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Localization for quasiperiodic Schrodinger operators
with multivariable Gevrey potential functions

Silvius Klein

Abstract. We consider an integer lattice quasiperiodic Schrodinger operator. The under-
lying dynamics is either the skew-shift or the multi-frequency shift by a Diophantine fre-
quency. We assume that the potential function belongs to a Gevrey class on the multi-
dimensional torus. Moreover, we assume that the potential function satisfies a generic
transversality condition, which we show to imply a Lojasiewicz type inequality for smooth
functions of several variables. Under these assumptions and for large coupling constant, we
prove that the associated Lyapunov exponent is positive for all energies, and continuous as
a function of energy, with a certain modulus of continuity. Moreover, in the large coupling
constant regime and for an asymptotically large frequency - phase set, we prove that the
operator satisfies Anderson localization.
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1. Definitions, notations, statement of main results

In this paper we study the one-dimensional lattice quasiperiodic Schrodinger op-
erator H(x) acting on /2(Z) by

[H(x) Y]n = —Yng1 — Va1 + A0(T"X) ¥y (1.1)

where, in equation (1.1),

m x = (x1,x2) € T? is a parameter that introduces some randomness into the
system,;

m A is a real number called the disorder of the system;

= v(x) is a real valued function on T? = (R/Z)?, that is, a real valued 1-
periodic function in each variable;

= T is a specific ergodic transformation on T2, and T" is its nth iteration.

Some of the questions of interest regarding this, or other related operators, are
the spectral types (pure point, absolutely continuous, singularly continuous), the
topological structure of the spectrum, the rate of decay of the eigenfunctions, the
positivity and regularity of the Lyapunov exponent, the regularity of the integrated
density of states.

Due to the ergodicity of the transformation T, the spectrum and the spectral
types of the Hamiltonian system [H (x)], <2 defined by (1.1) are not random - that
is, they are independent of x almost surg:ly (see [9]).

A stronger property than pure point spectrum is Anderson localization, which
for the physical model indicates an insulating behavior, while a purely absolutely
continuous spectrum indicates metallic (conductive) behavior.

Let us describe these concepts more formally.

Definition 1.1. An operator satisfies Anderson localization (AL) if it has pure
point spectrum with exponentially decaying eigenfunctions.

Consider now the Schrodinger equation

H(x)y = EVY, (1.2)

for ¥ = [Yulnez C Rand E € R.

Due to Schnol-Simon’s theorem (see [9]), to prove AL it is enough to show that
every extended state is exponentially decaying. In other words, if ¥ is a formal
solution to the Schrodinger equation (1.2) and if i grows at most polynomially
|¥n| < |n| then ¥ decays exponentially: |y,| < e€".
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The Schrodinger equation (1.2) is a second order finite differences equation,
~Ynt+1 — VUn—1 + AV(T"X) Y = E Y,

which becomes
[ Va1

o Wl]’

] = MN()_C’E)LPO

where

1

My(x, E) = My (x, A, E) = ]‘[[

Jj=N

A(T/ x)— E —1]
1 0

is called the transfer (or fundamental) matrix of (1.1).
Define further the function

1
Ly E) = Ly(x.4, E) = - log [ My (x. E)|
and its mean
1
Ln(E) = LN(A. E) := / — log|My(x.E)| dx

T2 N
Due to sub-additivity, the sequence Ly (E) converges.
Definition 1.2. The limit

L(E):= lim Ly(FE)
N—>oo

is called the Lyapunov exponent of (1.1) and it measures the average exponential
growth of the transfer matrices.

Ergodicity in fact implies that for a.e. x € T2,
1
L(E):= lim —log|M E)|. 1.
(E):= lim —log | My (x. E)| (1.3)

Note that since the transfer matrices have determinant 1, the Lyapunov ex-
ponent is always nonnegative. An important question is whether it is in fact (uni-
formly) bounded away from 0. This would imply, due to Kotani’s theorem, absence
of absolutely continuous spectrum, and it would represent a strong indication for
pure point spectrum. This is also usually the assumption under which strong con-
tinuity properties hold and an analysis of the topological structure of the spectrum
is more feasible.
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In this paper we prove Anderson localization and positivity and continuity of
the Lyapunov exponent for large coupling constant, for certain ergodic transfor-
mations T on T2 and under certain regularity and transversality conditions on the
potential function v(x). While all of our results are stated and proven for the two-
dimensional torus T2, their analogues on the higher dimensional torus hold as
well.

We describe the assumptions on the transformation and on the potential func-
tion.

We start with some notations: for a multi-index m = (m, m») € Z?, we write
|m| := |my| + |m2| and if m = (my, m,) € N2, then m! := m ! - m,!. Moreover,
for @ = (ay,a2) and m = (my,my) € IN?, we write @ < m when a; < m; and
ay < mos.

Throughout this paper, the transformation T: T2 — T? will represent

m either the skew-shift
Sw (X1, x2) 1= (X1 + X2, X2 + ®), (1.4)

where w € T is irrational and its nth iteration is given by

nn—1
S? (x1,x2) = (x1 + nx, + %a) Xy + na)), (1.5)
m or the multi-frequency shift
Ty (x1, x2) 1= (X1 + w1, X2 + w2), (1.6)

where @ = (w1, ;) € T? and w;, w, are rationally independent and its nth
iteration is given by

T, (x) =x +nw = (x1 +noi, x2 +nwy). (1.7)

The irrationality/rational independence of the frequency ensures that the cor-
responding transformation is ergodic. However, we need to make a quantitative
assumption on this rational independence, for reasons that will be described later.

We say that the frequency w € T satisfies a Diophantine condition DC, for
some k > 0 if

1
|/ |llog (1 + [ID]*’

dist (lw,Z) =: |l || > & - forall 1 € Z.\{0}. (1.8)
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We say that the (multi)frequency w € T? satisfies a Diophantine condition
DC, for some k > 0 and a fixed constant 4 > 2, if

1

A for all [ € Z*\ {(0,0)}. (1.9)

1ol = |lho+ Lo > k-

Note that the set of frequencies which satisfy either (1.8) or (1.9) has measure
1 — O(x), hence almost every frequency satisfies such a Diophantine condition
DC, for some « > 0.

When necessary, to emphasize the dependence of the operator on the fre-
quency, we will use the notation H, (x) or Hy,(x) respectively.

Now we describe the assumptions on the potential function v (x).

» We say that a C* function v(x) on T? belongs to the Gevrey class G*(T?)
for some s > 1 if its partial derivatives have the following bounds:

sup |92 v(x)| < MK"™(m))*, forallm € N2, (1.10)

xeT?2

for some constants M, K > 0.

This condition is equivalent (see the exercises from Chapter IV in [15]) to the
following exponential-type decay of the Fourier coefficients of v:

15(1)] < Me™!"" forall] e 72 (1.11)
for some constants M, p > 0, where

v(x) = Y B(l) e,

lez?

Note from (1.10) or (1.11) with s = 1 that the Gevrey class G!(T?) is the class
of real analytic functions on T?.

Note also that s; < s, => G*1(T?) C G*2(T?), so the greater the order of
the Gevrey class, the larger the class.

The Gevrey-class of any order s > 1 is an intermediate Carleman class of
functions between analytic functions and C* functions. They are not, however,
quasi-analytic (one can easily construct examples or use a general test for quasi-
analyticity of Carleman classes, as in Chapter V.2 in [15]).
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We will then impose on our potential function v the following generic transver-
sality condition (TC).

= We say that a function v(x) is transversal if v is not flat at any point:

for any x € T? there is m € IN?, |m| # 0 such that 0 v(x) # 0. (1.12)

Non-constant analytic functions automatically satisfy (1.12). A Schrodinger
operator with potential given by a function which satisfies the Gevrey regularity
condition (1.10) and the transversality condition (1.12) is a natural extension of
the non constant analytic case considered in [5] and [6].

We are ready to formulate the main result of this paper.

Theorem 1.1. Consider the Schrédinger operator (1.1) on 1%(Z),

[H(x) ¥]n = —Vns1 — ¥no1 + A0(T"x) ¥p,

where the transformation T is either the skew-shift (1.4) or the multi-frequency
shift (1.6). Assume that for some k > 0 the underlying frequency satisfies the
Diophantine condition DC, described in (1.8) or (1.9) respectively.

Assume moreover that the potential function v(x) belongs to a Gevrey class
G*(T?) and that it is transversal as in (1.12).

There is Ao = Ao(v, k) such that the following hold.

m [f|A]| > Ao, the Lyapunov exponent is positive for all energies E € R:
1
L(E) > Zlog|)t| > 0. (1.13)

m [f|A| = Ao, the Lyapunov exponent L(E) is a continuous functions of the
energy E, with modulus of continuity on any compact interval € at least,

h(t) = C eelloe!l”, (1.14)
where C = C(E, A, v,k,s)and c, n are some positive absolute constants.

m Let T =S, be the skew-shift. For every A with |A| > Ao, there is an excep-
tional set B = B, C T3, with mes B < k, such that for all (w, x) ¢ B, the
operator H,(x) satisfies Anderson localization.

w Let T = T, be the multi-frequency shift. Fix xo € T? and A with |A| >
Ao. Then for a.e. multi-frequency w € DCy, the operator Hy,(Xo) satisfies
Anderson localization.
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2. Summary of related results, general strategy

The results in this paper extend the ones in [6] and [5] (see also J. Bourgain’s
monograph [4]) from non-constant real analytic potential functions, to the more
general class of Gevrey potential functions satisfying a transversality condition.
They also mirror similar results obtained for the one-frequency shift model on the
torus T (see [16]).

It should be noted, however, that unlike the one or multi-frequency shift, the
skew-shift, due to its weekly mixing properties, is expected to behave more like
the random model (presumably regardless of the regularity of the potential). In
other words, for the skew-shift, these results are expected to be independent of the
size of the disorder A. Hence one expects that if A # 0, the Lyapunov exponent is
positive and Anderson localization holds for all energies. Moreover, one expects
no gaps in the spectrum (unlike in the one-frequency shift case, when the spectrum
is a Cantor set) - see the comments at the end of Chapter 15 in [4]. Some results
on these very challenging problems have been obtained in [2], [3], [18], and [19].

Localization results for these types of operators defined by skew-shift dynam-
ics have applications to quantum chaos problems. More specifically, they imply
existence of almost periodic solutions to the quantum kicked rotator equation.
However, one has to establish (dynamical) localization for a more general, long
range operator, one where the discrete Laplacian is replaced by a Toeplitz operator
with fast off-diagonal decay of its monodromy matrix entries. This was already
established for analytic potential functions (see Chapter 15 and 16 in [4]), but we
will not address this problem for Gevrey potential functions in this paper.

Most of the results on localization for discrete quasiperiodic Schrodinger op-
erators (with either shift or skew-shift dynamics) have been obtained under the
assumption that the potential function is the cosine function, or a trigonometric
polynomial or a real analytic and non-constant function (see J. Bourgain’s mono-
graph [4]).

Assuming Gevrey regularity and a transversality condition, there are localiza-
tion results for the shift model that closely resemble the ones in the analytic case
(see [11], [16]). It should be noted, however, that they are usually perturbative and
that more subtle results regarding fine continuity properties of the integrated den-
sity of states (as in [12], [13]) or the topological structure of the spectrum (as in
[14]) are not available in this context.

For potential functions that are more general than Gevrey, namely C*, the
results available now (on localization and positivity of the Lyapunov exponent)
require that a(n asymptotically small relative to the size A of the disorder but)
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positive set of energies be excluded or that the potential function be replaced by
some generic variations of itself (see [1], [7], [8]).

To prove Theorem 1.1 we will follow the same strategy used in [16] for the
single frequency shift model: at each scale, substitute the potential function by
an appropriate polynomial approximation (see Section 3). This in turn will allow
the use of subharmonic functions techniques (see Section 4) developed in [5], [6],
[4]. An additional challenge is describing the transversality condition (1.12) for
multi-variable smooth functions in a quantitative way. We derive (see Section 5)
a Lojasiewicz type inequality for such functions, of the kind previously available
for non-constant trigonometric polynomials (see [17], [10]) or analytic functions
(see [21], [12]).

The main technical result of this paper, from which all statements in Theo-
rem 1.1 follow, is a large deviation theorem (LDT) for logarithmic averages of
transfer matrices (see Section 6).

According to (1.3), due to ergodicity, for a.e. x € T2,

1
Nlog My (x, E)| > L(E) as N — oo.
The LDT provides a quantitative version of this convergence:
1
mes [x € T2: ’N log [ My (x. E)| — Ly (E)| > ¢] < $(N. <), 2.1)

where € = o(1) and §(N,e) > 0as N — oo

The size of the deviation ¢ and the measure of the exceptional set 6(N, €) are
very important. The sharpest such estimate (see Theorem 7.1 in [12]), available
for the single-frequency shift model with analytic potential, holds for any ¢ > 0
and exponentially small measure §(N,€) ~ e °*N thus morally matching the
large deviation estimates for random variables that these deterministic quantities
mimic here. Having such sharp estimates leads to a sharper modulus of continuity
of the Lyapunov exponent (see [12]).

For the multi-frequency shift and the skew-shift models, even with analytic
potentials, the available estimates are not as sharp. In this paper, for Gevrey po-
tential functions, we will gete ~ N~7 and § ~ ¢~N? for some absolute constants
7,0 € (0,1).

Following the approach in [4], [6], a large deviation estimate like (2.1) will al-
low us to obtain a lower (positive) bound and continuity of the Lyapunov exponent,
once these properties are established at an initial scale Ny for Ly, (E). It will also
allow us (the reader will be referred to [4], [6] for details) to establish estimates on
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the Green’s functions associated with the operator (1.1), more specifically the fact
that double resonances for Green’s functions occur with small probability, which
leads to Anderson localization.

Most of the paper will then be devoted to proving a LDT like (2.1):

1 o
mes [x € T2: ‘Nlog | My (x. E)l| — Ly (E)| > N~F] < eV (2.2)

through an inductive process on the scale N.

The base step of the inductive process for proving the LDT (2.2) is based ex-
clusively on the transversality condition (1.12) on the potential, and on choosing
a sufficiently large disorder A. The latter is what makes this approach perturba-
tive (and, in the case of the skew-shift model, wasteful, since it does not exploit
the weakly-mixing properties of its dynamics). The former implies a Fojasiewicz
type inequality, which we prove using a quantitative form of the implicit function
theorem.

In the inductive step we use the regularity of the potential function v(x) and
the arithmetic properties of the frequency. The regularity of v(x) allows us to
approximate it efficiently by trigonometric polynomials vy (x) at each scale N,
and to use these approximants in place of v(x) to get analytic substitutes My (x)
for the transfer matrices My (x). Their corresponding logarithmic averages will
be subharmonic in each variable which will allow us to employ the subharmonic
functions techniques developed in [4], [5], [6].

The main technical difficulty with this approach, and what restricts it to Gevrey
(instead of say, C*) potential functions, is that the holomorphic extensions of the
transfer matrix substitutes My (x) will have to be restricted to domains of size
~ N~% for some § > 0. In other words, the estimates will not be uniform in N,
and this decreasing width of the domain of holomorphicity will have to be over-
powered. This will not be possible for a C* potential function because its trigono-
metric polynomial approximation is less efficient, so the width of holomorphicity
in this case will decrease too fast (exponentially fast).

3. Description of the approximation process

Let v € G*(T?) be a Gevrey potential function. Then

v(x) = ) e, (3.1)

le7?
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where for some constants M, p > 0, its Fourier coefficients have the decay:
15(1)] < Me?!"" | forall | e 72 (3.2)

We will compare the logarithmic averages of the transfer matrix

1
Ln(x.E) = Nlog My (x. E)|ldx

1 . (3.3)
1 AT x)—E —1
=5 T 777 5 1
j=N
with their means
Ly(E) = /T Ly E)dx. (3.4)

To be able to use subharmonic functions techniques, we will have to approx-
imate the potential function v(x) by trigonometric polynomials vy (x) and sub-
stitute v by vy into (3.3). At each scale N we will have a different approximant
vy chosen in such a way that the “transfer matrix substitute” would be close to
the original transfer matrix. The approximant vy will then have to differ from v
by a very small error - (super)exponentially small in N. That, in turn, will make
the degree deg vy =: N of this polynomial very large - based on the rate of de-
cay (1.11) of the Fourier coefficients of v, N should be a power of N, dependent
on the Gevrey class s.

The trigonometric polynomial vy (x) has an extension vy (z), z = (21, 22),
which is separately holomorphic on the whole complex plane in each variable. We
have to restrict vy (z) in each variable to a narrow strip (or annulus, if we identify
the torus T with R/Z) of width py, where py ~ (degvy)™' ~ N1 ~ N7,
for some power 6 > 0. This is needed in order to get a uniform in N bound on
the extension vy (z). Moreover, in the case of the skew-shift, this is also needed
because its dynamics expands in the imaginary direction, and in this case, the
width of holomorphicity in the second variable will have to be smaller than in the
first by a factor of ~ 4.

The fact that the “substitutes” vy (x) have different, smaller and smaller widths
of holomorphicity creates significant technical problems compared to the case
when v(x) is a real analytic function. It also makes this approach fail when the
rate of decay of the Fourier coefficients of the potential function v(x) is slower.

Therefore, we have to find the optimal “error vs. degree” approximations of
v(x) by trigonometric polynomials vy (x). Here are the formal calculations.
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For every positive integer N, consider the truncation

o) = ) B e, (3.5)

llI<N

where N = deg vy will be determined later.

Since vy (x1, x2) is in each variable a 1-periodic, real analytic function on R, it
can be extended to a separately in each variable 1-periodic holomorphic function
on C,

N (z) = ) DD EE, (3.6)
ll|<N

To ensure the uniform boundedness in N of vy (z1,z2) we have to restrict
vN (21, 22) to the annulus/strip [|Sz| < p1,8] X [|Sz] < p1,8], Where

Bﬁ—l-ﬁ-l/s‘

P1,N ‘= )

Indeed, if z; = x1 +iy1, z1 = x1 +iy1 and |y1], |y2| < p1,~, then

lun (21, 22)| = ‘ Z b(1)e2milz

lI|l<N
< > [p@)le> Y
l1|<N
<M Z e—pllll”elllllyl|+|12||y2|
lIl<N
1/
<M Z e—plll /Ye|l|P1.N
l1|<N
_ 1/s —1+41/s
<M Z e pll] ,elllp/zlll
l1|<N
=M Z e_gllll/s
lI|l<N
1/v
<M Z 51 : B < o0,
lez?

where B is a constant which depends on v (not on the scale N) and we have used
yil, 2] < p1v = §N_1+1/s < §|£|_1+1/s for |I| < N, since s > 1.

We also clearly have |v(x) — vy (x)] < e PN for all x € T2
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We will need, as mentioned above, super-exponentially small error in how
vy (x) approximates v(x), otherwise the error would propagate and the transfer
matrix substitutes will not be close to the original transfer matrices. Hence N
should be chosen such that say e—PN' < eN? Soif N := N2, then the
width of the holomorphic (in each variable) extension vy (z) will be p; v =
LN2SCIHE) = EN-26-D = LN where § := 2 (s — 1) > 0.

We conclude: for every integer N > 1, we have a function vy (x) on T? such
that

v(x) — vn (x)] < PV 3.7)

and vy (x) has a 1-periodic separately holomorphic extension vy (z) to the strip
[I3z] < p1,N] % [|3z] < p1,N], Where p1 v = §N_5, for which

lun (2)| < B. (3.8)

The positive constants p, B, § above depend only on v (not on the scale V). The
constant § depends on the Gevrey class of v: § := 2(s — 1) so it is fixed but
presumably very large.

We now substitute these approximants vy (x) for v(x) in the definition of the
transfer matrix My (x).
Let
A= [ETE

be the cocycle that defines the transfer matrix My (x).
Consider then

Aoy (x) — E —1]’

AN(x.E) := [ | 0

which leads to the transfer matrix substitutes

1
My (x, E):= [] An(TVx, E).
j=N

To show that the substitutes are close to the original matrices, we use Trotter’s
formula. This is a wasteful approach, and clearly in part responsible for our inabil-
ity to apply these methods beyond Gevrey functions. There are other, much more
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subtle reasons for why this approach is limited to this class of functions:

My (x) — My (x)

N
D ATNY) AT ) [A(T ) — Ay (T )] Ay (T 1)
T Ay Ay - ATy

PMW@—MMW@ ﬂ

0 0

SO
. ~ . _ 2
IA(T x) = AN (T/x) | < |A] sup Ju(y) —vn ()] < [Ale™?V".
yeT?
Since sup,ep2 [v(x)| < B, the spectrum of the operator H(x) is contained
in the interval [-2 — |A| B,2 + |A| B]. Hence it is enough to consider only the
energies E such that |E| <2 + |A| B. We then have

. Jx) — —
jaol = [ TETE ) s g v 2 <20 14 < 5O
and
~ An(Tix)—E -1
Javg) < [T J| =18 +iE1+22e5®
1 0
Therefore,
Dl AN (T/x)|| < e .
AT )] 1Ay (T )] < 5P (3.9)

where S(A) ~ log |A| is a scaling factor that depends only on the (assumed large)
disorder A and on v (the constants inherent in & depend on the number B = B(v)
which also determines the range of spectral values F).

‘We then have

N
IMy (x. E) = My (x. E)|| < > &SP . e5SP |3 eTPNZ S | (S@)
j=1
< eNS()L)—pNZ

P A2
-2N

’

<e

provided N = S(A).
Hence uniformly in x € T? we get

IMy (x. E) — My(x. E)| < e 2V, (3.10)
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provided we choose
N =z S(A). (3.11)

which means roughly that A has to be at most exponential in the scale N.

We are now going to turn our attention to the logarithmic averages of the trans-
fer matrices.

Since det My (x) = 1 and det My (x) = 1, we have that |[My(x)| > 1 and
||A7N (x)|| > 1. Thus, for all N > S(1) and for every x € T?,

1 1 ~ 1 ~ _opN2
I o8 1My ()| = 3 Tog | Ty | < 1M () = My @) < 5"

Recall the notation
Ln(x. B) = 1 log My (x. E)| dx. (.12)
and define its substitute
un (. B) = log |y ()], (3.13)
Therefore, uniformly in x € T? and in the energy E,
Ly (x E) —un(x. E)| < e 27,
and by averaging in x,
Ly (E) = (un (E))| < ™27,

where
Ly(E) = / Ly(x, E)dx,
TZ

and for any function u(x),
o) = [ uwdz
T2

The advantage of the substitutes u y (x) is that they extend to pluri-subharmonic
functions in a neighborhood of the torus T2, as explained below.

For the skew-shift transformation T = S,, we consider the strip

Ap,, = [IRz] < prn] x [Iz] < p2,n],
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where py y = %N“g and py N 1= ’321—"NN = %N“g_l

We have to reduce the size of the strip in the second variable to account for the
fact that the skew-shift expands in the imaginary direction. Our approximation
method required a reduction in the size of the holomorphicity strip at each scale,
and this additional reduction will be comparatively harmless.

If we extend the map S, from T? = (R/Z)? to C2, by
Sw(z1,22) = (21 + 22,22 + @)

we get as in (1.5) that

(n—1)

n
SZ(21,22)=<21+n22+ 3 w,22+nw),

Then if (z1, z2) € f_l,,N and if we perform n < N iterations,

(-1

n _
S(z1 +nz + 5 )‘ = [J(z1 +nz2)| = |y1 + ny2| < gN 5. (3.14)

The matrix function

Aoy(x)—E -1 ]

XN@):[ 1 0

extends to a 1-periodic, separately in each variable holomorphic matrix valued
function,
Avy(z) — E -1 ]

Ane = V5 .

Using (3.8) and the definition of the scaling factor S(1), we have that on the
strip J_IBN the matrix valued function Ay (z) is uniformly in N bounded by eS®).
Combining this with (3.14), the transfer matrix substitutes extend on the same strip
to separately holomorphic matrix valued functions

1
Jj=N

such that, for all z € ABN and for all energies E,

IMy(z, E)|| < VS,
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Therefore,
1 ~
un (@) =+ log | My )]

is a pluri-subharmonic function on the strip A, , and for any z in this strip,
PN
lun (2)] = S(A).

The same argument applies to the multifrequency shift T = T, . The extension
of this dynamics to the complex plane

Tw(z1.22) = (21 + w1, 22 + w2)

does not expand in the imaginary direction, so there is no need to decrease the
width of the strip in the second variable as in the case of the skew-shift. How-
ever, for convenience of notations, we will choose the same strip Ap, for both
transformations.

We can now summarize all of the above into the following.

Lemma 3.1. For fixed parameters A, E, for a fixed transformation T = S, or
T =Ty and for § = 2(s — 1), at every scale N we have a 1-periodic function

un (@) i= < log | Ay )
which extends to a pluri-subharmonic function uy (z) on the strip
Aoy, = [132] < prv] % [|32] < pa.nl.
where p1 N &~ N9, PN ~ N1 50 that
un (@) = SG) forallz € Ay, . (3.15)

Note that the bound (3.15) is uniform in N.

Moreover, if N Z S(A), then the logarithmic averages of the transfer matrices
My (x) are well approximated by their substitutes u y (x),

1 2
| log IMx )]l —un ()| 5 e™ (3.16)

and
Ly — (uy)| Se V. (3.17)
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All the inherent constants in the above (and future) estimates are either uni-
versal or depend only on v (and not on the scale N) so they can be ignored. The
estimates above are independent of the variable x, the parameters A, £ and the
transformation T.

This s a crucial technical result in our paper, which will allow us to use subhar-
monic functions techniques as in [4], [6] for the functions uy, and then transfer
the relevant estimates to the rougher functions they substitute.

The logarithmic averages of the transfer matrix have an almost invariance (un-
der the dynamics) property.

Lemma 3.2. Forall x € T?, for all parameters A, E and for all transformations T,

1 1 S(A)
S  — < 7
| log M ()| = < log | My (T )| < == (3.18)
Proof.
| og | My ()] — - log [ My (T )|
N g N N g Nl X
:‘img My ()]
N S My (T
_ |1 e MATYD) - A(T20) - A(T) |
~ N B ATy ATV Y) - AT
1 _
< < logl [ ATV 1) - JAT )]
_ sy
~ N
where the last bound is due to (3.9). The inequality (3.18) then follows. O

4. Averages of shifts of pluri-subharmonic functions

One of the main ingredients in the proof of the LDT (2.2) is an estimate on aver-
ages of shifts of pluri-subharmonic functions. These averages are shown to con-
verge in a quantitative way to the mean of the function. The result holds for both
the skew-shift and the multi-frequency shift.

For the skew-shift, the result was proven in [6] (see Lemma 2.6 there). We will
reproduce here the scaled version of that result, the one that takes into account
the size of the domain of subharmonicity and the sup norm of the function. The
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reader can verify, by following the details of the proof in [6], that this is indeed
the correct scaled version. For the multi-frequency shift, the result is essentially
contained within the proof of Theorem 5.5 in [4], but for completeness, we will
include here the details of its proof.

Proposition 4.1. Let u(x) be a real valued function on T?, that extends to a pluri-
subharmonic function u(z) on a strip A, = [|Sz1| < p1] X [|Sz2| < p2]. Let
o = min{p1, p2}. Let T be either the skgw—shift or the multi-frequency shift on
T2, where the underlying frequency satisfies the DC, described in (1.8) or (1.9)
respectively. Assume that

sup |u(z)| = S.

z€Ap
Then for some explicit constants oy, 19 > 0, and for n > n(x),

-1
mes [g e T?: EnZu(Tjg) — (u)‘ > %n_“’] <e . 4.1)
j=0

Here is how this estimate can be understood. Given the ergodicity of the trans-
formation T for irrational (or rationally independent) frequencies, on the long run,
the orbits T/ x of most points x will tend to be fairly well distributed throughout
the torus T? (see the picture below).

R

(a) Iterations of the skew-shift (b) Iterations of the multifrequency shift

Figure 1
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The average » > _o u(T/ x) will then resemble a Riemann sum of the function
u(x) and as such, it will approach the integral (u).

Moreover, a quantitative description of the irrationality (or rational indepen-
dence) of the frequency in the form of a Diophantine condition like (1.8), (1.9),
should lead to a quantitative description of the convergence of the average sum to
the integral (u).

To prove this quantitative convergence result, we consider the Fourier expan-
sion of the function u(x) and apply it to the average sums. This leads to a con-
volution of u(x) with a Fejér-type kernel. It is crucial to have estimates on the
Fourier coefficients of the function u, and they are obtained via Riesz’ representa-
tion theorem for subharmonic functions (see Corollary 4.1. in [4]). Since u(z1, z2)
is pluri-subharmonic, the scaled version of Corollary 4.1. in [4] implies

sup [ x2)| S~ o andsup GBS oo (42)
x2€T pr N x1€T p2 |2

The estimates (4.2) imply (small) upper bounds on the L? - norm of the part
of the Fourier expansion for which at least one of the indices /; and /, is large.
The difficult part is when both indices /; and /, are small, in which case we use
the Diophantine condition on the frequency to estimate the resulting exponential
sums.

In the case of the skew shift dynamics (1.5), the resulting exponential sums are
quadratic, and they are estimated using Weyl’s method (see [6] for the details of
the proof). We will now present the details of the proof for the multi-frequency
shiftcase Tx =Ty, x := x + w.

Proof. Expand u(x) into a Fourier series

u(x) = )+ »_ ad)-e*irE

172
1#(0,0)

Then the averages of shifts have the form

1n—l - 1n—l
= u(Mx) =—3 ux+ jo)
=0

Jj=0

—

ne
o2 ./'l@)

i 1
=)+ Y A (-
[GZZ nj:()

17#(0.0)

=)+ Y al)- e K (- w).

172
1#(0,0)



450 S. Klein

where we denoted by K, (¢) the Fejér kernel

11 ezmnt

2mwi jt _
K (Z) - Z - n _ e2mit ’

which clearly has the bound

1K ()] _mm{1 W} (4.3)
We then have
1 n—1
1D ux +jo) = )22
Jj=0
= Y [P |Kal- )
1€72
1#(0,0)
= > OP K- + Y [P [Kal - @)
1<|l|<K lI|=K

We will estimate the second sum above using the bounds (4.2) on the Fourier
coeflicients of u(x) and the first sum using the DC (1.9) on the frequency w. The
splitting point K will be chosen to optimize the sum of these estimates.

Clearly (4.2) implies

D 1R = i x2) 7 g S (;i Illll)25 <§>2#

leZ
and S 1N\2 /S\2 1
i 2 _la 2 <(= —_ 2y
2 fith ) = i, Bl ) =6G) o
1€Z
Then,

Yo laDP K- @) < Y )

lII=K lI|=K
< Y ROP+ Y AP
L |1=K/2 I:|Ix1=K/2

) %
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Estimate (4.2) clearly implies

la()] <

1

> @
—

Then using the DC (1.9) on w and (4.3), we obtain

A S\2 1 1
D T LR [ G I D o T

1<|l|<K I<|l|<K =
(S)z Z 1 |Z|2A
N 1712 52 2
Pl g P P
S\2 K2A
()
o/ n2k?

We conclude

1”—1 . S 1 KA S B
”;ZU(E‘F]Q)_(u)”LZ(Tz) =< ;(W_'_W)S ;I’l a

Jj=0

for some positive constant a that depends on A and for n large enough depending
on A and k.

Using Chebyshev’s inequality, the above estimate implies

-1
mes [g e T?: ‘%nZu@ + jw) — (u)‘ > %n‘“”] < p4al3, 4.4)
j=0

This is not exactly what we wanted, since the size of the “bad” set above decays
only polynomially fast in 7, instead of exponentially fast.

To boost this estimate, we will use Lemma 4.12 in J. Bourgain’s monograph [4].
This result shows that a weaker a-priori estimate on a subharmonic function im-
plies an upper bound on its BMO norm, which in turn leads, via John-Nirenberg
inequality, to a stronger estimate on the function. We reproduce here a “rescaled”
version of the estimate in [4], one that takes into account the width p of subhar-
monicity. The reader may verify that this is indeed the correct rescaled version of
the statement.
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Lemma 4.1. Assume that u = u(x): T? — R has a pluri-subharmonic extension

u(z) on A, = [|Sz1| < p1] x [|Sz2] < p2] such that sup |u(z)| < B. Let
- z€Ap

p = min{py, p2}.

If

mes[x € T?: |u(x) — (u)| > €] < €1, 4.5)

then for an absolute constant ¢ > 0,

511/4)—1

—eleg1 /4 JB
mes[x € T?: [u(x) — ()] > /%] < e (<0 +\/Z€01/2 (4.6)

We will apply this result to the average

S| =

ub(x) =

n—1
§ ;u@ +jo).

Clearly u#(x) is pluri-subharmonic on the same strip Ap as u(x), its upper

bound on this strip is B = p and its mean is ) = g (u).

Then (4.4) implies
mes[x € T?: [uf (x) — )| > €] < €1, 4.7
where €y ;= n"%3 and ¢; := n"%/3 50 ¢; <K €.

Applying Lemma 4.1 and performing the obvious calculations, from inequal-
ity (4.6), we get
mesfx & T7: [uf(x) — ()| > n=/1?] < 7o,

which then implies (4.1) for the multi-frequency shift T,,. U

5. Lojasiewicz inequality for multivariable smooth functions

To prove the large deviation estimate (2.2) for a large enough initial scale Ny, we
will need a quantitative description of the transversality condition (1.12). More
precisely, we will show that if a smooth function v(x) is not flat at any point
as defined in (1.12), then the set [x: v(x) ~ E] of points where v(x) is almost
constant has small measure (and bounded complexity).
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Such an estimate is called a Lojasiewicz type inequality and it is already avail-
able for non-constant analytic functions. For such functions it can be derived using
complex analysis methods from [20], namely lower bounds for the modulus of a
holomorphic function on a disk (see Lemma 11.4 in [12]).

For non-analytic functions, the proof is more difficult. Using Sard-type argu-
ments, we have obtained a similar result for one-variable functions (see Lemma 5.3
in [16]). For multivariable smooth functions, the argument is more technical and
it involves a quantitative form of the implicit function theorem, also used in [7]
and [14].

We begin with a simple compactness argument that shows that in the TC (1.12)
we can work with finitely many partial derivatives.

Lemma 5.1. Assume v(x) is a smooth, 1-periodic function on R2. Then v(x) sat-
isfies the transversality condition (1.12) if and only if there exist m € IN?, |m| # 0,
and ¢ > 0 such that

max 0% v(x)| > ¢ forall x € T?. 5.1
lor] 0

The constants m and c in (5.1) depend only on v.

Proof. Clearly (5.1) = (1.12). We prove the converse. The TC (1.12) implies that
X € T? there exists my € N?, |my| # 0 such that

|0™% v (x)| > ¢x > 0.
Then there are radii rx > 0 such that if y is in the disk D(x, ry), then
|0 v(y)| > cx > 0.
The family {D(x, ry): x € T?} covers T?. Consider a finite subcover
{D(x1.7x,), o DXk, Ty )}

Let m € IN? such that m > my; forall 1 < j <kandc:= mink ¢x;- Then (5.1)
- I<j<k =

follows. [

The following is a more precise form of the implicit function theorem (which
was also used in [14]).
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Lemma 5.2. Let f(x) be a C' function on a rectangle R = I x J C [0,1]?, let
J =]c,d]and A := max |0x, f(x)|. Assume that
xeR

min |0y, f(x)| =: €9 > 0. (5.2)
XER

If f(a1,a2) = O for some point (a1,a,) € R, then there is an interval 1y =
(a1 —k,a> + ) C I and a C' function ¢o(x1) on Iy such that

(i) f(x1.¢0(x1)) = 0 forall x| € Iy,
(ii) |0x,¢o(x1)| < A€y, and
(111) X1 € 10 and f(x1’x2) =0 = Xy = ¢0(x1).

Moreover, the size k of the domain of ¢¢ can be taken as large as k ~ egA™! -
min{a, —c¢,d — as}.

Proof. From (5.2), since 0y, f(x) is either positive on R or negative on R (in
which case replace f by — f), we may clearly assume that in fact

min dy, f(x) =: € > 0. (5.3)
XER

Moreover, note that for any fixed x; € I, since dx, f(x1, x2) # 0, the equation
f(x1,x2) = 0 has a unique solution x,.
Let x; € Ip. Then

|f(x1,a2)| = [f(x1,a2) — flar,az)| = [0, f(§.az) +-|x1 —a1| < Ak.
We have two possibilities.

0 < f(x1,az2) < Ax. Then, ifa, —t € J, we have

f(x1,a2 — 1) = f(x1,a2) = 0x, f(x1,8) - (=1),

and

S(x1,a2—1t) = f(x1,a2) —t-0x, f(x1,6) < Ak —teg = 0,
provided 1 = Aej 'k

For this choice of 7, a, — ¢t is indeed in J, because of the size kg of the
interval Iy: t = A€0_1IC < Aeo_leoA_l(az —c)=a—c, S0Oa—1t>c.

Therefore,
f(x1,a2 —1) <0< f(x1.,a2)

so there is a unique x; =: ¢o(x1) € [az —t, az] such that f(x1, po(x1)) = 0.
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B —Akx < f(x1,az) <0. Then, if a, +t € J, we have

S(xr,az +1) — f(x1,a2) = 0x, f(x1,6) - 1,
and
S(xi,a2 +1) = f(x1,a2) +1-0x, f(x1,6) = —Ak + 1€ = 0,
provided 1 = Aey 'k

As before, for this choice of ¢, a, + ¢ is in J, because of the size x of the
interval Iy: t = Aeo_llc < Aeo_leoA_l(d —az)=d —ap, soa+1t<d.

Therefore,
f(x1,a2) <0< f(x1,a2 +1),

so there is a unique x, =: ¢o(x1) € [az2,as + t] such that f(x1, po(x1)) = 0.

We proved (i) and (iii). The fact that ¢o(x;) is C! follows from the standard
implicit function theorem, while the estimate (ii) follows immediately from (i)
using the chain’s rule. U

The following is a quantitative and global version of the previous lemma (see
also Lemma 8.3 in [14]). It says that under the same conditions as above, the points
(x1,x2) € R for which | f(x1, x2)| < € are either in a narrow strip at the top or
at the bottom of the rectangle R, or near the graphs of some functions ¢;(x1), in
other words x» ~ ¢;(x1).

Lemma 5.3. Let f(x) bea C' function onarectangle R = I x J C [0, 1%, where
[1| ~ Kko. Let J = [c,d] and A := maﬂ)z( |0x, f(x)|. Assume that
X€ER

min |9y, f(x)| =: €9 > 0 (5.4)
X€ER

Let €1 > 0 be small enough, i.e. €, < <50 and k1 ~ e AL

Then there are about koky "' sub-intervals I; of length k1 covering I, and on
each interval I; there is a C' function ¢;(x1) such that

@) fx1.¢j(x1) =0, forall x, € I,
(ii) |0x,¢5(x1)| < A€yt and

(i) [(x1.x2) € R: |f(x1.x2)| <] CRURP U (U; §)),
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where

R =1 x[d —2e1€5",d]

RO =1 x[c,c + 2€1¢5 ]

8j i=[(x1,x2): x1 € I, |x2 — ¢ (x1)| < €1€5']

2[ 61661
/
7 _j
/ KQ

N
)

./
[
([
/L

Ko

Figure 2

Proof. Divide the interval I, whose length is ~ kg into ~ kok7 ! sub-intervals /;
of length « each.

If | f(x1,x2)| > € forall (x1,x2) € I; X [c +2€1€5 !, d —2€1€5!], then we are
done with the interval /;.

Otherwise, assume | f(a1,a2)| < €; for some a; € I; and a, € [c + 26160_1,
d —2e1€;5 ).
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We may assume 0 < f(a;,as) < €, the other case being treated similarly.
Then if a, —t € J, we have

flar,ar —t) — f(ar,az) = 0y, f(a1,§) - (—t), forsomeé& € (ar —t,a»),

and
flar,az —1t) = f(ar,a2) —t-0x, f(a1.§) <€ —€ot =0,
provided 1 = €1€5!. Since ay > ¢ + 2¢1€5!, for this t we have ar —1 € J.

We then have f(aj,ax —t) < 0 < f(ai1,az2), so f(ai,a3) = 0 for some
a; € lay —t,as).

We can use Lemma 5.2 around the point (a1,a3). The interval we get has
length at least egA™! - min{as — ¢, d —az} > €gA™! - 261651 = 261471 > 2k,
so it contains /;, whose length is ~ x;. We have a C! function ¢; on I; such that
|0x, ¢j| < Aey ! and

xi1 €ljand f(x1,x2) =0 = x2 = ¢j(x1).

Now let (x1, x2) € Rsuchthat | f(x1, x2)| < €;. Then either (x1, x5) € R¥ URP
or (x1,x2) € I; X [c + 2e1€5 ', d — 2€1€5 '] for some j, in which case

€1 > [ f(x1,x2)]
= |f(x1.x2) = f(x1, 85 (x1))|
= |0x, f(x1, )| - |x2 — ¢ (x1)]
> €0 - [x2 — ¢ (x1)],

from which we conclude that |x, — ¢ (x1)| < €165

O

We have shown that the points x = (x1,x3) € R for which | f(x)| < €; are
within ~ €; from the graphs of some functions ¢;(x;) that have bounded slopes
and are defined on small intervals /;. This shows that the "bad’ set

[x € R: |f(x)| < el

can be covered by small rectangles instead of €;-neighborhoods of curves, and
we have control on the size of these rectangles and on their number. In turn,
the "good’ set [x € R: |f(x)| > €1] can be covered by a comparable number
of rectangles, which can be further chopped down into squares, to preserve the
symmetry between the two variables. This is the content of the following lemma.
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Lemma 5.4. Givena C? function f(x) ona square Ry = Iyx Jy C [0, 1]%, where
[0, |Jo| ~ ko. Denote A := max max |02 f(x)|. Assume that
le|<2 x€R

min [dx, f(x)| =:€0 >0 or min |0y, f(x)| =: € > 0. (5.5)
X€ERo x€Ro

Let €; > 0 be small enough, i.e. €; < 42 and k; ~ €1A7Y. Then there is a
set By C Ro, with
mes[B,;] < ko €1 651, (5.6)

such that Ro \ B, is a union of about (ko k7 ')? squares, where each such square
has the form Ry = Iy x Jy, with |I1], |J1]| ~ 1.
For each of these squares,

min | f(x)] = e1. (5.7

Proof. We will use Lemma 5.3. Iy is covered by about ok ! subintervals ; of
length ;. Consider one such subinterval. There is a C! function ¢;(x1) on I;
such that |9y, ¢ (x1)| < A€y ! and

[(x1.x2) € Ij x Jo: | f(x1.x2)| < e1] CREURD Uy,

where if Jo = [co, do], then

RE = 1; x [do —2e165 ", do],

9_15’ = 1; x[co, co + 261661],

S i=[(x1,x2): x1 € I;, |x2 — ¢ (x1)| < €165 ].
Then,

§j Cljx [xflneil;j ¢j(x1) —erep max ¢j(x1) +e16g '] =1 [; x K" =: RT".
For any x;, x| € [,
|6 (x1) — ¢ (x| S Aeg ' - |1 = xi| < Aeg 'k ~ ereg

which shows that
K" S e1€g

We have shown that [(x1,x2) € I; x Jo: | f(x1,x2)| < €1] is covered by three

rectangles: 9_%’-,9_%5’, 7", each of the form /; x K; where || ~ k1, |Kj| ~ e1ep .
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Summing over j < kokj ', we get that the set [x € Ro: | f(x)| < €1] is con-
tained in the union B, of about kox ! rectangles of size k1 x €1€5!. Then

mes[B,;] < K()Kl_l - K1 '61651 = Koelegl,

which proves (5.6).

The complement of this set, Ry \ B, consists of about the same number KoKl_l

of rectangles - this was the reason for switching from €;-neighborhoods of curves
to rectangles. Each of these rectangles has the form I; x L;, where |I;| ~ k1 and
|Lj| ~ ko — O(er1€q 1) ~ ko > k1. Divide each of these vertical rectangles into
about K()Kl_l squares of size k1 x k1 each.

We conclude that Ro \ B, is covered by about (kokj ')? squares of the form
R1 = I x J1, where the size of each square is |/, |J1]| ~ 1. O

We now have all the ingredients for proving the following Lojasiewicz type
inequality.

Theorem 5.1. Assume that v(x) is a smooth function on [0,1]* satisfying the
transversality condition (1.12). Then, for every € > 0,

sup mes[x € [0,1]%: [v(x) — E| < €] < C - €, (5.8)
EcR

where C,b > 0 depend only on v.

Proof. Using Lemma 5.1, there exist m = (my,my) € N2, |m| # 0, and ¢ > 0
such that

max 9% v(x)| = ¢ forall x € T2.

lo] 0
Let

A= max max 0% v(x)|.
<(@mi+1,m2+1) xe€[0,1]?

We may of course assume that | E| < 24, otherwise there is nothing to prove.
All the constants in the estimates that follow will depend only on |m|, ¢, 4 (so
in particular only on v).

Partition [0, 1]? into about (22)? squares of the form R = I x J of size
L1~ 5.

Let R be such a square. Then either |v(x)| > € forall x € R, in which case
we are done with this square, or for some a = (a;,a2) € R we have |v(a)| < €.
But then for one of the partial derivatives o < m, || # 0, we have [0% v(a)| > c.
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Assume for simplicity that |0 v(a)| > ¢, which is the worst case scenario.
If x € R, then [ x — alloo := max{|x; —a1l, [x2 —azl} < 55.
Then
¢ ¢
02 v(x) — 02 v(a)| < max |[Vo2v Jx—dlleo <A — = —.
97 0(@) =7 0@ S max (V3 )] x —allo = A+ = 3
It follows that
¢
min |02 z =
min 32 v(x)| 2 3

We will use Lemma 5.4 |m| =: m times.

Step 1. Let
fi(x) = a0mma=h y(x).

Then

min [0y, f1(x)| = min [0™ v(x)|. 2 ¢
XER xX€R

We apply Lemma 5.4 to the function f; with the following data:

C €0K0 -1
Ro=2R, kog=—, €~c, €1 <—, k1 ~€147",
Ro =R 0= 57 0 1 1 1 1
where €; will be chosen later.
We getaset B) := B, mes[B’] < koerey! < k2A-€1e52 such that Ro \ B, is
aunion of about (kok ') squares of the form Ry = Iy x Jy, of size |I1|, |J1| ~ k1.
For each of these squares,

min | f1(x)| > e,
XER|

which means

min | 371270 y(x)| > €.
XER

Step 2. Pick any of the squares R; = /1 xJ; from the previous step and consider
say

fox) 1= a0mmlma=l) g (x),
Then

min [y, f2(x)] = min [d71m27D y(x)| > €.
xXER XER
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Apply Lemma 5.4 to the function f, with the following data:

€1K1

Ri1, k1, €1 from Stepl, e < T kKo~ €2A_1,

where ¢, will be chosen later.

We get a set B,, mes[B,] < K1€2€1_1 such that R; \ B, is a union of about
(k165 1)? squares of the form R, = I x J,, of size |I5|, |J2| ~ k2. For each of
these squares,

min | f2(x)| > ez,
XER>

which means
min | 901712 y(x)| > €.
XER>
If we do this for each of the ~ (kox7!)? squares resulting from Step 1, and if
we put together all the ‘bad’ sets B, corresponding to each of these squares, we
conclude the following.

There is a set z‘; C R such that

mes[ﬁg] < kree]! - (kok Y = koeae] kTt ~ kEA - ere] 2

Hence the total measure of the ‘bad’ set in Step 2 is
mes[B)] < k2 A - erey 2.

Moreover, R \ @'i U 2;) is covered by squares of the form R, = I x J;, of
size | Iz], |J2| ~ k2.
The total number of such squares is about

(k165 1) - (kok T 1)? = (kok5 1)

On each of these squares,

min | 9171270y (x)| > €
XER2

It is clear how this procedure continues. Perform it for m — 1 steps. We will get
sets BY, ..., B" | suchthat R\ (B} U...UB" ) consists of about (ko' )>
squares of the form R,,—1 = Ijy—1 X Jm—1, of size |Iy—1|, | Jm—-1| ~ km-1. On
each of these squares,

min | dx, v(X)| > €n—1 oOr min | dx, v(X)| > €m—1.
XERm—1 XERm—1
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Step m. Assume the former inequality above and apply Lemma 5.4 one more
time. Let

Jm(x) == v(x) - E,

for some fixed energy E with |E| < 2A4 (the estimates will not depend on E).
Then for each of the squares R,,—; from the previous step,

min [0y, fm(x)| = min |0, v(X)| > €m_1.
XERm—1 XE€ERm—1

Apply Lemma 5.4 to the function f,, with the following data:
Rm—1, Km—1, €m—1 from the previous step, €, < <2=L=L and k,, ~ €, A7,

where ¢, will be chosen later.

We get aset B,,, mes[B,,] < Km_leme;I_I such that R,—; \ B,, is a union of
about (ky—1k;,')? squares of the form Ry, = Ly X Jy, of size |Lyl, |Jm| ~ km.
For each of these squares,

min | fp (X)| > €m,
XERm

which means
min |v(x) — E| > €.
XERM

If we do this for each of the ~ (kok;,! ,)? squares resulting from the previous
step, and if we put together all the corresponding ‘bad’ sets, we conclude.

There is a set E,’n C R such that

b -1 -1 32 -1 1 2 -2
mes[B,,] < km—1€m€p—1 + (KoKpp—1)” = Ko€mEp_1Kpoy ~ KGA - €mey~ .

Hence the total measure of the ‘bad’ set in Step m is

-2

mes[B’ ] S k24 - eme? .

Moreover, R \ (Ei u z‘; ..U E,’n) is covered by squares of the form R, =
Im X I, of size |In|, | Jm| ~ km.
The total number of such squares is about

(Km—1Kp' )% - (Kokpyl 1)* = (koK' ).
On each of these squares,

min |[v(x) — E| > €.
XERm
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Therefore, the total measure of the bad set from all steps is

mes[ﬁ'i U 22 ..U @',’n] SKAA-lereg? + e2e1 % + .. emel . (5.9
We choose ‘
€ =€ forl<j<m
Ife < €*(c,m), theneg ~ ¢ > €'/3" €52 ~ ¢™2 < €72, 50 there is no harm in
1/3m

also putting (for simplicity) €p = €

It is a simple calculation to see that for any € < €*(m, A), we have €; 11 < %
forall j =0...m — 1, which allows our inductive process to work.

Note that €7 = €;41 50 € +1€; > = ¢;. This implies

6160_2 +€2€1_2 + ...eme,f_l =€ t+e€1+...t€Eu—1 <mepg =m el

From (5.9) it follows that the total measure of the bad set inside the square R
is

mes[B" UBL .. .UB" | <k2Am-e/?".

There are about (%)2 = Ky > such squares.

Therefore, outside a bad set B, mes[B] < Am-e'/3", we have [v(x) — E| > e,
which proves (5.1) with C ~ Am and b = 5.

O

Remark 5.1. The exponent b in (5.8) is related to the Lojasiewicz exponent of
the function v (see [17] and [10]). Determining the optimal exponent in such an
inequality is an interesting problem in itself, and has been studied extensively
for polynomials and analytic functions. It is clear that for a polynomial, the L.o-
jasiewicz exponent should be related to its degree d, and it is in fact shown to
be O(d%) with explicit underlying constants (see [10] and [17]). The proof of the
Lojasiewicz inequality for analytic functions in [12] (see Lemma 11.4 there) does
not provide an explicit value for the exponent, but Theorem 4 in [21] provides a
scheme for computing it via the Newton distance of v.

In our proof for smooth, transversal functions, we obtain the exponent 3%,7,
where m is the maximum number of partial derivatives needed for transversal-
ity. If v were a polynomial of degree d, then m would be d, which shows that
our estimate is very wasteful (we have obtained a better estimate, 0(%), for one-
variable functions, see Lemma 5.3 in [16]). This, however, seems to be the only
such estimate available now for non-analytic functions of two variables.

A similar argument can be made for functions of more than two variables,
so (5.8) will hold for such functions as well.
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6. Large deviation theorem, the proof of main results

Using induction on the scale N, we will prove the large deviation estimate (2.2)
for the logarithmic average of transfer matrices,

o

1
mes [g e T?: ‘Nlog |Mn(x, E)|| — LN(E)‘ > N_’] <e N7,
as well as a lower bound on the mean of the quantities
Ly(E) = yn log]Al.

The base step of the induction uses the quantitative description (5.8) of the
transversality condition (1.12) on the potential function, and the large size of the
coupling constant. The inductive step uses only the regularity of the potential
function via Lemma 3.1, which provides a good approximation of these logarith-
mic averages by pluri-subharmonic functions.

Lemma 6.1 (base step of the induction). Assume that v(x) is smooth and satisfies
the transversality condition (1.12). Then given any constant C > 0, there are
positive constants A1 and B which depend on v and C, such that for any scale Ny,
for any A subject to |A| > max{Ai, N(f?} and, for any E € R,

1 1
mes [x € T2: ‘—log ||MN0(§,A,E)||—LNO(A,E)’ > 2 S(M)] < Ny €. (6.1)
No 20
Furthermore, for these A, Ny and for all E,

Lyy(h E) > % S, 62)
and

Ly,(AE)—Lan,(AE) < %S(A). (6.3)

Proof. The proof of this result is similar to the analytic potential function case.
That is because the only fact about analyticity needed here is the L.ojasiewicz in-
equality (5.8), which holds for any non-constant analytic functions, and which
we have established in section 5 for smooth functions satisfying the transversality
condition (1.12). We will then omit the proof, but the reader is referred to the
proof of Lemma 2.10 in [6] for details. |

We will now explain the idea of the proof of the inductive step.
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If at scale Ny we apply the almost invariance property (3.18) n times and then
average, we get

N
Lo () - —ZLN (Ty)| < ° ( ), (6.4)
so using the approximation (3. 16), we also get
S
’uNoL) - - ZMNO(T/X)’ k ( ) (6.5)

To have a decay above, we need to take a smaller number of shifts n < Ny.
Apply the estimate (4.1) on averages of shifts of pluri-subharmonic functions
to u n,(x) and get
n—1 S
mes [x e T?: ‘— ZuNO(T’x) — (uny)| > — n_"’] <™, (6.6)
=0 PNg
We may combine (6.5) and (6.6) to directly obtain a large deviation estimate
for un, (x) and then, via the approximations (3.16) and (3.17) to obtain the LDT

for Ly, (x), only when the deviation %n"o < 1. In other words, this approach

0
works only when the scaling factor % is not too large to cancel the decay n~.

This is the case of the single or multi—forequency shift model with analytic poten-
tial (see [4], [5]) where = = % is just a constant depending on the potential
function v. This approach a(l)so works for the single-frequency model with poten-
tial function in a Gevrey class of order s < 2, since in this case sharper estimates
than (6.6) are available for averages of shifts of single-variable subharmonic func-
tions (see [16]). This approach fails for the skew-shift model (whether the potential
function is analytic or Gevrey) and also for the multi-frequency model with Gevrey
potential function, because the size py,, of the subharmonic extension depends on
the scale Ny.

In order to beat the scaling factor & when applying the estimate (6.6) to a
transfer matrix substitute u y,(x) at scale Ny, we need to consider a large num-
ber of shifts n > Ny. The averages of shifts thus obtained will be close to the
mean (4, ). Moreover, we will get

—1
1) @ 15 :
Ly = (ung) % — 3 ung(Tx)

Jj=0

n—1
3) 1 1
~ —E —log IIMNO(T’X)II TOIOg | Mo (2)]]-
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The first approximation above is just (3.17). The second is exactly (6.6). The
third is due to (3.16). The last approximation above essentially says that

n—1 n—1
[T 1My )]~ ] | Mo (T7 )| & ([ Mg ().
Jj=0 Jj=0

or in other words, that the product of the norms of certain transfer matrices is
approximately equal to the norm of the product of these matrices, the latter giving
us the transfer matrix at the larger scale n Ny.

If these heuristics were true, then for n > Ny we would get

1
Ly, ~ No log | My, (x) |,

which would establish the large deviation estimate for transfer matrices at a larger
scale nNg.

The avalanche principle, which is a deterministic result, describes how esti-
mates on the norms of individual (and of products of two consecutive) SL;(R)
matrices can lead to estimates on the norm of the product of all matrices (see [12]
and [4]), thus providing the basis for establishing the above heuristics. It requires
a uniform lower bound on the norms of individual matrices in the product, as
well as knowing that the norm of the product of any two consecutive matrices is
comparable to the product of their norms.

The following lemma provides the inductive step in proving the LDT for an
increasing sequence of scales N. It also provides the inductive step in proving
the positivity and continuity of the Lyapunov exponent. The proof of this lemma
is based on the heuristics described above, and combines the averages of shifts
estimate (4.1), the almost invariance property (3.18) and the avalanche principle
(see Proposition 2.2 in [12]).

Before stating the lemma let us describe the various parameters and constants
that will appear.

List of constants and parameters
«s > 1 is the order of the Gevrey class.

.8 = 2(s — 1) refers to the size (~ N~%) of the holomorphic extensions of
the transfer matrix substitutes.

«D :=25+8, 4 := max{%ﬁl), 2} are some well chosen powers of the
scale N, 1 is the exponent from (4.1).
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.y > 1 is a fixed number.
Note that all these constants are either universal or depend on the order s of
the Gevrey class.

« A, E are fixed parameters such that |E| < [A|B + 2, and B := sup |v(x)].

xeT
» The transformation T = S,, where € DC or T = T,, where w € DC, for
some k > 0.

« Noo = Noo(s, k, B) is a sufficiently large integer, such that the asymptotic
behavior of various powers and exponentials applies to Ngo and such that
(4.1) holds for Ny shifts.

Lemma 6.2 (the inductive step). Consider two scales Ny and N such that Ny >
Noo, (3.16) holds at scale Ny, that is
No > S(A) < |A| <eMo (6.7)

and
NS < N < e, (6.8)

Assume that a weak LDT holds at scales Ny and 2Ny:
1
mes [x € T2: |—log [ M, (x. A, B)| — Lyo (. B)| > 1-5()] < N7P (6.9)
No 10
and

1 -
mes [x € T2 [ Tog [ Mang (s, 2. B = Lano (k. E)| > 58] < N7,

(6.10)
and that the means Ly,, Lan, have a lower bound and are close to each other:

Ly, E), Lang(A. E) > yS(A) 6.11)
and
LngA E) — Long(A E) < 4105(1). (6.12)

Then similar (but stronger) estimates hold at the larger scale N :

| .
mes [x € T2 ‘NlogHMN@,A, E)|~ Ly E)| > SQN~F] <™V,
(6.13)

LN(A, E) > yS(A) —2[Lny(A, E) — Lang (A, E)] — CoS(A)NoN ™!, (6.14)
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and

LN(A,E)— Loy (A, E) < CoS(A)NoN ™1, (6.15)

Jor some positive absolute constants Cy, 7, 0.

Proof. The parameters A, E and the transformation T = S, or T = T,, are fixed,
so they can be suppressed from notations. For instance My (x) = My (x, A, E),
S(A) = § etc.

= We can assume without loss of generality that N is a multiple of Ny, that is,
that N = n - Ny. Indeed,if N =n-Nog+r,0 <r < Ny, then

1 1 -
|37 Tog M ()| = = log | My | < 25NN . (6.16)

n .

Therefore, if we prove (6.14), (6.15), and (6.13) at scale n - Ny, then they
hold at scale N too.

To prove (6.16), first note that My (x) = B(x) - My.n,(x), where

n-No+1 n-No+1
B := [] aTp= [] Aamy.
j=N j=n-No+r

SO

IB@)|| <e™S <eMoS and |B(x)™'| e < Mo,

Since ||Mp.no(x)]| > 1 and || My (x)|| > 1, it follows that

1
v log [ My @) - log || M., (x) |

n'No
n-No

Lo IMv@I"
n - No ”Mn-No @)”

L g B 1Mo )1
n-No Moy )

IA

log (¢NoS)"%°
0

= SNoN L.
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Similarly

1 1
- 108 [ My, ()| - 7 log [ My ()]

(]
1 M,,.
B N [P ES]

n-N
n-No ™ My (x)| 7"

n-Ng
N

! 1Moy ()]
e i on)

< ——Togl(B) ™ I - Myvy )]
0

Moy )11 F |

A

< log[(eM0S) "N . (¢nNoS) W)

0
= 2SNyN !

and inequality (6.16) now follows.

= We are going to show that (6.8)—(6.12) allow us to apply the avalanche prin-
ciple to the “blocks” My, (TU~DNo x) for j = T,n. Each of these blocks is
a product of Ny matrices, and they multiply up to My (x).

Denote the set in (6.9) by By, and similarly the set in (6.10) by B,y .
If x ¢ B, then using (6.9), (6.11) and (6.8) we get

9
||MN0@)|| > e—f’—OSNo-f—LNO-NO > e%SNO = u> eNo >N >n,

o)
[Mno ()| = =n, ifx ¢ Bn,. (6.17)
Forl1<j <n= Nio consider
Aj = Aj(x) 1= My, (TV~DNoy),
Then (6.17) implies

min [ A;(x)] > . forallx ¢ L T/ By, (6.18)
<Jj=n R
Jj=0
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Since A;j41(x)-A; (x) = Moy, (TU~DNox), using equations (6.9), (6.10),
and (6.12), for x ¢ U;’zo(T_jNOBNO) U U;’zo(T_jNOBzNO) (which is a set
of measure < 2N P . N = 2N~P+1) we have

log [|4j+1(x)[| + log |4 (x)[| —log [[4;+1(x) - 4; ()l
= log || M, (TN x) | + log || My, (TU~ Do)
— log || Man, (TV Do)

S S S
< NO(LNO + 1—())/) + NO(LNO 12)/) + 2N0(1—())/ — L2N0)
45 98
= 2No(Lny — Lan,) + 10)/ No < ZOy No = = log,u

Therefore,

1
log |Aj+1(x)| +log||A;(x)|| —log[|A;j+1(x) - 4; (X)]| < EIOgu, (6.19)

for x outside a set of measure < 2N ~P+1,

Estimates (6.18), (6.19) are exactly the assumptions in the avalanche
principle (Proposition 2.2 in [12]). We then conclude

|log || An(x)-.. IL)||+Zlog||A (x)||—210g||A,+1u A @S =

Jj=2 j=1
(6.20)
for x outside a set of measure < 2N ~P+1,
Hence, since N =n - Nog and A, (x) -...- A1(x) = My (x),
n—1 .
|[log [ My (x)]| + Y log | My, (TY~DNo )]
j=2
n—1 - n
=) log || Man, (TY™DNox) | < =
— W
Jj=1
Therefore
Diogimn ol + 15 L tog iy, (r0-0o)
N - n —y Ny 0 -
’ (6.21)

o 1
-= Z 3, 021 Many (19 Do )| < o
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m We will go from averages of n blocks in (6.21), to averages of N shifts.
In (6.21) replace x by x,Tx,...TNo=lx and then average (i.e. add up all
these Ny inequalities and divide by Ny) to get

No—1 N—-1

1 1 .
I Xy 102 1M (T/)] + 3 3 < Tog [ My, (T )]
=0 (6.22)

: 1
- = Z —log | Mano (T )| < o

The almost invariance property - Lemma (3.18) implies

1 1 Nooty SN,
—log||M - —log [Mn(T/x)|| < 222, 6.23
| 1og 1My )] No;) logIMy (T o)l s == (6.23)

From (6.22) and (6.23) we get

N-1
1 1 1 .
~ log My )]l + ,Zo o log [ My, (T )]
N—
Z ~log Mo, (T7 )|

’

SNy 1
<22 4 — < SNoNT!
N

for

x ¢ B = U(T /By U U(T 7 Bang),
j=0
where mes[B;] < 2N_D+1.

Integrating the left hand side of (6.24) in x, we get
|Ln +Lyy—2Lan,| < CSNoN™'+48 - 2N7PF1 < CoSNoN ™!, (6.24a)
Ly + Lyy —2Lan, > —CoSNoN ™!, (6.24b)
and
Ly > Ly, —2(Lny — Lang) — CoSNoN™*
(6.24c)
> S —2(Lny — Lang) — CoSNoN 1,

which proves (6.14).
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Clearly all the arguments above work for N replaced by 2N, so we get
the analogue of (6.24)

|Lon + Ly, —2Lan,| < CoSNoN L. (6.25)
From (6.24) and (6.25) we obtain
Ly — Loy < CoSNoN™",
which is exactly (6.15).

= To prove the LDT (6.13) at scale N, we are going to apply the estimate (4.1)
on averages of shifts of pluri-subharmonic functions to the transfer matrix
substitutes uy, and u,y,. Their widths of subharmonicity in each variable
are pn,, P2Ny ~ Ny =1 and they are uniformly bounded by S.

Using (3.16) which holds at scales Ny and 2N, due to (6.7), we can ‘sub-
stitute’ in (6.24)
1 . )
N log [ M, (T (x)|| by un, (T’ x)
and

1 . .
—— log || Moy, (T? (x)|| by uan, (T x),
2Ny

and get, for x ¢ Bj,

N-1 N-1
1 1 . 2 . 1
| 108 Myl + = D une(TV3) = = 3 o (V)| < SNoN .

Jj=0 Jj=0
(6.26)
Applying (4.1) to uy, and u,y, we get
| V-1 _
mes [g e T?: ’N Z(:) un, (T x) — (uNO)’ > 8- NS -N"O] < e N
' (6.27)

and

N-1
mes [g e T?: ’% Z Uz, (T x) — (UZN())‘ > 8- N1 -N"O] < e N,
Jj=0

(6.28)
Denote the union of the two sets in (6.27) and (6.28) by B».
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Since N satisfies (6.8),
S NSFL.N=™ < § (NVAPHL.N=0 < §.N"T where 7, < f—z"
s0, by (6.26), (6.27), and (6.28), we get

1 _ _
| 108 [My @Il + (uny) = 2ang)| S SNoN ! +5 - N7 629)
<S-NTT,
for x ¢ B := B U B, where
mes[B] < 2N P+ 4 207N < 3N—DH1 o ND+2),

By (3.17) at scales Ny, 2N, and taking into account (6.8), estimate (6.29)
becomes

1
‘N log [|My ()|l + Ly — 2Lan,| <28 - N™0 4207

(6.30)
<3SN,
provided x ¢ B.
Combine (6.30) with (6.24) to get
1
—log |[My(x)|| — Ln| < CoSNgN™! + 35 - N~™
| 1og My @)l = Li| < CoSNo 631

<S-N%2,
for all x ¢ B, where mes[B] < N™P*2 and 1, < ;.

However, (6.31) is not exactly what we need in order to prove the esti-
mate (6.13). We have to prove an estimate like (6.31) for x outside an expo-
nentially small set, and we only have it outside a polynomially small set. To
boost this estimate, we employ again Lemma 4.1.

From (6.31), using again (3.16), (3.17) at scale N, we get

mes[x € T?: luy(x) — (uy)| > S - N"2] < N~ P+2, (6.32)
We apply Lemma 4.1 to

u(x) = %w(z),

which is a pluri-subharmonic function on the strip A, , with upper bound
B =1 on this strip.
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Estimate (6.32) implies

mes[x € T?: [u(x) — (u)| > N™%] < N~P+2, (6.33)

Then, foreg := N2, ¢, := NP2 B=1,p=py ~ N1,

1/4
e/t 4 |2 iy N 2R e

p €ol/?
— N—12/4 4 N—l N‘L’2/2
< N7,

for some positive constant o7 .

The conclusion (4.6) of Lemma 4.1 then boosts (6.32) from a small devi-
ation outside a polynomially small set, to one outside an exponentially small
set, amid a small power loss in the deviation

mes[x € T2 : [uy (x) — (un)| > S N"2/4 < =N < 7N (6.34)
which proves estimate (6.13). O

Remark 6.1. The scaling factor \/g in estimate (4.6) of Lemma 4.1 is what pre-
vents this approach via polynomial approximation to extend to more general Car-
leman classes of potential functions. This is because when the estimates on the
Fourier coefficients of the potential function are weaker than estimate (1.11) for
Gevrey functions, the size p = px of the holomorphic extension of the Nth trans-

. . . . . 1/4
fer matrix substitute will cancel any decay in the expression |/ £ <17
0

We will combine the base step (Lemma 6.1) with the inductive step (see Lem-
ma 6.2) to prove the large deviation estimate for transfer matrices and the positivity
of the Lyapunov exponent. The proof of the LDT will also provide us with the
major ingredient for deriving the continuity of the Lyapunov exponent.

Theorem 6.1. Consider the Schrédinger operator (1.1) on 1%(Z),

[H(x) ¥]n = —Vns1 — ¥no1 + A0(T"x) Y,

where the transformation T is either the skew-shift (1.4) or the multi-frequency
shift (1.6). Assume that for some k > 0 the underlying frequency satisfies the
Diophantine condition DC, described in (1.8) or (1.9) respectively.

Assume moreover that the potential function v(x) belongs to a Gevrey class
G*(T?) and that it is transversal as in (1.12).
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Then there exists g = Ao(v, k) so that for every fixed A with |A| > Ao and for
every energy E,

1 o
mes [x € T: ‘Nlog My A E)| ~ Ly (L E)| > N7 < e (6.35)

for some absolute constants t,0 > 0, and for all N > Ny(A,k, v, s).

Furthermore, for every such transformation T and coupling constant A and for
all energies E € R,

1
L(E) = log |A] > 0. (6.36)

Proof. We refer to the list of constants preceding Lemma 6.2.

We use the initial step - Lemma 6.1 at a sufficiently large initial scale Ny >
Noo = Noo(v). We will explain how the scale Ny is chosen later. We get constants
A1, B > 0 such that for every A with |A| > max{1,, (2No)2} (we want Lemma 6.1
to apply at both scales Ny and 2Nj),

1 1 42,
mes [x € T: |mlog | Mo @)l — Lo | > %S] < NyA*D

(6.37)
<N7P,
mes [x € T2: | —— log [ Mang () — Loy | > ==5] < (2Ng)~4™P
a " 12Ny 0 0 20 (6.38)
SN7P,
1
LN()a LZN() = ES’ (639)
and
1
LN() - LZN() = % (640)
Of course (6.37) and (6.38) hold provided N satisfies
N < N (6.41)

Estimates (6.37)—(6.40) above are exactly (6.9)—(6.12) (at scale Ny, with y =
Yo = 3) in Lemma 6.2. of the inductive step of LDT.
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However, in order to apply this inductive step lemma and obtain similar esti-
mates at the larger scale N, the initial scale Ny and the disorder A have to satisfy
the condition (6.7). Together with the conditions on A and Ny from the initial step
(Lemma 6.1), Ny and A have to satisfy

(2No)® < |A| < Mo, (6.42)
N() > Noo, (643)

and
Al > A1, (6.44)

We want to prove the LDT for every disorder A large enough, |A| > Ao and
not just for A in a bounded interval as in (6.42). To do that, we will have to first
choose A large enough, and then to pick Ny = Ny(A) > Nyo appropriately. Here
is how we can accomplish that.

Condition (6.42) is equivalent to

1
log|A] < No < S |A|/E. (6.45)
We can find A large enough, Ao = A¢(v, k), Ao > A1, so thatif || > Ao, then
1.8
log|A| > Ngo and log|i| < 2|)L| . (6.46)

Then for every such A we can pick Ny = Ny(A) so that (6.45) holds. Combining
this with (6.46), we get that (6.42), (6.43), and (6.44) hold.

All the assumptions on the small scale Ny in the inductive step - Lemma 6.2
hold now, so if we choose the large scale N such that

N& < N < N& (< Moy, (6.47)

then (6.41) and (6.8) hold, so we can apply Lemma 6.2 to get

1 -
mes [x € T2: ‘Nlog My @)l — Ly| > SN77] <77, (6.48)
Ly > y0S —2(Ln, — Lang) — CoSNoN 1, (6.49)
and
Ly — Loy < CoSNoN !, (6.50)

for some positive absolute constants Cy, 7, 0.
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Estimate (6.48) proves the LDT (6.35) at scale N in the range [N{!, N642]. If
N is in this range, say N1 = N(;“, then (6.50) and (6.49) imply

Ly, — Lan, < CoSNoN~*,
and
Ly, > y0S —3CoSNoN™' = yp S =3 CoNy AT1S =19, - 8,

where . .
Y1 = Yo —3C0N0_A+1 = 5 — 3C0N0_A+1 > Z,
provided we chose Nyo (and so Ny) large enough depending on A, Cy.

Therefore,

Ly, =nS (6.51)
and .

- —A Y1

Ly, — Loy, < CoSNgN™! = CoSN, 41! < wS<wS
SO
Y1
LN1 — Lle < E - S. (652)

Since 2N; = 2N is in the range [N§!, N(;“z], (6.51) holds at scale 2N; too, so
LN17L2N1 > VIS (653)

Choosing the next large scale N, so that NIA < N, < NIAZ(< eM), we have
e N < N74*D < NP 50 (6.48) implies

1 1 .
mes [x € T: ‘Fllog My, ()| — Ly, | > ES] <M NP (6.54)

and

1 1
mes [x & 1% |55 log | Man, )] — Law, | > 558] S NP (659)

Estimates (6.54), (6.55), (6.53), and (6.52) are the assumptions in the induc-
tive step — Lemma 6.2 with small scale N; and large scale N,, where N, €
[NA, NA] = [N&*, N&']. Applying Lemma 6.2, we get the LDT (6.35) for
N5 in this range. Moreover,

Ly, — Lan, < CoSNiN;!
and

Ly, > 1S —2(Ly, — Lan,) — CoSNiN5 ' > (y1 —3CoNT 4T .8 =19, - 8,
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where

1 (= 1
Yo i=y1 — 3C0N1—A+1 > E _ 3C0N0—A+1 _ 3C0N64( A+1) > 17
again, provided Ngo (thus Ng) was chosen large enough depending on A4, Cy.
Hence we have Ly, > y>-S and Ly, — Loy, < 13- S.
Continuing this inductively, we obtain (6.35) at every scale N > N(;“.
Also, at each step k in the induction process, if N € [NA, N,fz], then Ly >

Y-S >1-5s0
L =inf Ly >

and (6.36) is proven. O

We now prove that the Lyapunov exponent is continuous as a function of the
energy.

Theorem 6.2. Under the same conditions as in Theorem 6.1 above, and for any
[A| > Ao(v, k), the Lyapunov exponent L(E) is a continuous function of the energy
E with modulus of continuity on each compact interval € at least,

w(t) = C (log ;) s (6.56)

where C = C(E,A,v,k,5) and B € (0,1) is a universal constant that can be
chosen, at the expense of C, to be arbitrarily close to 1.

Proof. We will fix A, T and omit them from notations. We also fix the compact
interval €.

It is easy to show (see below) that for every scale N, the functions Ly (FE)
are (Lipschitz) continuous. To prove that their limits L(E) are also continuous
with a certain modulus of continuity, we need a quantitative description of the
convergence Ly (E) — L(E) as N — oo. The better this rate of convergence, the
sharper the modulus of continuity of L(E).

It follows from the proof of Theorem 6.1 above (see (6.50) and the inductive
process thereafter) that for every scales Ny and N such that Ny > Ngo(A, v, k)
and N < N < N,

Ln(E) = Lony(E) S NoN7' < NYANT! = N7,

SO
Ly(E)— Lon(E) S N7# forall N > Noo. (6.57)
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Summing up over dyadic N’s we conclude
Ly(E)—L(E) S N7#, forall N > Ny, (6.58)

which is the quantitative convergence we were seeking.
To show that |
Lu(E) = [ loglMy(x. E)] dx
N T2

are continuous, we use Trotter’s formula for the transfer matrix My (x, E),

My(x,E)— My(x, E')

N
=Y ATVx.E)... [A(Tx. E)— A(TVx, E")] ... A(Tx. E').

j=1
- EE—E 0
AVx. E) =AUy, By =" 7 ]
and
|A(T/x, E)| <eS, forall E € €,
SO

IMy(x,E)— My(x. EN|| < eSN|E - E/|.
Therefore, since | My (x, E)|| > 1 and ||[My (x, E')|| > 1,

[log [| My (x, E)|| —log | Mn (x, E')]]
< [Mn(x. E) = My (x, E)]|

<eSV|E—E'.
Integrating in x we obtain
ILn(E)— Ly(E")| < &N |E - E'|, (6.59)

which shows Lipschitz continuity for the maps Ly (E).
Combining (6.58) and (6.59) we obtain

|IL(E) — L(E")| S NP + SN |E—E'|, forall N > Ngo(A,v.k). (6.60)
For every such N let

|E—E'| ~e SN NP,
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SO
|L(E) — L(E")| S NP,
Since
1
log———— ~ SN log N < SN,
we have
1\-8 1 _B 1 -B
N8~ (= log—— )" =C(log—)
<S) (log 1 z—7) <Og|E—E/|)

where C = C(A, v, k).

We conclude, using the compactness of &, that for some constant C = C(E, A,
v, k), and for a constant § that can be chosen arbitrarily close to 1 by starting off
with a large enough constant A4,

1 -B
/
|IL(E) - L(E")| < C (log m) .
O
Remark 6.2. The rate of convergence (6.58) can be improved to
|L(E) + Ly(E) —2Lon(E)| S e=N"  forall N > Noo, (6.61)

which follows from the proof of the inductive step, Lemma 6.2 (see (6.24)) and
uses the avalanche principle. This faster rate of convergence leads to the sharper
modulus of continuity (1.14) (see [16], [6] for details).

We will now explain how Anderson localization is derived from the large de-
viation Theorem 6.1.
Given the Schrodinger operator

[H(x) ¥]n = —Vns1 — Yn—1 + A 0(T"X) Y, (6.62)
for every scale N we denote
Hy(x) := Rp,n1H(X)Rp1,n1

where R[; ] is the coordinate restriction to [1, N] C Z with Dirichlet boundary
conditions.
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Then the associated Green’s functions are defined as
Gn(x.E) == [Hy(x) — E]”",

if the N x N matrix Hy(x) — E is invertible.

The large deviation estimate (6.35) implies, via Cramer’s rule, ‘good bounds’
on the Green’s functions Gy (x, F) associated with (6.62).

Indeed, for 1 <n; <n, < N, we have:

Gn(x, E)(n1,n2)
= [Hn(x) — E]"' (n1.n2)
_ det[Hy,—1(x) — E] - det [Hy—n, (T"x) — E]
det[Hy (x) — E] '
There is the following relation between transfer matrices and determinants:

det [Hy (x) — E] — det [Hy—1(Tx) — E]
det [Hy-1(x) — E] ~ —det [Hy—2(Tx) — E] ]

My (x, E) = [ (6.63)

Therefore, we get the estimate on the Green’s functions
[ Mn, (x, E)|| - [MN—n, (T"2x, E)|
| det (Hy (x) — E)|
Combining this with the LDT (6.35), we obtain the following bounds on the
Green’s functions G (E, x) associated with the operator (6.62).
For every N large enough and for every energy E, there is a set Qy (E) C T?
with mes[Qn (E)] < eV so that for any x ¢ Qn (E), one of the intervals

A=A@)=[LNL[ILN-1,2,N].[2,N — 1]

|IGn (x, E)(ny,n2)| <

will satisfy
(GA(E, x)(n1.m5)| < emeIm=maltNTT, (6.64)

Since v(x) = 3z 0(D)e?™ 1% and |0(1)] < Me=?11"" for all [ € Z2, sub-
stituting in (6.64) v(x) by v1(x) := Y <cns d(1)e*™ I'* we can assume that the
‘bad set’ Qn (FE) above not only has exponentially small measure, but it also has
bounded algebraic complexity - it is semi-algebraic of degree < N4,

These sets depend on the energy E. The rest of the proof of localization
for (6.62) involves the elimination of the energy, which uses semi-algebraic set
theory, and follows exactly the same pattern as the proof of the corresponding
result for the analytic case (see [6], [5] or Chapter 15 in [4]).

Our statement for the skew-shift model is weaker than the one for the multi-
frequency shift, since they both mirror the corresponding results in the analytic
case.
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Remark 6.3. We do not know if the transversality condition (1.12) is indeed nec-
essary, either for the models considered here or for the single-variable shift con-
sidered in [16]. In particular, we do not know if the Lyapunov exponent is still
positive throughout the spectrum for potential functions that have flat parts but
are very smooth otherwise. This is a difficult and interesting problem.

Finally, a more challenging problem regarding Gevrey potential functions is
proving localization for a long range model, one where the Laplacian is replaced
by a Toeplitz matrix. In the case of the skew-shift dynamics, this could lead to
applications to more general quantum kicked rotator equations.
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