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Scattering theory of the p-form Laplacian on manifolds
with generalized cusps

Eugenie Hunsicker, Nikolaos Roidos, and Alexander Strohmaier!

Abstract. In this paper we consider scattering theory on manifolds with special cusp-like metric
singularities of warped product type g = dx? + x~2%h, where a > 0. These metrics form a
natural subset in the class of metrics with warped product singularities and they can be thought
of as interpolating between hyperbolic and cylindrical metrics. We prove that the resolvent of
the Laplace operator acting on p-forms on such a manifold extends to a meromorphic function
defined on the logarithmic cover of the complex plane with values in the bounded operators
between weighted LZ-spaces. This allows for a construction of generalized eigenforms for the
Laplace operator as well as for a meromorphic continuation of the scattering matrix. We give
a precise description of the asymptotic expansion of generalized eigenforms on the cusp and
find that the scattering matrix satisfies a functional equation.

Mathematics Subject Classification (2010). Primary 58J50; Secondary 35P25, 33Exx.

Keywords. Scattering matrix, spectral resolution, generalized cusps, Laplacian, resolvent.

Contents
1 Introduction . . . . . . .. ... ... 177
2 Geometry and spectral theory on the generalizedcusp . . . . ... .. .. 182
3 Spectral theory for manifolds with generalized cusps . . . . . ... ... 189
4 Additional properties of the stationary scattering matrix . . . . . ... .. 199
S Outlook . ... 203
6 AppendiX . . ... e 203
References . . . . . . . . . . L 207

1. Introduction

The study of spectral theory and scattering theory on non-compact manifolds with
ends of various shapes has a long and fruitful tradition in both mathematics and
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physics. One important and extensively studied family consists of manifolds with
hyperbolic cusps. These manifolds first appeared in mathematics in the context of
number theory as quotients of the upper half plane by arithmetic lattices. It was
discovered that the spectral theory on such constant negative curvature surfaces is
equivalent to the theory of automorphic functions and that their scattering theory may
be used to meromorphically continue Eisenstein series [19] and [12]. Later, methods
of scattering theory were applied to the more general case of manifolds with hyper-
bolic cusps that are of negative curvature outside a compact set [12], [16], and [18].
The continuous spectrum of the Laplace operator on such manifolds is known to be
[1/4, o0) and its generalized eigenfunctions are given by the meromorphically con-
tinued generalized Eisenstein functions. The multiplicity of the continuous spectrum
is constant and equals the number of cusps. Another important family of examples is
manifolds with cylindrical ends. The spectral theory and scattering theory of Dirac
type operators on such manifolds play an important role in the Atiyah—Patodi—Singer
index theorem [3] and scattering theory can be successfully applied to describe the
spectral subspaces explicitly [17]. More recently manifolds with cylindrical ends
have been studied from the point of view of inverse scattering in [11]. Here the fact
that the scattering matrix is meromorphic (considered as a function on a certain cover
of the complex plane) is essential. The continuous spectrum of the Laplace operator
on functions for a manifold with cylindrical end is [0, 00); its multiplicity at A > O is
the number of eigenvalues of the Laplace operator on the boundary that are smaller
than A.

In this paper we are interested in orientable manifolds with cusp-like singularities
that can be thought of as interpolating between these two cases. Let (N, ) be a closed
oriented Riemannian manifold and endow the product [1, co) x N with the warped
product metric

g =dx*+x7h, (1)

where a is a fixed positive constant. As x becomes larger the distance between
the points (x, p) and (x, g) becomes smaller and thus geometrically this manifold
will look like a cusp. We will refer to such manifolds as generalized cusps. If we
define @ = 27, where s € (0, 1), the simple change of variables x = (llfsy)l_s
(y € [1 — s, 00)) transforms the metric into

g=10-5*y">(dy* +h).

Thus (1 —s)™2% g tends to a metric of hyperbolic type as s goes to 1 and to a metric
of cylindrical type as s tends to 0.
A manifold with generalized cusp is a Riemannian manifold (M, g) that can be
decomposed as
M = My Up [1,00) x N,

where My is a compact Riemannian manifold with boundary N and [1,00) X N is
a generalized cusp over N. These manifolds are all complete, and may have either
finite or infinite volume depending on a and on the dimension of M.
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Over such manifolds, we consider the Laplace—Beltrami operator on differential
forms. This is defined as

Ay =dé +4d,

where d is the exterior derivative on forms and § is its formal adjoint. Functions over
M are of course zero-degree forms, and the restriction of this operator to functions
is the standard Laplace operator. A general result of Gaffney [6] shows that when
M is complete, the Laplace—Beltrami operator is essentially self-adjoint, so unless
otherwise indicated, we will work with its unique self-adjoint extension in this paper.
For brevity, we will refer to this operator in the remainder of this paper simply as the
Laplace operator.

The Laplace operators associated to manifolds with such generalized cusps have
been studied by previous authors. In [1] and [2], Francesca Antoci identified the
essential spectrum of the Laplace—Beltrami operator on p-forms for such manifolds
by calculating directly on the cusps and using a result of Weyl that states the essential
spectrum is not changed by a compact change to the manifold. In [7], Sylvain
Golénia and Sergiou Moroianu refine these results to determine the multiplicity of
the spectrum of the p-form Laplacian on such manifolds and show that its essential
spectrum vanishes when the p and p — 1 cohomology groups of the boundary vanish.
In this case, they obtain Weyl-type asymptotics for the eigenvalue counting function.
In the cases when there is essential spectrum, they give a limiting-absorption principle.
In fact, the results in [7], [8], [1], and [2] apply to metrics that generalize those in
equation 1 to the situation where 7 may depend on x but is asymptotically constant.
In this paper we focus on the more special case when / is independent of x but we
derive results that are stronger than those that can be obtained through the methods
of [7], [1], and [2]. In particular we construct a meromorphic continuation of the
resolvent, and explicitly describe the structure of the continuous spectrum and the
behavior of the generalized eigenfunctions.

Situations in which the resolvent or the scattering matrix continues analytically
across the spectrum appear quite often in mathematical physics. Our analysis adds an
important example to the class of such problems. Namely one for which the resolvent
admits a meromorphic continuation to a logarithmic cover of the complex plane but
not to a finite cover. This is known to occur in even dimensions on Euclidean spaces
or on globally symmetric spaces of non-compact type and odd rank. Our example,
however, is effectively one dimensional in the sense that the model operator used for
dynamical scattering theory is a second order operator on a half line. The analytic
continuation gives important additional control over the continuous spectrum. As in
the case of hyperbolic cusps and cylindrical ends, the scattering matrix can be shown
to satisfy a functional equation that allows its holomorphic continuation across the
continuous spectrum. The functional equation for generalized cusps has a more
complicated structure than in the hyperbolic cusp or cylindrical end setting, in that it
involves more than only quadratic expressions in the scattering matrix. Thus, whereas
some of our results are similar in nature to the cases of hyperbolic cusps and manifolds
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with cylindrical ends, some important features of the spectral theory for generalized
cusps are quite different. For instance, for generic values of a, zero is a branching
point of infinite order for both the resolvent and scattering matrix. This is in contrast
to the cases of hyperbolic cusps and cylinders, where only quadratic branching points
appear.

The paper is organized as follows. In Section 2 we discuss in detail the spectral
theory of the p-form Laplace operator A, , on the cusp [1,00) x N with Dirichlet
boundary conditions imposed at the boundary, d([1,00) x N) = {(1,¢) | { € N}.
First, we prove that the distributional kernel of the resolvent (A.,, —A)~! continues
meromorphically as a single-valued function to the logarithmic cover of C — {0} with
parameter z, where e = A € [0, 00) is the original spectral parameter. Then, using
separation of variables we explicitly determine the continuous spectral subspace for
this case, as well as the generalized eigensections. In Section 3 we use our results
from Section 2 about A, , together with techniques from stationary scattering theory
to prove the following result.

Theorem 1.1. Let M = MyUy ([1, 00) X N) be an oriented n-dimensional manifold
with generalized cusp, with metric on the cusp given by dx* + x72%h, a > 0. Then
the resolvent (Ap,, — A)~! of the Laplace operator A, acting on p-forms has
a meromorphic continuation from the physical sheet to the logarithmic cover with
values in £(Hy, H-), where Hy = y+ - L2(M,APT*M) and y+ € C(M) is

2
the continuous extension by 1 of the function et T defined on the cusp [1,00) x N.
Moreover, the negative coefficients of the Laurent expansion at any pole are finite
rank operators.

The existence of such a meromorphic continuation with finite rank poles implies
that the spectrum of the operator consists of eigenvalues of finite multiplicities that
cannot accumulate in (0, 0o), together with an absolutely continuous part. In fact this
theorem can be slightly strengthened in order to also describe the analytic structure
of the continuation near A = 0. Namely, using the calculus developed in [15] our
proof shows that the resolvent is Hahn-meromorphic (in the sense of [15]) near zero
with finite rank poles and with values in £ (H 4, H-). This implies in particular that
eigenvalues cannot accumulate near zero. The meromorphic continuation together
with the differential equation on the cusp can then be used to construct generalized
eigenforms. Suppose F#?(N) is the space of harmonic p-forms on N. Our second
main result is

Theorem 1.2. Let M = MyUy ([1, 00) X N) be an oriented n-dimensional manifold
with generalized cusp, with metric on the cusp given by dx* + x~2%h, a > 0. Let
HP(N) be the space of square integrable harmonic p-forms on N, and Ay, p be
the Laplace operator acting on smooth p-forms on M. For any (0, 0~) e HP(N) D
HP~Y(N) andany z € C, there exists a p-form E;(y,0,0) on M, called the u = &*
generalized eigenform of A, with the following properties.
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(1) E;(y,0, é) is smooth in y € M and meromorphic in z € C.
(2) (Apyp—€*1)E;(y.0,0) =0foranyy € M and z € C.
(3) Fory = (x,¢) € [1,00) x N and z € C, there is an expansion of the form

Ex(3,0,0) = x"?HD (e*/2x)0
+ dx A xbr Hl()i)_l_l(ez/zx)é
+ xbr H,(;) (e2x)Cp.- ()
+ dx A xbr Hl()i)_l_l(ez/zx)Cp—l,z (6)
+ W ((x.0).6.6),

where Hl()i,) and Hl(;) are the Hankel functions of the first and second kind, re-
spectively, of order

_an—=2p—1)+1

by 5

and where
Cp,z € End(H?(N))

is a linear endomorphism, meromorphic in z € C, called the (stationary) scat-

tering matrix associated to E;(y, 0, é) The tail term in the expansion satisfies
the estimate

W, ((x,0),6,0) = O(xbr—1—3eCaiT+eoxty o g

where k > 0 is the square root of the smallest nonzero eigenvalue of the p-form
Laplacian of the boundary N. Finally, E;(y,0,0), Cp and V;(y.0,0) are
uniquely determined by the above properties.

Our analysis implies (see end of Section 3) that the absolutely continuous subspace
of the Laplace operator on p-forms coincides with the closure of the span of the set

{/oo E;(-0.0)f(z)dz: f € C(R), 0.6 € HP(N) @ HPH(N)Y,

and that the forms E. (x, 0, 0) are indeed generalized A = e”-eigenforms for the
Laplacian over M in the sense that

Mm/mEﬂﬂﬁUUMZZ/mﬁEwﬂﬂﬂﬁMz

—00

Thus this theorem gives the spectral decomposition of the restriction of A, to its
absolutely continuous subspace.
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In Section 4 we show that the scattering matrix C, , defined in the previous
theorem is unitary, and satisfies a functional equation and a certain commutation
relation with the Hodge star operator. These results are summarized in our third main
theorem.

Theorem 1.3. Let Cp, ; be the scattering matrix defined in the previous theorem. For
any z € C, we have that

Cpz0Cpz =1 (unitarity)
and

Cpz0Cy, =1.
If we denote
an—2p—1)+1
2 9
then the scattering matrix satisfies the following functional equation

bp:

(1 + ezmbp)l - Cp,z) 0 Cpz—2mi = e?mibr .
Also, if x is the Hodge star operator on the boundary N, the commutation relation
*Ncp,z 0) = ezbpmcn—p—l (xn0)

holds for all p < "51.

If e2™b» = —1, then this is the scattering relation for the cylinder, i.e. we have
Cp,z © Cpz—2xi = I. This implies that the stationary scattering matrix descends
meromorphically to the double cover of the punctured plane. We get this reduction
when p = (n — 1)/2, a is an even integer, or when « is an integer and n — 1 is even.
The parity n — 1, which can be interpreted as the dimension of the cross section, N,
is known in the case of hyperbolic-type cusps (e.g. in [10]) to relate to the isolation
of 0 in the L? spectrum of the Laplace operator.

2. Geometry and spectral theory on the generalized cusp

Suppose as before that NV is a closed Riemannian manifold and 1, co) x N is endowed
with the warped product metric

g =dx*+ x72h,

where a > 0 is fixed. The spectral decomposition of the Laplace operator on p-
forms on such a manifold can be determined using separation of variables. We work
with the Friedrichs extension, A. ,, of the operator A, on the space of smooth
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compactly supported forms on the cusp: €25 ((1,00) x N). By standard arguments,
this corresponds to the Laplacian with Dirichlet boundary conditions at the boundary
{1} x N.

Any smooth differential form w € Q7 ([1, 00) x N) can be written uniquely as

o = w1(x) + dx A wa(x)

where w1 is a smooth family of p-forms on N and w, is a smooth family of (p — 1)-
forms on V. This gives a decomposition

Qg ([1.00) x N) = (C5°([1, 00))®QP (N)) & (C5°([1. 00))®QP ™ (N)),

where & is the injective tensor product of the nuclear topological vector spaces. On
the level of Hilbert spaces we have

L?QP([1,00) x N) = (L*([1,00), x "7dx) ® L*QP(N))
® (L%([0, 00), x 77=1dx) @ L2QP~Y(N)),

where the tensor product symbol denotes the tensor product of Hilbert spaces and
Yp =a(n —2p —1). In L2Q*(N) we have the Hodge decomposition

L*QP(N) = #P(N) & Im(dp—1) ® Im(811).

Further, for each p and each eigenvalue ;; > 0 of Ay on L?QP(N), we can choose
wi-eigenforms @), € Im(dn,p—1) and {y/,} € Im(8n,p+1) in such a way that

AN, p-1Vp_1 = i ¥

and such that the sets {¢;} and {y;} form orthonormal bases for Im(dy,,—1) and
Im(dn,p+1), respectively. We can also choose orthonormal bases of harmonic forms

{0;y € HP(N)and {0;} C HP~1(N). We define the spaces of fibre harmonic forms
VEELS 060 o € L2([1,00). x 77 dx))
i

and

Wh £ 1dx A Y Bifi: pi € L2([1.00). x 771 d)).

1

Also, for each pair {(p;,, 11;—1 1, we can define the subspace of L2Q7([1, 00) x N)

“Vl.p & {aigo; +dx A ﬂi‘ﬂ;_l co; € L*([1,00), x "7dx),
:Bi € Lz([l’oo)’x_yp—ldx)}’
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and for each pair of {WI‘;, <p;;_1 }, we can define

Wip = (o W,i, +dx A ,Bﬂpj,_l ca; € L*([1,00), x "7dx),
Bi € L*([1,00), x 77=1dx)}.

Then we have the decomposition:

L2Q7([l.oo) x N) = Vi & Wh & (D) & (@D W?). )

It is straightforward to show that the subspaces 'Vf;f, Wﬁ,, VP and ‘W are invariant
subspaces for A, , in the sense that all spectral projections of A, , leave these direct
summands invariant. This follows immediately as the associated quadratic forms can
be written as direct sums.

Recall that y, = a(n —2p — 1) and set

—o2 4 12g, 0
D, = x
Y 0 _2 4 Ly,
X
0 0
X

and

0 1
U= 20 o]

The Laplacian takes the following forms on the subspaces above:

Ac,p|v;’(,@w§€ = ‘Dp + f""p’ 3

2a
Ac,p|vl.1’ = Dp + Ap + x> 1 + «/Vvi?U,
and

Ac.plwr = Dp + Ap + wix@I.

2.1. The spectral theorem for generalized cusps. The following is a detailed anal-
ysis of the continuous spectrum on the generalized cusp and a description of the
spectral subspaces.
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Theorem 2.1. The absolutely continuous spectral subspace of A, p is
def
HE =V, & Wy,

In particular the spectrum of Ac,p restricted to (H2): = (@, VF) & (P; W?) is
purely discrete. Thus, the resolvent (A , — M) 1 restricted to the discrete spectral
subspace is a meromorphic family of compact operators parametrized by A € C.

Theorem 2.2. Suppose HP(N) ® HP~Y(N) has non-zero dimension. Then the
Laplacian A, restricted to the space HY. = V5, & Wy, has domain

Dom(Ac ) = (S ® HP(N)) @ dx A (S Q@ HP™L(N)),
where

S = {a(x) € L*([1,00), x "7 dx):
AW, (xPra(x)) € L2([0.00). dpp, (1))},

S ={B(x) € L*([1,00), x“¥7—1dx):
A2 Wy, 1 (x7PP=1B(x)) € L2([0. 00), dptp,_,—1(A))}.

Wy, denotes the Weber transform of order b (see the Appendix), and

A

The spectrum of A¢ , can be decomposed as

Usign(AC,p) =0,
Uac(AC,p) = [Os 00),
and

Ucont(AC,p) = [0, OO)

Finally, restricted to HE, A, , has the following spectral decomposition:

Acp(af 4+ dx A BO) = xb» W, (A2 Wy, (777 (1)))6
+ dx A xbr Wyt (AP W, (17 P=18(1)))8.
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Proof of Theorem 2.1 and Theorem 2.2. To show that the spectrum of A, , restricted
toV §€ @ W§€ is absolutely continuous, we first note from equation (3) that the operator
Ac¢,p — A decouples completely on this space, since the operators D, and +4, are both
diagonal. Thus it suffices to consider how A. , acts on a form «; (x)6; or a form
dx A Bi 6; (x). We may transform the eigen-equation in these cases using the changes
of variables

o (x) = X" fi(x),  Bi(x) = xPrrgi(x),
where
_vpptl aln—2p—1)+1
2 2 '
Then divide the f; equation by —x?» and the g; equation by —x?»—1. This turns the
eigenform equations for ¢; and f; into transformed Bessel equations:

by

4 1 / b;
-G =

and " )2
1 1 —1
7 / 14
-8 — ;g,’ + [T —/\]gi =0.

Thus for any A > 0 we have generalized eigenfunctions of A, , |V5€ oWl of the form

( xbr Gy, (A, x)0

), 6,0 €3P(N)® HPHN),
xbr=1Gy (VA x)G) ™) )

where G, /7(x) is the cylinder function of order b (see the Appendix). Using the
properties of the Weber transform of order b, we can refine the description of the
absolutely continuous part of the spectrum of A, , to the spectral Theorem 2.2. This
shows that the multiplicity of the continuous spectrum of A, , |V5€ oWs, for A > 0 is

dim(HP(N)) + dim(HP~1(N)); see also [7].

Proving that the resolvent for the Laplacian on ('Vf,’e @ W;)J- extends meromor-
phically to C as a family of bounded operators in the Hilbert space is equivalent to
showing that its spectrum on this subspace is discrete. We will do this by showing that
the spectrum of A, restricted to "Vl.p and 'Wl.p is discrete and that the first eigenvalues
on these subspaces tend to infinity as i — oco. Note that both operators are of the
form

Dp + pix® + Vi(x),
where V; = A, + mgu, k > 01is a constant, and D, is positive. We know that
x2% — +o0as x — 00, so the operator D, + u; x2¢ is the Laplacian plus a potential
that grows at infinity. Reflecting through x = 1, we reduce to the standard theory (see,
e.g. [21], vol. 4), to show the operator has compact resolvent and discrete spectrum.
Further, since V; (x) is relatively form-bounded with respect to D, + u; x>%, we also
have that A, restricted to both 'V and W/ has compact resolvent. Thus overall,
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A, p has discrete spectrum on 'Vip &) 'Wip with no possible accumulation points except
at 0o. Since u; — oo as i — oo the lowest eigenvalue of the matrix valued function
pix*® + Vi(x) is easily seen to be bounded from below by u; — k' /i; for some
k' > 0 and all x > 1. Therefore, also the lowest eigenvalue of A , restricted to
VP & WP tends to 0o as i — 00, so the spectrum on the infinite sum of V7 & W/
is still discrete. O

2.2. Meromorphic extension of the resolvent. Using the spectral decomposition
from Theorem 2.2 and the definition of the Weber transform, we get an explicit formula

for the kernel of (ch p— u)_1 on its absolutely continuous subspace in terms of the
Bessel functions Y} and Jj. To do this, for u € C \ [0, 00), note that we have

(Ac.p —u) (@b + dx A BO)

1
) -1 _b
= X" W, (/\2 _qup(t pa([)))e
_ 1 B }
+ dx A\ xbp—l Wbpl_l—l(mwbp_l—l(t bp_lﬁ(t)))e‘
If we let R,
mp(A,u, x,t) = p(A, x)Gp(A, 1)

A2 —u () + Y2(h)

and assume that or, B € C5°([1, 00)), then this becomes

(Ac.p —u) " (b + dx A BO)
_ % by 1-b,
= (/ / x°rt mbp(/\,u,x,t)oz(t)dtdk)G
o Ji

+dx A (/ / Xttt ==ty i x 0 B() dzd/\)é.
0 1

This formula can be used to construct a meromorphic continuation of the resolvent
of the operator using contour deformation similarly as in [23]. The integral over A
may however be explicitly computed, because the operator we consider is unitarily
equivalent to a direct sum of two Sturm-Liouville operators on the half line. Thus,
we have an explicit formula for the resolvent in terms of the fundamental system

Gp(Ju, x), ngl)(x J/u). Here Gy (4/u, x) satisfies the boundary conditions at 1 and

H lfl)(t Ju) satisfies the L? condition at infinity. In this way one obtains for the
integral kernel of the resolvent

(Ac,p — u) (@b + dx A ,35) = / xb”t_bprbp(u,x, Ha(t)dt 0
1

(X) ~
+/1 xPrt=trry  (u,x,0)B(t)dt dx A D,
4)



188 E. Hunsicker, N. Roidos, and A. Strohmaier

where
avit [V @), 1<x <1,
1
2H" (V) Gy(Vut, HH (xJu), 1 <1 <x.

rp(u, x,1) =

Here n%/ﬁ H Igl) (1/u) is the Wronskian of the two solutions. The above formula may
be checked by direct computation applying the differential operator to the integral
kernel above. The Hankel functions are not holomorphic at zero but lift to holomor-
phic functions on the logarithmic cover of the complex plane. We therefore make
a change of variable u = e? to account for that. With the convention Jez = e?/?
the functions r, (e?, x, 1) are then meromorphic functions with poles at the zero set

of H ;1)(62 /2). Now of course the resolvent does not continue meromorphically as a
family of bounded operators on the original Hilbert space but merely as a family of
operators between weighted L2 spaces. More precisely define

x2
H;;,ij =eT 2 (V) d Wh).

By the asymptotic behavior of Hankel functions (see Appendix, Section 6.2) and
their complex derivatives it is easy to see that the equation (4) defines a meromorphic
continuation of

(Ac,p — e?)”!
as a function with values in 8 (H ;2, H ;2, _) to the entire complex plane with at most

simple poles at the points z where the ngl)(ez /2) vanishes. Because A, p restricted
to (H2)™ has discrete spectrum, its resolvent family can also be lifted trivially to the
logarithmic cover. Thus, putting the two families together yields an extension of the
resolvent family for the entire operator A, , to the logarithmic cover. Thus, if we
define the weighted L2-spaces

o FAZ
HY =eT7 L*([1,00) x N, A”[1,00) x N),
then the holomorphic family of operators
(Ac — ez)_l

defined on {z | Imz € (0, 27)} extends to a meromorphic family of operators with
values in B(H?, HP) on the entire complex planes with at most simple poles of
finite rank at Z,, U Zp, _,, where

Zp = {z |[HV(e/?) = 0}.

It was shown in [15] that the Hankel functions are Hahn-meromorphic at zero. Thus,
the above also implies that the resolvent continues near zero to a Hahn-meromorphic
function with values in 8(H?, H?).
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3. Spectral theory for manifolds with generalized cusps

We can use the description and properties of the extension R;(A.) of the resolvent on
the cusp end (A, = > » Ac,p) to prove that the resolvent operator for the Laplacian
Aps on all of M also extends meromorphically to the logarithmic cover of C \ {0}.
We can then construct generalized eigenfunctions for Ajs and study properties of the
stationary scattering matrix for M. To extend the resolvent, we essentially compare
the Laplacian on M with weighted L2 boundary conditions to the Laplacian on
M with the same boundary conditions at x = oo, but with an additional Dirichlet

boundary condition at x = 1. We keep denoting this last Laplacian by A..

Proof of Theorem 1.1. We use the following construction of the resolvent on M. We
glue the extended resolvent family of A., R, (A.), to the extended resolvent family for
A, with Dirichlet conditions at x = 1 (lifted to the logarithmic cover), R (Ap,),
with smooth cutoffs to make the sum act on all L? forms on M. Let y{(x) be a
smooth cutoff function on R that is zero for x > 1/2 and 1 for x < 5/8. Similarly,
let y2(x) be a smooth cutoff function on R that is zero for x > 3/4 and 1 forx <7/8
and y5 be a smooth cutoff function on R that is zero for x > 1/8 and 1 for x < 1/4.
Lety3=1—y1and yg =1— ys.
Define

def

Q,; = XlRZ(AM())XZ + x3Rz(A¢) xa.

It is straightforward that this is now a meromorphic function on C with values in
£ (H 4, H-) with simple poles and residues that are finite rank operators. Moreover,
on the physical sheet the resolvent family of A,z can be expressed as

RZ(AM) = (1 + Tz)_lczz,

where T, = @,(Apr — %) — I, which is meromorphic with values in £(H_, H_).
By construction 7, has support off the diagonal. We can see this as follows. Note
that

Xix2+ x3xa=1

Also note that the distance from the support of y to the support of V(x2) (and thus
also to the support of [y2, Apr]) is greater than 1/8, as is the distance of the support
of y3 to the support of V(4) (and thus also to the support of [y4, Aps]). Now we get

T; = (Y1Rz(Apo) x2 + x3Rz(Ae) xa)(Ay — %) — 1
= y1)2 + x3x4 + X1Rz(Amp)x2. Am] + x3R(Ac)[xa. Ap] — 1
= Y1Rz(Amo)[x2. Aml + x3Rz(Ac) x4, Am].

The integral kernel associated to T will thus be

Kr.(x,y) = 11() Kz a0 (x, ¥) X2, Ap](y) + x3() Kz e (x, ) xa. Am](y),
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where K, p, and K (x, y) are the integral kernels for R;(Ap,) and R;(A.), re-
spectively. Since the support in x and the support in y are disjoint, the support of K7,
is disjoint from the diagonal. Since 77 is a pseudodifferential operator, this implies it
has smooth kernel, and is a smoothing operator. We can also note that K7, has com-
pact support in y. Consequently, 77 is a meromorphic family of compact operators.
By the meromorphic Fredholm theorem, if / + 7°(z) is invertible at some point, then
in fact (I + 7,)~! is a meromorphic family of bounded operators in £ (H_, H_) with
poles of finite rank. Then the above formula will define a meromorphic continuation,
R;(Ap), of the Laplacian on all of M to the same domain for which R, (Ayy,) is
meromorphic, namely, the logarithmic cover of C — {0}.

Thus it remains only to show that 77, has small norm as an element of £(H_, H_)
for some z on the physical sheet with Im(e*) >> 0. Forsuch z, R;(Ap,) is bounded
as an operator on L?(My) and R, (A.) is bounded as an operator from Hy to H_
by k(dist(z,0(A)))™! < k(Ime?)~!. The operators x1, x3, [x2. A] and [x4, A] are
compactly supported differential operators of degree < 1. Using the usual resolvent
bounds, we get that the norm of the operator 7, : H_ — H_ goesto 0 asIme”* — oo.
Thus the norm of 77, can be made as small as we like, which completes the proof. [

For any z € C and any (6, 0) € #?(N) & JP~1(N) we can use this resolvent
extension to construct generalized e”-eigenforms for Aps, which we will denote
by E;(y,6,0). Recall that on the cusp, the kernel of (A, — u) on fibre-harmonic
forms with no boundary conditions imposed is spanned by forms x®7 JIb,, (Vux)0,
xbr Y, (Vux)0,dx Axbr—i Jp, -1 (Vux)6 and dx Axbr-1 Yp, -1 (JVux)0, where
6 is any harmonic p-form on N and 0 is any harmonic p — 1-form. We can choose a
new basis using Hankel functions instead. We can also express these in terms of the
variable e? = u.

xbr H,S,)(ez/zx)Q, xbr H,gi)(ez/zx)&

bp—1 (D 2.\9 bp—1 7 () 289
dx A x°r lep_l_l(eZ/ x)0, dx Ax°r le,,_l—1(eZ/ x)6.

Note that when z is in the physical sheet, the H (") basis functions are in L2 at infinity,
and the H ® basis functions are not, as can be observed from the Hankel asymptotics
with complex argument recalled in the Appendix.

Now we may define the generalized eigenforms on M. Define a cutoff function
x € C°°(R), such that y(x) =0if x < land y(x) = lifx > 1+ ¢, forsomee > 0
sufficiently small. Set

0, y € My,

wy(y) = .
* $) P H2 (€200 + dx Axbr-1 HP | (22)0). y = (x.0).
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This form satisfies (A¢,, —e?)w, = 0 for x > 1 + ¢, although the form without the
cutoff would not satisfy the Dirichlet boundary conditions of A ,. Then for z in the
logarithmic cover, define a p-form on M by

E.x(3,6,0) £ oy — Ro(Ap) (A — e Dy 5)

Since (Ap —e*I)wy, = 0for x > 1 + ¢, we have that (Ay —e? ] )w, is compactly
supported, so it is in the domain of the resolvent Ry (Ays), and E; ,(y, 6, 0) is well
defined. The p-form E; ,(y, 6, 0) is a generalized e”-eigenform for Ajs because

by construction, E; (v, 0., é) is smooth over M and meromorphic over C. Since
R;(Apy) is the right inverse of Ay — e[ for z in the physical sheet, we have

(Ap — €D E; 4(9,0,0) = (Ay — e 1) (wy — R:(Ap)(Ayr — e T)wy) =0

in this region, and so by the meromorphicity of E, (., 6, é) over z, we have that
(Apm —e“1)E; 4(v. 0, ) = 0 forall z € C.

By our choice of second Hankel functions in the definition, for z in the physical
sheet, i.e. 0 < Imz < s, we have that w, ¢ L?(M,APT*M). The extension of
the resolvent, R;(Aps) is only the left inverse of (Ap — e* 1) for L? forms, so the
family £, ,(y, 0, 0) is not identically zero in this region. This completes the proof
of parts (1) and (2) of Theorem 1.2. ~

We can notice several properties of this family E, ,(y, 0, 0). First, the family
E;  (y,0, é) does not depend on the choice of cutoff function y in the definition. To
see this, note that for difference of families constructed using two different choices
of y we get that

AM(E'Z,)((y’ 0’ é) - EZ,)?(y’ 0’ é)) = eZ(EZ,X(y’ 9’ é) - EZ,)?(y’ 9’ é))
for e? ¢ [0, o). Further, the difference
(Ezx(,6.0) = E 5(v,6.0)) € L>(M, A\PT* M),

These two facts together imply that for such z, the difference must be zero, so the
extensions are equal. Then by the meromorphic dependence of E in z, we get that
they are equal everywhere in C. Thus we may simply write

EZ(y’e’é) d:ef EZ:X(y’Q’é)

for any choice of y. _
Second, for z in the physical sheet, E,(y, 6, 8) differs from w, on the cusp by an
L? form. This is because

Ez(y.0.0) — 0y = —R:(Ay)(Ay — e Doy,
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and, on the physical sheet, R;(Ays) is a bounded map on L? forms, and finally
(Apm —e?I)wy is smooth and compactly supported. Since for such z the basis

elements involving Hankel functions H lfl)(w) form a fundamental system for the
Laplacian on the cusp acting on L? fibre harmonic forms, we obtain an expansion on
the cusp for E,((x, ), 6, 0) for x > 1 + ¢ of the form

E:((x.0).0.0) = xpr;(,i)(ez/zx)Q
Fdx nxP (08
20 HD (€/2),,.(6.0) o
Fdx ATHY) (0,2 (6.6)
(3. 0).0.6),

where
W, ((x.).0.6) € L3 4([1.00) x N, APT*[1,00) x N)
@ L§ 4([1.00) x N.APT*[1,00) x N),
where
L2 5([1.00) x N, APT*[1,00) x N) £ (D V7)
i
and

13 4((1,00) x N, APT*[1,00) x N) 2 (D W?).

i

and where 7, . (0, 0~) and 7, (0, 0~) are in JZ(N) and depend linearly on (6, é).
According to the above decomposition, we write

W, ((x,0),0,0) = ¥y 45((x,0),0,0) + ¥, 5 4((x,0).0.0).

Any generalized eigenfunction E((x, ¢), 0, é) that depends meromorphically on
z and has an expansion of the above type with tail term in L? is automatically equal to
E;((x,£),0,0). This follows from self-adjointness of the Laplace operator. Indeed,
E.((x,0),0,0)—E;((x,0),0, 0) is an L2-form on M for any complex z and it is in
the eigenspace of the Laplace operator with eigenvalue e”. For all z with e” non-real
it follows that

EL((x,0),0,0) — E;((x,),6,60) = 0.

Since the dependence on z is meromorphic the difference vanishes everywhere. Note
that this also proves the uniqueness statement of Theorem 1.2.
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Lemma 3.1. The generalized eigenfunction satisfies the relation

dE;(y,0,0) = E,(y,0,e?/26)
and
SE;(y,0,0) = E,(y,e7%0,0)

and, moreover; the functions 1, , and 1), ; appearing in equation 6 satisfy

”p,z(e’ é) = Flp,z(os 0) = Up,z(g’ 0)

and
Np.z(0,0) = np.2(0,0) = 7p.2(0, 0).

Proof. Since A commutes with d, dE,(y, 0, é) is an e?-generalized eigenform of
the Laplacian. If the tail term W, (y, 6, 6) is decomposed by
W (y,6,0) = W1(3,6,0) +dx A Wa (3,6, 6),
then on the cusp we have
dE:((x.8).6.6)
= dyV1.2((x.9).6.9)
+dx A (3,(xP? H}j} (e?/2x)0 + xPr H,S} (e*2x)1,.. (6. 6))
+ 0 W1,2((x.0).0.6) — dy 2.2 ((x,£). 6.9)
—dx A (ez/szpHg?_l(eZ/zx)e + ez/szpHgQ_l(ez/zx)n,,,z(e, 0))
+dyV1,2((x,8),0,0) +dx A (0x¥1,2((x,0),0,0)
—dn V2,2 ((x.0),6.9)).
where we have used the relations for the Hankel functions
d
S EH @) =" H )
and

d
S EHY (@) = "H2, ).

Here the branch cut of z? is chosen to coincide with the branch cut of the Hankel
functions. By uniqueness and part 1) of Theorem 1.2 applied with p replaced by
p + 1 the generalized eigenfunction E((x, ¢), 0, ¢?/26) has the expansion

E2((x.£).0.¢726) = dxa (/2 HE_ (7/2x)6
+ ez/2xprl();)_1(ez/2x)r~]p’Z ®, é))
+ W2 ((x,0),0,67/%6),
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and by uniqueness in Theorem 1.2 we end up with the equation
dE;(y.0.0) = Ez(y.0.¢7/%0). 9

Comparing coefficients in the expansion we get 1, - (6. é) = 1p,z(0. 0). Exactly the
same argument applied to §E, (v, 6, 8) completes the proof. O

This allows us to define the stationary scattering operator for A,y at z by
Cp.z(0) = 1p.2(6.0). ®)
The scattering matrix Cp ; is uniquely determined by the choice of the solution

H ;2) (z) to define w, in equation (5). Note that since the ¢ in the definition of
the cutoff function y used in this equation can be chosen arbitrarily small, and since
E;(y,0,0) is independent of y, the expansion (6) holds for x > 1. By construction,
Cp,- is meromorphic in z with values in End(# #(N)). This completes the proof that
there is an expansion of the form as claimed in Theorem 1.2. ~

All that remains to show of (3) in Theorem 1.2 is that that the tail term W, (y, 6, 0)
in the expansion of E,(y, 6, ) is not merely in L2, but in fact decays exponentially
in x on the cusp for any z € C. Since

‘I’z()” 0’ é) = qu,d,(g(y’ 9’ é) @ lIJZ,(S,d(y’ 0’ é)s

it suffices to show that W, 4 s(y, 0, é) and ¥, 5 4(y.0, é) both decay exponentially

in x on the cusp. We prove this for the term W, 4 5(», 0, é), since the proof for the
second term is similar, but in fact easier as the equations for this term decouple.

The form ¥, 4 5(y, 6, é) satisfies the eigenvalue equation for Al[j oo)xn, SO by
the decomposition in Section 2, if we set

W, 05((x,0),0,0) = )i’ +dx Ay,

and apply the transformation
o (x) = 272w (x) and B (x) = X771 20 (x),
we get that w; and v; satisfy the system
—w/(x) + P (X)w; (x) + i (x)vi (x) =0, (%a)
=0/ (x) + Ri () v: (x) + gi (V)w; (x) = 0, (9b)

where

Vp()/p+2) z
T4z O

_ 12
Ri(x) = xza'uiz n Yp—1(¥Vp—1 ) _ e,
4x?

Pi(x) = x> uf +
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and

a—1

qi(x) = 2apix

LetY; = (w;(x), v;(x), w;(x),v;(x)). Then we get the equivalent first order system

! . _ 0 1 T ‘731' Qi
Y, =5Y,, where&’ﬁ—((fi 0) andJ,—(qi R ) (10)

The eigenvalues of ¥;, indexed by j, and their corresponding eigenvectors are given
by

P+ Ri /(P — Ri)? + 4q?

() = (1) .

and
2 92
P /\j N A.{P, )Lj)T
A T
qi qi

Si,j = (L

respectively. The matrix S; = (s;.1, i .2, 5i,3, Si.4), then diagonalizes ¥;. The diago-
nal matrix S l._lff?i S; can be written in the form (B; + §;)x%, where B; has diagonal
elements w;, i, —u; and —u;, with p; > 0, and the Hilbert-Schmidt norm of §;
goes to zero when x — oo.

Now apply the transformation
Yi=Si0i
to the system (10) to obtain the equation
0} = (7178 — S7'S) Qi (11)

If we explicitly calculate the Hilbert—Schmidt norm of the matrix S l._l S/, we can see
that it is, like &;, of order o(x?). Hence, if we apply the transformation

xa+l
[ =
a+1
to (11), we obtain
dO;
a’% = (Bi +6&:)0i,

where the Hilbert—Schmidt norm of &; goes to zero when t — oco. We can now use
the following theorem from [20].
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Theorem 3.2 (Perron). Consider the first order n-dimensional system

dQ(t)
dt

= (B +€1)AQ(),

where Q(t) is a column vector and B, &(t) are (possible complex valued) matrices
such that B is independent of t, and the Hilbert—Schmidt norm of & (t) goes to zero
whent — oo (almost diagonal system). Then, the system has n independent solutions
Q;, i €{l,...,n} such that if |Q;| is the length of the vector Q;, then

lim 1 !log|@;| = pi.
1—>00
where p; = Re A;, and A; are the n eigenvalues of B.

From the above theorem, we obtain a system of solutions
O 6 R €9 L (A WA CO) (12)
w0, v )T (w20, v %)) (13)

of (9) satisfying

k K K k i yyatl
IR + [0 * (02 + 105y ()2 + 0] FY ()2 > epelaiTo

and

xa+1

_ _ _ _ _ i
VI @) 2 + 040 + 17 Y (02 + 075 ()2 < epeairtonett

for k = 1,2 and any ¢ > 0 with some constant cs depending on §. The system (9)
can also be written as

where

d? Yo (¥p + 2)
2a:U*i2 T qi(x)
J/p—l()/p—l -2)

4x2

. d2 2a,,2
qi (x) ) + Xy +
The differential operator L can be made self-adjoint by imposing Dirichlet boundary
conditions at x = 1. It then becomes an operator with compact resolvent. Thus,
if /e C{([1,00)) ® C? is compactly supported, (L —e?)~! f will, for large x,
be a solution to (9) that is square integrable and depends meromorphically on z.
This solution can be chosen to construct a fundamental system satisfying the above
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estimates that depends meromorphically on z. By meromorphicity of E (6, é), w;
and v; depend meromorphically on z. When z is in the physical sheet,

W..46(y.0.0) € L3 4([1.00) x N.APT*[1,00) x N),

which implies w; and v; are both in L?([1, o0), dx). If we then expand (v;, w;) in
terms of the fundamental system of solutions, the coefficients depend meromorphi-
cally on z. The coefficients in front of the exponentially increasing terms vanish for z
in the physical sheet. They therefore have to vanish everywhere. Thus v; (x), w; (x)

M a
must be O(e(_a+1 +e)x +1) for any € > 0, which gives

a;(x) = 0()6””/26(_;3;.1 +£)xa+l)

and
My a
Bi(x) = O(x7r—1/2eCadT o™l

for all z. Using a similar argument for the term ¥, 5 4(y, 0, 6), we get the following
bound on the tail term on the cusp

Ko

W, ((x,0),6,0) = O(x7r—1/2eCarr o™y o o ¢

It is worth noting here that C,, ; is not the scattering matrix obtained by comparing
A with A so the notation “scattering matrix” for C, , is a mild abuse of terminology.
The dynamical scattering matrix

Sy € End(H?(N) @ HP~(N))

can be obtained from C,, ,; by

(1) .z/2
Hy “(e*/%)
- ﬁzp) ijz 0
g pr (ez/2)
D,z = (1) 2/2
0 pr_l_l(e )
1,z

——C,_
HY @)
The paper [22] contains more details about the relationship of stationary to dynamical
scattering theory. In particular existence and completeness of the wave operators in
dynamical scattering theory follow from the fact that the difference (A, + 1)™" —
(Ap + 1)™" is a trace class operator. Using an analysis completely analogous
to the one by Guillopé [9], one can also obtain the generalized eigensections of
Theorem 1.2 by applying the wave operators to the generalized eigenfunctions that
span the continuous spectrum of A.. As mentioned in the introduction, this implies
that the continuous spectral subspace is the closure of the span of

{/w E,(-0,0)f(z)dz: f € C°(R), 0.6 € HP(N) @ HP~H(N)}.
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In order to be self-contained we give here a short argument that proves this with-
out relying on time-dependent scattering theory. Let ¢y € C§°(M,APT*M) be a
compactly supported smooth section. Since the resolvent has a meromorphic contin-
uation, Stone’s formula implies that the spectral measure (¥, dE; V) is given by

(Y. dELY) = (¥, Fa(¥))d A,

where ]
Fu() = z—m(Ff(W) — F (),
is given by

w ol -
FE@) = lim o ((Aw,p = A F i)™y

&

Since this is a distribution of order 0, the only contribution of poles to the spectral
measure are Dirac measures. These Dirac measures will give rise to eigenvalues of
finite multiplicities that cannot accumulate in (0, co) because poles do not accumu-
late there. The continuous spectral subspace is therefore the closure of the span of
elements of the form

/_ Fy(¥) f)dA,

where f € CS°(R™) is supported away from the poles of the resolvents and ¥ €
Cs° (M, APT*M). The statement about the continuous spectrum follows if we are
able to show that away from poles, each Fe:z () equals some generalized eigensection
E-(0(¥).0(V)).

To show this, let zg be a point on the real axis that is not a pole. Then each Fez ()
is holomorphic near zy and satisfies the equation (A — e?) Fz () = O there. By
uniqueness of generalized eigensections it is now enough to show that

FEW) = (PP HP @700 + de axPr B2 (P00) + 0L ).

where @et (¥) is square integrable for z near z,.

Let y € C°(M) be a function with support in [1, 00) x N depending only on x
such that the support of y has positive distance from the support of ¥ and such that
1 —x € Cg°(M). Since zg € R, there are values of z near zo for which e is in the
physical sheet (i.e., z is in the resolvent set). For these z, the section )((Fe}L (¥))isin
the domain of both Aps and A, and therefore

XEEW) = (A =) (Ay — ) (X (FEW))).

However, this relation is holomorphic and is therefore also valid at zg.

By the properties of the resolvent on the cusp shown earlier, this proves that the
restriction of F;{ () to the cusp can be written as a sum of two terms, one of the
form ~

(xbr ngi) (e?/2x)0 + dx A xbr-1 ngj)_l—l (e7/%x)0),
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and another one meromorphic with values in L2. Since F :Z' () is holomorphic this

function is necessarily regular near zo. Thus, indeed Fez(Y¥) = E(0(v), 6 V)),
where (0(v), 0(¥)) can be read off from the asymptotic behavior of F ;Z' () on the
cusp as x — 00.

4. Additional properties of the stationary scattering matrix

The stationary scattering matrix Cp_; of Theorem 1.2 has properties similar to the
scattering matrices in the cusp case, but with some interesting differences. In this
section, we use the rest of Theorem 1.2 in order to explore these properties. In
particular, we prove that Cp, ; is a unitary endomorphism and find its functional
equation. The main idea for the proof of the unitarity is the well known behavior of
E.(y,0,0) at infinity along the cusp of M. For the functional equation, the proof is
based on the uniqueness from Theorem 1.2. Finally, we can use this uniqueness to
find the commutation relation between Cp, , and the Hodge star operator. The results
of this section are recorded in the introduction as Theorem 1.3.

We begin with the unitarity claim in Theorem 1.3. Consider the manifold
M; = My U ([1,1) x N),

for some ¢ > 1, together with the inner product (-, -) 57, induced by the metric g when
it is restricted to M;, namely

(v, w)pm, =/ vAxw, v,w e QY(M,).
M;

Since E,(y, 0, 0) is in the kernel of Ays — eI, we have the equality

((AM - eEI)EE(y’ 9’ 0)’ EZ(y’ 9’ 0))Mt
= (EZ(y’ 9’ 0)’ (AM - CZI)EZ(y, 9’ 0))Mt’

which implies
(AmEz(y,0,0), Ez(y.0.0)m, — (E2(y.0.0), AMEz(y,0.0))m, = 0.
For any v, w € Q7 (M,) we have the following Green’s formula (see [5])
(Apru, w)pr, — (U, Aprw)n,

=/ UNRdw —w A xdul + 06U A *xw — Sw A *1i.
oM
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If we apply this to the previous equation we get

/ (B=((x.£). 0.0) A %dE5((x.£). 6.0)
NI E((x,0).0,0) A #d Ex((x,0),6,0)

_ (14)
+ SEZ((X’ é‘)’ 07 O) A *EZ((X’ é‘)’ 07 O)
—8E;((x.0),6,0) A xEz((x,0),6,0) = 0.
Let us use the notation
frz(x) = xPPHL) (/7).
fo2(x) = xPPH (/7 x).
Then,
E((x.£).0.0) = f2.260 + f1,:Cpz(0) + W ((x.0).6.0),
for x > 1. By the expression of g on the cusp and Theorem 1.2, we have
dEZ((x’ é‘)’ 07 O) ~ dx A (axf2,20 + axfl,ch,z (9))’ (158-)
*dEz((x’ é‘)’ 6’ O) ~ x—yp *N (afo,ze + axfl,ch,z(e))a (15b)
*E2((x.0).0.60) ~ (“D)Px77dx Ay (220 + f12Cpz(8)). (150)
and
SE;(6,0) ~ 0,
where y, and b, are defined in Section 2. Hence, equation (14) becomes
fim | (220 + 112Gz (0) A X7 ww (Ox f2.20 + 92 f1.2Cp(0))
- xX=t
(f2.20 + f1.:Cpz(0) AxT77 5y (32 f2.20 + 05 f12Cp2(6)) = 0.
(16)

Since the scattering matrix is holomorphic and unitarity is a holomorphic condition,
it is enough to prove unitarity in a nonempty open set. We therefore restrict the proof
to the physical sheet, where equations (21) and (22) of the Appendix hold. We obtain
the following asymptotic behaviors

[2 .z
fl,z(t) ~ _typ/ZCle /2te—z/4(1 + 0(6_2/2[_1)),
T
2 /2 —ie?/2t _—z/4 —z/2,—1
Sz (t) ~ [ =1"""%e e # 4 (1 + 0@y,
s

/2 -
0: f1,2(2) ~1 Zez/4vp/200e /2(1 + O(e_z/zt_l)),
T
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and
/2 z/4,yp)2 —ic?/2 —z/2,.—1
At f2,2(2) ~—i ;e t’r/%e 1+ 0™ #t7)).

If we take the limit of equation (16) as 7 goes to infinity and use the previous asymp-
totic expansions, we find that all the terms in equation (16) that contain exactly one
occurrence of a scattering matrix cancel out. The non mixed terms remain and are
constant in 7, and thus give the relation

.
+—((6.0)y = (C2(6). Cpz(B)) = 0O,

which proves the unitarity of Cp ;.
We may note in addition the following. Since

HY (Ax) = HP (Ax)  andHP (Ax) = HL” (W),

by Theorem 1.2, on the cusp we get

E.((x,0),0,0) = xbl’ngL)(ez/zx)é + xprgf(ef/zx)cp,z(e) + W, ((x.0).0,0),

and

Ez((x.0). Cpz(8),0) = x"? H) (7°2)C, 2 (0) + X" H) (67/°X) Cpz 0 G, 2 (0)
+ Uz ((x.0),Cp,z(6),0).

Comparing the above equations, by using uniqueness from Theorem 1.2, we get that
Cpz0Cpy.(0)=0. )
Next we use the uniqueness of E,(y, 8, 8) in Theorem 1.2 to derive the functional

equation for C, ; that forms the second part of Theorem 1.3. By Theorem 1.2, we
find on the cusp

Ez—2mi((x,£),6,0) = xPP H? (/> 7x)0 + xP7 D (/> x) Cp i ()
+ qJZ—ZJTi((x7 é—)a 9’ 0)

Using equation (23) of the Appendix this gives on the cusp
E;27i((x.0),6.,0)
— _einbpxbp Hl();) (ez/2x)0
+ x"7 (2 cos (whp)Hy,) (*/2x) + &P H) (e7/72)) Cpyzmai (0)
+ qJZ—ZJTi((x’ é‘)’ 07 O)
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Both E,_»i(y,01,0) and E;(y, 65, 0) are e? eigenforms for any p-forms 6; and 6,.
Setting #; = 6 and 0, = e~ bp Cp,z—25i(0), the terms in the expansion containing
Hl()i) (e?/2x) coincide. By uniqueness of the expansion, we get
E; 27i(y,60,0) = E;(y, e—in’bp Cp,z—Zni(Q)v 0).
Comparing coefficients in the two expansions gives
e_inbp Cp,z o Cp,z—zm = 2cos (”bp)cp,z—zm - ei”bp,
which can be further simplified to the functional equation

(1 +e*Pr)id — Cpz) © Cp o = P7id.

Finally, we again use the uniqueness from Theorem 1.2 to prove a commutation
relation between the scattering matrix and the Hodge star operator on N that is the
third part of Theorem 1.3. Apply Theorem 1.2 to the case of n — p forms, i.e.
(0.6) € H""P(N) @ H" P~1(N). Since the Hodge star operator commutes with
the Laplacian, *E,(y, 0, 0) is an e®-eigenform of A acting on p-forms. We assume
here that p < % so that b, > 0. By equation 15, if 6 is a p-form on N then

sp Ez((x,0),6.0)
= (=1)Px7" T dx A HP (2x) n 0 + i (€7/2%) 5n Cp 2 (0)]
+ *m W, ((x, ). 0,0).
The form 0 is an n — p — 1-form, so by Theorem 1.2,
Ez((x,),0, (=1)7e?™ s 6)
= dx Axbror HY (@20 (=1)Pebr ™y
HHY 20 C oz (1) oy 0)]
+ Wy, ((x.0),0,(=1)PePr™ xy 0)
= (=1)Px7VPTlr gy A [Hl()i)(ez/zx) xy 0
+ 2P MH (e%/2x) G pot 2 (4 6)]
Wy, (0.0, 0, (< 1)Pebr iy 6).

We have used that b, —y, = 1 —-b, and 1 — b,_,_1 = b,. Comparing these
expansions, we get the relation

>chp,z (0) = 62bpmcn—p—l (*N 0)
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S. Outlook

Both the resolvent as well as the scattering matrix for zero energy were shown in
this paper to have meromorphic continuations to a logarithmic cover of the complex
plane. The type of singularity appearing near zero inspired the second author and
J. Miiller in [15] to develop a framework to deal with resolvents near such logarithmic
branching points. This framework of Hahn-holomorphic functions fits very well with
the results of this paper and is expected to also apply to manifolds that look like cones
at infinity or even to asymptotically Euclidian manifolds.

In recent work, the first author and D. Grieser have developed a pseudodifferential
operator framework that permits the construction of parametrices for the Laplacian
on the manifolds considered in this paper in the special case when a € N. Whereas
the functional equation clearly simplifies in the case when a is an integer the general
formulas show even an analytic dependence on a. It is thus natural to ask if a more
general pseudodifferential operator calculus would be suitable for tackling spectral
problems in settings such as the generalized cusp and which would reflect the analytic
properties of the Hankel functions near zero. Our analysis would be an important test
case for such a calculus.

6. Appendix

6.1. The Weber transform. The Weber transform decomposes functions in an ap-
propriate domain of functions on the half-line [1, c0) in terms of cylinder functions
for A € [0, 00):

Gp(A.x) = Y5 (1) Jp(Ax) — Jp(A)Yp(Ax),

where as usual, Jp and Y}, are the Bessel functions of order b of the first and second
kinds, respectively. The cylinder function G (A, x) is a generalized A2 eigenfunction
for the operator
. ad b?
B o _82 _x + —
b Toox o x2?
on the interval [1, co) with Dirichlet boundary conditions at x = 1. Formally, there-
fore, if a function f on [1, co) satisfying Dirichlet conditions at x = 1 is written in
terms of Bj generalized eigenfunctions as

f@%=A ¢()Gy (. x) ()

for some spectral measure dup(A), then when we apply Bp, to both sides we will get

wwxm=A 225 ()G, x) dpup(A). (17
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That is, the transformation of f into its spectral coefficient function g should turn the
operator By, into the multiplication operator by A2. This can be made rigorous, and
gives us the Weber transform. In this Appendix, we will briefly recall the definition
and properties of the Weber transform and its inverse. The material in this Appendix
is treated in greater detail in [25] and [22].

We first define the Weber transform for smooth compactly supported functions in
the “space” variable x € [1, 00) using the geometrically given measure x dx.

Definition 6.1 (Weber transform). Let f € C5°(1, 00). For any real b, define the
transform W, ( f) of f to be the function

Wa(f)(A) = /1 F(0)Gy(h. x) x dx.

We want to determine the correct measure for the inverse transform. For this we
use the Weber integral formula, see Section 14.52 in [25]).

Theorem 6.1 (Weber). Let h € C5°(0, 00). Then

h(u) = (/Oooh(k)Gb(/\,x)/\d/\) Gp(u,x)xdx. (18)

1 oo
Jbz(u)+Yb2(u)/1

If we set

k(u) = (J5 ) + Y7 u)h(),

then k € C§°(0, oo) if and only if 4 is, and we can rewrite (18) as

o0 o0 A
ku:/ / k(AMGp(A, x)—————dA | Gp(u, x) x dx. 19
(u) 1 (0 (M)Gx( )Jbz(/\)Jrsz(k) )b( ) 19
Thus we define the inverse transform for k € C§°(0, oo) by:
(W o) (x) g/ k(A)Gp(A. x) dup(2), (20)
0
where
A
dup(d) =

Zm+rEm

We can rewrite (19) as
Wy (W, Dk =k, k€ C§°(0,00).
In [24], Titchmarsh proved the opposite composition gives the following identity.

Theorem 6.2. Let [ € C§°(1,00). Then Wy ' W, f = f.
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We can extend these theorems to L2 spaces to obtain the following result.

Proposition 6.3. The inverse transform extends to a bijective isometry
Wb_l: L?([0, 00), dup(L)) — L3([1, 00), x dx)
with inverse Wy,

Proof. To show that the inverse transform extends to an isometry onto a subspace of
L?([1,00), x dx), it suffices to check that it is an isometry for g,k € C§°(0, 00).
This is seen as follows:

(Wb_lg’ Wb_lk)Lz([l,oo),xdx)
-/ ( / g(A)Gb(A,x)dub(A)) ( / k(u)Gb(u,x)dub(u)) xdx
1 0 0

= [Teor ([ ([ kot 00din)) Goh.x) e ) s

by Fubini’s theorem. Now let h(u) = k(u)/ (Jbz(u) + sz(u)). This is still in
Cy°(0, 00), so using (18) we get

oo
(Wy ' g Wy ' h) 121 00) xd) = /0 g (5 (A) + Y7 (A)h(A) A dA

= (£, 5) 12(10,00),d1 (1))

The map W, ! is surjective because it is an isometry and by Theorem 6.2, its image
contains the dense subset C£°(1, 00) C L2([1, 00), x dx).
O

We also have the following additional properties describing how the Weber trans-
form interacts with operators of relevance to this paper:

Lemma 6.4. (1) The domain of By, in L*([1,00),x dx) consists of f such that
A2W, f € L*([0, 00), dpup(A)). For such f, Wy (Bp f)(X) = A2(W,, f) (D).

(2)Let 6,0 HP(N)DHPY(N)anda(x), B(x) € L?([1, 00), xdx) such that
o =Wy, aand f = Wbp_l_lﬁforsomed,ﬁsuch that \*& € L*(]0, 00), dp, (L))
and 2B € L*([0, 00), djp,_,—1(X)). Then

A(xPP b + dx A xPr—180)
= x"" Wy, A2@)0 + dx A xPr=1W, _ 1 (A*B)0
€ L%([1,00) x N, APT*[1,00) x N).

Proof. These follow from the local coordinate form of A and from equation (17),
which holds for g € C§°(0, 00) by bringing By inside the integral, and extends to
the domain of Bp by continuity. O
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6.2. Asymptotics of Bessel functions. In this section, we recall identities and
asymptotics of the Bessel functions J and Y3, as well as the Hankel functions H lgl)

and H 152), and their extensions to the logarithmic cover of C \ {0} (see, e.g. [4]). We
have the following asymptotic estimates. First, for |z| — oo, we have

Jb(z)—>,/ cos Z———%) asz —> oo for [pv(z)|<mw—§
and
Yb(z)—>‘/ s1n Z———Z) as z — oo for [pv(z)| < w — 6,

where pv denotes principal value. In addition, for any path to infinity along which
pv(z) € [-m + §,2m — §] we have the estimates

2\12 (o br oy e g ak(b)
H @)~ (=) D Y ik @)
k=0
and
2 1/2 . b _ 1w s a (b)
) —i(z—bE-T) N
H N<E) e EF D 3 () o (22)
k=0

These imply in particular that for real A > ¢,

‘Gb(k,x)Gb(/\,t)
JEA) + Y2 Q)

A < e(e) ()2,

We also recall that H ISI)(Z) = H1(72) (2).
For |A| — 0, we have for real A < K

1
Ty(h) —> m( )(1+0(A2+b)) as A — 0
and
Yp(h) —> $< ) (1+0A27b))  asi — 0.
Thus

p|(xt)? — (’t—c)b - (f—c)b + @] ifh >0,
cp|Inx||In¢| ifb =0,

Gb(k,x)Gb(/\,t)A‘ _
Jbz(k) + sz(/\) -
Cp if b <0,

for an appropriate constant ¢ > 0, x,¢ > 1 and A € [0, ¢].
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The Bessel functions J; and Y have meromorphic extensions J~b and Y, » to the
logarithmic cover, C, of C \ {0}. If e’ = A, then for Im(s) € 27k, 27w (k + 1)),

and

and

Ty () = 7 Iy (s)

~ . b
Yy(A) = e 27y, (s) + 2i sin(anb)MJb(s).
sin(zb)
Also, if —1 = e™'7_ then
ngl)(—z) =2cosmh - ngl)(z) + e_i”legz)(z) (23a)
HP (=2) = ™ H{ (2), (23b)

which hold for any b € C (by taking the limit when b is an integer) and any z in the
logarithmic cover (i.e. replace z with e*, s € C). Finally, we have in case b > 0:

(1]

H(_lg(z) = ebi”ngl)(z) and H(_ZIZ(Z) = e_bi”Hlfz)(z).
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