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Resonance asymptotics for Schrodinger operators
on hyperbolic space

David Borthwick and Catherine Crompton

Abstract. We study the asymptotic distribution of resonances for scattering by compactly
supported potentials in I T1. We first establish an upper bound for the resonance counting
function that depends only on the dimension and the support of the potential. We then
establish the sharpness of this estimate by proving a Weyl law for the resonance counting
function in the case of radial potentials vanishing to some finite order at the edge of the
support. As an application of the existence of potentials that saturate the upper bound, we
derive additional resonance asymptotics that hold in a suitable generic sense. These generic
results include asymptotics for the resonance count in sectors.
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1. Introduction

In this paper we will study the spectral asymptotics of Schodinger operators of the
form A +V, where A is the (positive) Laplacian on H"*!, and V € ngt(]H"H, C)
is a compactly supported, possibly complex-valued potential. For real-valued po-
tentials, the essential spectrum of A+ V is [n% /4, co) and is absolutely continuous.
In this case the eigenvalue spectrum is finite and contained in (0, n%/4). Hence it
is the resonance set that plays the role of discrete spectral data in this setting.

To define resonances, consider first the resolvent of A, written in the form
Ro(s) = (A —s(n —s))~! forRes > 5. The well-known formula expressing the
kernel of Ry(s) in terms of hypergeometric functions (see [15]) shows immediately
that the cutoff resolvent yRo(s) y admits a meromorphic extension to s € C, with
poles of finite rank, for any € CS°(H"11).

It is easy to extend this meromorphic continuation result to

Ry(s) == (A+V —s(n—s)"L;

see §2 for the details. We define the resonance set Ry as the set of poles of Ry (s),
counted according to multiplicity given by the rank of the residue. The resonance
counting function is

Ny (1) :=#{eRy: [{ -2 <t}

Figure 1 shows a sample of the resonance set for V = yp(;) in H3, the charac-
teristic function of the unit ball. The corresponding counting function shown in
Figure 2. These plots are based on explicit calculation of the resonance set in
terms of Legendre functions; see §4 for the formulas.

It is essentially already known that

Ny () = O("th). (1.1)

Forreal V this is a special case of [3, Theorem 2.2], and the extension to compactly
supported complex potentials is straightforward. There is no corresponding lower
bound currently known. It is quite possible that a general lower bound, or at least
an existence result, could be derived from the trace formula [3, Theorem 3.4]. Such
a bound would necessarily have order lower than the optimal " *!.

In the case V' = 0, the resonance set is of course well-known: for n odd we
have

(k+1)---(k+n—1)}

Ry = {g € —No: mo(—k) = (2k + 1) '
n'
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Figure 1. Resonance plot for a radial step potential in IH3. The thin lines indicate the spher-
ical harmonic mode /, with / = 0 at the right. The multiplicity on each line is 2/ + 1. (Each

mode also contributes resonances at negative integers, not on these lines.)
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Figure 2. Resonance counting function for a radial step potential in TH3.
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while for n even there are no resonances, Ry = @. In the case of n odd we thus
have a simple asymptotic,

2
No(t) = ———t"t1 + 0(¢"). 1.2
o(t) ] + 0(@") (1.2)
For later reference, we label the asymptotic constant for the model case as
2
A(O) = (n+1)! n Odd’ (13)
" 0 n even.

For more general families of compactly supported perturbations of the Lapla-
cian on H"*!, including metric and topological perturbations as well as smooth
real potentials, sharp estimates of N(¢) were obtained in Borthwick [3]. Our first
result is an extension of this bound to non-smooth, complex-valued potentials.
These estimates involve the integrated version of the counting function,

Ny(a) = (n + 1)/0a wdn

a common usage in the theory of entire functions.
The constant in the upper bound is expressed in terms of a indicator function,
defined for |0| < 7 by

2 [ [HG )]y
hry(8) = I'(n)/o . (1.4)

where []+ denotes the positive part and

H(a.,r) := Re[2a log(a coshr 4+ V1 + 2 sinh? r) — a log(a? — 1)]
coshr — v/ 1+ a2 sinh?r
coshr + v 1+ a2 sinh?r

The corresponding asymptotic constant is the integral,

(1.5)

+ log

| 5
An(ro) == AL + % / g (6)d6. (1.6)

JT _r

2

(The angular dependence of the indicator function will play a role later when we
consider the distribution of resonances in sectors.)

Theorem 1.1. Suppose that V € ngt(]H"H, C) has support contained in a closed
ball of radius ro. Then

Ny (a) < An(ro)a™™! + O(a" loga).
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The error estimate in Theorem 1.1 improves on the o(a”*!) result of [3], but
this improvement is specific to the potential case. It is based an sharper scattering
phase estimate that we will give in Proposition 3.1. This situation is completely
analogous to the d-dimensional Euclidean case, with d > 3 odd. In that setting
the o(a"*!) bound is due to Zworski [17]. The improvement to O(a” loga) in the
Euclidean potential case was proven in Dinh and Vu [8].

Our main goal in this paper is to demonstrate the sharpness of Theorem 1.1 in
the case of radial potentials. This is analogous to the Euclidean result for radial
potentials in odd dimensions due to Zworski [17], with the explicit constant later
computed by Stefanov [16].

Theorem 1.2. Suppose that V € L®(H"*!, C) is a radial potential with support
in a ball of radius ry. If we assume that V' is continuous near r = ro and has finite
order of vanishing in the sense that

V(r) ~«k(rg — r)ﬁ, asr — ro,
for some B > 0 and k # 0. Then

Ny (1) ~ An(ro)t"*1.

In the final section of the paper we include some applications of this result.
In the Euclidean case, Christiansen [5, 6] has established generic properties of
resonance distributions for potential scattering, and the exact asymptotic for the
radial case plays a key role in this work. Using Theorem 1.2 we can prove some
analogous theorems for ™1, These results (see §7 for the precise statements)
include those listed below.

(1) For generic (real or complex) potentials V' with support in a compact set
K C H"*! with non-empty interior, the order of growth of the resonance
counting function is optimal in the sense that

log Ny (¢

n+ 1.
t—00 lo

(2) For generic (real or complex) potentials supported in the closed ball B(ry),

Ny (1)
tn+1 = An’

lim sup

—>00

i.e. the estimate in Theorem 1.1 is generically optimal for potentials with sup-
port equal to B(ro).
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(3) For generic (real or complex) potentials with support in the closed ball B (ry),
there is a generic lower bound on the number of resonances contained in a
sector near the critical line, with the optimal order of growth n + 1 and a
constant independent of the size of the sector.

(4) For potentials with support in B(rq) for which Ny (t) ~ A,(ro)t"t!, the
asymptotic distribution of resonances in sectors is governed by the indicator
function h,,(0) defined in (1.4). The same distribution holds, in a weighted
average sense, for families of perturbations of of such potentials.

The paper is organized as follows. In §2 we introduce the basic spectral opera-
tors associated to A + V, the scattering matrix in particular. In §3 we establish the
formula for counting resonances in terms of the relative scattering determinant,
which is the basis for the rest of the analysis. We also prove some general estimates
on the scattering determinant that will be needed later, and which in particular give
the proof of Theorem 1.1. Explicit formulas for scattering matrix elements in the
radial case are worked out in §4. In §5 we develop precise recursive estimates for
these matrix elements. From these estimates we derive asymptotics of the scatter-
ing determinant in §6, yielding the proof of Theorem 1.2. Finally §7 contains the
resonance distribution results for generic potentials as outlined above.

Acknowledgment. We would like to thank Tanya Christiansen for advice on the
proof of Proposition 3.1 as well as for helpful discussions related to the material
in §7.

2. Potential scattering in H”+!

Consider a Schrodinger operator A+V in H"*1, with potential V € L (H"*1, C).
The resolvent Ry (s) := (A+V —s(n—s))~! is defined by the spectral theorem for

Re s sufficiently large, and is related to the model resolvent Ro(s) by the identity
Ro(s) — Ry (s) = Ry (s)VRo(s). 2.1

As mentioned in the introduction, the cutoff resolvent yRo(s)y admits a mero-
morphic continuation to s € C. We can describe this more precisely in terms of
weighted L2 spaces. In terms of geodesic polar coordinates (r,w) for H"+! =~
R x S”, define p := 2¢~". For the Poincaré ball compactification of H"*!, pis a
boundary defining function. The model resolvent Ry (s) extends meromorphically
toRes > —N + %, as an operator pV L2(H"*!) — p~V LZ(H"*!). Since VRo(s)
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is compact as an operator on pV L2(H"*1), for Res > —N + %, with arbitrar-
ily small norm for Re s sufficiently large, the analytic Fredholm theorem yields a
meromorphic inverse (1 + VRy(s))~!. In conjunction with (2.1), this establishes
the following:

Proposition 2.1. The resolvent Ry (s) extends meromorphically to s € C as
Ry (s) = Ro(s)(1 4+ VRo(s)) ™",

with poles of finite rank. For any N > 0, Ry (s) is bounded as an operator
pV L2H" ) — o~V L2(H"t) for Res > —N + 4.

With meromorphic continuation of Ry (s) established, we define the resonance
set Ry as the set of poles of Ry (s), counted with multiplicities

my ({) := rank Res¢ Ry (s). (2.2)

2.1. Resolvent estimate. For later use we need an estimate on the cutoff resol-
vent in the physical plane.

Proposition 2.2. Suppose V € L% (H"*!,C) and y € Co(H"™"), with y = 1

on supp V. There exist C > 0, M > 0 such that for 6 € [—%, %] anda > M,
[xRy (5 +ae”) x| < Ca™".
Here C depends only on the support of x, while M depends on supp y and ||V || co-

Proof. Set Q := supp V, and let 1 be the projector given by multiplication by
the characteristic function of 2. Since (1 — 1g)V = 0, we can write

1+ VRo(s) = (1 + VRo(s)(1 —1))(1 + VRo(s)1g).
And then by inverting this expression we have the identity
(1+ VRo(s)™" = (1 4+ VRo(s)lg) ™ (1 — VRo(s)(1 — 1g)).
This allows us to write the cutoff resolvent as
ARV ()1 = (Ro()x(1 + VRo()Ie) ' (1 = VRo(s)(1 = 1)) (2.3)

(This trick works just as in the Euclidean case; see, e.g., [9].)
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To estimate the terms involving Ry (s), we can cite Guillarmou [11, Proposi-
tion 3.2], which gives the estimate

1 1 -
I0? Ro(s)p2 ]| < Cls — 4|, (2.4)

forRes > 2 — 1,5 # 2. Applying this to the the cutoff resolvent gives

[xRo(5 +ae™) x| < Ca™.
We can also apply (2.4) to obtain, for a sufficiently large, the estimates

|VRo(5 + aeie)]lgn < and ||[VRo(% + aeie)(l —1o)x|| =3

1
2

The claim then follows from (2.3). O

2.2. Scattering theory. The scattering matrix Sy (s) associated to the potential
V can be defined in the same way as for any asymptotically hyperbolic manifold.
We will recall the details rather briefly; see [3] for details and references.

Givens ¢ Ry U (5 + Z) and f € C°(S™), there is a unique solution of
[A+V —s(n —s)lu = 0 with the asymptotic

u~p" S f o0 f (2.5)

for some f/ € C°°(S™). The scattering matrix, defined as the map Sy (s) : f +—
f’, is a meromorphic family of pseudodifferential operators on S”. Note that by
construction, the scattering matrix satisfies Sy (n — s) = Sy (s)~L.

The relative scattering matrix Sy (s)So(s)~! is of determinant class, and the
relative scattering determinant is defined as

() := det Sy (5)So(s) ™" (2.6)

The reflection formula for the scattering matrix implies t(s)z(n —s) = 1. This
meromorphic function admits a Hadamard factorization over the resonance sets

Ry and Ry:
yHy(n—s)  Ho(s)

Hy(s) Ho(n—s)’
where g(s) is a polynomial of degree at most n + 1, and

7(s) = €0

2.7)

sn+1

Hv(s) = l_[ (1—%)6Xp(§+"'+m).

{eRy

For V real-valued, the factorization (2.7) is a special case of [3, Proposition 3.1],
and the extension to complex V is straightforward.
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3. Resonance counting formula

One consequence of (2.7) is that we can count resonances with a contour inte-
gral over the scattering determinant. Integrating v’/ around a half-circle contour
centered at s = 7 yields

Ny (1) = Ny (0) — No(1) —2dy (1)

| LR B "

=— | Im—(it)dt' + —/ 10;log |t(% + te'?)|d6.
2 J_; T 27 -z
where dy (¢) counts the number of resonances ¢ € Ry withRes > £, | — §| <t,
which occur only when {(n — {) is a discrete eigenvalue. There are only finitely
many discrete eigenvalues, so dy is bounded.

If we divide this contour integral by ¢ and integrate, we obtain the relative
counting formula,

- - 1at /
Nym)—A@w)::ﬁi;-/ /mlmz{n@dﬂéf
2 Jo J—; T t
3.1)

1 72 )
+ n2—|— / log |7(2 + ae'®)|do + O(loga).
T J_z
2
For a general self-adjoint perturbation of A, of the type considered in [3], the first
integral could be expressed in terms of the scattering phase

o(t) = 5-logt(% +it).

which would be real-valued in that case. In the case of a metric perturbation
there is a Weyl law [3, Corollary 3.6] giving the asymptotic o (1) ~ at"*!, with a
proportional to the volume of the perturbation.

For potential scattering we would expect the scattering phase term to be of
lower order, and that is indeed the case.

Proposition 3.1. For V e L (H""!, C), we have

T/ . _
?@+U)SGWVH

fort € R sufficiently large, where Cy depends only on |V | e and supp V. For
real V this gives the scattering phase estimate o (t) = O({t)").

We will defer the proof for a moment to observe the consequences for the res-
onance counting formula. Applying Proposition 3.1 to (3.1), and using the asymp-
totics for No(¢) given in (1.2), yields the following:
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Proposition 3.2. For V e L& (H"*!, C),

T
2

- 1 .
Ny(a) = ADa" ! 4 %/ log |z (2 + ae®)|do + O(@a™).
-3

3.1. Scattering phase estimate. In this subsection we will develop the proof
of Proposition 3.1. If we let Q := supp V C H"T!, the resolvent identity (2.1)
implies the relation

(1= VRy(s)1q) (1 + VRo(s)lg) = 1. (3.2)

Proposition 2.2 implies that |[VRo(s)1g| < 1 for |s — §| sufficiently large, in
which case we can write

1—VRy(s)lg = (1 4+ VRo(s)La) !. (3.3)
Lemma 3.3. The scattering matrices satisfy a relative scattering formula
Sy(s)So(s)™" = 1+ (25 —n)Eo(s)' 1o (1 + VRo(s)la) ' VEo(n —s),
valid for Re s > n/2 with |s — n/2| sufficiently large.

Proof. Using equation (2.1) and its transpose we have
Ry (s) = Ro(s) — Ro(s)VRy (s)

= Ro(s) — Ro(s)VRo(s) + Ro(s)VRy (s)VRo(s)

= Ro(s) — Ro(s)La(1 + VRy (s)la)VRo(s).
The formulas for the scattering matrix can then be derived by multiplying the
kernels by (2s — n)(pp’)™* and taking the limit as p, p" — 0. This gives

Sy (s) = So(s) — (25 —=n) Eo(s)"La (1 — VRy1q) VEo(s).

The result follows after applying So(s)~! on the right and using (3.3). O

In order to apply Lemma 2.1 we need some estimates on Hilbert-Schmidt
norms of the Poisson operator. For this estimate it is easiest to write the Pois-
son kernel in the B! model. Recall that we use the boundary defining function
p = 2e~", where r is hyperbolic distance from the origin. The normalizing fac-
tor is included so that the induced metric on dB"*! = §” is the standard sphere
metric. For this boundary defining function, the Poisson kernel is given by

N
Eo(s;u,w) = 275 1 n/2 re) L= uf?
T Fs—%2+D\|ju—-wl?/’

where u € BT, w € S”.
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Lemma 3.4. Let y € L3 (B"*"). Fort € R, the Poisson operator
Eo(§ +it): L>(S") — L*(B"")
satisfies
[xEo(5 +in)], = Clr2™,
and

[xEG(5 + i), = Cle3.

Proof. 'The Hilbert-Schmidt norm is calculated directly:
L% +it)

— Ju]? :
F(l +1it) [/n/]3n+1 ( |2) dV(u)da)]

Because y is compactly supported, there is no convergence issue and the term in
brackets is just a constant. The result follows from

['(5+it)

' +it)

which is easily deduced from Stirling’s formula. The derivative estimate is similar.

O

[xEo(5 +it)], = en

<Cl|*,

Proof of Proposition 3.1. By virtue of Lemma 3.3 we can write this as
7(s) := det(1 + T'(s)),

where
T(s) 1= (2s —n)Eo(s)' 1q(1 + VRo(s)1g) 'VEo(n — s).

Following the argument from Froese [10, Lemma 3.3], we will estimate the
derivative

/
%@:um+Tm—mr@} (3.4)
For V real, Sy (s)So(s)~! is unitary for Res = %, so that in this case
11+ Tm-—2s5)] =1.

For a complex potential we need a separate estimate. Note that for Res = 7,

[LeEo(s)]* = Eo(n —s)'1g,
and we have the general relation (for any s),

Ro(s) = Ro(n —s) = (n = 25) Eo(s) Eo(n — 5)".
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n

Thus we can estimate, for Re s = 5

with |s — | sufficiently large,

Lo Eo(s)||* = I1a(Ro(s) — Ro(n — s))1g]|.

|n — 25|

The model resolvent estimate (2.4) from Guillarmou [11, Proposition 3.2] thus
implies that

[taEo(5 + )] = 0™,
for |¢| large, and also that
(1 + VRo(2 +it)10) "' | = O(1), (3.5)
for |¢| sufficiently large. We conclude that
1+ T(%+ir)| = o). (3.6)
By using (3.6) with (3.4), we can bound the derivative of the scattering phase

by a trace norm,
/

Sgin| < clrE i),

To control the trace norm, we have the Hilbert-Schmidt estimates on Eg(n/2+it)
and derivatives from Lemma 3.4. Since Guillarmou [11, Proposition 3.2] proves
that the estimate (2.4) also holds with R¢(s) replaced by the derivative R;(s), we
can estimate

|9:(1 + VRo(2 +it)1g) | = O(1),

for |¢| sufficiently large. Putting these together (and noting the extra factor of
2s —n = 2it) we obtain

|7/(% +it)]|, = o)™ ™),

and the result follows. Ol

3.2. General scattering determinant estimate. Sharp upper bounds for |7(s)|
were provided in Borthwick [3, Proposition 5.4], for a more general class of com-
pactly supported “black box” perturbations of A. However, if we restrict to po-
tential scattering we can improve the error estimate. (In the Euclidean case this
improvement was established by Dinh and Vu [8].) Theorem 1.1 follows immedi-
ately from the counting formula of Proposition 3.2 and the following:
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Proposition 3.5. Assume that the support of V is contained within a ball of radius
ro. For dist (aeie, N+ %) > a=P for some p > 0 and |6| < /2 we have

log|z(2 + ae®)| < hyy(0)a™*! + O(a" loga),
uniformly for |0| < /2, with h,,(0) the indicator function defined in (1.4).

Proof. Setrj =ro+ é for j =1,2,3. Lety € C*°(R) be a cutoff function with
Y(t) =1fort <Oandy(tr) = O0fors > 1. Thenset x;(r) = ¥(a(r —rj)), so that
xj = 1forr <r;and y; = Oforr > r;4. Then from the proof of [3, Lemma 4.1]
we have

Sy (5)So(s)™! =1+ (25 =) Eo(s)'[A, x2]Rv (5)[A, x1]Eo(n —s),

where Eq(s) is the unperturbed Poisson operator on H”*!. As in the proof of [3,
Lemma 5.2], this formula leads to an estimate

log[t()] < 3 (D) log(1 + A()21(5)). 37
=0

Here w, (1) is the multiplicity of spherical harmonics of weight / in dimension #,

21+n—1(l+n—2)

pn(l) = (3.8)

-1 n—2

The factor A(s) is a cutoff resolvent norm,

A(s) == |[Ao. 2l Ry (5)[Ao. 111

Finally, the A;’s, calculated from explicit formulas for the Fourier decomposition
of the kernel of Ey(s), are
. !
Ai(s) = | sinn(s — %)F(l + )T +n— s)| [/ |Pv_k(coshr)|2 sinhrdr]
r

1
1

3 2
[ / |Pv_k(coshr)|2sinhrdr} ,
r
where k ;=1 + Sl and v := 5 — 211,

The key to the improved error in the potential scattering case is our ability to
estimate Rg(s) for Res > Z, as in Proposition 2.2. Using a rather general com-
mutator argument (see, e.g., [2, Lemma 9.8]), we can derive from Proposition 2.2
the following bound: if ¥, ¥, € C®(H"*!) are cutoffs with disjoint supports,
then for @ sufficiently large,

|1 Ro(5 +ae”®) V2 ;g0 42y < Ca
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uniformly for [0 < Z. Then, noting that [|3}" x;[lcc = O(a™), we have
A% +ae'?) < ca®. (3.9)

From [3, Lemma 5.3] we also quote the estimate
_ ael?
logA; (% + ae’e) < kH(T, r3) + Gy logk + Cgloga, (3.10)

valid for k > 0, || < Z, and dist (ae’®, N + 1) > a~#. The statement in [3]
assumed that a € IN, but that condition was just a simple way to avoid the poles
of |tan(rae'?)|. We can easily extend the estimate by noting that |tanwz| <
1+ dist(z,Z + %)_1.

Note that the case k = 0 occurs only if » = 1. In this case, the complicated
Legendre function bounds used in [3] can be replaced by a simpler estimate:

P, ,(coshr) = (27 sinhr) "2 (" +ie™"")(1 + O((v) ™)),

valid for fixed r > 0 and argv € [0, Z].

The remainder of the proof is similar to that of [3, Lemma 5.3], with some
modifications to improve the error term. By conjugation, it suffices to consider
6 € [0, 7]. Let x = o(0) be the implicit solution of H (xe'? rg) = 0, as illustrated
in Figure 3.

Figure 3. Positive and negative regions for H(«,r), shown for r = 1. The curve {H = 0}
is parametrized in polar coordinates by o.

We will use o(8) to subdivide the sum on the right side of (3.7) into several
pieces, the first of which is

Spi= Y pa(D)log(l 4+ A()Ai(5)).
1: 0<k=<a/o(0)
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Using the estimate,

2kn—1

W) = O(k"™?),

pnll) = T+ O™ )

with (3.9) and (3.10), we have
2 i0
Se<— Y kH(E-n)+ 0w loga).
I'(n)
0<k=<a/o(0)

Estimating the sum by an integral, and then substituting x = a/k, yields

- 2a" 1 1 H(xe'?, rs)
+ = T(n) Joe) 2

dx + O(a" loga).
By observing that

0,H(a,r) = 2Re<

V1 + o2 sinh? r)

sinh r

and recalling that r3 = ro + %, we see that H (xe'?, r3) = H(xe'?, ro) + 0(Z) for
x > 0(60), uniformly in 6. Hence
Yt < hy(0)a" ! + 0(a" loga), (3.11)
The second piece of (3.7), containing terms where k < a, is defined as
T = > pn (D) log(1 4+ A(s))A;(s)).
I:a/o(0)<k=<2a/0(8)

Note that for k > a/o(6),
i0

H(az ,r3) = 0(a™).

Thus, in the range of Xy, (3.10) gives
logA;(% + ae'’) = O(logk).
Since X contains O(a) terms, and w, (/) = O(k™~1), we conclude that
Yo = O(a"loga). (3.12)
Finally, the third part of (3.7) is
Soi= Y (D) log(l + A(s)Ai(s)).

l:k>2a/0(6)
In this range we have H(ae'?/k,r3) < —c for some ¢ > 0, when a is sufficiently

large. It follows easily that
YX_=0(e"). O
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Lemma 3.6. Ler Q denote the joint set of zeros and poles of t(s). Assuming
d(s, Q) > (s)™P for some B > 2, we have

—cp(s)"T! <log|r(s)| = Cps)" .

Proof. Since t(5—z) = (5 + Z)_l, it suffices to prove the bounds for Re z > 0.
Proposition 3.5 gives the upper bound,

log |[t(% +z2)| < Cp(z)"*, (3.13)

for Re z > 0 with dist (z, N— %) > (z)~A. Thus we have only to prove the lower
bound.

Consider the Hadamard products appearing in the factorization of t(s) given
in Proposition 2.7. These products are of order n + 1 but not finite type. To work
around this, we consider products of the form Hy (% + z) Hy(% + eXi™/ @+ 7).
By Lindel6f’s Theorem (see e.g. [1, Theorem 2.10.1]), such functions are of finite
type and so satisfy estimates,

log |H«(% + z)Ha (% + eii”/("+1)z)| < C(z)"*1,

The Minimum Modulus Theorem [1, Theorem 3.7.4], gives corresponding lower
bounds,

log |H*(% + Z)H*(% + e:l:in/(n+1)Z)| > —cp <Z>n+1’

provided we stay a distance at least (z)~# away from the zeros, for some g > 2.
Using these estimates together with Proposition 2.7 gives

log|t(2 +2)| = —cp(z)" ™ —log |t (% + e ™/ TDz)], (3.14)

provided 5 + z and 5 + e*im/(1+1) 7 gtay at least a distance (z)~# away from the
sets 1 —Rp, , and Rp,.

Assumingarg z € [-% + %5, Z], we already know log |7 (% + 77/t z)| <
C (z)**! from (3.13), provided e =7/ "+ stays at least a distance (z)~# away
from IN — ”% Similarly, for argz € [-7, 7 — ;Z5], we already have an upper
bound on log | (% + ¢!™/""*1z)|. In conjunction with (3.14), these estimates give
the desired lower bound of log |‘L’ (% +z) | in the first quadrant, except that we have
been required to excise disks near the points not only of Q, but also its rotations by
:I:nLH. However, once we have obtained estimates of t(% + z) itself, the missing
disks can be filled in using the maximum modulus theorem. U
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4. Scattering matrix elements for radial potentials

For a radial potential, V' = V/(r), the scattering matrix Sy (s) acting on S” is
diagonalized by spherical harmonics. In this section we will develop a formula
for the matrix elements of Sy (s) which will then be used to produce estimates
in §5.

In geodesic polar coordinates, H” =~ R, x S", and the Laplacian takes the
form,

A = —3> —ncothrd, + Agn.

sinh? r

The spherical harmonic Y;” is an eigenfunction of Agn satisfying
Agn Y™ =1(I +n—1)Y".

The indices range over/ = 0,1,2,... andm =0, 1,..., u,(/) with

204+n—-1(l4+n-2
pn(l) = —1( ) “4.1)
— n—2
As in §2, we use the boundary defining function
o=2e". 4.2)

This choice is made so that the metric induced on the conformal infinity by p?gpn+1
is the standard sphere metric on S”.

The scattering matrix elements [Sy (s)]; are the eigenvalues, meromorphic in s,
of the spherical harmonics

Sy ()Y, =[Sy ()l Y.
To compute [Sy (s)];, we consider a generalized eigenfunction
¢(r.0) = u(r)Y/"(0)
on H**1, From the eigenfunction equation,
(A—s(n—1s)p =0,
we derive the coefficient equation

Id+n—1
[ 82 —ncothrd, + (+7n2) —s =)+ V() |u=0.  @3)
sinh” r
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If we rewrite this equation in the variable p, then indicial roots at p = 0 are s
and n — s, implying that ¥ will in general have a two-part asymptotic expansion
with leading terms of these orders as p — 0. The scattering matrix eigenvalue
associated to ¥;" appears as the ratio of the leading coefficients, i.e.

u~cs(p"7 + [Sy(9)]ip”), (4.4)

as p — 0.
The homogeneous equation (V' = 0) is solved by Legendre functions, with the
independent solutions,

uk (s:r) := (sinhr)~"2 P;*(coshr) (4.52)
and

v (s:r) := (sinhr)~"Z Q(coshr), (4.5b)
where | :

k::l—i-n; , v::s—n; .

Here Q’\f is the normalized Q-function introduced by Olver [14], which is analytic
in its parameters. It is related to the standard definition by

0% = ™ T (k + n + 1)QK.

From the well-known asymptotics of the Legendre functions we obtain

2—k
ulg(s; r) ~ mrl asr — 0, (4.6a)
and
2517 (k)
k(.. —l—n+1
~N— 4.
v (s;r) F(k—l—v—i—l)r asr — 0, (4.6b)
and also )
k w2 s
Vo (857) ~ mp as r — oo. 4.7)

If V is assumed to have support in {r < ro}, there exists a solution v*(s;r)
of the full equation (4.3) that is equal to v’g (s;r) for r > ry. This solution will
generally have a leading singularity proportional to r~/=*1 at r = 0, so that
vk (s:r)Y /"(6) is not a smooth solution at the origin. However, since vk(n — )
is an independent solution, we can cancel the singularity at r = 0 by taking the
combination,

uk(s; r)= Fk(n — s)vk(s; r)— Fk(s)vk(n —s;7),
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where the coefficients are given by the limits
F¥(s) := lin}) rir ok s ). (4.8)
r—
By the indicial equation at r = 0, canceling the leading r~/~"*! term atr — 0
removes that whole part of the expansion, so that expansion of 1% (s;r) at r = 0
has only the part with leading term proportional to /. Hence u*(s;r)Y [(0) is

regular at the origin and defines a generalized eigenfunction on " 1. We can
therefore deduce from (4.4) and (4.7) that

(5 —s) Fk(n—ys)
T(s—2) FX(s)

[Sy(s)]; =2"7% , (4.9)

withk =14+ @m—1)/2.

For future reference, we also introduce the unperturbed version of these coef-
ficients,
2517 (k)

F(k+s—u)'

Fé‘(s) = rh—% rl+”_1v§(s; r) =
2

In this notation, the (well-known) formula for the unperturbed scattering matrix
elements becomes

r
[So(s)]; = 2"7% (4.10)

For a radial step potential of the form V' = cyp, ,, with ¢ € C, we can write

the functions v¥ (s; r) explicitly. The coefficient solutions for r < rq are Legendre
functions P(;(’;) (ro), with the shifted parameter

w(s) == -1+ /(s — %)2 +c.

A simple ODE matching problem at r = ro then shows that for V= cy Birg)» the
coefficients F¥ (s) appearing in (4.9) are given by

Fl o (s) 1= WIQE_ i1 (2): Py @)]lz=costrg

where W denotes the Wronskian. The resonances in the ¥, mode can then be
characterized explicitly a the zeros of FC’f,O (s); this is the basis of the resonance
plots in Figures 1 and 5.
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5. Radial matrix element asymptotics

The main goal of this section is a precise estimate of the eigenvalues of the relative
scattering matrix Sy (s)So(s)~!. For convenience, let us set

Ar(s) == [Sy(s)So(s)~"1s. (5.1
where k := 1 + (n — 1)/2 as before.

Proposition 5.1. Forallk > 0, |0| < % —e, and a sufficiently large, and assuming
that dist(aem, 7./]2) > §, we have

[Ak(2 +aei®)| < (k2 4 a?)= 3" FHE acr0 4 o), (5.2)
with constants that depend only on the potential V and on c, ¢, 8. (For k = 0, the
exponent kH (k—'ae'?; ry) is replaced by its limiting value, roa cos 6.)

The strategy for the proof is analogous to that of Zworski [17]. Using (4.9)
and (4.10) we can write

Fk(n —5) Fé‘(s)

Akl(s) = Fk(s) FF(n—s)

(5.3)

By a standard application of variation of parameters to the ODE for v*(s), with
vk(sir) = v{)‘ (s;r) for r > rg as the boundary condition, we obtain the integral
equation

v (sir) = vk (sir) + /ro JE (s, )V (0)v*(s;t)dt, (5.4)
where the integral kernel is ’
ug (3 r)vg (511) — ug (3 1)vg (s:7)
Wlug (5), v§ ()](t)

with W denoting the Wronskian. Using the well-known formula for the Wronskian
of a pair of Legendre functions, this kernel reduces to

J*(sir 1) =

’

J¥(s:r.1) = T(k + v + D)(sinhr)~"Z" (sinh 1) "3

(5.5)
x [P;*(coshr)Q¥(cosht) — P % (coshr)Q¥ (cosh r)].
Formally, we can solve the integral equation for v* using the series Z;io v]’.‘ ,

with v{f the unperturbed solution and v;-‘ defined recursively by

vjl-‘H(s;r) = /ro J¥ (s, Z)V(t)v]k(s;t)dt. (5.6)
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We first need asymptotic estimates on these v which justify the convergence of
this series, for k sufficiently large. Then we can derive estimates for the scattering
matrix elements using (5.3).

5.1. Legendre function asymptotics. To analyze the sequence {vJ’.‘ } we first re-
call some asymptotic estimates on the Legendre functions from [3], obtained using
techniques from Olver [14]. Seta = (s — %)/k, so that v = —1 + ka. The Liou-
ville transformation takes the Legendre equation to an approximate Airy equation
with the variable ¢ defined by

wiN
Nl

§2 = ¢, (5.7

where

e r) = alog (a coshr + \/21 +1a2 sinh? r)
a —

(5.8)

1 coshr — v/ 1+ a2 sinh?r
+ = log .
2 coshr + v 1+ o2 sinh?r

The Legendre functions can then be approximated in terms of Airy functions of .
The asymptotics of ¢ (e, -) can be worked out fairly easily. As r — 0, we have

pla,r) = 1og( )+ p(@) + 0G), (5.9)
where
pa) = %log (z—f:) n %log(l —a?). (5.10)
And as r — oo, we have
P(a.r) =ar +q(a) + O(r™?), (5.11)
where
(@) := alog (\/%) —I—%log(ll_;(;), (5.12)

The Liouville transformation yields the following asymptotic result, derived
in Borthwick [3, Proposition A.1]. Assuming that kK > 0, arge € [0, 7] and r €
[0, 00), we have

— | ka (coshr)

2% kéé‘?lfe%; (5.13)

Tk +1) [l + o2 sinh? r]3

—kp(a)[Al(kse 3 §)—|—h (k, e, 1],
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and
Qr, L ika (coshr)

X k% . (5.14)
_ T ¢ (2) 1ekq(a)[Ai(k%é‘)+h0(k,05,r)],
[(ka + 1) [1 4 2sinh® r]3

with the error estimates,

b E3h (.o, r)| < CeFRePk=1(1 + ||~ ), (5.152)
and
|k%é'zlfh0(k,0l, r)| < Ce_kRe¢k_l(1 + |Ol|_%) (515b)

For the most part, we will be content with the sharp upper bounds derived from
these asymptotics. From [3, Corollary A.3] we cite:

Proposition 5.2. Assuming that |ke| > 1, arga € [0, 7 — ], and r € [0, 1], we
have the estimates

C _
Pk ¥ ek (COSHT)] < TG+ D 1)ekRe[¢(“”> p@) (5.16)
and
Cla|? k Re[ (@,r)—q(@)]
k —k Re[¢(a,r)—q(x
Q hr)| < r)—q(@)] 5.17
Q24 g (COSNII] = Tk + 1)° ©-17)

where C depends only on rg and .

Beyond the upper bounds of Proposition 5.2, which serve to control the error
terms in our expansion, we need also a lower bound to apply to the leading term.

Proposition 5.3. Assume that arga € [0, 5 — €], r € [0, ro], and that for some
sufficiently large N we have both k > N and |ka| > N. Then

—kp(@)
P- 1+k (coshr) =< ¢ lek‘”("“’).
['(k + D[l + a2 sinh? r]4

Proof. The assumption that arga € [0, £ — ¢] implies that arg ¢ (a; ) € [0, Z —¢]
also. Hence arg¢ is bounded away from 7 and we may apply the Airy function
asymptotic [14, eq. (4.4.03)],

llw_?lfexp(—§ )1+ Oc(Jw|~3)]. (5.18)

T2

Ai(w) =
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for |argw| < m — €. This result, along with (5.13) and (5.15), gives

—k
e kP pkolar)

P~%  (coshr) =
~3+he T(k + 1[I + 2 sinh? r]#

x [1+ 0k~ + Ok~ [ka|73) + Oc(Jkep| ™).

To complete the proof, we can deduce from the analysis of ¢ in the proof of [3,
Proposition A.1] that, for arga € [0, 7 — €],

|p(a; 7)| > ce min(|a], 1). 0

5.2. Integral estimates. For the application of Proposition 5.2 to the estimate of
the iterated solutions v;-‘ , we essentially need only two estimates for the inductive
step, corresponding to the two exponentials appearing in the asymptotics. For the
second of these estimates we will need to bring in the hypothesis of Theorem 1.2:

that V(r) is continuous near r = r¢ and satisfies
V(r) ~k(r —ro)°~" asr —ro, (5.19)
for some constants k # 0 and o > 1.

s—%|>1and|arg (s — %) <

T _

Lemma 5.4. Fork > 1, >

&, we have

ro .
/ J*(s:r, )V (1)e *Re9@) (sinh V)_Tldt
’ (5.20)

C —kReg(@r) (i _n=1
=% (sinhr)=" 7,

where o0 = (s — %) / k. Under the same hypotheses, and assuming also (5.19),
there exists Ng such that for k > N,

ro .
/ Jk(s; r, t)V([)ekRe¢(a;r)(Sinh r)_Tld[
r (5.21)

= %[ekRed’(“;r) + k7 gk Re@lero)=¢(r)](sinh r)_”i—l.

Proof. The assumptions on s correspond to the hypotheses of Proposition 5.2. By
the conjugation symmetry we can assume arge € [0, 3 — ¢).
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Applying the estimates (5.16) and (5.17) in the definition of J(s; r, ¢) from (5.5)
gives

ro .
/ JE(s:r, )V (t)e FRe@) (5inh r)_zldt‘

a?T(ka + k + 1)
Tk + DT (ke + 1)

ok Relg(@)—p(@)] (5.22)

=C

ro
o / [ekRe@(@:r)=26(@:0) | ,~kRe@ @)y ()| sinhtd.
,

Since Re ¢ (¢, -) is increasing, we can replace the expression in brackets by the
term 2e % Re¢@r) The claim (5.20) then follows easily from an estimate based
on Stirling’s formula:

3T (ke +k + 1)

kRe[g(a)=p(@)] < 1 5.23
Tk + Dlka + D|° - 2

valid for Rea > 0 and k > 0.
For the estimate (5.21), the analog of (5.22), together with (5.23), yields

ro .
/ T*(s: 7. )V (1) *Re@ ) (sinh r)="7" dt‘

r

.
< Csk—I/O[ekRe¢(a;r) e kRe@N+26@0)]| /(1) sinh 1 d1.
r

The bound on the first term in the bracket is clear, since Re ¢ («, -) is increasing. For
the second term, we need to apply Prop A.l and the assumption (5.19). To check
the hypotheses, we simply compute the derivatives

V1 + a2 sinh® th
+f>t sinh” r and ¢ (a:r) = — cothr
sinh 7 V1 +a2sinh®r

where the prime denotes an r derivative. In particular, for arga € [0, Z — ¢) we
have Re ¢’ > 0 and

(5.24)

¢ (oir) =

Red'(a:rg) > ce,  |¢"(a,r)] < Cs.

Proposition A.1 then gives

ro
/ kRO |y ()| sinhtdt < Cp k0 ek ReP@ro),

r

for k > N;. |
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5.3. Recursive estimates. In the estimates that follow, we consider expressions
involving both s and n—s, but always with the convention that Re s—% > 0 (equiv-
alently, Rea > 0). Our recursive estimates are most straightforward in the case
of v]’.‘ (s), which corresponds to the expansion of the denominator in formula (4.9)

for the scattering matrix element.

Lemma 5.5. Fork > 1, |ka| > 1 and |arga| < % — ¢, there exists a constant
A = A(e, V, rg), such that

, 1
A)J |2 e KRB@N—a@] (ginh ) =22 (5.25)

k(n . - -
v G + ki)l = (7) free 7

Proof. The proof is by induction over j. The estimate for vy follows directly from
Corollary 5.2. And the inductive step that extends the estimate from v , to v
the follows immediately from the iterative formula (5.6) and Lemma 5. 4 D

To handle the terms involving n —s = % —ka, it is useful to note the Legendre
function identities,
—k _ p—k
P, (2) = P, (2), (5.26a)

and
F'k+v+1)

k
Tk —v) Q;(2). (5.26b)

Q% _,(2) =T(k 4+ v+ )cos(um) P *(z) +
These imply the symmetry
Jn—s;rt) = J(s;1,1).

We can also write the vo(% — ka) solution in terms of P k(z) and Q"f (z) us-

ing (5.26). Then for |arga| < 7 — &, Proposition 5.2 gives the estimate
vk (B—ka;r) < Co[lag (@)]e* R 1 by (o) [e RGN | (sinhr)="2 7, (5.27)
where

'k + ka + 2) s1n(nko¢)

—kp(@)
Tk +1) ’

ag(o) =

and

1 1
bk(a) — OlZF(k +k0l + E) . ekq((x).
T(ka + DIk —ka + 1)
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Lemma 5.6. Fork > 1, |ka| > 1 and |argo| < % —¢,

Cev\/ .
[0 (5 — ke r)| = (57) [la (@)l e
(o (o) [k 2 Re 90
+ | b (a)|)e_kRe¢(“”)](sinh r)_%

Proof. The j = 0 case was already dealt with in (5.27). And if we start from the
inductive assumption that

|05 (2 — kair)| < [A;eFReP@n) 1 e kReO@N | (sinh r)="2 ",
then under these assumptions Lemma 5.4 implies the bound
|'U] +1 ( k(x r) |

Cs,V
k

< [AjekReqb(a;r)

+ (Ajk—aezk Re ¢ (a;rp) + Bj)e—kReqb(a;r)](sinh r)_nz;l

The result follows by induction. O

5.4. High-frequency asymptotics. From Lemmas 5.5 and 5.6 we deduce that
for [arga| < 5 — e and |ka| > 1 there exists N,y such that the two series,

:I:kozr Z :I:kozr

converge absolutely and uniformly for » € [0, ro] and k > N, . Under these as-
sumptions, we can then express the scattering matrix element A (s) given in (5.3)
as a sum over of the limiting values

F¥(s) := lim r' T 1% (s 7).
J r—0 J

To analyze Ag(s), we will need to consider the ratios ij (s)/ Fé‘ (s). The dominant
term is given by the following:

Lemma 5.7. Suppose |arga| < 5 —¢& k > Ny, and |ka| > Ney. Then,
dist(ka, Z/2) > &,
Ff (5 —ke)

= (k<a))—1—o‘ekH(a,r0) + O(k_l),

Fg (5 —ka)

with constants that depend only on g, V.
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Proof. The exact formula for F lk (n — s) can easily be deduced from the formula
for v’f(n —8;7),

ro
Flk(n —s) = lin})r””_l/ Jk(s;r,t)V(t)vlg(n —s;t)dt.
r—

r

Using the asymptotics (4.6) and the definition (5.5) of J k we find that
ro
Ff(2 —ka) =287 (k) /0 P_—g_ka(coshz)Q’i 1o (COSNOV (@) sinhdr.

To apply our Legendre estimates, which require Re v > —%, we use the reflection
formulas (5.26) to flip the arguments from v — —1 — v. The resulting expres-
sion for the ratio FF/F¥ has two parts, corresponding to the two terms in the

Q-reflection formula. We will write these as
F¥(2 — ka
—lk(i ) =5+ I,
Fy (5 —ke)

where
I :=T(k+ko+ T (k—ka+ 1) sin(rka) /0 m(P_—gw (cosh?))2V(¢) sinhdt,
and

I =Tk + ko + 2)/ 1+k (cosh7)Q¥ e (COSND V() sinhidr.

As usual, by the conjugation symmetry we assume that argar € [0, 5 — &].
By Proposition 5.3, for « in this sector we can find N, such that for k¥ > N, and

|ka| > N, we have
|y ko ko
P~ 1+k (COSh[) = [1 +0l sinh” ¢ ] W,

with constants that depend only on ¢ and ry. Thus,
I'(k —ka + 3)T(k + ko + ) sin(ka)
L'k 4+ 1)?
ro 1
x / L
0 V1 4 a2sinh?¢

We can estimate the integral using the version of Laplace’s method given in
Prop A.l. From the expressions (5.24) for the derivatives of ¢, we see that for
arga € [0, 7 —¢],

e 2P(@)

1 ~

R
Wlenz e SPEN) Ly el <
LA [ro—e.70]
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Under the assumption (5.19), Proposition A.1 then gives, for k > N, y,

(K Re ' (ox: o)) 02410
V1 + a2sinh? rg ’

with constants that depend only on ¢ and V. The formula for ¢’ was given in (5.24).
For arga € [0, Z — ¢] the integral estimate reduces to

ro
/ o2k Rep(@sn) |[V(¢)|sinhzdt <
0

/ro eZkRe¢(a;t)|V(t)| sinhrdt = k—° (a)—l—aezktb(a;ro)_
0
An application of Stirling’s formula gives the estimate, for Rea > 0 and
dist(ka,Z./2) > ¢,
T'(k —ka + DT (k + ka + 1) sin(rka)
FOTk + 1)

= kRe[(a + 1) log(a + 1) — (o — 1) log(ar — 1)] + O(log(1 + &7 1)).
(5.28)

log

We note also that by definition,

H(a,r) =Re[2¢(a,r)—2p(a) + (@ + 1) log(e + 1) — (¢ — 1) log(a — 1)]. (5.29)

The combined estimate, for |arga| < % —¢& k > N.y, lka| > Ny, and

dist(ka, Z/2) > &, is
|11| = (k<a))—1—o‘ekH(0t,r())’

with constants that depend only on ¢ and V.

To control the second integral, we apply Corollary 5.2 to estimate
az I'tka +k + %)
'tk + Dl(ka + 1)

|| < ek Relg(@)—p(a)] IV || oo sinh ro,

under the same assumptions as for /;. The Stirling estimate (5.23) then shows that
12 = Cs,Vk_l- Ol

The other terms in the series expansion for Ag(s) can now be estimated using
Lemmas 5.5 and 5.6.

Lemma 5.8. For |arga| < 5 —¢, |ka| > 1, and k > Ny we have

Ff(5 + ka)
Fé‘(% + ka)

< (CZV)j, (5.30)
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and

C j . —0 o;r
< ( ZV) [jk0ekH@ro) 4 q]. (5.31)

Proof. From Lemma 5.5 we obtain the estimates, for k > 1, |ka| > 1 and argo €
[0, 5 —e),

C v\J 2k|a|% _
Fk Ly < i) k Re[g(a) 17(‘1)]'
|Fi (5 + ke —( k ) |F(ka+1)|e
In conjunction with the Stirling estimate (5.23) this gives (5.30).
For the estimate (5.31) in the other half-plane, we start by taking the r — 0
limit in Lemma 5.6 to obtain, for k > 1, |ka| > 1 and |arga| < 5 — &,

C J .
SL) G lag (@) [k RAET) oy (@)])2 ek Re P,

(3 k)| = (
After dividing by F§ (% — ka) and substituting the definitions of aj and by, we
find that
P —ka)
F§ (5 — ka)

jk—aezk Re(¢(a;r0)—p())

- (CE,V)J' [ZF(k —ka + DT (k + ka + 1) sin(rka)
Tk L(k)T(k + 1)

Za%F(k + ko +

T (k)T (ko + 1)

1
2) k Re(q(a)—p(a))] ‘

The first expression is estimated using (5.28) and (5.29) and the second by (5.23).
O

Proof of Proposition 5.1 (part one). By (5.3) and Lemmas 5.5 and 5.6, for k£ >
N,y we can represent

>, FF(% —ka) X, FF(5 4 ka)7™!
Ax(% 4 ka) = [1 + %][1 + L}
2 Lt ' ARG
Under the hypotheses, (5.30) gives
i F]k(g + ka) S
o F (5 +ke)| T
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while from (5.31) we have

B (3~ ke)
FE(3 -~ ka)

o0

2

‘ < Cg,Vk_z[k_UekH(“;”’) + 1]‘

Assuming k > N, y, these estimates give

FF(% —ka)
Ar(Z+ka) <14+ 212 71
HETR) =1 )

The estimate (5.2) then follows from Lemma 5.7 (after noting k () = vk2 + a?).
This completes the proof in the case k > N, y. O

5.5. Low-frequency asymptotics. The Legendre function estimates given in §5.1
are applicable only for k sufficiently large. Although this covers the main region
of interest, where k and s — % are comparable in magnitude, we still need to es-
timate A (s) when k is small. We could be satisfied with fairly rough estimates,
since the low-frequency terms make a contribution of order a to an asymptotic of
leading order a”*!. However, we need lower bounds in particular, and there is no
general estimate that will provide these.

Fortunately, the asymptotics of the Legendre functions for large v with k fixed
are well-covered in the literature. From Olver [14, Theorem 12.9.1 and §12.12], we
have the following:

Proposition 5.9. For Rev > —1 and r € [0, ro] we have

1

)7 1e( + D)1+ Oy (0[™H)

1
—k _
Pv (coshr)—v—k<

sinh r
and
Q¥ (coshr) = — (— fK(@+hna+0 (vl™))
v T Tk +v+ 1) sinhr/ TEET2 oro

Using standard estimates for the modified Bessel functions, we obtain the
bounds
[15(2)] < Crehf (2),  |Ki(2)| < Crehy (2), (5.32)

for [arg z| < 5 — & where

|z| =¥ lzl = 1,
+ -
hk (Z) T +Rez

2|7 2e 2| > 1.

For bounded k the inductive estimates are furnished by the following:
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Lemma 5.10. Fors = % + ae' with |0] < Z—¢canda > Ny,

/ "k s OV i) sinh ) d
r (5.33)

< Ck’s’Vh,:(raeie)(sinhr)_nT_l,
a
and
o : n—1
/ [T (s:r ) V()| 1 (tae®) (sinh 1)~ "2 dt

(5.34)
< Ck,s,V

[ (rae’®) + (a cos 6) e - (rae'®))(sinh 1) =7

Proof. By Proposition 5.9 and (5.32) we can estimate

FAICHAS]

< Cralhy (rae’®)h (tae'®) + hf (rae®)hy (tae'®)](sinhr) =" (sinh )3 .

The estimate (5.33) the follows easily from the definition of h,f.

Using the same estimate for J* (s; r, 1) we break up the left-hand side of (5.34)
into two terms. Estimation of the term with i (rae'?) in front works just as in
the estimate for (5.33). The term with h,:(rae“’) out front involves the integral

ro .
/ hif (tae'®)?|V(¢)| sinhzdt.

Using the Laplace estimate from Proposition A.l1 we have
ro ) ro
/ hif (tae'®)?|V(t)|sinhrdt :/ (at)"'e2tc0s8 |y (1)| sinhtdt,

max(r,1/a) max(r,1/a)

< Q(d cos 0)—082r0a cosG‘
a
If r < 1/a then we must also consider

1/a ) 1/a CV
/ hi(tae®)?|V(t)|sinhtdt = / (at)®|V(t)|sinhtdt < ——.
r r a

For a sufficiently large, we will have (a cos §) %2704 cost > 1 g0 that this extra
term may be combined with the Laplace estimate term. U
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Proof of Proposition 5.1 (part two). To complete the estimate, we will show that
for k fixed, r € [0,ro], |0] < Z — e, and dist(ae'®, Z/2) > e, we have

|Ak +ael@ | = a —1- 0'e2r0aC059 + 0((1 )’ (535)

with constants that depend only on k, ¢, V. From the definition (1.5) of H(«;r),
we can easily check, for r fixed and || > 1, that

H(o;r) =2rRea + O(1).

Thus (5.35) implies (5.2) in the case where k is bounded.
For this argument we set v = —% + ae'?, and we make the assumption Ac-
cording to Proposition 5.9 and 5.32, we have

|v0 + ae'? | < Ckca khk (rae'?)(sinh r)
By induction using Lemma 5.33, we obtain the estimates
|v (3 + ae'® )| <CkJ8Va k= Jhk(raele)(smhr)
Using (5.26) in addition to Proposition 5.9 and 5.32 yields
|v0 + ae'? r)| < Crpe

[16¢ (aele)lh;f (rae'®) + B (ae'®) i (rae'®)](sinh r)~"2",

where
Bi(z) :=T(k+z+3) sin(rz)z 7%,
and
B (2) !
7)== —
k F(k—z+ %)

The induction argument corresponding to that of Lemma 5.6 then gives

v (5 — ae'sr)|

=< (Ckas V) [|:Bk (a ele)|h+(rae )
T (J|/3k (ae'%)|(a cos §) 0 ¢2ar0c0sb
+ B (ae™®) Dy (rae™®))(sinh r)~"7"

These estimates show that the two series ) v;‘ (2 £ ae' 9) converge for a suf-
ficiently large. By arguing as in Lemma 5.8, we find
Ff (5 —ae')

"~
Ak(5 +ae’) <1+ —Fé‘(% " aeit)
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for a sufficiently large, with constants that depend only on &, ¢, and V. As in the
proof of Lemma 5.7, we split
FE(3 - ae'”)
—=—= =1 + I,
FE(3—ae®)
where
, , , 0
I = T(k+ae'® + )T (k—ae'® + 1) sin(wae'®) / [P=¥(cosh1)]?V () sinhtdt,
0
and

L :=T(k +ae? +1) / P, *(cosh)Q¥(cosht)V(t) sinhzdt.
0

Using Proposition 5.9 and the well-known asymptotic

eZ

Ii(2) = ( (14 0(1/2)),

1
2mwz)2

z

%> we can reduce [ to

valid for |argz| <
. . . o i
I < T(k + ae'? + %)F(k —ae'® + %) sin(rae'?)a=21 / e2rae’’ V(t)dt.
0

Proposition A.1 then gives

I < T(k+ ae'? + %)F(k —ae'® + %) sin(rae'?)q=2k—170 o2roacost,

Applying Stirling’s formula, and assuming dist(ae’?, Z/2) > ¢ in addition to the
other hypotheses, we find

I = a—l—anroacose + O(a_l),

with constants depending on k, ¢, V.
The second integral, /I, is easily seen via Proposition 5.9 to be O . y (1), so
the result follows. [l

6. Radial scattering determinant estimate

In this section we will complete the proof of Theorem 1.2 by establishing an as-
ymptotic for t(s) in the radial potential case. In terms of the matrix elements
A (s) defined in (6.1), the relative scattering determinant is

v(s) = [T Axts)®.
I
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where k := [ + (n —1)/2 and w, (/) is the multiplicity (4.1). Our main goal is the
following:

Theorem 6.1. Suppose t(s) is the relative scattering determinant corresponding
to a radial potential V.= V(r) € L0, ro], such that V is continuous near ry and
satisfies

V(r) ~k(ro—r)"7",

for some o > 1. Then assuming |0| < 5 — ¢ and dist(a,7,/2) > &
log |t(% + ae'®)| = hyy(0)a" ! + o(a™ 1),
where h,,(0) was defined in (1.4).

The leading contribution to this estimate comes from terms for which Ay (% +
aeie) exhibits exponential growth for large k < a. This is the case covered by
Proposition 5.1. We must also account for the cases where the exponent H(«;r)
is near zero or negative, for which Proposition 5.1 gives no information. For the
exponential decay estimate we turn to the formula for the relative scattering matrix
used in [3].

Proposition 6.2. For |arga| < 7 —¢, |ka| > N, and § > 0

|Ak(L + ka) — 1] < Copy 4kt KA @r0F8) (6.1)
where H(a; r) was defined in (1.5).
Proof. Setrj = rg + %jS for j = 1,2,3. Let ¢ € C*°(R) be a cutoff function
with ¢ (t) =0fort <Oand ¢ (t) = 1 fort > 1. Then set x,;(r) = ¥ ((r —r;)/3),

sothat y; = 1forr < r; and y; = 0 for r > r;4;. Then from the proof of [3,
Lemma 4.1] we have

Sv(5)So(s)™ =1 = (25 = n)Eo(s)'[A, x2]Rv (5)[A, x1]Eo(n — 5),

where E(s) is the unperturbed Poisson operator on H*™1. Since V is radial,
Sy (s) is diagonalized by spherical harmonics and A (s) may be computed as a
matrix element,

Ag(s) =1 = (¥Y/", [Sv(s)So(s)™" = 1]¥/")
= (25 =) (L, 51 E0 ()Y, 62)
[A. X2 Ry ()[A, 1]l r) Eo(n — $)Y™),
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where 1y, -, 1 denotes the multiplication operator of the characteristic function
Xri.ri411(r). As in the proof of Proposition 3.5, we can derive from Proposition 2.2
the bound

1[40, 221 Ry ($)[A0, x1lll < Cerg8™*, (6.3)
under the assumptions | arg (s—%)| < Z—cand |s— 2| > N, which keep s(n—s)
bounded away from the spectrum of A 4 V.
Also, using the decomposition of the Poisson operator in polar coordinate from
[3, Proposition 4.2], we can compute

Eo(s)Y" = ex(s:r)Y]",

where
- L +s) _n=1
r) =212 —— 2 __(sinhr)~"2 P, *(coshr),
ex(s;r) b4 Ts-2+1) (sinhr) , (coshr)
withv = 5 — ”zil as before. Thus from (6.2) and the resolvent estimate (6.3) we

have the bound
1
2

r
[Ar(s)| < Cg,r05_4|2s —n| [/ lex (n —s;r)|2(sinhr)”drj|

ri

|:/r3 |ek(s;r)|2(sinhr)"alr]7 .

2

Substituting in with the definition if e; and using the reflection identity P;* =
P-k_, we can rewrite this as

|Ak(5)] < Corg ™| sin(ka)T (k + ko + DT (k — ko + 1)

r oo !
[/ |Pv_k(cosh r)|? sinh rdr} |:/ |Pv_k(coshr)|2 sinh rdr] .
r r

1 2
Applying Corollary 5.2 and using the fact that Re ¢ («; ) is increasing allows us
to reduce this estimate to
sin(wka)I(k + ko + 3T (k — ko + 3)
I'(k+1)2

|Ak(s)] < Cerg8™* o2k Relp(@ir3)+p(@)]

The result then follows from (5.28) and the definition of H («; 7). U

The final issue that we need to resolve before proving Theorem 6.1 is the be-
havior on the zone where H(«;r) ~ 0. This region contains non-trivial zeros of
Ak (s), so to produce a lower bound on log Ag(s) is delicate. The only tool we
have for this situation is the Minimum Modulus Theorem for entire functions.
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Proposition 6.3. For any 8 > 2 we have
log [Ar(s)| = —cp(k + (s))(1 4 log(s)).

under the assumption that dist(s, Ro U (n — Ry)) > (s)~P.

Proof. The solutions v¥(s; r) are analytic as functions of s, so the functions F¥(s)
appearing in the formula (4.9) for the scattering matrix element are analytic as
well.

Using Stirling, we can easily produce a crude bound,

log | FE(s)] < C(k + (s))(1 + log(s)),

for all z € C with with C independent of k. From the estimates on the series
Fk = > ij producedin §5.4 and §5.5, and the straightforward bound H («; ro) =
Oy, (Ja]), we claim the same result holds in the perturbed case:

log |F¥(s)| < Cy(k + (s))(1 + log(s)).

Here C depends on V but not on k. (Note our bounds on ij (s) and ij (n—ys)
omit the sectors | arg (s — %)| € [F —e&, 5 — €], but this restriction was necessary
only for the lower bounds. A simple application of Phragmén-Lindelof extends
the upper bounds to the missing sectors.)

We can now apply the Minimum Modulus Theorem (see e.g. [1, Theorem 3.7.4])
to obtain a corresponding lower bound: for § > 2

log | F¥(s)| = —cg(k + (s))(1 + log(s)).

under the restriction that dist(s, n — Ry’) > (s)~#. (Here we use also the fact that
for any k the zeros of F¥(s) are included in the set n — Ry.)

Applying these upper and lower bounds to the matrix element formula (4.9)
yields the result. U

Proof of Theorem 6.1. We have already noted the more general upper bound in
Proposition 3.5, so our goal here is to produce a corresponding lower bound:
log |t (2 + ae'®)| > (8, ro)a™*! —o(a"t1). (6.4)

By conjugation we can assume that 6 € [0, 5 — ¢). We need to estimate the
sum

log |7(% +ae™®)| = palk — 25 ) log |1 + Ar (% + ae'®)]. (6.5)
k
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From the definition (4.1) we can estimate the multiplicities by

2kn—1
I'(n)

pn(k = 251) = 1+ 0k™). (6.6)

For 6 € [0, Z], let o() be the implicit solution of H(o(0)e'?, rg) = 0, as
shown in Figure 3. Since

8xH(xei0;r0)|x=Q(9) > Cg,
for 6 € [0, 5 — &), we can see that
H(xe'%:rg) > cga_% for x > o(6)(1 + a_%),
for a sufficiently large. Thus, under the assumption
a/k = o(O)(1+a~2),

kH (k_lae“’; ro) is bounded below by cga% for k > cai. On the other hand, for
k < ca? ,wehavea/k > a~% /c, and if a/ k is large we can use the approximation
kH (k_lae“’; ro) < roa cos 6. We conclude that, under these assumptions,

: 1
kH(k 'ae'?;ro) > coa®,

for all a sufficiently large. Thus fora/k > o(0)(1 + a_%) with a sufficiently large
and dist(ae??, Z/2) > §, Proposition 5.1 implies

log | Ak (2 +ae'®)| > kH(k'ae'; rg) — O(loga). (6.7)

With this estimate in mind, we divide the sum (6.4) into three pieces, roughly
according to the sign of H:

i —>000)0 + a‘%),

Eanl BN

Zo: e(B)(1-a73) < = <o®)1 +a7h),
S g e -ah.

The dominant term is X, and from (6.6) and (6.7) we obtain

0

2kn—1 i ,
Xy > Z o) H(%,ro) — O(a").

k<a/[o(6)(1+a~2)]
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The summand is monotonic as a function of k, so we can estimate with an integral:

1
2 pa/le®+a )] aei®
Y, > K"PTVH(—. r¢)dk — O(a™).
*=Tm) /0 ( A 0) (@")
We can then make the substitution x = a/k to reduce this to
24"+ 0o H iG’
v, > 2 HExe.10) 1o oam),

T T Jooya+a=d)y —x"T2

Using the fact that H(«, rg) = O(|a|) for || large, we can extend the lower limit
of integration by adjusting the error term,

5 >2a”+1 ® H(xe'?, rg)
+

=T b dx — 0(a™). (6.8)

Next we consider the middle term X. Proposition 6.3 implies that log |1+ Ag|
is O(a log a) for k in the range defined by a/[0(0)(1 +ae'?)], and there are O(a %)
values of k in this range. Hence

To = 0(a"+2 loga).

Finally, for X_, we will use Proposition 6.2 which shows that Ay is exponen-
tially small in this region, together with the simple estimate,

log |l +A| > —cy|A|, for|A| <.
This yields, for small § > 0,
|Ak(§ +aei9)| < Cs’r08—4k—1ekH(k_1ae“’;ro+8)'
Fork > a/[0(8)(1 — a~%)], we have
kH (k™ ae'®;rg + 8) < —cen/a + a04(8),

so by choosing § = bga_%, with b, sufficiently small, we can bound the exponent
by —cs+/a. We obtain, for a sufficiently large and 0| < 5 — &,
log |1+ Ag (2 + ae'?)| = —cecve,

This yields
S > —0(e V9
Combining (6.8) with these estimates on Xy and ¥_ completes the proof of
equation (6.4). O
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Proof of Theorem 1.2. Under the hypotheses of the theorem, Theorem 6.1 gives

g | g-e
/ (% + aei®) = an+1/ hyy (0)d6 + 0p ("),

Z4e %+

assuming d(a,Z/2) > e. To fill the gap near =7, we use the general estimate
from Lemma 3.6. This gives

/ (% + aeie) = O(ea" 1),

2_35|9|5%

for a in some unbounded set / C Ry that depends on the choice of 8 in the
lemma. We conclude that
3

/ (3 + ae'?) = g1 ’ hro(0)dO + O(ea™t!) + 0.(a™ ),

[SE|
B

for a € J. Taking ¢ — 0 then gives

/2 (2 +ae®) ~ a1 [ Ry (0)dE.

_r
2

SE}

In combination with Proposition 3.2, this completes the proof. O

7. Distribution of resonances for generic potentials

In this section we’ll develop the theorems on resonance distribution outlined in §1.
These results draw on techniques from Christiansen [5, 6], Christiansen and His-
lop [7], and Borthwick, Christiansen, Hislop, and Perry [4]. We will only sketch
the proofs for cases that are very similar to these earlier results.

Before stating the results we recall a standard definition from several complex
variables. A pluripolar subset E of a connected domain Q2 C C? is the polar set
of a plurisubharmonic function ¥ on €, i.e. the set ¥ ~1{—oc}. Pluripolar sets
have Lebesgue measure zero in C?. Moreover, for p = 1 the real part E "R of a
pluripolar set £ will have Lebesgue measure zero in R.

7.1. Asymptotics of the counting function. The first result shows that the order
of growth in the bound Ny (1) = O(t"*!) of Theorem 1.1 is saturated for generic
potentials.
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Theorem 7.1. Let F = R or C. Given a compact subset K C H"*1 with non-
empty interior, the set
log Ny (¢
[V e L®(k: F): limsup gTVt() =n+1)

t—>00 1

is Baire typical in L>®°(K; F) (i.e. is a dense Gg subset).

Proof. 'This is the hyperbolic analog of the main result from Christiansen and His-
lop [7]. Those techniques were already adapted to hyperbolic manifolds in [4], so
we will not repeat all the details here. Suppose V, € L°°(K; F) is a holomorphic
family of potentials for z € Q C C?, an open connected set. With a relatively
simple adaptation of the proof of [5, Theorem 1.1], similar to the version given in
[4, §5.2], we can show that if lim sup,_, ., log Ny, (t)/logt = n+1 holds for some
particular z¢ € €2, then it holds for z € Q — E, where E is a pluripolar set. Given
any V € L°°(K; C) we can choose V}, a radial potential supported in K to which
Theorem 1.2 applies and form the family V; := (1 — z)Vy + zV. In this way we
conclude that Ny, () has maximal rate of growth except for z in some pluripolar
set. Then one can argue exactly as in Christiansen and Hislop [7] or [4, §5.3] to
characterize the class of V' with maximal growth rate as Baire typical. O

Following Christiansen [6], we can prove a variant of Theorem 7.1 involving
the sharp asymptotic constant rather than just the order of growth, at the cost of
restricting the supporting set K to a closed ball B(rg) C H"*1.

Theorem 7.2. Suppose V,(x) € L®(H"T!, C) is a holomorphic family of poten-
tials for z € Q C CP, an open connected subset. Assume that supp V, C B(ro)
for all z, and that the condition,
N
imsup 229 _ 4 o). (7.1)
a

d—00 n+1

holds for some zy € 2, where A, (rg) is the asymptotic constant defined in (1.6).
Then there exists a pluripolar set E C Q2 such that (7.1) holds for z € Q — E.

Proof. 'The proof is closely related to the proof of [6, Theorem 1.2]. The only
complication is that in our case ty, (s) := det Sy, (s) So(n — s) has infinitely many
poles on the positive real axis for n odd, at the points n — Ry. To handle this, we
introduce a function g¢ defined as a Hadamard product

go(s) := [1 E(i;n—i-l),

te(n—Ro)Uei 7/ 1+ R, ¢
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where E(z; p) denotes an elementary factor. The extra zeros at ¢!/ *+D®R, are
inserted so that go(s) will have a regularly distributed zero set in the sense of Levin
[13, §IL.1]. By [13, Theorem II.2], there is a smooth indicator function Hy(6) such
that

oz [go(3 +ae?)

a—00 antl

= Hy(0), (7.2)

uniformly for § € S!. We can then cancel off the extra poles of ty_ (s) by intro-
ducing
8(z.5) 1= tv.(5)g0(5), (7.3)

whose poles for Re s > 7 correspond to the (finitely many) points of Ry, on that
side.
By Proposition 3.2, we then have

Ny.(a) = ¥y(z,a) + Vs (a) + O(a"),

where

+1
Wy(z,s) = nzn / log|g ,2 + ae' |d9,
~3

and

Uy (a) := A’(/tO)an-i-l nz—i;l/ 10g|g0( +aei9)|d0.
_7

By (7.2), limy_s oo a~®*TDW,(a) exists and is given by some constant ¢y < oo.
Theorem 1.1 thus gives the bound

\IJI (Z, Cl)

lim sup e

a—>oo

< Au(ro) —c,

and by hypothesis, the maximum is achieved at z = z¢. For a sufficiently large,
the function W;(z, a) is plurisubharmonic in z, and so by Lelong-Gruman [12,
Proposition 1.39], there exists a pluripolar set £ C €2 such that

1(2 a)
a”

lim sup ———=

a—>o0

= An(ro) —c,

for z € 2 — E. 'This proves the claim. O

Note that as in Theorem 7.1, we could use Theorem 7.2 in conjunction with
perturbation by radial potentials to show that the condition (7.1) holds on a Baire
typical subset of L>(B(ro), F).
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7.2. Distribution in sectors. Many of the results of Christiansen [6] concern
the resonance counting function restricted to sectors. In the hyperbolic case it is
natural to center these sectors at s = 7 and define

Ny(t,01,60:) :=#{t e Ry:0 < |§ - §| <t arg (¢ — %) € [61.6,]}.
The “averaged” sectorial counting function is denoted with a tilde:

N * Ny (t,60:.0
Ny(a,0:,6,) = (n—l—l)/ %dr.
0

The results below refer to the indicator function 4,,(6), defined in (1.4) and illus-
trated in Figure 4.

h1(0) forn =2

—/2 | ‘ | /2
Figure 4. The indicator function.
Theorem 7.3. Suppose V € L*®(B(ro), C) has counting function satisfying
Ny (1) ~ An(ro)t"*1.

Yhenfor% <0 <0< 37” with 0; # m,

n+ Dntl 2w
Ny 0.61.6) = Nt 60,6 + 20 [ w)do

2w |-
et h, (62 —m) iffy <3
+ 2 1
w(n+1) 0 if 0, = 377[
htl h:,o(el - JT) lf@l > %
27[(}’1 + 1) 0 lf@l — %
+o(t"tY).

Note that Ng contributes only if n is odd, and then only if © € (61, 65).
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T

Proof. It suffices to prove only the case 6; = %

Ny(t,3,0)

h,(0—m) n+1 (07
= No(t,Z,0 i / h do | "1 AR}
of 2 )+ |:27r(n +1) + 27 -z ro(w) @ ol )

If V is real, then self-adjointness implies a conjugation symmetry in Ry, and the
6, = 37” case would be equivalent to this by reflection. In the general case, the
indicator function /4, still posseses the conjugation symmetry even though RV
does not, so the proof for 6, = 2 is identical to the one we will give for 6; = 5.
The intermediate case [0, 62] C (7, 32” ) follows by subtracting the two endpoint
cases.

To begin we apply the argument principle to the integral of 7’/ over a sector

givenby |z — 2| <7and —% <arg(z — %) < —% + 7. The result is
Ny(t,5.5+m—Ny(t,—3. -5 +n)—No(t.3.—F +1n)
T
1 t ) 1 —5tn )
— E/o drargt(% —ir)dr + E/_g doargt(% +1¢'?)dow

1 ! ;
— —/ 0y argt(—ire'M)dr.
27 0

The term Ny (¢, —7,—% + n) is bounded by a fixed constant, the total number of
discrete eigenvalues. And for the first segment of the contour integral, on critical
line Re s = %, we have abound O(¢") by Proposition 3.1. By applying the Cauchy-
Riemann equations to the integrands of the two remaining integrals, we obtain

T
A ,
Ny(t, 5% 4+ ) = No(t, %, % + 1) = Z/ (31 log [7(2 + 1) do

—_
[SE|

+ ganJr(t,—% + 1)+ 0@"),
where

Jf(t,a)):=/ log|f (& +re )|—
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(This is a slight adaptation of the definition from Levin [13], moving the center
to 5.) Now, to eliminate the derivatives, we divide by 7 and then integrate over ¢
from 0 to a and over 7 from 0 to 6. Note that Proposition 3.1 implies J(z, —%) =
O(t™). The result of these integrations is therefore that

—3t0 ~
|7 gz ) = Fo(e 3.3+ 0))dn

2
~Z49 L4y ,
_nt 1/ ’ / 2 log |t(% + ae'®)|dwdn
2 0 -z

1 [ dt
4t / T 0—-mZ
27 0 t

+ Oo@").

To continue, we use the background function g¢(s) introduced in the proof of
Theorem 7.2 to define g(s) := t(s)go(s). If A + V has discrete eigenvalues, then
g(s) will still have poles at a finite set {¢1,...,¢n} C (5.7). In this case we can
simply replace

(7.4)

g(s) «»g(s)]‘[ — +¢

which will remove the poles without affectlng the asymptotics. For notational
convenience, we will simply assume that g(s) is analytic for the rest of the proof.
By Proposition 3.5 and (7.2) we have a bound for |w| < 7

log |g(% + ae'®)|
an+1

< hry(w) + Ho(w) + o(1),

as a — oo, where the Maximum Modulus principle is used to remove the restric-
tion on the values of a. Thus

log|g(% + ae'®)|
an+

lim sup

a—>o0

S hr()(a)) + H()(Cl)),
for || < 7. The left-hand side is by definition the indicator function of g, so [13,
Theorem [.28] gives, for any ¢ > 0,

log |g(% + ae'®)|
qnh+1

< hro(@) + Ho(w) + . (7.5)

forw < Z andr > re.
On the other hand, by the assumption on the asymptotics of Ny (¢), together
with Proposition 3.2, we have

lim a_(”+1)/ log [t(2 + ae'®)|dw = ’ hry(@)do.

a—>o0 e
2

[SE}
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In conjunction with (7.5) this implies

3 lo 2+ qe'®
i [ i) + Howy — EEET N g, o
a—o0 _% a

Then, by the final argument from [13, Theorem IV.3] (used also in [6, Proposi-
tion 2.2]), g(% + -) is of completely regular growth in the angle (—%, Z), with
indicator function equal to h,, + Hp. This means that

L logg(s +ae)

a—00 antl

= hyo (@) + Ho(®).

uniformly for w € (=%, %), for a outside of some subset of zero relative measure
in [0, 00). By [13, Lemma II1.2], we have

lim (n + Da~ "V J, (1, 0) = hyy(0) + Ho(w).
a—>o0

for || < Z. The corresponding limit holds also for J,, since go has completely
regular growth by construction. Thus

lim (n + Da~ "V J (1, 0) = hyo (), (7.6)

for |o| < 3.
Returning to (7.4), we can apply (7.6) to obtain

—Z 40
li —(n+1) kN N T — N, z oz d
m a [ V(a7 22 +77) 0(a7 2°2 +77)] 77

a—>o0

0
n41 [TEH0 o5 1

= h dwd —h, (0 — 7).
7 ) /_% ro(@)dwdn + 7 + 1) ro )

The integral over n can be removed using [6, Lemma 5.4], provided we avoid the
point 6 = 7 where h,, fails to be differentiable. We then complete the proof using
the fact that the asymptotic Nx(a) ~ ca™t! is equivalent to Ny () ~ ct"t! (see,
e.g., [16, Lemma IJ). [l

One interesting feature of Theorem 7.3 is that the indicator function remains the
same whether A 4V is self-adjoint or not. Even though the conjugation symmetry
is broken in the non-self-adjoint case, the resonance distribution still exhibits this
symmetry in an asymptotic sense. This situation is illustrated in Figure 5, which
shows the resonance plots for real and imaginary radial step potentials in 2. The
breaking of the conjugation symmetry is clear only in the vicinity of the origin.
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Figure 6. An example of the type of sector to which Theorem 7.4 applies. For generic
potentials, the resonance count in such a sector satisfies Ny (t: 5

— &%) < "1 with
constants independent of ¢.
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7.3. Sectorial asymptotics for generic potentials. Finally, and once again fol-
lowing [6], we present some results on distribution of resonances in sectors that
hold in a generic sense. The first result concerns the resonances in a narrow sector
bordering on the critical line Re s = 7, as shown in Figure 6. The theorem gives
a lower bound independent of ¢ on the number of resonances in this strip that is
independent of . As in the remark following Theorem 7.2, we could use perturba-
tion by radial potentials to show that this condition holds for a Baire typical subset
of L*®(B(rg), F).

Theorem 7.4. Suppose V,(x) € L®(H"**T1, C) is a holomorphic family of poten-
tials for z € Q C CP, an open connected subset. Assume that supp V, C B(ro)
for all z, and that the condition,

: Ny, (a)

lim sup prES) = Ay (ro), (7.7)

a—>o0

holds for some zy € 2, where Ay, (1) is the asymptotic constant defined in (1.6).
Then for any 0 < & < Z, there exists a pluripolar set E; such that

Ny.(a,Z. % +¢ 1
lim sup v:(e.3.3 )2 ,
=00 antl dr(n+1) "

(—%—I—) Jorz e Q — E,.

The corresponding result holds in the conjugate sector too, i.e. it holds also for

N7 3 3
Nv.(a, 5 —&%).

Proof. Let us denote by ty, the relative scattering determinant associated to V.
As in the proof of Theorem 7.1 we introduce the background function go(s) to
cancel the poles of 7y, (s) coming from Ry (necessary only if n is odd). Then
g(z,s) := ty,(s)go(s) is analytic for Res > 7, except for finitely many poles
related to the discrete spectrum. As in the proof of Theorem 7.3, we note that
these poles are easily cancelled off (see [6, Lemma 5.2] for details), and for the
sake of exposition we assume that g(z, s) is analytic for the rest of the proof.

From (7.4), assuming 6 € (£, =) we have

—Z40
/ Ny(a.5.5 +1n) =¥(z.a,0) = ¥o(a,0) + O"),
0

where

~Z40 ~Z 49 ,
ntl i ’ /_2 log |g(z. % + ae'®)|dwdn
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and

~Z+0 —Z 4y

Yo(a, ) :=

271 log g0 (% + ae'®)|dwdn

_
2

n+1 [ dt
+ 5= /OJgO(Z,G ).

Now we use the fact that W(z, a, 0) is plurisubharmonic as a function of z, and
argue as in the proof of Theorem 7.2. Using the assumption on z¢ and [12, Propo-
sition 1.39], we find that there exists a pluripolar set Eg C 2 such that

limsupa~"TV[W(z,a, 0) — Wo(a, 0)]

1 n+1 3+6
T 9 T d d ’
sl e I S

N\:!

for z € Q@ — Ey. From this point we can simply follow the end of the proof of [6,
Theorem 1.2], to take the limit 6 — Z+. O

We can be slightly more explicit about the constant appearing in Theorem 7.4,
although it doesn’t reduce to a simple formula. We start from (1.4), written as

2 ® H(xe'?:ro)

ho©)i= w5 |

dx,

where o(6) is the implicit solution of H(o(#)e'?, ro) = 0. We can easily compute
dp H (xe'®; ro)lg=—%

= —xlog(x? + 1) + 2xlog

x coshrg + /x? sinh? ro — 1‘ )

Noting also that o(£%) = 1/ sinhro, we obtain

°° hro+ V2 sinh? ro— 1
h/m(—%+)=2/ x~0+D g (“OS Fo + VX7 SInh~ro )
1

/sinhrg x2+1

Our final result in this section concerns the “expected value” of the resonance
counting function, computed as a weighted average over a complex family of po-
tentials. The following result says that such weighted averages will exhibit asymp-
totic behavior with optimal growth, both globally and in sectors.
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Theorem 7.5. Under the hypotheses of Theorem 7.4, assume that ¥ € Cy(R2)

satisfies
/ vdm =1,
Q

where m denotes Lebesgue measure on CP. Then
| M 0w @dm) ~ Ao,
Q

Furthermore, for % <0 <6< 37” with 0; # m,

+1 tn+1 0r—m
[ W00, 60m@) = wote. 1,0 + T [ (e
Q 2 01—
n gt h;o(ez — 1) lf@z < 377[
2r(n+1) |9 if 0, = 377r
o hy, 0y — ) if 61 > %
2r(n+1) |o if0; = %
+o(t™th).

This result is the analog of Christiansen [6, Theorem 1.3]. The only major ad-
justment required in the proof is to replace ty,(s) by g(z,s) := ty,(s)go(s) in
the case where n is odd. Since this change was already discussed in the proofs
of Theorems 7.2, 7.3, and 7.4, and otherwise the details are thoroughly covered
in [6, §5], we will omit the proof.

A. Laplace’s method

Suppose ¢ : [a,b] — C is a smooth function with Re ¢’ > 0. If u(¢) is smooth
and non-vanishing at b, then the classical Laplace’s method gives the asymptotic

b 2k ¢ (b)
u(b)e
/ 200y gy ~ M
a

2k¢'(b) -

as k — oo.

In this appendix we will extend this classical result to include rougher assump-
tions on u and an explicit estimate of the error. This is fairly straightforward, but
we include the details because the uniformity of the error estimate is crucial in our
application.
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Proposition A.1. Assume that ¢ : [a, b] — C is a smooth function with Re ¢’ > 0,
and that u € L*|a, b] is continuous near b and satisfies

u(t) ~ Ab —1)°'  ast — b,

for some o > 1. For

1(k) := /b Oy (ryde,  fk) = AL kg
a ’ (2k¢'(b))° ’
we have (k) ~ f(k) as k — oc.
More precisely, assume that for B > 0, ¢ satisfies the bounds

Re ¢'(b) w1
0] > B, [s;,lgw Isﬁ.

Then, given § > 0, there exists N = N(B, 8, u) such that k > N implies

"(b)] = B,

1(k)
— — 1| <.
70) 1‘ :

Proof. Let us write
b
/ O y)dt = 11 + I + I,
a

where

b
L1=A / eZko® (p — 1Yo 1gx,
b—k—3/4

b
I = / 2O (1) — A(b — )" Ny,
b—k—3/4

and

b—k—3/4
I3 = / kO (t)dr.
a
For the first integral, we substitute x = b — ¢ and define

h(x) = ¢(b—x) — ¢(b) + ¢'(b)x,

so that

-n

k
I, = Ae**®) / e 72k O)x k() o1 g (A.1)
0



Resonance asymptotics for Schrodinger operators on hyperbolic space 565

This can be expressed as a Gamma integral plus some error terms:

_ 402k __T(@) }
= A )

where
k_3/4

Ji =/ =28 B)x (kh(x) _ 1y o1,
0
and
o0
Jo :/ e 2k’ B)x o1 g
k—3/4

To estimate J; we use Taylor’s theorem to obtain
2

X
h(x)| < ' —,
heo)l = 8715
for x € [a, b]. In particular, for k sufficiently large we have
sup  |eF — 1) < C,B_lk_%.
x€[0,k=3/4]
Applying this estimate in J;, and then replacing the upper limit in the integral by
00, we obtain the estimate
I'(o
= =D
(2k Re ¢'(b))°
For the J, term we can simply use the standard estimate on an incomplete Gamma
function,

Cp k2.

A p—— 0
= 2kRe¢'(b)

Now consider the second integral, /. Given any § > 0, we will have
1
lu(t) — A(b —1)°7"| < 80 - 1o,

for all ¢ sufficiently close to b. Hence, for k > Njs ,,,

b

1
Ll =38 | k_3/4e2kRe¢(’)(b — )7 d1.

By the same analysis we used on /; we find, for sufficiently large &,
L] < Lsekreoty | TO)
—2 (2k Re ¢’ (b))°

1 —2k1/4Re ' (b)
t %k Regd)” '

(1+CB k™ 2)
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The third integral is estimated for k > N, by

|13] < b|lu|lco exp[2k Re (b — k—3/4)]

< b”u||0062kRe¢(b)e—2k1/4Re¢/(b) eXp[k_%/ﬁ],

again using Taylor and the assumed bound on ¢”.
Collecting these estimates, we find that for k > N(e, §, u),

1(k) | ( |¢'(D)] ) -1 —2k1/4Re ¢/ (b
— -1 —+c k™2 + Cgk®|¢’ (b)|%e ¢’
£ 2 Reg'(B) !
Using the lower bounds on Re ¢’ (b)/|¢’(b)| and |¢’ (b)|, this becomes
1(k) ‘ ) ekl/4
—~—1<=-+4+C S(k + k%e™ ).
(k) 4
We can adjust N(8, §, u) as necessary to make the right-hand side smaller than §
for k > N(B,6,u). O
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