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Spectral properties of Schrodinger operators
on superconducting surfaces

Mahadevan Ganesh! and Ty Thompson

Abstract. In this work we focus on the characterization of the space L2 (S; C) on Rie-
mannian 2-manifolds § induced by a fixed magnetic vector potential Ag in the nonlinear
Ginzburg-Landau (GL) superconductivity model. The linear differential operator govern-
ing the GL model is the surface Schrodinger operator (iV + Ag)? on S. We obtain a
complete orthonormal system in L2 (S; C) from a collection of nontrivial solutions of the
weak-form of the spectral problem associated with (i V 4 A)?. Then, after proving that any
member of this basis satisfies a higher regularity condition, we conclude that each is also
an eigenfunction of the strong-form of the surface Schrédinger operator, and must satisfy a
natural Neumann condition over any nonempty component of the manifold boundary 9.
These results form the theoretical foundations used to develop efficient computational tools
for simulating the Langevin version of the surface GL model.
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1. Introduction

Spectral properties of differential operators defined on Riemannian manifolds fa-
cilitate the understanding and efficient numerical simulation of physical processes
described by mathematical models they govern. Eigenvalues and eigenfunctions
of the Laplacian on manifolds (with and without boundaries) have been inves-
tigated for several decades, and provide important tools for the simulation and
analysis of processes such as vibrations of drums and membranes, or stationary
states of free quantum particles, see for example [20] for an excellent survey and
references therein.

The focus of this article is the investigation of spectral problems corresponding
to Schrodinger operators that arise in a class of GL models for superconductiv-
ity in thin materials. The results are used to characterize the Lebesgue space of
complex-valued, square-integrable functions on Riemannian 2-manifolds S that
are taken to represent thin superconductors having rotational symmetry about the
axis of a constant, externally-applied magnetic field. From standard gauge, scal-
ing and approximation considerations this may be taken to be the system mag-
netic field, and equal to the curl of the magnetic vector potential Ag = R é, where
R represents distance from the z-axis, and 6 denotes the unit coordinate vector
corresponding to the direction of increasing 6 in a cylindrical-polar coordinate
system. In this context, the GL system involves a single partial differential equa-
tion, which is nonlinear in the complex-valued order parameter, and is governed
by the Schrodinger operator (i V + R 6 )2 on S. See references [6, 7, 12] for further
details regarding the particulars and validity of this GL model realization. In a fu-
ture work, we implement a highly efficient finite element method to compute the
eigenvalues and modes of the surface Schrédinger operator for use with advanced
GL simulation techniques.

Our motivation is to provide an efficient computational and analysis framework
for the investigation of nondeterministic critical phenomena in the Langevin ver-
sion of the GL model [5, 10]. Deterministic GL systems have been widely used to
study the formation of vortex configurations in thin superconductors that contain
a Riemannian manifold [2, 4, 6, 7, 13, 16, 17, 19]. If such phenomena are essen-
tially nondeterministic, as are evolutions of vortex configurations from ideal (su-
perconducting or nonsuperconducting) initial states in highly symmetric systems,
we rely on the Langevin extension of the GL model to complete the phenomeno-
logical context. Stochastic GL simulations in finite-dimensional subspaces that
include high-frequency modes are therefore needed, and the symmetry in the sys-
tems we consider naturally supports the development of spectral methods. It turns
out that methods based on the eigenfunctions of the surface Schrodinger operator
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iv + Ré)z, which are known only for simple choices of S such as the planar
disk [3, 19], are highly efficient. Because the geometry of the superconductor may
otherwise substantially influence the critical phenomena [15], we use a generalized
approach that allows for investigations of the model on any surface of revolution.

We take S € R3 to be a C? Riemannian 2-manifold (with or without boundary)
that is open, bounded, connected, and given as the range of the parameterization

X(s,0) = [R(s) cos 8, R(s)sin 6, Z(s)], sel,0e0,2r), (L)

where I C R is an interval. In terms of this standard parameterization for .S, we
begin by deriving both weak and strong formulations for the surface Schrodinger
operator. Then, from the collection of nontrivial solutions of the corresponding
weakly-formulated spectral problem, we identify a complete orthonormal system
for the space L? (S; C). In order to define finite-dimensional subspaces spanned by
the elements of this basis that are suitable for simulations of the associated nonlin-
ear GL and Langevin-Ginzburg-Landau (LGL) models, it is important to establish
an additional regularity property. Specifically, in this work we also prove that ev-
ery solution to the weakly-formulated Schrodinger spectral problem lies (at least)
in the space H? (S; C). This last result is needed primarily to establish the spectral
accuracy of the numerical simulation methods introduced in future articles, and is
instrumental in demonstrating how these eigenfunctions, and their corresponding
eigenvalues, can be efficiently represented and accurately approximated. To ac-
complish all of this, we next introduce some suitable constraints on S and (1.1),
then specify notational conventions that are used throughout the article. Some
crucial results required by our analysis are included in the appendix.

1.1. Preliminaries. Whenever S has a boundary, we assume that each boundary
point has a neighborhood in S whose intersection with S is simply connected.
We may choose the parametrization x so that the functions R and Z in (1.1) have
bounded, continuous derivatives through the second order on 7 and X|;0[0 2,
is a homeomorphism, where /¢ denotes the interior of /. Suitable versions of
our approach and analysis may be retained when differentiability assumptions are
relaxed (when S is a right circular cone, for example). We take the left and right
endpoints of the interval I in (1.1) to be 0 and sy, respectively, where so > 0. To
integrate a function

f:§—C

over S, we use (1.1) to obtain



572 M. Ganesh and T. Thompson

27w SO
fdx = f(x(s,0)) |xs(s,0) X Xg(s,0)|ds dO
[r=]]
- (1.2)

_ / / F(x(s.0)R(s)/R2 + Z2 ds db.
0 0

We assume that R > 0, so that f = 1 in (1.2) gives the geometric area of S. For
integrals on 0§, we write

2
/ fdx = / f(x(s,@))R(s)‘::)O a6, (13)
EN 0

which yields zero whenever S = @. Lastly, we shall always assume that x has
been chosen so that

irelf,/RS2+ZS2>0, sup+/R? + Z2? < 0. (1.4)

sel

Throughout this article, the standard (conjugate symmetric) inner product in
L? (S; C) is denoted by (-, -),. For our weak formulation, it is convenient to intro-
duce the real, symmetric inner product in L? (S; C) given by

(u,v) == (u,v), + (v,u),, wu,ve L? (S;0). (1.5

If S # @, we denote the associated real, symmetric inner productin L2 (3S; C) as
(u,v)yg. Let |- |2 and || || 1,2 denote, respectively, the standard norms in L? (S; C)
and H' (S; C). We introduce the norm || - || = +/2|| - ||2, which is induced by the
real, symmetric inner product (-,-) identified in (1.5). For any domain X, the
standard norm in L2 (X; C) is denoted by || - ||2,x, and we let || - |[x = /2] - |l2.x
be the norm induced by the real, symmetric inner product (-, -}y .

2. The Schrodinger operator on S

In this section we derive in detail the strong and weak formulations for the surface
Schrodinger operator, as required for our investigations of the spectral problems.

2.1. Strong formulation of the Schrodinger operator on S. The vector-valued
first-order operator (i V 4+ R 0) is specified by utilizing the standard definition of
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the gradient of a function defined on S. We first recall our parameterization for S
in (1.1), and use it to write the surface normal vector as

Xs X Xg [—Zscos0,—Zsin6, Ry
X5 X X VRZ+ 272 ’

We work in a “thin” region Q C R3 containing S, and given by the parametric
representation

n(x(s, ) = x(s,0)€S. Q.1

p(p,s,0) =[R(s)cosO, R(s)sinb, Z(s)] + pn(x(s, 6)), 2.2)

where the parameter p is restricted to the interval (—e, €) for some sufficiently
small € > 0. Givenu € H'(S;C), to work in  we need to extend u into the
space H'(2; C) such that the value of the extension and each of its first partial
derivatives on S agrees almost everywhere with those of u. At this stage, we
assume that such an extension is always possible provided ¢ is sufficiently small,
and simply use u again to denote it. For the gradient of u, we must evaluate

Vu = [ux, uy, uz] —n(n-[ux, uy, u;]) (2.3)

on S. To evaluate the right hand side of (2.3), we construct [u xs Uy, U Z] component
by component. On 2, from the chain rule we have

Ux = UgSx + UpPx + Meex, (24)

and from (2.2) we obtain the parametric equations

Z
x = (R - L) cos 0, (2.5a)
VR?+ 72
Z
y=(R- —=225_)sing, (2.5b)
VR?2+ 72
R
=4 (2.5¢)
VR?2+ 72
From differentiation of the relation
Z 2
(R— PLs ) =x2+y2 (2.6)
VR?2+ 72
with respect to x, we find that
IOZS RSZSS - ZSRSS ZS
R— ——— 1-— — =x, 2.7)
( mx (- Gz ) m”’“)
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while from the third relation in (2.5) we have

R
VR?+ 72

To use results (2.7) and (2.8) on S, we evaluate them at p = 0 to obtain the system

Zs( RsZss — Z5 R

ERTEr AR SRR

Joos

Zs
R~ exz
5 5 (sx) :(cos 0)’ 2.9)
Ry Px 0
Zy —
VR2+ 272
whence we find the formulas
Sy = ————cosf and :—Lcose (2.10)
* T R24+ 22 P RZ+27z '
From the relation
tang = 2 2.11)
X
on 2, we find that
sin 0
0, = —— (2.12)
Substituting results (2.10) and (2.12) into (2.4) now gives
Z in 6
ux:usz—scose—up—scose—u(;&. (2.13)
R + 2} RZ+ 72 R

N N

For the second component, we proceed in a similar fashion. On €2, we have
Uy = UgSy + UppPy + UgO). (2.14)

Differentiation with respect to y of (2.6) and the third equation in (2.5), followed
by evaluation on S, results in the system

Zs

kN ~Terz i
5 5 (sy) _ (sm@)’ (2.15)
R Py 0

VR4 72
from which we find that
R V4
* __sinf® and Py = ——— ___siné. (2.16)

VTR Z

VR + 72
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After using (2.11) to find that

cos 6
Qy == R B

from the substitution of (2.16-2.17) into (2.14) we see that

R; . . C
Uy = Us——— sinf —u, sin6 + ug .

V4
R+ 72 ﬁ R
Finally, for the third component we write
Uz = UsSz + Uppz + UpO;.
Differentiation of the third equation in (2.5) with respect to z gives

Rszss - ZsRss Rs
Zi\l —p———— )5, + ——p, =1,
( SR ALE ) \/R§+Z§pz

while from (2.6) we have

Ry Zs — ZsRss) . Z _
R+ 227 )" Jrey 22

At p = 0, from (2.20)—(2.21) we obtain the system

Rs(l—p

Zs
Ry ———
e G- 0)
R Pz 1)’
VR?+ 72
which gives
Zs and Xs
S = =
TRt SN
Since clearly
92 =0,

from (2.19) we now see that

Zs Ry

575

2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Now, from (2.13), (2.18), (2.25) and (2.1) we have
[~Zscos 8, —Zsin 6, R;]

VR2+ 72

n-[uy,uy, u;] =

[u *__cosf —u Zs cosf —u sin 6
* T~ > - T - 9—’
"R+ 22 "R+ 22 R
Zz 0
usﬁ sinf — up—s sinf + uecos ,
R: + Z; R2 4+ 72 R
Zs Ry
Uspr 72+ “p—]
RS + Z5 VRZ+ 72
= Up,.
(2.26)
Returning to (2.3), we get
Vu = [uy, uy,uz] —nm- [ux, uy, uz])
s Zs Sin@
= [usﬁ cos ) —up,——=cost —ug——,
RZ + Z7 R2 4+ 72 R
Zz 0
Ug———sinf — up—s sin 6 + uecos ,
R + 73 RZ 1 72 R (2.27)
u Zs +u Rs ]
‘R2+22 P RE¥ 22
[-Zscos O, —Zssin 6, R;]
- Uy,
VRZ+ 72 ?
and
Ry sin 6
Vu [us R+ 22 cosf — ugT,
R . cos 6
Msm sin 0 + Up R (228)
g s S |
*R2+ 727
After defining the unit coordinate vectors
R 0, Rysinb, Z
- Xs _ [Rs cos s sin s] (2.29)
X | VRZ + 72
and
A Xg .
f = — = [—sinb,cosb,0], (2.30)

xel
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we see that
§oVu= — 2.31)
VR + Z2
and
A ue
6 -Vu=—, (2.32)
R

so we write (2.28) more conveniently as

Vi =§—8 4% (2.33)

_|_
VR? + 272 R
From (2.33), we may finally write the (surface) operator (i V 4+ R é) as

A 9 i 0
(V+RO)=5 (-

i
L ]
,/R§+ZS28s+ R 06

To formulate (i V + Ré)2 on S, we take u € H? (S;C), and apply (2.34) to
(iV + R0 )u. Thus, we start from

+R). (2.34)

(iV+R0O)u

. i 0 A0 0 . iu ~riU
=(smg+0(E£+R))-(s\/ﬁ+0(%+m)),

(2.35)

and keep in mind that the unit coordinate vectors § and 6 are generally not constant.
Working from (2.29), we have

A R R . Z
55 = [(—@)S cosf, (—RSZ i ZSZ)S sin 6, (—m)s] 6
o )
(R 2
where

N = [(RysZs — RsZs5)Zs c0s 0, (Rys Zs — Ry Zss) Zs sin 0, (RgZss — Rys Zs) Ry

and observe, in particular, that

— RsZs (RssZs - Rszss + Rszss - RssZs)
(K2 + 237

A

KR

=0. (2.37)
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Therefore, the first of the four terms produced on the right hand side of (2.35)
reads

A i 0 R iU
ez ()
:_(fé)i@#)

(2.38)
= () (e i ()
VRE+ 72 VU JRI+Z2 s\ /RZ+ 72
B 1 0 ( Uy )
- JRExZ20s\/RZ+ 72/
Next, by differentiation of (2.30), we clearly see that
b, =0, (2.39)
and since §- 0 = 0, we conclude that
N i 0 ~AriUg _
Returning again to (2.29), we have
—Rgsinf, R
5 = [—Rssin 6, Ry cos6,0] 2.41)
VR4 72
and we notice here that R
6-3 s (2.42)

N

Using (2.41-2.42), and (again) the fact that § - 0 = 0, the third term produced on
the right hand side of (2.35) can be calculated as

i D i 6
9(%@""13)'(“?\/%):_} 9( \/m)

0 (o us
== (Seﬁ) (2.43)
Ry

TRRZ+ 22"
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Finally, we refer back to (2.30), and find that

~

09 = [—cos 8, —sinb, 0]; (2.44)
here, we note the identity
0-0p =0. (2.45)
Thus, the last of the four terms produced by (2.35) is
é(ii +R)- (é(iﬂ + Ru)) = 9 i(é”—e) +i2ug + R?u
R 06 R R 30\ R 6 (2.46)
= —% +i2ug + R?u.
When substituting (2.38), (2.40), (2.43) and (2.46) into the right hand side of
equation (2.35), we therefore have

(iV+RO)u=—

1 0 Usg
VR + 272 3S(,/R§+Zs2) (2.47)
R

Yoo | - 2
— Uy — —— + 2 Ru.
R(Rsz—l—ZSz)us R2 +12up + R7u

Next, we describe a weak formulation for the surface Schrédinger operator.

2.2. Weak formulation of the of the Schrodinger operator on S. In this sec-
tion, we establish a Green’s identity for the surface Schrodinger operator that al-
lows us to relate its weak and strong formulations in L2 (S; C).

Theorem 2.1. Letu € H? (S;C)andv € H' (S; C). Then, the formula
(VRO ((V+ROW) = ((V+ROu, v)+((V+RO)u-3,iv),g (2.48)
holds.

Proof. We begin by stating several intermediate results that are used in the proof.
We have the following:

(1) the mapping (u,v) — (u,v) of L?(S;C) x L*(S;C) — R is continuous;
(2) the mapping (u,v) = (u,v)yg of L?(3S;C) x L? (3S;C) - R

is continuous;
(3) the mapping u — (iV + Ré)u of H' (§;C) — L?(S;C) is continuous;
(4) the mapping u +— (iV + Ré)zu of H?(S;C) — L*(S;C) is continuous;

(5) the space C*(S;C) is dense in L* (S;C), H' (S:C), and H? (S;C).
(2.49)
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Establishing (1 — 4) in (2.49) amounts to a straightforward exercise. Item (5)
represents a classical result from the theory of Sobolev spaces, properly adapted
for the domain S (for example, we may work from Theorem 3.22 in [I]). Our
approach is to begin by showing (2.48) on the dense subspace C? (§ ; (D). Here,
our parameterization assumptions allow us to use integration by parts, then (2.49)
may be applied to extract appropriate limits and complete the proof. So, letu, v €
C? (S:C). We begin by using (2.34) with (1.2) to write

(((V + RO)u,(iV + RO)v), =

27 So
i ou  ~(1 Ou
= §———— +0|—— +R
(s 57205 (39 * %))
00 ' ’
i ov A1 0V
(f———=—+ 0=+ Rv))R\RZ2 + Z2dsdb
(mas (R89 )) to
(2.50)
2w So .
= 7R a—ua—vds do
VRZ + 72 ds os
0 o
so 2w
1 dudv . v . Ou_ 2 > >
+/<[<ﬁ@@—lu@+z@v+R uv)d@)R,/Rs +ZZds.
0o o0

Owed to the properties of u, v and X, we can use integration by parts to evaluate
the innermost integral in the first term on the right hand side of (2.50). We get

50

/ R du v
—_———— s
VRZ + 72 ds ds
0
50

_ La_uas_so—/i(La_u)ﬁ s
VR Z705 Jimg ) 05 JRT T 2705 251)
R ou _|*=%

s=0

=
VR + 72 s
50

vds,

( R ou Ra( 1 8u))
_/ VRt Z20s | a5\ JRZyZ30s
0
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and when applying (1.3) to (2.51), we conclude that

2w SO
R dud
f = PP us)as
,/R§+Zs28s as
0 0
2r 27 S0
R du _|°7%0 2.52
25 ae— | |39R/R2 + 22dsas (252
,/R3+Z§8svs=o //Jv el
0 0

Judx,

d _
/,/R2+Z238v ! /
S

where

[}

Ry ou 1 0 1 ou
TREZD 0 JRet 235(\/&2 + 22 W)

Moving to the innermost integral in the second term on the right hand side of equa-
tion (2.50), because every integrand is periodic with respect to the 6 parameter,
from integration by parts we find here that

27 2r
1 9u dv 1 0%u _
[rsBo-Jasm oo
0 0
and
27 - 2w
v du A 0u
/( s +,£v) 6 = /(12£v) do. (2.54)
0 0
Together, (2.53) and (2.54) show that

so 2w

1 Jdu dv ov ou
- 17 —— _ 2 2
f(f<R28080 u80+189v+Ruv)d0) VR + Z2ds
0 0

= f(— Liv +z28—v + Rzuv) dx.

(2.55)

R2 902 a6
S
Substituting (2.52) and (2.55) into (2.50), while recalling the Schrédinger formu-
lation in (2.47), leads to

1

VR2+Z20s

<(iv+Ré)u,(iv+Ré)v>2_/ vdx+((zV+R9)2u v)s.

(2.56)
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In a similar way, we have

((iv+Ré)u,(iv+Ré)v>2=/ —vdx+((zV+R9)2u V)s,

VRZ+ 2729
(2.57)
and it follows that

((iV + RO)u, iV + RO)v)

—vdx +{(iV + RO)u,v)

1 ou _
_f,/R3+Zs2§vd f,/R2 720

i 1 uy.
/( —R2+22 3s) v x+/(——RSZ+ZS2£)wdx
08
((zV+R9)2u,v)

= (V4 RO-5,iv)yg + ((V + RO)u,v).
(2.58)
To generalize (2.58), we use familiar continuity arguments. Letu € H2(S; C), and
v € HY(S;C). By (5) from (2.49), we may choose sequences {u,} and {v,} from
C2(S;C) such that u, — u in H(S;C), and v, — v in H'(S;C). Using (1), (3)
and (4) from (2.49), we have, as n — oo,

up — uin H2(S;C) = (iV + R6)%u, — u in L*(S;C) and (.59
N Drya
(iV + RO)u, — uin L*(S;0),

and

vy —> vin H'Y(S;C) = (iV + R6)v, — vin L?(S;C) and

2.59b
iv, — ivin L?(S;C), ( .

which together imply that

((iV 4+ RO)un, iV + RO)vp) — ((V +RO)u, (V+ RO)),  (2.60a)
and
((iV + RO)up, vp) = ((V + RO)u, v) (2.60b)

for the same such n. Moreover, (2) in (2.49), when used with Theorem A.l in the
appendix, guarantees that

(V4 ROy -5,ivn)5g — (((V + ROW-5,iv), (2.61)
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and since (2.58) gives, for all n € IN,

(V4RO un, (V+RO ) = (((V+ RONup-5,ivn) 55+ (i V+ RO up, vy),
(2.62)
we obtain the result by letting n — oo in (2.62). U

With these Schrodinger formulations and results in place, we next detail some
foundational spectral analysis.

3. Characterization of Schrodinger eigenmodes

Our essential results in this section are as follows:

e There is a complete orthonormal sequence in L? (S; C) consisting of eigen-
functions of the weakly-formulated spectral problem.

e The corresponding collection of eigenvalues is nonnegative, unbounded, and
has no finite accumulation points.

To establish these facts, we start by considering the weakly-formulated spectral
Schrodinger problem of finding all nonzero v € H'! (S; C) such that

((V+ RO, (V+RO)w) = A{v, w), (3.1)

for allw € H'!(S;C) and some A € R. For convenience, in the arguments that
follow positive constants that do not depend on v or w (or a parameter / used later
to define a difference operator in the next section) are denoted by K; the value
of K itself may vary according to the context, particularly in passing from one
line to the next, or from one side of an equation or inequality to the other. We
use subscript notation to fix the value of constants of this type, or to indicate their
dependence on a particular parameter.

We proceed to show that an orthonormal basis for L? (S; C) can be formed
from a collection of the solutions of (3.1). Throughout this section, we work with
the real, bilinear forms

L: HY(S;C)x H'(S;C) — R,

« . (3.2)
(W, w)r— ((V+ RO)v,(V + RO)w),

and, for A € R,

Ly: H'(S;C)x H(S;C) — R,

(3.3)
(v,w) — L(v,w) — A(Ev, Ew),
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where
E: H'(S;C) — L?(S;0)

is the compact embedding operator obtained from Theorem A.2 in the appendix.
The essential goals of present interest are formalized in the next theorem. After
first establishing several necessary results, we return to its proof near the end of
this section.

Theorem 3.1. Let L) be the form (3.3). Then, there are countably infinite se-
quences {)kj} C [0, o0) and {1/fj} C H'(S;0)\ {0} such that

@ Ly, (¥j.v)=0forallve H'(S:C).j € N;

(b) {A;} is unbounded, and has no finite accumulation points; (3.4)

(c) {¥} is a complete orthonormal sequence for L*(S; ).

To prove Theorem 3.1 we rely on the Lax-Milgram theorem, and utilize aspects of
the theory of compact linear operators in Hilbert space. The essential results used
are included in the appendix; we demonstrate next that these are applicable in the
context of our problem.

The version of the Lax-Milgram theorem we require is stated, without proof, as
Theorem A.3 in the appendix. The premises of this theorem are established next.

Theorem 3.2. Let yu < 0. There is a constant M > 0 such that
Ly(v,w) < M|vl|iz|wliz forallv,we H(S;C). (3.5)
Proof. Letv,w € H'(S;C). We work directly from the appropriate definitions,
and find that
L,(v,w)= L(v,w)— u(Ev, Ew)
<GV + RO, (iV+ RO)w)|
+ [l [(Ev, Ew)|
< {iVv,iVw) + (i Vv, éRw) + (éRv,in) + (éRv, éRw)| (3.6)
+ K[ Ev|[[Ew]]
= IVolllVwll + Vv [[| Rw]l + [[Rv[|[[ V]|
+ IRv[[[Rw]l + Kv[1 2wl 2-

Clearly the inequalities | Vv| < \/§||v||1,2 and |Rv| < K |[v]| < K ||v]|; 5 hold,
and they remain valid when v is replaced by w. The result then follows. U
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A similar type of argument is used to verify the second needed premise.

Theorem 3.3. There are constants ;1 < 0 and m > 0 such that
L,(v,v)> m||v||%,2 forallv e H'(S;C). (3.7)
Proof. Letv € H(S; C). We first work with L (v, v), and find that
L(v,v) = {((V+RO)v,(V+ RO)v)
= (iVv,iVv) + 2(i Vv, ORv) + (A Rv, O Rv) (3.8)
= | Vv||2 + 2(i Vv, ORv) + | Rv|>.
Thus, from (3.8), Holder’s inequality, and previous results, we have
27, = IVl + [[v]?
= L(v,v)— (2(iVv,ORv) + |Rv|?) + |v|? (3.9)
< L(.v) +2v2|v1 2| Rv|| + KJv]|*.

Now (3.9), Young’s inequality, and the identity ||v||*> = (Ev, Ev) together show
that

2
2003, < L) + ol 5 + ZIRv | + Kol

5L(v,v)—|—6||v||f,2—i—Ke(Ev,Ev) (3.10)
=L_, (v.v)+€|vll},

for arbitrary € > 0. We take any such € < 2, and find that the result then follows
from (3.10), withm =2 — e and u = —K-. ]

With p < 0 as specified in Theorem 3.3, we use Theorem A.3 from the appendix
to obtain a linear bijection

A: HY(S;C) — H7(S;0)
such that
Ly(v,w) = (F,w)forallw € H'(S;C) < F = Av. (3.11)

Moreover, since the same theorem guarantees that both A and A~! are bounded,
it follows that both are continuous.
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From the mapping A~!, we need to construct a suitable compact, self-adjoint
operator in L2 (S; C). We first obtain an adjoint for the compactembedding E with
the help of the Riesz representation theorem. By Theorem 2.44 (or 1.12) from [1],
we identify the space L2 (S; C) with its normed dual, which in turn allows us to
find E* : L?(S;C) — H~'(S;C) such that

(E*v,w) = (v, Ew) forv e L%(S;C),we H(S;C). (3.12)

By standard concepts from functional analysis, we know that E* is a continuous
injection, and its range is dense in H~!(S; C). Moreover, the composite mapping
EA7YE*in L?(S; C) is compact, being a composition of compact and continuous
operators. To show that it is also self-adjoint, we make use of the next theorem.

Theorem 3.4. Let A = (E*)"'AE™!. Then,

(1) R(A) = L*(S: 0);
(2) Ais densely defined in L*(S; C); (3.13)
(3) Ais symmetric in L*(S; C).

Therefore, the inverse operator AV = EATYE* is self-adjoint.

Proof. 'The last conclusion follows from (1-3), together with [18], Theorem 13.11.
For (1), since A4 is a surjection we have R(E*) € D(A™1), and clearly the identi-
fication

R(A™Y) = D(A) = H' (S;C) = D(E)

is valid; thus D(A~1) = L2 (S; C), whence R(A) = L2 (S; C). To see (2), we note
that R(E*) is dense in D(A™'), so by continuity R(A~!E*) isdensein H'! (S; C),
the domain of E. Thus, again by continuity, R(A™") is dense in E (H' (S;C)),
which is itself dense in L2 (S; C), so R(A™!) is dense in L2 (S; C) as needed. To
show (3), we need to verify that (Av, w) = (v, Aw) for all v, w € D(A). For such
v and w, we find with the help of (3.12) and (3.11) that
(Av,w) = (E*)"AE v, w)

= ((E)'AE™"v, EE"'w)

= (E*(E*)"AE v, E7'w) (3.14)

= (AE YW, E™Y

= L, (E v, E7'w).
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When remembering that the form (-, -) is symmetric, we recognize by similar ar-
guments that

(v, Aw) = (v, (E")TAE w) = (E")YAE'w,v) = Ly (E"'w, E71),
(3.15)
whence the fact that L, is itself symmetric allows the result. U

The proof of Theorem 3.1 can now be easily assembled.

3.1. Proof of Theorem 3.1. We begin by utilizing some classical results from
the theory of compact linear operators in Hilbert space. Since A1 s compact,
self-adjoint, nontrivial, and clearly not of finite rank, we apply Theorem A.4 to
identify the eigen-sequences

(L} SR and {y;} € L%(S;C)\ {0}, (3.16)
where
A7V, =Xy, forall j e N (3.17)

and {1//,} is a complete orthonormal system for L2 (S; C). To specify {1;}, we
notice that A~! is nonsingular, and consequently that {)L } € R\ {0}, then make
the assignment

A=A 4, jeN (3.18)
Next, it is clear that R(A~") € R(E), and since (3.17) implies that {¢;} € R(A™"),
each % € R(E) and we may identify {y;} € H'(S;C) \ {0} through the assign-
ment

v =E 'Y, jeN. (3.19)

Here % = y; in L2(S; C), so it is clear that {1;} is itself a complete orthonormal
system for L2(S; C). To show (a) in (3.4), we let j € N, v € H(S; C), and first
write (3.17) as

Ui+ (u—A)A; =0 in L2(S;C). (3.20)

Using the formula for A~ from Theorem 3.4, we have
Ui+ (u—A)EATVE*y; =0, (3.21)
and after applying A E~! on the left we get
AY; + (W —A))E*Ey; =0 in H'(S;C). (3.22)
Evaluating both sides of (3.22) at v gives

(A, v) + (= A)(E*Eyj,v) =0, (3.23)
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to which we apply (3.11) and (3.12) to obtain

L,(Yj,v)+ (uw—Aj){EY;, Ev) =0. (3.24)
Using (3.3), we see from (3.24) that
Ly, (Y, v) =0. (3.25)
To see that {A,} € [0, 00), we use v = ¥, in (3.25) for any j € IN and find that
Ly ;) = A (EV;. Eyj) =0, (3.26)

whence
0 < [[GV + RO = LY. ¥j) = A (EV;. Evy) = Al | = A;. (3.27)

Lastly, (b) in (3.4) follows from implication (3) in (A.7) and our application of
Theorem A.4 above, combined with identification (3.18). This completes the proof.

In the next section, we establish that the elements of the sequence {;} be-
long to H?(S:;C), are strong Schrddinger eigenfunctions, and satisfy a natural
Neumann boundary condition.

4. Regularity properties and implications

An essential ingredient in the theoretical and computational approaches we rely
upon is the knowledge that each of the members of any sequence {;} obtained
from Theorem 3.1 in fact lie in the space H? (S; C). To demonstrate this, a judi-
cious modification of the “tangential differential quotients” technique used in [11]
to establish elliptic smoothness properties for problems on open sets in Euclidean
space is made. This requires the use of homeomorphic mappings between subsets
of R? and S which effectively “straighten out” the manifold boundary, whenever
one is present. As a consequence, to obtain the desired results on any admissible
S, we must work separately on subsets that either do, or do not, contain points
in the z-axis. To see why, notice that our default parameterization alone does not
suit our purposes whenever S intersects the z-axis, due to its lack of invertibility.
On the other hand, it is exactly appropriate near any component of .5, since here
6 always gives the appropriate tangential direction we require.

At this stage we need to identify several types of subsets of S, along with spe-
cial functions associated with them, in terms of some positive number €. The set
of all points in S that are less than € from the z-axis is denoted by S¢; that is

Se={(x,y.z) e S: x>+ y> <€} 4.1)
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A component of some S, that intersects the z-axis, is a proper subset of S, on
whose closure we have 71 - Z # 0, is called a polar cap. Such a set containing the
point (0,0, z;) € R? would be written as S¥, where k might be any convenient
indexing integer. Given a polar cap S¥, we can obtain a polar cutoff function

¢ € C§° (S; R) associated with it that satisfies the following conditions:

M) ¢lgx =1:

4.2)
(2) for some €’ > 0, ¢ has compact support in the polar cap S, ek el

We call the polar cap Sek o identified in (2) from (4.2) the polar support of §
associated with Sek. Next, whenever the interior of the complement in S of some
Se is connected, we call it a nonpolar component, and denote it by SS. With
any such set we may associate a nonpolar cutoff function, taken as some { €
Cs° (S R) for which the following hold:

M &g =11
¢ ) o, (4.3)
(2) whenever (0,0, zx) € S, there is positive €’ < € such that | sk =0.

We call the interior of the compliment in S of the union of the polar caps Sek,
identified in (2) from (4.3) the nonpolar support of { associated with S¢ (we take S
itself whenever there are no poles). We note that this set is necessarily connected,
and contains the closure of S¢. We assert the existence of the cutoft functions
described in (4.2-4.3), along with their associated supports, for any instance of
either a polar cap or nonpolar component without including available proofs. With
these terms and definitions at hand, our regularity arguments for the general case
can be carried out by using exactly one nonpolar component of S, along with at
most two polar caps which overlap it.

The work in this section will require the use of more than one type of parame-
terization for subsets of S. For this reason, we shall at times revert to writing Ag
for our fixed magnetic vector potential, particularly whenever the result of interest
is applicable independent of the parameterization choice.

We begin by showing that any z-intercept in the domain is contained in a polar
cap on which the needed regularity condition holds.

Theorem 4.1. Suppose that (0,0,z¢) € S, ¥ € H'(S;C), A € [0, 00) and
Ly(y.v) =0 forallve H'(S;C). 4.4)

Then, for every polar cap S2 C S, we have ¥ € H2(S2;C).
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The proof of Theorem 4.1 (and subsequent arguments) requires several background
results, which we present next in the following lemmas.

Lemma 4.2. Suppose that v € H'(S;C) and A € [0, 00) together satisfy (4.4),
U C S is the polar (nonpolar) support of a polar (nonpolar) cutoff function
associated with some polar cap (nonpolar component) in S, and let u = .
Then, for all v € H'(S; C) we have

(GV 4+ Ao)u, iV + Ag)v)u — Au, v)v = Klv[ly. (4.5)
Proof. Letv € H(S; C). From the product rule, we get
(iV4+Agu =V +A)CY) =LV + Ay +iYVE (4.6)
to obtain the formula
CAV +Ag)y = (@V +Apu —iyVe, 4.7)
which is valid a.e. on S. We next work from the equation L (v, {v) = 0. Since
@V +Ap)(v) =LV + Ag)v +ivVE, (4.8)

it follows that

((V +A0)¥. 1V + Ag)(¢v))

4.9
= (CEV + AV, (V + Ag)v) — (iVCEV + Ag) ¥, v). *9)
It is clear that
(V. ¢v) = (u,v), (4.10)
so (4.7), (4.9), and (4.10), and the L -identity noted above together give
Ly(u,v) = {iYyVE, GV + Ag)v) + (iVEGEV 4+ Aoy, v). 4.11)

To the first term on the right hand side of (4.11) we apply Theorem A.5 in the
appendix, and find that

(Y VE IV + Agv) = (i(IV + Ag) (Y V), v)
= (lvé‘(lv + AO)W’ U) - (WAC’ v)7

whence (4.12) substituted into (4.11) yields

(4.12)

Ly(u,v) =23VCiV + Aoy, v) — (VAL v). (4.13)
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Utilizing the properties of ¢ allows us to restrict the domain of integration on both
sides of (4.13) to U, which in turn leads to the inequality

((iV + Ao)u, (iV + Ao)v)U — A(u, U)U
<2 (VE(EV + Ao ¥, v)u| + (VAL v)ul.

4.14)

The properties of ¢ and i allow for the use of Holder’s inequality to obtain (4.5)
from (4.14). O

Two slightly different discrete integration by parts formulas are listed next. These
are stated in terms of the difference operator 83} , which we define for functions
mapping R? into C. Given such a function f, some & # 0, and a unit vector
W € R2, we let

S(x+wh) — f(x)

h x € R2. (4.15)

8% f(x) =

When working on a polar support, a standard proof that we will not repeat here is
available; indeed the following lemma amounts to a straightforward adaptation of
a result from Section 5.8.2 of [9].

Lemma 4.3. Let 0 € R? be a unit vector, let V. C R? be open, and let
u,v: R — C.

Suppose that u,v € L?(V; C), and that v has compact supportin V. Then, for all
nonzero h of sufficiently small absolute value we have

(u, 8% v)yy = —(87"u,v)y. (4.16)

On a nonpolar support, in accordance with the method of tangential difference
quotients we shall only require a w = 6 version of (4.16). Periodicity in the 6-pa-
rameter allows us to relax the requirements in Lemma 4.3 somewhat. Moreover,
due to the rotational symmetry of S, we are able to more conveniently state the
result in terms of a surface inner product.

Lemma 4.4. Let U C S be a nonpolar support in S, and let u,v € L? (U;C).
Then, for all nonzero h we have

(u,agv)U = —(Sé_hu,v)y. 4.17)



592 M. Ganesh and T. Thompson

Proof. Let h # 0. We may assume that U is given by the standard parameteriza-
tion on J x [0, 27r), where J C [ is an interval. Also, working from the parametric
versions of u and v on this domain, we use their known 2 -periodicity in 6 to ex-
tend each to J x R in the natural way. Let us first suppose that ¥ and v lie in
ck (U ; C), for each k € INy. In terms of the standard parameterization of S,
from (4.15) we obtain

v(s,0 +h)—v(s,0)

0 (4.18a)

h —
Sév(s,e) =

and

_u(s, 0 —h)—u(s,0)

_h _
89 u(s,0) = Y

(4.18b)
Since u and v are both periodic in 8, we find that each term in each of the quo-
tients in (4.18), along with the quotients themselves, also lie in C¥ (U ; C), for each
k € INy. The first terms of the left and right hand sides of (4.17), respectively, can
be written as

2 _ _
/uSg_vdx - /(/u(s,e)v(s’e +h}3_v(s’9)d9)R,/R§+Z§ds (4.19)
0

U J
and
i (5,0 —h) —u(s, )
—h, = _ uiLs, — —u(s, _
_/59 u B dx _/(/ - 5(s. 0) d@)Rmd&
U J 0
(4.20)
so we have
oho _h -
/uc?éva’x+/8é ut dx
U U
1 2w
- Z/(/ u(s, 0)T(s. 6 + h) —u(s. 6 —h)ﬁ(s,@)dQ)R\/mds.
J 0
(4.21)

If we focus on the second term in the inner integral on the right hand side of (4.21),
when substituting 6 + /4 for 6 and invoking periodicity we find that

2w 2w
/u(s, 0 —h)v(s,0) do = /u(s, 0)v(s, 0 + h) do, (4.22)

0 0
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which when taken with (4.21) implies that
/usg_v dx +/5é—hu5 dx = 0. (4.23)
U U

A similar argument shows that

/ﬂgv dx +/5é—huv dx =0, (4.24)
U U

then (4.23) and (4.24) together imply (4.17). Finally, we extend this result by con-
tinuity to admit arguments from L?(U; C), and the proof is complete. O

We next include some difference quotient inequalities, again adapted from stan-
dard results widely available in many sources from the partial differential equa-
tions literature.

Lemma4.5. Let b € R? be a unitvector, let V. C R? be open, letu: R? — C, and
suppose that u has compact supportin V. If u € H'(V; C), then for all nonzero
h of sufficiently small absolute value we have

I8%ully < Kldgully., (4.25)

where dgu is the directional derivative of u along W. On the other hand, if u €
L%(V;C) and ||5£i)u lv < K forall nonzero h of sufficiently small absolute value,
thenu € H'(V; C) and

[9pully = Ki. (4.26)

Lemma 4.5 will be used when working on a polar support. On a nonpolar sup-
port, again we need only work with Sgu, and can again omit the compact support
requirement.

Lemma4.6. Let U C S be anonpolar supportin S, given by the standard param-
eterization on some V = J x[0,2m) where J C I is aninterval. Ifu € H' (V; C),
then after extending u to the domain J x R by periodicity in the natural way, for

all nonzero h we have

ou
a0 ||y
On the other hand, if u € L?*(V:C) and after periodically extending u to the
domain J x R we have ||82’u||v < K, for all nonzero h, thenu € H'(V; C) and

I8%uly < K‘ 4.27)

ou

0 < Kj. (4.28)

V_
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As mentioned, the standard surface parameterization is not suitable for analysis
within polar caps in S. In these cases, we shall work instead with a mapping of
the form

x(p,q) = [p.q. Z(p, 9], (4.29)

where Z: R? — R. By definition, any polar cap in S can be parameterized by
restricting a function of the form (4.29) to some open, circular disk D < R?
centered at the origin. Moreover, since polar caps are surfaces of revolution with
respect to the z-axis, we must have

qZp, = pZ; onD. (4.30)

Furthermore, the properties of S allow us to assume that Z € C? (D; R). Now, by
following a procedure analogous to that demonstrated in Section 2, we can express
the gradient of a function v defined on a polar cap parameterized through some
instance of (4.29) as

p 22,24 g 22,24
V= ———\v, + Vg Vp + vgq),
m< 77" m<1+z;+zs )
(4.31)
where
X +z2Z y+ 27
Y oand = 2EEfe (4.32)

h=—F— :
,/1+Z§ ,/1—1-23

When using this parameterization for integration, we include the surface element

W1+ Zg + Zg, (4.33)

which enjoys the useful property of being bounded above and below on D by
positive constants. Also, we have the following:

Lemma 4.7. Let U be a polar support in S, parameterized on some disk D € R?
through (4.29).

1. Ifv e L2(U; C), then its parametric composition lies in L*(D; C), and

2. Ifv e HY(U;C), then its parametric composition lies in H'(D; C).
(4.34)
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Proof. To show 1, we let v € L? (U; C) and find that

ol =2 [ o ax
D
52/,/1+Zg+zg|v|2dx
D
:2/|v|2dx
U

= [|v]|* < cc.

(4.35)

For 2, we let v € H!(U; C) and make use of the formulas
Vp =Vx +V;Z, and vy =v, +v,Zy. (4.36)

We then have

Ity =2 [ Ios + 0.2, dx
D
5K/,/1+z;+zg(|vx|2+|vz|2)dx
D
§K(/|vx|2dx+/|vz|2dx)
U U

< Q.

4.37)

In a similar way, we find that H Vg HZD < 00, which together with (4.37) and (4.35)
implies the result. O

We shall make use of the ellipticity condition established in the next lemma.

Lemma 4.8. Let U be a polar support in S, parameterized on some disk D € R?
through (4.29), and let v € H' (U; C). Then, we have

|VU|2 > K(|Up|2 + |vq|2) a.e.on D. (4.38)
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Proof. By Part 2 of Lemma 4.7, we know that the parameterized version of v lies
in H'(D; C). Working a.e. on D, we first seek to show that

Vo> = K(f1? + 1817). (4.39)
where
27,7, 27,7,
= S . S d =27 . 4.40
f v”+1+zg+zgv" and & 1+Z§+Z§v”+vq (4.40)

By (4.31) and (4.32), we get

Vo|? =

f1?+ lg” + (fg+ fg). (“441)

1+Z2 1+ 22 (1+Z2)(1+z2)

An application of the formula
+ ab(ccz +cd) > —(Cl2|C|2 + b2|d|2), a,beRandc,d € C, (4.42)

to the last term on the right hand side of (4.41) shows that

2

(1+ 22)2

Vol = /17 + gl — —55 P~ gI?

1+22 1+ 22 (1+22)2

(4.43)

P+ F{a

T+ 22)2 (1 + 22)

whence (4.39) holds since Z, and Z, are bounded on D. To complete the proof,
it is enough to now establish that

Lf 1+ 1g1* = K(Jvp|? + lvgl?) (4.44)

a.e. on D. From the formulas

272
|f|2=|vp|2+ 2p a 22|vq|2
(1+ 22+ 22) 45)
+sgn(Z,7Z )M(v Vg + Tpvg)
p~q prq pvq
1422+ 272
and
42,25 2
2
|g| (1 +Zz 22)2|UP| + |vq|
a (4.46)
2|1Zp|1Z4]

+sgn(Z,Zy) (VpVg + Tpvg),

1+ 22+ 22
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it follows that
472
2 2 __ p 2 2
AP+l = (U G g )l + el
42,12,
1+ 2724272

2
Zq

(4.47)

+sgn(Z,Z4) (VpUg + Vpg).

Another application of (4.42) then gives
1Zp|124] )2 . 1Zp|124]

12+ 1gl? = (1 +4[( Dawsl + 1va .

1 +Z2+277 1 +Z2+ 277
(4.48)
and upon completing the square we obtain
1Zpl1Z4] N2 2 2
fP+181° = K(-= 555 = 5) (vpl® + [vgl?). (4.49)
(-}

Since

1 +2Z2+27 2

has a positive lower bound on D, we obtain (4.44) and the proof is complete. [

( |Zpl|Z4] 1)2

We next present several lemmas that allow for the isolation of critical terms in the
product
((V + Ao)u, (iV + Ag)(=8,"8% u))y (4.50)

whenever u, U is a pairing of the polar type indicated in Lemma 4.2, and & = p
or ¢. In (4.50) and what follows, we use the more general representation of the
magnetic vector potential Ao, rather than its realization in the standard parame-
terization. We work from the formula

((V + Ao)u, (i V + Ao)(—=85"85 u))y
= —(Vu, V(585 u))y — (i Vu - Ao, 85"8% u)y (4.51)
+ (i Aou, V(85" 85u)u — (|Aol*u, 85 85 u)y,
and carry out in each of the four terms on the right hand side a discrete integration

by parts, as needed in order to use (4.5) to find bounds sufficient to conclude higher
regularity in polar regions.

Lemma 4.9. Let U be a polar support in S, W € R? be a unit vector, u €
H(U; C), and suppose that u has compact support in U. Then, for all nonzero h
of sufficiently small absolute value we have

[(|AoPu, 8582 u)y| < K. (4.52)
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Proof. We first obtain a parameterization of the form (4.29) that yields U on some
open disk D € R2. Since u has compact support in U, its parametric version has
compact support in D. We extend this function by assigning the value of 0 outside
of D, and with the help of Lemma 4.7 know that what results must belong to

H'(D;C). Of course ,/1 + Zz+ Zg|A0|2u enjoys the same properties, so when
applying Lemma 4.3 and Holder’s inequality we find that

([ AoPu, 87788 u)u| = (/1 + Z2 + Z2|Aolu, 8585 u), |
= |85 (\/1 + 22 + Z2|1A0*u), ) | (4.53)
= 15 (/1 + 73 + 22180 Pu) | 18510

for all nonzero # of sufficiently small absolute value. Now, an application of (4.25)
from Lemma 4.5 to each of the two resulting factors on the right hand side of (4.53)
yields the result. U

The bounding criteria of the next two terms on the right hand side of (4.51) are
conveniently combined in the next lemma.

Lemma 4.10. Let U be a polar supportin S parameterized on some disk D € R?
through (4.29), let W € R? be a unit vector, u € H' (U;C), and suppose that u
has compact support in U. Then, for each € > 0 we have

(i Vi - Ao, 85782 u)y — (i Aou, V(8585 u))u |

(4.54)
< Ke +e(l83up 15 + 18514115)
for all nonzero h of sufficiently small absolute value.
Proof. Lete > 0. It is convenient to use the representation
Vv = fv, + guy, (4.55)
where from (4.31) we identify
1 27,7
f= 5 +4 22 , (4.56)
JI+22 1+ 220+ 23+ 2))
and 1 2Z,7Z
g=4g +p L (4.57)

P .
[1+ 22 1+ Z2(1+ 22+ Z2)
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As in our last proof, we reason that since u has compact support in U, its paramet-
ric version has compact support in D; we then extend this function by assigning
the value of 0 outside of D, and the result belongsto H! (D; C) by Lemma 4.7. Be-
ginning with the second term in the absolute value on the left hand side of (4.54),

sincebothi /1 + Z2 + Z2Aou-fandi /1 + Z2 + Z2Aou-gbelong to HY(D;0)
with compact support in D, Lemma 4.3 and Holder’s inequality allow that

(i Aou, V(8585 u))u |

= [l 1+ 23 + Z3A0u 863 8l0), + 865" 8l0),), |

< (i1 + 23+ Z3Aou-£.85 5}, |
iU+ 23 + 230 885" 8 uq) |

< ({85 /1 + 23 + Z3A0u - 1), 85w ) |
185G T+ 23+ Z3A0u-8). 8hug), |

< 851+ 23 + Z3A0u-0)| 5 185y 1>
851+ 23+ Z3A0u-g) | 185 g >

for all nonzero h of sufficiently small absolute value. After using Lemma 4.5
to find bounds for the first factor in each resulting term, then applying Young’s
inequality, we may conclude for all such 4 that

(4.58)

. — €
(iAo, V63" 85 0)u] < Kie + S (I85upll5 + 185uqlp).  (4.59)

Moving to the next term, since the parametric version of Vu has compact support

in D,somusti /1 + Z2 + Z2Vu-Ao, and we can again apply Lemma 4.3 to find
that

(i Vi - A, 85782 u)y| = |(i /1 + Z2 + Z2Vu - Ay, 8582 u
i1+ 23+ 23 bl e
= |(8% (i /1 + Z2 + Z2Vu - Ao). 85u),|.

Here, we assert that, a.e. on D,

Sh(iyJ1+ Z2+ Z2Vu-Ag) = Frup + Faug + F38hup + Fashug, (4.61)
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where

Fy=i[\J1+Z2+ Z2A¢- 888 +£-6% (/1 + Z2 + Z2A0)].  (4.62a)
Fo=i[\J1+Z2+Z2A¢-8hg+g-88(/1+Z2+ Z2A)],  (4.62b)
F3=i\J14 22+ Z2A -, (4.62c)

Fy=i\/1+2Z2+2Z2A-g. (4.62d)

It follows that

and

sup |Fj| < K, j=1,2,34, (4.63)
x€eD

whence from (4.60) we obtain

(i V- Ao, 85"65u)u | < KII8Gullp(lupllp + llugllp + 185 uplp + 185 uqln)
(4.64)
for all nonzero £ of sufficiently small absolute value. Now Lemma 4.5, the prop-
erties of u, and Young’s inequality together allow that

. _ €

(i Vi - Ao, 8588 u)y| < Ko e + 5(||53)u,,||§, + 185 uq13). (4.65)

which when combined with (4.59) and the triangle inequality yields the result. [
Regarding the highest order term in (4.51), we have the following:

Lemma 4.11. Let U be a polar support in S parameterized on some disk D € R?
through (4.29), let & € R? be a unit vector, u € H'(U:; C), and suppose that u
has compact support in U. Then, for all nonzero h of sufficiently small absolute
value we have

Ki(183up 15 + 1851q15) < —(Vu, V67 851)w + Ko. (4.66)
Proof. As in the previous lemmas, we can apply Lemma 4.3 to obtain

— (Vu, V(§3"85u))y
= —(\/1+ 22 + Z2Vu 465" u), + 255" 85 ),
= (/1 + 22+ Z2Vu -£,8;"88 u,)
= (85 (/1 + 23 + 23V -1). 8},
+ (8% (/1 + Z2 + Z2Vu - g). 8% uy),
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for all / of sufficiently small absolute value, where we used (4.55)—(4.57) to rep-
resent the gradient of the second difference quotient of ¥ on U. Applying the
product rule of difference quotients, a.e. on D we have

81+ Z2+ Z2Vu -f) = F + /1 + Z2 4+ Z2F - V(§hu) (4.682)
S0 (J1+ 22+ 22Vu-g) = G + \J1 + 22+ 22g-V(shu).  (4.68b)

where

F=80(/14+Z2+2Z20) - Vu+ /1 + Z2 + Z2f - (upslt + uy8hg) (4.69a)

and

G =88 (J1+ 22+ 228) - Vu+ 1 + 22 + 228 (u,8"8 + u 6l 9).

(4.69b)

and

Owed to the properties of f, g, Z and u, we assert here that
(F,8%u,)p| < K||84uylp, and |(G,8%u,)p| < K|[§%uqgllp.  (4.70)

Now, when combining (4.70) with (4.67) and 4.68) and applying Young’s inequal-
ity, we find that

(V14 Z2+ 228V (Shu). 88 uy),) + (1 + 22 + Z2g-V(Shu). 88 u,),

< —(Vu, V(83" 85w)u + Ke + (|8 upllp + 165uql15)
4.71)
for all nonzero % of sufficiently small absolute value, where ¢ > 0 is arbitrary.
But,

(V14 Z2+ 228V (Shu). 88 uy),) + (1 + 22 + Z2g-V(Shu). 88 u,),
= (/1 + 22+ Z2V($hu), V(Sh),
= 2/ J1+2Z2+ 22|V ($hu) dx
D

> / V()2 dx.,
D

4.72)
then an application of Lemma 4.8 in the case v = 8{’?) u € HY(U;C) allows us to
combine (4.71) with (4.72) to complete the proof. O

The framework needed to prove Theorem 4.1 is now in place.



602 M. Ganesh and T. Thompson

4.1. Proof of Theorem 4.1. Given a polar cap S2, we first obtain a polar sup-
port U containing it, along with a corresponding polar cutoff function ¢. It is
clear that the function u specified in Lemma 4.2 is an element of H!(S; C), and
if € R? is a unit vector, then using (4.5) atv = —85}’8% u gives

(((V + Ao)u, iV + Ao) (=838 w))y = Au, —65"8%u)y + K[165"8% ully

(4.73)
for all nonzero & of sufficiently small absolute value. Let us obtain a parameteri-
zation of the form (4.29) that yields U on some open disk D € R?. In the usual
way, since u has compact support in U, its parametric version has compact sup-
port in D. We extend this function by assigning the value of 0 outside of D, then
Lemma 4.7 shows that the result belongs to H!(D; C). Using an argument similar
to that detailed in Lemma 4.9, we find a bound for the absolute value of the first
term on the right hand side of (4.73), apply Lemma 4.5 to the second, then use
Young’s inequality to get

K
((V + Aok, iV + Ao)(=85" 8}y < K+ I850auly, (474

for all such /&, where K; is identified in (4.66) after an appropriate application
of Lemma 4.11. Using Lemmas 4.9-4.11 in conjunction with (4.51), we then find
by (4.74) that

Kl Kl
T(HSI%L‘PHZD + 1185 uqllp) < K + TIISS,aquI%, (4.75)
which when applied in the cases w = p and w = § shows that each of the quan-
tities
185upln. 185ugln  185uplDs  185uqllD (4.76)

are bounded independent of /4, provided / is nonzero and of sufficiently small ab-
solute value. We can now make a standard convergence argument. We choose
any sequence {/;} convergent to zero from nonzero % of sufficiently small ab-
solute value for which the above bounding criteria hold, then use weak sequen-
tial precompactness to extract weakly convergent subsequences from each of the
corresponding sequences {82" Up}, {8;" Ug}, {82”C up} and {82" ug} in the space
L?(D;C). According to the definition of partial derivatives, the corresponding
limits are clearly equal respectively to upp, Upq, Ugp and uyy in the same space
(actually up, = u,4p here), and we already know thatu € H'(D; C), so it follows
that v € H?(D;C). With this result at hand, it is no trouble to show that each
of the nine second order partial derivatives of u with respect to the standard Eu-
clidean coordinates belongs to the space L2(U; C). We rely upon the expressions
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1+Z; ZpyZ4
- 74 N o E— 4.77a
Px 1+2Z2+ 272 Py 1 +Z2+272 ( )
ZP ZPZQ
_ “r Sl S 4.77b
ey YTyt (4.770)
1+Z§ Z,
_ “Tr S E— 4.77¢
b 1+272+ 272 q- 1 +Z72+272 ( )

all of which belong to the space C'(D; C), and use the chain rule. For example,
since a.e. on D we have

Uzy = UzpPy + Uzqqy

= (Uppz +Ugqz)ppy + (Uppz + Ugqz)qqy

4.78)
= (Upp Pz + UpPzp + Ugpqz + Ugqzp) Py
+ (Upg Pz + UpPzq + Ugqqz + Ugqzg)qy,
it is clear that
luzy|® < K(lupp|® + [upg|® + ugpl? + lugq > + lupl® + lugl?) 4.79)

a.e. on D. Multiplying both sides of (4.79) by twice the surface element and
integrating over D then shows that

||uzy||%1 :2/|uzy|2dx :2/ 1+Z§+Z§|uzy|2dx
<K/ 1+22+Z2(|”pp|2+|upq|2+|”qp|2

+ |ugg|® + lup|® + |ugl?) dx (4.80)

= K/(|“pp|2 + |“pq|2 + |“qp|2 + |uqq|2 + |up|2 + |uq|2) dx
< 00,

so that u;, € L?(U;C). Lastly, the conclusion that actually v € H?(S2;C)
follows because S C U, and u| 50 = Y. This completes the proof.

It remains to complete similar analysis with respect to nonpolar components
in S. For this, we have a corresponding version of Theorem 4.1.
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Theorem 4.12. Suppose that € H'(S;C), A € [0, o0) and
Ly(y,v) =0 forallve H'(S;C). (4.81)

Then, for every nonpolar component S¢ C S, we have ¥ € H?(S¢; C).

The majority of the framework needed to prove Theorem 4.12 has already been
established, we need only supply a few intermediate results to allow for the con-
venient resolution the term

((iV + RO)u, (iV + Ré)(—aé—"sgu))[], (4.82)

when U C S is a nonpolar component and u is as given in Lemma 4.2. We
henceforth use the standard parameterization of S, and restrict it to a domain V' =
J x [0,2m) for J C I on which it yields U, and we write R 6 instead of Ay.
First, a more convenient representation of (4.82) is needed. We let 4 # 0, and
recall (2.34) to find that

(((V + RO, iV + RO)—85"8"u))y
—hgh

-y i,

VRZ+ 72 JRZ+ 272U ‘R’ R

— (Ru, R(aé—hagu))(] — (iug, Sé_thu)U —(u, i(sé—hagug))(],

—hsh
up Sé Séug

>U (4.83)

then apply (4.17) from Lemma 4.4 to each of the resulting terms to get
((V + RO, iV + RO (=55"8"u))y

h h h h
:< Séus | Séus > +<5(§u9’ 5(§u9> “4.84)
VR2+ 272 JR2+ 272U R R U
+ (RSgu, RSgu)U + 2(1’83149,5214)(].

With the goal of applying the nonpolar version of (4.5), we need to bound the
highest order terms in (4.84) from below, and the lowest order terms from above.
To manage to last two terms on the right hand side of (4.84), with the help of
Lemma 4.4 we find the inequality
(RS, R8%u)y -+ 2(i8ug. 80u)y | < K(ISEull} + 182y 18Lus]lv)
< K(1+ 18%ugllv) (4.85)

h 2
<K + v||8éu9||V,
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which is valid for arbitrary v > 0. Regarding the first two terms of (4.84), since
both

R
———— and /R?2+4 72
VR2+ 272

can be bounded from below by a positive constant on V', the domain for the stan-
dard parameterization of U, we have

< Sg’us Sg’us > <5(’§’u9 Sgug
, + ,
VR2+ 72 JR2 4+ 72U R R U

; |
(gt + R+ Z3sfunsp, 4
s N

> Ki(I185us | + 185uq3)-

When evaluating (4.5) atv = —85}’82’14, by employing (4.85) and (4.86) and using
Young’s inequality we get

K1(|85usll5 + 183uell3)

- ~ (4.87)
< K+ A, =8;"83u)u + v(lI8kuglg + 118,"3ull)-
Here, it easily follows that
Mu, =8;"8%uy| < K and [|82uglif < K83usll5, (4.88)
and we can use (4.27) from Lemma 4.6 to conclude that
185782z < KNS5 8kulls, < KI185uqll3. (4.89)

After substituting (4.88) and (4.89) into (4.87), and making a proper choice of v
relative to the constant K; on its left hand side, we arrive at the result

I8%us 3 + 185uell}, < K, (4.90)

which is used to establish the following lemma.
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Lemma 4.13. Under the premises of a nonpolar instance of Lemma 4.2, where U
is given on V by the standard parameterization of S, we have u € H*(V; C).

Proof. We conclude that u € H'(V; C) from the inequality

/ (s + lugl? + JuP) dx
Vv

< K/ Ry R2 + Z2(jus|? + ug|? + |ul?) dx

v
4.91)

= K/(|Mst cos 0 + uy Ry sin 0 + u, Zs|?
v + | —uxRsin6 + uy Rcos 0> + |ul?) dx

< K/(|ux|2 by P+ fuz? + ) dix < oo,
U

which is valid because u € H!(U; C), and the surface element R/R2 + Z2 can
be bounded from below by a positive constant. Next, we let # # 0, then use (4.90)
along with a standard convergence argument that mimics that following (4.76) in
the proof of Theorem 4.1, to conclude that ugg, ugs and uz belong to L2(V; C). It
remains only to show that uy lies in the same space; for this we let v € H'(S; C)
and recall (4.13). We have

_ s o 2 : iy
<R§ h zg’”% + (25 va)y, + (R = vy + (g, v)u = (i, vo)u

= —((1=DVEGEV + RO + YA )y,
(4.92)
and integration by parts in the second and fifth terms on the left hand side of (4.92)
then gives

(ﬁ US>U
Ugp

= (%% — i2ug — (R = A — (1 = VEGV + ROW — ¥ALv)

(4.93)

By definition, (4.93) implies that
Ug Ugp .
(zz2) = (G 2w

— (R? = 2)u— (1—)VE(V + RO —yAL) € LA(U: C).
(4.94)
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It follows from (4.94) and the properties of the surface parameterization that us €
L? (U; C), then the inequality

/|uss|2 dx < K/ |ugs|? dx (4.95)
Vv U

shows that its parametric composition lies in L2 (V; C). O

The proof of Theorem 4.12 can now be completed.

4.2. Proof of Theorem 4.12. Given a nonpolar component S¢ in S, we pick a
nonpolar support U containing it, a corresponding nonpolar cutoff function ¢, then
proceed to work on a domain V' on which U is specified through the standard pa-
rameterization of S. To the function u = {y we apply Lemma 4.13 to conclude
that u € H2(V; C), then rely on the properties of the mappings sy, sy, Sz, Ox, 0y
and 6, given in (2.10), (2.12), (2.16), (2.17), (2.23), and (2.24), as well as those of
the surface element R/ R? 4+ Z2, to find that each of the nine second order partial
derivatives of u with respect to x, y or z belongs to L?(U; C). In particular, since
U is a nonpolar support, we know that R # 0 on V/, which means that the map-
pings sx. Sy, Sz, Ox, 0, and 0, are all bounded from above by a positive constant,
and that the surface element can be bounded from below by a positive constant.
Furthermore, since the derivatives of sy, s), sx, 0x, 0, and 6, are bounded and
continuous on /¢, an argument of the type given in (4.78)—(4.80) for the polar
case holds equally well in all cases. The conclusion that actually ¥ € H?(S¢; C)
again follows because S¢ € U, and u| se = Y. We now can produce our global
regularity result.

Theorem 4.14. Suppose that y € H'(S;C), A € [0, 00) and (4.81) holds. Then,
we have Y € H?(S; C).

Proof. We assert that any admissible S can be covered by one nonpolar compo-
nent, along with at most two polar caps that overlap it in a set of nonzero measure.
The result follows by Theorem 4.1, Theorem 4.12, and the sub-additivity of inte-
gration in S. O

Theorem 4.14 provides the foundation for the theoretical and numerical arguments
that apply to the deterministic and stochastic GL models considered in our future
work. We close this article with an important corollary wherein a natural boundary
condition satisfied by the basis functions is identified.
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Corollary 4.15. Suppose that v € H'(S;C) \ {0}, A € [0, 00) and (4.81) holds.
Then, V is an eigenfunction of (i V + R 0)? with corresponding eigenvalue A, and

%—‘f =0 inL%(3S;C) (4.96)

whenever S # 0.

Proof. First, we rely upon the assertion that the space C5°(S; C) of smooth func-
tions with compact support in S is dense in L2(S; C). Let v € L2(S; C), and pick
any sequence {vi} € C5°(S: C) convergent to v. Rewriting (4.81) at any vy gives

(G(V + RO, iV + RO)vg) = A{y, vi), (4.97)

and since ¢ € H?(S; C) by Theorem 4.14, we may apply (2.48) from Theorem 2.1
to get

((V + ROy, vp) + (((V + ROV -5, ivk)yg = (AW, vr). (4.98)

If 35 = 0, the second term on the left hand side of (4.98) clearly vanishes. If in-
stead the boundary is nonempty, we get the same result because v | 9s = 0,s01in
any event from (4.98) we obtain

((iV + ROy, vg) = (A, vg). (4.99)
Letting k — oo in (4.99) gives
((iV + ROy, v) = (MY, v), (4.100)

which shows that
(iV+R6O)>y = Ay in L*(S;C). (4.101)

It remains to establish (4.96). To this end, we will rely upon the fact that the space
C2(3S;C)is dense in L2(dS; C). Let us suppose that dS # @, letv € L2(3S; C),
and choose a sequence {vi} from C2(dS; C) that is convergent to v. Using the
continuous right inverse afforded by Theorem A.1, we extend each vy to the space
H'(S;C), then (4.81) together with Theorem 2.1 again gives (4.98). On the other
hand, according to our argument above, we also know that

((iV 4+ ROy, vi) = AV, vg), (4.102)
and so can conclude that

((V+ RO -5,ivg)yg =0 (4.103)
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for each k. Letting k — oo then shows that
((V+ RO -5,iv),g =0, (4.104)

or equivalently that
(=iiV+ RO -5,v)56 = 0. (4.105)

Since v was arbitrarily chosen, when recalling (2.34) we see that

Ly o
mg——l(lv—i—RQ)w-s—O in L=(9S; C), (4.106)
which implies (4.96) in light of the properties of R and Z. O

We note that the converse of Corollary 4.15 also clearly holds, after a simple ap-
plication of Theorem 2.1.

In a future work we describe and implement an arbitrary order, dimensionally
reduced technique for the numerical computation of the eigenvalues and eigen-
functions of the surface Schrodinger operator.
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A. Referenced theorems

Theorem A.l. Let dS # @. Then, the trace mapping
y: C3(S§;C) — C?(3S;0) x C1(3S;0),

. ( | ou ‘ ) (A.1)
u ulas, o5 los/®
extends by continuity to a continuous, linear, surjective mapping
7: H%(S;0) — H?(3S:C) x H?(3S: C). (A.2)

Moreover, ¥ has a continuous right inverse.

Comments on Proof. This version of the trace theorem represents an appropriate
adaption of a classical result. Since S is locally Euclidean, the proof of an anal-
ogous theorem, applicable in a suitable space of real-valued functions defined
on a sufficiently regular open domain in R2, can be used to establish the result.
A classical example of such a theorem can be found in [14], while a more modern
approach is given in [1]. U

Theorem A.2. For j = 0, 1 we have the compact embedding
H/TH(S:C) — H’ (S:0). (A.3)

Comments on Proof. This represents a version of the Rellich—-Kondrachov theo-
rem, stated as Theorem 6.3 in [1], adapted for the manifold domain S. Ol

Theorem A.3. Let L, be the real, bilinear form specified in (3.3), u < 0, and
suppose that the following conditions hold:

(a) there is M > 0 such that

Lyu(u,v) < Mlulhzlvlhz forallu,ve H'(S;C); (A.4)

(b) there is m > 0 such that

Ly(u,u)> m||u||%’2 forallu e H'(S;C). (A.S5)

Then, for any F € H™1(S; C) there is a unique f € H'(S;C) such that
L,(fiv) = (F,v) forallv e H'(S;C). (A.6)

The mapping f + F defined by (A.6) is a bounded linear bijection of H'(S; C)
onto H=(S; C), and the corresponding inverse mapping F — f is bounded.
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Comments on Proof. This is the real, bilinear version of Theorem IV.1.1, with
respect to L, on the space H 1(S; ©), as stated in [8]. |

Theorem A.4. Let T be a compact, self-adjoint, nontrivial linear mapping in
L?(S; C) that is not of finite rank, and let 0,,(T) denote the point spectrum of T.
Then, we have the following:

(1) op(T) S R;
(2) 0p(T) is countably infinite; (A7)
3) (0p(T)) = {0}
The geometric multiplicity of each eigenvalue in 0, (T) is finite, and when repeat-
ing the elements of 0,(T) according to their geometric multiplicities, there is a

corresponding collection of eigenvectors of T that is a complete orthonormal set
in L*(S; C).

Notes. The point spectrum of T is, by definition, the set of all eigenvalues of 7.
Here (0,(T"))" denotes the derived set of 0, (T'); thus (2) in (A.7) above states that
the eigenvalues of 7' accumulate at 0, and only at 0. O

Comments on Proof. This theorem combines instances of both Theorem I1.5.2 and
Corollary I1.5.3 from [8], and is a classical result for compact linear operators in
Hilbert space. U

Theorem A.5. [fu € HJ(S;C)andv € H'(S;C), then
(u, iV + RO)) = ((iV + RO)u,v). (A.8)
Comments on Proof. A procedure very similar to that outlined in the proof of

Theorem 2.1 yields this result. O
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