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Cwikel’s theorem and the CLR inequality

Rupert L. Frank!

Abstract. We give a short proof of the Cwikel-Lieb—Rozenblum (CLR) bound on the number
of negative eigenvalues of Schrodinger operators. The argument, which is based on work of
Rumin, leads to remarkably good constants and applies to the case of operator-valued potentials
as well. Moreover, we obtain the general form of Cwikel’s estimate about the singular values
of operators of the form f(X)g(—iV).
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1. Introduction

Among the most beautiful theorems in spectral theory is Cwikel’s result about trace
ideal properties of operators on L,(R?) of the form f(X)g(—iV). Here f(X)
denotes multiplication by the function f in position space and g(—i V) denotes mul-
tiplication by g in momentum space. Cwikel’s theorem says that f € Lq([Rd) and
g € Lgw(RY) implies f(X)g(—iV) € Gy (L2(R?)) for ¢ > 2. (We recall the
definition of weak L, and weak &, spaces below.) This was conjectured by Simon
in [24] and proved by Cwikel in [3]; see also the review [1] for some extensions of
this result.

An immediate consequence of Cwikel’s theorem is the famous Cwikel-Lieb—
Rozenblum bound on the number N (0, —A + V') of negative eigenvalues (counting
multiplicities) of Schrodinger operators —A + V in Ly(R?), d > 3, namely,

NO,-A+V) < const/ V(x)4?dx. (1.1)
d

R

Here V(x)— = max{—V(x), 0} denotes the negative part. The meaning of this bound
is that the semi-classical approximation,
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ddp —d d / d/2
— =2 R - 1 174 d 7
//[Rdx[kd X{p2+V(x)<0} 2n) Q2m)™“[p € |p| < 1} y (x)4/2dx

is, in fact, a uniform upper bound on N(0,—A + V) up to a universal constant
depending only on the dimension. Different proofs of (1.1) were given in [21], [17],
[5]1, [16], and [2]; see also the reviews [14] and [11].

One of our goals here is to provide a new and simple proof of Cwikel’s theorem
and the CLR inequality. Our starting point is the remarkable paper [22] by Rumin
which contains, among others, the inequality

Tr )/1/2(—A)y1/2 > const/

y(x, x)d/(d_z)dx (1.2)
R4

for operators 0 < y < (—A)~! on Ly(R%), d > 3. As we shall see, this is a
very powerful inequality (for instance, for y of rank one, it reduces to Sobolev’s
inequality). Surprisingly, its proof is elementary and uses not much more than the
triangle inequality for the Hilbert—Schmidt norm. It also yields a rather good value
for the constant. In this paper we shall derive the CLR inequality (1.1) from (1.2) and
we shall extend (1.2) to L>(R%) ® § with constants independent of the dimension
of the auxiliary Hilbert space . Both results are new and go beyond [22] and [23].
Our results in the operator-valued case improve upon previous results of [10] (who
follows [3] and has larger constants) and [7] (who can only deal with (—A)® for
0 < s < 1). Moreover, we show that a modification of Rumin’s proof of (1.2) yields
an easy proof of Cwikel’s theorem mentioned at the beginning. This is the topic of
Section 2.

Besides its simplicity and its good constants, another advantage of Rumin’s in-
equality (1.2) is that it is not limited to the Laplacian (or its powers) on R?, but has
extensions to a large class of abstract operators. Roughly speaking, the only assump-
tion is the existence of a density of states, and the energy dependence of this density
of states determines the way in which y(x, x) enters the right side of (1.2). This
generality of [22] and [23] was of crucial importance for the results in [9] and [6].
In this paper we do not aim at highest possible generality, but we do include a new
theorem about operators 7" on arbitrary measure spaces X. We prove that a diagonal
heat kernel bound exp(—T)(x,x) < Ct~"/? with v > 2 implies a CLR inequality
NO, T +V) < C)C [y V¥/2dx; see Theorem 3.2. This improves earlier results
in [15] and [8] who needed the additional assumption that exp(—¢7') is positivity
preserving.

In addition to deriving the CLR inequality (1.1) from (1.2) we are able to answer
the following conceptual question about (1.2). Namely, besides the new inequal-
ity (1.2) Rumin’s papers [22] and [23] contain a new proof of the inequality

Try'2(=A)y'/? > const/ y(x, x)@+D/d gy (1.3)
R4

for operators y on L,(R?) satisfying 0 < y < 1.
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Inequality (1.3) is due to Lieb and Thirring [19] and plays an important role in their
proof of stability of matter. It is well known that (1.3) is equivalent to an inequality
about eigenvalue sums of Schrodinger operators, namely,

Tr(-A+V)_ < const/ V(x)g1+2)/2dx. (1.4)
R4

By “equivalence” we mean that there is a duality principle between (1.3) and (1.4) and
that the optimal constant for one inequality determines that for the other inequality.
Given the striking similarity between (1.2) and (1.3) it is natural to ask whether there
is an inequality for Schrodinger operators which is equivalent to (1.2). We are able
to answer this question completely (Lemma 2.4) and see that (1.2) is “essentially”
equivalent to the CLR inequality. More precisely, we prove that (1.2) is equivalent
to a bound on the Birman—Schwinger operator (—A)™'/2V_(—A)~1/2 in the weak
trace ideal Gy /5 4 (Lz([Rd )), however, not with its standard (quasi-)norm but with an
equivalent expression (Lemma 2.3).

For the impatient reader who wants to see immediately and without going through
various dualities how (1.2) implies the CLR bound (1.1) we finish this introduction
with a short derivation of (1.1). For fixed ¢ > 0 we know that the spectrum of
—A + V in the interval (—oo, —¢) is finite if V_ € Ld/z([Rd). Let ¥q,...,¥n be
linearly independent functions which span the corresponding spectral subspace. Our
goal will be to prove an upper bound on N in terms of V, independently of &. We
may assume that the functions are normalized so that (ij, V=AY = k-
Note that with this normalization, the ¥;’s are linear combinations of eigenfunctions
but, in general, not eigenfunctions. Since they span the spectral subspace of —A + V/
corresponding to (—oo, —¢) we know, however, that y = 7 1V ()| satisfies

0>Try2(—=A + V)y'/2. (1.5)
Because of the normalization of the v/;’s we also know that

V=Ayv=A <1 and Try'?(=A)y"/?=N.

Thus, we infer from (1.2) that
N > Ky / y(x, x)d/(d_z)dx
R4
for some constant K,; and, therefore, that

TrVy > —/ V(x)—y(x,x)dx
R4

_(/[Rd Vf/de)Z/d(Ad J/(X,X)d/(d_z)dx)(d_z)/d

SVC sl / V_d/zdx)z/d.
1

A%

A%
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We insert this bound into (1.5) and get

0> Tryl/z(—A + V))/l/2
=N~+TrVy

2/d
> N—N<d—2>/d1<;(d‘2)/d(/ vAal2dx) “
R4

Thus,

N < K492 / iz gy
R4

independently of e, which proves (1.1).

Acknowledgements. The author is very grateful to A. Laptev, M. Lewin, E. Lieb,
R. Seiringer and T. Weidl for helpful discussions.

2. Cwikel’s theorem

To state our main result we recall that L, (R?) denotes the space of functions a on
R¢ for which the (quasi-)norm

lallf,, = supt?|{lal > T}
>0
is finite. We shall prove the following theorem.

Theorem 2.1. Let0 < a € Lp,w([Rd) and 0 < b € Lp([Rd)for some p > 1. Then
Jorall u >0

Tr(a(—i V)Y2b(X)a(—iV)V? = )4

-1
< M—p-{-l (p + l)P

< = @0 lalZu 1617,

Before proving this result we shall show that Cwikel’s theorem is an easy con-
sequence of it. We recall that &, (#) is the space of compact operators K on a
separable Hilbert space # satisfying

KN = supin(i. (K*K)'/?) < 0.
k>0

Here n(k, (K*K)"'/?) denotes the number of eigenvalues of (K* K)'/? larger than «,
counting multiplicities.
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Corollary 2.2 (Cwikel’s theorem). If f € Lq([Rd )and g € Lq,w([Rd) for some
q > 2, then f(X)g(—iV) € G4 (La(R?)) with

IIf(X)g(—iV)HgMf(%)m(%)(q—z)

/2 —d q q
5 Cr)y N 1G85 -

In order to deduce Corollary 2.2 from Theorem 2.1 we use the following lemma,
which shows that the quantity bounded in Theorem 2.1 is indeed equivalent to the
norm in a weak Schatten class.

Lemma 2.3 (Equivalent quasi-norms). Let K be a compact operator on a separable
Hilbert space # and let ¢ > 2. Then K € &g, (H) if and only if

Ky = (sup w27 T (K™K — )7 < oo
>

Kl = (q%)l/qllKllq,w < (qu)muq;.

Moreover,

Proof. Since
[e.¢]

(E— s = / Yooy (E)do
I

we have

To(K*K — 1) 4 = /oo n(v/o,(K*K)?)do.
)7

If | K ||4,w is finite, this is bounded by

/oo n(vo,(K*K)'/?)do < |K||2, /oo 0 1?%do
w I
= (q/2= D7 IK|E ,u?
Thus, |[K|!, < (¢/2 — 1)_1/‘1||K||q,w. Conversely, since
X200y (E) < (K2 = )" "E — )+
for any . < k2 we have
n(c (K*K)'?) < (@ — )7 Tr(K*K — )+
If | K|, is finite, this is bounded by

(k2 — ) Te(K*K — )4 < (2 — )~ ™22 (K.
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We optimize the right side by choosing ;t = (1 — 2/q)k? and obtain

q 2\-a/2+1
nle (KK = 2 (1= 2) T kK,
that is, | K|lg.w < (¢/2)"9(1 —2/q)~"/21/4|K], , as claimed. O

Proof of Corollary 2.2. After applying unitaries, we may assume that f and g are
non-negative. We put K = f(X)g(—iV). Applying Theorem 2.1 with a = g2,
b = f?and p = q/2 we infer that

(1K) = sup u?> ' Te(K*K — )+

w>0
(p+DPt
< —— 5 @m) ™ al g, bl
(p—17 ple
Lemma 2.3 allows to turn this into a bound for || K||4,,», Which is the statement of
Corollary 2.2. Ol

We now turn to the proof of Theorem 2.1. The variational principle for sums of
eigenvalues allows us to reformulate it in a dual form, in which we shall actually prove
it. The precise statement is the following. (As usual, we write p’ = p/(p — 1).)

Lemma 2.4 (Duality). Let A be a non-negative operator in Lo(X) (where X is a
sigma-finite measure space) with ker A = {0} and let p > 1. Then the inequalities

Tr(AY2pAY? — p), < D;f”“/ bPdx (i)
X

orevery0) <b € L,(X)and it > 0, and
4
Try'/2471y12 > K/ y(x,x)? dx (ii)
X

for every operator 0 < y < A, are equivalent, in the sense that the optimal constants
D and K are related by

(pD)?' (p'K)? = 1.

Proof. This is a consequence of the variational characterization for the expression on
the left side of (i), namely,

Tr(AV20AY? — p), = sup Tr§'/2(AY2pAY? — p)sY/2.
0<8<1
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To prove that (ii) implies (i) we change variables from § to y = A'/264'/2. Then
the conditions 0 < § < 1 imply that 0 < y < A, and therefore by (ii),

TrSl/Z(Al/ZbAl/Z _ M)81/2 — Tryl/z(b _ MA_l))/l/z
< / (bp — K p? )dx,
X

where p(x) = y(x,x). Maximizing the right side over all functions p > 0 (i.e.,
ignoring the fact that p was related to y) we find that

, —1)r-1
/(bp—qu” Ydx < (KM)_”“u/ bPdx,
X pP X

i.e., (ii) holds and the optimal constant satisfies

p<grt1 P~ nr-!
—= pp .

The proof of the converse implication is similar and is omitted. O

We now prove the dual form of Theorem 2.1. As we mentioned in the introduction,
the proof follows closely some ideas of Rumin [22] and [23].

Lemma 2.5. Leta € Lp,w([Rd) with p > 1 and assume that a.e. a > 0. Then for
any operator y on L, (R?) satisfying 0 < y < a(—i V), we have

_1 / /
Te v 2a(—ivy~1y1/2 > P RS —p/ x)?d
R e L IR TOR L
where
_n/p— I\p/(p-D
Ry, = @m)/=D(— :
d.p ( p )

The superscript “sc” in Rj;, » stands for “semi-classical.” This will be further
explored in Section 4.

It is part of the assertion that the assumption Tr y'/2a(—i V) "1y /2 < oo implies
that the diagonal y(x, x) makes sense for a.e. x € R? and belongs to Lp/([Rd). Note
that this diagonal value is well-defined if y is a finite rank operator. Given the bound
from the lemma in this case, which is independent of the (finite) rank, the extension
to general y can be carried out, for instance, by monotone convergence. We omit the
details since the finite rank version is all we need for the proof of Theorem 2.1.
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Proof. Since
o0
£ = [ rea(B)eds
0

the spectral theorem together with Fubini’s theorem implies that
(2.1

where
Ve = X0.11@(=iV))yx0.@(=iV))
and where
pr(x) = yr(x,x)
is its density.

Our next goal is to find a pointwise lower bound on p; in terms of p. To do this,
let @ C R? be any set of finite measure and note that

1/2
( /Q p(x)dx) — I xals

< Iy roa@=iV)xalz + 17" X oo @i V) xal2:
where | - ||2 is the Hilbert—Schmidt norm. The first term on the right side is

172 x0.a0@=iV)xall2 = lv}?xal-

- ( | m(x)dx)l/z,

and the second term, since y < a(—iV), is bounded from above by
172X (oo (@(=i V) xll2 < la(=i V)2 00 (@(=i V) xall2

d 1/2
= ||'? ( /[R ) a(p)x{m}(p)#) :
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Since a(p) = fooo Xta>o}(p)do and since |{a > 1}| < ||a||}.»t ™7, we find

/ a(p))({a>r}(p)dp:/ / X{a>a}(p))({a>r}(p)dpd0
R4 0 R4

= /oo [{a > max{o, t}}|do
0

o0
< lal, [ minto.c"}do
0

V4 —p+1
= lalfu

Thus, we have shown that

1/2
(o)
Q

1/2
- P
< ([ oetoar) " +1arem (L)

Since this is valid for any €2, Lebesgue’s differentiation theorem implies that

2= (p=1)/2,

—d p 1/ —
p(x)1/2 < pr()c)l/2 -+ (27r) /2(—1) ||a||p/2 (p-1)/2 a.e.,
and therefore

1/
p,(x)z(p(x)l/Z—(zn)—d/Z(%) lal2e=?-172)" ae.

Finally, we insert this bound into (2.1) and compute

/Ooo (p(x)l/Z_(zn)—d/Z(pli ) ”a”p/z —(p— 1)/2) ﬂ

1 + 12
p/(p— r—1 1
— o(x)?/ @D yd/ =D (P p/(p=1)
= p(x)?’""V (2m) (p) Pl P

for a.e. x.

Proof of Theorem 2.1. If a > 0 a.e., then Lemmas 2.4 and 2.5 imply that

. . - p+ 1\r-1
Te(a(—iV)?b(X)a(~i V) = )4 < PH(F) Dy lalZ, 1512,

where
_(p=1" !
pP

D (Rsc ) p+1
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For general non-negative a we apply the bound to a, = max{a, ea}, where a is a
fixed, positive function in L p,oo([Rd ). Since

Tr(a(—=iV)'2b(X)a(—iV)'/* = p) 1 = Tr(b(X)?a(—iV)b(X)'? — ) 4
< Tr(b(X)2ag (=i V)b(X)'/? — )4
= Tr(as(=iV)"?b(X)as(—iV)"/? = p) 4.

the assertion follows from the bound for a, and the fact that lim ||a; ||y, = ||@|lp,w-
O

3. Generalizations

3.1. An operator-valued version of Cwikel’s theorem. The works [12] and [13]
have made clear that good constants in CLR and related inequalities in higher di-
mensions can be derived from operator-valued versions of these inequalities in lower
dimensions. In the case of Cwikel’s theorem this strategy was implemented in [10].
The constant in the CLR inequality for Schrédinger operators with matrix-valued po-
tentials was improved in [7]. In this subsection we show that Rumin’s proof can also
be modified to yield an operator-valued version of Cwikel’s theorem. This extension
is not straightforward and leads, unfortunately, to a somewhat worse constant than
that in Corollary 2.2.

Another thing that we show in this subsection is that the structure of R¥ is not
really relevant for Cwikel’s theorem. Indeed, our theorem holds on a general pair
of measure spaces, with the role of the Fourier transform being played by a general
unitary operator with bounded integral kernel. Results in this spirit have already
appeared in [1], but it is not clear whether their techniques also apply in the operator-
valued case.

We begin with some notations. In this subsection, let (X, dx) and (Y, dy) be
sigma-finite measure spaces and let # and § be separable Hilbert spaces. We denote
by L, (X, &,(H)) the space of all measurable functions f on X with values in the
compact operators in J¢ such that

112 (o) = /X 1S @2, ydx < oo,

Similarly, L, , (Y, B(§)) is the space of all measurable functions g on Y with values
in the bounded operators on ¥ such that

glZ, s = sup ?{ly €Y lgWllse > Tl
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Theorem 3.1 (Operator-valued version of Cwikel’s theorem). Let
®: Lao(X, H) —> Lo(Y. 9)

be a unitary operator, which maps L1(X, H) boundedly into Loo(Y,§). Let g > 2.
If f € Ly(X.6,(00)), g € Lyu(¥.B(S)), then

fP*g € Ggu(La(Y. §), L2(X, H))

with
q

g—1
| fo*glld,, < (qu) C2IFI2 o, IEIE, oy

SIS

where C = || ®||1, > Loo-

This constant is worse than that of Corollary 2.2 by a factor of £ (qq?) @22,

It is still better, by a factor of 22‘1_5q, than the constant

8 —
(%)q(ﬁ)q zqqu 2.

from [10] (which is the same as in [3] in the scalar case).

Proof. The heart of the proof is the following analogue of Lemma 2.5. Namely, if
p>landa € L,y (Y,B(9)) witha(y) > 0and kera(y) = {0} forae. y € Y,
then for any operator y on L, (X, #) satisfying 0 <y < ®*ad, we have

Tr,yl/2¢*a—l¢yl/2

(p — 1)@r=D/(=1 2 /(p—1) L » 3.1
2071 C ”a”Lp.w(%)/XTrJf’ y(x,x)? dx.
Here again C = || P, 51

Accepting (3.1) for the moment, we briefly explain how to finish the proof of
Theorem 3.1. First, via a straightforward extension of Lemma 2.4 we infer from (3.1)
that

_ P \?
Tela'20b*at = o) < " (Z55) Cllal, o 1M 0y B2

provided that a(y) and b(x) are non-negative for a.e. x and y. This implies Theo-

rem 3.1 in the same way as Theorem 2.1 implied Corollary 2.2.
We now turn to the proof of (3.1). We write, similarly as before,

Te v /20* g~ 1oy 1/2 — < dt
ry /“®*a" Py = 8 Trge Yz (x, x) T—zdx (3.3)
0

with y; = PryPr and P = @* y(o,¢)(a)P.
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For any Hilbert—Schmidt operator H in J¢, any set 2 C X of finite measure and
any ¢ > 0, we apply the Schwarz inequality to find

/QTF,% H*y(x,x)Hdx = Trp,x,5) reH yH g

<(+¢&)Trr,x,2) xoH*P:yP.:Hyq
+ (14 &) Tro,x.50 xoH* PryPHyq.

(Here H yg is short for yo ® H and PTJ- for 1 — P;.) For the first term on the right
side, we notice that

Trr,x,) xeH* PryP:Hyq = / Trge H*y(x,x)Hdx.
Q

In order to bound the second term we recall the fact that y < ®*a® and that C =
@, 1o < o0, which yields

Trr,x.00) xo H* PryPrHyg

< Tro, .00 X0 H ®*ayase PH g
= /Q /Y Trge H*®(y, x)*a(y) Xta()>0; @ (v, x) Hdydx
- /ﬂ /Y la() xtawy>o I |9y )3 Trse H* Hdydx

<|Q|C*Tryp H*H /Y la)lls Xilao))s>73dY-

Here we used the fact that [|a(y) x(a(y)>ills = la(¥) s X{la()|s>73- Now the
same weak L, bound as in the proof of Lemma 2.5 leads to

V4 _
Trr,x,00 xeH* PlyP; Hyq < |QIC? Trge H*H ﬁ”aﬂfp_w(%)f Pt
To summarize, we have shown that

/ Trge H*y(x,x)Hdx
Q

= +8)/ Trye H™ye(x,x)Hdx
Q
) > % L P —p+1
+ (1 +&7)IRQUC Trype H Hp—IHaHLp.w(%)T '

Since this is valid for any €2 and for any H, we have for a.e. x € X the operator
inequality

_ V4 _
Yy, x) < (I +e)ye(x,x) + (1 + ¢ I)Czﬁ”a”{p’w(%)f P
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We now use the fact that an operator inequality A > B implies Tr f(A4) > Tr f(B)
for f non-decreasing. In our case f(t) = t4, the positive part, and therefore

— _ P —
Trge 7o) 2 (1407 Traer () = (14 e7)C P falf, ")
It remains to do the 7 integration,

o dt
Trye y(x,x) =
0 T

. gl/(p—1) (p — 1)p/<p—1)c
T (1+e)p/p-D\ p

_2/(17_1)”‘1”25_10(%) Trye y(x, x)?,

and to optimize in € by choosing ¢ = (p—1)~!. This, together with (3.3) proves (3.1)
and completes the proof. ]

3.2. The CLR inequality for general Schrodinger-like operators. Next, we show
that for a large class of “kinetic energies” 7' the number N(0, T + V') of negative
eigenvalues (counting multiplicities) of the Schrodinger-type operator 7 + V' can be
bounded in terms of an integral of the potential V. We shall see how the exponent
with which V enters into this bound is determined by 7. The improvement of this
result as compared to those in [15] and [8] is that we do not require the potential to
be scalar and that we do not require exp(—¢7") to be positivity preserving.

Again, throughout this subsection we assume that X is a sigma-finite measure
space and J a separable Hilbert spaces.

Theorem 3.2. Let T be a non-negative operator in L (X, H) with ker T = {0}.
Assume that there are constants v > 2 and A < oo such that for every E > 0, every
Q C X of finite measure and every ¢ € H,

Trr,x) x2(@, T x0.61(T)0) x xa < AEY™22|Q]|0|1%. (3.4

Then for any measurable function V on X, taking values in the self-adjoint compact
operators on ¥,

NO.T+V)<C,A / Trye V(x)"/?dx
X

with

Gy = K(vzz)v_z'

Ifdim # = 1, then C, can be replaced by

v(v + 2))(v—2)/2

=G ar
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Roughly speaking, assumption (3.4) means that 77!y g](T) has an integral
kernel (taking values in the bounded operators on #) which on the diagonal satisfies
the bound

1T~ x0.20(T) (. X) | ey < AEC™2/2

We discuss the equivalence of this assumption with more standard assumptions in
Lemma 3.4 below.

Before turning to the proof of Theorem 3.2 we illustrate it by the following ex-
ample.

Example 3.3. Let 7 = (—A)*,0 < s < d/2, in L,(R?). Then by explicit diago-
nalization via Fourier transform one sees that (3.4) holds with v = d /s and

_ dp
A= 2s o
/[Rd IPI™= xqpl Y 20
_ wa _d
C@em)dd-—2s

Thus Theorem 3.2 implies that
N0, (=A)° +V)

- 3.5
in the operator-valued case and
N(0, (A 4+ V)
(3.6)

- (d(d + 2s))(d—25)/2s Wy d

d/2s
(d —25)2 Qn)d d — 2s /[Rd V()= dx

in the scalar case. These constants are rather good. In the cases which are most
relevant in applications the bounds are about a factor of two worse than the best
available bounds. Indeed, for d = 3, inequality (3.6) gives 0.196 for s = 1 (to be
compared with 0.116 from [17]) and 0.228 for s = 1/2 (to be compared with 0.103
from [4]) and (3.5) gives 0.228 for s = 1 (to be compared with 0.174 from [7]). We
emphasize again that the methods of [17], [4], and [7] are restricted to s < 1. The
above constants are the best ones available for 1 < s < d/2; see the comparison with
the constant from [3] and [10] after Theorem 3.1.

Proof. By the variational principle and the Birman—Schwinger principle,

N@O,T +V)<N@O,T—V-)
=n(1,TV2v_T~1/?),
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Thus, by the same argument as in the proof of Lemma 2.3, Theorem 3.2 will follow
if we can show that

To(T~V2v_T V2 — )y < u_"/z“AD/ Trge V(x)"/?dx.
X
Here,
D = (v/(v=2))72/
in the general case, which can be improved to
D =(2/n)((v+2)/(v=2))"D/2
for dim # = 1. By the argument of Lemma 2.4 the latter inequality is, in turn,
equivalent to the inequality

Tr )/1/2T)/1/2 > A_z/("_z)K/ Tr g y(x,x)"/(”_z)dx
X

for every operator 0 < y < T~!, Here
22/(1}—2)(1) _ 2)2
= T 20-D/(—2)
in the general case, which can be improved to
K=@0-2?%/00+2)

for dim J¢ = 1. In the scalar case dim J¢ = 1, this bound follows from [22] (with the
improved constant of [23]) and the modifications to treat the general case are similar
to our arguments in the proof of Theorem 3.1.

For the sake of completeness, we briefly sketch the proof. We introduce

PE = (E,00)(T)
and

Pi = xw,e1(T).
The key is, as before, the bound
Trr, x50 xe H*PEyPrHya < Tri,x.0) e H*PET ' PE Hyq

for any set 2 C X of finite measure and any Hilbert—Schmidt operator H on J.
By assumption (3.4) the right side is bounded by AE"=2/2|Q|Tryp H*H. This
implies, as before,

y(x.x) < (1 + &) (PEyPe)(x.x) + (1 + e HAEVD/2

for every ¢ > 0. In the special case dim # = 1 the bound can be somewhat improved
using the argument of Lemma 2.5 to

\/V(xv x) < \/(PEJ/PE)(X, x) + A1/2E(v—2)/4.
With these bounds at hand the proof is completed as before by integration over £. [
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We now give sufficient conditions for assumption (3.4), which can be verified in
applications. Similar results are contained in [22].

Lemma 3.4. Let T be a non-negative operator in Lo (X, H), let Q C X have finite
measure and let ¢ € J. If, for some constants v > 0 and C' and all t > 0

Trr,x) 12(@, exp(—tT)@)ge xo < C't ™2, 3.7
then for all E > 0
Trr,x) x2(@. X0.60(T)Q)x xa < B'EY/? (3.8)

with B’ = C'(2e/v)"/2. Moreover, if (3.8) holds for some constants v > 2 and B’
and all E > 0, then for all E > 0

Trr,x0 x2(@. T x0.e)(T)@)sexa < AEC™/? (3.9
with A" = B'v/(v — 2).
Proof. To prove the first assertion of the lemma we use the bound y gj(A) <
e'Ee* Thus (3.7) implies

Trr,x) x2(@. x0.)(T@)xexa < C't™

for all + > 0. We optimize the right side by choosing t = v/(2E).
To prove the second assertion we write

A_l ) = * . A d_s
X(O,E]( )_ o X(O,mm{s,E}]( )Sz.

v/ZetE

Thus (3.8) implies
-1 N ey vy2ds
Trr,x) xe(@. T~ xo.e)(T)Q)xexe < B min{s, E'} Z
0
_p Y po-2/2
v—2 ’
as claimed. U

Assumption (3.7) is a standard assumption in works on ultra-contractivity. In the
work of Levin and Solomyak [15] (see also [8]) it was used to extend the proof of Li
and Yau [16] to general Dirichlet forms generating submarkovian semi-groups. The
important difference, however, is that here, as in [22] and [23], we do not need the
heat kernel to be positivity preserving and a contraction on L.

One application of Lemma 3.4 concerns magnetic Schrodinger operators. That
is, take X = R4, # = Cand T = (—iV + A)? for some A € Lj1c(R¢, RY).
While we do not know how to verify (3.4) directly, we know from the diamagnetic
inequality that (3.7) holds with C" = (47)~%/2|Q[||¢||%,. Thus, in dimensiond > 3,
inequality (3.9) holds with A’ = (e/(2d))¥/2(d/(d — 2))|2||l¢% and (3.4) with
A = (e/2nd))??(d/(d — 2)). While this constant is worse than that without
magnetic field, it is independent of the magnetic field, as it should be.
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4. Concluding remarks

In this final subsection we discuss the problem of finding the optimal (i.e., largest
possible) constant K 4 in Rumin’s inequality

Try'2(=Ayy!'? 2 Koa /[R v )04y (@.1)

for operators y on L,(R?) satisfying 0 < y < (—A)™. We assume throughout that
2s < d.

Lemma 2.5 (with a(§) = |£|72% and p = d/2s) implies that this inequality holds
and that the optimal constant satisfies

d—2s 2ds/(d—2 d —2s\d/(d—2s) —25/(d—25)
T e (=) T ) -

Ks,d =

Here

0g = [{f € RY: g < 1],
In the following subsections we derive two upper bounds for K ; and discuss a
non-obvious symmetry.

4.1. The semi-classical constant. Here we show that

d - 2S d/(d—ZS) _23/(d_2S)
) e
Note that this upper bound differs from the constant in Lemma 2.5 only by a factor
of (d —2s)/(d + 2s). There are two ways to prove (4.2). The first one consists in
noting that a Weyl-type semi-classical formula yields a lower bound on the optimal
constant Dy 4 in the inequality

Kya < (2m)®/@=29( 4.2)

Tr((—A)2V_(=A) 2 — )y < DS,d,u_d/ZSH /,;d V(x)22 dx

and then using Lemma 2.4 to convert this into an upper bound on K 4. Since this is
standard, we explain a less known, but more direct approach. Instead of finding the
best constant K 4 in (4.1) we look for the best constant K ; 4 in the inequality

dpdx
ZSM ,
//[Rdx[kd lp|=M(p X)—(Zn)d

dp /@29
/ —
= K /[R (/[R M(p-x) (2n)d) dx

for all functions M on R? x R? satisfying 0 < M(p,x) < |p|~2 for all x and p.
Using coherent states it is easy to verify that K ; < K! . Itis elementary to compute
the optimal constant K . Itis given by the right side of (4.2). Optimizers M are of

4.3)

the form M(p, x) = | p|™* x{|p|<R(x)} for an arbitrary function R.
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4.2. The Sobolev constant. Applying (4.1) to an operator y = « | ¥ )(y | of rank
one with & = |[(—A)*/2y || =2 we obtain

d— d
/2,12 - pd—29)/d pdjds) 1\
I(=A)Y"“ylI” = K 4 » [¥] dx . 4.4)

This is Sobolev’s inequality. The best constant in this inequality for general s has
been determined by Lieb [18] (in a dual formulation). Using this value, we infer that

T((d + 2) /2))d/<d—zs> (F(d/z))zs/(d—Zs)

- ds/(d—2s)
Ksa < (47) (F((d —25)/2) I'(d)

4.5)

Numerically, it is easy to determine which one of the upper bounds (4.2) and (4.5) is
better. It seems like (4.5) is better for d = 1 and (4.2) is better ford > 3. Ind = 2,
inequality (4.5) is better for s < 1/2 and (4.2) is better for s > 1/2. We also remark
that the constants on the right sides of (4.2) and (4.5) are asymptotically equal as
s — Oandass — d/2.

4.3. Conformal invariance. Lieb [18] has shown that (4.4) (or an equivalent ver-
sion thereof) is conformally invariant in the following sense. If % is a conformal
transformation of R¢ U {oo} and if ¢(x) = J;(x)@=29/24y,(h(x)), where Jj, is the
Jacobian of A, then

I(=2)*"20]? = [I(=A)"?y |
and

/ |(p|2d/(d—25)dx — / |1/f|2d/(d_25)dx.
R4 R4

Similarly, we now argue that (4.1) is conformally invariant under replacing y (x, y)
by J5(x)@729/2d (B (x), h(y))Jp(y) @ =29/24  We first observe that (4.1) is equiv-
alent to the following inequality. For any sequence of functions (y;) C H(RY)
satisfying ((—A)S/2y;, (—=A)*/?y) = 84 and for any sequence of numbers (1;)
satisfying 0 < A; < 1, we have

d/(d—2s)
;M > Kya /[Rd (;MIWJIZ) dx.

This equivalence follows by expanding the trace class operator (—A)*/2y(—=A)%/? =
Zj Aj | f;)(f; |into its eigenfunctions and setting ¥; = (—A)_S/zfj.

If we now let ¢;(x) = J5(x)@=29/2d 4, (h(x)), then, by polarization of the
above identity,

(A0, (A 2r) = (=AY, (= A) ),
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and clearly
/W<]z_x,-|¢j|2) dxsz(jz_mw

This proves that Rumin’s inequality (4.1) is invariant under replacing y(x, y) by
Jn(x) 4729124 (h(x), h(y)) Jp(y)@=29/24 for any conformal transformation.

One consequence of this conformal invariance is that the inequality has an equiv-
alent formulation on the sphere $¢ via stereographic projection as in [18]. In light
of previous results about conformally invariant trace inequalities [20] it is natural to
wonder about the sharp constant in (4.1).

d/(d—2s)

d/(d—2s)
) dx.
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