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On the distribution of perturbations
of propagated Schrodinger eigenfunctions

Yaiza Canzani, Dmitry Jakobson, and John Toth!

Abstract. Let (M, go) be a compact Riemannian manifold of dimension n. Let Pg(h) £

—h?Ag + V be the semiclassical Schrodinger operator for /i € (0, h¢], and let E be a regular
value of its principal symbol. Write ¢, for an LZ-normalized eigenfunction of Pq(h) with
eigenvalue E(h) € [E —o(1), E +0(1)]. We consider a smooth family of metric perturbations
gu of go with u in the product space BX(g) = (—¢,)F C RX satisfying the admissibility

condition in Definition 1. For Py(h) = —h?Ag, + V and small || > 0, we define the

propagated perturbed eigenfunctions

) &t —Lipy(h)

Py =€ Yh-

They appear in the mathematical description of the Loschmidt echo effect in physics.
Motivated by random wave conjectures in quantum chaos, we study the distribution of the
real part of the perturbed eigenfunctions regarded as random variables

Re(go}(l")[(x)): Bk(s) — R, xeM.

In particular, under an admissibility condition on the metric when (M, g) is chaotic, we compute
the 1 — 07T asymptotics of the variance Var[Re(go;l')t (x))] and show that the odd moments
vanish as 7 — 07 as long as x is not on the generalized caustic set where V(x) = E.

Mathematics Subject Classification (2010). 35P20, 58J37, 58J40, 58J50, 58J51, 81Q15,
81Q50.

Keywords. Eigenfunctions, Schrodinger operators, Loschmidt echo, random wave conjecture,
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1. Introduction

Let (M, go) be acompact Riemannian manifold of dimension n with Laplace operator

Agy = 8god : C®(M) —> C®(M),
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and let V' € C° (M) denote a smooth potential over M. For h € (0, hg], consider
the Schrodinger operator

Po(h) & —h>Agy +V, (1)

and let £ be a regular value of its principal symbol

po(x, &) =

g0 + V().

Write ¢, for an L2-normalized eigenfunction of P(h) with eigenvalue contained
in a shrinking interval centered at E; that is, Po(h)pp, = E(h)g, and E(h) €
[E—o(1), E+o(1)].

Consider a smooth family of perturbations g, of the reference metric go with u
in the product space B¥(¢) = (—&, &)  R¥. The number of parameters k > n
is chosen sufficiently large (but finite) so that the admissibility condition on the
perturbation g, in Definition 1 is satisfied. We introduce the associated perturbed
Schrodinger operators

Pu(h) & —h*Ag, +V, 2)
with principal symbol

def

pu: T*M — T*M,  py(x.§) = [EF, 4+ V(x). 3)

Fixt # 0small, independent of /2, and define the perturbed propagated eigenfunctions
(u) &t —Ltp,(h)
o e @h. 4)

The perturbations satisfy (p}(l“t) = @2") (t) where @2") () denotes the solution at time

t of the Schrodinger equation

0 @)
(zha — Pu(h) @y (s) = 0,
@} (0) = ¢y

The aim of this paper is to study the 7 — 0T asymptotics of the distribution of

@ }(lut) , where the latter are regarded as random variables in u € B¥(g). Specifically, we

compute the variance and all odd moments in the semiclassical limitz — 0. To state
our results, we need to define an admissibility condition on the metric perturbations.

Here and throughout the rest of the manuscript we adopt the notation 8, = 0y, |u=0.



On the distribution of perturbations of propagated Schrodinger eigenfunctions 285

Definition 1 (admissibility condition). Let g, with u € B¥(¢) be a C* metric
perturbation of a reference metric go. We say that g,, is admissible at x € M if the
following conditions are satisfied.

A) There exists an n-tuple of coordinates of u, v’ = (uy,...,u,), for which the
Hessian matrices dyde(pu(x,§)) are invertible for all u € B¥(¢) and all £ €
TiM with (x,€) € py'(E — ce, E + ce) where the constant ¢ = c(g) > 0 is
defined in (13).

B) There exists a parameter coordinate u,, a neighborhood ‘W of x, and a function
a € C°(W, R\{0}) such that (‘)’u‘){g;1 (x) = a(x)g(:1 (x) for x € W.

Remark 1. If g, is an admissible at x, then there exists a neighborhood U C M of
x on which condition (A) holds.

We show in Section 5 that the admissibility condition in Definition 1 is satisfied by
a large class of metric perturbations and we also give a geometric interpretation of the
admissibility condition. The tangent space at g¢ to the space of all Riemannian metrics
over M can be decomposed into the direct sum of the space of symmetric 2-tensors
with the fixed volume form dvoly,, and the space of symmetric 2-tensors obtained
by pointwise multiplication of go. We show that the notion of being admissible is
intrinsically related to having n = dim M volume preserving directions in which the
metric go is perturbed (this is condition (A)) and to having one direction in which the
metric can be conformally perturbed (this is condition (B)).

As a model example, suppose one wishes to perturb the flat metric go on the
2-torus T2. Let xo € T2 and in a neighborhood ‘W of xo consider any perturbation
gu With u = (uy,us,us,u”) € B¥(e), k > 3, of the form

g;l(x) = gal(x) + h(ul,uz,u3)(x) + hu//(X), xew,
where

h(ul,uz,u3)(x)

_ ai(x)  bi(x) az(x)  by(x) as(x) 0
=1 (bi(x) —il(x)) T (bim —52(x)) *“3( 0 a3(x))

and h,,~ is any symmetric 2-tensor depending on the left-out variables u” € B¥~3(¢)
and higher powers of u;, u, and us. The perturbation g, is admissible at x( provided
gissmall, az, az,az € C*®°(W), as # 0in ‘W, and the vector fields (a1 (xg). b1(x0))
and (a»(xg), b2(xo)) are linearly independent. We remark that this admissibility
condition is satisfied on open subsets in the space of all C* metric perturbations
on T?2.

We next describe the sense in which the eigenfunctions go;(lut) are regarded as

random variables in the deformation parameters u € Bk(s). Consider a cut-off
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function y € Cgo(Bk(s); [0, 1]) with y(u) = 1 for u € B¥(g/2). We introduce the

normalization constant
‘ -1
cawé(/ fww@ , (5)
Bk ()

and define the probability measure v on B¥(g) by
dv(u) = cp(e) x> (u)du.

The introduction of the cut-off function in the definition of the probability measure is to
ensure that all the integrands we consider, regarded as functions of u, are compactly
supported in the interior of the ball, B¥(¢). This is crucial for the h-microlocal
characterization of the variance in Proposition 5.

We view the real part of the perturbed eigenfunctions ¢ }(lut) defined in (4) as random
variables
Re(goi(l")t x)): Bk (e) — R

depending on the spatial parameters x € M. Since one can study the distribution of
a random variable such as Re(goi(l')t (x)) by understanding its moments, we dedicate

this paper to study the asymptotics of the variance Var[Re(%(l')t (x))] and of the odd

moments [E[Re(go}(l')t (x))]? in the semiclassical limit # — 0.

Remark 2. Throughout the paper, we write that a condition holds locally uniformly
in a set U whenever it holds uniformly on compact subsets of U'.

Our first result holds for general Riemannian manifolds (M, go).
Theorem 1. Let (M, go) be a compact Riemannian manifold of dimension n and let
E be a regular value of po. Suppose g, is a perturbation of go withu € B k (e) C RK
that is admissible at every x € M. Fix a positive integer p € Z*. Then, for ¢ > 0
and |t| > 0 sufficiently small, depending on (M, go) and p, there is ho(t, &) > 0 such
that for h € (0, ho(t, &) and x ¢ V™IUE),
(1) There exists a constant C > 0, independent of h, with

Var[Re(g,, (x))] < C.

(2) For p € Z* odd with p < p,

E[Re(g)”, (x))]? = O ().

These estimates are locally uniform for x ¢ V=1(E).
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Remark 3. We note that if g,, is admissible for all x € M, we prove thatas h — ot,
[ e = o,
Bk(e) 7

provided ¢ > 0 and |¢| > O are sufficiently small. Moreover, this estimate is uniform
in x € M. However, the statement of the corresponding result for the variance in
Theorem 1 (1) requires the asymptotic vanishing of the mean (the first moment) for
which we require the condition that x ¢ V~!(E) (see (8)).

The assumption x ¢ V~!(E) in Theorem 1 is used in the integration by parts
argument in (33) to estimate the odd moments. At present, we do not know whether
the estimates for odd moments away from these generalized turning points extend
uniformly to all x € M. This assumption is vacuous in the homogeneous case IV = 0.

If the metric perturbation g, is admissible, there exist ¢ > 0 and an n-tuple of u-
coordinates denoted by u’ = (u1,...,u,) € B"(¢) for which |dy de paus ury (X, 1)| #
0 at u = 0 provided (x,7) € pO_I(E —ce, E + ce). Using this, we show via an
Implicit Function Theorem argument that one can locally parametrize u’ as a smooth
function of (y,n) € py '(E), u’ = u/(y,n) (see (42)). We write u” € B¥~"(g) for
the omitted parameters and the dependence of u’(y, n) on (u”, x) as parameters is
understood. Furthermore, without loss of generality, we assume that the coordinates
of u are ordered so that u = (u/, u”).

Let Hp, be the Hamiltonian vector field of p,, € C°°(T*M) and denote by
G;: S;uM — S;uM

the bicharacteristic flow associated to Hp,, at time s. In the case where the manifold
(M, go) has an ergodic geodesic flow

Gy: S*M — S™M,

we get asymptotic results for the variance provided we consider quantum ergodic
sequences of eigenfunctions (for a precise definition see (9)). We continue to write y
for the cut-off function in the definition of the probability measure and ci (&) for the
corresponding normalizing factor (5).

Theorem 2. Let (M, go) be a compact Riemannian manifold of dimension n and let
E be a regular value of pg. Assume the geodesic flow on py Y(E) is ergodic and
that {Qnhe(,ho] IS a quantum ergodic sequence of L?-normalized eigenfunctions
of Po(h). Suppose g, withu € B¥(¢) is a perturbation of go that is admissible at
x ¢ V-U(E). Fix a positive integer p € Z . Then, for |t| > 0 and & > 0 sufficiently
small, depending on (M, g¢) and p,
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(1) we have

Jim arRetefh ol = [ g
where
BE.: B¥"(e) — R
is defined by
B ")
w k() (1+O0@))

1171 pg ' (E)] (6)
/ | det(dxw Gy ey M)

| det(dw de P (y,myum) (X, 1))
P L (E)

x>0 (y.n). u")dwg (v, n)

and u’ = u'(y,n) is defined in (42);
(2) for p € Z1 odd with p=<p

; O] P _
lim_ E[Re(g),(1))7 = 0.

1.1. Motivation. We proceed to describe two ideas that motivate our work. We first
explain how the underlying ideas in our approach are motivated by the random wave
conjecture. We then relate our results to the physics notion of Loschmidt echo.

Random wave conjecture. In 1977, M. Berry conjectured that the real and imag-
inary parts of the eigenfunctions ¢ in the chaotic case resemble random waves;
see [1]. It is also believed that the eigenfunctions ¢ of quantum mixing systems
behave locally as independent Gaussian variables as # — 0; see for example the
discussion in [9] and references therein. One of the common issues is to define a
probability model where the random functions mimic the chaotic eigenfunctions.

This is the role we give to the perturbations <p}(l”t) .

Loschmidt echo. A natural way of measuring the noise affecting a given system is
the Loschmidt echo. The idea behind this concept is to measure the sensitivity of
quantum evolution to perturbations, by propagating forward an initial state ¥ using
the unperturbed Hamiltonian po, and propagating it back via the perturbed one p,
after time 7. Thus, the objects of interest in this case are the states e i Puh) o= P 01y,
and the Loschmidt Echo, Myg(t), is defined to be the return probability to the initial
state: _ _
Mis(t) = (TP ®e oMy, )2,
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Figure 1. Tllustration of the state of particle initially placed in the center of a square billiard
with an irregular array of 10 circular scatterers with initial momentum pointing to the left [3].

We are interested in the case when the initial state 1 is an eigenfunction, ¥ = ¢j,.
In this simpler case M} g(¢) is called the survival probability [16] and we have

itE(h)
-5 W

i _ir
W Pu =P ) o).

To be precise, for an initial state ¢y, the Loschmidt Echo is simply

Mie() = (@) o).

As the definition shows, the fidelity M} g(?) can be interpreted as the decaying overlap
between the evolution <p}(l"t) and the unperturbed evolution ¢y,; see [11], [10], and [13].

Inrecent work [8], Eswarathasan and Toth have proved related results for magnetic
deformations of the Hamiltonian pg(x, §) = |§ |§o ot V(x). We extend their upper
bound results to large families of metric deformations. Inaddition, we characterize the
asymptotic results in terms of variance and show that all odd moments are negligible.
Although we do not have a rigorous argument at the moment, we hope that by further
developing the methods of the present paper, we will be able to compute the higher
even moments limy,_, o+ [E[Re(<p,(1’,)t (x))]?? for p > 2, and compare them with the
Gaussian prediction of the random wave model. We plan to return to this question
elsewhere.

1.2. Outline of the paper In Section 2 we introduce the background material and
notation from semiclassical analysis that we shall use to prove our results. We first
show that the perturbations are semiclassically localized in py'(E) and then explain

how to microlocally cut off the propagator e~ Pu) o obtain a localized approxi-

mation of gof(lut)

In Section 3, we study the odd moments of Re(<p}(l')t (x)). Provided the metric
perturbation satisfies part (B) of the admissibility condition at x, € M, we prove in
Lemma 4 that for fixed p € Z* and {,q € Z* with1 < { < pand 2g < p,

/B . )(w,ﬁt‘}(x))f|<p,§‘j}(x>|2‘1dv(u> = O(h>®) ash— 0%,
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for ¢ > 0 and |¢| > O sufficiently small depending on (M, go) and p. The error is
locally uniform in x € W N (V"1(E))¢ where ‘W is the open neighborhood of x.
given by part (B) of the admissibility condition.

Using Lemma 4 and the binomial expansion for (¢ + ¢)? = (2Re ¢)?, we prove
that for p € Z* odd,

E[Re(g; ), (x)]7 = O(h™), (7)
locally uniformly in ‘W N (V~1(E))°.

In Section 4 we study the variance of Re(wl(l')t (x)). Provided the perturbation is

admissible at x € (V~1(E))¢, the case p = 1 in (7) shows that our variables are
semiclassically centered in the sense

E[Re(g); (x)] = O(h™).

Therefore,
Var[Re(g;, (x))] = /B o o ()| 2dv (1) + O (h). (8)

It follows that studying the variance is equivalent to understanding the behavior of the
right hand side in the previous equality. In Proposition 5 we compute the asymptotics
of the RHS in (8) and consequently prove Theorems 1 and 2.

In Section 5 we show that there always exist large families of admissible perturba-
tions. We show that the notion of admissibility is related to having sufficiently many
volume preserving directions in which the metric tensor gy is perturbed (this is Con-
dition A), and to having at least one direction in which gg is conformally perturbed
(this is Condition B).

Remark 4. We note here that there is an easy consequence of Theorem 1 (see also
Remark 3) that concerns restriction bounds of (p to smooth submanifolds H C M
under the assumption that the family g, is adm1ss1ble for all x € M. Indeed, since
our upper bounds are then uniform in x € M (see Remark 3), by integrating over
H and applying Fubini, one gets that for & € (0, &), there exist a constant C =
C(H, hpy) > 0 with

/ / 6% (5)2dar (s)dv(u) < C.
Bk(e) JH ’

By the Tschebyshev inequality, it then follows that for any sequence w(h) = o(1) as
h — 07, there is a measurable D(h) C B¥(e) with limj,_, o+ ||BD’<(€2)|| = 1 such that
foru € D(h),

/ 1682 (5) 2o (s) = Ow(h)| ).

Therefore, the restriction bounds for most perturbed eigenfunctions are much smaller

than the universal bounds for [, |goh )(s) |2dog (s) in [2], Theorem 3, and tend to be
consistent with the ergodic case; see [5] and [15].
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2. Background and Notation

In this section we introduce some background material on eigenfunction localization
and semiclassically cut off propagators. Most of this is standard in semiclassical
analysis, but we include it for the benefit of the reader. We refer to [17] for further
details.

Let M be a compact Riemannian manifold of dimension n. We work with the
class of semiclassical symbols

i M)

£ la e CO(T* M x (0, ho]): a(x, &:h) ~pgr BTy a; (x, §)7

Jj=1

) k—I8l
with [320Fa; (x. )] < Cap(1 + 612" ).

Fora € S, CT ok (T*M), we consider the Schwartz kernel in M x M locally of the form

Opn(a)(x,y) = /[R eh 8 a(x £ h)dE,

1
2zh)"
for (x,y) € U x V where U, V' C R”" are local coordinate charts. The corresponding
space of pseudodifferential operators is defined to be

W (M) £ {Opy(a): a € ST*(T* M)}

Let N be another compact n-dimensional Riemannian manifold. We also consider

the class of Fourier integral operators /. ok (M x N, I') with Schwartz kernels defined
in the form

Fa(x,y) = /[R RO a(x, y £ h)dE

2mrh)"
for (x,y) € U x V where U, V C R" are local coordinate charts and
a € CgP(U xV xR" x (0, ho))
with

a(x,y, E:h) ~poor K™Y aj(x, y, £,

Jj=1
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Here ¢ denotes a non-degenerate phase function in the sense of Hormander [4],
Definition (2.3.10), and T is an immersed Lagrangian submanifold of 7*M x T*M
with

I ={(x,dx¢.y.—dyp): dep(x,y,6) =0} CT*M x T*N.
Finally, throughout the manuscript we say that a sequence of L2-normalized eigen-
functions {¢p; }j>1 of Po(h;) with Po(hj)pn, = E(hj)ep, and E(hj) = E + o(1)
is quantum ergodic (QE) if for any

a(x.E.h) ~ Y ap(x. E)h* € STO(T*M x [0, ho))
k=0

we have

j—o0o

(0mn, @an, 1) —=> [ aolr.§)dwe (x.8 ©)
po H(E)
where, dwg is normalized Liouville measure on py’ L(E).

2.1. Eigenfunction localization. Fix ¢t # 0 and let E be a regular value of po.
Then, for u € B¥(¢) we introduce the cut-off functions on 7* M

29 (x, 8) = xo(po(Gy' (x,8)) — E), (10)

where yo € C5°([—¢, €]: [0, 1]) equal to 1 on [—¢/2, ¢/2]. Consequently,
supp g’ C po ([E —&, E +&]). (11)

Since )(gf)(x, &) = yo(po(x,&)— E + O(|u])), the support of X%‘) remains localized
near the hypersurface py ! (E) for all u € B¥(¢) (see (13) below for precise control)

and that <p}(l”t) is a normalized eigenfunction of the operator

Qu(h) £ e~ #Pu® po(nyentPu® ¢ wh2(p)

witheigenvalue E (h). By Egorov’s Theorem Qy, (h) = Opp(po°G,;")+Op2_,12(h),
and since E(h) € [E — o(1), E + o(1)], it follows that (Qy(h) — E)¢) = o(1).
Using that Q,,(h) is h-elliptic off (pg o G;,*)"!(E), a parametric construction [17],
Theorem 6.4, gives ||g0,(lut)—0ph ()(%‘))w}(l“t)HLz = (@ (h®°) and therefore W F}, (go,(lut)) C
(poo G;H)7L(E). Fix’t # 0and ¢ > dsmall. Given x € M, there is a coordinate
chart U with x € U and such that 7(G;*(x,£)) C U foru € B*(g). Then, since

Po(Gy'(x,€)) = po(x, &), by Taylor expansion around u = 0,

po(G (x,8) = po(x.§) + Ri(x, & u,1) (12)

where
|Ri(x, £, u;0)| < vk max || du(po o Gy (x, E)]|]ul.
ueBk (g)
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Here, given a arbitrary matrix A = (a;;) we write

dl,f
= max lajj|.

L,

I14]

For t # 0 fixed, we define the constant

c=k max  max |du(poo G, )(x, ). (13)
ueBk (¢) (pooG; ")~ (E)

It then follows from (12) that
(po° G,") N (E) C pg '(E —clull, E + c|ul)) (14)

for ¢ > 0in (13) and u € B¥(¢). Consequently, WFh(<ph t)) C py"(E—ce, E +ce)

and by a Sobolev lemma argument one can also prove ||<p(") Opn( )((u))goh z) lcx =

Ock (h®°). It follows that

o) = Opa(x¥) 0 e~ 1P ® o 0p (fD)n + Ock (1), (15)
and from (14) and (11), with ¢ > 0in (13),
supp x5 C poM(IE — e —cllull. E + & + c[lul]). (16)

2.2. Semiclassically cut off propagators. Motivated by the approximation (15),
for h € (0, ho], u € B¥(g) and |t| > 0 small, we define the semiclassically cut off
Fourier integral operators W; ,,(h) € I 3’_00 (M x M, Ty),

Wi (h) 2 0pp (1) 0 e HP4®) o 0 (59, (17)

with immersed Lagrangian,

e ={(x.&y.m): (x.6) =G, (y.n). (). n)esuppr)} CT*M xT*M.

We note that since G,’ is then a symplectomorphism that is close to the iden-
tity, there exists a local generating function S (s, u, &; x) with (x, dxS(s,u, n; x)) =
G, " (dyS(s,u,n; x,n),n) for s close to ¢. It follows that

Fu,t = {(xa de(ta u7 r]7 x)a dT]S(l" u7 r]7 x)’ 77) € Supp X(El'l) X Supp Xg'))} (18)
CT"M xT*M.

The generating function S (s, u, n; x) solves the Hamilton-Jacobi initial value problem

s S(s,u, n;x) + pu(x,dxS(s,u,n:x)) =0,

S0, u,n;x) = (x,n),
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and therefore, a Taylor expansion in s around s = 0 gives
S(s.u 1) = (x,0) = spux.n) + O(7). (19)

Given local coordinate charts U, V' C R” consider the local phase function ¢; €
C®(V x B¥(¢) x R"),

@r(y u,§5x) = S(t,u, £x) — (v, €). (20)
The Schwartz kernel of W; 4, (h) is locally of the form

Wra (W) (x. y) = /[R ehHOREDa, u y. £ D + Ky, Q1)

1
Q2mh)"
where |8§8€Kx(y, u)| = Oy p(h*°) uniformly for (y,x,u) € Vx U x Bk (¢).

The amplitude a;(u, y, &; x, h) ~ Z}io as,j(u,y, £:x)h’/ with

ar (U, ;) € C®(BX(e), C(V x R" x U)).

From (14) it is clear that the support of X%) remains localized near the hypersurface
o (E) forallu € B¥(¢); indeed, with the constant ¢ > 0 in (13),

Supp(at(u’ 5 'ah)) C {(y’é:’x) S T*U xV:

(y,&) € supp )(29) C po_l(E —¢& E +e), (22)
y=deS(t,u,&x) = x + O0u(2)}.

We note that since ¢ # 0 is a fixed small parameter and u € B¥(¢) with ¢ > 0
small, it follows from (22) that the amplitudes a;; (u, -, -; ) are supported near the set
{(y,€,y) e T*U x U}. Similarly, the Lagrangian manifolds I';,, C T*M x T*M
are localized near the diagonal Ap+prxr*ar = {(x,E;x,6) € T*M x T*M }.

3. Odd moments

The purpose of this section is to show that provided the metric go is conformally
deformed in at least one direction, its odd moments are negligible for general geodesic
flows. Throughout this section we continue to assume that (M, go) is a compact
Riemannian manifold and E is a regular value of py. We prove

Proposition 3. Let g, with u € B¥(g) be a perturbation of g that satisfies part (B)
of the admissibility condition at x« € M. Fix p € Z* and suppose p € Z™ is odd
with p < p. Then, for ¢ > 0 and |t| > 0 sufficiently small depending on (M, g¢)
and p,

E[Re(py), (x)]? = O(h™) ash — 0%, (23)

locally uniformly for x € W N (V=Y(E))¢. Here 'W is the open neighborhood of x
given by part (B) of the admissibility condition.
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Proof. Given p < p odd,
ERe(v), ()" = [ (Relgfw))Pav.
Bk (e)

and for any complex ¢ the binomial expansion of (¢ + ¢)? = (2Re ¢)? for p odd
gives

1 p o . 1 P\ ol .
Reg)” = 2 Y (.)qof’ g + o Y (.)w PP, (24)
0<j<% / S<j<p /

Therefore, to prove Proposition 3, it suffices to show that
/Bk< )@,51? ) e Pdv) = Oh™), 1<L<p.2q<p. (25
&

locally uniformly inx € W N (V"Y(E))€ash — 0.
Since the proof of (25) is somewhat technical, we prove it separately as Lemma 4.
Combining (25) with the binomial expansion (24) completes the proof. O

We have reduced the proof of Proposition 3 to establishing the following Lemma.

Lemma 4. Let g, withu € B¥(¢) be a perturbation of gg that satisfies part (B) of
the admissibility condition at x, € M. Fix p € Z+ and suppose {,q € Z with
1 <l < pand2q < p. Then, for e > 0 and |t| > O sufficiently small depending on
(M., go) and p,

/B . )(¢,573(x))4|¢,g7g(x)|2qdu(u) = O(h>®) ash— 0",

locally uniformly for x € W N (V~"Y(E))¢. Here W is the open neighborhood of x «
given by part (B) of the admissibility condition.

Proof. We identify the product manifold M “+29) with M© x M@ x M@ and
write

(5,222 (W, ... yO O @ O Dy ¢ 29

for the local coordinates.

By assumption, there exists a € C°°(M) so that 8, g; ' (x) = a(x)gy ! (x) with
a(x) # 0 forall x € W. Let us continue to write y for the cut-off function appear-
ing in the definition of the probability measure v, and ¢k (¢) for the corresponding

normalizing factor in (5). Since from (15), <p}(l”t) (x) = Wru(W)epl(x) + O(h*°),
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writing W; ,,(x, y) for the kernel of W;,, we get

[, e i cortavi
[ O Wil + 00%)
B (g)

= ci(e) / / BED(5. 2.2 x hgn(yD)en (V) gn (z70))
BE@ MO0 2 (wyd FdEdE du + O(h™),

(26)

where B,[ﬁ’,q] € C® (V29 % U x [0, hg)) is defined by the formula

4 def —_—
B G.2.2 0 ) 2 T Weax y O Waa (e 20 W (x,270D).
1<i<{
1<j=<q

From (21) we deduce the kernel expansion

BY(5.2. 2 x, h)

- e F N2 W E A )
(27.[h)n(2q+é) 5 - (27)
Rna Rea gee o ol 5z 2 E 5 i x, hydEdTd i

+ Kx(3,2,2",u),
for @Ee’q], clt4) and K as follows.
(1) The phase function ®“4 is defined by
& (5.2, 2 w7 7 )
&t XK: (/) . E(]) x) +Z('0’(Z(]) u, 7] x)—go,(z/(f) u, n/(/) x),

j=1
(28)

where ¢; is given in (20).

(2) The amplitude c,[e’q] satisfies

ct[é,q](u y Z %‘ 7/) i X, h) ~h—0+ ZC[Z q] y Z, Z/ygvﬁs ﬁlv-x)hj
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with e} D, -, ) € C®(B¥(e), Cgo(V 420 x R"+20) x U)) for U, V C R”

local coordinate charts as in (20). Moreover,

supp(cl“Du, 5.2.2 - x. h))

CLE7.7): (. D), (x.nD), (x. ') € pg'(E — ce. E + ce),
xeUi<{lj<gq}

(29)

C [Rn(é-i-Zq) )

(3) The residual operator K satisfies

|agafy,§,§/)Kx(J~’a £,7u)| = Ou.p(h™)
locally uniformly in (7, 2, 2/, u) € V¥+29 x Bk ().
Claim. Fore > 0and |t| > O sufficiently small, there exists C = C(t,¢, E, gg) > 0
such that for (€. 7. 7) € supp(clu, 5.2, 7, - x. h)),
| O (5. 2.2, EE 7.7 0) = € > 0, (30)
where this bound holds locally uniformly for (7,%,2") € M“+29 y e Bk (¢), and
xewn (VY E))“.

To prove this claim we first observe that since 8y, g, : (x) =a(x)g, : (x) forx e W,

Bug Pu(x,§) = a(X)IEIZ (- 31)

Also, from the Taylor expansion of the generating function (19) around s = 0,
together with (20), we know that for x € ‘W

(pt(y’u’ TI,X)= (x_y’ 7]>_tpu(x, 7])"‘(9(1‘2)’ (32)

where in (32), the error @ (¢?) depends on p. Combining (28) with (32) and (31), for
x € W we get

el e = o~ -
3uaq>£ (5.2, 2 u ki x) =

L q q
()2 )2 )12
= —1a()( Y15V G0 + 20 e = 211y + OuD)
i=1 j=1 Jj=1

+ Ot?).
From the support conditions on the amplitude ct[l’q] in (29), we have that
ED2 o T V() = E +0(),

NP2 + V() = E +0(),
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and

|7I/(j)|§0(x) +V(x) = E+0(),
fori <{and j < gq. Therefore, for x € W,
o @I (5,2, 2w £, 7.7 x) o)
= —ta(x)(L(E — V(X)) + (L + 2q + DO(e)) + O(t?),

and so
10e O (5, 2,2 0, £, 7, 7 0)|

(34)
> [ta(x)]- [L(E = V(x)) + 250 (e)| + O(?),

uniformly in all variables. Given a compact subset K C 'WN (V~1(E))¢, forx € K,
one has |V (x) — E| > Cl > 0 for some constant Cy > 0. Since a(x) # 0 for all
x € ‘W, from (34) it follows that for such a given compact set K and number of odd
moments p € Z T, we can choose ¢ > 0 and 7 # 0 sufficiently small (depending on
p and K) so that the RHS of (34) is uniformly bounded away from zero. We conclude
that the claim in (30) holds for x € W N (V-1(E))C.

We then use the operator (

10yy

W) %, to repeatedly integrate by parts in (26)
t

and obtain
BLA(h)(5,2,2 x,h) = O(h™)

locally uniformly for (7,%,%) € M“+29) y € B¥(¢) and x € W N (V"(E))C.
We note that there are no boundary term contributions arising from the integration by
parts since y(u) = 0 foru € 0B k (¢). From (26) it follows that

/ R 6P v = 00)

locally uniformly in x € W N (V~1(E))°. O

4. Variance

As explained in the Introduction (see (8)), provided the perturbation is admissible at
x € (V7I(E))¢, the case p = 1 in Proposition 3 shows that our random variables
are semiclassically centered in the sense

E[Re(py), (x)] = O(h™).

Therefore,

Var[Re(QO}(l")t (x))] = /Bk( ) |<P;(,1ft) (0)|2dv(u) + O(h™).
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It then follows that studying the variance is equivalent to understanding the behavior
of the right hand side in the previous equality. We compute the asymptotics of the
RHS in the next Proposition.

Proposition 5. Let g, be admissible at x,, € M and let U be the neighborhood of
X« given in Remark 1. Fore > 0and |t| > O sufficiently small, there exist a choice of
coordinates u" € B¥"(g) and corresponding operators A e (h) € \IJSI’_OO (M)
defined for all (x,u") € U x B¥"(¢), such that

/ 108 () Pdv() = ci (o) / (v (D gn. 1) 2onydit” + O(h%).
BrGe) BE=1(e)

(35)

—n(g

Proof. By Remark 1, we choose U C M to be an open neighborhood of x, so that
the admissibility condition (A) holds on U . That is, given the constant ¢ > 0 in (13)
and some subset of n coordinates of u, which we denote u’ € B"(¢), so that the
matrix

dydg (pu(x, §)) is invertible for (x,§) € pal(E —ce, E + ce),

36
(x,u) € U x B¥(e). 0)

We write u” € B¥~" () for the omitted variables and assume that the coordinates of
u are ordered so that u = (u’, u”).

Write W, ,,(h)(x, y) for the Schwartz kernel of W; ,, (k). Then, for u” € B¥™"(¢)
and x € U, we define a new family of operators

Wiear (h) : C°(M) —> C§°(B" (e)). (37)
with Schwartz kernels

Wi (@', y) £ 2 @) - Weu(h)(x, ), u= @ ,u") € Be),

where we continue to write y for the cut-off function appearing in the definition of
the probability measure v in (5). By (15),

1)@} (x) = D Wru()gp] (X) + Oh) = W (Wgn] ) + O(h™),

and so,

/ 0% () v ()
Bk (g) ’
— (6) / W, (o i) Pt + O (™) (38)
Bk (e)

= ck(¢) /Bk ( )(Wt,x,u” ()@ We (@) 12(8n ey du” + O (™).
i



300 Y. Canzani, D. Jakobson, and J. Toth
From (21), the Schwartz kernel of ﬁﬁ,x,u// (h) is given by
Wi xar () (', y)

1 i 7N
= G o, €F Oy i L + Ky,
R7

(39)

where |8§8£Kx(y,u)| = Oq,p(h*°) uniformly in (x,y,u) € U x V x B¥ () for
& > 0 small, where U,V C R”" are local coordinate charts with U C U. The
amplitude

[e.¢]
ar(u.y.&:x.h) ~ > a;j(u.y. & x)h’!
j=0
with
aj(u,-, ;) e C®(B*(e), C(V x R" x U)).
Moreover, we recall from (22) that
supp(a; (u,-, -+ h)) C{(y,£x) € T*U x V: (x,£) € py ' (E —ce, E + ce),
y=deS(t,u,§;x) = x + O0yu(1)}.
By the same argument presented in [8], Propos1t10n 4 1, it can be shown that for

x € U, e > 0and |f| # 0 small enough, thu//(h) €l _°°(M x B"(€); Tt xmr)
with

1—‘1,‘,x,u”
S {0 St ). dy S, 7). ) (dy S(L i ). 1) € supp 2}
CT*B"(e)x T*M.
(40)
where u = (u’,u”) € B¥(g) for & small, and x € U. It remains to show that T;  ,,

is a canonical graph.

We recall that if (d,S(t.u,n;x),n) € supp )(E) foru e Bk(s) then one gets
that (x,dxS(t,u,n;x)) € supp X(") C po'((E = (¢ + D&, E + (¢ + 1)&)) with
¢ > 0 asin (13). By (40) and the admissibility assumption (B) it follows that by
possibly shrinking ¢ # 0, we can ensure that there is a constant Cy > 0, such that the
non-degeneracy condition

det(dw dyp: (v, ', u" 05 x)) = [1]" (det(dw dy pu(x, ) + O (%)) = Colt]", (41)

holds uniformly for (u, y, n) with (y,n) € supp )(%) and y = d,S(t,u,n;x). Now,
for u” fixed and x € U, consider the map

W' y.n) — dpe:(y,u' u" nx), W tiy.n) € Trxur.
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We claim that due to the non-degeneracy condition (41), the Lagrangian (40) is a
canonical graph. Indeed, equation (41) allows us to apply the Implicit Function
Theorem and locally write u’ = u’(y, ) satisfying

u' =u'(y,n) whendyp(y,u',u”, n;x) =0, (42)
for x € U. Then, taking into account that for x € U
dppe(y,u',u”,n;x) =0 wheny =d,S(t,u',u”, n; x),

we write (y,n) € V x R" as local parametrizing variables for I'; x ,~ as in (40) and
get
Ft,x,u” = {(u/(y’ 7’)’ du/S(t’ u/(y’ 7’)’ MN, T], X), y’ 7])

(0) _ A/ (43)
(y7 r]) € SuprE ay - dT]S(t7u ,u 7r]7x)}'

For u” € B¥™"(g) and x € U define the operators

A (h): CO¥(M) — CO¥(M), Ay ar () = Wi ar (1)) © Wi ().
(44)
Since W x 7 (h) € IC(;’_OO(M x B"(e); I't x u») and the immersed Lagrangian

I's xu 1s a canonical graph, the operator

Apxar (h) € B™(M),

for x € U and u” € B¥"(¢). From (38) and (44) it follows that

/ 16 () 2dv(u) = ci (o) / (Arear (D ohs @) 2y dut” + O(h),
Bk (¢) ’ Bk—n(g)
[

4.1. Proof of Theorem 1. Since M is compact we choose a finite covering

N
Mc | vy

Jj=1

where x; € M and Vi, = Wy, N Uy;. Here Wy, is given by part (B) of the
admissibility condition at x;, and Uy is given in Remark 1.

Fix j € {1,..., N} andlet x € Vy;. To prove the first part of Theorem 1 we note

that Proposition 5 gives A; x 7 (h) € \IJSI’_OO (M). Thus, by L? boundedness there
exists a constant C; = Cj (e, t, E, go) > 0 such that

(Arxu (W en. or) 20y < C;
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uniformly in (x,u”,h) € Vy; x B*="(¢) x (0, ho]. Therefore, from (8) and (35)
one can choose a positive constant C > 0 so that the first part of the statement of
Theorem 1 holds uniformly for x € K, where K C (V~!(E))¢ is any compact
subset.

To prove the second part of Theorem 1 regarding the odd moments we simply

apply Proposition 3 in each neighborhood Vy; .

4.2. Proof of Theorem 2. From Proposition 5 and equation (8),

lim Var[Re(p\’ (x))] = lim / 10 (x) 2dv (u)

h—0+ > h—071 JBk(g) >

(45)

= tim e [ (e Bon oz and”
h—ot Bk—"(a)

Since (¢p) is a quantum ergodic sequence,

(At,x,u’/ (h)gz);, s (ph>L2(M)

1 (46)
oo(A¢xur(h)(y, Mdwg(y,n).

lim
h—0+

o MEB) Jozr e

In addition, following the same argument presented in Corollary 4.2 of [8], the
principal symbol can be locally written as

00(Arxa (M) (y. 1)
| det(dxﬂG(_ut/ju//) (x, 7’))| Xz(u/ u//)

| det(dyrdy S(t, x, o, u |t “7)
| det(dan(_ut/,u//) (X, 77))|

|| det(durdy P iy (x. 1)

= %D (x, )2

= [ (1 + O0) x>0 u")

foru’ = u'(y, n) parametrizing the Lagrangian I'; , ,,» regarded as a canonical graph.
The first statement of Theorem 2 then follows by combining (45), (46) and the ex-
pression for the principal symbol (47).

The second statement of Theorem 2 about odd moments is a direct application of
the second part of Theorem 1.

5. Admissible perturbations

In this section we study the geometry behind the admissibility condition and show that
perturbations satisfying such conditions always exist. It is clear that one can always
have perturbations satisfying part (B) of the admissibility condition. We therefore



On the distribution of perturbations of propagated Schrodinger eigenfunctions 303

focus on proving the existence of metric perturbations satisfying condition (A). The
symbol py,: T*M — T*M defined in (3) has the form

pu(x.§) = Y gl (0EE + V(x).

i,j=1

Write M for the space of Riemannian metrics on M. For each coordinate ug of

u define the symmetric tensor /1, = 8y, g, ! and write in local coordinates
huy = hiJ dx; ® dxj,  hi] = 8,84 (48)

Itis straight forward to check that dy, d¢; pu (x, §) |u=0 =237, hfjs (x)&;. Thereby,
a metric perturbation satisfies condition (A) provided there exist ¢ > 0 and an n-tuple
u' = (ui,...,uy,) of coordinates of u so that for all (x,§) € py'(E —ce, E +
ce), the matrix (2721 hfj (x)&1)i,j=1,..,n 1s invertible. By definition, the notion of
admissibility depends on the direction, inside the space of symmetric tensors, in which
go is deformed. In what follows we show that the admissibility condition is directly
related to performing the deformation g, in sufficiently many volume preserving
directions, described below.

Let & denote the multiplicative group of positive smooth functions on M, which
we refer to as pointwise conformal deformations. J acts on M by multiplication

PXM— M, (p,g)+— pg.

Given gg € M, the orbit of go under & denoted by & - gy, is a closed submanifold
of M with tangent space at go given by

Tgo(P - g0) = {v € S*(M): v = fgo. f € C*(M.R)}. (49)
Let u be a volume form on M and define

Ny S {g € M:p=pg}

where (1o denotes the Riemannian volume measure associated to g. Pointwise con-
formal transformations go +— fgo multiply the volume form 14, (x) at a point x by
(f(x))"/2. Transverse to the orbit of g by the action of pointwise conformal transfor-
mations is the sub manifold N, = of all metrics g on M with the fixed volume form;
equivalently, the determinant det(g;;(x)) is preserved for all x. It is well-known that
the tangent space to the space of symmetric matrices with fixed determinant con-
sists of symmetric traceless matrices. Accordingly, it can be shown (cf. [6]) that the
tangent space Tg, Ny, is given by

Tao(Nyug,) = {v € SP(M): (trg,v)(x) = 0.x € M}. (50)
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For every metric go € M the space of symmetric tensors has the pointwise orthogonal
splitting

TooM = Tgo(NMgo) ® Tgo (P - g0)
where every v € S?(M) is decomposed as

trgov

1
v=(v— g0) + - (trgyv)go.

Let g, be a metric deformation of go; we continue to write hy,, = 8, g, .
Working in geodesic normal coordinates at X, it is not difficult to show that volume-
preserving deformations are characterized by the condition try - (hy,(x)) = Oforall
s. We shall show below that the admissibility condition holds for such deformations.

5.1. Surfaces. On surfaces, we claim that perturbations g, that have two linearly
independent u-derivatives in the volume preserving directions are admissible.

Proposition 6. Let (M, go) be a compact Riemannian surface. Let E be a regular
value of po. Suppose g, withu € Bk (&) is a perturbation of go such that there exist
two coordinates u' = (uy,uz) of u for which hy, (x) and hy,, (x), as defined in (48),
are linearly independent tensors with trg -1 (hy))(x) = g1 (hy,)(x) = 0 at some
x ¢ V™UE). Then, for € small enough, the perturbation g, satisfies part (A) of the
admissibility condition at x.

Proof. Let x, € M be such that x belongs to a geodesic ball cantered at x, and
consider normal coordinates at x.. In these coordinates, go,; (x) = d;; + O(|x]?)
for x being at a small distance |x| from x,. Therefore, since trg -1 (hu,)(x) = 0 for
s = 1,2, we have h}li (x) = —hif (x) + O(|x|?) for s = 1,2. It is straight forward
to check

S @) A
det (]; hu]y(x)gf)s,i=1,2 = |§|§o(x) (det (h,lj(X) h}é(x)) + (9(|x|2)) .

Since we are only interested in what happens when |E|§O w T V(x) = E+0(e),
the result follows from the assumption V' (x) # E and the fact that 4, (x) and /,,, (x)
are linearly independent tensors. O

5.2. Manifolds. In what follows we show that on an n-dimensional manifold we
can always have admissible perturbations.
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Let M be an n-dimensional compact manifold and fix x, € M. Consider a
geodesic normal coordinate system at x.. We shall consider deformations of the
reference metric g¢ that, as in the surface case, preserve the volume form. Infinitesi-
mally, as explained in (50), the corresponding quadratic form is given by a traceless
symmetric matrix. The space of traceless symmetric tensors at x € M ) has dimension

def n2 +n—-2

el Ny 51
K > (51)

and the basis of the space of such forms is given by
512— l-2,2§i <n; and §&.,1<j<k=<n,

for £ = (&1,....&,) € T, M; we denote these polynomials evaluated at x = x, by
gi(§)forj =1,.... k.
Note that since we are using normal coordinates centered at x, then |£|?

goxs) —
D "g‘l.z, and remark that the polynomials g; (£) form a basis in the space of spherical

harmonics of degree two on the sphere S )’C’*_l ={§eT; M:|&|g(x,) = 1} with the
round metric g sp—t- Inthe proof we shall use a computation showing that the round

metric on S ;1*—1 is an extremal for the second eigenvalue of the Laplacian in the space
of nearby Riemannian metrics. We refer to [7], [12], and [14] and references therein
for a description of general theory of such metrics.

Below we summarize several well-known facts about extremal metrics. Let go
be an extremal metric on a compact d -dimensional manifold N. Then

a) if (N, go) is a homogeneous space (e.g. a round S”~!), then the metric g is
extremal for all eigenvalues of the Laplacian Ag;

b) if go is extremal for an eigenvalue A (of multiplicity m), and ¢1, ..., @, form
an orthonormal basis of the corresponding eigenspace Ej, then

m
Y dg; ® dgj = (A/2)go. (52)
j=1
We remark that one can show that m > d in (52).

Claim 1. Assume that {1, ..., @m} satisfy (52). Then the (Jacobian) matrix

8((101""’(10”1)
0(x1,...,Xq)

has the maximal possible rank d.
Proof. Assume that the rank is less than d. Than the quadratic form Z;-"zl do; @dy;

cannot be positive-definite; however by assumption it is proportional to the positive-
definite Riemannian metric go on N. Contradiction finishes the proof. O
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The existence of admissible perturbations will follow from Claim 1.

We shall show that a metric perturbation is admissible if it is of the form

Kn
g () =g (X) + > ujhy(x), (53)
j=1
where /1 (x) (&, §) are homogeneous of degree 2 in the § variables and are required
to satisfy the following conditions:

@ hj(x2)(§,8) = q;(§),1 = J <kn;

(b) hj are C 2 tensors.

Proposition 7. Let a perturbation of g, of go have the form (53) with h; satisfying
conditions (a) and (b). Thenthere existe > 0and§ > Osuchthat forallu € B" (¢) the
perturbation g, satisfies part (A) of the admissibility condition at x for x € B(xx, 8).

Proof. Clearly, dy; (||g, (x.)) = q;(§),and hence the j-th column (say) of the mixed
hessian matrix dgdy p, (x«, §) corresponds to the gradient dgq; (§).
Now, since the sphere S )’C’*_l is a homogeneous space, the round metric g sn—1 is

a critical metric for the corresponding eigenvalue functional g — A(g) - Vol(g)?/",
where A denotes the second positive eigenvalue (without multiplicity) of the Lapla-
cian.

By (52), see [7], [12], and [14], the L?-normalized basis of the eigenspace E(1)
(which can be chosen as {g1(£), ..., g, (§)} in our case) satisfies

Kn
ngqj ®deq; = c)&gs)ycl*_l, c #0.

j=1
By Claim 1, the subspace spanned by dgq1(£), ..., dgq, (§) has the full dimension
n—1in TE*(S;’*_l) at any point £ € S?~1. This shows that {dgq; (§): 1 < j < kn}
span the full Tg* (S J’C’*_l), which proves the required non-degeneracy condition.

Next, since /2; are C? in (x, £) by condition (b), the rank of dgdy, py (x, &) changes
continuously in x and so is equal to n — 1 for x € B(xx, ) on M forsome § > 0. O
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