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Point spectrum for quasi-periodic long range operators

Jiangong You,! Shiwen Zhang,? and Qi Zhou3

Abstract. We generalize Gordon type argument to quasi-periodic operators with finite
range interaction and prove that these operators have no point spectrum when the rational
approximation rate of the base frequency is relatively large. We also show that, for any
irrational frequency, there are operators with infinite range interaction possessing point
spectrum. This is a new phenomenon which can not happen in the finite range interaction

case.
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1. Introduction
We consider quasi-periodic operators Ly,g o acting on [?(Z) :

(Lv,g.at)n = Z Viun—k +2cos2m(¢p + no)up, €))
keZ

where ¢ € R\Q, ¢ € T, V, are Fourier coeflicients of a real analytic function
V e C%(T, R) so that

V)= > Ve DeNU{oo}, 6 €T. 2)
k<D
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If D < ooand Vp # 0, then we call Ly 4 o quasi-periodic operators with finite
range interactions. If D = oo and Vi # O for infinitely many values of k, we
call Ly ¢, quasi-periodic operators with infinite range interactions or long range
operators.

If D = 1and V(0) = 247 cos 270, then Ly 4.« is the well-known almost
Mathieu operator (AMO):

(HppaU)n = Upt1 + Up—1 + 24 €08 27 (¢ + na)u,, A > 0. 3)

The operator Ly 4 o can also been viewed as the Aubry dual [1](Fourier type trans-
formation) of classical quasi-periodic Schrodinger operator on [%(Z) :

(HV,G,(xu)n = Up+1 + Up—1 + V(@ + na)un, 4

where V(0) is defined by (2). Quasi-periodic Schrédinger operators have strong
background in physics, and have been extensively studied in recent years. The
operator Ly 4 o is of special interest and importance, since by Aubry duality, lots
of spectral information of Hy g, can be obtained by studying Ly 4 . Readers can
consult [6, 10] for more relationship between these two operators.

In this paper, we discuss the absence and presence of point spectrum of the op-
erators Ly ¢ o With respect to parameters (D, o). We first discuss the absence of
the point spectrum. We know that Gordon type argument [9] is one of the most ef-
ficient ways to deal with this problem. Loosely speaking, if « is well approximated
by rational numbers, then the Schrédinger operator doesn’t have point spectrum.
The approximation can be measured by the number

Ing,
B(a) := lim sup —47+1 5)

n—-oo n

where S_Z denotes the n—th convergent of «. Apply Gordon’s lemma to AMO,
it can be shown that if B(a) = oo, then Hj 4, has no point spectrum for any
A, ¢ [7]. The result remains true for all quasi-periodic Schrodinger operators with
analytic potentials. This shows that one can not find point spectrum in Schrodinger
operators for some irrational frequencies. Combined with some finer estimate and
explicit formula of the Lyapunov exponent of AMO, Gordon type argument can
actually show that if 1 < A < e#/2, then H 1,6, has no point spectrum for any
¢. This is not optimal, it was conjectured by Jitomirskaya in [13] (see also in [14])
that the optimal condition for H) 4 , having purely singular continuous spectrum
is1 <A <eb.
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Next we investigate what happens when we generalize AMO to the operators
Ly 4 . Our first question will be:

Question 1. Whether or not the operators Ly,g o has no point spectrum if the
frequency is sufficiently Liouville?

We shall see below that the answer depends on D. If D is finite, then with the
help of Gordon type argument, we have the following result similar to AMO:

Theorem 1.1. Suppose that o € R\Q, D < oo, denote

Vie= D" IVl

|k|<D
I
B(a) > 2D In ”V”l, (6)
Vbl
then for
1 B
A< Z(|VD|32D =2[Vll), (7

L;~1y,¢ .o has no point spectrum for any ¢ € T.

Theorem 1.1 shows that the operators with finite range interaction has no point
spectrum when the frequency is very Liouville. But Theorem 1.1 is not applicable
to exclude the point spectrum for operators with infinite range interaction even if
B(a) = oo.

If « is not very Liouville, the operators with infinite range interaction may have
point spectrum. For any 1 < D < oo, Bourgain and Jitomirskaya [8] proved that if
« is Diophantine, and A is large enough, then L, -1y, 4 , has Anderson localization
(pure point spectrum with exponentially decay eigenfunctions) for a.e. ¢. This
result was later generalized by Avila-Jitomirskaya [6], who proved that if f(«) <
00, A > Ao(B,V), then L1y, , has Anderson localization for a.e. ¢. Avila and
Jitomirskaya in [5] proved that AMO has Anderson localization for a.e. ¢ when
A > ¢'%8/9 This is not optimal, Jitomirskaya [13] conjectured that H} 4 , exhibit
Anderson localization for a.e. ¢ provided A > ef.

Unfortunately, the above results on Anderson localization does not tell us any
information if B(«) = co. Therefore, one naturally asks the following question:

Question 2. If B = oo and D = oo, could Ly g o still possesses some point
spectrum?
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We will give a positive answer to this question. Denote

CP(T,R):={V eCT,R) | |Vl]n:= sup |[V(z)| < oo},
|Jz|<h

and
Bp(e) :={V e C(T,R) | |[Vn < &},

then our precise results are as follows.

Theorem 1.2. Let @ € R\Q, & > 0, then we have the following.

(a) There exist eg = eo(h), 0 < hy < h and © C T with full Lebesgue measure,
such that for any fixed ¢ € ©, when e < g9, any V € By(e) is accumulated by
Vi € By, (e) such that Ly, ¢ o has point spectrum with exponentially decay
eigenfunctions.

(b) If B(a) = oo, then there is a dense subset Dy € C;?(T, R), such that for any
V € Dy, Ly,¢. has no point spectrum for any ¢ € T.

Remark 1.1. Gordon’s lemma gives a criterion for absence of point spectrum for
all phases, this can be generalized to finite range interaction case, see Theorem 1.1,
however, Theorem 1.2 (a) shows that this may not work when D = oo.
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2. Preliminaries

2.1. Schrodinger cocycles. A quasi-periodic SL(2, R) cocycle (¢, A) € R\Q X
C%(T, SL(2,R)) is defined as

(a,A):TxR2—>’]I‘><R2,
B,v) — (0 + a, A(B) - v).

Note the Schrodinger equation (Hy ¢ qu), = Eu, can be rewritten as

Un+1) _ oV . Up
( " ) = Sg(0 + na) (“n—l)’
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where

Sy = (E B 1V(9) —01) € SL(2,R),

then («, Sg) can be seen as a quasi-periodic SL(2, R) cocycle introduced above,
and we call it Schrodinger cocycle.

2.2. Fibered rotation number. Assume that A(-) € C%(T, SL(2, R)) is further-
more homotopic to the identity (which includes all Schrodinger cocycles and all
cocycles close to constant). In the following, we identity R? with C and denote
by $! be the set of vectors of R? of Euclidian norm 1. Let 7 : R — $! be the
projection 7 (x) = e?**. Then the map

F:Tx8 — T x§!,

AO)v )

o= (6 e g

admits a continuous lift F: T x R — T x R of the form
F0,x) =0 +a,x+ f(0,x))

such that f(6,x + 1) = f(6,x) and n(x + f(0,x)) = A(@)w(x)/||AB@)7(x)].
We say that F is alift for the cocycle (¢, A). f is independent of the choice of the
lift up to the addition of a constant integer. Since 6 +— 6 + « is uniquely ergodic
on T, then for every (6, x) € T x R the limit

rotr (o, A) 1=

‘ 1 n—1 —

im ]; F(F*(8,x)) mod Z,

exists, is independent of (6, x), the chosen lift F, and the convergence is uniform
in (6, x) [11, 15]. We call this limit rot («, A) the fibered rotation number of («, A4).
It is continuous with respect to 4 and takes value in [0, 1/2]. The fibered rotation
number is called Diophantine w.r.t «, if there exist ¢ > 1, y > 0, such that

|2rots (a, A) — ma||r/z > G m e Z.

_r
B
Let

o (cosZm;S —sin2n¢) @)

~ \sin27¢  cos2wg

then for any B € C°(T,SL(2,R)) which is homotopic to § + Ryg for some
k € Z, we say the degree of B is k, and denote deg B = k.
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If there exists B € C%(T, SL(2, R)) with deg B = k, such that
B(0 +a)" 41(0) B(0) = A(0),

then we have

rotr (o, A2) = roty(ar, A1) — ka. )

2.3. Reducibility. We say that a cocycle («, A) is (analytically) reducible, if
there exist analytic

B: T —s PSL(2, R)

and a constant A, € SL(2, R) such that
B(® + ) 'A(0)B(0) = A..

However, since what we are interested in this paper is extremely Liouvillean fre-
quency, reducibility is not a suitable concept [18]. A better concept is rotations re-
ducible, a cocycle («, A) is rotations reducible, if there exist B € C*(T, SL(2,R))
and R € C®(T, SO(2, R)) such that

B(6 + )" A(0) B() = R(H).

Readers can consult [18] and the reference therein for recent progress on reducibil-
ity and rotations reducibility of analytic quasi-periodic SL(2, R) cocycles.

3. Finite range interaction case

In this section, we generalize Gordon type argument to quasi-periodic operators
Lj-1y,4 o With finite range interaction, i.e., V' is a real trigonometric polynomial
as in (2) with D < oo. First we assume that @ € R, and consider the eigenvalue
equations of the corresponding operators:

Z A Wirp—i + 2cos2n(¢p + na)u, = Euy,.
|k|<D

Since V_p # 0, this equation can be rewritten as a skew-product system of or-
der2D:

Xn,0) =A@+ mn—Da, E,0)X(n —1, ),
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where X(n, &) = (Un+D. Un+D—1." Un—D+1)" € C?P,
A(¢, E, @)

V_pi1 E —2cos2m(¢) — A"V Vp_1 Vp
- e e

1 0 0 0

0 1 0 0

- 0 0 0 0 0

0 1 0
0 0 1 0 0
0 0 1 0
(10)

and we also define the products
My(p,E,a) = A+ (n— Do, E,a0)--- A(p + o, E,0)A(p, E, @)

and M_,(¢, E,a) = MY (¢ — na, E, ).

Since the proof of Theorem 1.1 can be seen as direct generalization of original
Gordon’s lemma [9], here we just sketch the proof, similar details can be found
in [17]. We approximate quasi-periodic operator by periodic operators, suppose
that ;’—: is the k—th convergent of «, for any nonzero X(0) € C??, and for each
k € IN, we use the following notations for short:

Ay =A@+ —Da.Ew). AP = A(p+ (- D2 £ 2E) )
qk dk
M, = My($. E.), M® = M, (¢ E. 7). (12)
qk
X(n) = M, X(0), X®m)y = M® x(0), (13)

then using Cayley-Hamilton Theorem, it is easy to extend Lemma 7.5, 7.6 in [17]
to finite range case which we state as follows without proof:

Lemma 3.1. The following estimate holds:

1
max x® > —|| X(0)]|.
spmax X Ggol) = sHIXO)

Denote the spectrum of L; -1y 4 o by o (A~'V, a), which is independent of ¢
since @ € R\Q. Now if E € o(A~!V, a), we can estimate the approximation error
M, — M| as follows.
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Lemma 3.2. Leta € R\Q, forany k € N, E € o(A™'V, ), the following con-
clusion holds:

40 + 2| V|1 \2DPq
sup sup | M, — MP| < 162D% . T ( +2| ||1) k
Inl<2Dgx $<T dkt1’ Vbl

Proof. Since A(¢, E, «) takes the form as in (10), we have for any k € IN,

8wAD
sup sup||4; — Al(k)|| < —

. (14)
li|<2Dgy ¢€T VDI qr+1

Meanwhile, since E € o(A~!V, @), then |E| < 2 + A7!||V||1, as a consequence,

we have
41 4+ 2|V 11

A, E, )| < ,
4. Bl = =,

(15)

for any ¢ € T.

Therefore, when 0 < n < 2Dgy, notice that by the telescoping argument, we
have

n
1My = MO = |3 Ay Apa (4 = AR AR, - 4|
i=1

it is easy to show the desired result according to (14) and (15). The above proof
holds true for —2Dg; < n < 0. O

Proof of Theorem 1.1. Take

4r 42|V
F2AVIy

=8—-2D1
e=p—20In(=}

(16)
If g is sufficiently large and Ingg4+1 > (B — 5)qx, then for any ¢ € T, E €
o(A7'V,a) and |n| < 2Dgy, we have

1 1
My = M| < 167D%gi exp | = Sane) < 15

By Lemma 3.1, we know there exists 0 < |i| < 2D, i € Z, such that || X(iqr)|| >
IX® Gg)ll — [ Mig, — MIPI11X(0)| = 751X (0)], then the absence of point
spectrum for L -1y, o, follows immediately.

Clearly, (16) gives the estimate

41+ 2|V

>2DIn
P Vol

’

which immediately implies (6) and (7). O
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4. Long range case

4.1. Proof of Theorem 1.2 (a). According to Aubry duality [1], the dual model
of the eigenvalue equation of the long range operator (1) Ly,4 qu = Eu is the
eigenvalue equation of the Schrodinger operator: Hy g ou = Eu, which is related
to Schrodinger cocycle (e, S}Zf). The spectrum of Hy g o is independent of the
phase 0 since ¢ € R\Q and we denote it as Xy,. The basic observation is that
if the Schrodinger cocycle («, Sg) is reducible for some E € Xy 4, then the long
range operator Ly ¢ o has point spectrum for some ¢ [6, 16].

First, we need the following rotations reducible result which will be the basis
of our proof. The positive measure results are obtained in [4, 12], and the full
measure rotations reducible results are proved in [2, 18].

Theorem 4.1. [2, 18] Letr« € R\Q, h > 0, 4 € C’(T, SL(2,R)), and R €
SL(2, R)) be some constant matrix, there exist ¢ = e(h, R) suchthatif || A—R||; <
& and the fibered rotation number roty (a, A) is Diophantine with respect to o, then
there exist 0 < hy < h, B € C}’ (T,SL(2,R)) and ¢ € C}? (T, R) such that

B(0 4+ a) ' A(0)B(0) = Ry)- (17)
For ¢ € R\Q and any given t > 1,y > 0, define

0y = €| 120 - malwyz 2 ol m € 2,

_r

|+ DF
then ® = Uy>0 ©®, is of full Lebesgue measure. And for 4 > 0, V' € By(1),
Uves,)Zv,e € [-3,3]. Forany E € [-3,3], let R = (¥ 7!), according to
Theorem 4.1, there is ¢ = ¢(h, E) such that if |4 — R||, < ¢ and roty(a, A) is
Diophantine with respect to «, then (17) holds. In fact, in the proof of Theorem 4.1
(see also Remark 1.2 of [12]), we know ¢ = ¢(h, E) depends on R only when R is
parabolic, i.e., E = %2, therefore, we can actually take ¢g = e¢(h) for which (17)
holds, then we have the following proposition.

Proposition 4.1. For any ¢ € © and V € By(gg), there exists E € Ty, 0 <
h« < h and a sequence of Vi € Cp’ (T, R) with |Vk — V||n,, — 0, such that

(a, S;;/k) is reduced to (o, Ry).
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Proof of Proposition 4.1. Fix ¢ € ©. For any V' € Bj(go), there exists £ € Ty,
such that rots (o, Sp) — ¢ € aZ P Z, i.e., there is | € Z such that roty (o, Sy) =
¢ — la mod Z, then roty (c, S}E/) is also Diophantine with respect to «. By Theo-
rem 4.1, there is 0 < i, < h, B € C}? (T, SL(2,R)) and ¢ € C}’ (T, R) such that
B(0 + a)"'SE(0)B(0) = Ry(p). Furthermore, by (9), we have

[p] = ¢ — (deg B + Do

Next we are going to show that although («, Sg) is not necessary reducible,
it is accumulated by reducible cocycles. To see this, we only need to consider
the truncated systems (c, Rr;qk(p(g)), where Ty, ¢(0) = Z|m|5qk @(m)e?™im? The
following equation

Vi (0 + o) — Y (6) = Tg, (0) — [¢]
always has a solution ¥ € Cp° (T, R) since Ty, ¢(6) are polynomials, therefore

—1
Ry (0+0)RTq, 00) Ryy6) = Ripl,

which means (&, Ry, o(9)) are reducible. As a consequence, let
Ti(6) = B(0 + @) Ry, 46)B~' (6),
the cocycles (o, Ty ) are also reducible. Furthermore, if we denote

quk(p(Q)z Z @(m)e2m'm0’

|m|>qy
then when k — oo, we have
ISE = Telln, = B0 + a)(Ry(o) — Ry, 0©) B~ ().
< IBl3, 1Rg; #()lp, — 0.

To this stage, we need the following observation, which states that any non-
Schrodinger perturbation of Schrodinger cocycle can be converted to a Schrodinger
cocycle. The proof can be found in [3].

Theorem 4.2. Let V € C;°(T,R) be non-identically zero. There exists ¢ > 0,
such that if A € C;?(T,SL(2, R)) satisfies || A — Sg”h < g, then there exist V €
CP(T,R), and B € C?(T,SL(2, R)), such that

B +a) ' A0)B(©) = SL(0).

with |V = V|, < e.
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When £k is large enough, by Theorem 4.2, there exist Ek € C}i‘; (T, SL(2, R)),
Vi € Cy (T, R) with |V = V||, — 0, such that
Be(® + )" T (0) B (6) = S (6).
let B (0) = Br(9)"' B(0) Ry, (6), then
B0 + )" (0)Bi(6) = Ry
since [p] = ¢ — (deg B + ), let Bi(9) = By (0) R_(deg B+1)0- then we have
Bi(0 + )" STk (0)B(8) = Ry, (18)

which means («, Sg") is reduced to (o, Ryp). ]

When we have Proposition 4.1, it is well known that for such ¢, E and I7k, Eis
an eigenvalue of Ly , , with exponentially decay eigenfunction (consult [6, 16]
for example), for the sake of self-completeness, we sketch the proof.

Just complexify the system, rewrite (18) as

B ~ 62m'¢ 0
Bi(0 + a) lS}E/k(Q)Bk(Q) = ( 0 e—zmq))’

and write

. 1(0) z1200) \.
Bk(e)_<221(9) 222(9))’

then we have

(E = Vi(0)z11(8) = z11(8 — )e ™7 4 211(0 + a)e*™2. (19)
Look at the Fourier transformation of (19), we have

> Vim)zii(n —m) + 2cos27(p + ne)2i1(n) = EZ11(n),

mez,

ie., L17k ® »211 = EZ11, moreover, the eigenfunction {Z11(n) },ez is exponentially
decay since z1; € C}j‘; (T, C).

4.2. Proof of Theorem 1.2 (b). According to Theorem 1.1, if (o) = oo, then
for any finite degree trigonometric polynomials V, the finite range operator Ly ¢
has no point spectrum for any ¢. Since trigonometric polynomials are dense in
Cy (T, R), we conclude that if 8 = oo, then there is a dense setof V' € C;*(T, R),
such that the operator Ly 4  has no point spectrum for any ¢ € T.
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