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Abstract. The resolvent convergence of self-adjoint operators via the technique of I'-con-
vergence of quadratic forms is adapted to incorporate complex Hilbert spaces. As an ap-
plication, we find effective operators to the Dirichlet Laplacian with magnetic potentials
in very thin bounded tubular regions in space built along smooth closed curves; relatively
weak regularity is asked for the potentials, and the convergence is in the norm resolvent
sense as the cross sections of the tubes go uniformly to zero.
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1. Introduction

Consider a family of (lower bounded) self-adjoint operators 7 (¢ > 0) with do-
main dom 7, in a complex separable Hilbert space JH, and the corresponding
closed sesquilinear forms b.. We want to study the limit 7" (resp. b) of T (resp. b;)
as ¢ — 0. We can relate this study to the concept of I"-convergence; but when ad-
dressing sesquilinear forms these variational problems are usually formulated in
real Hilbert spaces and the theory has been developed under this condition; see, for
instance, some important monographs in the field as [3, 2]. However, in quantum
mechanics the Hilbert spaces are usually complex, and here we have the first aim
of this work, that is, to shortly explain the ideas involved in the I'-convergence of
quadratic forms and then describe the modifications needed to generalize the per-
tinent results to complex Hilbert spaces. It must be underlined that this adaptation
to complex Hilbert spaces do not make things easier, but it is handy to accom-
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modate quantum mechanics, in particular if magnetic potentials are present. As
an application we study the effective operator obtained from the Dirichlet Lapla-
cian with magnetic field restricted to closed bounded tubes in R? that shrinks to
a smooth curve.

There are several papers on the Dirichlet Laplacian without magnetic fields
restricted to tubes in R3; see, for instance, [1, 8, 9, 5, 7, 6]. In particular, the
variational technique of I'-convergence in real Hilbert spaces was invoked in [1, 5].
One of the first works in which a magnetic field was added to this kind of problem
is the paper [10], where the author has obtained an asymptotic expansion of the
eigenvalues; but special particularities about the field were imposed. In that work
the problem was restricted to a sequence of bounded tubes A, of the space that
shrinks to a closed curve of R? as ¢ — 0. Recently, considering now that the tubes
A are unbounded, it was proven in [12] the norm resolvent convergence under the
condition that the vector field A depends on a parameter, more precisely, it is of
form A, where b is a positive parameter that depends on . Other variation of
this problem was studied in [13], where the authors have considered the Dirichlet
Laplacian between two parallel hypersurfaces in Euclidean space in the presence
of a magnetic field. When the distance between them tends to zero, it was shown
a norm resolvent convergence of the associated operators. Since we will make use
of the I'-convergence, we will be able to require weak regularity of the magnetic
potential.

Let S be a circle of length / > 0 and r: S — R3 a closed and simple curve of
class C? in R? parameterized by its arc length s. Denote by k (s) and z(s) its curva-
ture and torsion at the point r (s), respectively. Let O be a smooth open, bounded,
simply connected, and nonempty subset of R2. We build a tube Q in R? by mov-
ing the region Q along r(s). At each point the region may present an additional
rotation angle which is denoted by «(s) and we suppose that its of class C2, and
the Dirichlet condition at the boundary d2. We take a vector magnetic potential
field A = (A1, A2, A3), where A;: @ — R, j = 1,2, 3, are real functions so that,
for differentiable A, B = V x A is the corresponding magnetic field. Consider the
family of operators

(Hey)(x) :=[(=id—A)?y](x) (0<e<]),

dom H, = H*(2:) N H () (e is the region obtained by moving the £Q
along r(s) and, for each 0 < ¢ < 1, we consider A restricted to €2;); see around (4)
for the regularity conditions imposed on A.

We study the sequence H, in the limit ¢ — 0. For this it is necessary to make
some renormalization, for example, we need to control the transverse oscillations
as ¢ — 0. An interesting point is that even in the presence of a vector potential
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we are going to control these oscillations by subtracting A¢/&? from H,, where Ag
is the first (i.e., the lowest) eigenvalue of the Dirichlet Laplacian (no magnetic
potential!) restricted to Q. Namely,

— Aug = Aoug, U € g‘f(l)(Q), upg > 0, / |u0|2dy =1. @))
0

ug denotes the normalized eigenfunction associated with Ao. Recall that 1o > 0
and it is a simple eigenvalue.
Now, consider the one-dimensional operator

k2(s)
4

(Gow)(s) = (~i s — (A(r (). T())*w(s) + [C(Q)(x +&)(s) — = |ws).
dom Gy = H?(S), where C(Q) is a number that depends only on the region Q
(see (8)) and T'(s) is the tangent vector to the curve r at the position r(s); (-, -)
denotes the usual scalar product in R3. Our main application here says that

H, — A—gl — Gy 2)

£ e—0

in a norm-resolvent sense; see Theorem 4 for a precise formulation. To prove this
convergence we use the variational technique of I'-convergence of quadratic forms
in complex Hilbert spaces. Thus, in Section 2 we make the necessary generaliza-
tions to complex spaces in order to combine the corresponding strong and weak
I'-convergences with the operator convergence (2). In Section 3 we show some
steps of the construction of the region where the problem is considered, the quad-
ratic forms, and appropriate change of variables and renormalization. We also
comment about a suitable gauge transform related to the magnetic potential A.
In Section 4 we present the main results related to our application.

Acknowledgments. We thank an anonymous referee for valuable suggestions.
RB was supported by CAPES (Brazil). CRdeO thanks the partial support by CNPq
(Brazil).

2. I'-convergence in complex Hilbert spaces

As already mentioned in the Introduction, we consider a family of (uniformly)
lower bounded self-adjoint operators T, (¢ > 0) with domain dom 7} in a com-
plex separable Hilbert space (I, (-, -)). We denote by b, the corresponding closed
sesquilinear forms, and want to study the limit 7' (resp. ) of T, (resp. b.) as
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¢ — 0. The domain of T will not be supposed to be dense in H and its closure
will be denoted by Hy = dom T (with rng T C Hyp); usually this is indicated by
simply saying that “T is self-adjoint in Hy.” As usual, the real-valued function
¢ — b(¢, ¢) will be simply denoted by b({) and called the associated quadratic
form with b(Z, n). It will be assumed that b is positive (or lower bounded in gen-
eral) and h({) = oo if ¢ does not belong to its domain dom b; this is important in
order to guarantee that in some cases b is lower semicontinuous, which is equiva-
lent to b be the sesquilinear form generated by a positive self-adjoint operator 7',
that is,
b n) = (TY?¢, T"?y), ¢ nedomb =domTV?;

see Theorem 9.3.11 in [4]. By allowing b({) = oo one has a handy way to work in
the larger space H instead of only in Hy = dom T.

Definition 1. The sequence f;: 3 — R strongly I'-converges to f (thatis, f; S
f) if and only if the following two conditions are satisfied:

i) For every ¢ € H and every {; — ¢ in I one has

£(©) < liminf f,(Z).

ii) For every ¢ € H there exists a sequence ¢ — ¢ in J{ such that
f(©) = lim fs(&e).
e—>0

Remark 1. If instead of strong convergence {, — ¢ one considers weak conver-

WL
gence ¢, — ¢ in Definition 1, then one has a characterization of f, — f, that is,
fe weakly I'-converges to f.

Now we state, in an appropriate form, the main result relating strong resolvent
convergence of self-adjoint operators and I'-convergence of the associated sesqui-
linear forms.

Theorem 1. Let b,, b be positive (or uniformly lower bounded) closed sesquiline-
ar forms in the complex Hilbert space H, and T,, T the corresponding associated
positive self-adjoint operators. Then the following statements are equivalent:

D) be -5 b and, for each ¢ € K, b(¢) < iminf,o be(Ce), for all & — ¢ in H;
i) be 5 b and by 25 b;
iii) by + A N b+ A and b + A AN b + A, for some A > 0 (and so for all
A >0);
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iv) Tg converges to T in the strong resolvent sense in Hoy = dom T C X, that
is,
lin}) R_3(Te)l = R_)(T)PoC, foralll e Hand ) > 0,
£—>

where Py is the orthogonal projection onto Hy.

Now we provide the necessary modifications so that the proofs of Theorem 13.6
and Corollary 13.7 in [3] can be replicated in order to include the case of complex
Hilbert spaces, and so to conclude Theorem 1 above. There are two main points to
regard. The first one is the replacement, in many instances, of terms of the form
2(n, -} in real-space functionals by (5, -) + (-, n); although this substitution is quite
natural, there are few nuances in the proofs (see Proposition 1 ahead). Further, the
proofs also help to elucidate the connection between forms, operator actions and
domains on the one hand, and minimalization of suitable functionals on the other
hand; this sheds some light on the role played by I'-convergence in the conver-
gence of self-adjoint operators.

Proposition 1. Let b > 0 be a closed sesquilinear form in the complex Hilbert
space H, T > 0 the self-adjoint operator associated with b and Py be the orthog-
onal projection onto Ho = dom T C H. Then { € dom T and T¢ = Pyn if and
only if ¢ is a minimum point (also called minimizer) of the functional

g:H =R, g(0)=bQ)~(n.¢)—(¢n)

Proof. Assume that { € dom T and T{ = Pyn. Note that g(0) = 0, so that the
minimum of g is < oo. If p € H \ dom b, then g(¢) = oo so that we can assume
that o € dom b; thus ¢ = o — ¢ € dom b C Hy and

b(e) =b(¢ + (e —0) =b(0) +b(¢) +Db(.9) + b(9.0)

> b))+ (Tt ¢) + (9. TY)

= b() + (Pon. ¢) + (¢, Pon)

=b()+ (n.¢) + (¢.n)

=b(@)+(n.o—-8 +(e—-Cn).
Hence b(§) — (1. &) — (¢, n) < b(e) — (1. ¢) — {e. n), which is equivalent to g(¢) =<
g(0). Since p was arbitrary, ¢ is a minimum point of g. Suppose now that g(¢) <
g(o), for all p € H, that is, ¢ is a minimum point of g. Since g(¢) < g(0) = 0,
it follows that 0 < b(¢) < (n,¢) + (¢, n) < oo and so ¢ € dom b. The hypothesis
g(%) < g(p) amounts to

b(e) = b))+ (n.o—¢) +{o—¢n), forallo.
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Now for ¢ € dom b and z € C fixed, this inequality implies
b(O) + 1z1?b(p) + zb(L. ¢) + Zb(9.¢) = b(¢ + zp)
> b(8) +z{(n. ¢) +Z(g. n).

Choosing z =t > 0 yields

th(¢) + b, @) +b(p,0) = (n,¢) + (@, 1),

and taking ¢ — 0 one finds

b, @) +b(@.0) = (n.¢) + (. n).

By considering z = ¢t < 0 and then t — 0 one gets the opposite inequality,
and so the first relation

b @)+ b(p,0) = (n.9) + (@, n).

By taking successively z = it with¢# > O and ¢ < 0, then ¢t — 0 in both cases, one
gets the second relation

b(&, ¢) —b(p,0) = (n,¢) — (@, n).

Add these two relations to obtain

b(&.¢) = (n.¢) = (Pon.¢), forallp € domb,

and so conclude that { € dom 7 and T'¢ = Pyn (see page 101 in [4]). This finishes
the proof of the proposition. U

The second main technical point we need to prove Theorem 1 in the case of
complex Hilbert spaces is the following complex version of Proposition 11.9 in [3].

Proposition 2. Let H be a complex Hilbert space and F : H — [0, oo]. If this
functional F satisfies

a) F(0) =0,

b) F(t8) <t?F (%), forallt € Handallt > 0,

¢) F(¢+mn)+ F(&—n) =2F@) +2F(@), forall{,n € X,
d) F(@i¢) = F(¢), forall{ € K,

then F is a quadratic form on H. Conversely, if F: H — [0, 00] is a quadratic
form, then it satisfies a), b), ¢), d) and, in addition,
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e) F(zt) = |z|>F(¢), forallt € Handall z € C,
f) F(C+n)+ F(QE—n) =2F(@) +2F@), forall §{,n e H.

Proof. If we first restrict F to real scalars and keep the notation F (so d) becomes
meaningless), then by Proposition 11.9 of [3] (since a), b), ¢) hold true) this restric-
tion is the quadratic form associated with a real sesquilinear form B : ¥ xY — R,
Y ={¢ eH: F({) < oo}, given by

B(m) = 3 (FE+n)— FG ).

Note that B(¢) := B(£,¢) = F(¢) and, in particular, for all {,n € Y and¢,s € R
and B(¢,n) = B(n,{), B(t¢,sn) = tsB(L, n). Further, except d), B({) satisfies all
items a), ..., f) but with the restriction z € R in e).

Our task now is to introduce an appropriate complex version of B, also defined
on Y. To this end first extend B by considering the original F' (i.e., without the
restriction to real scalars) in the above expression, then define

b(¢,n) := B(§, n) —iB(S.in),

and we will check that it works, that is, that » is a (complex) sesquilinear form
and b({) = F(¢), for all {. The motivation for this expression for b comes
from the following remark: if u: ¥ — C is a linear functional, then u(i{) =
Reu(iQ)+ilmu(if) = iu(¢) = iRe u(¢)—Im u(¢), thatis, the relation Im u(¢) =
—Re u(i¢) is valid (recall that b must be linear in the second variable). By d) and
the definitions of B and b we have the following results.

e B(it,in) = B(¢,n) and b(i¢,in) = b({,n), for all {,n € Y. In particular
item d) holds for b.

e Forall ¢, 7,

b(g,in) = B(¢,in) —iB(¢,—n) = B({,in) +iB({,n)
=i[B(¢ n) —iB(&, in] =ib( n);

e Forall ¢, n,

b(n,¢) = B(n,§) —iB(n.if) = B(¢,n) —iB(i,n)
= B(¢,n) —iB(=¢,in) = B(f,n) +iB(in) = b n).
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e Forallt,se Rand{,neY,

b(g.(t +is)n) = b(.1n) + b(Z.isn)
=1tb(l,n) +isb(l,n) = (1 +is)b(C, n).

Together with the above relations this also implies b(z¢) = |z|?b(¢), for all
z € C, that is, item e) holds for 5.

Finally, for { € Y and z € C, b(z{) = b(z¢,z{) = B(z¢{,z8) —iB(z¢,iz0),
and by selecting z = i together with item d), it follows that

b(i¢) = b(D),
B(ig,i¢) —iB(i¢, =0) = B(£, §) —iB((. %),
B(i,it) +iB(8,if) = B(¢. §) —iB(L,if),

sothat2iB(¢,il) = B({,$)—B(iL,i{). Since B(-) isreal, itis found that B(¢,i{) =
0 and so

b(§) = B(8.§) —iB(.i¢) = B(L.§) = F(9).

This implies that b satisfies a), b), ¢), f) since F does, and the proof of the propo-
sition is complete. O

The above results allow us to prove the following complex versions of impor-
tant results previously proven for real Hilbert spaces and presented in Dal Maso’s
book. By taking into account the above propositions, the proofs are simple varia-
tions of their counterparts in the real case, and so they will be omitted.

Proposition 3. Let T : dom T — JH be a positive self-adjoint operator,dom T =
Ho, and bT : H — R the quadratic form generated by T. Then

bT(©) = sup [(Tn,8)+ (¢ Tn)—(Tn, )

nedom T

= sup [bT(n)+(Tn.{)+ (L. Tn)—2(Tn.n)].
nedom T

forall £ € Ho and bT (£) = 0o if £ € H \ Ho.
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Remark 2. The main difference in the proof of Proposition 3 with respect to the
real case (see Theorem 12.21 in [3]) is the following. For ¢ € 3y denote

F@Q) = sup [(Tn.8)+ (& Tn)—(Tn.n)]
nedom T
and one needs to check that F is a quadratic form, and a way of doing this is to
employ our Proposition 2, in particular to check

F@il) = sup [(Tn,il) +(if, Tn) —(Tn,n)]
nedom T

= sup  [T(=in, &)+ (& T(=in) —(T(=in), (=in))]

(—in)edom T

= F(0).

By using the above proposition one gets the following complex version of The-
orem 13.5 in [3]:

Theorem 2. Let b, b > > 0 be sesquilinear forms on the complex H and
Te, T > Bl the corresponding associated self-adjoint operators, and let dom T =
Ho C H. Let Py denote the orthogonal projection onto Hy. Then the following
statements are equivalent:

i) b, 25 b,

ii) Ro(T:) converges weakly to Ry(T) Py.

With such “complex” tools at hand, the proof of Theorem 1 follows the same
steps of the proof of its real counterpart, i.e., Theorem 13.6 and Corollary 13.7
in [3].

Now we state sufficient conditions to obtain norm resolvent convergence of
operators from I'-convergence. The following theorem was proven in [5], the proof
for complex Hilbert spaces is similar and doesn’t require further comments.

Proposition 4. Let H be a real or complex Hilbert space, be,b > B > —o0
be closed sesquilinear forms and T,, T > B1 the corresponding associated self-
adjoint operators, and let dom T = Hy C H. Assume that the following three
conditions hold:

a) by —5 b and by 25 b.

b) The resolvent operator R_,(T) is compact in Hy for some positive real num-
ber A > |B].
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c) There exists a Hilbert space X, compactly embedded in H, so that if (V)
is bounded in H and the sequence (b.(V.)) is also bounded, then (V.) is a
bounded subset of K.

Then, T, converges in norm resolvent sense to T in Ho as € — 0.

2.1. Norm convergence of quadratic forms. In some situations the conver-
gence of quadratic forms may also imply the norm resolvent convergence of the
corresponding operators. This subject was discussed in [7] for real Hilbert spaces.
In the following, we (re)state and prove a complex version of a result in [7] which
will be useful in this work; we also correct an imprecision in the previous proof.

Theorem 3. Let (be)., (m.)e be two sequences of positive and closed sesquilinear
quadratic forms in a complex Hilbert space H with dom b, = dom m, = D, for
all e > 0, and B¢, M, the self-adjoint operators associated with (bg)e and (mg)e,
respectively. Suppose that there is A > 0 so that bg, mg > A, for all ¢ > 0, and

be (V) —ms (V)| < q(e) me(Y),  forall y €D, 3)
with q(e) — 0 as ¢ — 0. Then, there exists C > 0 so that, for ¢ > 0 small enough,
1B =M1 < Cqle).

Proof. Let be(u, ti) and r¢(u, ) the sesquilinear forms associated with b, (1) and
mg(u), respectively. Recall the polarization identity

be(u, il) = %[bs(u i) — be(u — i) — i be(u + i d) + i be(u — i 11)],

which will be used ahead.
Note that condition (3) implies

(1 —q@)me(¥) <be(¥) < (14 q(e))yme(y), forally € D.

As g(g) — 0, there exist g > 0 and a number C; > 0 so that m.(y) < Cy b.(V),
foralle < g9 and ¢y € D.
For u,u € D, one has
(B2, BY?it) — (M} ?u, M} 2i0)]
= [be(u, tt) —mg(u, u)|
= (1/D)[be(u + 1) —me(u + 1) — be(u — %) + me(u — 1)
—ibs(u+in)+ime(u+it)+ibe(u—itt) —img(u—in)|
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= (1/BqE@)me(u + u) + me(u — ) + me(u + idt) + me(u — iu)]
= q(&)[ms(u) + mq(u)]
=< q(&)[Crbs(u) + mq(u)].
Taking u = B 'g and i = M 'g, with g, ¢ € L?(3(), one has
(B = Mg, 8)| < q(e)[Ci(B'g. ) + (M. 2)]
< q@I[Cil B lgl? + 1M H1£1%].

Thus,
IB;' =M = sup (B! — M ")g.g)l
lel=1
<q@[C1] B | + IM7] < Cq(e),
for some C > 0. Ol

3. The model

The geometry of the domain. Let S be a circle of length / > 0 and the map
r: S — R? aclosed and simple curve of class C3 in R3 parameterized by its arc
length parameter s. Justas in [1, 6], we assume that r (s) is endowed with the Frenet
trihedron consisting of orthogonal unit vectors {7T'(s), N(s), B(s)} satisfying the
system of Frenet equations (as usual, we take the tangent, normal and binormal
vectors). We denote by k(s) and t(s) the curvature and torsion, respectively, of
the curve r at the position r(s); due to continuity, such functions are bounded.

Let Q be a nonempty open, bounded, connected and simply connected subset
of R?, and with a smooth boundary. The set

Q={xeR’: x =r(s) + y2N(s) + y3B(s).s € S,y = (y2. y3) € O}

is obtained by putting the region Q along the curve r(s). In each point r(s) one
also allows a rotation angle «(s) of the cross-section Q, and such rotation function
is supposed to be of class C2. Thus, the new region is given by

Q% ={x € R*: x = r(s) + y2Na(s) + y3Ba(s).s € S,y = (y2.y3) € O},
where
Ny (s) :==cosa(s)N(s) + sina(s)B(s),

By (s) := —sina(s)N(s) + cosa(s)B(s).
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Now, we add a small parameter ¢ > 0 to obtain the sequence of regions
Q¥ = {x € R?: x = r(s) + &y2Ny(s) + &y3Bu(5),5 € S,y = (y2,y3) € O},

which is “squeezed” to the curve r(s) as ¢ — 0.

Quadratic forms. As mentioned in the introduction of this work, we consider
the vector magnetic potential A = (A, A2, A3), where 4, : Q - R, j =1,2,3,
are real functions, and the family of self-adjoint magnetic Schrodinger operators

HZY = (—idx — Ay
= (—i0x, — A1)V + (=i dx, — A2)*Y + (=i Oy, — A3)?Y,
dom HY = H?(Q%) N HL(QY). 9y - denotes the partial derivative with respect to

the coordinate x;, and so on.
We suppose that the vector field A is continuous on the reference curve S,

A e Wh(Q), j=1,2,3, 4)

and both restrictions s — A (r(s)), s = A3z(r(s)) belong to W2:°°(S) (the latter
condition is due to the gauge transform (7)). These relatively weak regularity of the
magnetic potential is possible thanks to the technique of I'-convergence employed
here.

The family of quadratic forms associated with the operators H is given by

bW = [ 10— A
= /Qa(l(—i Oxy — ANV + (=0, = A2)Y[* + [(=i0xy — A3)y ),
with dom % = H}(Q%).

Change of variables. Now we are going to perform a change of variables so
that the integration region in b¥, and consequently their domains, don’t depend
on the parameter ¢ > 0. The change ahead is usual and details will be omitted;
see [1, 5, 6].

For each ¢ > 0 consider the function

A SxQ— QY
(5, y2,y3) /> 1(s) + ey2 Ny () + ey3 By (s),
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and the unitary operator
UZ:L2(Q%) — L*(S x 0, Be),
Y —eyo f,

where B.(s,y) := 1 — ek(s){zy, y) and zy := (cosa, sinw) (B, comes from the
Riemannian metric defined by f.*, which is a global diffeomorphism for ¢ > 0
small enough).

We denote
A5 (s, y) T(s)\ [ (A1o f&) (s.y)
As(s,3) | = | No) || (A2 £2) 5.0 |
A5(s,y) B(s) (Azo f2) (5. )

A(s,y) = ecosa(s)ff;(s, y)+e¢ sina(s)ffg(s, ¥),
As(s.y) == —¢ sina(s)ff;(s, y) + ecos oz(s)ffg(s, ¥),
and, for ¢ € H} (S x 0),
Jy, ¢ 1= (—idy, — A5(s.¥)) 0.
Jys @ 1= (—idy, — A5(s. ) 0.

From now on we consider the sequence b% + ¢, with ¢ > ||k? /4|« (the reason
for this choice will be clear ahead). Some calculations show that the quadratic
form b2 + c, after of the change given by U2, can be written as

b3 (p) == /ng é

/35~ 2 2
—|0 dsdy,
*/,;Xg(ez'y"" T ¢ Bulg?)dsdy

. 0g ~e 2
—ig0 = BeAi(s.3) 0~ (Voo RY)(r + )| dsdy

dom H2 = FHA(S x Q), where V), := (—idy,, —idy;), dy := (dy,, dy5) and R is
the rotation matrix (% }).

The domain of each h° is the subspace HA(S x Q) of the Hilbert space
L2(S x O, Be(s,y)). However, it is convenient to work in L2(S x Q), that is,
with the usual Lebesgue measure. Thus, we consider the isometry

V& L*(S x Q) — L*(S x 0, Bo).

v ,88_1/21).

®)
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Now, for v € H}(S x Q), we denote
Dy v = (—idg — /Tﬁ(s, y) v,

where

~ - i 0 /
AT y) i= Be(s. y) AT (s, y) — L P L<Vy,381 Ry) (T 4 a)(s).

Applying the change of variables (5) to the quadratic form b2 it is found that

§9° () = /S J(/BDIs — (¥ R x +)(0)f

k2(s)
4

1

+= [ |,vPdsdy - / (1/62)
&% Jsx0 SxQ

+ c/ lv|?dsdy,
SxQ
~o,C

where dom g2 = H}(S x Q) is now a subspace of L*(S x Q).

|v)?dsdy

Besides allowing us to working in the Hilbert space L2(S x Q) with the usual
measure, the unitary transformation (5) makes the curvature appears in the expres-
sion of the quadratic form (note the penultimate integral in the definition of gg*).
Now it is clear the role played by the constant ¢ > 0: for ¢ > 0 small enough, the
quadratic forms g¢° (v) become positive.

Renormalization of g;°°. When the sequence of tubes is “squeezed” to the

curve r(s), there are divergent eigenvalues due to the factor

1
&2

|9, v | dsdy,
(]

S x

which is directly related to the magnetic Laplacian restricted to the cross sec-
tion Q. We renormalize this divergence by subtracting

A
2 lwPdsdy 6)
€ [0

Sx

from g¢°°(¥). Recall that A is the first eigenvalue of the Dirichlet Laplacian in Q
(see (1) in the introduction of this work). Thus, we pass to consider the sequence
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of renormalized quadratic forms

o,Cc ~,C A’
45 (0) = § (v) — / 291y 2dsdy
SxQ €

- /S (/BN = (0. R) (@ +)6) Py
1 ~ k2
L / (17,02 = 20lvPP)dsdy — / (178959 s 2dsdy
&2 Jsxo Sx0 4
-I-c/ lv|?dsdy,
SxQ

with dom gg*° = HJ(S x Q).

Gauge transform. For the magnetic field A we are going to suppose, without
loss of generality, that

(N(s),A(r(s))) = (B(s),A(r(s))) =0, forallseS. @)
In fact, let A, := (A¢, Z;, Eg), by using the gauge transform
KS — 118 —Vao,,
with @.(s, y) = y2A5(s, 0)+y345(s, 0), we can suppose A5 (s, 0) = A5(s,0) = 0,
for all s € §, which implies the condition (7). Due to the periodicity (recall
that r(s) is a closed curve), usually the vector potential in one-dimensional ef-
fective operators can not be gauged away, as it happens in case of unbounded
tubes [12].
Our study ahead will be conducted with the quadratic forms g2 ¢ (v); thus, for

simplicity, we shall omit the indices & and ¢ from the notations. For example, g¢*
will be simply denoted by g..

4. The main theorem

In this section we present our application of the complex I"-convergence discussed
in Section 2. Recall that

ge(v) = +oo forv e L?(S x Q) \ Hy(S x Q),

put
C(0) = /Q |(Vyuo. Ry) 2 dy = /Q 20y, — y3dyuolPdy.  (8)
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and recall that ug is a normalized eigenfunction corresponding to the first eigen-
value A¢ of the Dirichlet Laplacian in Q. Note that C(Q) depends only on the
cross section Q.

Consider the one-dimensional quadratic form

go(w) = /S [(—idy — (A (). T())w(s)[2ds

+ [S [CO)@ +a)2(s) — @ + ¢ lw(s)Pds,

with dom go = H(S). From go(w) we define a quadratic form on L2(S x Q):

go(w) if v = wug with w € dom gy,
gl) = )

400 otherwise.

We denote by G, and G the respective self-adjoint operators associated with
the quadratic forms g, and g. Our application is the following theorem.

Theorem 4. Under condition (7), the sequence of operators G, converges to G in
the norm convergence sense as ¢ — 0. More exactly,

(Ge—iD™' —(G—iD7|—0
as & — 0.

Through the unitary transformation v(x, y) = w(s)uo(y) — w(s), G can be
identified with the one-dimensional operator

(Gow)(s) := (—ids — (A(r(5)), T(5))*w(s)

2
+[C(O)(T +a)2(s) — kT(s) +c]w(s).

with dom Gy = H?(S). Due to this identification, we say that there was a “re-
duction of dimension” in the limit ¢ — 0. We can also note the presence of a
potential in G¢ that came from the original magnetic potential, as well as a term
that depends on geometric effects of the original region, as habitually is the case
in such kind of problems without magnetic fields.

To prove Theorem 4 we are going to apply Proposition 4 in Section 2. The first
step is to show that the sequence g, strongly I'-converges to g. Observe that in
our case the strong and weak I'-convergences are equivalent because the region
S x Q is bounded.
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Some important properties that we will use ahead are as follows.

(1) For all function v € H} (S x Q),

/Q(|Vyv(s, WI* = Aolv(s, y)[*)dy >0, ae.ls], (10)
and

[ (B P el Py ay 0wl D
The first inequality follows from the definition of A and the second one is a
consequence of (10) combined with the Diamagnetic Inequality [11].

(2) The Dirichlet condition on the boundary dQ implies
| Vol ay =0,
Qo
which, by its turn, implies that

/Q (10 Vyt0, Ry} dy = 0.

To show the strong I'-convergence of the sequence g, we will make use of
some lemmas.

Lemma 1. If v, — v in L2(S x Q) and (g:(ve))e is a bounded sequence in
L2(S x Q), then (d5ve)s and (Vyvg)e are bounded sequences in L*(S x Q). Fur-
thermore, d5ve — 05v, Vyve — V,v in L2(S x Q) and v € H} (S x Q).

Proof. As (g:(ve))e is a bounded sequence, there exists a number D > 0 so that

1
lim sup —

5 95V — (Vyve, Ry)(z + &) (s)*ds dy
£—0 SxQ /33

< limsup g.(ve) < D.
e—>0

Now, since (v,), is also a bounded sequence, we have

e—0

lim sup/ |§y ve|*dsdy
SxQ

=limsup(/ (|5yv8|2—)k0|v8|2)dsdy+/ A0|v8|2dsdy)
SxQ SxQ

e—>0

< limsup De&? + lim sup Aolve|?ds dy < oo.
e—0 e—>0 SxQ
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We have shown above that ((—i 3y2—g§)v8)g and ((—i 8y3—g§)v8)8 are bounded
sequences in L2(S x Q). Since (/Tgvs) and (/Tgvs) are also bounded sequences
in L2(S x Q), we conclude that (Vyv,), is a bounded sequence in L*(S x Q).
Similarly, (dsv¢), is a bounded sequence in L?(S x Q). Therefore, (ve)e is a
bounded sequence in H} (S x Q). Thus, there exist ¢ € H} (S x Q) and a subse-
quence of (v,)e, also denoted by (ve)e, so that v, — ¢ in HJ(S x Q) (recall that
Hilbert spaces are reflexive). As v, — v in L2(S x Q), it follows that v = ¢,
dsve — 350, Vyv, = Vyv in L2(S x Q) and v € H(S x Q). O

Lemma 2. Let v, — v be inL2(S x Q) so that there exists lin}) ge(ve) < oo. Then,
e—>

we can write v(s, y) = w(s)uo(y) with w € H1(S).

Proof. In fact, by previous lemma, Vyv, — V,v weakly in L?(S x Q). Ob-
serve that also A"gvs — 0 and fT‘;vg — 0 weakly. Thus, 5yv8 — V,v weakly in
L2(S x Q).

From the strong convergence of (v.), we have

/ |Vyv|2dsdy§hminf/ |9, ve|2dsdy
SxQ e=>0 JexQ

< lim sup Ao|ve|*dsdy
o

g—0 Sx

= Ao/ |v]?dsdy.
SxQ

This fact, combined with (10) above, tell us that
[ av,0p = aoloPisey =o.
SxQ

Consider

£(5) = /Q (19, v(s, )2 = Aol (s »)P)dy.

Since f(s) > 0, the inequality above implies that f = 0 a.e.[s]. Therefore, v (s, y)
is an eigenfunction associated with 9. As A¢ is a simple eigenvalue, v(s, y) is
proportional to ug. Thus, we can write v(s, y) = w(s)ug(y) with w € FH(S)
(since v € H(S x Q)). O
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Proof of Theorem 4. Letv € L2(S x Q) and vy — v in L2(S x Q). We are going
to show that limg—¢ g:(ve) > g(v). If limiglf ge(ve) = o0, then lim i(I)lf ge(ve) >
£—> £—>

g(v). Suppose now that lim iglf ge(vs) < oo. Passing to a subsequence, if neces-
E—>
sary, we can suppose lim i(I)lf ge(ve) = lin}) ge(ve) < 00.
£—> E—>

Lemma | ensures that d;v, — dsv and V, v, — V, v weakly in L2(S x Q). As
fT‘i (s,y) = (A(r(s)), T(s)) uniformly, we have

0sve = (—ids — (A(r(5)). T(s))v
weakly in L2(S x Q). By recalling that (z + ') € L®(S), we have
0svs— (Vyve, Ry) (T +a)(s) = (—ids— (A(r(5)). T())v— (Vyv, Ry)(x +&’)(s)
inL2(S x Q). By Lemma , v € HL(S x Q) and we can write v(s, y) = w(s)uo(y)
with & € H1(S).

The above remarks, together with properties (1) and (2), show that

lim i(I)lf ge(ve)
1 -
> liminf/ ﬁ|8svs — (Vyve, Ry)(t + ') (s)[*dsdy
SxQ Peg

e—>0
k2
+ lim inf (s )|vg|2dsdy + hmmf clvg|?dsdy
e—>0 SxQ 4/38 SxQ

/ |(=ids — (A((5)), T()))v = (Y3, Ry)(z + ') (5)|” dsdy

)\ | 2
+/S><Q (c )|v| dsdy

= [ licio = e o). rmr
+[c@r +a) -

+ c] |w|2}ds
= go(®)
= g(v).
Now we are going to show that for each v € L?(S x Q) there exists a sequence
(ve)e in L2(S x Q) so that v, — v in L2(S x Q) and lim,_,¢ g¢(ve) = g(v). First

we consider the particular case of v = wugy with w € F1(S). In this situation
we take the sequence (v.), with, for each ¢ > 0, v, := wuy. We have v, — v in
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L2(S x Q) and we see that
lim
e—>0

g Q(l/ﬂf)lés(wuo) —w(Vyug, Ry) (v + &)(s)[*dsdy

= /S{I(—ias — (A (), TN wl* + C(Q)(x + o) (s)|w[*}ds

and

lim / _kz(s)|wu |2dsdy+/ clwuo|?ds dy
e=0 | Jsxo 4P2 ° Sx0 0

k2
=—/ £|w|2ds+c/ |w|*ds.
s 4 s

Recalling the definitions of A8, fT‘; and condition (7), we obtain

1 ~
lim —/ (| — iwdy,uo — A5wug|?
SxQ
+ | —iwdy,up — ffgwuo|2 — dolwug|?)ds dy

1 - -
=tim 5 [ [(A9)* + (A5)|w] ol dsdy
e—0 82 SXQ

= /S[((N(S),A(V(S))))z+((B(S),A(V(S))))z]lwlzds
= 0.

Thus, lim;—¢ g:(ve) = g(wuo).

Now, consider the case v € L2(S x Q)\{wuo: w € H'(S)}. By definition
g(v) = oo. Let v, be a sequence so that v, — v in L?(S x Q). In this case,
;i_r)% ge(ve) = oo. In fact, if we suppose that 21_13}) ge(ve) < 0o, by Lemmata 1 and 2
we should have v = wug, with w € F1(S), which does not occur. Therefore,
;i_r)%gs(vs) =00 = g(v)-

We have shown above that the sequence of quadratic forms g, I'-converges
to g in the strong sense. To conclude the weak I'-convergence we need only to
show the following: if v, — v in L2(S x Q), then liminf,_o g¢(ve) > g(v). If
liminf,—o ge(vs) = o0, there is nothing to prove. If liminf,_¢ g.(ve) < oo, we
can suppose that

liminf g, (v.) = lim g.(ve) < o0.
e—0 e—0
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Lemma | ensures that (v), is bounded in 3} (S x Q). By Rellich-Kondrachov
Theorem, the space H} (S x Q) is compactly embedded in L?(S x Q) and so there
is a subsequence of (v¢)e, also denoted by (v,),, so that v, — v. Now, the proof
follows the same steps of strong I"-convergence.

The sequence g, I'-converges to g in the strong and weak sense, and so con-
dition a) of Proposition 4 in Section 2 is satisfied. Since S x Q is bounded, the
operator G have compact resolvent in L2(S x Q) and so item b) holds true as well.
Again, by the Rellich—-Kondrachov Theorem, but now combined with Lemma 1,
ensure the validity of item c). By applying Proposition 4, we conclude the proof
of Theorem 4. O

Remark 3. As usual in the context of (Dirichlet) reduction of dimension, we
subtract the diverging coefficient in (2), but we would like to point that another
renormalization, a “magnetic renormalization” by subtracting

Ae
/ () lv|?dsdy
SxQ

g2

from g¢*“ (v) would be more natural; here, for each s € S, A.(s) is the first eigen-
value of

TSu = [(~idy, — A5(s. 7)) + (=idy, — A5(5. )],

with Dirichlet boundary condition. It is possible to show thatase — 0, 1.(s) — ¢
uniformly in S, and, under some additional technical hypotheses, the same effec-
tive operator Gy is reached in the limit ¢ — 0.
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