=07 + (1 =&)Pup (1:8) = ppEup (138), 1> 0,

u, (0:8) =0, @.17)

[ @erpa =1,
0

Let y € C®(R?) be positive, smooth, have values in [0, 1], supported in B(0, 2)
and equal to 1 on B(0, 1). Define y; x(x) to be

a0 = 1 (22,
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We denote by B, = B(z; x). For each (j, k), there exists a function ¢; x such that
A — V(pj’k = (—Bj,kx2, O) + (9(|X — Zj’k|) in Kj’k.

Define

r def B; 1/4 i K B;
Sipk((s,1):h, &) = (%) e ZSSVBJ’k/”u,,(\/#’kz;é). (4.18)

We get — by the coordinate transformation ®; ; — the function in

1 1/2 .
Frpie(xh €) = (W) Fropde (@7 (x): . ) ()Y (). (4.19)
.k
Next, let K > 0 and define the function
fp(x:§)
m Nk . ~
=YY My(h.§ j ki K)e' kO s () n () fpk (R (x): 1 ),
k=1j=1

where M, (h,&, j, k; K) = MK (h, &, J. k)1p—1y and MX(h, £, j, k)is the charac-
teristic function of the set

. A

[ 0): 2= = () = 0. [¢] < K},
ke

Let TT5" (%, £) be the operator with integral kernel in L($2) whose integral kernel is

defined by

T (h, ) (x, X)) = fo(x:8) fp(x'18). (4.20)
Define the density matrix
y =) T5(h.§). 4.21)
p=1

Clearly 0 < y as an operator on L2(Q). Furthermore, there exists a constant C > 0
such that

y = (1 + Cz(h)), (4.22)

in the quadratic form sense. Details concerning the derivation of (4.22) are give in
the proof of eq. (5.34) in [10]. Moreover (see eq. (5.37) in [10]) we have

1/2
e(Phg — A)y] < — / /3 B —) i (®)]sds(0)dE + CKRY*,

(4.23)
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Let us mention that, while estimating the term on the left side of (4.23), the discrete
sum over j and k becomes a Riemann sum as 7 — 0, thereby resulting in an integral
on the right side of (4.23). Since K can be chosen arbitrarily large, eq. (4.23) implies
the asymptotic upper bound

h1/2

o A
t[(Pro —AR)y] < ——/_ /m B(x)3/2[m — ,ul(é)Lds(x)dé +o(h'?).
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