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Spectral sets of periodic matrices
related to the strong moment problem
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Abstract. The main result of this work is a parametric description of the spectral sets of a
class of periodic 5-diagonal matrices, related to the strong moment problem. This class is a
self-adjoint twin of the class of CMV matrices. Both are hidden in the simplest possible class
of regular 5-diagonal matrices, this fact we also show here.
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1. Introduction

1.1. Historical remarks; towards the setting of the problem. Akhieser and Levin
introduced special conformal mappings on so-called comb-like domains, see [1].
Marchenko and Ostrovskii [17] used successfully these conformal mappings in the
spectral theory of periodic Sturm-Liouville operators, in particular they gave a para-
metric description of the spectral sets of such operators. Later this idea was adopted
by Perkolab in [28] to periodic Jacobi matrices. On the other hand, these conformal
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mappings are strongly connected to Chebyshev-type extremal problems; this connec-
tion was explicitly noted by Peherstorfer in [20], [21], and [22]; see also [31]. In
connection to these extremal problems, see also [3] and [4].

Spectral properties of multi-diagonal and block-Jacobi matrices, as well as their
continuous analogues, like Schrodinger operators with periodic matrix potentials
were studied intensively; for essential results in this direction see e.g. [7], [8], [12],
and [16]. Let’s note that a new very interesting application of block-Jacobi matrices
was found by Damanik, Killip and Simon [9].

Our problem is related to the general objective of finding a parametric description
of spectral surfaces corresponding to multi-diagonal periodic matrices. We will try
to clarify the meaning of the words “parametric description.” Following Marchenko,
we would like to have a description by free independent parameters subject to at most
trivial restrictions. Generally, these spectral surfaces were described in the classical
paper [18] of Mumford and van Moerbeke, however this description hardly fits to
the above mentioned criterion of Marchenko. Let us discuss both descriptions in the
simplest possible case of periodic Jacobi matrices.

Consider a doubly infinite, periodic Jacobi matrix

P-1
4-1 Do
J = Po 4o D1 .
P1 q1
P2

where px+nN = Pk.qk+N = gk, Pr > 0, and g € R. This matrix defines a bounded
self-adjoint operator on £2. It is well-known that the spectrum consists of the union
of non-degenerated intervals £ = [bo, ao] \ U;,(a;., b)), see e.g. [28], but it is far
from being an arbitrary system of intervals. So, the point is to give a parametric
description of those sets which can be the spectrum of periodic Jacobi matrices. First
we recall such a description according to the approach of Marchenko and Ostrovskii.
For a system of nonnegative parameters {hk}z;ll, let D = D(hy,...,hy—1) be the
region obtained from the half-strip

{w: —n <Rew < 0,Imw > 0}
by removing vertical intervals

{w: Rew =—nk,0<Imw <hg}, k=1,....n—1. (1.1)
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Such a domain is called a comb; furthermore, we call the interval [—mn, 0] the
base of the comb, the half-axes

{w: Rew = 0,Imw > 0}

and
{w: Rew = —zn, Imw > 0}

form its right and left sides, and the slits (1.1) are called the teeth of the comb.

Let 6 be the conformal map of the upper half-plane H to D normalized by the
conditions 8(ag) = 0, 8(by) = —mn, (c0) = o0, the so-called comb-function.
Denote by E(hy, ..., h,—1) the full preimage of the comb’s base, i.e.:

E(hi.....hp—1) = 07 Y([—nn,0)]). (1.2)

A system of intervals is the spectrum of a periodic Jacobi matrix if and only if
E = E(hy,...,h,—1) for a certain system of parameters {hk}z;ll. Let us point
out that for fixed ag and by, for the spectral set we have n — 1 free parameters
(hj > 0,j =1,...,n — 1), meanwhile a general system of intervals is described by
2(n — 1) parameters (a;,b;, j = 1,....,n —1).

Next, we give the description of such sets in the language of the theorem of
Mumford and van Moerbeke. To this end, we need to consider the two-sheeted
Riemann surface

R = {(w,z): w? = 1_[(2 —aj)(z —bj)}. (1.3)

Jj=0

This surface should be compactified by adding two infinite points co4 (on the upper
and lower sheet). The corresponding system of intervals E is the spectrum of a
periodic Jacobi matrix if and only if the divisor noo4 —noo_ is a divisor of a function
on R. We have thus also a description of spectral sets, but from our point of view not
by means of free independent parameters.

On the same level of explicitness, one can describe spectral sets of periodic CMV
matrices (Chapter 11 in [30]). Notice that the spectral theory of CMV matrices, in-
cluding the one of periodic matrices, and the related theory of orthogonal polynomials
on the unit circle, see [2], [23], [24], and [25], became hot research topics in the last
few years, see e.g. [5], [13], [14], and [15] and the books [29] and [30]. Going back
to the spectrum of periodic CMV matrices, for a system of nonnegative parameters
{hk}ﬁ;}) we define a periodic comb in the following way. Let

Demv = Demv(ho, - . hn—1)
be the region obtained from the upper half-plane by removing vertical intervals (teeth)

{w: Rew =2k +ns), 0O<Imw < hi}, k=0,....n—1,5s€Z.
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Let Ocpy be the conformal map of the upper half-plane H to Dcyy normalized by
the following asymptotics at infinity

Oemv(z) =nz +ig+o(l), z=x+iy, y—> oo,

where ¢ is positive. In this case the spectral set Ecyy C T also corresponds to the
base of the comb, given by

Ecmy(ho, ... hn—1) = {e'?: z € 051y (R)}. (1.4)

Note that CMV matrices are already 5-diagonal, but of very specific structure.

The main result of this work is a parametric description of the spectral sets of
another special class of periodic 5-diagonal matrices, which is a self-adjoint twin of
the CMYV class. They are related to the strong moment problem, see e.g. [19] and [6],
and we take a risk to introduce an abbreviation and call them SMP matrices.

We would like to stress that certain general facts from their spectral theory can
be immediately reduced to the spectral theory of Jacobi matrices, in the same way
like corresponding properties of CMV matrices can be reduced to those of Jacobi
matrices and vice versa. Indeed, let J be a periodic Jacobi matrix. We define

~dc(J_Z
AL =0 ) e H.
J—ZO

Then 2 is an unitary operator, which is unitarily equivalent to a finite-band almost
periodic CMV matrix 2, see e.g. [26]. Or vice versa, let 2 be a periodic CMV matrix
and assume that zp € T does not belong to its spectrum. Then we define

¥ def 2[
J:iﬂ_
A — 1o

This matrix is unitarily equivalent to a finite-band almost periodic Jacobi matrix J.
For this reason for instance, the spectrum of J (a union of intervals) one can easily
get by fractional linear transformation from the spectrum of 2( (a union of arcs),
and of course the spectral multiplicity (equal two) is the same for both matrices.
However, we point out that a periodic matrix corresponds to an almost periodic one,
and therefore there is no way to describe the spectral sets of such periodic Jacobi
matrices by means of spectral sets of such CMV matrices, and vice versa. Both
problems should be treated separately.

The same is related to SMP matrices. Certain general problems of their spectral
theory, like multiplicity of the spectrum, can be easily reduced to the spectral theory
of Jacobi matrices. Nevertheless, a description of the spectral set of periodic SMP
matrices can be reduced to neither periodic CMV nor periodic Jacobi matrices. Our
main result is such a description on the same level of explicitness like (1.2) and (1.4).
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1.2. SMP matrices, main problem. One-sided Jacobi matrices deal with orthogo-
nal polynomials on the real axis. CMV matrices deal with orthogonalization of the
following family of rational functions [29], p. 262,

l 22 L
AR
with respect to a measure on the unit circle. One sided SMP matrices are related to
orthogonalization of the same family (1.5) but with respect to a measure on the real
axis. Note that even more general orthogonal systems of rational functions are still
under investigations, see e.g. the most recent [10]. Further, a Jacobi matrix is not
necessary associated to a measure with a compact support, but we are restricted to
this kind of measures if we are interested in the Jacobi matrices generating bounded
operators. Similarly, in the SMP matrix case we consider measures y supported on a
compact set without a vicinity of the origin. That is, not only operator multiplication
by the independent variable A is bounded, but its inverse, the multiplication by 1/,
is also bounded in L2.
Let

LA, (1.5)

1
Qon—1 = A"+, Yan = 5k (1.6)

be the SMP-orthogonal system. Then for even vectors of the corresponding orthonor-
mal basis we have the three term recurrence relations

¢2 Pon—1 (%) P2n+1 o
= P 4 o+ Dol ——.  po = 0. (1.7)
|2l lo2n+1l

— FP2n
@2l lo2n—1ll
In the same time for odd vectors the three terms relations are generated by the mul-
tiplication by 1/A:

L gon—1 - Pon—2 g P2n—1 P2n
T 2n—17 2n—17 2ny
! ! lp2n—1l " llp2n |l

_ - (1.8)
A ll@an—1 lp2n—2|l

The SMP matrix A acting in Eﬁ_ is the matrix of the multiplication by A in L)z(

with respect to the orthonormal basis ”g” T
n

. Then, according to the above definition

Aexpy = Azern = pane€on—1 + qaneon + Panti1€2n+1

and
—1
A" eap—1 = Areap—1 = mop—1€2n—2 + O2p—1€27—1 + T2ne2p
where _ _ _ _
1 m q0
o1 0 pr 1 p2
Al = T2 1 . , A2 = 0 q2 R
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and {e;, },>0 is the standard basis in ﬁi. In a generic position A and A, are invertible,
equivalently 02,1 # 0and ¢g,, # O for all n, and we obtain the five-diagonal matrix
in the form A = A, A7!. Due to the symmetry A* = A we have

P2n—1 _ _7T2n—1 and D2n _ TT2n (1.9)

qd2n—2 O2n—1 q2n O2n—1

That is, in a generic case the one sided SMP matrix A, similarly to a Jacobi matrix,

is given by two sequences { pan. T2n+1n>0 and {g2n, 02n+1}n>0, SINCE P2,+1 and
7T, can be found from (1.9).

Remark 1.1. A degeneration is possible: for instance, if the measure y is symmetric,
then 9 = 1,1 = A, and therefore, 7, = 07 = 0. Of course, the operator A and
its inverse A1, given by 5-diagonal matrices, still have perfect sense, they just can
not be written in the form A»A7! and/or A; A5 ! respectively. On the other hand,
a degeneration is not possible if we assume that the operator A4 is positive. But our
main problem becomes especially interesting if the spectral set contains positive and
negative components. It is very essential: we do not assume that 4 > 0!

Remark 1.2. The system ¢;, is just another orthogonal basis in L)z( comparably to
the basis of orthogonal polynomials P,. Therefore A is unitarily equivalent to the
Jacobi matrix J, which corresponds to the same operator of multiplication by the
independent variable in Lf( in the basis { Py }n>0.

As it is well known, two sided matrices are much more relevant to the periodic
case. We postpone the formal definition of two sided matrices of the SMP class till
Section 2, see Definition 2.5; but in a generic case, a SMP matrix is still defined as a
ratio of two 3-diagonal two sided matrices A = A, AT!, where

T—1 0
o-1 O 1 po
. T 1 m _ 0 qo
Ar = o1 0 A= pr 1 p2 ’
w1 0 q>
0 P3

and A; and A, are invertible; equivalently 02,—1 # 0 and ¢, # O for all n. Due
to the symmetry A = A*, the generating coefficient sequences are subject to the
restrictions (1.9). Note also that degenerations are possible, see Remark 4.3.
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Let {e, }ncz be the standard basis in the two-sided £2. Thus, constructing A in a
generic case, we follow the procedure, which is similar to the CMV matrices case:
having e_; and e as the generators of the cyclic subspace we form the whole space
applying A on the even step and A~! on the odd step, however, as it was mentioned,
the operator is not unitary, but self-adjoint, that is, the spectrum is not on the unit
circle but on the real axis.

Generally, A can be represented as a two dimensional perturbation of a block
orthogonal matrix

A_ 0 - - -
A= + e—1{-, €0) o + €o{-, e—1) Do,
0 Ay

where

- - 1
Po = |P+Ae_1|l, éo = —PrAe_y,
Po

and A+ = P+ APy are restrictions of A to the positive and negative half-axis ac-
cording to the orthogonal decomposition £ = {2 & (3 . For this reason it is unitary
equivalent to an almost periodic finite band Jacobi matrix. In fact e_; and éq are
always cyclic for A. The corresponding Jacobi matrix J is uniquely defined by the
relation

((A—2)"le—r.e—1) ((A—z)""e.e-1)
((A —Z)_le_l,é()) ((A—Z)_lé(),éo)

(J —2)7le—rem1) ((J —2)"leo.e—1)
(J —2)7leci,e0)  ((J —2)7 eo.e0) |

that is, all general facts from its spectral theory (like the spectral multiplicity) can

be reduced to the spectral theory of Jacobi matrices. However it is quite different as

soon as we pose the problem:

Problem 1.3. Describe the spectral sets of periodic SMP matrices.

1.3. Main result and an open problem. We consider SMP matrices such that
|A]l < oo and ||[A™!|| < oo. Therefore in what follows we always assume that
the system of intervals E is such that co &€ E, aswell as 0 & E.

Basically from the general theorem of Mumford and van Moerbeke [18] it follows

Theorem 1.4. A set E is a spectrum of a periodic SMP matrix A if and only if the
divisor k(oo 4 04) —k(co— 4 0-) is a divisor of a function on the Riemann surface
R defined by (1.3), where k is integer, k € Z 4, and 0+ correspond to the origin on
the upper and lower sheets of R. Moreover, 2k is a period of A.
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To formulate our main result, that is, a description of E in the sense of Marchenko,
we define comb regions of a new kind, which we call hyperbolic combs. Recall that

the hyperbolic curves

2 2 N
y o —X" =y, Xy = C2

form an orthogonal net in the complex plane ¥ = x + iy. The hyperbolas degenerate
to pairs of straight lines as ¢; = 0 and ¢, = 0. The points on such curves will form
bases, left/right sides and teeth of the comb.

Definition 1.5. For /¢ > 0 the points on the curve
y2—x2=h} u=x+iy, (1.10)

belonging to the upper and lower half-planes, will form the upper and lower bases
of a hyperbolic comb I1, see Figure 1. For integers k and m € [0, k] and parameter
0 < wy < m, the upper and lower right sides of IT are formed by the points on the
curves

2xy =mwm —wg, 2xy =mn(m—k)—wy, forx >0, (1.11)
and the left ones by
2xy = —wp, 2xy =mk —wg, forx <O. (1.12)
The upper and lower teeth of the comb are formed by the points on the curves
2xy =l —wy, fory>0,1<l<m-—1 (1.13)

and
2xy =a(l —k)—wy, fory <0, m+1<{<2k-—1 (1.14)

starting on the bases and of length 4y, > 0. In addition, if wy = m{y then the
hyperbolic curves related to £ = ¢ in (1.13) and £ = k + £ in (1.14) degenerate.
In this case the corresponding teeth are pieces of the imaginary axis, as soon as

heo <ho and  hgyg, < ho. (1.15)

Otherwise one of them still satisfies (1.15), and another one has T-shape, see Figure 2,
consisting of the piece of the imaginary axis

0<y=<ho or —hp=y=Q0, (1.16)
respectively, and of the real interval

—h0 < x < plto) - pllo) >, (1.17)
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(Imu)? — (Reu)? = h}

—wq

Imu = 2Reu

(Imu)? — (Reu)? = h%

Figure 1. IT region for wg # n¥.

Figure 2. IT region for wg = 7 lo.

Remark 1.6. To summarize, a hyperbolic comb IT is adomain bounded by hyperbolas
with hyperbolic teeth, which depends of the following system of parameters I1 =
(k,m;wg, ho; h1,....hok—1), k.m € Z4, k > m, 0 < wy < 7m, hy > 0.
Such a domain allows degeneration if wyg = m{y, case in which two (upper and
lower) of the comb’s teeth are also given by free independent parameters subject to
the trivial restrictions (1.15)—(1.17). Note also that IT contains two infinite points
corresponding to x = £00. As it was mentioned 2k is a period of A and m describes
a “distance” between positions 0 and oo (in a generic case, how many intervals of £
are in between).

Definition 1.7. For a given hyperbolic comb IT, a comb function 6 is a conformal
map 6: H — IT such that 0 and co correspond to the infinite points in IT.

Theorem 1.8. A system of intervals E is the spectral set of a periodic SMP matrix A
if and only if it is the preimage through a comb function 0 of the base of a hyperbolic
comb TI.
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Remark 1.9. In Definition 1.7 the conformal mapping 6 is defined up to multi-
plication by a positive constant p, i.e., (1) — 8(pA). This reflects the fact that
the transformation A +— pA acts on the set of periodic SMP matrices. Similarly,
J +—aJ+b,a>0,b e Racts on the set of periodic Jacobi matrices, and a standard
comb defines a spectral set up to the linear transform o (J) + ao(J) + b.

Remark 1.10. Thus, if £ is the spectrum of a periodic SMP matrix A, then E can be
obtain as the preimage of the base for a certain hyperbolic comb I1. Conversely, if IT
is given we obtain the system of intervals E as the preimage of the base of this comb
(as it was explained in the previous remark, IT defines E up to the homogeneous
dilation £ +— pFE). Then, to a such set E one can associate an isospectral set of
periodic SMP matrices A(E), which we describe in Theorem 4.2.

In Section 2 we introduce and discuss the spectral surfaces of periodic 5-diagonal
matrices of the simplest possible structure. Note that both CMV and SMP matrices
are hidden in this class; see (1.18) and (1.19). We do not know how to parametrize
(in the Marchenko sense) these spectral surfaces in the general case, see Problem 2.2.

For example, note that the function z = A + 1 /A isreal on the set T U R. Assume
that a measure y is supported on a compact subset of T U R and vanishes in the
vicinity of the origin. Then the multiplication by z defines a bounded self-adjoint
operator in Li. Moreover, with respect to the orthonormal basis (1.6) it is represented
by a 5-diagonal (one-sided) matrix, which we denote by J (it is not a Jacobi matrix,
since it is indeed 5-diagonal!). Let us point out that if the measure y is supported
only on T then

J=A+A", (1.18)
where 2( is a CMV matrix. If y is supported only on R then
J=A+47", (1.19)

where A4 is a SMP matrix. But if the measure does not vanish on both components T
and R the multiplication by A generates also a certain matrix, which is neither unitary
nor self-adjoint, that is, neither of CMV nor of SMP class. We do not know how to
describe spectral sets E of corresponding periodic two-sided matrices. Notice that
E in this case should be a union of arcs on T and intervals in R.

The further structure of this work is as follows: in Section 3 we prove our main
theorem; the functional model for periodic SMP matrices is given in Section 4.

The second author is thankful to the organizers of the program Hilbert spaces of
entire functions and spectral theory of self-adjoint differential operators, at CRM,
Barcelona, 2011, and to Alex Eremenko for stimulating discussions. In a sense this
paper is an addition to their joint work [11].
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2. Spectral surfaces with the maximal number of boundary ovals
Let J be a 5-diagonal self-adjoint matrix of period d
J=rS?>+pS+q+S'p+ S5, 2.1

where S is the shift operator and p,r, ¢ are diagonal matrices of period d, such
that r,, > O for all m € Z (we say that such J’s are regular). We recall certain
fundamental facts from the spectral theory of multi-diagonal periodic matrices [18],
adopting to the 5-diagonal case.

For
g0 P12 0  ro/w po/w7
P 91 P2 r3 0 ri/w
. p2 42 D3 T4 0
0 ceo Fd—3 Pd—3 4d-3 DPd—2 Td-1
row 0 eeo Td—2 Pd—2 {qd—2 Pd-1
| pow riw 0 <o Td—1 Pd-1 4d-1 |
let
det{j —z-1
Feowy= W@ =252 2 o ayw + Au)1/w + B()

d—1
Hj:o Ty

where A and B are polynomials; in particular, for even d = 2k, such that

22k
B(z)=—pr—+ -, (2.3a)
Hj:o Ty
and
A (z)ﬁA(z)—( - )zk+ (2.3b)
L) & ~( = — _
[iZor2  TlZor2i+1

Then the spectral curve corresponding to J is the Riemann surface defined by
R={P =(z,w): F(z,w) =0} 2.4)

with an appropriate compactification (adding infinite points). R is endowed with an
antiholomorphic involution tP = (Z, 1/w) for which

R\NIR;L =R UR_, Ry ={P=(z,w)eR:|w| <1}

see Figure 3.



34 1. Moale and P. Yuditskii

IR

Figure 3. Topology of the spectral curve.

Note that the spectrum of J (as the operator acting in £2) corresponds to the fixed
line of the involution 7: TP = P,

z € o(J) if and only if there exists w such that P = (z, w) € 0R 4.

In other words it is described by the condition |w| = 1.
Recall that the spectral surfaces related to periodic Jacobi matrices are of the form

R = {(w,z): w + % = X(z)},

where A is a real polynomial. In the similar decomposition R \ IR = ;ﬁ+ UR_ it
possesses the following property: the number of boundary ovals, i.e., the number of
intervals

AR = {z € R: |A(2)| <2}

is maximal for the given genus of the surface.

We say that the spectral curve R, related to a 5-diagonal matrix, is of the simplest
structure if it has maximal possible number of components of the boundary dR for
the given genus. For example, in Figure 3 the number of boundary components is 3,
but its genus is 4 and the maximal possible number of components is 5. That is, the
curve of this structure does not belong to the class.
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R+

\
\
AN

z =2z(P)

c1®

\Z 2@

Figure 4. R4 as the two sheeted covering of z-plane.

In other words, let us represent R as two a sheeted covering of the z-plane, see
Figure 4. Tt is a hyperelliptic curve with a system of cuts d:R. We say that the
spectral curve is of the simplest structure if this hyperelliptic curve has genus 0, i.e.:

<‘R+2(E\E.

The corresponding equivalence can be written explicitly

C2

—
S

,/\EC, C1=Ao—2C, C2=Ao+2€, (25)

where c¢1, ¢ denote the only two possible critical values of z, in the case that both
numbers are finite and if, say, ¢, = oo then

z=A%=2¢, ¢ =c%—2c.

The set E, which corresponds to dR 4, is a system of cuts in the complex plane C
with the property

z(A)eR, AeE. (2.6)

It is essential to note that £ is far from being an arbitrary system of cuts for

which (2.6) holds. Recall that up to now the second function w was not involved

into considerations. Meanwhile w = w(A) is a function in C \ E with the following
properties [18]:

(1) w is single-valued and holomorphic;
(i) lw|<1inC\ E and |w| = 1 on E;

(iii) zeros of w are {1¢, 00} = z7'(0c0) ¢ E (of equal multiplicity).
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For definiteness, here and below, we consider the case (2.5) (with two finite critical
values). Properties (i)—(iii) imply that
1

1
A log )] Giy(A) + Goo(R), (2.7)

where G, (1) is the Green function in the domain C \ E with a logarithmic pole at
Ao and k is the multiplicity of w in Ao and oo respectively.

Let us recall the concept of the complex Green function by, (A). It is an analytic
multivalued function in C \ E such that

1
log = Gy, (A). (2.8)
b3 (M) ’
Note that (2.8) determines by, up to a unimodular constant. In what follows we
assume the normalizations by, (00) > 0 and b (A9) > 0.
Let 771 (C \ E) be the fundamental group of this domain. Then b Ao generates the
character py, € 71(C \ E)* on this group by

bro 0V = fag(V)bay, ¥ € mi(C\ E),

which indicates the multivalued structure of the complex Green function. Moreover,
let us split E into connected components, £ = U;"=o E;, and let y_j’s be simple
contours around E;’s. Note that they form generators of the group 1 (C \ E) subject
to the condition

Yo © -0 Yy = trivial.

Then, for a suitable choice of the direction of y;,
P () = €@ ED), (2.9)

where w;,(E;) is the harmonic measure of E; at Ao.
The factor by ,bo removes the singularities of z in C\E. Let
_ (bobiyz)(00) _ (boobpyz)(R0)

0 = Tbaobirg )0 ™ T [Goobre2) o)

Define § € [0, 1) by the condition /e = ez”isuo. Let it = ppgfoo- Thus pu(y;) =
e?™1%  where wj = w;,(E;) + weo(Ej).

Theorem 2.1. Let z be given by (2.5). Let E = | Jj_y E; C z7'(R) be a system of
cuts (2.6). Then R = R4 U IR, U R_, where Ry ~ C \ E, is a spectral curve
of a 5-diagonal periodic matrix if and only if the numbers & and w; (for all j) are
rational. Moreover w = t¥(b Ao boo)¥, where k is a common denominator of these
rational numbers.
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Problem 2.2. Find a parametric description of sets E from Theorem 2.1 in the
Marchenko sense.

A proof of Theorem 2.1 is based on a fact of the general theory [18], that a
given periodic J with the spectral curve &R possesses functional representation as the
multiplication operator by z. We give such a representation following basically [27]
and [32].

For a fixed character o the multivalued analytic functions F', Foy = a(y)F, such
that | F(1)|? has a harmonic majorant in C \ E, form the Hardy space H?(or) C L2,__
with the norm given by the integral of the boundary values:

|FIP = /E | FO)Pwso(dA).

Note that the point-evaluation functional is bounded in this space and therefore in
H?(a) there is the reproducing kernel k$:

F(\) = (F.k%). AeC\E,
forall F € H?().

Lemma 2.3. For a character o € 1(C \ E)* let

r- 4
Iy

denote the normalized reproducing kernel at A. Then, for an arbitrary system of
unimodular constants ty,, the family

—n,, — —n—1,—n
U g o' ntlpn % K
s a1 = t2n+1b/10 bl Koo (2.10)

ey = lznbzobgoKAO

forms an orthonormal basis in H*(a), n > 0. Moreover, extended to negative indexes
it forms an orthonormal basis in L2 __.

Proof. The system (2.10) is orthonormal: indeed, for m < n,

—n - —m —m+1
oy gl T e~
(ean,eam—1) = (t2nbxobgoKA0 0 ,t2m—1bT0béno Koo ™ )

n,, —n —m,,—m+1
= (1D K PO g Koo 0
— \2n%), o0 Ao > 2m—1500

)
apy " ud
KAO *o (00)

= lLam—1l2nb} " (00)bl2s ™1 (00) S —
(00)

=0,

O[M)LO Moo

Koo
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—m  —m+1

where in the last line we used the fact that K :;MAO oo is the normalized reproducing
kernel and b, (00) = 0. All other possible relations between the indexes of the basis
elements can be treated in a similar way.

Moreover, every function from H?2(e) orthogonal to it has a zero of infinite
multiplicity in Ao (and co) and therefore vanishes identically. To prove the second
claim one has to use the description of the orthogonal complement LCZUoo o H?*(a)
by means of the Hardy space [32] and once again apply the same argument related to

the corresponding H 2-space and orthonormal basis of reproducing kernels in it. [
Lemma 2.4. The multiplication by z with respect to the basis (2.10) is a 5-diagonal
self-adjoint matrix,

Zem+2 = I'm+28m + Pm+28m+1 + dm+28m+2 + Pm+3€m+3 + rm+aem+a. (2.11)

Moreover ry, > 0 if and only if
on—1 = leg l—1)s  lan = 13, L(0)- (2.12)

Proof. Since the factor by b removes the singularities of z in C \ E the function
zbj,boo F belongs to H?(au) forevery F € H?(a) andanarbitrary o € 71 (C\ E)*.
Thus the decomposition of ze,,+, starts with e,,,

Zem+2 = I'm+2€m + - .

Since z(A) isreal on E the multiplication operator is self-adjoint; its matrix possesses
the symmetry property and therefore it is 5-diagonal (2.11). Finally we put A = A¢
in (2.11) for even m

(2baoboo) A0) KX "7 (Ao)tan 12 = Pan2 K5 (Ao)tan
and A = oo for odd m
(2b3bo) (00) KL (00) 13511 = Fanst K" (00)t2n-1.
Since K§(4) > 0 we get (2.12). O

Proof of Theorem 2.1. Let J be a periodic self-adjoint 5-diagonal matrix and R be
its spectral surface such that Ry ~ C \ E. Since w(}) is single-valued in the
domain, (2.7) and (2.9) imply that w; = wy,(E;) + weo(E;) are rational. Further,
due to (2.3) the function wz* is regular in the domain, moreover 1/(wz¥)(1¢) and
1/(wz*)(c0) are roots of the quadratic equation

-1 1
+ )C +
k—1 k—1 2k—1
l_lj=0 r2j ]_[j:o F2j+1 l_[j=0 Tj

- (C - k—11 )(C - k—ll )

1_[/=0 r2j l_[j=0 r2j

C2+(

0.
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Thus (wz¥)(Lo) > 0 and (wz¥)(co) > 0. Since w = t(bkoboo)k, t € T, the
ratio (zb;toboo)k (oo)/(zb,xoboo)k(/lo) is also positive. That is e27'%§ = 1. And this
finishes the necessity part of the theorem.

In the opposite direction, for the given system of cuts we define J according to
Lemma 2.4. It remains to check that J is periodic. Let w = to_ok (b,\oboo)k . Since
wk(y) =1, forall y € 7 (C \ E), it is single-valued. Note that w is normalized by
the condition (wz¥)(c0) = |(b10booz)k(oo)| > 0. We claim that

we, = €ep42k- (2.13)

For odd n, equation (2.13) holds automatically. Forevenn we should take into account
that in addition ¢ ti‘o = ¢727k& — 1. Thus (2.13) defines the shift operator. Since

the multiplication operators by z and w commute, we have JS2*¥ = §2% J . Therefore

J is periodic. O
Now, let us restrict ourselves to the real case, i.e., c; = ¢; or both critical values
are real. Without lost of generality ¢c; = ¢; = 2i or ¢c; = —cy = 2. Thus, according
to (2.5),
A ! (2.14)
Zz=A—— .
A
in the first case, and
1
z=A+— 2.15
+ 3 (2.15)

in the second one.

In the case (2.14), z7!(R) = R, thus E is a system of intervals on the real axis.
Since z7!(00) = {0, 0o}, E is subject to the restriction {0, oo} ¢ E.

If z is of the form (2.15), then z~!(R) = R U T, that is, E is a union of real
intervals and arcs of the unit circle, and again {0, 00} ¢ E. This case under the
additional assumption £ C T leads to periodic CMV matrices [30]. Indeed, in the
current case the multiplication by A is also well defined and represents an unitary
matrix A such that

J=A+A"'=A+ 4" (2.16)

As it was mentioned this functional model is the same as that related to periodic and
almost periodic CMV matrices, see e.g. [27]. Conversely, having a periodic CMV
matrix A we obtain the periodic self-adjoint J of the class (2.16).
Similarly, in the case (2.14) the multiplication by A leads to the self-adjoint oper-
ator A such that
J=A—-A"", (2.17)

where A™! exists and corresponds to the multiplication by 1/, i.e., to a periodic
SMP matrix. Further details of the corresponding functional model are discussed in
Section 4. Note that the case (2.15) under the additional assumption £ C R leads to
essentially the same class of self-adjoint operators.

Thus our formal definition for SMP matrices is as follows.
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Definition 2.5. A self-adjoint 5-diagonal matrix A of the form

Aepio = rmi2em + Pmt28mt1 + qmi26m+2 + Pm+3€m+3 + rmyaemia, (2.18)

where 7, = 0 and r,41 > 0, belongs fo the SMP class if A is invertible and
—S~147LS belongs to the same class.

Remark 2.6. We say that A of the form (2.18) belongs to the SMP class if the
involution in the class is given by A > S™1A7LS.

3. Proof of the Main Theorem

Let E = [bo, ao]\ U;-‘Zl (aj, bj) be asystem of intervals on R, recall {0, oo} € C\E,
z = A—1/A. We apply Theorem 2.1 in the current case. Asitis well known the Green
function (say with respect to infinity) is represented by the hyperelliptic integral; see
e.g. [33], and [32],

G(A, 00) = dx.

mloﬂloaﬂma b))

Therefore for the sum of the Green functions we have

/ My 11(4) di
Re T )
@0 Tl —o(h —a)) (= b))

where M, 4 is a monic polynomial of degree » 4 1. Note that the residue of the
corresponding differential at the origin is —1.

G(A,00) + G(A,0) =

(3.1)

3.1. Spectrum of SMP matrices for the Stieltjes class. Letus consider the simplest
cases £ C Ry or E C R_ (we can say that the spectrum is on the upper (lower)
sheet of R ). The strong Stieltjes moment problem is related to measures supported
on the positive half-axis [19]. The shape of the sum G(A,00) + G(A,0)on R \ E is
shown in Figure 5. It implies immediately that all the zeros of the polynomial M, 4+
in (3.1) are real in this case. Indeed, each gap (a;, b;), j > 1, contains at least one
critical point; there is a critical point between —oo and 0; the total number of critical
points is ¢ + 1. Therefore

o) =i / M1 () dk—k (3.2)
@0 T Zo(h—a))(h—by)

is the Schwarz-Christoffel integral, which maps conformally the upper half-plane H
onto the (generalized) polygon in Figure 6.
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/\/\/

Figure 5. Go + Goo on R: the spectrum is on the upper sheet.

0 bo

©) (c0)

-2 -7 0

Figure 6. Image of the Abelian integral 6.

According to (2.7) w(A) = ek ¢ e T. Let @; be the coordinates of the
base of the slits. Then w(A) is single valued in C \ E if and only if wjk € nZ for
all j. It remains to mention that due to the chosen normalization for b, and b, the
product by (A)bso(A)(A — 1/A) is positive at infinity and negative at the origin, that
is £ = 1/2. Thus we can parametrize the spectral sets of periodic SMP matrices in
this case by sufficiently simple domains shown in Figure 6 with rational @;’s (quite
similar to the Jacobi and CMYV matrices cases).

3.2. Complex critical points and three real critical points in the same gap. The
situation changes dramatically as soonas O € (a;, b;), j > 1, thatis, E = E_UE_,
E4+ C R4. Still all gaps, except for (a;, b;), should contain a critical point, thus
M, 41 has at least x — 1 real critical points. However, the positions of two remaining
critical points are not a priory fixed.
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First, we consider the case when two remaining critical points are complex [Lo
and Tto, Im p1o > 0. Let us consider 6(A) in the upper half-plane H. Since locally
6(A) = O(o) + C(A — po)* + -+, there exist two orthogonal directions where
Redf® = 0. Moreover for one of them Im 6 has a local minimum at o and a
local maximum for another one. We define the curve y, o € y, by the condition
Re d 6 = 0, such that Im € increases. Since there is no other critical point in H this
curve should terminate on the real axis. Note that Im 6(4) decreases as A approaches
E. If so, in the gaps y may approach either a critical point or 0 and co. The first case
is also not possible since the critical point is a local minimum for Im 6 = G, + Goo
along the real axis, thus it should be local maximum in the orthogonal direction y.
But along y it increases. Thus, y terminates at 0 and oo; see Figure 7.

Ho M4

—— — o

b() a; b j ao
Figure 7. A complex critical point.

Astheresult weget H\y = H_UMH 4 suchthat £y C dH4. Let6(A) = ké(k).
Inspecting the boundary behavior of the given analytic function we obtain that it maps
conformally H4 onto D+ shown in Figure 8, where the point —w + i hZ corresponds
to the critical point fi¢.

) l (c0) ) ] (c0)

D+ (_w()vh%) D_ (_w()vh%)

—nm 0 —rnk w(k —m)

Figure 8. D = O(H ) regions for a complex critical point.
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Now we define

u(h) = \J=i0() —iwo— 3. A€ Hy (3.3)

Here we assume that Im u (1) > 0. Similarly we define

u(h) = =/ =i0() —iwo — h3, € H- (3.4)
and in this case Imu (1) < 0. In this way we get the regions IT4. Since
6 = —2ReuImu + wp) + i (Reu)* — (Imu)* + h}),

these regions are bounded by hyperbolic curves (1.10)—(1.14); see Figure 1. Gluing
the images along the curve y we obtain the conformal mapping of the upper half-plane
H onto the special comb domain IT = IT U IT_ U R.
Conversely, for the region IT described by these equations we define a conformal
map u: H — IT, u(0) = 400, u(oo) = —o0o, and set
1

w(l) = e WAoo ;) (3.5)
) A, . °

Then, the set E corresponds to [w| = 1. Since the base of the slits for D1 are of the
form 7€, w extended in the lower half-plane is single-valued in C \ E. Finally, w is
real for A € R\ E, that is, £ is rational. Based on Theorem 2.1 we conclude that this
domain can be associated to a periodic SMP matrix.

Let us turn to the case of three real critical points in the same gap. In this case
H can be decomposed into three pieces. Let ;11 < o < o be critical points in the
gap (a;, b;). Note that with necessity (1 and p, are points of local maximum and
Im 6 assumes a local minimum at jt¢ in this interval. Therefore there are directions
Y1, Y2 orthogonal to the real axis at 7 and u, respectively such that Im 6 increases.
Arguments like the above show that these curves, Re d6 = 0, terminate at 0 and oo;
see Figure 9.

H_
V2
Y1 Hoo+
Ho+
= —_—
bo aj 0 by ai 1 Ho W2 bi ao

Figure 9. Three real critical points in the same gap, H4 = Ho4+ U Hoo4--
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In each of them, 6(1) represents a conformal mapping, see Figure 10. In this
picture —wo + ih3, —wo + ih?, and —wo + ih3 are images of the critical points
Mo, i1, and o respectively and wy = w{y. We make the change of variable (3.3)
and (3.4), having in mind that now H 4 or H_ consists of two components. We arrive
at the parametrization of the spectral curve by the domains of the form Figure 2 such

that
R0 = JhZ—h2 and AP = \/n2 — k2
in (1.17).
(00) 0)
(00) ! O Cwon)
(~w0.h3) 2
(_w()vhg) D0+
Doodt D_
0 —mk —JTK()

Figure 10. Dy = 6(H_.) three real critical points in the same gap.

_ Asbefore, starting from a region IT, by (3.5) we arrive at the set £ and the domain
C \ E >~ R4 which corresponds to a periodic SMP matrix.

3.3. Other cases. In the previous subsection we considered critical values in two
main generic positions. Now let us list the remaining special cases.

1. For two complex critical values, if wg = 7€ then one of the cuts in (1.13) and
one in (1.14) degenerate to the intervals on the imaginary axis. The length of such
a cut can not be arbitrary long, thus %, and A, are subject for conditions (1.15).
As soon as one of these values approaches g two complex critical values, from the
upper and lower half-planes, approach the critical value in the corresponding gap. In
the limit we have the critical value of multiplicity 3. The same special case can be
obtained when two critical values p and p» tend to ptg, correspondingly hi‘)) — 0;
see Figure 2.

2. The case of a critical point of multiplicity two and a simple critical point in a
gap corresponds to thO) =0, h%) > 0 or h%) =0, thO) > 0.

3. Two critical points (or one critical point of multiplicity two) may appear in
the interval which contains zero or infinity. The domain IT looks similar to that one
shown in Figure 2, but the degenerated hyperbola corresponds to the most left (or
right) position, i.e., £o = 0 or £y = m.
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4. It was assumed that m < k. If m > k the domain IT in Figure 1 remains the
same, but we switch the normalization conditions to #(0) = —oo and u(c0) = +o00.

5. In the Stieltjes case, subsection 3.1, the spectral curve was described by a
simpler domain, Figure 6. By (3.3) it can be transformed to a Il region bounded from
below by the real axis.

4. Functional model for periodic SMP matrices

Let C \ E correspond to a periodic SMP matrix. We define

K&(c0) KLO)
Ke(oo) 2= Ke (o)

For the reader’s convenience we prove here a known lemma, see e.g. [27].

Aar) = a e (C\ E)*. @.1)

Lemma 4.1. The following identities hold true

auoo
@) £ VT TA@P = boo(0) 20— 42)

K5(0)

and

a O‘V“O
Ko © e @) = by (oo)A “3)

AQ@) = ,
@)= Ze0) K2 (c0)

Proof. A(a) is defined by the following orthogonal decompositions:

K& =  A@KL 41— [A@Pbeo K>
—1 —
boK20 = JT— [A@)PKL —  Aa)boo KIH=
Indeed,
K(X
A) = Ko(00)
K& (00)

and we get (4.2).
Since, in addition,

K% =  A@KS  +V1—|AWQ@)hoKoy Koo'

KOS = T |A@PKS—  A@boK K

we have (4.3). 1
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In what follows without loss of generality we assume that 71y = 1in (2.12). In

the given case 19 = 0, so fg is the new notation for 7, and this is not the same as
the initial 7(gy. Since

(booboz)(00) = (booA)(00)bo(00) and  (booboz)(0) = —(bo/A)(0)boo(0),
we have loo = Poo/|¢oo| and to = —¢o/|¢po|, where

poo = (B2 00 and g0 = (;%) 00

Also, recall that fo/tg = 271§,

Theorem 4.2. The multiplication operator by A with respect to the basis (2.10) is a
periodic SMP matrix A = A(a, t()) with the following coefficients

Pan = Pool (@€ " Al ™) B~ @V E (@ptoo ™) Blapoon ™),
Pant1 = —Pool(0)foo ™™ (i) Blap ) A@ptoopt ") B (@ptoo ™),

G2n = —Pooh(ap™) B~ (ap ™) Aot ™) Bttt ™),
(4.4)

and
Tant1 = loylooe™™ " GoC (™) Bap ™) A(eptoot” " T) B (@ptoop ™" HD),

Tantz = —toye>™ E TV go k(™) B ap™)
C (oot ") Blaptoon ™" tD),

Tant1 = oA ™) B (e ™) A oot~ ") B (apoo " TY).
4.5)

Proof. Note that boo Ak € H?(aftoo) and it is orthogonal to bob2, H?(apy ! 152).
Therefore, in fact, we have the three-terms recurrence relation,

Aean = Danean—1 + q2n€2n + Panti1€2n+1-

Moreover
K§" " (00)

= 2mién 0
Pan = 1()e """ (Aboo) (00) —i— =,
Y TR ()
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qgan = (AKG" K" )

0 (Aboo)(00) Koot

boo Kgoﬂooﬂ_n (OO)

= (aKg K¢ (00). K

_ (Abso)(00) KE=MT(0) Kg " (00)
T beo(0) KR (00) KSMTN(0)

and
P2n+1
—n —1,,—n
= (Atoyty " K" ,f;on_lbngoMO !
— t(O)ezniEn[oo<K8m_n7 |
Ay K51 _ (Aboboo) (00)Koe® " (00) KE"
oo —n
boo KM 7 (00)
_n —1,—n
amien, (Aboo)(00) Ko™ " (0) bo(00) Koo ® " (c0)
= —Loye foo T T .
boo(0) K& (00) K" 7 (0)
In its turn,
1 _
X€2n+1 = T2n+1€2n + O2n+1€2n+1 + M2n+2€2n+2,
where
—1,,—n
_ e boy  Kes® M (0)
= T(o)looe 2" () (0) =—=
Ton+1 = Lo)loo (/\ )( ) Ko7 "0
1 —1,,—n —1,,—n
O2n+1 =<XK;¥0MO K >

:<1K(xualu—n_ (b—o)(()) Kgu_" KWEIM_" (0)7 Kgoualu—n>

A, o0 A, bo Kgu—n (O) oo

—— (%)) K& (00) K2 (0)

1009 K0 g (o)

47
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and
TT2n+2
1 —l,—n —1,,—n
=<Xt;on_1KgéLOM ,l‘(o)l‘o_n_lbongM K >
_ . -1, —n
_ t(o)e_z”’é(”+1)<Kgf° e

—n —n—1
boo a1 _ Ko” (P22 K" )(0)>
A0 boKZ" ™" (0)

= —l(0)e

an—"n an—n—1

—2m§(n+1)<b0boo)(0) 1 Kou (00) Kou 0)
A ho(00) KT 0) g (o)
0 0)

Now by making use of (4.1), (4.3), and (4.2), we obtain (4.4)

G2n = — PooA(Aloo ™) B(ftooft ™) Ala ™) B~ (ap™),

Ko (o0)
K=" (c0)
smien KG' (00) K& (00)

K" (00) K=" (00)

= Gootoye”™ " Alap ™) B @p T E (@ptoopt ™) B(aptoon ™),

Don = (Poot(o)ezmgnboo(o)

= Pool(0)€ boo(0)

Dant1 = _(Poot_(O)t_ooe_zmgnA(“Mwﬂ_n)ﬂ(aﬂmﬂ_n)
-1, —n —n
 bo(00)Keg® " (00) K& (00)

K& (00) K37 (0)

= —Pool(0)foce 2 E A oot ™) Blatptoopt ) (i) BT ™),
as well as (4.5)

Ton+1
—1,,—n —1,,—n —n
o amieny, Ko T O K" (00) K (00)
IO Po——r = bo(00)— = PR
Koo ® (c0) Koo' (00) Ko™ (0)

= {(0)loce " o A(ptoopt™ (1) Blaptoop™ TP (@ ™) B ™).

Oan+1 = —poh(ap ™) B~ (@) Ao~ D) B(apeopn” " HY),
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and
Tanta = —t0ye* ™ E TV oo A ™) B (ap™)
—(n+1) -1, —n
KO(M (n+1 (O) K(‘;MO I (0)

0
X bo(00) D ag
KO 0 (O) KOO (Oo)

— _t(o)eZJ'[iS(n-{-l)gDOA(aM—n):B—l (C([L_n)
C(ophoott™ ") Bt "), O

Remark 4.3. The structure of the reproducing kernels on the hyperelliptic Riemann
surfaces is well known, see e.g. [32]. In particular, indeed K& (0) = 0, i.e., for some
a, A(a) = 0. According to (4.4) and (4.5) it means that the corresponding A =
A(a, t(g)) may degenerate, that is, g2, or 02,1 vanishes for some n. Nevertheless
all entries of A and A~! have perfect sense. For example,

_ D2nD2n+1
q2n

= |@oo € (™) B (apt ™) E (fhooit ™) B~ (ftooit ™).

2n+1

and

__T2p—17T2n

—Pon =—————
—02p-1

= |go|€(ap™ "N Bap™ " V) (apopt ™) B~ (@ptooit™),
where

Aerpn_1 = rap—1€2n—3 + Pan—1€2n—2 + qon—1€2n—1 + Pan€an + r2nri1€2a41,
and

_1 -
A7 ean = paneon—2 + Man€on—1 + 02n€2n + Mont1€2041 + P2n42€2n42.
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