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1. Introduction

Traditionally, discretization in Riemannian geometry is associated with triangu-
lations and other polyhedral approximations. This approach works perfectly well
in dimension two but meets a number of obstacles in higher dimensions. It is now
clear, due to works of Cheeger, Petrunin, Panov and others (see [7, 14, 13, 12]) that
in dimensions beyond three polyhedral structures are too rigid to serve as discrete
models of Riemannian spaces with curvature bounds. In some applications, we get
a Riemannian manifold as a cloud of points with approximate distances between
them, see e.g. [11], [4]. It appears that point clouds arising as discretizations of Rie-
mannian manifolds can be effectively distinguished from arbitrary ones. This issue
will be addressed elsewhere. For triangulations, even the problem of determining
whether a given simplicial complex is a topological manifold is algorithmically
undecidable (see e.g. [15, §6.2] for a simple proof).

In a few papers, we will try to discuss approximating Riemannian manifolds by
graphs, of course with additional structures and various boundedness conditions.
Here we show that the spectrum of a suitable graph Laplacian gives a reasonable
approximation to the spectrum of the Riemannian Laplace—Beltrami operator. The
key difference with finite element and similar methods (see e.g. [8], [9] and an
interesting recent work [3]) is that in our construction the set of vertices is an
arbitrary net as long as it is dense enough. There are no local regularity constraints
and we use only very rough data.

Let us note that we look at the problem from the viewpoint of spectral (Rie-
mannian) geometry. On the other hand, similar problems of course have been
receiving a lot of attention from numerical analysts. The most closely related for-
mulations can be found in the above mentioned [4], however it gives only a prob-
abilistic result with no constructive suggestion of how one decides which point
clouds do the job. An ideologically close (but still rather different) approach can
be found in [6] and references therein.

We do not discuss numerical and computational aspects of our results. In the
level of justification, our proofs seem to be relatively technical. Still, it seems that
practical implementation of computational methods behind our theorems should
be arelatively easy task. We do not address this issue here but hope to do this else-
where. Let us just mention that we start with an arbitrary approximation of our
Riemannian manifold by a finite metric-measure space. Then we associate to this
approximation a (sparse) matrix in the most straightforward way. In particular,
in Section 8 we describe some way of assigning to a given e-net on a Riemann-
ian manifold a proper graph approximation. Once the matrix is constructed, its
eigenvalues turn out to be very good approximations to those of the Riemannian
Laplacian.
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Let M™ be a compact Riemannian manifold (without boundary) and X ¢ M
a finite e-net. The geodesic distance between x, y € M is denoted by d(x, y) or
simply |xy|. Given such X and p > 0, one constructs a proximity graph I' =
I'(X, p): the set of vertices of the graph is X, and two vertices are connected by
an edge if and only if d(x,y) < p. In our set-up, we assume that ¢ < p and
p is sufficiently small so that p-balls in M are (bi-Lipschitz) close to Euclidean.
In addition, we assign weights to vertices and edges of I' as explained below.
Then there is a graph Laplacian operator associated with this structure, see (1.3).
Our goal is to approximate the eigenvalues Ax (M) the Laplace—Beltrami operator
on M by eigenvalues Ay (") of the graph Laplacian.

This kind of problems were studied before. Fujiwara [10] showed that, if X
is an e-separated e-net and p = 5¢, then the eigenvalues of (unweighted) graph
Laplacian of the proximity graph after proper normalization satisfy

C ' A (M) < (D) < Cpdr(M)

where C, > 0 is a constant depending only on n = dim M. Belkin and Niyogi [4]
considered random, uniformly distributed nets in M and showed that, for a suitable
choice of edge weights (depending on distances), the spectrum of the resulting
graph Laplacian converges to the spectrum of M in the probability sense.

In this paper we present a construction that works for an arbitrary net. The
“density” of the net may vary from one region to another. To compensate for this,
we need to introduce weights on vertices. These weights determine a discrete mea-
sure on X and we essentially require that X approximates M as a metric measure
space.

The construction. Lete > 0and X = {x;}¥_, be a finite e-netin M. We denote
by B, (x) the closed metric ball of radius r centered at x € M. We assume that X
is equipped with a discrete measure & = ) u; 8, which approximates the volume
of M in the following sense.

Definition 1.1. A measure u on X is an g-approximation of volume vol on M if
there exist a partition of M into measurable subsets V;, i = 1,..., N, such that
Vi C Be(x;) and vol(V;) = w; for everyi.

In this case we also say that the pair (X, p) e-approximates (M, vol).

Every e-net X in M can be equipped with such a measure. For example, let
{V;} be the Voronoi decomposition of M with respect to X and u; = vol(V;).
We discuss other constructions and some properties of Definition 1.1 in Section 8.
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In particular, we show that this definition is naturally related to weak convergence
of measures (see Remark 8.4).

Consider the space L?(X) = L?(X, ), that is the N-dimensional space of
functions from X to R equipped with the following inner product:

(u,v) = (u,v)2(x) = Z/L,u(xl)v(xl) (1.1)
or, equivalently, with a Euclidean norm given by
Il = Nl oy = D piluCx) . (1.2)

We think of L2(X) as a finite-dimensional approximation to L2(M ). For the sake
of brevity, we omit the index L?(X) in most formulae in the paper.

We define the following weighted graph I' = I'(X, u, p). The set of vertices
is X, two vertices x, y € X are connected by an edge if and only if d(x, y) < p.
We write x ~ y for x, y € X if they are connected by an edge. Both vertices and
edges are weighted. The weight of a vertex x; is u;. To an edge ¢;; = (x;, x;) we
associate a weight w(e;;) = w;; given by

2(n+2)
Wij = 71}”’0”2 Mi L

where v, is the volume of the unit ball in R”. Note that w;; = wj;.
We approximate the Riemannian Laplace—Beltrami operator A = Ay, by the
weighted graph Laplacian Ar : L?(X) — L?(X) defined by

(Aru)(xi)zi Sy ) — u(x))
j:xj~x,-
2(n +2) (-3
= = Z i (u(x;) —u(x;)).

J: XX

The motivation behind this formula is the following. If u is a discretization of a
smooth function f: M — R, then the latter sum is the discretization of an integral
over the ball B, (x;):

> ) —ut) ~ [ (0= S dx,

j:xiji BD(xi

and the normalization constant is chosen in such a way that the normalized integral
approaches A f(x;) as p — 0, see Section 2.3. It follows that the graph Laplacian
of the discretization of f approximates A f if ¢ < p < 1.
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Remark 1.2. One can introduce weights on edges depending on their lengths. For
example, the above value of w;; could be multiplied by ¢(p~1d(x;, x;)) where ¢
is a nonnegative non-increasing function on [0, 1]. With a suitably adjusted nor-
malization constant, everything generalizes to this set-up in a straightforward way.
Probably a smart choice of ¢ can allow one to improve the rates of convergence.

The operator Ar is self-adjoint with respect to the inner product (1.1) on L2(X)
and nonpositive definite, see Section 2.1. Let 0 = A1 (") < A,(I") < --- < An ()
be the eigenvalues of —Ar and 0 = A1 (M) < A,(M) < ... the eigenvalues of
—Apy.

Statement of the results. Let M = M, (K, D, ip) be the class of n-dimensional
Riemannian manifolds with absolute value of sectional curvature bounded by K,
diameter bounded by D and injectivity radius bounded below by ij.

Throughout the paper, we denote by C various absolute constants whose pre-
cise value may vary from one occurrence to another (even within one formula).
We write C,,, Cy, etc, to denote constants depending only on the respective pa-
rameters.

In some of the arguments we denote by o, 01, ..., various “small” quantities
depending on ¢, p, etc. These notations are local and redefined in each proof where
they are used.

The main result of the paper is the following

Theorem 1. For every integer n > 1 there exist positive constants C, and cy, such
that the following holds. Let M € M = M, (K, D,ip) and T" = I'(X, u, p) be a
weighted graph defined as above, where (X, 1) e-approximates (M, vol), p < iy/2,
Kp? < cpande/p < min{l/n,1/3}.

Then for every k € Z such that pA (M) < ¢, one has

A (D) = A (M)| < Cule/p + KpH)A(M) + Capri(M)*2. (1.4)

Therefore
Ak () = A (M)| < Covie(e/p + p)

provided that p < C;/,.
As a corollary, for every fixed k we have A (I') — Ar(M) as p — 0 and
% — 0 and the convergence is uniform over all M € M.

The estimate (1.4) is a combination of Proposition 4.4 and Proposition 6.3
where we prove an upper and a lower bound, respectively, for A (") in terms
of Ax(M). These propositions also provide somewhat sharper estimates on the
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difference Ax (I") — Ax(M). The second assertion of Theorem 1 follows from (1.4)
and the fact that for every fixed k the eigenvalue A (M) is uniformly bounded over
M e M.

Our next result establishes convergence of eigenfunctions. Namely, it is possi-
ble to approximate an eigenfunction of Ajs corresponding to an eigenvalue A by
a linear combination of eigenfunctions of Ar corresponding to eigenvalues close
to A. The precise formulations are given in Theorems 3 and 4 in Section 7. Here
we give only a special case of this result where A has multiplicity 1.

Theorem 2. Let f; be a unit-norm eigenfunction of —Apy corresponding to an
eigenvalue A, = A (M) of multiplicity 1, and let

$p = min{l, Agy1 — Ag, Ak — Ag—1}

Then, for sufficiently small p and /p (more precisely, if p+ ¢/p < Cj\}lk(g,\), the
eigenvalue Ay (") of —Ar also has multiplicity 1, and for a corresponding unit-
norm eigenvector uy we have

IP fie —ukllL2xy < Canedy ' (e/p + p).
17wk — filz2any < Cvixdy ' (e/p + p).

where the norm | - ||2(x) is defined in (1.2) and the maps P: L>(M) — L*(X)
and I : L*>(X) — C%Y(M) are discretization and interpolation defined in Defini-
tions 4.1 and 6.1, respectively.

Theorem 2 is a special case of Theorem 4, which handles arbitrary multiplicity.
Theorem 3 is another variant where an estimate is uniform over M (in particular,
it does not depend on the size of spectral gaps). However the rate of convergence
guaranteed by Theorem 3 is not as good as in Theorem 4.

Remarks on the proof. Let us note that the upper bound
limsup A (T) < Ax (M) (1.5)

is nearly trivial. It follows from the fact that our graph Laplacian approximates
the function Laplacian for every smooth function. Indeed, let fi,..., fx be or-
thonormal eigenfunctions of —Ajs with eigenvalues A{(M),..., Ax(M). It is
well known that the eigenfunctions are smooth (more precisely, their C norms
are bounded by Cy k., see [2]). Let uy,...,ux € L?(X) be discretizations of
fi,..., fr. (For smooth functions the precise definition of discretization does not
really matter; one can define e.g. u;(x;) = fj(x;).) Since the functions f; are
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smooth, their discrete functions u; associated to them are almost orthonormal in
L?(X) and their discrete Laplacians Ar(u;) are pointwise close to the Laplacians
Ap fj. Hence
(=Aruj,uj) ~ (=Am fj. fi)r2 = Aj(M)

and therefore (—Aru,u) < Ar (M) for every u from the linear span of uy, ..., ug.
Thus we have a k-dimensional subspace of L?(X) where the norm of the discrete
Diriclet energy functional (2.4) is bounded by approximately A (M). By the min-
imax principle it follows that Az (I") < Ax (M), in other words, (1.5) holds.

The proof of the upper bound in Sections 3 and 4 is different. We define a
discretization map P: L?(M) — L?(X) that makes sense for non-smooth func-
tions and show that this map almost preserves the L2 norm and almost does not
increase the Diriclet energy, on a bounded energy level (see Definition 4.1 and
Lemma 4.3). This argument does not require pointwise eigenfunction estimates
and yields sharper inequalities.

The lower bound (i.e., the inequality liminf A, (I") > Az (M)) is more delicate.
Here good approximation of Laplacians of smooth functions is not sufficient. For
example, consider a disjoint union I' of two graphs I'; and I', each of which
provides a good approximation of the function Laplacian. The graph Laplacian Ay
approximates the function Laplacian as well as Ar, and Ar, do, but the spectrum
is different: every eigenvalue appears twice.

To prove the upper bound, we construct a map I : L?(X) — C%!(M), called
the interpolation map, with properties similar to those of the discretization map P,
see Definition 6.1 and Lemma 6.2. This map is essentially a convolution with a cer-
tain kernel (the form of the kernel is essential for the estimate in Lemma 6.2(2)).
With this map, the proof of the lower bound is similar to that of the upper bound.

In addition, the maps P and / are almost inverse to each other on bounded
energy levels (Lemma 6.4). These properties of P and / imply our eigenfunction
estimates (Theorems 2, 3 and 4) by means of linear algebra arguments.

Remark 1.3. The input data to the construction are p > 0 and the finite metric
measure space (X, ). One naturally asks how sensitive are the resulting eigenval-
ues Ax (I') to “measurement error” in these data. A small relative error in weights
;i results in a relative error of the same order in the L2?(X) and the discrete Dirich-
let energy (2.4) and hence to the eigenvalues. A small (of order ¢) variation of
distances in X changes the set of edges of I': some edges of lengths p + ¢ may
be added or removed. The discrete Dirichlet energy and hence the eigenvalues
are clearly monotone with respect to adding edges. Therefore the eigenvalues are
bounded above by those of the proximity graph defined by the parameter p + ¢ in
place of p, up to a factor (1 + &/p)" 2. A similar argument yields a lower bound.
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Remark 1.4. The convergence of eigenvalues in Theorem 1 is uniform on a larger
class of n-manifolds, namely those with bounded Ricci curvature and diameter
and injectivity radius separated from zero. Indeed, by [1] this class is pre-compact
in C1¥ (and hence Lipschitz) topology. This pre-compactness and convergence
for every individual manifold implies uniform convergence on the class. This can
be shown with an argument similar to one outlined in Remark 1.3.

Remark 1.5. If the weights u; are constant (i.e., u; = po := vol(M)/N), then
the edge weights in our construction are also constant. Hence the graph Laplacian
given by (1.3) is the ordinary (unweighted) graph Laplacian multiplied by a con-
stant. Also note that in this case the degree in the graph is almost constant (up to
a small relative error): the degree of every vertex approximately equals v, p"/o.

Unweighted graph Laplacians has been studied much more thoroughly than
weighted ones. If necessary, one can make the weights constant (at the expense
of increasing the number of vertices) as follows. First approximate the weights
Wi by rational multiples of vol(M) and let ¢ be a common denominator of these
rationals. Then replace every point x; with weight u; = % vol(M) by p; points (at
almost the same location) with weights equal to vol(M)/g. The resulting metric
measure space approximates (M, vol) as well as the original one do.

Remark 1.6. Although our point is to avoid triangulation of a manifold, let us
mention that triangulation-based techniques allow one to handle differential form
Laplacians as well, see [9]. It is interesting whether a suitable generalization of a
graph Laplacian can be used for this purpose too. One can show that the spectrum
of the differential form Laplacian is continuous with respect to Gromov—Hausdorft
topology on M. Hence a Gromov—Hausdorft approximation of a manifold (such
as an g-net) determines differential form Laplacian eigenvalues up to a small error.
However an explicit procedure of such determination is yet to be found.

Organization of the paper. In Section 2 we collect various preliminaries. In Sec-
tion 3 we prove some technical results about average dispersion in r-balls of a func-
tion f € L?(M). This quantity, denoted by E,( f), is used throughout the paper
as an intermediate step between Dirichlet energy in H (M) and its discretiza-
tion. In Section 4 we define the discretization map P and prove an upper bound
for the graph eigenvalues (Proposition 4.4). Section 5 is devoted to properties of
a smoothing operator (the convolution with a special kernel) used in the defini-
tion of the interpolation map /. The key result there is Lemma 5.5. In Section 6
we define / and prove a lower bound for the graph eigenvalues (Proposition 6.3).
Proofs of the main results are contained in Section 7. In Section 8 (which is for-
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mally independent of the rest of the paper) we discuss various aspects of volume
approximation in the sense of Definition 1.1.
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2. Preliminaries

2.1. Discrete differential. Let £ = E(I") be the set of directed edges of our
graph. (Each pair of adjacent vertices gives rise to two elements of £.) Recall
that every edge e;; = (x;, x;) is equipped with a weight w(e;;) = w;;. By L*(E)
we denote the space of real-valued functions on E equipped with the following
inner product:
M = 5 3 wEECE).
ecE

For a discrete function u: X — R we define its discrete differential u: E — R
by

(Su)(eij) = u(xj) — u(x;i). (2.1

The discrete Dirichlet energy functional of I" is the quadratic form

U > ||8”||1242(E) = (Su, Su) 2(g) 2.2)
on L2(X). A straightforward calculation shows that

(Aru, v)r2x) = —(0u. 6v)12(E), (2.3)

in particular, (Aru,v) = (u, Arv) and (Aru,u) = —|§u|? for all u,v € L?(X).
(Here and almost everywhere in the paper we omit indices L?(X) and L?(E).)
Thus Ar is self-adjoint and nonpositive on L2(X).

The above consideration does not depend on a particular choice of weights. In

our case, the discrete Dirichlet energy ||§ul| = [|du||2(g) is given by
n+2
|6u* = e Z iy lu(xi) — u(x;)|?. (2.4)

i,j:xj~xl~
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Since the operator —Ar is self-adjoint on L2(X) and the associated quadratic
form is the discrete Dirichlet energy, the minimax principle applies:
[[8ul

2
2

Ak (') = min max 2L ()

L ueL\0 ”u”LZ(X)

where the minimum is taken over all k-dimensional subspaces L C L?(X).

2.2. Local Riemannian geometry. Throughout the paper, M is a compact Rie-
mannian manifold (without boundary) and » = dim M. The absolute values
of sectional curvatures of M are bounded above by K and the injectivity ra-
dius is bounded below by iy. Our standing assumptions are that p < iy/2 and
Kp? < 1/n2.

For x € M, exp,: TxM — M is the Riemannian exponential map. We always
restrict exp,, to the ball B,,(0) C Ty M, this restriction is a diffeomorphism onto
the geodesic ball B,(x) and hence its inverse exp;': Bay(x) — B2, (0) is well-
defined. We denote the Jacobian of exp, at v € B,(0) C TxM by Jx(v).

By the Rauch Comparison Theorem, the relative distortion of metric by exp,
atv € B,(0) C TxM is bounded by O(K|v|?) and hence

(14 CnKv)»)™ < Je(v) <14 CnK|v|*. (2.5)
It follows that vol(B;(x)) ~ v,r" as r — 0, more precisely,
[vol(B,(x)) — vur"| < CnKr"*?

for all r < 2p.

The inner product in 7, M defined by the Riemannian structure is denoted
by (, ). This scalar product allows one to identify 7, M and 7,) M and we some-
times assume this identification to simplify notation. By grad f(x) we denote the
Riemannian gradient of a function f: M — R atx € M, i.e., the vector in Tx M
corresponding to the differential d f € T*M. Recall that the gradient of the
distance function d(-, y) at x is the velocity vector at the endpoint of the minimal
geodesic from y to x, that is,

expy ' ()

gradd(-, y)(x) = —m-

(2.6)

2.3. Integration over balls. In this section we justify the normalization constant
in (1.3). If Q is a quadratic form on R”, then for every r > 0 we have

1)nrn—l—z

/B,(o) Qx)dx = n+2

trace(Q). 2.7)
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Indeed, since both sides are preserved under orthogonal transformations and lin-
ear in Q, one can replace Q by its average under the action of the orthogonal
group. Thus it suffices to verify (2.7) only for rotation-invariant quadratic forms,
or, equivalently, for the form Q(x) = |x|2. For this form, one computes the inte-
gral using spherical coordinates:

nv,r"t?

r r
/ |x|>dx = / 12 vol,_1 (0B, (0)) dt = / nopt"thdr = /.
B (0) 0 0 n+ 2

The identity (2.7) follows since trace(x + |x|?) = n.
Let f: R" — R be a smooth function. Integrating the Taylor expansion of f
at xo € R”,

f(x) = f(x0) = L(x — x0) + Q(x — x0) + o(|x —x0|?), |x —xo| = 0,

where L = dy, f and Q = 1d2 f, using (2.7), yields

0

n+2

/ () — fGo)) dx = T trace(Q) + o(r"*?)
By (x0) n+2

1)nrn—l—z

= 303y A0 +o" )

as r — 0. For a smooth function f: M — R this relation holds as well since
the Jacobian of the exponential map introduces an error term of order O(r**3),
as follows easily from (2.5). Thus

2(n +2)

D ont2 (f(x) = f(x0))dx —> Af(xo) asp—0
nP )

By (xo0
for every smooth f: M — R and every xo € M. Furthermore the error term is
controlled by the modulus of continuity of the second derivative of f.

Replacing the above integral by the sum from (1.3) essentially replaces the
integration over the ball by integration over the union of the sets V; (see Defi-
nition 1.1) such that the respective points x; belong to the ball. One easily sees
that the error term introduced by this change is controlled by £/p?. (This estimate
can be improved by introducing edge weights as in Remark 1.2). It follows that
the discrete Laplacian of a smooth function approaches its ordinary Laplacian as
p+e/p*>—0.

This observation is important for motivation of our definitions, but we do not
use it in the proofs. Our arguments are based on the discrete Dirichlet energy and
the minimax principle which provide better estimates.
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3. Some estimates

In this section we prove some inequalities for functions on M not involving dis-
cretization.

Definition 3.1. Let f € L?>(M) and 0 < r < 2p. For every measurable set
V C M, define E,(f,V) € Ry by

— _ 2
E.(fV) —/V/Br(x)lf(y) SX)|7dy dx.
Let E,(f) = E,(f, M).

Remark 3.2. The quantity E,(f) is bounded in terms of || f||;2, namely

Er(f) < Conr" | f132. (3.1)

Indeed,
E(f) < 2/M/B WP + 0P dy dx

- 2dvd

4/M/B,(x>'f(x)' ydx

—4 / vol(B, (x))| f(x)[? dx.
M

and the right-hand side is bounded above by Cv,r"| f ”22' Since E, is a non-
negative quadratic form, (3.1) implies that it is a continuous map from L2(M)
to R+.

Lemma 3.3. Let f € H'(M) and 0 < r < 2p. Then

V
Er(f) = (1L+ CnKr®) == 2| df .

Remark. The inequality turns to almost equality if f is smooth and r is small.

This follows from the fact that the constant n‘iI’jZ is the integral of the square of a

coordinate function over the unit ball in R”, see (2.7).

Proof of Lemma 3.3. Since smooth functions are dense in H!(M) and E, is a
continuous map from H!(M) to R+, we may assume that f is smooth. Thus we
can speak about pointwise values and derivatives of f.
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For every x € M, we have
/ 1fO) = fIPdy = / | f(expe (@) — /()P Tx(v) dv
B, (x) B, (0)CT M

where Jy is the Jacobian of exp, (see Section 2.2) and | dv denotes the integration
with respect to the Euclidean volume on 7, M determined by the Riemannian
scalar product. Since J,(v) < 1+ CnKr?forallv € B,(0) C Ty M, it suffices to
prove that

A= / / |/ (exp(v)) — ()P dvdx
M JB.(0)CT M (32)

Yn  niy2 2
< —r d )
e

For every x and v we have

1

flexp,(v) — f(x) = ; & f(exp, (tv)) di

1
:/ df (D (x,v))dt
0
where ®,: TM — TM is the time ¢ geodesic flow, namely,

¢t (x7 U) = ()’x,v(t)a )/)/c,v(t))y

where yy , is the constant-speed geodesic given by yx ,(#) = exp,(tv). In the
expression df (P, (x, v)), the derivative df is regarded as a (fiberwise linear) map
from TM to R.

The above identity and the Cauchy—Schwartz inequality imply that

1
| f(exp, (v) — f(0)|* < /0 |df (®;(x. ))|* dt.
Hence the right-hand side of (3.2) can be estimated as follows:
1
s [ e volru @ dr (3.3)
0 JB(r)
where B(r) C TM is the set of all tangent vectors £ € TM such that |[§] < r,

and volryy is the standard 2n-dimensional volume form on TM. Since B(r) is
invariant under ®; and ®; preserves volrs (by Liouville’s Theorem), the inner
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integral in (3.3) does not depend on ¢. Therefore

A< / 1df (€)[2 d volras (£)
B(r)

=// \dy f(0)]? dvdx
M F(0)CTx M

_Vn pnt+2 2
= dy d
| s dx

__Vn nt2
= a2,

where the second identity follows from (2.7). This proves (3.2) and hence the
lemma. O

Lemma 3.4. Let0 <r <2p, f € L2(M) and V C M be a measurable set such
that vol(V) = p > 0 and diam(V') < 2e where ¢ < r. Leta = p~! [y f(x)dx
be the integral mean of f|y. Then

/|f(x>—a|2dx< — Y B,
o

Proof. A standard computation shows that
1
[ 1@ -apax=o [ [ 1f0 - sl axdy. Ga
14 ®JvJv

Fix x, y € V and consider the set U = B,(x) N B,(y). Observe that U contains
the ball of radius r — |xy|/2 > r — ¢ centered at the midpoint between x and y.
Hence vol(U) > Cv,(r — ¢)". For every z € U we have

1f() = fODP =20/ ) = F@P +1f () = f)P).

Therefore

|f() = fDI? <

2 5 ,
D) /U 1/ @) = F@P +17(0) = F)P) dz

< Vol (D) (F(x) + F(y))

<— S _(Fe)+ FO)
vp(r —é€)
where

F(x) = /B = Sk
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Plugging the last inequality into (3.4) yields

C
2
[ 1w —apax < o [ (Pe0+ POy dxay

C

= —v,,(r o /V F(x)dx
C

= g B

The lemma follows. O

4. Discretization map and upper bound for A (T')

Let X = {xi}f\’=l C M and u be as in Theorem 1. Recall that u is a measure
on X and (X, u) e-approximates (M, vol) in the sense of Definition 1.1. We fix
a partition {Vi}lN= , of M realizing this approximation, that is, V; C Bg(x;) and
vol(V;) = i := u(x;) for each i. We assume that ¢ < p/n.

Definition 4.1. Define a discretization map P: L>(M) — L*(X) by
Pren =it [ fear.

In other words, P f(x;) is the integral mean of f|y,.
We also need amap P*: L?(X) — L?(M) defined by

N

P*u = Zu(xi)lvi

i=1

where 1y, is the characteristic function of the set V;. Here P* is the adjoint of P.

From the Cauchy—Schwartz inequality one easily sees that

IPFI <1172 4.1

for every f € L?(M), where the norm in the left-hand side is defined by (1.2).
The definition implies that P* preserves the norm:

[P ull2 = [lul
for all v € L?(X), and is adjoint to P:
(fL P*u) 2y = (P ou)2x)
forallu € L?(X), f € L>(M).
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Lemmad.2. Let f € H'(M). Then || f — P*Pf| ;> < Cne|df | 2.

Proof. We have
If = P*PfI2, = Z/V f(0) = Pf () dx.
i i
By Lemma 3.4, for every r € (g,2p) and every i we have

C
[ = preoPdx < o B )

Note that Y, E-(f, V;) = E,(f) by definition. Therefore

* 2 <L <L rr
If =PIl = o—m BN = o o

where the last inequality follows from Lemma 3.3. Now let r = (n + 1)e, then
LA (1+ %)" < 3, hence

r?lldf 11z

If = P*Pfl7> < 2||df||L2 < Cné?|ldf |7

The lemma follows. O

Lemmad4.3. Let f € H'(M). Then

M [IPLI=1f 2| < Cnelldf | 2:
) 18PN = (1 +0)lldf |2 where o = Cn(Kp? + &/p).

Proof. (1) Since P* preserves the norm, we have

WP =1z = [IP*PflL2 = fll2| < If = P*PflL> < Cnelldf |

where the last inequality follows from Lemma 4.2.
(2) By (2.4) we have
n+2
I8CPHIZ = = e DO winilPf) = PFE)P.

i jixj~x;

The definition of P f implies that

P =P = —— [ [ (5= s dya,

i 4
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Hence, by the Cauchy—Schwartz inequality,

Pf(x) — PLG) < / / /) — F(OP dydx.

il

Therefore

I8P < - ,,+22 3 / / (5) = fP dydx

i jixj~x;

:Vn;i// |f(y) = f(x)* dydx

where the set U(x) C M is defined as follows: if x € V;, then U(x) = (J joxjx; Vi
Note that U(x) C B,42¢(x). Hence

PP = 2o Epeae(f)

By Lemma 3.3,
Eps2e(f) < = (p +20)" (1 + 00)[df 2
where 01 = CnKp?. Therefore
IBCPAI? < (1 +2¢/p)" 21+ on)|ldf |72 < (1 + 0)|df 117
where 0 = Cn(Kp? + ¢/p). This finishes the proof of Lemma 4.3. O
Proposition 4.4. Let A, = A (M), k € N. Then
Ae(T) = (14 8(e, p. Ar)) Ak

where
8(e.p. A) = Cn(Kp> + ¢/p + ev/A),

provided that /Ay < c/n. Here C and c are absolute constants.

Proof. By the minimax principle, it suffices to show that there exists a linear sub-
space L C L?(X) such that dim L = k and

I8

wer\goy ull® —

= (1 +48(e p, Ak)) Ak
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Denote A = Ax. Let W C H'(M) be the linear span of orthonormal eigenfunc-
tions of —Ajs corresponding to eigenvalues A;,...,A;. Forevery f € W, we
have [|df |17, < Al |7, By Lemma 4.3(1) it follows that

IPSI =11/ llz2 = Cnelldf |2 = (1 = Cnev/D)| £l 2

for every f € W. Hence P|w is injective if ev/A < 1/Cn. Let L = P(W), then
dim L = k. Picku € L \ {0} and let /' € W be such thatu = Pf. Then

lull> > (1 — CnevA)| f 22
and, by Lemma 4.3(2),
I18ull®> < (1 + oD)lldf 172 < (1 + o)A fII7-

where 0y = Cn(Kp? + ¢/p). Hence

18ul2 (1 + o)A
< < (14 38(s, p,A))A
W2 = 1= Cnevi = T 0EPA)

and the proposition follows. U

5. Smoothing operator

In this section we prepare technical tools for the interpolation map, which is de-
fined in the next section. These tools are independent of the discretization.
Define a function ¥ : Ry — R4 by

n+2

0, t > 1.

(1—12), 0<t<I,

The normalization constant % is chosen so that

/ Y(lx) dx = 1. 5.1
Rn

Indeed, by (2.7) we have

2
/ (1= [xP) dx = v, — 2 =
B1(0) n+2 n+2
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Fix a positive r < 2p and consider a kernel k,: M x M — R4 defined by
kr(x,y) = r7"y(r~xyl)
and the associated integral operator A%: L2(M) — C%!(M) given by
NS = [ Tk,

Note that k,(x, y) = k,(y, x) and

Cn
lkr(x, y)| <

V1"

for all x, y € M. A direct computation (using the derivative of the distance func-
tion, see (2.6)) yields

n+2 _
gradk; (-, y)(x) = —— exp; ' () (5.2)
Vnl
for y € B, (x).
Define 6 € C%!'(M) by 6 = A%(1p). If the metric of M were flat, we would

have 8 = 17 by (5.1). The following lemma estimates || —1j¢|| in the Riemannian
case.

Lemma 5.1. For every x € M, one has
(1+CnKr®)™!' <0(x) <1+ CnKr?

and
|d:0] < Cn®Kr.

Proof. By definition,
0(x) = / Y (x. ) dy
Br(x)

_— / (ol e (v) d
B, (0)CT M

where J,(v) is the Jacobian of the Riemannian exponential map, see Section 2.2.
Since the integral of ¥ equals 1, the Jacobian estimate (2.5) implies the first asser-
tion of the lemma.
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To estimate |d,6(x)|, we compute it using (5.2):

n+2
di(x) = —— ) d
b0 = 5 [ el 0ay

n+2
_ 7++2 / v (v) dv.
V" B, (0)CTx M

Since | B,(0) ¥ dv = 0, one canreplace J, (v) in the last integral by Jx(v)—1. Then
the Jacobian estimate (2.5) implies that

n+2

|d0(x)| = | grad 0(x)| < PR

/ lv]-CnKr?dv < Cn*Kr
By (0)CTxM

(the last inequality follows from the relations |v| < r and vol(B,(0)) = v,r"). U
Definition 5.2. Now we define a bounded operator A, : L?(M) — C%1(M) by
Arf=0"1. A

The factor 6~ ensures that A, preserves the subspace of constants.
Lemma 5.3. Forevery f € L>(M) one has

[Arflle = L4+ 0) flL2

where o = CnKr2.

Proof. 'This is a standard estimate. For every x € M we have

2

A ()2 = ‘ / FOVkr(x. y) dy
M

< ( /M K (x. y) dy) ( /M 0P (. ) dy)

— 0(x) /M ) ke (x, y) dy

by the Cauchy—Schwartz inequality. Hence
A fOO)P = 0()2|AL f ()2
<007 [ 1Pk ) dy

<(1+0) /M )k (x, ) dy



A graph discretization of the Laplace—Beltrami operator 695

by Lemma 5.1. Integrating this inequality over M yields

1A, fO)Z- = (1 +0’)/M If(y)IZ/Mkr(x,y) dxdy <= (1+0)*| flI7»

since for every y € M we have

/ ke (. y)dx = 0(y) < 1+ 0
M

by Lemma 5.1. The lemma follows. O

Lemma 5.4. For every f € L>(M) one has

C
IArf = FI22 = = Er(f). (5.3)

n

Proof. We fix a particular function f: M — R representing the given element
of L?(M), so we can speak about pointwise values of f. Fix x € M and let
a = f(x). Since A, preserves the constants, we have

Arf(x) = f(x)=Arf(x)—a
= Ar(f —a-1p)(x)

—670) [ (f0) = kel dy
By (x)
= 9_1(36)/ (f ) = f(x)Dkr(x, y)dy.
By (x)
By the Cauchy—Schwartz inequality, it follows that
A f(x) = f(x)]?

< 672(x) ( [ ke dy) ( [ 1o - sk dy)
B, (x) Br(x)
— 67 () /B L) = )Pk . ) dy

Cn
=
V1’

/ ) — FP
By (x)

since |#~1(x)| < C (cf. Lemma 5.1) and |k, (x, y)| < -$%.. Integrating this in-

vurht

equality yields the result. U
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Lemma 5.5. For every f € L?(X) one has
n+2
||d(Arf)||i2 =< (1 + anKrz)WEr(f)-

Proof. We fix a particular function f: M — R representing the given element
of L?(M), so we can speak about pointwise values of f. Denote A, f by f. For
any constant a € R we have

oy =at o) /B IO =)kt dy
for every x € M. Differentiating this identity yields
dyf =07 (x) /B O =)k ) dy 4 de6)
- (x
/ (f() = a)kr(x. y) dy.
Br(x)
Substituting @ = f(x) yields

dy f =07 (x)A1(x) + A2(x)

where

Ar(x) = /B O = @k dy

and

Az (x) = dx(e_l)/ (S () = f(x)kr(x, y) dy.
By (x)
Since |07 (x)| <14 CnKr? for all x € M (cf. Lemma 5.1), we have
Id fllgz = 107" Ay + Azllz2 < (1 4+ CnKr?)| A2 + |42 2. (5.4)

Let us first estimate || A2||z2. By the Cauchy—Schwartz inequality,

A () < 1dy (6 ( /

By (x)

( [ 150 = et dy)
Br(x)

ky(x,y) dy)

= [dx(671)? 9(X)/ S () = () Pkr (x, y) dy
By (x)

Cn°K?
5 -
Y rh—2

/ 1fO) = FCOI dy
By (x)
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since A(x) < C, |dx (07| < Cn%Kr (cf. Lemma 5.1) and |k, (x, y)| <

vur’:
Integrating this inequality yields
Cn°K?
142172 < S5 Er ().
We rewrite this inequality as follows:
n+2
| A2l 2 < Cn?Kr? n+2E (f). (5.5)

Now let us estimate A;. Fix x € M. Recall that
|A1(x)] = max{{A1(x),w): w € Ty M, |w| =1}

where the angle brackets denote the standard pairing of co-vectors and vectors. Let
w € T, M be a unit vector realizing this maximum. Then |4 (x)| = (4;(x), w).

Plugging the expression (5.2) for the derivative of k, into the definition of 4,
yields

@1 = (i) = 2 [ (0= fe e (). dy
_ v”’r_tfz/B ooy PN W) 0

where ¢(v) = f(exp,(v)) — f(x). For brevity, we denote the ball B,(0) C TxM
by B. By the Cauchy—Schwartz inequality, it follows that

2
4k = (25 ) ([ ewpnw2a) ([ wura).

Since |w| = 1, we have
n+2 5
—— | (v,w)“dv =1,
v rit2 /B< )

hence the above inequality boils down to
P = 22 [ e P2 o

2
— L/B( | f(y) — f(x)[*Tx(expyt(»)) dy

v, rh+t2

<+ CnKrz)

2 _ 2
m= )= P dy,

where the last inequality follows from the Jacobian estimate (2.5).
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Integrating this inequality with respect to x over M yields

This, (5.4) and (5.5) imply that

7 2
ld 72 < ((1+ CnKr?)? + Cn?Kr?), [ jﬁ E (f)
5(1+Cn2Kr2),/ iz Er(f)-
The lemma follows. O

6. Interpolation map and lower bound for A (")

Definition 6.1. Define the interpolation map I: L*(X) — C%1(M) by
Tu=ApsP*u

where A ,_», is the smoothing operator defined in the previous section (see Defi-
nition 5.2) and P*: L2(X) — L?(M) is defined in Definition 4.1.

Lemma 5.3 and the fact that P* preserves the norm imply that
I7ullz2 < (14 CnKp®)|ul| < Cllu] 6.1)
for every u € L2(X).
Lemma 6.2. For everyu € L*(X) one has
() |Iull2 = llull] < Collul;
) ld(Iu)|l2 < (1 + 0)|8u| where 0 = Cn?Kp? + Cne/p.
Proof. (1) Since || P*u||;2> = |jul|, we have
W Zullzz = ull] = [I7ull2 = 1P ullL2] < [[Tu— P ul 2.

By Lemma 5.4,

Cn

« 2 * * 2
17w = P ullzs = |Ap-2eP™u = PTullfs < oy

Ep_zg(P*M).
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Since ¢ < p/n and ¢ < p/3, we have (p —2¢)™" < Cp~™", hence

n

[{u— P ””iz = v—anp—za(P u). (6.2)
Let us estimate E,—».(P *u) in terms of §u. By definition,

Bul? = 225 ST g lutay) — ue) P

+2
v,,p” I Jixj~x;
””// |P*u(y) — P*u(x)P dy dx
— u — u(x
v pn+2 Ulx) y y

where sets U(x) C M are defined as follows: if x € V;, then U(x) = Uj:xiji V;
Since U(x) D By—2:(x), we have

2
”++2/ / 1P u(y) — P*u(x)]? dy dx
% pn Bp 26(x)

n+2
= mEp 28(P u)

180>

| V

Thus
v pn+2

Ep2e(P*u) < ;’Tn&tnz. (6.3)

This and (6.2) imply that

Cn v pn+2
——[15ul* < Cp?|5ul>.

Tu— P*ul|?, <
I e e

Hence
11w — P*ull2 < Cpl|ul| (6.4)

and the first assertion of the lemma follows.

(2) By Lemma 5.5,

n+2

ld(T0)25 = [d(A pozs P*u)]12 < (1 +01) 3oy oo (P10

vn(p —
where 01 = Cn?Kp?. By (6.3),

n+2
o= zepa a0 <

2 ) 18ull> < (1 + o) |ul.

where 0, = Cne/p. Thus
ld(Tw)|7> < (1+01)(1 + o) [[8ul> < (1 4 0)|8ul

where 0 = Cn?Kp? + Cne/p. The second assertion of the lemma follows. I
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Proposition 6.3. Let A, = A (M), k € IN. Then

Ak(r) 2 (1 - 8(8’ P, A’k)))"k
where
8(e.p.A) = C(n®Kp* + ne/p + pv/2)

provided that p~/Ax < co. Here C and cy > 0 are absolute constants.

Proof. With Lemma 6.2 at hand, the proof is similar to that of Proposition 4.4.
Let A = A% (T"). We assume that A < A (M), otherwise there is nothing to prove.
By the minimax principle, it suffices to show that there exists a linear subspace
L ¢ H'(M) such that dim L = k and

ldf 117

= (-8
recvioy 11172

Indeed, this inequality would imply that A; (M) < (1—8(e, p, 1))~ A and therefore
A= (1=38(e, p, M)Ak = (1 = 68(e, p, Ar)) Ak

Let W C L?(X) be the linear span of k orthonormal eigenvectors of —Ar corre-
sponding to eigenvalues A{(T"),..., A4 (). For every u € W, we have |§u|? <
Allu||?. By Lemma 6.2(1) it follows that

I Tullz2 = [lu] = Cplldu] = (1 — Cov/A)|ull

for every u € W. Hence I|w in injective if Cp~/A < 1. Let L = I(W), then
dim L = k. Pick f € L\ {0} and let u € W be such that f = [u. Then

1£122 = (1= Cpv2) ||l
and, by Lemma 6.2(2),
ldf 172 < (1 +o)8ul? < (1 + o)A [ull.
where 01 = 1 + Cn?Kp? + Cne/p. Hence

Idf 117 _(tod
112, = 1—CovA

and the proposition follows. U

(1=8(e.p. 1) 7'A
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We conclude this section by showing that the operators P and / are almost
inverse to each other (at bounded energy levels).

Lemma 6.4. I Let f € H'(M). Then

IHPf = flez = Cplldf|La.

2. Letu € L*(X). Then
[PIu—ul < Cp|dull.

Proof. 1 Let f = P*Pf. By definition,

HPf = flle2 = 1Ap—2ef = fllL2
< 1A p—2e(f = MLz + 18 p=26f = flL2-
Lemma 5.3 and Lemma 4.2 imply that

1Ap—26(f = N2 < CILf = fliz2 < Crelldf 2.

Next, by Lemma 5.4 and Lemma 3.3,

Cn
- - E._ 2 2‘
Vn(P— 28)" P Zs(f) = CIO ”df”

Combining the above inequalities and using the fact that ¢ < p/n, we obtain the
first assertion of the lemma.

[Ap—2ef — f||iz =

2. Since P* preserves the norm, we have

I1PTu—ul = | P*(PIu—u)
<||P*Plu—Tullz2+ |[Tu— P*ul>.

By Lemma 4.2,
|P*PIu—Tul|;2 < Cnelld(Iu)| 2 < Cnel||du],
where at the last stage we use Lemma 6.2(1). By (6.4),
1w — P ullL2 < Cpl|8ul|

As ¢ < p/n, the above inequalities imply the second assertion of the lemma. [
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7. Eigenfunction approximation and proof of theorems

To prove Theorem 1, first observe that the estimate (1.4) follows from Proposi-
tions 4.4 and 6.3. Next recall that, as follows from [1], the space M is pre-compact
in Lipschitz topology. Therefore the eigenvalue Ay (M) is uniformly bounded for
all M € M, thatis, Ax (M) < Cy k. Using this fact, we obtain the second estimate
in Theorem 1 from the first one.

To proceed with the eigenfunctions approximations, we introduce some nota-
tion. For an interval J C R, denote by H; (M) the subspace of H'(M) spanned
by the eigenfunctions with eigenvalues from J. In particular, Hy;,(M) is the
eigenspace associated to an eigenvalue A. We abbreviate H(_ 3)(M) by H; (M).
We use similar notation H;(X) and Hj (X) for subspaces of L?(X) spanned by
eigenvectors of —Ar.

Note that the dimension of H, (M) is uniformly bounded over M € M (for
every fixed 1), see [5, Theorem 3].

We denote by P the orthogonal projector from L?(M) to Hy(M). Note that
P; does not increase the Dirichlet energy norm. Similarly to the above notation,
we abbreviate P (_ 1) by P;. We use the same notation Py and IP; for orthogonal
projectors from L2(X) to Hy(X) and H;(X).

Lemma 7.1. I Let A > 0and f € Hy(M). Then

18PN = (1 =o)ldf |2

where o = C(pv/A + n2Kp? + ne/p).
2. Let A > 0andu € Hy(X). Then

ld(Tu)|[L2 = (1 —o)||Sul|
where 6 = C(p~/A + nKp® + ne/p)

Proof. I First we are going to estimate ||d(/Pf)| ;2 from below in terms of
ldf || 2. Since the projector P, : L?(M) — Hj (M) does not increase the Dirich-
let energy,

ld(IP )Lz = ld®RIP )2 = l|df 2 — 1dPRIPf = )l 2
Since f € Hy(M), we have
l[d@rIPf = )l = 1d@LUPS = )l
< VAIP2UPS = [l
< VAIIPS = fllz2 < CovVANdf |2
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where the first inequality follows from the fact that ||dg||; > < v/A| g]| 2 for every
g € H) (M) and the last one from Lemma 6.4. Thus

ldIPf)lr2 = (A —o)lldf .2

where o1 = Cp~/A. By Lemma 6.2(2),

l[dI P2 = (A + o) 8(P

where 0, = C(n?Kp? + ne/p). Thus

18PN = (1 +02)7 (1 —oD)lldf |2

and the first assertion of the lemma follows.

2. The proof of the second assertion is completely similar. Just interchange the
roles of M and X and use Lemma 4.3(2) rather than Lemma 6.2(2) at the final
step. O

We need the following simple lemma from linear algebra.

Lemma 7.2. Let L be a finite-dimensional Euclidean space and k = dim L. Let
Q and Q' be quadratic forms on L and Ay < --- < Ap and A} < --- < )L;C their
respective eigenvalues. Suppose that Q > Q'. Then

sup {Q() — Q') <k max {2~ 1)

veL,|vl=1

Proof. The left-hand side is the largest eigenvalue of the quadratic form Q — Q’.
Since Q — Q' is nonnegative, its largest eigenvalue is bounded above by it trace.
On the other hand,

trace(Q — Q') = trace(Q) — trace(Q")
k
=Y (-2 <k max {4 — A},

Jj=1

hence the result. O

We fix orthonormal eigenfunctions { fx }?2; of —Aps and orthonormal eigen-
vectors {u}_ of —Ax.
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Lemma 7.3. I Let A = A (M). Then for every a > 0,

IPfie = PrtraPficl® < Crexa™" (p +/p)
and

I8P fi = Pata P> < Coreic(L+a ") (o + ¢/p)

provided that p + ¢/p < C;&k.
2. Let A = Ar(X). Then for every a > 0,

I Tuk — Payalurll;> < Caca™" (o +€/p)
and

ld(Tug = Prralup)llz > < Cac (1 +a)(p + &/p)

provided that p + ¢/p < ng[lk.

Proof. 1 Let W be the linear span of fi,..., fy and L = P(W) C L?(X). Asin
the proof of Proposition 4.4, we have dim L = k if p + ¢/p is sufficiently small.
Let Q denote the discrete Dirichlet energy form on L?(X), and let Af < --- < AF
be the eigenvalues of Q| (with respect to the Euclidean structure on L defined
by the restriction of the L?(X) norm).

Recall that A (M) < Cy k. This and Lemma 4.3 imply that for every f € W,

(=) flle2 =PIl =@ +0)fl2

and
18CPOI = (A + o)lldf |2
where 0 = Cy r(p + ¢/p). By the minimax principle it follows that

AE < (1£9)%0 (M) < A;(M) + Caepe(p + €/p) (7.1)

for all j <k, provided thato < 1/2.
Now define another quadratic form Q' on L?(X) by

Q'(u) = Q(Pasau)) + Allu — Prta()]*.

Clearly Q' < Q. The eigenvectors u,us,... of Q are also eigenvectors of Q’
and the corresponding eigenvalues are A1(I"), A2(T), ..., 4, ('), A, A, ..., where
m is the largest integer such that A,,(I") < A + a. Therefore for every j < m and
every j-dimensional subspace V C L?(X) we have

wp 20

veV\{0} [v]|?

> min{A, A, (I")}. (7.2)
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Indeed, V has a nontrivial intersection with the orthogonal complement of the lin-
ear span of uy, ..., u;_1, and any vector v from this intersection satisfies Q' (v) >
min{A, A;(D)}|v]|®. Let A] < --- < A be the eigenvalues of Q|1 (with respect
to the restriction of the L2(X) norm to L). Then (7.2) and the minimax principle
imply that A} > min{A, A;(I")} for all j < k. By Theorem 1 it follows that

Ay = A (M) — Coei(p + €/ p).
and hence, by (7.1),
A — X < Cyr(p+/p)
for all j < k. This and Lemma 7.2 imply that
O@u) — Q'(u) < Cacie(p +¢/p)ul® (7.3)
forevery u € L.

Letu € Land u' = u — Py, u. Since Q'(Priqu) = Q(Pyiqu), we have

Q) - Q0'(u) = Q) = Q'(u') = Q(u') — Allu'|* = 7 ia ow) (14

where the last inequality follows from the fact that Q(u’) > (A + a)|ju’||* since
u' € Hip4q,400)(X). Now (7.3) and (7.4) imply that

A+a
oW’ < TCM,k(P +&/p)llul?
and therefore
[W'|> < A +a)"' Q') <a™'Ceilp + &/ p)llull>.

Substituting u = P f; into the last two inequalities and taking into account that
|Pfell <1+ o < 2yields the first assertion of the lemma.

2. The proof of the second assertion is similar. Just interchange the roles of M
and X and use Lemma 6.2 rather than Lemma 4.3. U

Lemma 7.4. I Let A = A (M) and let &, B,y > 0 be suchthata < B <y <1
and the interval (A + a, A + B) does not contain eigenvalues of —Ar. Then

1P fi = Po—yavad Pficll> < Cay™ + Coyea B~y (0 + ¢/p)
provided that p + ¢/p < C;&k.

2. Let A = A () and let a, B,y > 0 be such that < B < y < 1 and the
interval (A + o, A + B) does not contain eigenvalues of —Apy. Then

ITur = P—yrtarlukll;> < Cay™ + Coyx B~y (0 + &/p)

provided that p + ¢/p < CJ\_mlk.
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Proof. I As in the previous lemma, we denote the discrete Dirichlet energy form
by 0. Let u = Pf;. Decompose u into the sum of three orthogonal vectors
u =uo+u— +uy where ug € Hp_yp101(X), u— € H oo p—y)(X) and uy €
Hj4a,+00)(X). Note that uy € H[y4g,+00)(X) due to our assumption about
eigenvalues of —Ar. Applying Lemma 7.3 with g in place of a yields that

> < Cre B~ (p +¢/p) (7.5)
and

Quy) < CoeiB~ ' (p + ¢/ p).
By Lemma 7.1,

Q) = I8(Pf)I? = (1 —aD)lldfill7> = (1 —01)A
where 01 = Cy k(p + €/p). Therefore
Quo) + Qu-) = Q(u) — Q(uy) = A —o02

where 02 = C 471 (p + ¢/p). On the other hand,

Q(uo) = (A +a)|luoll?

and
Qu-) < (A —y)llu_]?
hence
A =02 < Q(uo) + Q(u-) < A(lluoll® + llu—l*>) + afluol® = ¥ lu—|>.
Observe that

2 2 2 2 2
luoll” = lluoll” + llu—1I" < ull” = 1Pfil” <1 + 03

for 03 = Cyix(p + €/p), where the last inequality follows from Lemma 4.3(1).
Thus
A =02 = A1 +03) + ol +03) = yu—|?,

or, equivalently
lu_||?> <y Yoz + Ao3) + ay™'(1 + 03).

The right-hand side is bounded by Cy xy '8 (0 +¢/p) + Cay~!. This and (7.5)
yield the first assertion of the lemma.

2. The proof of the second assertion is similar, with the roles of M and X
interchanged. U



A graph discretization of the Laplace—Beltrami operator 707

Theorem 3. I Let A = A (M) and let fi be a corresponding unit-norm eigen-
function of —Apg. Then for every y € (0, 1),

IPfie =Pyt PLell? < Corery (o + 8/p)'/?

provided that p + ¢/p < CJ\_mlk.

2. Let A = Ai(T") and let uy be a corresponding unit-norm eigenfunction of
—Ar. Then for every y € (0, 1),

1Tuk = Poyaspm Tuill?s < Coexy (o +¢/p)"/?

provided that p + ¢/p < CJ\_mlk.

Proof. Pluga = B = (p + ¢/p)"/?y into Lemma 7.4. Since the interval (A +
a, A + B) is empty, the assumption about eigenvalues is satisfied automatically.
The desired estimates follows from Lemma 7.4 and the relations o < y, ay ™!
(p+e/p)/?and B~ =y~ (p+¢/p)""/2 O

The next theorem provides somewhat sharper estimates (which are however
not uniform over M) in terms of spectral gaps.

Theorem 4. Let A be an eigenvalue of — Ay of multiplicity m, more precisely,
Ae—1 <Ak = A = Appm—1 < Aktm.

where Aj = A;(M). Let §; = min{l, Ax — Ak—1.Ak+m — Ak+m—1) and assume

thatp+e/p < Cj;[fk&. Letug, ..., up1m—1 be orthonormal eigenvectors of —Ar
corresponding to eigenvalues A (1), ..., Ag+m—1(T).
Then there exist orthonormal eigenfunctions gg, ..., &k+m—1 Of —Am corre-

sponding to the eigenvalue A and such that

luj — Pgjl* < Cre 83 (0 +¢/p) (7.6)
and

lgi = Tujl7> < Caik8i(p + &/p) (7.7)
forallj =k,....k+m—1.
Proof. By Theorem 1, the constant Cy¢ x in the bound for p + ¢/p can be chosen
sothat [A;(I')—A;(M)| < %81 forall j <k +m.Forevery j =k,....k+m—1,

apply the second part of Lemma 7.4 with j in place of k, A’ = A;(I") in place of
A, =2\ —Aland B = y = 18,. We have

A= <AMN—y<d<AM+a<A+B<A+6;,
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therefore the assumptions of Lemma 7.4 are satisfied and
Hpr—yv+a)(M) = Hy (M) = span{ fic, ..., fie4m—1}-
Thus Lemma 7.4 yields that
1Tuj —gjll72 < CIA = A18, " + Cae k8, % (0 + /p) < Cove8, > (0 +¢/p) (7.8)

where g; = P/ u;. Here the second inequality follows from the fact that |1’ —A|
< Cyx(p + ¢/p) by Theorem 1.
By Lemma 6.2(1), I is almost isometric (up to an error term Cy xp) on the

linear span of ug, ..., ug4,—1. This and equation (7.8) imply that the functions
8ks---» &k+m—1 are almost orthonormal up to CM,kSsz(p +e¢/p). Let {g; };‘:Z’_l

be the Gram—Schmidt orthogonalization of {g; }f:,i”_l, then

lgj — &jll2 < CM,kS;Z(,O +&/p).

This and (7.8) imply (7.7). Now (7.6) follows from (7.7) and Lemma 6.4. ]

Note that the functions gg, . . ., gk+m—1 constructed in Theorem 4 depend on I"
in rather unpredictable way. The theorem only implies that the subspace gener-
ated by Tug, ..., Iug4m,—1 convergesto Hyy(M) as p +¢/p — 0. A fixed basis
Jis s fem—1 of Hyyy (M) is approximated by vectors Tuy, ..., Tugyp,—; trans-
formed by an m x m orthogonal matrix.

In the case of multiplicity m = 1, the eigenfunction gy is unique (up to a sign)
and therefore Theorem 4 implies Theorem 2.

8. Volume approximation

This section supplements the main results of the paper. Here we consider various
aspects of volume approximation in the sense Definition 1.1.

Lemma 8.1 (Marriage lemma for measures). Let X C M be a finite set. A mea-
sure i on X is an ge-approximation for vol (in the sense of Definition 1.1) if and
only if vol(M') = u(X) and for every Y C X one has u(Y) < vol(Ug(Y)). By U,
we denote the s-neighborhood of a set.

Proof. 'The proof is similar to that of Hall’s Lemma for bipartite graphs. The “only
if” implication trivially follows from the definition.
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We prove the “if”” part by induction in N = | X|. To carry on the induction,
we are proving a more general assertion where M is not necessarily a manifold
but a metric measure space where the volume of a ball is positive and depends
continuously on its radius. (In particular, this implies that every sphere has zero
measure.) Note that the requirement of Definition 1.1 that X is an e-net follows
from the assumption u(Y) < vol(U,(Y)) applied to ¥ = X and the fact that
vol(M) = u(X).

Let X = {x;})¥.,. The case N = 1 is trivial. Suppose that N > 1 and the
assertion holds for every metric measure space M’ (with the above property) and
every subset X’ C M’ of cardinality less than N. We construct a family {V; (t)}f\’= 1
t € [0, T], of coverings of M by measurable sets V;(¢) such that

(1) Vi(0) = Be(xi), and V;(1) C Bg(x;) for all ¢;
(2) the sets V;(T) are disjoint;

(3) Foranyset I C {I,..., N}, the volume of the set | J;; Vi(¢) depends con-
tinuously on z.

Informally, to construct this family, we continuously remove from each V; some
pieces of V;, j > i. Formally, we set T = N and sequentially define the family
fort €[0,1],¢# € [1,2],...,7 € [N — 1, N], in such a way that only V;(¢) changes
on the interval [i — 1, {]. Assuming that the family is already defined fort =i —1,
we set
Vi(i —1") =V U Bey(x;)

for all // € [0, 1], where V? is the set of points in the set V;(i — 1) that do not
belong to any of the sets V; (i — 1), j #i.

If vol(V;(T)) = p; for all i, then the sets V; = V;(T') satisfy Definition 1.1.
Otherwise consider a maximal interval [0, #¢] such that

vol (|, Vi) =Y, i (8.1)

for every set I C {1,...,N}. By continuity, such a #( exists and the inequal-
ity (8.1) turns into equality for t = #9 and some set I = Iy € {1,..., N}. (Note
that (8.1) is always satisfied for I = {1,..., N} since the sets V;(¢) cover M for
every t.)

Let M’ = {J;¢y, Vi(to) and M” = M \ M'. We apply the induction hypothesis
to the spaces M’ and M” with respective sets X’ = {x;}ier, and X" = {x; }i¢1,.
equipped with the restrictions of vol and w. For M’ and X', the assumption that
vol(M' NU(Y)) > u(Y) forall Y C X’ trivially follows from (8.1). For M” and
X", we verify the assumption by contradiction. Suppose that

vol(M” N Ux(Y)) < u(Y)
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forsome Y C X”. LetY = {x;}ies where J C {l,..., N} \ Io. Consider the set
I = J U Iy. For this set we have

vol (|, Vi(to)) < vol(M") + vol(M" 0 Ug(¥)) < vol(M") + u(Y).

By the choice of ¢y and /¢, we have

vol(M) = vol (| J,_, Vitw) = 3",

and u(Y) = ) ;s pi by definition. Thus

/ —_— .
V01<Uiel Vi(to)) <vol(M') 4+ u(Y) = Ziel i s
contrary to (8.1). This contradiction proves that M” and X" satisfy the induction
hypothesis. Thus X’ and X” (equipped with the restrictions of 1) e-approximate
M’ and M" (equipped with the restriction of vol). Hence (X, ) e-approximates

(M, vol). O

Recall that the Prokhorov distance [16] 7 (i, v) between two finite Borel mea-
sures i and v on M is the infimum of all » > 0 such that

pn(4) =v(Ur(4) +r and v(4) < u(Ur(4) +r

for every measurable set A C M. It is well-known that weak convergence of
measures is equivalent to convergence with respect to the Prokhorov distance.
Let us introduce a similar distance 7o (u, v), which makes sense only if u(M) =
v(M). It is defined as follows: o (u, v) is the infimum of all » > 0 such that

w(A) =v(Ur(A4)) and v(4) = u(Ur(4))

for every measurable set A C M. Clearly w(u, v) < mo(u, v).

Unlike Prokhorov distance, 7y is hardly useful for general metric measure
spaces. However, in our situation M is a Riemannian manifold and one the mea-
sures is its Riemannian volume vol. In this case it is more convenient to work
with 7o and it defines the same notion of convergence to vol. Indeed, the follow-
ing lemma holds.

Lemma 8.2. Let u be a Borel measure on M such that (M) = vol(M). Then

7 (p, vol) < o, vol) < Cagr (e, vol) /™.
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Proof. As already mentioned, the first inequality trivially follows from the defi-
nitions. To prove the second one, let » > 0 be such that 7 (u, vol) < r. We are to
prove that, for a suitable r; = Cor/" > r and every measurable A C M, one has
vol(Uy, (4)) = n(A) and u(Uy, (A)) > vol(A). If Uy, (A) = M, these inequalities
follow from the assumption that (M) = vol(M). Suppose that U,, (A) # M and
choose a point p € M \ U, (A). Let g be a point nearest to p in the closure of A.
Connect p to ¢ by a minimizing geodesic and let p; be a point on this geodesic
such that | p1g| = (r1 + r)/2. The triangle inequality easily implies that the ball
B,,(p1) of radius r, = (ry—r)/2is contained in the set U,, (A) \ U, (A). Therefore

vol(Uy, (A)) = vol(U;(A4)) + vol(Br, (p1)).

Since r > w(u, vol), we have vol(U,(A4)) > wu(A) — r. Assuming that r is suffi-
ciently small, we have vol(B,,(p1)) ~ v,ry > r since ry > Cyer'/. Therefore
vol(Uy, (A)) > u(A). To prove that (U, (4)) > vol(A), apply the same argument
to the set M \ Uy, (A) in place of A. This yields that

(M \ Uy, (4)) < vol(Ur; (M \ Uy, (A))) < vol(M \ A),

where the second inequality follows from the fact that U,, (M \ U, (4)) C M \ A.
Since (M) = vol(M), this implies that (U, (4)) > vol(A4). Hence mo (., vol) <
r1 and the lemma follows. U

Proposition 8.3. Let X C M be a finite set and | a measure supported on
X with u(M) = vol(M). Then (X, u) e-approximates (M, vol) if and only if
mwo(u, vol) < e.

Remark 8.4. This proposition together with Lemma 8.2 implies that if (X, p)
g-approximates (M, vol) then w(u, vol) < ¢ and, conversely, if 7 (u, vol) < ce”
(where ¢ = ¢(M)) then (X, u) e-approximates (M, vol).

Proof of Proposition 8.3. Firstassume that o (e, vol) < ¢. Then, by the definition
of 7y, we have vol(Ug(Y)) > p(Y) for every ¥ C X. (Here we use the fact that
the boundary of U,(Y) has zero volume.) This and Lemma 8.1 imply that (X, p)
g-approximates (M, vol).

Now assume that (X, i) e-approximates (M, vol) and let A C M be a measur-
able set. It suffices to prove that

vol(Ug(A4)) = n(A) (8.2)
and
w(Ue(A)) > vol(A). (8.3)
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To prove (8.2), observe that
vol(Ug(4)) = vol(Ug (AN X)) = (AN X) = p(A4)

where the second inequality follows from Lemma 8.1. To prove (8.3), consider the
setY = X N U,(A). By Lemma 8.1 we have

(X \Y) < vol(Ue(X \ Y)) < vol(M \ A)

where the second inequality follows from the fact that U,(X \ Y) C M \ A. Since
w(X) = vol(M), this implies that (YY) > vol(A) and (8.3) follows. O

Computing the weights. We conclude this section by discussing how weights u;
can be computed, for a given an e-net X = {x;} C M. There are several natural
ways to associate a partition {V;} as in Definition 1.1 to the e-net. One is to let {V;}
be the Voronoi decomposition of M determined by X. Another possibility is to
define V; = B:(x;) \ U i <i Be(xj). However actual computation of the weights
wi = vol(V;) is these constructions may be complicated.

A more practical approach could be the following. First split M into small
subsets (of diameter at most ¢’ < ¢) whose volumes are easy to compute. To each
of these subsets, associate one of the nearby points from X. Then the weight u;
can be defined as the sum of volumes of the subsets associated to the point x;.
These weights define an (¢ + ¢’)-approximation of volume.

For example, let M C R” be a bounded region (rather than a closed manifold).
Then M (except a small neighborhood of the boundary) can be divided into small
coordinate cubes. To each cube one could associate the point of X nearest to the
cube’s center. The resulting weights are roughly equal to the volumes of Voronoi
regions but are easier to compute.

Remark 8.5. It is an interesting problem how to derive the weights from the
distance matrix of X without referring to the manifold M. Ideally, one wants a
nice, symmetric formula for p; in terms of the distance matrix. We were not able
to come up with such a formula. However there is a straightforward algorithm
based on the property that a Riemannian metric is locally almost Euclidean.
Letr € (Ce, p), Kr? <« 1. Then r-balls in M are bi-Lipschitz close to the
r-ball in R”. Moreover for each point x; € M one can construct a bi-Lipschitz
almost isometry ¢: B,(x;) — R” from distance functions of points x; € B, (x;).
For example, a function of the form x ~— d(x, x;)? — d(x, x;)? is close to a lin-
ear one in geodesic normal coordinates centered at x;. Using such functions as
coordinates and post-composing with a suitable linear transformation of R” one
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gets a desired almost isometric map ¢. The image ¢(X N B, (X)) C R” is easy to
compute, and then the problem essentially reduces to computation of volumes of
Voronoi regions (or differences of balls) in R”.
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