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Ground state energy of trimmed discrete Schrodinger operators
and localization for trimmed Anderson models

Alexander Elgart! and Abel Klein?

Abstract. We consider discrete Schrodinger operators of the form H = —A + V on ¢2(Z9),
where A is the discrete Laplacian and V is abounded potential. Given I" ¢ Z¢ , the I"-trimming
of H is the restriction of H to £2(Z¢ \ T'), denoted by Hr. We investigate the dependence
of the ground state energy ET(H) = inf o(Hr) on I'. We show that for relatively dense
proper subsets I of Z¢ we always have Er(H) > Eg(H). We use this lifting of the ground
state energy to establish Wegner estimates and localization at the bottom of the spectrum for
I'-trimmed Anderson models, i.e., Anderson models with the random potential supported by
the set I'.
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1. Introduction

We consider discrete Schrodinger operators of the form H = —A + V on £2(Z%),
where A is the discrete Laplacian, defined by

A = Y (p(x) =) =2de(x)— > @),
yez4, yez4,
lx—yl=1 lx—yl=1

and V is a bounded potential. Given I' & Z¢, the I'-trimming of H is the restriction
Hr of xreH xre to £2(I"°), where x4 denotes the characteristic function of the set A
and A° = Z¢ \ Afor A C Z¢. We focus our attention on Er(H) = inf o(Hr), the
ground state energy (or bottom of the spectrum) of the trimmed discrete Schrodinger
operator Hr. (Note that with this notation H = Hg and Eg(H) = inf 6 (H).) Since
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Er(H) is a nondecreasing function of the set I', trimming lifts the bottom of the
spectrum, that is, Er(H) > Eg(H).

We show that for relatively dense proper subsets I" of Z¢ we always have strict
lifting of the bottom of the spectrum, i.e., Er(H) > Ey(H). We use this lifting of
the ground state energy to establish Wegner estimates and localization at the bottom
of the spectrum for I'-trimmed Anderson models, i.e., Anderson models with the
random potential supported by the set I'.

1.1. The ground state energy of trimmed discrete Schrodinger operators. Our
motivation comes from continuous Schrédinger operators H = —A + V on L2(R9),
where A is the Laplacian operator and V' is a bounded potential. Let us consider first
the case H = —A and I'° an open subset of R?,, and let At be the Laplacian on ' with
Dirichlet boundary condition. When I'¢ is compact, the ground state energy Er(—A)
of —Ar is the first eigenvalue Ar of —Ar. The problem of obtaining a lower bound
for the first eigenvalue of the Dirichlet Laplacian on a compact Riemannian manifold
has been intensively studied in Geometric Analysis, and it is given by Cheeger’s
inequality [7]: Ap > w, where B(I") is Cheeger’s isoperimetric constant for the
set I'°. It is known that S(I") > 0 if T is compact, but for noncompact sets ' the
Cheeger isoperimetric constant may be zero.

Cheeger’s inequality has been extended to the discrete case; see [12] and [28].
In this context, B(I") = infgcre.1<|5]<00 %, where S denotes the boundary of
the set S and |S| its cardinality. (See Section 2.3 for notation and details. An
equivalent definition for B(I") is given in (2.18)). Clearly S(I") > 0 if T'“ is a finite
set. But it is not difficult to see that B(I") = 0 if we can find a sequence of boxes

in Z4, Ak, (xn) (Ag(x) is the box of side K € N centered at x € Z?), such that

- PR g, G)l
limy— o0 (reAA r G =

7%, for which we show B(T") > 0.

The addition of a potential V' breaks down Cheeger’s argument. Indeed, in general
flat functions are no longer good approximants for the low-lying eigenvectors of
H = —A + V. For example, let H, = —A + AV, where V is a periodic potential
whose average over a fundamental cell is equal to zero. Then Ey(H)) < 0 for all
A > 0, see Theorem 1 in [22] (the result there is proven for the continuum, but it is easy
to see that holds in the discrete case as well), but it can be shown that 8, (4) = 0 for A
small, where B, () is the Cheeger constant for H,. Another striking counterexample
can be constructed by taking H; = —A + AV with V' = — X0}, a negative rank one
perturbation to —A, and A > 0. It is well known that in this case Eg(H)) < 0 for all
A > 0, while it is easy to see that 8, (@) = 0 for A < 2d.

For continuous Schrodinger operators the bound Er(H) > Eg(H ) can be estab-
lished in the presence of an arbitrary bounded potential using the unique continuation
principle; see [24] and [32]. Unfortunately, discrete Schrodinger operators do not
satisfy a unique continuation principle. It turns out, however, that the ground state
of a discrete Schrodinger operator H enjoys a similar property, which suffices to

0. This lead us to consider relatively dense subsets I of
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establish the desired result.

It is intuitively clear that the Schrodinger operator Hr is, in a suitable sense, the
limit of the Schrodinger operators Hr (1) = H +t xpr on£?(Z%)ast — oo. Thisisthe
motivation behind Theorem 1.1, where we obtain a lower bound for Er(H)— Eg(H)
as the limit of lower bounds for Er(H,t) — Eg(H), where Er(H,t) = Eg(H(1)).
Note that ET(H,t) is nondecreasing in ¢, so Er(H,00) := lim;,c Er(H,t) =
sup,o Er(H, t), and it follows from the min-max principle that Ev (H,t) < Er(H)
forallz > 0, so

Eg(H) < Er(H,1) < Er(H,00) < Er(H). (1.1)

Before stating our results, we introduce some additional notation. A bounded
potential V is given by multiplication by a a function V: Z¢ — R with Voo =
V]eo < o0o. We set Vi = max{V,0} and V_ = —min{V, 0}; note that V=
Vi—V_, VL >0,and VL V_ = 0. We define the spread of the bounded potential V'
by

spr(V) = sup V(x)— iand V(x) € [0, 00).

xezZ4

We also introduce the notation
Yav =2d + 1+ spr(V),
Sr(H) = Er(H) — Eg(H),

SI‘(H, t) = EF(H, l‘) — E@(H)

Theorem 1.1. Let H = —A + V be a Schridinger operator on £>(Z?), where V is
a bounded potential, and let I' < 7. Then

EF(H, OO) = EF(H)

Moreover, we have

!
2 H H . 1.2
d +spr(V) = ér( ’t)2t+6d+zspr(V)5F( ), t>0 (1.2)

It follows, using (1.1), that Ex(H) > Eg(H) if and only if Er(H,t) > Eg(H) for
allt > 0.

Theorem 1.1 is proven in Section 2.1. Note that once we have a lower bound
for 57 (H), as in Theorem 1.3, (1.2) (we may use the sharper (2.4)) provides lower
bounds for §r(H, t) for all ¢ > 0.
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Given x € Z% and L > 0, we set

AL(x)={yeZ% ||y —xlloo < £}
and
AP =1y ez |y — xlloo < &

note that Az (x) = A(LO)(x) < L ¢2N.
Given K € N we have
|Ak(x)| = KE,

where

K if K is odd,
K* ==
K + 1 if K iseven.

Moreover Ag(x) = Agg) (x) if and only if K is odd.
Definition 1.2. A set I' C Z¢ is (K, Q)-relatively dense, where K, Q € N, if
rnAQ@I= 0, tekz?

By a relatively dense subset I' C Z¢ we will always mean a (K, Q)-relatively
dense set I' for some appropriate K, Q € N. Note that we must have Q0 < |A§?)| <
Kd, and that K > 2 unless ' = Z¢.

Theorem 1.3. Let I' & Z% be (K, Q)-relatively dense, and let H = —A + V on
02(Z%), where V is a bounded potential. Then

Sr(H, 1) > Q (1-( Yay )MH), t>0.  (13)

(2dK — )Y 24K Yay +1
As a consequence, we get
or(H) > Q >0 (1.4)
QdK —1)Y 4K
In the special case H = — A we can improve the previous bound to
b (-8) = Er(-8) = Jms. (15)

We prove (1.3) from a ‘quantitative unique continuation principle for ground
states’ given in Lemma 2.2. The lower bound given in (1.4) holds for arbitrary
bounded potential V'; note that it depends on V' only through spr(V).
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The special case (1.5) follows from a Cheeger’s inequality. We remark that
Er(—A) can also be estimated by an argument of Bourgain and Kenig Section 4 in [5]
(see also [21], Remark 4.4). They treated continuum models, but Rojas-Molina, see
Section 1.2.5 in [30] and Lemma 2.1 in [31], noted that the argument applies also to
the discrete case. This argument yields the bound Er(—A) > ﬁ

Theorem 1.3 has a continuum counterpart; in particular we can use Cheeger’s
inequality to obtain the continuum version of (1.5). We did not include it in this
paper because the continuous version of the general estimate (1.3) is only marginally
better than the estimate in [24], Lemma 4.2, and the continuous version of (1.5) is
similarly only marginally better that what we get with the Bourgain—Kenig argument.

Theorem 1.3 follows from Theorems 2.1 and 2.3 in Section 2.2.

1.2. Wegner estimates and localization for trimmed Anderson models. If { €
7%, we will use the notation ¢ for X(zy as a multiplication operator in Ez(Zd ), but
we will write §; instead when considering X{¢} as a function in 2(z%).

1.2.1. Trimmed Anderson models.

Definition 1.4. Let I' € Z< be (K, Q)-relatively dense. A T'-trimmed Anderson
model is a discrete random Schrodinger operator on on £2(Z%) of the form

Hej = Ho+ AV, (1.6)

where
1) Hop=—-A+ VO with V© a bounded (background) potential;

(i1) V, is the random potential given by

Vo := Y o, (1.7)

¢cel

where @ = {w¢ }¢er is a family of independent random variables whose proba-
bility distributions {{t¢ }¢er are non-degenerate with

suppue C [0, M], ¢ e VAR (1.8)
(iii) A > 0 is the disorder parameter.

Ifr =272, v©® =0, and pe = pforall ¢ € 74, then H,,  is the standard
Anderson model. This model was introduced by Anderson [4] to study the effect of
disorder on electronic states within the suitable energy range. The main phenomenon
is localization, which manifests itself as spectral localization (the spectral measure
of H,, , is almost surely pure point with exponential decay of eigenfunctions) and as
dynamical localization (non-spreading of wave packets).
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Trimmed Anderson models are the discrete analogues of the crooked Anderson
Hamiltonians introduced in [24], Definition 1.2. (By a trimmed Anderson model
we will always mean a I'-trimmed Anderson model for some relatively dense subset
rcz4)

The standard Anderson model with sufficiently regular single site probability
distribution p was intensively studied during the last two decades; see [1], [2], [3],
[11], [13], [14], [15], [16], [27], [34], and [35] and the reviews [20], [23], and [33]
for a more exhaustive list of references. (In this paper we consider only results valid
in arbitrary dimension d; the d = 1 case is special and we will not mention d = 1
only results.) It exhibits localization in an interval at the bottom of the spectrum for
fixed disorder and on the whole real line for large disorder. On the other hand, until
very recently there had been no localization results for ergodic I'- trimmed Anderson
models with T" # 74, say I' = KZ% with K > 2. The reason is the lack of a
covering condition, i.e., that the support of the random potential is all of Z¢ with
probability one. Indeed, ) rcxze X¢ = Xr, and hence } icgza X¢ = ¢ > 0 if

and only if ' = Z?. The covering condition has played a crucial role in the proofs
of Wegner estimates (which are bounds on the regularity of the integrated density of
states, first proved by Wegner [36] for the standard Anderson model) and localization
for the Anderson model.

This difficulty has been overcome for the continuous analogue of the Anderson
model by the use of the unique continuation principle for continuous Schrodinger
operators, and localization at the bottom of the spectrum has been proved for contin-
uous Anderson Hamiltonians; see [5], [9], [10], and [21]. These results were further
extended to a larger class of continuous random Schrodinger operators with alloy-
type random potentials, including non-ergodic random Schrodinger operators such
as Delone—Anderson Hamiltonians; see [24], [30], and [32].

Recently, Rojas-Molina [30], Theorem 1.2.6, proved Wegner estimates and local-
ization at the bottom of the spectrum for the special case of 2Z¢-trimmed Anderson
models with no background potential, i.e., V(® = 0. She circumvented the lack
of covering condition using an argument of Bourgain and Kenig [5], Section 4, as
described in [21], Remark 4.4. Her approach can be extended for I'-trimmed An-
derson models with T an arbitrary relatively dense subset of Z¢, as long as there is
no background potential [31], Section 2.1; the Bourgain—Kenig argument does not
appear to be able to incorporate a background potential. Cao and Elgart [6] showed
localization at small disorder below the bottom of the free spectrum for a class of
three-dimensional Anderson-like models without background potential. The ‘non
overlapping setup’ in [6] includes k Z ¢ -trimmed Anderson models where the random
variables are supported by the interval [—1, 1], but it is more general in that it admits
finite rank random perturbations with non overlapping supports and no definite sign.
Theorem 1 in [6] establishes not only localization at small disorder for this class
of Anderson models, but also, using the Feynman diagrammatic technique, gives an
explicit expression (as a function of the disorder) for the interval of localization.



Trimmed discrete Schrodinger operators 397

Although there is no unique continuation principle for discrete Schrodinger op-
erators, we prove Wegner estimates and localization at the bottom of the spectrum
for I'-trimmed Anderson models with nontrivial background potentials. We are not
aware of any previous results on either Wegner estimates or localization for this class
of models.

1.2.2. The ground state energy. A trimmed Anderson model H,, ; is a K z74-
ergodic random Schrédinger operator if and only if I' = ' + ¢ for all £ € KZ¢,
V© s a periodic potential with period K, and e = p forall ¢ € T'. In this case
its spectrum o (H,, ;) is not random, i.e., it is the same with probability one. In
particular, requiring O = inf supp p, we get

Eg(H, 2) = Eg(Hy) with probability one. (1.9)

Since a trimmed Anderson model H,, ; is not, in general, an ergodic random
operator, its spectrum o (Hy, ;) is a random set. We have Eg(H, 1) > Eg(Hy) for
allw € [0, M]" and A > 0. But even after imposing pe = p for all € T' with
0 = inf supp u we cannot guarantee (1.9). For example, take V© = —6d Xg, for
some {o € I', u uniformly distributed on [0, 1], and A > 6d. Then Eg(Hy) <
(8o, Hobe,) = —4d, but we clearly have P{Ey(Hy 2) > 0} > 0, so (1.9) is not
true. But if in addition we require V(? to be a periodic potential with period K, it
follows that (1.9) holds by comparison with the ergodic random operator we obtain
by removing the I'-trimming, that is, replacing I by Z¢. Actually, (1.9) holds in a
broader context as the following proposition will show. (See also [31].)

Given a Schrodinger operator H on £2(Z%), we define finite volume operators
HW = Hye, ie., the restriction XAHxp of H to £2(A), where A = Ap(x)
is a finite box. In particular, given a trimmed Anderson model H,, ;, we define
finite volume random operators H (A) . We also set Sp(¢) := maxgerna Su, (¢) for
t > 0, where S;,(¢) := sup,ep ,u([a a + t]) denotes the concentration function of
the probability measure 1, and let S(7) := supserp Sy, (¢) forz > 0

Proposition 1.5. Let H,, ; be a I'-trimmed Anderson model with ¢ = u for all
¢ € I" with 0 = inf supp u. Suppose for any ¢ > 0 there is L = L(g) > 0 such that

l{x € 24 : Eg(HMY) < Eg(Ho) + )] = oo. (1.10)

Then Eg(Hy) is in the essential spectrum of Hy and Eg(H, ) = Eg(Ho) with
probability one.

The proof is given in Section 3.1.

1.2.3. Wegner estimates and localization. We prove Wegner estimates and local-
ization for I'-trimmed Anderson models in intervals of the kind [Eg(Hy), E1] C
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[Eg(Hyp), Er(Hp)). Note that we have (1.9), and hence almost sure existence of the
spectrum in these intervals, that is,

P{o(He,x) N[Eg(Ho), E1] # 0} =1, E1 > Eg(Ho),

for the class of (generally) non-ergodic trimmed Anderson models given in Proposi-
tion 1.5.

Theorem 1.6. Let H,, 5 be a I'-trimmed Anderson model. Given an energy E, €
(Eg(Hy), Er(Hy)), set

Er(Ho.s)— E
K =k(Ho,T,E1) =  sup Erto )= Ei (1.11)
5>0 N
Evr(Hp,s)>E;

Then for every box A = A (xo) with xo € Z% and L > 0 we have
Koo ) (HED Xran K=o, ) (HSY) = kX (oo, (HSD). (1.12)
for w € [0, MY, and for any closed interval I C (—oo, E{] we have
E{tr (7 (HSY)) < 87" SA T I]IT N A (1.13)

Remark 1.7. It follows from (1.3) (and its proof) that
0

K > m((1 + Z)Y g po) 24K (1.14)
where
2Kd + 1 _ 1
Z = (1= ((E1 = Eg(Ho)) Q™' 2dK — )YZG1) 28T — 1),

(See (3.2)—(3.6) for the derivation of (1.14).)

Theorem 1.6 is proved in Section 3.2.

The Wegner type estimate (1.13) allows us to establish localization for I"-trimmed
Anderson models at the bottom of the spectrum. By complete localization on an
interval / we mean that for all £ € [ there exists §(£) > 0 such that we can perform
the bootstrap multiscale analysis on the interval (E — (E), E + §(E)), obtaining
Anderson and dynamical localization; see [17], [18], and [19]. (Note that by this
definition we always have complete localization in (—oo, Eg(Hy)).)

The following theorem show that we always have localization below Eg(Hy) at
high disorder.

Theorem 1.8. Let H,, ; be a I'-trimmed Anderson model, and suppose S(t) <
Ct? Jor all t > 0, where 0 € (0,1] and C is a constant. Then, given E; €
(Eg(Ho), Er(Hy)), there exists A(E1) < oo such that H,, ) exhibits complete lo-
calization on the interval (—oo, Ey) for all A > A(E1).
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Theorem 1.8 is proved exactly as [24], Theorem 1.7, using the Wegner esti-
mate (1.13), so we omit the proof.

We also establish localization in an interval at the bottom of the spectrum for fixed
disorder.

Theorem 1.9. Let H,, ; be a I'-trimmed Anderson model, and suppose S(t) < C t?
Jorallt > 0, where 6 € (0,1] and C is a constant. Assume in addition that one of
the following hypotheses hold.

(1) Hgy y is an ergodic T'- trimmed Anderson model.
(ii) There is no background potential, that is, V© = 0.
(iii) The exponent 0 satisfies 6 > %

Then for all A > 0 there exists E) > Eg(Hy) such that H,, ; exhibits complete
localization on the interval (—oo, Ey).

The proof of this theorem is standard once we have the Wegner estimate (1.13).
(Thus we will have E, < Er(Hp).) The necessary input for starting the multiscale
analysis can be verified as follows.

(i) If H,,, is ergodic, it has Lifshitz tails [29, 26] (the proofs apply also to the
discrete case), and we proceed as in [21], Proposition 4.3.
i) If VO =0, we proceed as in [21], Remark 4.4; the argument can be adapted to
the discrete case as noted in [30], Theorem 1.2.6, and [31].
(iii) If6 > %, we employ the same strategy as in (i), replacing the Lipschitz tails with

the “classical tails” given by the condition 6 > % asin [14], Proof of Theorem 3',
and [25], Proof of Theorem 3.11.

Acknowledgements. We are grateful to S. Sodin for useful discussions on isoperi-
metric estimates.

2. The ground state energy of trimmed Schrodinger operators

In this section we prove Theorems 1.1 and 1.3. Given H = —A + V on 02(z9),
where V' is a bounded potential, we will use the shorthand notation Er = Er(H),
Er(t) = Er(H,1), Eg = Eg(H).

2.1. Equality of the ground state energies. We start by proving Theorem 1.1.

Proof of Theorem 1.1. We first obtain a simple upper bound on §r(H) (hence on
or(H, 1) as well), to be used later on. To this end, note that Ey > inf ..z« V(x), and
hence

Hr —Eg < —Ar +sprV <4d +spr'V. 2.1
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It follows that
Er —Eg < Er(—A) +sprV <2d +spr'V, (2.2)

where we used Er(—A) < infyere{8x, —Adx) = 2d, that is,
O0r(H) <8r(—=A) + spr(V) <2d + spr(V).
Suppose Er > Eg, since otherwise there is nothing to prove. By replacing H by
H — Eg, we may assume Ey = 0,s08r(H) = Er and ér(H,t) = Er(t).
Letv > 0. Then H 4+ v > v (recall Eg = 0),s0 (H +v)7! < % It follows that
on £2(I") we have

Sy = Hpe +v —u(Hr + v)_lu* >v, u= yrAyxre,

since S, is the the Schur complement of Hr + v, and we have

< | =

Syt =ar(H +v) r <
In particular, we conclude that
Hre > u(Hr +v) 'u* forall v >0. (2.3)

By hypothesis Er > 0, so we take € (0, Er). Note that for all v > 0 we have

_ n+v
(Hr—n) ' <(1+
( Er —n

)(Hr +v)7".

We now consider the Schur complement S_;(¢) of (Hr(¢))r — 1, and use (2.3)
and (2.1), getting
S_p(t) = Hre +t —n—u(Hr — )~ 'u*

+v
ZHr‘c-l-t—r]—(l—l-En

)u(Hp + )" u*
r—1n

n+v
ZHFc+t—n—<1+EF_n

) Hre

n+v
Zt_n_El“—??

(4d + spr(V)).

Since v > 0 is arbitrary, we obtain

Sp(t) =t =1 — = (4d + spr(V)).



Trimmed discrete Schrodinger operators 401

We conclude that
S_p()>0

if

it 4d + Er + spr(V) — \/(t +4d + Er + spr(V))2 — 4Ert
2 9

so it follows from the Schur complement condition for positive definiteness that

n

t +4d + Er +spr(V) — /(t +4d + Er + spr(V))2 — 4Ert

Er(t) >
r(t) = >
2Ert
= (2.4)
t +4d + Er +spr(V) + /(t +4d + Er + spr(V))2 — 4Ert
Ert
> . >0,
t +4d + Er + spr(V)
Combining with (2.2) we get
Ert
Er(t) > r >0, 2.5)

t +6d + 2spr(V)’

which is (1.2), Letting t — oo in (1.2) we get Er(co) > Er. Since Er(o0) < Er,
we get Er(oc0) = Er. O

2.2. Lower bounds on the ground state energy for arbitrary potential. The-
orem 1.3 for arbitrary bounded potential V', namely the lower bounds (1.3)-(1.4),
follows from the following theorem.

We recall Y4y = 2d + 1 4 spr(V') for a bounded potential V.

Theorem 2.1. Let ' G Z% be (K, Q)-relatively dense, and let H = —A + V on
02(Z%), where V is a bounded potential. Then
0 1 1
Or(H,t) > - . t>0. 2.6
F( ) —2dK — 1 (dec{/K—l (Yd,V + [)2dK—1) - (2.6)

As a consequence, we get

0
Sr(H) >
riH) = (2dK — 1)y 24K

> 0. 2.7)

The proof of the theorem is based on what may be called a quantitative unique
continuation principle for ground states, given in the following lemma.
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Given a nonempty connected subset B of Z¢ and x,y € B, we let dg(x,y)
denote the graph distance between x and y in B, i.,e., the minimal length of a path
in B connecting x and y. We set diam B = maxy yep dp(x, y), the diameter of
B in the graph theory sense. Note that we always have dp(x,y) > ||x — y|1, and
dg(x,y) = ||x —y|i forallx,y € Bif B = 7% or B = Ar(xo). In particular, we
have diam Ay (x¢) < dL.

Lemma 2.2. Let H = —A + V on {2(Z%), where V is a bounded potential. Let
A = A1 (xo) be a box in Z%. Then E®) = inf o (Hy) is a simple eigenvalue, and
there exists a unique strictly positive ground state w (A , L.e., there exists a unique
w(A) € L2(A) such that HAW(A) E(A)W(A) ||1ﬂ(A)|| 1, and W(A)(x) > 0 for
all x € A. Moreover, for all x € A and m € N we have

Yy =Y Y v, (2.8)
yeEA
eyl <m

We also get a uniform lower bound:
Y™ @) = YiEE xeA. (2.9)

Proof. Without loss of generality we assume 0 = inf .74 V(X),500 <V < Vo =
spr(V) and E® > 0.

Note that £2(A) is a finite-dimensional Hilbert space. The existence of the unique
strictly positive ground state follows from the Perron-Frobenius Theorem. This can
be seen as follows. The self-adjoint operator T = 2d + 1 + Voo — Hp on £2(A) is
positivity preserving, i.e., (6x, 7'6,) > 0 for all x, y € A. Moreover,

(65, T™8y) =1 form > ||x —y|1.x,y € A.
In particular, recalling diam A < dL, we have
(SX,TdLSy) >1, x,y€A.
It follows from the Perron—Frobenius Theorem that A,,x = max o (T) is a simple

eigenvalue, and there exists a unique 1//(A) € £?(A) such that TW(A) = Amax éA),

||1p(A)|| =1, and W(A)(x) > 0 for all x € A. Clearly, HAW(A) E(A)w(A) and

Amax =2d + 14+ Voo — E® <2d 4 14 Voo = Yy p.

Moreover, since Tw(A) = Amax éA) and w(A) (x) > Oforall x € A, we have for all

xeAandme N (Yy = W(A)
V) =2 Y Yy,
YEA; [[x=ylli<m

which yields (2.8).
To get (2.9), just notice that 1 = [|Yrgll2 < [[¥glls = >y ¥ (V) O
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Proof of Theorem 2.1. Given ¢ € KZ4, fix T; € T' N A (¢) such that | T || = O

Let R = KJ where J = 1,3,5,...and consider A = Ag = Ag(0). Then, by
Lemma 2.2, for all # > 0 we have that EY)(¢) = inf o(Hr(¢)) is a simple isolated
eigenvalue with eigenvector 1//( ) as in Lemma 2. 2, so it follows that the orthogonal

A Ay, (A
projection Pg (1) = (Wé,,), W( )) ( i
d

d
d_tE(A)(t) =g Py (t)H (1)

is differentiable in ¢, and

=tr Pg(¢t)H (1) + tr Pg(t)H(t)

=tr Pg(¢)H ()

=tr Pe(t)xr (2.10)
> Y (U vy

teKZdNA

= Y Y wHw?

teKZ49NA x€l;

where on the second line we have used Py, = Py Pg(1 — Pg) + (1 — Pg) Py Py,
cyclicity of the trace, and Py H(1 — Pg) = 0.
If x € I¢, it follows from (2.8) that

A A
@ = ey +07% > o).
YEXAg @

and hence
W) = Yoy +072%5 3 B2 2.11)

YEXAg @
Combining (2.10) and (2.11) we get

d _ A
JENOz ey + 0 3T 3T w0
CeKZINAYEX Ak (6 (2.12)
=0Yayv + l‘)_ZdK.
Thus

E® @) — EWM(0)

%

t
0 / ds(Yay +5)24K
0

_ 0 ( 1 _ 1 )
2dK — 1\ y24K=1 (Y4 y +1)2dK=1/"

To conclude the proof of the theorem, just note that E7(¢) = limg—oo E(AR)(?)
forall > 0. ]
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2.3. Cheeger’sinequality for the ground state energy. Theorem 1.3 for H = —A,
namely the lower bound (1.5), follows from the following theorem.

Theorem 2.3. Let I G Z% be (K, Q)-relatively dense. Then

1
Er(-A)> —. 2.13
r(=4) = 1dK3 (2.13)
In addition, |
Er(—A,t)> ————, t>2d — 1. 2.14
r( )_(6d—1)KZd (2.14)
Remark 2.4. For H = —A the estimate (2.13) in Theorem 2.3 is better than the

corresponding estimate from Theorem 2.1. Note that (2.14) only holds fort > 2d —1,
giving a lower bound independent of 1. We can get an estimate for all # > 0 by
combining (2.13) and (2.4), getting
t
Er(t) > .
r() = KA+ ad) 71

This estimate is better than (2.14) for sufficiently large ¢.

(2.15)

Given A C 79, let
c A ={(x,y) e Ax A% |x =yl =1}
e _A={x€A; (x,y) €dA forsome y € A},
e J4yA={y e A% (x,y) € dA forsome x € A};
e given x € Z4, set

na(x) = [{y € Z%; (x,y) € 04} € {0,1,2,...,2d},
s00_A = {x € Z%; na(x) = 1}.
Note that

(X4 (D) xa) = [04] = Y na(x) = Y na(x).

xezZ4 x€I_A

Lemma 2.5. Let T' C Z¢ be (K, Q)-relatively dense. Then for all A C Z¢ \ T we
have
(X4, (=8)24) = 13A4] = K9] A]. (2.16)

Proof. Let A € Z% \ Tk, set Ay = ANAg(Q) for ¢ e KZ% andlet Ny = |{¢ €
KZd;A; = (}|. Then
|A] < KINy. (2.17)

Onthe otherhand, A; # @ implies IAN(Ag () XA(O) (¢)) # O@since 'k ﬂA(O) ) ;é
@. We conclude that Ny < |0A|, so (2.16) follows from (2.17).
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Let H =—-AandfixI' € Z% be (K, Q)-relatively dense. Following [28], we
define the Cheeger constants (note (X4, X4) = |A])

(X4, (=Ar)X4)

B() = inf Ba(T"), where B4(") = , (2.18)
ACZA\T; 1<|4| <00 |A|
and
B()=  inf  pa(r).  where ar) = A TOXA)
AcZd; 1<|A|<co |A|

Clearly B(I") > Etr and B(t) > E(¢) forall t > 0.
Lemma 2.6. We have
K;4 < B(T) <2d.
Moreover, B(t) is a nondecreasing function of t > 0, and
B(t)=pOT) > K4, t>2d -1,
where V(') = min{B(T"), 1}.
Proof. Given A C Z4 \ T, |A| > 1, it follows from Lemma 2.5, that

(X4, (=D)Xa)

> K4, t>0.
|Al - -

Ba(t) = Ba(l') =

It follows that (') > K;. On the other hand, there exists yo € Z¢ \ T, since
I' ¢ 74, and we have

B(T) < Byor(T) <2d.

A| < co. Suppose x € ANT, Ay = A\ {x}, and assume

LetA c79: 1<
= |Ax| 4+ 1 and

|
|Ax| > 1. Then |A]| = |
(Xa. H@t)Xa) = (Xa,, Ht)Xa,) —2d + 1,

so,ift > 2d — 1,

(xa, HOXa) =1 _ (x4, H({®)X4)
4] =1 N 4]

assuming (X4, H(t)x4) < |A|, ie., Ba(t) < 1. If [A\ I'| > 1, repeating this
procedure until we removed all points of I" from the set 4 we obtain

Ba(t) = Bar (1) = Bar (') = B(I).
If ACT,|A| > 1, we pick xo € 4, so we get
Ba(t) > Bixoy(t) = 2d +1t >2d > B(T).

We thus conclude that forall 1 > 2d — 1 we have B4(t) > BV(T") forall 4 ¢ 74
such that 1 < |A| < oco. The lemma follows. O

Pa, (1) =

= Ba(t),
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Theorem 2.3 follows from the following theorem.

Theorem 2.7. Let I' G Z% be (K, Q)-relatively dense. Then

(B(I))? 1
Er(-8) = == = e (2.19)
In addition,
1) 2
Er(—A,t) > (B (@T) > t>2d —1. (2.20)

6d —1 ~ (6d —1)K24’
Proof. We write

H(t) = Hr(t) = —-A+1txr

Er = Er(—A),
E() = Er(—=A,1).

We prove (2.20) first. Following [28], we introduce 74 = 7% U {00}, and for
¢t > 0 define the self-adjoint bounded operator 17(\1) on £2(Z4) by

HDp(x) = Y k(x. 9)(@x) — (),
vezd

where

(i) k(x,y)=1forx,y e Z%, |x —y| =1,

(i) k(x,y) =0forx,y € Z%, |x — y| # 1,
(i) «(x,00) = k (00, x) = t xr(x) for x € Z¢,
(iv) k(00,00) = 0.

Given ¢ € Zi(\Zd), we extend it to ¢ € Zz(ﬁ) by setting ¢(o0) = 0. It follows

that H(t)p = H(t)¢, and we have

__ 1
0. HOOe@s = 6. HOP) y52, =5 2 &P =G0,
x,yez2
Note that
(0. H()p) = (p. (=D)¢) + ] xrel?,
SO
E(t) = inf{{p. H(t)g): ¢ € L2(Z?), ||l = 1}
= inf{{p, H(t)g): ¢ € L2(Z?; R), ||l = 1, |supp¢| < 0o}
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Now let ¢ be a real-valued function on Z¢ with finite support. We have, using
the Cauchy-Schwarz inequality,

2p. HOQ)pzay = Y «(x, 9)(@(x) = ¢(»)°
x,yez4

(3, g7 € DI = G212
s

=Y, S @ 607

For the denominator, we have

D k(x)@) + ¢(0)?
x,yei}
= > (@@ +9e(0)) +2t{p. xre)

x,yeZ4;|x—y|=1

D Qe()? +20(3)3) +2t{p. xre) < 8d ] + 21| xrel>.
x,y€Z;|x—y|=1

IA

For the numerator, since « is symmetric, we have, setting

A ={9? > s} ={¢? > s}

fors > 0,

D kIR =67

x,yeﬁ

—2 Y kKO > GOIPDIG? — G

x,yEiZ
=2 ds Y e 9 > 5 = 00
=24 Y ke, (900 = 1, )
x,yezZ4

= 2/(; ds{Xay. H(t)X4y)

> 26(1) /0 ds| Ay
= 28() ol
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We conclude that for a real-valued function ¢ on Z¢ with finite support and
llell = 1 we have, for all t > 2d — 1, using Lemma 2.6,

_a CBOIeI)? (B0 _ (BOI))
O HOO) = 25 gl0le + 2t largl? = 4d 47 = ad+1

Thus
(B (1))?
E(it)y> ————, t>2d—1.
0= T i
Since E(t) is nondecreasing in ¢, we get
(B (1))?
Et)y> —————, t>2d—1.
0=l

To prove (2.19), we repeat the above procedure with —Ar, Z¢ \ T, Z¢ and
—/A\r instead of H(t), Z¢, Z¢ and ﬁ(\t), where —/A\r = (—Ar) ® 0 on £2(Z%) =
2(Z4\T)@®¢>(),and k(x,y) = L forx,y € Z%, |x — y| = 1, k(x, y) = 0 for
x,y €Z% |x —y| # 1, and, given ¢ € £2(Z% \ "), extending it to ¢ € £2(Z%) by
setting ¢(x) = 0 for x € I". The proof goes through in exactly the same way, and
we get (2.19). ]

3. Trimmed Anderson models

In this section we prove Proposition 1.5 and Theorem 1.6.

3.1. The ground state energy

Proof of Proposition 1.5. Let H, ; be a I'-trimmed Anderson model with u; =
forall ¢ € I" with O = inf supp . To show that Eg = Eg(Hy) € 0ess(Hp), it suffices
to exhibit an orthonormal sequence {@, }nen in £2(Z%) such that

|(Ho — Eg)gnll <1/n., neN.

The existence of such a sequence follows from (1.10). Hence Eg € 0.(Hp) by
Weyl’s criterion.

To show that (1.9) holds, for each ¢ > 0 we use (1.10) to construct an orthonormal
sequence {Y\? }nen in £2(Z?) such that supp ¥\ C Az (xn) with L = L(e) for all
n € N, with ||x;, — Xm|lco > L forn # m, and

I(Ho — Eg)y| <e. neN. 3.1)
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We then have

Ep(Hyp) < (WO, Hy 2 v )

<e+ Z w;|1ﬂ,§8)(§)|2 foralln € N.
el'NAL(xn)

But

P{inf max w; < eL™4y =1,
neN¢eAyr (xn)

from which it follows that
P{o(He,n) N [Eg, Eg + 2¢] # 0)} = 1.
Since ¢ is arbitrary, the result follows. O

3.2. The Wegner estimate

Proof of Theorem 1.6. Let H,, j beaI'-trimmed Andersonmodel, fix £ € (Eg(Ho).
Er(Hy)),andletk = k(Hy, I', E1) beasin (1.11). We clearly have x > 0. To derive
the explicit bound stated in Remark 1.7, namely (1.14), note that the estimate (1.3)
yields

Q Yd,V(O) )ZdK—l) (32)

1—
(2dK — I)Y;j‘f}fo_,l ( (Yd,V(O) +s

Er(Ho,s) — Eg(Ho) >

for all s > 0, which implies Er(Hy, s) > E; for

s> 50 =Yg yo (1= (Ex — Eg(Ho)) Q™' (2dK — )Y 24Ky =ak=1 —1). (3.3)

Using (2.12), we get

Er(Hy,s) — Er(Hoy, so) s
K > sup > sup

§>50 N §>50

— S
- 20(Yyyo +5)72K (3.4)

The supremum is attained at

2Kd + 1 8SKdY
s=7+(1+\/1+¢(m)s0; (3.5)

4Kd (2QKd + 1)2s9
to get a simpler lower bound we take s = s = 212(1’?;1 So, getting
0 2Kd +1 \—2dK
> —— 1Y, —_— , 3.6
€z s e + Spg—) G0

which is (1.14).
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We now proceed as in [24], Proof of Theorem 1.7. Let A = Ay (xo) with xo € z4
and L > 0, and note that (HJ' (1) = ((Ho)r (1)™)

Er(H{.1) = Eg(H{Y (1)) = Eg(Hor (1)) = Er(Ho. 1),

SO

Er(H®,s)— E
K(HA,F,E1)= sup r(fy’.s) 1zlc(Ho,I',El)=K>0.

5>0; Er(H(§\,s)>E1 5

As a consequence, (1.12) follows immediately from [24], Lemma 4.1.
The Wegner estimate (1.13) follows using (1.12). For any closed interval I C
(—o0, E1] we have

A - A A
tr XI(H(E),A)) <k 't XI(H(E),A))XFHAXI(H:,,;S)
=k~ r XrnA I (H(,(,I,\;E)XFHA

=7t D (e (HS)S).
¢cel'NA

Since by spectral averaging, [10], eq. (3.16) (see also [8], Appendix A),

[ dnctoe e (H)5) < 85,0711

we get (1.13). Ol
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