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Eigenvalue estimates for the resolvent of a non-normal matrix

Oleg Szehr!

Abstract. We investigate the relation between the spectrum of a non-normal matrix and
the norm of its resolvent. We provide spectral estimates for the resolvent of matrices whose
largest singular value is bounded by 1 (so-called Hilbert space contractions) and for power-
bounded matrices. In the first case our estimate is optimal and we present explicit matrices
that achieve equality in the bound. This result recovers and generalizes previous estimates
obtained by E.B. Davies and B. Simon in the study of orthogonal polynomials on the unit
circle. In case of power-bounded matrices we achieve the strongest estimate so far. Our
result unifies previous approaches, where the resolvent was estimated in certain restricted
regions of the complex plane. To achieve our estimates we relate the problem of bounding
the norm of a function of a matrix to a Nevanlinna—Pick interpolation problem in a corre-
sponding function space. In case of Hilbert space contractions this problem is connected to
the theory of compressed shift operators to which we contribute by providing explicit ma-
trix representations for such operators. Finally, we apply our results to study the sensitivity
of the stationary states of a classical or quantum Markov chain with respect to perturbations
of the transition matrix.
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1. Introduction

The contribution of this article is to provide new estimates on the norm of the
resolvent of a matrix A and to prove their optimality under certain conditions. We
derive bounds of the form

¢ — A7 < (L, n,0(A)), (1)

where @ is a function of { € C, the dimension n and the spectrum o (A4) of A. In
the first part of the article, (cf. Section 3) we assume that the largest singular value
(the spectral norm) of A is bounded by 1 i.e. || A||,, < 1. Note that this can always
be achieved by a suitable normalization. Under this assumption we obtain optimal
bounds for { € C—o(A) and present explicit matrices that establish equality in (1).
Thus we identify the relation between the localization of the spectrum of A and
the norm of its resolvent. In the second part (cf. Section 4) we study (1) under the
assumption that each power of A can be bounded with respect to any given norm
by the same constant, sup;., | A¥|| < C. In this case we derive the strongest
estimates so far. -

The problem of finding good functions ® was studied extensively in the litera-
ture before [6, 29, 17, 5]. Our approach is based on the theory of certain (Hilbert/
Banach) function spaces. We associate to a given class of matrices I" a certain
Banach algebra A of functions and instead of working with matrices directly we
estimate the norm of a representative function in the function algebra. A key role
is played by inequalities of the type

1A =Clflla- 2

which relate for a given A € I'" the norm || f(A)]|| to the norm of f in A. At first
glance this appears to be of little use since the right hand side no longer depends
on A. However, it is possible to exploit spectral properties of A to significantly
strengthen the inequality in (2). Let m4 be the minimal polynomial of A. For any
/. g € A we have then that ||(f + mag)(A)||4 = || f(A4)| 4 and an application
of (2) reveals that for all g € A we have | f(A)|| < C || f + mag]|| 4. This relates
the problem of bounding || f(A)|| to the problem of finding the least norm function
f +mgag in A, which is equivalent to a Nevanlinna—Pick interpolation problem in
A; see [17]. If || 4]l < 1 the resulting interpolation problem can be solved using
an operator theoretic approach pioneered by D. Sarason [22, 1]. This approach
is intrinsically connected to the theory of compressed shift operators on Hardy
space. We contribute to this theory by providing a framework that allows us to
compute explicit matrix representations for functions of model operators. In case
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that A is power-bounded we choose a rational approximation function in A and
bound its norm to achieve our result.

Bounds on the norm of a resolvent occur in various situations in pure and
applied mathematics. For example in operator theory, when constructing a func-
tional calculus [17],

fr 100 = 5 [ e - 07
v

in the theory of orthogonal polynomials, when studying the location of zeros of
random orthogonal polynomials on the unit circle [6]. In computational linear
algebra the following are classical problems that can be approached through ap-
propriate estimates for ||(¢ — A)7!.
(1) To analyze the stability of solutions x of the matrix equation Ax — {x = b
under perturbations in b and A, see [5].
(2) To study whether an approximate eigenvalue ¢ of A (in the sense that, for
some vector x # 0, |Ax — x| < g|x]||) is close to an actual eigenvalue of
A, see [28, 19, 5].
(3) To estimate the distance of the spectrum of a matrix B to the spectrum of a
matrix A in terms of B — A, see [21, 19, 2].

Our resolvent bounds are stronger than the ones used for example in [21] to obtain
estimates on the spectral variation of non-normal matrices. In Section 5 we ap-
ply our estimate for power-bounded matrices to study the sensitivity of stationary
states of a classical or quantum Markov chain under perturbations of the transi-
tion matrix. We recover known stability results for classical Markov chains and
prove new estimates in the quantum case. A similar approach, based on the power-
boundedness of the transition matrix, was previously applied in [26] to investigate
spectral convergence properties of classical and quantum Markov chains.

Acknowledgements. The author is thankful to Michael M. Wolf for creating con-
ditions that made this work possible and to Alexander Miiller-Hermes for proof-
reading the manuscript and for pointing out the simpler proof for Lemma 3.7.
The author is equally thankful to E. B. Davies for valuable comments on a previ-
ous version of the manuscript.

2. Preliminaries

We will take a function space based approach to the problem of bounding the norm
of the resolvent of a certain matrix. This section lays down the required definitions
and basic results.
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2.1. Notation. We denote by M, the set of n x n matrices with complex entries.
For A € M,, we denote by o(A) its spectrum and by m its minimal polynomial.
We write |m| for the degree of m. To the minimal polynomial m we associate the
Blaschke product

Z—)L,'
B(Z) ‘=H1—ii2'
i

The product is taken over all i such that (respecting multiplicities) the correspond-
ing linear factor z — A; occurs in the minimal polynomial m. Thus, the numerator
of B as defined here is exactly the associated minimal polynomial.

We denote by ||A|| any particular norm of A while the co-norm is defined by

[Alloo = sup [l Av],,

lvll2=1

where ||v||§ = Y, |vi|? is the usual Euclidean norm. That means || A| ., simply
denotes the largest singular value of A. We will slightly abuse nomenclature and
call matrices with

[Alloo =1

Hilbert space contractions, although of course the underlying space always has
finite dimension. Similarly, the class of A € M,, with

sup |A¥|| < € < o0
k>0

will be called Banach space power-bounded operators with respect to ||-|| and con-
stant C. (Note that here the norm is general.)

Let D = {z € C | |z| < 1} denote the open unit disk in the complex plane
and D its closure. The space of analytic functions on I is denoted by Hol(DD). The
Hardy spaces considered here are

2w

1 .
H,y = {feHol(lD)lllfllfqz = sup o If(re’¢>lzd¢<°°}’
o<r<1 <7 Jo

and

Heo == {f € HOID)| | f 1, = 5up |/ (2)] < oo}
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The H,-norm can be written in terms of the Taylor coefficients of the analytic
function f. We write f(z) = ) ;o0 f (k)z¥ and use Plancherel’s identity to
conclude that

1 2w ) R
sup — /0 e Pdp = 3 1 f ().

2
0<r<l1 £7 k=0

Thus, f € Hol(D) is in H» if and only if )", . | £ (k)|? < co. The Wiener algebra
is defined as the subset of Hol(D) of absolutely convergent Taylor series,

W= {f = S FRF 1S = Y1 )] < oo}.

k>0 k>0

2.2. Model spaces and operators. Let A € M, with 6(A) C D and let B be
the Blaschke product associated to the minimal polynomial of A. We define the
|m|-dimensional model space

Kg:= H» © BH, := H, N (BHy)",

where we employ the usual scalar product from the Hilbert space L?(3D),

— |dz]
(F1e)= [ @ 5.
D 74
If the zeros {A;};—1,...,;m| of B are distinct (that is A can be diagonalized) it is
not difficult to verify that Kp is spanned by the Cauchy kernels

1
Kp = span{ = } .
1—=Aiz )iz, m|

.....

Thus Kp is a space of rational functions f of the form

p(z)
f(Z) -,
[A—-2;z2)
where p(z) is a polynomial of degree at most |m| — 1. If the zeros of B are not
distinct the above remains valid but the Cauchy kernels have to be replaced by

Zk—l

(_doe [Sk=k

where k; denotes the multiplicity of A;. In our consecutive proofs, however, we
omit this case and assume that A4 is diagonalizable. This does not result in any dif-
ficulties since upper bounds obtained in the special case extend by continuity to
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bounds for non-diagonalizable matrices. The assumption that A can be diagonal-
ized is not principal; virtually all computations in the manuscript can be carried
out in the more general case. We rely on continuity only for notational conve-
nience.

One natural orthonormal basis {ey }r=1
basis with ([16], page 117)

im| for Kp is the Malmquist—Walsh

.....

(1 — P2 2=
l—ikZ i=1 l—iiZ’

ex(z) =

where, as it will remain throughout the manuscript, the empty product is defined
tobe li.e.

(1= 2,12

e1(z) =
1(2) .-

The model operator Mp acts on Kpg as

MB: KB —> KB,
f— Mp(f) = Pp(zf).

where Pp denotes the orthogonal projection on Kp. In other words, Mp is the
compression of the multiplication operation by z to the model space Kp (see [16]
for a detailed discussion of model operators and spaces). As multiplication by z
has operator norm 1 it is clear that Mp is a Hilbert space contraction. Moreover,
it is not hard to show that the eigenvalues of Mp are exactly the zeros of the
corresponding Blaschke product (see [18], page 228 and Proposition 3.5 in the
article at hand).

2.3. Spectral bounds on the norm of a function of a matrix. This subsection
contains a brief outline of methods to obtain spectral bounds on a function of a
matrix. For a more detailed account see [17, 16, 18] and the references therein.
Suppose that f is holomorphic on a domain containing all eigenvalues of A and
let y be a smooth curve in this domain that encloses the eigenvalues. The matrix
f(A) is defined by the Dunford—Taylor integral [9]

- _ 4yt
1 =5 [ roe-arta

It is easily seen that if f(z) = Zi:o arz* is a polynomial then f(4) =
Zi:o ar A and that the correspondence f + f(T) is an algebra homomor-
phism from the algebra of holomorphic functions (on the given domain) to M,
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ie (f +g)(T) = f(T)+g(T)and (fg)(T) = f(T)g(T) (see [9], Chapter 1.6).
A unital Banach algebra A with elements in Hol(ID) will be called a function al-
gebra if

(i) A contains all polynomials and lim ;. || 2" ||;l/" = 1 and

(i) (f € A, A €D, f(A) = 0) implies that =L € A.

Following the conventions of [17] we say that a set of matrices I" obeys an A
functional calculus with constant C if

AN = Clflla

holds for any A € I' and f € A. Here | f| 4 denotes the norm of f in A.
Clearly, this is only possible if all eigenvalues of A are contained in D. For us, two
instances of such inequalities will be important. In the first example we consider
Hilbert space contractions, while the second one treats power-bounded Banach
space operators.

i) The family of Hilbert space contractions I' = {4 € M, | || 4]l < 1} 1is
related to an Hs, functional calculus, since by von Neumann’s inequality [14, 5]
we have for any f in the disk algebra Hs, N C(D) (the set of bounded holomorphic
functions on D that admit a continuous extension to the boundary) and A € I" with
o(4)cD

1 (Dlloo = 1f |1 -

ii) Consider a family I' = {4 € M,| |A*| < C Vk € IN} of Banach space
operators that are power bounded by some constant C < oo. This family admits a
Wiener algebra functional calculus since, for any f € W and A € T,

£l =3 Fwak]| < 17 wl14%

k>0 k>0
<CY If®I=Clfllw
k>0

holds.

At first glance, the inequalities of i) and ii) seem to be of little use when it
comes to finding spectral bounds on || f(A4)|| since the obtained upper bounds do
not depend on A anymore. To obtain better estimates one can rely on the following
insight. Instead of considering the function f directly, we add multiples of m (or
any other annihilating polynomial) to this function and consider h = f +mg, g €
A instead of f. It is immediate that || f(X)| = ||2(X)]||. The following simple but
crucial lemma summarizes this point.
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Lemma 2.1 ([17] Lemma 3.1). Let m # 0 be a polynomial and let T be a set
of matrices that obey an A functional calculus with constant C and that satisfy
m(A) =0VAeT. Then

1N = Clfllajma. forallAeT,

where || fl| gyma = inf{l|Alal h = f +mg. g € A}.

Proof. Forany g € A we have that | f(A)|| = ||(f + mg)(A)|| < C || f +mg| 4.
O

If 0(A) C D (and A can be diagonalized) it follows directly from the definition
of the function algebra (see also [17], Section 3.1 (iii) or [30], Section 1.2 P4) that

I layma = inf{llglla | & €A, g(hi) = f(Ai) VAi € 0(A)},

which is a Nevanlinna—Pick type interpolation problem in A. If the eigenvalue A;
carries a multiplicity k; > 1 in m the above remains valid but at A; the first k; — 1
derivatives of f and g must coincide. Since for o(4) C D the Blaschke product
is holomorphic on a set containing D we can define || f| 4 /BA @ in Lemma 2.1
and note ([30], Lemma 3.1) that as before

Ifll.a/pa = infiliglly [ g €A gAi) = f(Ai) YAi € a(A)}.

In the special case A = H it is possible to evaluate || f'[| g /gy, using Sara-
son’s approach to the Nevanlinna—Pick problem [22, 1] or the Commutant lifting
theorem of B. Sz.-Nagy and C. Foias [8, 13, 1].

Lemma 2.2 ([17] Theorem 3.12, [18] Theorem 3.1.11). For any f € Hq it holds
that

1S troo s BHo = 11 (MB) oo -

3. Hilbert space contractions

Spectral bounds on the resolvent of a Hilbert space contraction were derived in [6].
The authors provide an upper bound in terms of a certain Toeplitz matrix, compute
the norm of this matrix and present a sequence of matrices that approaches their
upper bound. The following theorem summarizes the basic three assertions from
the discussion of Hilbert spaces contractions in [6].
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Theorem 3.1 ([6, 5]). (1) Let A be an n x n matrix with ||A|ecc < 1 and 1 ¢ o (A).
Then

_ | My ||
1—A 1 < o) ,
I¢ e = miny, e (4) |1 — A

with the n X n matrix

1 0 0
2 1
M, =
0
2 2 1

(2) It holds that | My ||, = cot (Z).

(3) For any a € (0, 1) there are n x n matrices Ap(a) with ||An(a)| s < 1 and
0(A) = {a} such that

lim (1 —a)(1 — Ap(a))™" = My,

In this paper we recover the statements (1) and (3) using a unified approach
based on the techniques developed in [17]. Our strategy is to directly compute and
bound the entries of the model operator in Malmquist—Walsh basis. Our approach
has the advantage that it yields spectral bounds for any { € C — o (A) and that the
optimality statement (3) is automatic. Concerning the second point of the theorem
we present a technique going back to [7] in order to compute the norm of Toeplitz
matrices of the form

1 0 0
mpy =P pepa ()
B ... B 1

Theorem 3.2. Let A be an n x n matrix with || A|lco < 1 and minimal polynomial
m = [1", (z = Ai) with 6 (A) C D. Then for any ¢ € C— o (A) it holds that

1C = A Moo < 11— M) oo
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and
0 ifi <,
1 U
(€ =Mp)™), = 1T~ 4 | Fi=r
A= P2 A=Y 5 o= .
é‘_)ki é‘_lj 1_[ (é. Au) lfl>],

u=j+1

with respect to the Malmquist—Walsh basis. (The empty product is defined to be 1.)

To compare our new result Theorem 3.2 to Theorem 3.1 we note that for any
n x n matrices A = (a;;) and B = (b;), the condition |a;;| < b;; Vi, j implies
that || 4|5, < || Blls- Suppose for instance that |{| < 1. Then we can estimate the
off-diagonal components of (¢ — Mp)~! by

(L= L)Y2 (1 =iy )2 i(l—ius

1—Ai¢ N A S
- A2 2 1-1
< max |_ d kl
T Fe
1 1= 1=
< max ' max Ll {1t
T I AT W S S
|m| 7
2 1-2
<max ——— [] ns ’
TS R
which yields the component-wise estimate
0 if i</,
(¢~ Mp) ™| < ! I1]=2et] 0y 2
— Mg Jl < — _ . ifi = j,
Y ming, co(a) |1 —Axgl 2 {—Au

2 ifi> .
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Corollary 3.3. Under the assumptions of Theorem 3.2 suppose that |{| < 1. It
Jollows
[ M7 |l o0 1

—A) Moo < i ’
R N TI L VT3]

where

|m| ¢ —
B() = H

is the Blaschke product associated wzth m.

—A§

We can pass to the general case o(4) C D by continuous extension. Setting
¢ = 1 Corollary 3.3 is the first assertion of Theorem 3.1 with the bonus that on the
right hand side the norm of an |m| x |m| matrix occurs (compare [6] Section 6 B).

However, if max; lll_l_’l/{lllz = B is given we have (with the same computation as
above) for { =1
0 ifi<j,
1
(L= Mp) )| < — N1 ifi =,
Y1 ming, eo(ay |1 — Akl /
B ifi > j,

and we can improve the bound in Theorem 3.1 if we can compute || M, (B)| s
(see (3)). The following theorem generalizes the discussion of Toeplitz matrices
in [6]. It establishes an indirect possibility to compute || M, ()]l oo-

Proposition 3.4. Let M, () with B € (0, 2] be the n xn Toeplitz matrix introduced
in (3). Then the equation

Beot(nf) + (2—B)cot(8/2) =0, HeR )

[2n

ST, ) and

has a unique solution 6* €

1 . B
[ Mn(B)lloo = 3 B-2) +W.

In particular it holds that
[ M (0)|loo = 1,

1
[Mn(Dlloo =

2sin (4;:_ 2)

and

1M1 () = cot ().
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It is possible to expand cot(nf) in Equation (4) in terms of cot(6/2), which
yields a polynomial equation in cot(6/2). Since | M,(B)|l,, only depends on
cot(8/2) (and B) computing || M, (B)| . is equivalent to finding the unique zero
of the resulting polynomial in the interval (0, cot (22=15)] as a function of B.

Finally, statement (3) of Theorem 3.1 can be recovered from Theorem 3.2 with
the choice of a minimal polynomial m = (z —a)", a € (0, 1) and setting A, (a) =
Mp. In this case we have for 1 < i, j < n that

0 if i<,

_ 1 e
(1 — Mp)™ )| = T—2 ! ifi = j,
I+a ifi>]

Letting a — 1 proves item (3) of Theorem 3.1. In the following Subsection 3.1
we compute the entries of Mp with respect to the Malmquist—Walsh basis. This
yields a simple form for matrices that achieve equality in Theorem 3.2 i.e. for A4
with largest | ({ — 4)~!||, for a given spectrum.

Proposition 3.5. The components of the model operator Mp with respect to Malm-
quist—Walsh basis are given by

0 ifi <.
(MB)ij = Ai . ifi =,
(=P =P ] (A0 ifi > ).

n=j+1

Hence, one explicit form of the matrices 4,(a) in Theorem 3.1 is

a 0 0
1 —a? a
An(a) = —a(l —a?) 1 —a? a
(=)"a®=2(1 —a?) —a(l—a% 1-a* a

Finally, we note that Theorem 3.2 is stronger than Theorem 3.1 in that it holds
for general ¢ and yields an optimal bound for general spectra.

The rest of this section is organized in two subsections. The first, Subsection 3.1,
contains a proof of Theorem 3.2 and Proposition 3.5 while in Subsection 3.2 we
prove Proposition 3.4.
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3.1. A model operator approach to resolvent bounds. As mentioned before
our approach is to bound a function of a matrix in terms of the norm of a repre-
sentative function. A key role is played by Lemma 2.1, which however requires
that f € A. In order to derive upper bounds for rational functions such as the
resolvent we need to extend Lemma 2.1. The following is based on the techniques
of [17], Lemma 3.2 for the discussion of inverses. Here, we present an extension,
which is adapted to our purposes.

Lemma 3.6. Let A be an n x n matrix with 6 (A) C D and let W be a rational
function with poles (&;)i=1,.. x such that | J;{&} No(A) = 0.

(1) If A obeys an A-functional calculus with constant C then

[V (DIl = Cinflllgll [ g €A gi) =) i=1,....nj
) IfllAlloo = 1 holds then || (A)]lco < ¥ (MB) oo

Proof. We extend Lemma 2.1 to the situation, when 1 is rational. Define

where k; denotes the multiplicity of the pole at §; and note that ¢ is polynomial
and that ¥ (A) = ¢(A). It follows using Lemma 2.1 that

[ (AN = lleA)]
< Cllgla/ma = Cinf{|igll | g € A, g(Li)
=pA)i=1,...,n}
=Cinf{|glla g €A ghi) =¥ @A) i=1,....n},

which proves the first assertion. For the second one we consider the same ¢ as
above and note that

1V (Dlloo = 0D Nloo = 101l oo/ BH = I9(MB) |0 -

where we applied Lemma 2.2 in the last step. But as m(Mp) = 0 it follows that
(M) = ¥ (Mp). O

Let us remark that Lemma 3.6 remains valid if the eigenvalue A; carries de-
generacy k; in m. The point here is to replace the inf on the right hand side of (1)
with inf{||g|| 4 | g € A, g® ;) = v®(X;) .0 < k < k;}, where the superscript
k denotes the k-th derivative.
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Lemma 3.7. Let {Ai}i=1 » C D and leté‘ e C— {/\i}i=1

..........

: 1 Hv:v;éi,v;éj(l _)_LVA//«) _ 1 1 —)LME
E;Z—Au [l vy (u —2v) _(1—Loa—ig)ll(g—xu)

Proof of Lemma 3.7. We present two proofs for this lemma. The first one arises
naturally in the context of H, spaces (see the proof of Theorem 3.2), while the
second one is more direct and simple. We define

1

t@)_ﬁ—zﬂ—kﬂﬂ—kz)

and the (truncated) Blaschke product

i

Y
Biiz) =[] IZ 5

1= Az
nw=j 12

and compute the L,(dD) scalar product. Suppose for now that |¢| > 1 then

2 d¢
W18 = [ 1B, 5
2
_ MZ do
- /0 Z(Z)l_[ z=ei® 2T

=L _1 — 1_[1 A’MZdZ
271 oo €0 —aem( Ay LI T,

_ Xl: 1 l_[v: v;éi,v;éj(l - )_LVA//«)
é— A l_[v: v;éu(A//« - A\«’) ’

where in the last step we applied the Residue theorem and made use of the as-
sumption |¢| > 1. On the other hand

d¢

z=el® )

2w _
<&¢nw=A Bi(:)1()

z
T 2mi /311)1_[1— MZCZ—I(Z—A)(Z—A)

1 IT{—M;

T - -0 §—Au
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Clearly, (t | Bj;) = (Bj; | t) from which the lemma follows for [{| > 1. In case
that |¢| < 1 we compute similarly

oL 1 o
(t | B]l) = oxi /BID ¢ —2)1 —)_L,'Z)(l —)_sz) 1_[ A//« dz

Z f—
"
i [T a-xaw i
. Z 1 V:IVvFELVFE) _ 1 l—[l—lué'
= [ G- (1 =201 =2;0) 20 E=Au
VIVEL
and
(Bji | t) = 0.

The case [{| = 1 follows by continuity. For the second proof we multiply both

sides of the lemma with ]_[;L= (& —4,) to obtain a polynomial equation in §

i l_[v: V£ VFE (1= ivku) -
YOI ¢-2) V7 - [1 a-io.
p=JvivEn Moz i = A0) WAL L :

The polynomial on the left hand side has degree at most i — j and the degree of
the polynomial on the right hand side is i — j — 1. Two polynomials of a certain
degree n are the same if and only if they coincide at n + 1 nodes. We choose the
i —j + 1 values {Aq}j<q<; and verify that for this choice equality indeed holds:

Xl: H (C—Av)nv: vatiwt (L= AvAL)

w=jv:vEu n”:"#“(ku — ) t=Aa

vsint i (1= Ay dg
_ 1—[ ()La—)tv)l_[v'v#l’v#]( )
v:via l_[v: v;éa(ka - Av)

= ]_[ (1= Au)e). O
Vi VEILVE)

We are now ready to present a proof of Theorem 3.2.

Proof of Theorem 3.2. The first assertion follows directly from Lemma 3.6. To
compute the matrix entries of (¢ — Mp)~! with respect to Malmquist—Walsh basis
we recall that

(¢ —Mp)~" = ¢(Mp),
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where ¢(z) := §+z % is a polynomial. We have that

(¢ —Mp)™)y;
= (p(Mp)ej | e;)
= (Pp(pe)) | e)

= (el o)

2w 5
- [T vereeam| 5 2
_ =P - 13 !
N 2mi /3]]) = (1- )_L,'Z)(l - /_\jZ)

T T 1=z
nl—iuzg Z—Ay d

In case that j > i the integrand is holomorphic on D. Hence, the integral in (5)
is zero. If j =i we have that

(1= %% 1 m@)—m(z) 1 1

- = dz .
27i -z  m@&)  (1-Xz)(z—L) §—Ai
Finally if j < i, then the integral in (5) equals

((1—Ililz)(l_—lljlz))l/z/ 361’—[ 1— A,z dz
27i o, z—Ay

l_[v: v#i,v;éj(l B ivk#«)
Hu: v;éu(AM —Av) ’

= (1= LA = PNV _1
/L=j§ A

where
1 m(l)—m(z) 1
X = _ .
{—z m({) (I=Aiz)(1=2;z2)
An application of Lemma 3.7 concludes the proof of Theorem 3.2. U

Proposition 3.5 is verified via a direct calculation.

Proof of Proposition 3.5. We proceed as in the derivation of Theorem 3.2 and
conclude

2r Z2
(Mp)i; = (1 — L) — I?tjlz))m/0 (1—A;z)(1 — A,2)
J—IZ_)LM S d¢
1_[ l_i 1:[ Z—Av E

z=el®
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If j > i the Residue theorem reveals that the integral is zero. Similarly, if i = j
the integral is given by A;. Finally if i > j we compute

/2” z2 ll—[ 1— A,z dg

0 (1—)_L,~Z)(1—/_\J-z)M=j z—Ay Z=e[¢2n
_/2” 1 Soz—Ay d¢
o G-aG—Ap T2

1 1 Loz—A
= —/ z = K dZ
27i Jop z(z — Ai)(z — Aj) v b Auz
i—1
=[] “*.
u=j+1
where the last step again uses the Residue theorem. O
3.2. Computing the norm of certain Toeplitz matrices. In this subsection we
prove Proposition 3.4 with a direct computation of || M, (B)||s,. Our approach is

guided by the techniques developed in [7]. ||M,(1)] s and ||M,(2)] s are com-
puted in [6] and [5] (Lemma 9.6.5) following a different approach.

Proof of Proposition 3.4. Instead of working with

1 0 ... 0
1

mey ="

B |

directly, we consider the matrix

g ... B 1
~ 0
M, (IB )=

p

_
o -
=)
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and note that

| M (Blloo = 142 (B)loc-
As M, (B) is Hermitian all its eigenvalues are real and its co-norm is simply the
largest in magnitude eigenvalue. The eigenvalues of M, ()2 are the eigenvalues
of M,(B) squared. Hence, we are looking for the largest A2 such that
0 = det (M,(B)*> — A°1) = det (M (B) — A1) (M (B) + A1),

Direct computation reveals that

(M, (B) = A1) (M, (B) + A1)

B—A B B..B 1 B+A B B..B1
B B-A 1 0 B B+A 10
B (] B 0
Bt 20 B1 10
1 0 0..0 —A 1 0 0..0A

(n—1B2=A2+1 (n—2)B2+B (m—3)B%2+B .. PB2+B B

n—2)B2+B (—2)B%2—-A%24+1 n—3)B%24+B ... B3+8 B
| @-3B2+B =3B+ B
B>+B B>+ B>-A>+1 B

B B B B —A241

We rearrange the resulting determinant by subtracting successively the second
column from the first, the third from the second, the n-th from the n — 1-th and
leave the n-th unchanged. This yields

det (M, (8)* — 2°1)

B2—B—-A2+1 B2 B2 ... B2 B
B+AZ—1  B2—B—A2+1 B2 ... B> B
0 B+A2—1 B

= det
6 6 B2—B—A2+1 ﬁ

0 0 0 ... B+AZ—-1 —-A%+1
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Similarly, we subtract the second row from the first, the third from the second, the
n-th from the n — 1-th and leave the n-th unchanged. We conclude

det (M, (8)* — 2°1)

B2—2-2)%242  B+AZ—1 0 0 0
B+A2—1  B2—2B—2A242 B+A2-1 0 0
0 B+A2—1 0
= det
0
0 : B2—2B-212+42 B+A2—1
0 0 0 e BHAZ—1 —A2+1
B2—28-21242  B+A2—1 O .. 0 0
B+A2—1  B2—2B—2A242 0
0 B+A2—1 0 (6)
= det
0
0 : B2-2B—2A2+42  B+A>-1
0 0 0.. B+A2-1  p2-28-21242
B2—28-—21%242  B+A%Z-1 0 .. 0 0
B+A2—1  B2—28—21242 0
0 B+A2—1 0
+ det )
0
0 : B2—28—21242 0
0 0 0.. B+A%-1 A2—(B—1)2

where the last equality is a consequence of the linearity of det in the last column.
The following is a classical formula for the determinant of an n x n tri-diagonal
Toeplitz matrix [7, 20]

x 1 0 0
1 x 1 ( 0
sin(n + 1
det . = — = 2cos 0. 7
etlo 1 ) 0 prm X cos @)
toox 1
0 0 1 x

To apply this result we exclude the trivial case § = 0 and note that we can always
assume that A2 > 1 such that 8 + 12 —1 > 0 and ﬂjﬁiz_l € (0, B]. Hence, we can
divide all columns of both determinants of (6) by 8 + A2 — 1. We then expand

the second determinant along its last column and apply (7) to both terms resulting
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from (6). We find

sinn +1)0 A2 —(B—1)? sinne)
sin 0 A2+ (B—1) siné
(3)

det (#,(B)* — 2°1) = (B + 2> — 1)"(

with
B2 —2B—2A%+2 B?

2 = = -2.
cos pE— pEpn—

Solving the latter for A2 gives

3= LB~ 2 + B’ (6/2),

where 8 # 0 implies that 6 is such that the tangent is well defined. This enables

us to eliminate A? from (8) as
A—(B-12% 1
————— =—=(—B+2—-2Bcosf + 2cosb).
pERT— ﬂ( B B )

It follows that (8) is zero if and only if

i 1)6 innf
0=28 w +(—B+2—2Bcosh +2cosb) Slfln

sin 6 sin 6

innf

= cosnf + (2—B) (1 + cosh) M
sin 0
which in turn is equivalent to
cotnf = == cot(6/2). )

In total, we are looking for the solution 6* of (9) such that A? is maximal i.e.

cot?(9*/2) is minimal. Since for any 6 € [”é;ln, ) we have % cot(6/2) <0

with cot(r/2) = 0 and limg4, cotnf — —oo and cot 2Lz = 0, it follows that

there is a unique solution 8* € [%n, 1) of Equation (9). Moreover, by the same
fact, cot(rr/2) = 0, this solution maximizes A2 as desired.
Sometimes it is possible to obtain a solution for Equation (9) in closed form.

Suppose f = 2, then cotnf* = 0 and 6* = 221 _ It follows

1M, ()], = tan? (2” _ 171) — cot?(r/4n)

as in [6]. If B = 1 we have
N S
4cos2(0/2)
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and
sin(2n 4+ 1)6/2 =0

such that 8* = zzn"fl . It follows

1 1
4 cos? (2211)  4sin2 <4n’12)

asin [7]. The trivial fact | M, (0)||,, = 1 can be recovered by continuous extension
as f — 0. U

1M (D)% =

4. Power-bounded operators

It is natural to ask if power-boundedness of A is sufficient to obtain estimates on
I(¢ — A)~!|| qualitatively similar to the results of Theorem 3.1, 3.2 and Corol-
lary 3.3. In this section we prove that this is indeed the case and present a new
bound on the norm of the resolvent of a power-bounded operator.

Theorem 4.1. Let A be an n x n matrix with minimal polynomial m of degree |m|
and let | - || be an arbitrary matrix norm with supy - |A¥| = C < oo. For any
¢ € D—o0(A) it holds that

2\m|C

16—~ = == (

4e B 1)1/2
|B(§)|? ’

where

D= min |1—&A|Y2QIm| -2 2 2 min |1 —&A))Y2
AiEU(A)I CAil = @2lm| = 2m||¢|7 + (€] )L,-ea(A)l CAil)

and where
|m|

¢—A
B(¢) = =
l.znll—u

is the Blaschke product associated with m. For |{| > 1, we have the obvious
estimate || ({ — A)7'| < -

Theorem 4.1 is the analogue of Corollary 3.3 for power-bounded operators.
Spectral bounds on the norm of the resolvent of a power-bounded operator are
well studied in the literature. Theorem 6.4 of [6] treats the same problem in the
special case that A is power-bounded with respect to operator norm |||, In [17,
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Theorem 3.24] the behavior of | (¢ — A)™!| is studied for [{| < 1 and in [29] an
upper bound is derived for |¢| > 1. Theorem 4.1 unifies the mentioned results and
yields a quantitatively better bound in each case. To compare suppose that || < 1
and note that in this case

1 _
1=+ —¢* min |1 =X > (1—]¢))?
6+ 5prldl? min 1= Ehi) = (1= 2]

and of course miny; ey (4) |1 — ¢Ai| = 1 —|¢|. Hence, it follows
V8e|m|C 1
L= ED32 B

which is qualitatively the same as Theorem 3.24 in [17] but has a better numerical
prefactor. If we choose || = 1 it follows |B({)| = 1 and therefore

16e — 4 |m|C

ming, eg 4y £ — Ai|

_A_l <
1€ — A4) ||_(

¢ — A7 < (10)

This bound improves on the result in [29] (which in turn is stronger than [6, The-
orem 6.4]) as the new bound only grows linearly with |m| as opposed to |m|3/?
in [29]. That for power-bounded A € M, the correct asymptotic growth order
for an upper bound is O(n) was already suspected in [6] and [31]. The bound ob-
tained almost reaches the optimal estimate of Theorem 3.1 for Hilbert-space con-
tractions. In the latter case we have that cot(-)/n < %, while the prefactor of
(10) is /' 16e — 4 ~ 6.28. However, as is clear from the derivation, Inequality (10)
is not optimal. We will use Inequality (10) to study the sensitivity of a classical
or quantum Markov chain to perturbations in Section 5.

To prove Theorem 4.1 we take a similar approach as to Theorem 3.2. We note
that power-bounded operators admit a Wiener algebra functional calculus. Thus
an application of Lemma 3.6 reveals that

IG= a7l = Cint (gl [g €W, 600 = ==} (D)

The strategy of our proof will be to consider one specific representative func-

tion g in (11) and to bound its norm. To achieve this we employ the following

method. Instead of considering g directly we choose a “smoothing parameter” r

and pass to a “stretched” interpolation function. Given any function f € H, and
r € (0, 1), we write

(@)= frz) =) floyrkt

k>0
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and observe that by the Cauchy-Schwarz inequality and the Plancherel identity

N 1 1
Il = [V = = 17— (12)

This idea was used to obtain bounds on the inverse and resolvent of a power-
bounded operator in [17] and to study spectral convergence bounds for bounded
semigroups in [27]. We use the Blaschke products

— A =~ —rhi
po=[li=; = bo=IlT—5

i
where in the latter product the spectrum is stretched by a factor of r. (The products

are taken over all prime factors of m, but to avoid cumbersome notation we do not
write this explicitly.) Consider now the function g with

B 1 [0 =%4) \ B()
80 =2 (3, T 1)) 20

Note that g is analytic in the unit disc and g(1;) = ﬁ forall A; € 0 (A). In order
to use the estimate (12) we perform the aforementioned smoothing. We define the
modified function g by

o 1 ILa=r254) \ Be)
g(z)_Xk:(g—xk]‘[#k(mk—rxj))z—mk

and observe that g, enjoys the same basic properties as g i.e. g, is analytic in D
and g,(1;) = ﬁ for any A; € o(A). Thus, by Inequality (11), we have that
|(¢—4)~"| < Clig,llw and it follows from Inequality (12) that

- 1 -
1&rllw =\ 7—=3 gl o, -
1—r

It turns out that one can directly compute |||, The computation relies on two
combinatorial observations similar to Lemma 3.7, which we shall prove before we
proceed with our discussion of || g|| g, -

Lemma 4.2. Let [m| € N — {0} and {A;};=1
C—{Aiti=1

.....

.....

Z 1 [l a0 —r2XjA) B r Ilﬁll 1—r21;¢ »
i=1§_ki [T ji(rdi = ra)) 1—r2a¢ bl ré—rh;’
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% 1 [1,(1—r22; %)
C—Xi 1—r202;: 1) ji(rdi —1A))
i ) (iﬂ[' e 1_[ o, ) (%)
L=r2[fP\ ] rE—rii L 1—r20¢8
and
m -2
||g||%12=1_’r22|§|2(jj1 lr;_r?;f _1). (55 5)

Our proof is based on the Residue theorem. (It is also possible to prove the
lemma with the second technique outlined in the proof of Lemma 3.7. However,
the approach via the Residue theorem is more convenient for the second assertion.)

rz
rf—z 1— r/l

Proof. For the first assertion set #1(z) :=
r|¢| < 1. We have that
do

~ I yz 1 1—rAiz
!B = [ itk &
0 rZ_ZI—VA]Z ; Z—rA; lz=ei® 2m

1 1 1—rk
_ L r _ 1—[ r ,Zdz
2ni Jopré—z 1 —rA;z ; Z—rk;

and suppose for now that

-3 1 Tl (= r240) r I 1—r24;¢
- —Ai l_[j:j?éi(r)ti —}"Aj) l—rzilé‘ ; r¢&—ri;

and that

d¢

z=el® 27[

27 Z—rlAj z
(B 1) /
1) Hl—rkzrﬁz—lZ—Ml

/ l—[z—r)L 1 ds
~ 270 Jop 1—r/\zr§z—12—r/\l

= 0.

Hence, for r|¢| < 1

Z 1 Hj:j#(l_rzijk")_ r l_[l—rziif
i C—Ai nj:j#i(r/\i—rlj) o 1—)’2)_&1@' . re—rh;
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as claimed. An identical computation reveals that the above remains correct if
r|¢| > 1 and the case r|{| = 1 follows by continuity. For the second assertion
suppose again that r|{| < 1 and set 1,(z) := = and compute

1
r¢{—z l—rfz
21 EY
~ rz 1 1—ri;z
B = [ e
o r{—zl—riz 2t z—rki

d¢
1 r 1 l—r)_kiz
- _ d
] Uz—r/\i z

z=e"¢’g
2ri Jopr§—z1—riz

_Z 1 [T, (1 =r74;2:) l—ll—rkg
Bl N | A O N N A S
Similarly,

Z—rl; 1 r r¢—rh;
B 1) dz = —.
(B102) 2nz/aml_[1—rxzr§z 1z—r¢ r2|§|2—1U1—r2Ai§

It follows that

Z 1 [[;(1=7%A;4:)
—~ §—Ai 1 —r200; [T (rAi = 725)
r 1—r24ig re—ri
S 1= (H rg—rk; Hl—mg
The same computations prove the validity of this statement for r|{| > 1. One can

make sense of the formula in case that r|{| = 1 by continuous extension. Using
these observations one can compute

el = [ ee)E0]__

eid 27r

-y [0 —r*Aud0) 1 T3 =r2AA)
27i =Mk [k A =1 A0) E = A1 T,y (rAr —710)

/ 1 1
—dz
BDZ_V/\kl—I’A[Z

B 1 TI,(1=r24,47)
3 (5 =M [T A =)

l
3 1 1 [T,(1 = r2A,k)
=\ &= M 1= 222 [ rdie = rAp0)
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1—r2) 1—r2),A
_ l_[ redig Z r _ [,a-r 1) (13)
Sori—rk ¢— )Ll 1—r20¢ [Ty (rAr — 1 20)
r2 1—r2A;¢ 1—r2x;t ré—rii
= 14
1—r2|§‘|2U ré—rhk; (ll_[ r¢—rk; 1_[1_;»2A§) (19
2
= —1],
(11 )
where we used the first assertion of the lemma for (13) and the second assertion

for (14). Note that for all { € C—o(A) and r € (0, 1) the final quantity is real and
positive. U

11— r2/_\i§ 2
r¢—rh;

With this preparatory work done a proof of Theorem 4.1 is simple.

Proof of Theorem 4.1. We assume that 0(A4) C D. From Equations (11), (12) and
Lemma 4.2 we have that for any { € C — 0(A)

T Y e L

1 Py (15)
:C\/ l_rz\l 1_r2|§|2(i:l_[1 ré‘——r/\l —l).
Clearly,
ml |y~ r2d,e > 1 I 1—r2 2
E [tk | rom |B(§)|2H R

To obtain an upper bound we assume that ¢ € D — o(4) and choose r € (0, 1)

such that
| _ 2 - min; 11— 2Nl
2|m|

It follows that

||

[T

i=1

and that (for |m| > 2)

2\m| _ _mlnl|1—é_')tl| |m| _ 2
P2l = (1 T ) = (1-1/2)% = 1/4.

2 12

1+u "

1 [m|
f(l+m)2m <e
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We conclude that

¢ =)~

1/2
2|m| 1/2 1 4e 1/2
SC<mini|1—f)ui|) (1§2<1min,~21—§)t,~)) (|B(§)|2_1) ’

[m|

which is claimed in the theorem. As always the general case o (A4) C D follows by
continuous extension. Finally, we note that for |¢| > 1 one can choose r = ‘/Fll

2\ 1/2 .
C——. O
) g—1

in (15) and recover the obvious estimate

|m|

el e (1-T]

i=1

¢l — Ait
VICIE = VIETA

IA

5. Stability of Markov chains

If T is a classical stochastic matrix or a quantum channel (a trace-preserving and
completely positive map, see [15]) the sequence {T"},>¢ can be regarded as a finite
and homogeneous classical or quantum Markov chain with transition map 7'. In
this section we apply Theorem 4.1 to study the stability of the stationary states of a
Markov chain to perturbations in the transition map. A core observation is that the
transition matrix of the Markov chain is power-bounded with respect to the 1-to—1
norm and constant 1, i.e. the Markov chain constitutes a bounded semigroup,
see [27]. A similar approach based on this observation was taken in [26] to prove
spectral convergence estimates for classical and quantum Markov chains. We be-
gin by recalling the basic framework of sensitivity analysis of Markov chains.
A detailed introduction, however, is beyond the scope of this article. We refer to [4]
and the references therein for an overview of the existing perturbation bounds for
classical Markov chains and to [27] for an introduction to the stability theory of
quantum Markov chains.

Let 7, T denote two classical stochastic matrices or two quantum channels.
The inequality

lo—pll <«|T =T

relates the distance between two stationary states p and p arising from 7" and T,
p = T(p), p = T(p), to the distance between T and 7. Commonly 7 is con-
sidered to be the transition matrix of the Markov chain of interest while T is a
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small perturbation thereof. The condition number k measures the relative sensi-
tivity of the stationary states to perturbations. If 7 has a unique stationary state
the above inequality quantifies the stability of the asymptotic behavior of {7"},>0
with respect to perturbations in the transition matrix. Elementary linear algebra
shows that if 7" has a unique stationary state one can choose (see [23, 24, 25]) the
condition number

o sp 12O

, Z:=(1-T+T>®)!
SR/ 1811
1)-6=0

in the classical case and similarly (see [27])

Z
Kqu — Sup || (O)||l , 7 = (]l - T + TOO)—I

o=ctempy ||U||l
tr(o)=0

in the quantum setup. Here, 7°° denotes the projection onto the stationary state of
T and ||-||; denotes the absolute entry sum in the classical and the Schatten 1-norm
in the quantum case. In either case the spectral properties of 7 and 7°° guarantee
that the map Z exists.

If the transition matrix has a unique stationary state and a subdominant eigen-
value of this matrix is close to 1 it is clear that the chain is ill conditioned in the
sense that the stationary state is sensitive to perturbations in the transition map.
It is a well-studied question (see [10, 25, 12, 11, 27]) whether the reverse conclu-
sion also holds, i.e. whether the closeness of the sub-dominant eigenvalues of T’
to 1 provides complete information about the sensitivity of {7"},>¢. It was estab-
lished that this is indeed the case by deriving spectral lower and upper bounds for
certain choices of . In particular, as shown in [25] it holds that

1 n

Kel = — .
min,, eo(r—7o0) |1 — Ai

<
miny, eg(r—1o0) [1 — Ai| ~
A similar quantum bound occurs in [27].

The techniques developed in this article yield a direct approach to spectral
stability estimates in both the classical and quantum case. The core observation
is that if T is a stochastic matrix or a quantum channel the map 7" — T*° is power
bounded with (see [26] Lemma II1.1)

T =T%) o1 = 1T = (T) 1 < 1T hsa + T ) 151 =2,

lAv]ly
llvlly

where || 4]|,_,; = sup, . With an application of Inequality (10) we conclude

that

24/ 16e — 4n

kel < | Zl1o1 = = )
¢ 7T ming, eg(r—1o0) |1 — A
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which is qualitatively the same as the estimate in [25] but has a worse numerical
prefactor (2+/16e — 4 instead of 1). However, the bound in [25] uses the additional
properties a classical stochastic matrix has as well as the fact that the supremum
in the definition of k. is taken over vectors with 0 column sum. Our bound proves
that in this case power-boundedness alone is sufficient and the additional assump-
tions on 7' and k] are basically superfluous. Other spectral stability estimates for
classical Markov chains such as [10] are weaker than (10). In the quantum context
we can use Inequality (10) to improve on the spectral stability estimates of [27].

Theorem 5.1. Let T be a trace-preserving, positive linear map on M, and A :=
o (T) — {1} the set of its non-unit eigenvalues. Then

1 2/16e — 4n?

: SKqu = .
miny ea |1 — A a ming; cp |1 — A;]

The proof of the theorem is identical as in [27] up to an application of (10)
instead of the theorem in [29].
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