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Quantum ergodicity for a class of mixed systems

Jeffrey Galkowski

Abstract. We examine high energy eigenfunctions for the Dirichlet Laplacian on domains
where the billiard flow exhibits mixed dynamical behavior. (More generally, we consider semi-
classical Schrodinger operators with mixed assumptions on the Hamiltonian flow.) Specifically,
we assume that the billiard flow has an invariant ergodic component, U, and study defect mea-
sures, i, of positive density subsequences of eigenfunctions (and, more generally, of almost
orthogonal quasimodes). We show that any defect measure associated to such a subsequence
satisfies u|iy = cpur |y, where uz is the Liouville measure. This proves part of a conjecture
of Percival [18].
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1. Introduction

The distribution of eigenfunctions over phase space in the semiclassical limit is an
important object of study in the theory of quantum chaos. The fundamental result
is a quantum ergodicity theorem of Shnirelman [19], Zelditch [21], and Colin de
Verdiere [5] which states that, for classically ergodic systems, high energy eigen-
functions distribute uniformly in phase space. Since we will study domains with
boundary, we note that Gérard and Leichtnam [7] and Zelditch and Zworski [22]
generalized quantum ergodicity to that case.

Some progress has been made toward understanding semiclassical limits of eigen-
functions for systems with dynamical behavior thatis not completely ergodic. Marklof
and O’Keefe [13] examine separated phase spaces for certain maps. More recently,
Marklof and Rudnick [14] have made further strides towards an understanding of
quantum behavior for mixed phase space. In particular, they prove that, for rational
polygons, the eigenfunctions of the Dirichlet Laplacian equidistribute in configura-
tion space. We use [14] as inspiration for further work on semiclassical limits for
systems with mixed dynamical behavior.
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We examine systems whose phase spaces have invariant subsets, U, such that the
flow restricted to U is ergodic and the Liouville measure of U is positive. In partic-
ular, let (M, g) be a smooth Riemannian manifold of dimension d with a piecewise
smooth boundary, dM. Then M C M, where M is a manifold without boundary
to which g extends smoothly, and M = Ule N; where N; are smooth embedded
hypersurfaces in M. Define 3° M C dM to be the open set of all points where the
boundary is smooth. Then the complement dM \ 9° M has measure zero.

We consider

P(h) = —h*A+V

with Dirichlet boundary conditions and let p(x,§) be its principal symbol. Since
p(x, &) is smooth up to the boundary, we can extend it smoothly to 7*M. We
assume that

dply-1gy #0, E €la,b], (1.1)

and
x€d’M,V(x)=E = dV ¢ N;‘E)"M. (1.2)

so that p~1(E) and Tgo 5 M intersect transversally.
We then write

P U E)NTH M =Qf uQzuQY%,

where (x, £) lies in QJEC if the vector Hyx € T M points outside of M, in Qp ifit
points inside M, and Q% if it is tangent to dM. The set Q% contains the glancing
covectors and, under (1.2), has measure zero in p~!(E) N Toop M.

We define the broken Hamiltonian flow as follows. (see, for example, [6], Ap-
pendix A). We denote this flow by

o = exp(Hpt).

Assume without loss of generality that # > 0. We consider exp(tHp)(x, &) defined on
T* M, and let 1o be the first nonnegative time when exp(t H »)(x, &) hits the boundary.
If this happens at a non-smooth point of the boundary, or if exp(to Hy)(x, £) € QY%.,
then the flow cannot be extended past t = to. Otherwise, exp(to Hp)(x,£) € QE and
there exists unique (xo, §o) € 2% such that the natural projections of exp (to Hp) (x, §)
and (xo, &) onto T*dM are the same. We then define ¢, inductively, by putting

@r(x,8) = exp(tHp)(x, &) for 0 < 1 < to and ¢y (x,§) = ¢r—,(x0, &o) for 1 > to.
Define for T > 0, the set

Br cT*M N p~(a.b])

to be the closed set of all (x, &) such that ¢, (x, £) intersects a glancing point for some
t € [T, T]. Then, as shown in [22], Lemma 1, 87 has measure zero in p~!(E).
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In many cases, quasimodes with specified concentration properties are easier to
construct than corresponding eigenfunctions. One example of this is Hassell’s use
of concentrating quasimodes in [8] to show non quantum unique ergodicity in some
domains with ergodic billiard flow (for another, see Section 5). Other connections
between quasimodes and quantum ergodicity have been exploredin [1], [12], and [20].
The utility of quasimodes motivates us to generalize existing quantum ergodicity
results to that setting (Section 2). Although this is a natural generalization and not
unexpected, it does not seem to be available in the literature.

We make the following definitions (with the obvious analog in the homogeneous
setting under the rescaling h = A7 1).

Definition 1. A positive density set of quasimodes for P on [a,b],0 <a < bisa
collection

Wi Ep)J=1,...}
satisfying,
M Njllzz =1,
@) (P = EpYjliLe = o(h??+1),

3) [, v = o(h>?) for j # k,
@) HEj €la,bl}| = ch™¥, ¢ > 0.

Definition 2. Let £;, j = 1, ... be all the eigenvalues of P with multiplicity. A com-
plete set of quasimodes for P is a collection {y;, j = 1, ...} satisfying

M il =1,
Q) (P = Ej)yjliL2 = o(h*+1),
3) (¥, V)| = o(h??), for j # k.

Remarks 1. (1) Notice that the set of all eigenfunctions is a complete set of quasi-
modes in the sense of Definition 2, in particular, a positive density set of quasimodes
for P on [a, b]. Hence, our results apply to eigenfunctions.

(2) The discrepancies for these quasimodes are much smaller than the mean spec-
tral density given by the Weyl law and are necessary so that Hilbert—Schimidt norms
can be accurately expressed in terms of quasimodes.

(3) Note that, although it is often easy to construct positive density sets of quasi-
modes with specified concentration properties, it is difficult to construct complete
sets of quasimodes with the same. However, the proofs of our results are simplified
by using complete sets of quasimodes. To avoid these difficulties, we formulate our
results in terms of positive density sets of quasimodes. and prove in Lemma 4 that it
is enough to consider complete sets of quasimodes.
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Under assumptions (1.1), (1.2), and
¢; is ergodic on p~Y(E), E € [a,b] (1.3)

we have the following analog of quantum ergodicity for a positive density set of
quasimodes for P. For a semiclassical pseudodiffential operator of order m, we
write B € \IJZ’, and denote its semiclassical symbol, oz, (B) (see, for example, [23],
Section 14.2, for definitions).

Theorem 1. Suppose that (M, g) is a compact manifold with a piecewise smooth
boundary and (1.3) holds. Let {(Y;, E;),j = 1,...} be a positive density set of
quasimodes of the Dirichlet realization of P on [a,b] for 0 < a < b. Then there
exist a family of subsets

A(h) C{y, |a < E; < b}

of full density such that if {yr;.} C A(h) is a sequence with unique defect measure i
then there is an E € [a, b] such that

w=(ue(p~ (E) e,

Here a defect measure for a sequence ; is the weak limit of the semiclassical
measures p; associated to ¥; (See, for example, [23], Chapter 5, for details.)

Remarks 2. (1) An equivalent way of formulating this theorem is that for all ¥; €
A(h)and B € \112 (M?) with symbol, o7,(B), compactly supported away from oM,

‘(BWjaWj)_][ on(B)dug; | — 0.
p~I(E))

(2) Note that Theorem 1 applies to positive density subset of eigenfunctions in
energy bands E; € [a, b], while that in [9] is stronger and applies to such subsets of
energy shells E£; € [a—Ch,a+ Ch]. However this does not apply to manifolds with
boundary and such an energy shell quantum ergodicity theorem is not known in that

case; see [9]. It would be interesting to obtain such a result.

In Section 3, we relax the dynamical assumption (1.3) and instead make the mixed
dynamical hypotheses:

. . ne(U N p~Y(E)) >0,
there exists U C p~ " ([a, b]) such that (1.4)
pe@U\U N p~(E)) =0,

for E € [a, b], where pg is the Liouville measure on p~!(E) and
@; isergodicon U N p~Y(E), E € [a,b],

(L.5)
o (U) =U.
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Remark 3. Hypotheses (1.4) include the case where U is closed with a boundary of
positive measure.

In this case, we have the following result:

Theorem 2. Suppose that (M, g) is a compact manifold with a piecewise smooth
boundary, and that (1.1), (1.2), (1.4), and (1.5) hold. Let {(Y;,E;).j = 1,...}
be a positive density set of quasimodes of the Dirichlet realization of P on |a,b],
0 < a < b. Then there exist a family of subsets

A(h)y C{yj |a < E; <b}

of full density such that if {yrx} C A(h) is a further subsequence such that {\} has
unique defect measure, |, then there exist E € [a, b] and ¢ such that

suppu C p~'(E)

and

“lunp=1g)y = ChElunp—1(E)-

Remark 4. Although Theorem 1 can be seen as a corollary of Theorem 2, the proof
of Theorem 1 is essential to that of Theorem 2 and, in addition, presenting the direct
proof is useful to demonstrate the new ideas involved in obtaining Theorem 2.

In Section 4, we specialize to the case P = —h? A and pass from the semiclassical
quantization to the Kohn-Nirenberg calculus. For a homogeneous pseudodifferen-
tial operator of order m, we write B € W™ and denote its symbol, o (B) (see, for
example, [10], Chapter 18, for definitions).

Theorem 3. Suppose that (M, g) is a compact manifold with a piecewise smooth
boundary and (1.3) holds. Let {(y;, E;),j = 1,...} be a positive density set of
quasimodes of the Dirichlet realization of —A on [0, 1]. Then, there is a full density
subsequence j, such that for all pseudodifferential operators B € W°(M?) with
symbols compactly supported away from 0M ,

(B, ) — ][ o(B)dur.
S*M

Remark 5. Although the passage from Theorem 1 to 3 is known in the case of eigen-
functions and is not unexpected for quasimodes, we include it here because neither
the result for quasimodes nor the passage from the semiclassical to the homogeneous
case seem to appear in the literature.

We also specialize Theorem 2 to the homogeneous setting as follows.
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Theorem 4. Suppose that (M, g) is a compact manifold with a piecewise smooth
boundary and that there exists
UcS*™M
such that
(1) prU) >0,
(2) pLU\U) =0,
(3) ¢y is ergodic on U,
® ¢ (U)=U.

Let {(y;, Ej), ] = 1,...} be a positive density set of quasimodes of the Dirichlet
realization of —A on [0, 1]. Then there is a full density subsequece of ; such that if
any further subsequence rj, has unique defect measure |1, then |y = cpp|u for
some c.

Remark 6. In the homogeneous and boundaryless case, Riviére [17] recently proved
a theorem on accumulation points of semiclassical measures that gives similar results
for separated phase spaces. He also provides examples of separated phase spaces for
the geodesic flow on boundaryless manifolds.

Percival [18] made conjectures on eigenfunctions that were numerically verified
by Barnett and Betcke in [2] in the case of mushroom billiards. In particular, Percival
used the quantum-classical correspondence principle to state that most eigenfunctions
concentrate either entirely in the ergodic portion of phase space or in the integrable
portion and, moreover, that the eigenfunctions concentrating in the ergodic portion of
phase space spread uniformly over that piece of phase space. Although we are not able
to show the dichotomy between integrable and chaotic eigenfunctions, Theorems 4
and 2 provide rigorous proofs of the fact that most eigenfunctions spread uniformly
in the ergodic portions of phase space.

Finally, in Section 5, we apply our results to the Dirichlet Laplacian for mushroom
billiards. Figure 1 shows two billiards trajectories, one in the ergodic region and one
in the integrable region. (For a complete description of the billiard map on mushrooms
see [3].)
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mer School on Quantum Chaos and to the National Science Foundation for sup-
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Figure 1. We show two billiards trajectories in a Bunimovich mushroom [3] with semicircular
hat of radius 1 and centered base of width 1/2 and height 1. On the left, we have a trajectory
in the ergodic portion of phase space. On the right, we have one in the integrable portion.

Figure 2. We show two high energy eigenfunctions for the Laplacian in a Bunimovich mush-
room [3]. The left hand eigenfunction spreads uniformly through the ergodic portion of phase
space, and the right hand eigenfunction concentrates in the integrable portion. (Images courtesy
of A. Barnett and T. Betcke [2]).
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2. Quantum ergodicity for quasimodes

In this section, we demonstrate how to adapt quantum ergodicity results for eigen-
functions to positive density sets of quasimodes.

We will need the following lemmas relating various spectral quantities for oper-
ators to their corresponding expressions involving complete sets of quasimodes.

Lemma 1. Let {uy,k = 1, ...} be the eigenfunctions of P corresponding to Ey and
let {yj, ] = 1,...} be a complete set of quasimodes for P. Then,

uj = Z CikVk —i—o(hd).

|Ej—Ek|<Chd+1

Proof. First, observe that, near an energy level E, there exists (c1(h), c2(h)) with
1 (h) — c2(h)] > ch?*! such that

((E = ca(h). E —c1(h) U (E + c1(h). E + co(h) N{E;.j = 1,...} = 0.

If this were false, then the spectrum of P would violate the Weyl law.
Now, let
A ={Yj|Ej € (E—c1(h), E + c1(h)}

and IT be the spectral projection onto [E — ¢q(h), E + c1(h)]. By the Weyl law,
Al < C h~—9. Therefore, by [11], Proposition 32.4,

dim (IT span (A)) = |A],

since
o(h??) + o(W** YO (h™%7) = o(h?).

But, rank IT = |A|. Hence, span A = range I1 and the result follows from the almost
orthogonality of ;. O

Lemma 2. Let A be a Hilbert—Schmidt operator and {{;, j = 1, ...} be a complete
set of quasimodes for P and a < b. Then,

RS Ay 1P = kT pAllgs + o(1) @.1)

a<E;<b

and if A is of trace class,

R 7 (A ) = h Tl 1A + o(1). 2.2)

a<E;<b
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Proof. First, let (cjx) = (uk, V). Then, by Lemma 1,

uj = chklﬂk +o0(h?) and Vv = Zchuk,
k k

where all sums are taken over k such that |Ey — E;| < C h4+1. Observe that

uj = chka + o(hd) = chkWuk/ + O(hd).
k k,k’

Hence, by the orthogonality of u;,

> citrre = 8kj + o(h?).

k
Now,
R (A, AY;) = b Y e (Aug, Auy)
a<E;<b Jk K
= 1% G + o(hD)){Au. Aug)
k.,k’
— 1 M Allys + b4 Y o(h®) (g, Augs)
k,k’

= h9 | T, Al %s + o(1)

where the last equality follows from the fact that there are at most O(h~%) terms in
each sum.
An analogous argument shows that (2.2) holds. O

To prove Theorem 1, we need the following lemma similar to [6], Lemma A.2,

Lemma 3. Let y € C°(M°) with0 < y < 1.Thenfora’ <a <b <b/,

eri? 3 [ (1=l Pavo

Ej €la,b]

<

/ (1= y)dps +0() ash — 0.
T*Mnp—1(a’,b'])

Proof. This follows directly from [6], Lemma A.2, and Lemma 2 once we observe
that

Qrmy?® Y /M(l—x)leldeolz(znh)d > A =05 9))

Ej €la,b] EjE[a,b]

= Qah)d Tr (1 —x) +o(1). O
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The following lemma allows us to take arbitrary collections of orthogonal quasi-
modes and complete them. Hence, we only have to prove results for complete sets
of quasimodes and they follow for positive density sets.

Lemma 4. Let {(Y;, E;), j = 1,...,J} be a set of almost orthogonal quasimodes
with

M 1l =1,

@) (P = EpYjlle = o(h?*Hh),

) Wy, vl = o(h?9), for j # k.

Then, there exists

{or, k=1,...,K}

such that the set
{or.k=1,....K}yU{y;,j=1,....J}

is a complete set of quasimodes for P.

Remark 7. Note that this lemma applies to sets of quasimodes that do not have
positive density.

Proof. Let u; be eigenfunctions of P corresponding to E;. Select an energy E.
Then, by the proof of Lemma 1, there are gaps at distance c; (%) of size h4*! in the
spectrum of P near E. Let

def

A ={ug: |Ex — E| <ci(h)}
and
N Z 4y |Ej — E| = ok}

Then, for y; € A’, we have that

Vi = Z CjkUk-

ug €A

Now, define

N Z|A| and M = |A/|

letting
bj =(Cj1,Cj2,...,CjN), ] = 1,...,M.
Let {eq, ..., en} be an orthonormal basis for span ({b;: j = 1,..., M}). Apply the

Gram-Schmidt process to obtain an orthonormal basis {e1, ..., e, Vpr+1,...,UN}
of RN where

Vk = (Vk1, . ... VEN)-
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Then, letting
‘/’k=2”kf”f’ M+1<k=<N,
J

{V1,...,¥M, OM+1, ..., 9N} is an almost orthonormal basis for span A. Repeating
this process for each cluster, we obtain a complete set of quasimodes. O

We also need the following restatement of results in [4], Section 4.3, that is found
in [6], Lemma Al.

Lemma 5. Fix T > 0. Assume that A € V™ (M?) is supported away from the
boundary of M and WF,(A) C p~'([a,b]) \ Br. Then, for each y € C2(M?)
and for each t € [T, T), the operator ye™' 'h A is a Fourier integral operator
supported away from OM and associated to the restriction of ¢; to a neighborhood
of WE,(A) N @; L (supp y), plus an Opa_, 1 2(h™) remainder. The following version
of Egorov’s theorem holds:

eitP/hAe—itP/h —

X Ary + O 20y 12 (M)

where At € WP (M?) is supported away from IM and oy, (Ar,y) = x(a o ¢;).

Now, we prove Theorem 1, following [6], Appendix A.

Proof of Theorem 1. Let (Y, E;) be a positive density set of quasimodes. By Lem-
ma 4, and the fact that our original quasimodes have positive density, we may assume
without loss that (;, E;) is a complete set of quasimodes (see Definition 2).

We first show that

lim sup /4 Z

h=0 " E ela,b]

p(E))

(BY )~ f o, | =0

Then, by a standard diagonal argument that can be found, for example, in [23],
Theorem 15.5, we extract the set A(h).

Take a’, b’ such that ¢’ < a < b < b’ and the assumptions (1.2) and (1.1) hold
for E € [a’,b’]. (If they do not hold when E ¢ [a, b], then we need to take a’, b’
getting close toa and b. e.g. Leta’ = a—1/T and b’ = b + 1/ T. Then estimate the
extra contributions by the Weyl law.) Now, fix a 7 > 0 and choose y7 € C>°(M?)
with0 < y7 < 1 and

/ (1 —yxr)?dpe < T7.
T*MNp~—1([a’—1,b’'—1])
Lety € C(a’ — 1,0 + 1) have

1P(E)/ XTdILE :/ o,(B)dug, E €ld,b].
p~H(E) p~L(E)
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Then, by Lemma 3, it is enough to show that the conclusion holds for

B —y(P(h)xr.

whose symbol integrates to 0 on p~!(E). Therefore, we assume, without loss, that
/ opn(B)dug =0, E €lad’,b].
p~H(E)

By elliptic estimates, we may assume that WF,(B) C p~'((a’, b’)). More specif-
ically, B € W™, Thus, we can write B = B}, + B}, where WF;,(B}) N 87 = 0
and ”O—h(B/]/‘)”Lz(p_l[a/,b/]) < T

Then, by Holder’s inequality, Lemma 2 and [6], Lemma 2.2, we have that

WS B = (kS 1Bpy)

Ej€la,b] Ej€la,b]
1/2
=c(r® Y 1Bfus?) " +o()
EjE[a,b]

< Cllon(BPL2(p-11a 5y + 0(1).

Hence, the contribution of B7. goes to 0 in the limit limz_, o lim sup, _, , and we may
replace B by B7.

Now, by Duhamel’s formula and the unitarity of eltP/h,

: t
CitPI by — GI1E; Iy, +%/ QISP (2 H1) _ GE o (2.
0
So, defining
T
(A)p & %/ oitP/h go=itPlh g,
0

and using Lemma 2 and Holder’s inequality, we have

RS By ) =ht Y [(Bre By e tE iy

Ej €la,b] EjE[a,b]

=h% > (BT i) + or ()

Ej €la,b]

/
< (S Bl +orm2?)

Ej €la,b]

= (1 Y WBprul?) " 4 o).

E, €la,b]
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From this point forward, the proof is identical to that in [6], Theorem A.2.
By Lemma 5, (B7.)7 x7 is, up to an O(h®);2_,;> remainder, a pseudodifferen-
tial operator in W°™P compactly supported inside M and with principal symbol

T

XT

on((Brrym) = 2L [ oy g
0

Now, all that remains to show is

Tlgnmlimsuphd Z I{(Bf)Tu;|* = 0.
h=>0 " g elab]

Since, by Lemma 3,

limsupQrh)? Y 11 = xr)ujllz, < T7
h=0 Ej€la,b]

we can replace (B7.)r by (B7) x7. Thus, by [6], Lemma 2.2, it remains to show that

Tli_{noo lon((B7)T XTI L2 (01 (0’ ])) = Tli_f}loo {on B Tl L2(p=1 (@ b7)) = O-
2.3)
To do this, write

{on (BN T lIL2(p-1E)) < Hon(B) 1 ll2(p-1(E)) + {on(BP) Tl L2(p-1(E))-

The first term on the right goes to 0 when 77 — oo by the von Neumann ergodic
theorem and the second term is bounded by |07, (B7)12(,~1 () and hence also
goes to 0. O

Remark 8. Notice that (2.3) is the only step in which the ergodicity of the flow is

used. This will be important when we adapt the result to ergodic invariant subsets of
phase space.

3. Quantum ergodicity for subsets

Now, we prove Theorem 2 using the fact that only step (2.3) uses the ergodicity of
the flow. For completeness, we include the following elementary lemma.

Lemma 6. Let U satisfy (1.4), let j15 be a finite measure on p~'(E) and suppose
that for all a € C*®°(p~Y(E)) compactly supported away from M with

/ adug =0,
Unp~I(E)
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we have

/ adu, = 0.
Unp~1(E)

M2lunp=1(E) = ChEluny-1(E)

Then,

Jor some ¢ > 0.

Proof. Let

V=Unp YE)
and

p1 = (ne(V) ™ s

then, 41(V) = 1. Define y € C*®(p~!(E)) compactly supported away from dM
with

0=<x=2 /XdM:l, /Xd,uz=62>0.
|4 |4
(To see that such functions exist simply take non-negative approximations to 1y with

support inside M?.)
Now, let a € C*®°(p~!(E)) compactly supported away from dM with

/ adp, = a.
14

/a—&xdul =0
14

Then,

and hence
/ a—ayduy =0.
v

Therefore, for a € C®(p~!(E)) compactly supported away from oM ,

/ad,uz =cz/ adjy.
14 1

But, ;t1]y and u, |y are positive distributions of order O since V' satisfies (1.4). Hence,

since
/ adp, = / ad(cap1) =0
14 |4

foralla € C®(p~!(E)) compactly supported away from dM, and M can be ex-
hausted by compact subsets, (z|y = capt1|y. O
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Proof of Theorem 2. Lemma 4 shows that without loss of generality we may work
with ¥; forming a complete set of quasimodes. Fix A € ‘l’g(M ) with symbol
a = oy (A) compactly supported away from oM satisfying

/ adug =0, E €]a,b]. (3.1
Unp~l(E)

Fix ¢ > 0. Then, let U, be open with
UcCU;

and
ne(U:\U)Np~(E)) <&, E €la.b].

(Note that we use (1.4) here.) Let y, € C°(U,) compactly supported away from
oM with y¢|7 = 1,0 < y¢ < 1. Then, let a, = y.a. Based on the arguments used
to prove Theorems 1, we have that

imsuph? Y " [(Aevy.vy)| < Cliae) 7l L2110 ) (3.2)
h—0 E, €la,b]
j ]

where A, = ag(x,hD),

T
(@b £ — / as 0 i (x. £)d1.
0

We have that ¢; is ergodic on U and U is invariant under ¢;. Hence, by the
von Neumann ergodic theorem

(as10) 7 »]{J dedpr =0 in L2(p~'(E)).

Again, by the ergodic theorem, {(a;1yc)r — Pag in L2(p~'(E)) with || Pag| ;2 <
C|la||Lo-¢. Hence,

Jim {ae) T llL2(p=11a,67) = CllallLooe. (3.3)
We now show that there exists a full density subset
A(h) C{(¥). Ej) |a < E; < b}
such that for all ¥; € A(h) andall A € \Ilg with symbol a = 0y, (A) satisfying (3.1)

lim lim (Agwj, WJ) =0. (3~4)

e—>0h—0

We first do this for one such a € C®°(T*M). Fix ¢ > 0 and let

T(h,e) = {a < E; < b: |{(As¥j, ¥;)| = (Clal|Log)?}.
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Then, by the Chebyshev inequality, (3.2), and (3.3),
7T (h,e)] < (Cellalzoo)?
and for E; ¢ I'(h)
1
{Ae¥y, ¥} < (Cellal|Le)2.
But, by the Weyl law,
IT(h.e)|/I{a < Ej < b} = h?|T(h.&)]/(Vol(p~'[a.b]) + o(1))

< C(|lallze)? + o(1).

Now, let &;,, — 0 and define

L(h) = (T (. em).

Then, I'(h) has 0 density as & — 0. Hence,
A(h) ={a = E; <b}\T'(h)

has full density as # — 0 and has the desired property for the operator a(x, 1 D).

To complete the construction of A (), first observe thatitis enough to consider A €
W, since y/; are microlocalized in p~[a, b]. Then, take a countable dense set, { Az }
of U ° N{A4 e ‘Pg: llon(A)||Lee < 1, 04(A) satisfies (3.1)} and apply a variant of
the standard diagonal argument (contained for example, in [23], Theorem 15.5).

Now, suppose that {/;} C A(h) is a further subset with defect measure . Then,
for A € \112 with symbol satisfying (3.1), we have that

fim (Ao 7) = [ 01t = o(0)

Hence, by the dominated convergence theorem,

/ op(A)du = 0.
U

Since {y;} is a subset of a positive density set of quasimodes on [a, b], there exists
E € [a, b] such that supp # C p~!(E). Thus, we may apply Lemma 6 to obtain the
result. O
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4. From semiclassical to standard quantum ergodicity

For completeness and to present the proof in the quasimode case, we will now pass
from Theorem 1 with P = —h2A to Theorem 3.

Proof of Theorem 3. Let h*A7 = Ej and A = h™', y € C* y(§) = Ofor |§] < 1
and y = 1 for ] > 2, and y. = y(§/¢).

Let Abea homogeneous pseudodifferential operator of order 0 on M with symbol
compactly supported away from dM . Define

ap = a(ff).
Then, a is homogeneous degree 0 on 7*M \ {0}. Hence
ao(x, D)x(D) = ao(x,hD)x(hD/ h).
Now, define 4, € WO(M?) by
Ay = a(x,hD)ys(hD).
Theorem 1 gives, for0 < a < b,

ht Y

hA, €la,b]

—0, h=1"T1->0.

p~Y(E))

(Aa‘)”j’ Wj) _][ . Uh(Ae)dﬂEj

Since 0j,(As) = ao(x, &) x(£) and ap is homogeneous degree 0, we have
fo onttodue, = f o(du+ 0.
P~ (E)) S*M

Hence, we need to show,

;i_rf(l)lim sup h? Z (A= Ay 95) = 0.
h—0 hij€la,b]

By Holder’s inequality, Lemma 2, and [6], Lemma 2.2,
R (A= Ay 9))

hij€la,b]
d ~ 5 1/2
<c(rt 3 WA-A9v1?)
hij€la,b]
d n 2\ /2
=c(n® Y 1A A0uIP) " + o)
hij€la,b]

< Cllon(Ad — Ae) 21 (appyy + 0 (D).
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We observe
lim [0 (A = Ao)ll 2251 a1 = 0-

Thus, for any § > 0, we have

limsuphd Z (gwj,l/fj) —][ a(léf)d,uL = 0.
h=>0 " pa els.] S*M
All that remains is to show that
lim lim sup /¢ (ffw-, Vi) —][ O—(A\)d/_LL = 0.
§—>0 po Z R S*M

hA €[0,8)
Letting
ao :][ o(A)dur,
S*M

and applying the Weyl law, and the Holder’s inequality we get

d n - d ~ 2\ /2

h3T WA —aol < (kY (A —ao)y;IP)
hi;j€[0,8) hi;j€[0,8)

= 0N (A~ ao)ll 22 + Os(h).

Once again, to obtain the full density subsequence, we employ a standard diagonal
argument. O

We may also make similar arguments to those above to pass to the homogeneous
setting for Theorem 2. In this case, we obtain Theorem 4.

Proof of Theorem 4. Let
UZ{(x.6)eT*M: (x,£/|E]) e U}.

Then, U satisfies (1.4) and (1.5) for any 0 < a < b. Hence, by Theorem 2 there
exists

Ag(h) C {hA; € [8.1]}

of full density such that for all {y;} C Ags(h) with defect measure j, there is an
E € [§, 1] such that

suppu C SE M and “lﬁmng) = C“Elﬁmng’

where
SEM = {(x.§) e T*M: |§] = E}.
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Now, fora € C*®(T*M \ {0}), homogeneous of degree 0, ¢ > 0 small enough and
Xe as in the proof of Theorem 3

[ aysdue =/A adpg 2/ adpr,
UnsiM UnsSiM U

and hence the homogeneous defect measure, p of has |y = cup|u.
But, by the Weyl Law, 14 |{hA; € [0,8)}| = O(8¢). Thus, letting

Ay = [ As(h,

§>0

we have that A(h) C {hA; € [0, 1]} has full density and for all {/; } subsequences of
A(h) with homogeneous defect measure j, there exists ¢ > 0 with u|y = cur|u.
O

5. An example

We now present an example to which Theorem 4 applies. Let 2 be a symmetric
mushroom billiard, as in [3], composed of a hat that is a semicircle of radius 1 and
a base that has width w and height /# (Figure 1 shows such a mushroom with two
billiard flows). Then S*2 has a subset U satisfying (1.4) and (1.5); see [3]. Let

Unk = sin(n6)Jy, (o, k1)
be the eigenfunctions of the Dirichlet Laplacian on the semidisk. Here J, denotes

the Bessel function of the first kind of order n and «,, k the k™ positive zero of J,,.
From [15], Appendix A, we have that for 0 <y < 2,z € (0, 1 —n”_?)

0 < Ju(nz) < 2—"”3.

Also, from [16], we have for 0 < k < C2n that n < oy x < Cn for some C > 0.
Thus, J, (ot 17) = 0(2_”W )forr < 2C
Now, Suppose 0 < w < z=. Then, let y € C*°(2) with y = 01in |r| < 4C and
y=lin|r| > T‘ Ifwelet
Un.k = XUn ks
for 0 < k < c»n, and extend by 0 outside of the hat of €2, then v, x are quasimodes
for the Dirichlet Laplacian on €2 with

nv/3

(A —ap vk = 027",
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—Cn?/3
Cn"7y Hence,

—_Ccnv/3
Cn )

Now, by the orthogonality of u, ., v, x are orthogonal up to O(e

{vn x} are a family of %”H)

error. Thus,

almost orthogonal quasimodes with O(e

{(Vn g0 1), 0 <k <con,n=1,..}

form a positive density set of quasimodes for —A on [0, 1].

Since the v, i are O(n~°) quasimodes, WF}, (v, ) is invariant under the Hamil-
tonian flow (see, for example, [23], Section 12.3). Therefore, since WF (v, x) does
not intersect the foot of €2, the quasimodes must concentrate away from the ergodic
set, U. Thus, for any subsequence of {v, } with a defect measure p, uly = 0.
Hence, Theorem 2 applies and the constant we obtain is 0.
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