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Abstract. The paper is concerned with the completeness property of root functions of
general boundary value problems for n x n first order systems of ordinary differential equa-
tions on a finite interval. In comparison with the recent paper [37] we substantially relax
the assumptions on boundary conditions guaranteeing the completeness of root vectors,
allowing them to be non-weakly regular and even degenerate. Emphasize that in this case
the completeness property substantially depends on the values of a potential matrix at the
endpoints of the interval.

It is also shown that the system of root vectors of the general n x n Dirac type system
subject to certain boundary conditions forms a Riesz basis with parentheses. Finally, we ap-
ply our results to the dynamic generator of spatially non-homogenous damped Timoshenko
beam model.
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1. Introduction

Spectral theory of non-selfadjoint boundary value problems (BVP) on a finite in-
terval J = (a, b) for nth order ordinary differential equations (ODE)

y(n) + qu(n—Z) 4+ 4 qdn-1y = Any, X € (a,b), (1.1)

with coefficients g; € L!(a, b) takes its origin in the papers by Birkhoff [3, 4] and
Tamarkin [55, 56]. They introduced the concept of regular boundary conditions
for ODE and investigated the asymptotic behavior of eigenvalues and eigenfunc-
tions of related BVP. Moreover, they proved that the system of root functions, i.e.
eigenfunctions and associated functions, of the regular BVP is complete. Their
results are also treated in the classical monographs (see [45, Section 2] and [14,
Chapter 19]).

The completeness property of non-regular BVP for nth order ODE (1.1) has
been studied by M. V. Keldysh [21], A.A. Shkalikov [49], A.G. Kostyuchenko and
A.A. Shkalikov [25], G.M. Gubreev [19], A.P. Khromov [23], V.S. Rykhlov [47]
and many others (see references in [23]). On the other hand, the Riesz basis prop-
erty for regular BVP were investigated by N. Dunford [13], V.P. Mikhailov [41],
G.M. Kesel’man [22], N. Dunford and J. Schwartz [14, Chapter 19.4], A.A. Shka-
likov [50, 51], A. Minkin [42, 43]. Numerous papers are devoted to the complete-
ness and Riesz basis property for the Sturm-Liouville operator (see the recent
paper [53] by A. Shkalikov and O. Veliev and the review [33] by A.S. Makin and
the references therein). We especially mention the recent achievements for pe-
riodic (anti-periodic) Sturm-Liouville operator _szz + ¢(x) on [0, w]. Namely,
F. Gesztesy and V.A. Tkachenko [15, 16] for ¢ € L?[0, ] and later on P. Djakov
and B.S. Mityagin [11] for g € W20, ] established by different methods a cri-
terion for the system of root functions to contain a Riesz basis (see Remark 5.12
for detailed discussion).

In this paper we consider first order system of ODE of the form

Ly :=L(Q)y:=—iB™'y' + Q(x)y =4y, y=col(yr,....yn), (1.2)
where B is a nonsingular diagonal n x n matrix with complex entries,
B = diag(b1, ba, ..., by) € C™", (1.3)

and O(-) =: (qjk('));?’k:1 € L1([0, 1]; C™ ") is a potential matrix.

Note that, systems (1.2) form a more general object than ordinary differential
equations. Namely, the nth order ODE (1.1) can be reduced to the system (1.2)
with b; = exp (2rij/n) (see [34]). Nevertheless, in general a BVP for ODE (1.1)
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is not reduced to a BVP (1.2)—(1.4) (see below). Systems (1.2) are of significant
interest in some theoretical and practical questions. For instance, if n = 2m,
B = diag(—Ip,, I,y) and Q = ( QOZI Q(}Z ), system (1.2) is equivalent to the Dirac
system (see [27, Section VIIL.1], [38, Section 1.2]). Note also that equation (1.2) is
used to integrate the N-waves problem arising in nonlinear optics [46, Sec. 111.4].

With system (1.2) one associates, in a natural way, the maximal operator L =
L(Q) acting in L2([0, 1]; C*) on the domain

dom(L) = {y € Wh1([0,1];C"): Ly € L%([0, 1];C")}.
To obtain a BVP, equation (1.2) is subject to the following boundary conditions
Cy(0)+ Dy(1) =0, C =(cjx), D= (djx) € C"™". (1.4)

Denote by
Le,p :=Lc,p(Q)

the operator associated in L2([0, 1]; C"*) with the BVP (1.2)—(1.4). It is defined as
the restriction of L = L(Q) to the domain

dom(Lc,p) ={y e dom(L): Cy(0) + Dy(1) = 0}. (1.5)
Moreover, in what follows we always impose the maximality condition
rank (C D) =n, (1.6)

which is equivalent to ker(CC* 4+ DD*) = {0}.

To the best of our knowledge, the spectral problem (1.2)—(1.4) has first been
investigated by G.D. Birkhoff and R.E. Langer [5]. Namely, they have extended
some previous results of Birkhoff and Tamarkin on non-selfadjoint boundary value
problem for ODE (1.1) to the case of BVP (1.2)—(1.4). More precisely, they in-
troduced the concepts of regular and strictly regular boundary conditions (1.4)
and investigated the asymptotic behavior of eigenvalues and eigenfunctions of
the corresponding operator Lc,p. Moreover, they proved a pointwise conver-
gence result on spectral decompositions of the operator Lc,p corresponding to
the BVP (1.2)—(1.4) with regular boundary conditions.

The problem of the completeness of the system of root functions of general
BVP (1.2)—(1.4) has first been investigated in the recent papers [36, 37] by one
of the authors and L.L. Oridoroga. In these papers the concept of weakly regu-
lar boundary conditions for the system (1.2) was introduced and the complete-
ness of root vectors for this class of BVP was proved. During the last decade
there appeared numerous papers devoted mainly to the Riesz basis property for
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2 x 2 Dirac system subject to the regular or strictly regular boundary conditions
(see [58, 20, 2, 6,7,9,10,11, 12, 29, 30, 48]).

Let us recall the definition of regular (see [5, p. 89]) and weakly regular
(see [36, 37]) boundary conditions. To this end we need the following construc-
tion. Let A = diag(ay,...,a,) be a diagonal matrix with entries a; (not neces-
sarily distinct) that are not lying on the imaginary axis, Reay # 0. Starting from
arbitrary matrices C, D € C"*", we define the auxiliary n x n matrix T4(C, D) as
follows:

e if Reay < 0, then the kth column in the matrix 74(C, D) coincides with the
kth column of the matrix C;

e if Reaj > 0, then the kth column in the matrix 74(C, D) coincides with the
kth column of the matrix D.

Now consider the lines
li :=={A e C:Re(ibjr) =0}, je{l,...,n},

of the complex plane. They divide the complex plane into m = 2r < 2n sec-
tors. Denote these sectors by o1, 03, ...0m,. Let z; lie in the interior of o;, j €
{1,...,m}. The boundary conditions (1.4) are called regular whenever

detT;;,5(C, D) #0, je{l,....m}. (1.7)

We call z € C admissible if Re(ibjz) # 0 for j € {1,...,n}. Since Tz, 5(C, D)
does not depend on a particular choice of the point z; € o;, the boundary condi-
tions (1.4) are regular if and only if det 7;,5(C, D) # 0 for each admissible z.

Definition 1.1. ([37]) The boundary conditions (1.4) are called weakly B-regular
(or, simply, weakly regular) if there exist three admissible complex numbers z1, z5,
z3 satisfying the following conditions:

(a) the origin is an interior point of the triangle A;, ,;;

(b) detT;;;g(C, D) # 0for j €{1,2,3}.

In the case of Dirac type system (B = B*) the weak regularity of boundary
conditions (1.4) is equivalent to their regularity (1.7) and turns into

detTy :=detTyp(C, D) 75 0.

Therefore, by [37, Theorem 1.2], this condition implies the completeness and min-
imality in L2([0, 1]; C") of the root functions of BVP (1.2)—(1.4). In special cases
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this statement has earlier been obtained by V. A. Marchenko [38, §1.3] (2x2 Dirac
system) and V. P. Ginzburg [17] (B = I,,, Q = 0).

Our first main result (Theorem 4.1) states the completeness property for the
general BVP (1.2)—(1.4) with non-weakly regular boundary conditions. It sub-
stantially generalizes the corresponding results from [37] and [1]. Emphasize that
in the case of non-weakly regular boundary conditions the completeness property
substantially depends on the values Q(0) and Q(1). The latter means that Theo-
rem 4.1 cannot be treated as a perturbation theory result: the operator L¢,p (Q) sat-
isfying the conditions of this theorem is complete while the system of root vectors
of the unperturbed operator Lc,p (0) may have infinite defect in L2([0, 1]; C**").
We demonstrate this fact by the corresponding examples (cf. Corollary 4.7).

Our second main achievement is the Riesz basis property for general n x n
Dirac type system with Q € L°°(]0, 1]; C"*") subject to certain boundary condi-
tions. These conditions form rather broad class that covers, in particular, periodic,
antiperiodic, and regular splitting (not necessarily selfadjoint) boundary condi-
tions for 2n x 2n Dirac system (B = diag(—1,, I,,)) (see Theorem 5.6 and Propo-
sition 5.9 for the precise statements). Emphasize that to the best of our knowledge
even for 2n x 2n Dirac systems with n > 1 the results on the Riesz basis property
are obtained here for the first time.

In this connection we mention the series of recent papers by P. Djakov and
B.S. Mityagin [7, 9, 10, 11, 12]. In [7] the authors proved that the system of root
functions for 2 x 2 Dirac system with Q € L2([0, 1]; C>*?) subject to the regu-
lar boundary conditions forms a Riesz basis with parentheses while this system
forms ordinary Riesz basis provided that the boundary conditions are strictly reg-
ular. Moreover, in [9, Theorem 13], [11, Theorem 19] and [12] it is established
a criterion for the system of root functions to contain a Riesz basis for periodic
(resp., antiperiodic) 2 x 2 Dirac operator in terms of the Fourier coefficients of Q
as well as in terms of periodic (resp., antiperiodic) and Dirichlet spectra.

Finally, we apply our main abstract results with B = B* € C*** to the Timo-
shenko beam model investigated under the different restrictions in numerous pa-
pers (see [57, 24, 54, 61, 60, 59] and the references therein). We show in Propo-
sition 6.1 that the dynamic generator of this model is similar to the special 4 x 4
Dirac type operator. It allows us to derive completeness property in both regular
and non-regular cases. Moreover, in the regular case we obtain also the Riesz
basis property with parentheses.

The paper is organized as follows. In Section 2 we obtain the general result on
completeness that generalizes [37, Theorem 1.2]. In Section 3 we obtain refined
asymptotic formulas for solutions of system (1.2) and the characteristic determi-
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nant A(-) of the problem (1.2)—(1.4), provided that the potential matrix Q(-) is
continuous at the endpoints 0 and 1.

In Section 4 we prove our main result on completeness, Theorem 4.1. We
illustrate this result in 2 x 2 case by deriving completeness and minimality in
L2([0, r]; €?) of the system {col(e*"* sinnx,ne@="¥)L 7\ (41, We also obtain
some necessary conditions on completeness for general BVP (1.2)—(1.4) gener-
alizing [37, Proposiiton 5.12] and coinciding with it in the case of 2 x 2 Dirac
system.

In Section 5 we prove the mentioned above results on the Riesz basis prop-
erty with parentheses for BVP (1.2)—(1.4) with a bounded potential matrix. In
Section 6 we prove mentioned above results on the completeness and Riesz basis
property with parentheses for the dynamic generator of spatially non-homogenous
Timoshenko beam model with both boundary and locally distributed damping.

The main results of the paper were published as a preprint [31] and partially
announced in [28].

Notation. (-, -) denotes the inner product in C”; C"*" denotes the set of n x n
matrices with complex entries. I, (e C"*") denotes the identity matrix; GL(#n, C)
denotes the set of nonsingular matrices from C"*"; T is a closed operator in a
Hilbert space $; o (T') and p(T) = C\ o(T) denote the spectrum and resolvent set
of the operator T, respectively; W"-?[a, b] is Sobolev space of functions f having
n — 1 absolutely continuous derivatives on [a, b] and satisfying ™ e LP[a, b].

2. Preliminaries
Let B4, ..., B be all different values among by, ..., b,. Note that the lines
lix :={A € C:Re(ifjA) =Re(ifrA)}, 1<j<k<r, (2.1)
together with the lines
li:=={AeC:Re(ipjr) =0}, je{l,....r}, (2.2)

separate v < r2 + r open sectors S, with vertexes at the origin, such that for any
p € {l1,...,v} the numbers B, ..., §, can be renumbered so that the following
inequalities hold:

Re(iBj;A) <--- <Re(if;A) <0 <Re(iBj.,A) <--- <Re(iB,A), A€eS,.
(2.3)
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Here « = k, is the number of negative values among Re(i814)....,Re(iB,A) in
the sector S,. We call z € C feasible if z does not belong to any of the lines (2.1)
and (2.2), that is, z lies strictly inside some sector S,. Note that feasible point is
more restrictive notion than admissible point.

Clearly, each of the sectors S, is of the form

Sp={z:1p <argz < ¢zp}.
Denote by S, ¢ a sector strictly embedded into the latter, i.e.,

Spe =1z @1p +e<argz <¢yp —e}, (2.4a)
where ¢ > 0 is sufficiently small, and
Spe.R =1z € Spe: |z| > R}. (2.4b)

Proposition 2.1. [37, Proposition 2.2] Let §;x be a Kronecker symbol, let

B =diag(Biln,.....BrIn,), ni+---+n, =n, (2.5a)
Q = (QjK)ix=1> Qjk € L1([0, 1];C"*"), (2.5b)
Qjj()=0, je{l,....r} (2.5¢)

Let also p € {1,...,v} and let ¢ > 0 be sufficiently small. Then for a sufficiently
large R, equation (1.2) has a fundamental matrix solution

Y(x,A) = (Y1 Yn), Ye(x,A) =col(yig, ..., ynuk), kef{l,...,n},
which is analytic in A € S, ¢ g and satisfies (uniformly in x € [0, 1])

yir(x, A) = Bjx +0(1)e’?** asd — 00, A€ Sper, joke{l,...,n}.
(2.6)

In what follows we will systematically use a concept of the similarity of un-
bounded operators.

Definition 2.2. Let $); be a Hilbert space, A; a closed operator in §); with domain
dom(4;), j € {1,2}. The operators A; and A, are called similar if there exists a
bounded operator 7 (a similarity transformation operator) from $); onto ), with
bounded inverse, such that A, = TA; T, i.e.

dom(A4,) = Tdom(4,) and A, f =TAT"'f fedom(4,). (2.7)
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Note that similar operators A; and A, (4, = TA;T~1) have the same spectra,
algebraic and geometric multiplicities of eigenvalues, while the systems of their
root vectors {e,(cj )}, Jj € {1,2}, are related by e,(f) = Te,(cl). Therefore, they also
have the same geometric properties (completeness, minimality, basis property,
etc.).

Next we state the completeness result which slightly generalizes [37, Theo-
rem 1.2]. The proof can be found in our preprint [31] and due to the lack of space
is omitted.

Let ®(x, A) be a fundamental matrix solution of equation (1.2) satisfying

®0,A)=1,, AeC. (2.8)
The characteristic determinant A(-) of the problem (1.2)—(1.4) is given by

AQ) := det(C + D®(1,1)), AeC. (2.9)

Theorem 2.3. Let Q(-) € L'([0,1]; C™*"). Assume that there exist C,R > 0,
s € Z4 and three feasible numbers z1, z,, z3 satisfying the following conditions:

(i) the origin is the interior point of the triangle Az, z,:5;
(ii) fork € {1,2,3} we have

CeRe(i Tk /l)

AN = ——7—
|Al*

% = Z bj, |Al> R, argA = argzg.

Jj=1
Re(ibjzk)>0

(2.10)
Then the system of root functions of the BVP (1.2)—(1.4) (of the operator Lc,p(Q))

is complete and minimal in L*([0, 1]; C™).

Remark 2.4. In the case s = 0 Theorem 2.3 is implicitly contained in [37, Theo-
rem 1.2].

3. Asymptotic behavior of solutions and characteristic determinant

Here we refine asymptotic formulas (2.6) assuming that Q(-) is continuous at the
endpoints 0 and 1. These formulas will be applied to investigate asymptotic be-
havior of the characteristic determinant A(-). We start with the following lemma.
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Lemma 3.1. Letb € C\ {0}, C > 0and S C C be a non-bounded subset of C
such that

Re(bA) < —CJA|, A €S. (3.1)
(i) Let ¢ € L'[0, 1] and ¢(-) is continuous at zero. Then
1
1
/ M (1) dt = Mb;(), ash—>oo, A€S.  (32)
o _

(ii) Let ¢ € L'[0,1] and let ¢(-) be bounded at a neighborhood of zero. Then
1
/ ‘eb)”go(t)‘dt — O(AI™Y), Ares. (3.3)
0

Proof. Taking into account (3.1) one has

! bt <( 5 ! —C|Alt
.L P o(0)ldt < ‘A +3£ )e o (0))di
1

—C3|A|

34

S = sup lp@)|+ llele

CIAl tefo.5]
This implies (3.3). Further, (3.2) is true for ¢(-) = const. Therefore, it is sufficient
to prove it in the case ¢(0) = 0. Estimate (3.4) proves this, taking into account
that § can be chosen arbitrary small. O

Lemma 3.1 allows us to refine the asymptotic formulas (2.6) from Proposi-
tion 2.1 when Q is continuous at the endpoints of the segment [0, 1].

Proposition 3.2. Assume conditions (2.5a)—(2.5¢) and let p € {1,...,v}. As-
sume, in addition, that Q is continuous at the endpoints 0, 1. Then for a sufficiently
large R and small ¢ > 0 equation (1.2) has a fundamental matrix solution

Yx, W)= (Y1 ... Yn), Ye(x,A) =col(yik,....ynk)s ke€{l,....n},

analytic with respectto A € S, ¢ r. Moreover, yjr(x,A), j.k € {1,...,n}, satis-
fies (2.6) and has the following asymptotic behavior at the endpoints 0 and 1 as
A= oo, AE Sp,g,R,

0, ifRe(ib,-A) < Re(ibk)t),

Vix(0, 1) = { ke ibj = bi. (3.5)
bigix (0 o1
bigik© o) "1 pe(ib;2) > Re(ib):

bj—bk A |
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and
bigir(1) +o(1) P
b; —bx P
Vik( A =9 @50 + o(1))e2, if bj = bx. (36

0, if Re(ib; 1) > Re(ibgA).

if Re(ib; 1) < Re(ibg ),

Proof. According to the proof of [37, Proposition 2.2] the matrix solution Y (x, A)
of system (1.2) with the asymptotic behavior (2.6) in S, ¢ g Was constructed as the
unique solution of the following system of integral equations

X n
Yik(x.A) = 8je’ M —ib / e HIMEIN " Oy Mde, (3T
4k I=1

where

0, ifRe(ib;A) < Re(ibgh), A € Spe.
ajk::{ if Re(ibjA) < Re(ibgA), A € Sp, 35)

1, ifRe(ibjA) > Re(ibgd), A € Spe.
In particular, ajx = 0if b; = by. Letus show that this solution satisfies (3.5), (3.6).
It is clear from (3.7) that for A € S, . g wWe have

yx(0.1) =0,  Re(ib;A) < Re(ibih),

Vik(0,A) =68k, bj = by,
vik(1LA) =0,  Re(ibjA) > Re(ibeh),

while the second relation in (3.6) follows from Proposition 3.2. Thus, we need to
prove only the third relation in (3.5) and the first one in (3.6).
At first we rewrite (2.6) in the following form

Vik(x,A) = 6k + pjk(x,)t))eibkk, J.kel{l, ... ,n}, (3.9)

where pjr(x,A) = o(1),as A — 00, A € Sp¢ R, uniformly in x € [0, 1]. Now
inserting expression (3.9) for yjx(x, A) into (3.7) we obtain

Yik(x, A)
X n
= (5.fk —ibj/ e O BM (g (1) + Zqﬂ(t)plk(t,A))dr)e"bk“.
ajk

=1
(3.10)

LetRe(ib;A) > Re(ibxA). Setting x = 0 in (3.10) one gets

1 1 n
yjk(O,A):ibj/ el(bk_bf)“qjk(t)dt+ibj/ e ORmPDMN " g (0 puc (£, V)t
0 0

=1
(3.11)
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Clearly,
Re(i(bx —b)A) < —CIAL A € Sper.

for some C > 0. Hence, applying Lemma 3.1(i) with
S =Sper, b=ilbp—=0bj). ¢()=1ibjqjr(),
and taking into account the continuity of ¢ (-) at zero, we derive from (3.2)

bjqjk(0) + o(1)

1
ibj/ ! Ce=bpA g (1)dt = as A — 00, A € Sp.R.
0

(bj —bp)r
(3.12)
Further, since ¢;;(-), I € {1,...,n}, is bounded at a neighborhood of zero and
sup |pix(t,A)] =o0(1) asd — 00, A € Spe R,
tef0,1]
Lemma 3.1(ii) implies
/ ' br=bp)At Zq,jl(t)Plk(t,)t)dt = Zo(/ |e’(b"_bfW¢]jl(l‘)|dt)

0 = =1 0 (3.13)

=o(A7h),

as A — 00, A € S, . g. This together with (3.11) and (3.12) yields the first relation
in (3.5). Next, let Re(ibjA) < Re(ibgA). Then using (3.8) we obtain from (3.10)

yie(1,2)

1 n
= —ibjePt / e OI=BR (g (1 —5) + 3 (1 — 9)pe(1 —5.2))ds.
0 I=1

Using the inequality Re(i(b; — bx)A) < —C|A|, A € Sp¢ r, and continuity of
q;1(:), 1 € {1,...,n}, at the point 1, and follow the above reasoning we arrive at
the third relation in (3.6). O

Remark 3.3. Fix j, k € {1,...,n}. Asitis clear from the proof of Proposition 3.2,
the individual function y;(x, A) satisfies the third relation in (3.5) whenever
q;jk(+) is continuous at zero and g;;(-) is bounded at zero for / € {1,...,n}. Oth-
erwise it satisfies only the weaker relation y;z(0,A) = o(1) as A — oo, A € Sp ;.
Moreover, if g;;(-), [ € {1,...,n}, is just bounded at zero then, by Lemma 3.1(ii),
yik(0,2) = OA7Y), A € Sy r. Similar statements are true for y;x(1,1). This
allows us to weaken assumptions on Q(-) in further considerations.
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Next we investigate the asymptotic behavior of the characteristic determinant
A(-). Emphasize that in contrast to the considerations of the previous paper [37],
in the following proposition we ignore block matrix structure (2.5a)—(2.5b), i.e.
do not assume that equal b;th are grouped into the blocks. It is motivated by
the application to the Timoshenko beam model in Section 6 where such situation
naturally occurs for matrix (6.12a) with equal eigenvalues b; = b,.

Proposition 3.4. Let B be defined by (1.3), Q(-) € L'([0, 1]; C") and let g1 be
continuous at points 0 and 1if b; # by. Let, as above, A(-) be the characteristic
determinant (2.9) of the problem (1.2)—(1.4). Finally, let p € {1, ..., v}. Then for
sufficiently small ¢ > 0 the characteristic determinant A(-) admits the following
asymptotic expansion

w1(zp) +o(1)

7 )e””l, asA — 00, A € Sp,.

(3.14)

AM) = - (@0(zp) - (14 0(1)) +

Here z, is a fixed point in Sp¢,

1
Y :=exp( > ibj/O q‘,-j(t)dz), (3.15)

Re(ib;zp)>0

pi= Y by (3.16)

Re(ib;zp)>0

wo(zp) :=detTiz,g(C, D), (3.17)
dk—>d'

detTiz brqr; (0) — det T, "biqjr(1)
o)=Y e e Gy
J

Re(ibjzp)<0
Re(ibyzp)>0

Cj—>Ck

cj—>cCk dj—dy

and the matrix Tl.zpB (Tl.Z’de ) is obtained from T;,,g(C, D) by replacing its
Jj th column by the kth column of the matrix C (resp. D).

Remark 3.5. Denote by c; (d;) the jth column of the matrix C (resp. D). Note
that if Re(ib;A) < 0, the jth column of T;,,p(C, D) coincides with c;. There-
fore, the superscript ¢; — ¢ in the notation of the matrix ﬂi’;;ck means just

T.dk—>dj

replacement ¢; by ¢ in 7., g. The notation iz, B

is justified similarly.
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Proof of Proposition 3.4. By renumbering y;, ..., y, we can assume that the ma-
trix B satisfies (2.5a) and hence Q has representation (2.5b). Let

Q1(x) :=diag(Q11(x), ..., Orr(x))
and let W(-) be the solution to the Cauchy problem
iB'W' = 0,(x)W, W(0) = I,. (3.19)
Due to the block structure of the matrices B and Q1 one easily derives
W(x) = diag(W11(x). ..., Wrr(x)), W;i(x) € GL(n;,C), x €][0,1]. (3.20)
Denoting by W: y — W(x)y the gauge transform and letting
B:=pw() and J(x) =W ()(Q) — Q1())W() = @ () xey
(3.21)

we get B
Le5(0) =W Lep(Q)W,

ie. Lc,p(Q) and LC,5(Q~) are similar. Clearly,
d=W'o
is a fundamental solution of equatiOIl (1.2) with @ in place of Q and the corre-
sponding characteristic determinant A(-) (see (2.9)) is
AA) := det(C +Dd(1, 1)) = det(C + DW(HWL1)D(1,1)) = A(L). (3.22)

Further, Q — Q) is continuous at the endpoints 0 and 1. Since both W(-) and W ~!(-)
are continuous on [0, 1], O is continuous at the endpoints 0 and 1 too. According
to (3.21) Q satisfies (2.5¢) and, by Proposition 3.2, there exists a fundamental ma-
trix solution Y (-, 1) of system (1.2) with 0 in place of Q, that satisfies asymptotic
relations (3.5) and (3.6) with g, (-) in place of ¢ (-). The fundamental matrices
Y (-,A) and ®(-, 1) are related by

Y(x, 1) = &(x,)P(A), x€[0,1], A € Sper. (3.23)

where P(A) =: (px; ()L));C” j=p isan analytical invertible matrix function in S, ¢ .
Hence Y (0, 1) = P(}) and due to (2.6) and (3.22) (cf. [37, formula (3.31)]),

Ag(X) :=det(CY (0,A) + DY (1,1)) = A(V) det(Y (0, 1)) = (1 + o(1))A(A),
(3.24)
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as A — 00, A € Sy . Thus, it suffices to prove (3.14) with A (-) instead of A(-).
Since W(0) = I,,, one has Q (0) = Q(0) — Q1(0) and hence

Y(0.0) = Yo := Yo() := (y}(V) (3.25)

n
Jk=1"

where )’][-2] (4) is given by (3.5). Let us simplify Y (1, 1). To this end let

0x) = (0 (¥) ey Ojr(x) € €Y7,

Y(x, ) = (Yjr(x, 1)) Yir(x, ) € Qi

-
Jk=1

be the block-representations of matrices O(x) and Y (x, 1) with respect to the
orthogonal decomposition C* = C"! @ --- @ C"r. It follows from (3.20)—(3.21)
that

Oj(l) = W' (D Qe MW (1), j #k. (3.26)

Further, note that due to (2.5a)—(2.5b) formula (3.6) for Y (1, A) takes the form

Bi0jk(1) +o(1) €

Fou(l,2) = Pi=Pi r 3.7
k(LAY =\ (1, + o(1))eiPi, it j =k, G2

if Re(iBjA) < Re(ifrh),

0, if Re(ifjA) > Re(iBiA).
In view of (2.52)—(2.5b) and (3.26)~(3.27) we have
YO0 =wTOnwa). Y=o = Rm), . (3.28)
where y!}J (1) is given by (3.6). Combining (3.21), (3.24). (3.25) and (3.28) yields
Ay (A) = det (CYo(A) + DY (M W(1)) = det(J - V), (3.29)

where V := V(1) := (g‘f), Vi :=Y1W(1),and J := (c D). By the Cauchy-Binet
formula

5 _ 1 2 n . kl k2 kn
sw= ¥ (e () e

1<k <<k, <2n

Here A(,Q ,Z N ,JCZ ) denotes the minor of 7 x n’ matrix A = (a;x) composed of its
entries located in the rows with indices ji, ..., j, € {1,...,n} and columns with
indices k1,....kp € {1,...,n"}.
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Fix a set {k1,k>,...,kn} suchthat 1 < k; < --- < k, < 2n and denote by m
the number of entries of the set that do not exceed n,i.e., 1 < k; < --- < ky, <
n < km+1 < --- < kn. Applying Laplace theorem to expand the second factor
in (3.30) with respect to the first m rows, one gets

ki ko ... ky
V(l 2 ... n)

= Z (— 1) A+ tm+Gittim)
1<j| <...im<n (3.31)

IS/ <+<jn<n
{tseniny={1,...,n}

Y, (kl k.,,,).vl (k,,,.ﬂ—n k,,.—n).
J1 - m Jm+1 Jn
It follows from (3.5) and (3.6) that

Y =00, Y =00 reS,or jke{l.....n).

(3.32)
Setting (vjk()u));.”kzl := V1 (A) = Y1(A)W(1) we obtain from (3.32) and the block-
diagonal structure of the matrices B and W(1) that
vir(A) = 0(1)-eP*  AeS, g, jkell,... n} (3.33)
It follows from (3.25), (3.28), (3.32), (3.33) thatfor A € S, . r
Yo (kl a k’”) = 0(1), (3.34)
J1 oo Jm
and
4 ("’".“ e ”) = 0(1) - ! Cimsr bR, (335)
Jm+1 Jn
Let k be a number of negative values among Re(ib1A), ..., Re(ib,A), A € Spe.
For definiteness we assume that
Re(ibjA) <0, je{l,....k}, (3.36a)

and

Re(ibj\) >0, jef{k+1,....n) (3.36b)
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It is clear from (3.36) that for {jm+1,-.., ju} # {« + 1,..., n} the following in-
equality holds

Re(ibj, 4\ A) + -+ + Re(ibj, 1) < Re(ibe1A) + - + Re(ibyA)
=Re(ityd), A€ Sy

where 1, is given by (3.16). Combining this estimate with (3.34) and (3.35) yields
that for {ju+1,...,ju} Z{c+1,...,n} andeach h € N,

_ — 1y
YO (kl A km)Vl <km+l n ... kn] n) — O(A—h)-ell’p/l’ A€ Sp,s,R.

Ji oo m Jm+1
(3.37)

Inserting (3.37) into (3.31) we obtain for A € S, . g and each & € IN that

1 ... n

V(k11 k,,)zyo(kll k,c)'Vl(kKH—ln k,,—n)
... n ... K K+ n (3.39)

+ O()Lih) el m =k,

ki oo kn 1y
V(l )=O(A—h).e”p*, m % (3.38)

Due to the block-diagonal structure of W(1) one has

kl(+1 kn _ k,(+1 kn
V‘(K+1 n)—Yl(K+1 B R 2 (3.40)

where

r

y) =[] detwj ().

j=1
Re(if; 1)>0

Applying the Liouville theorem to system (3.19) and using the definition of the
sector Sy ¢ yields y(A) = yp, A € Sp ¢, Where y,, is given by (3.15). Now it follows
from (3.30), (3.38), (3.39) and (3.40) that for A € S, ¢ r
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1 ... « Kk+1 n

Az(A) = J

A = 1$k1;kK$n (kl oo ke ntkegr ... n+kn)
1$kK+1<---<knsn

ki ... ke kexi ... kn (3.41)
XYO(l K) YI(K+1 n)

+ O(%h) Z S

Let (kq,..., k) € IN be a sequence satisfying 1 < k; < --- < k, < n and let
(I, ..., 1) be its permutation. It is easily seen that
1 ... « Kk+1 n ki ... ke
J - Y,
<k1 kK n+kK+1 n+kn) 0(1 K)
(3.42)
1 ... « Kk+1 n L ... 1
=J - Y, .
(11 oo e n+kegr ... n—i—kn) 0(1 IC)
This identity means that for each summand in the right-hand side of (3.41) we can
choose arbitrary permutation of the corresponding sequence (k, ..., k). Clearly,
the same is true for the corresponding sequence (ky+1, ..., kn).

It follows from (3.5) that

Le+o(1) 0™

Yo =Y(0,4) = ( O™ I +o0(1)

) . asA—o00, A €S, (3.43)

Hence if the intersection of the sets {ky,...,k} and {k + 1,...,n} consists of
s elements, then the corresponding minor Yo(kl1 - k}f) contains exactly s lines
with entries of the form O(A~!) while all entries of other lines are of the form
O(1). Indeed, if k; > «, then jth line of the considered minor coincides with the
(kj — «)th line of the lower-left block of the block-matrix (3.43). Thus, we have

ki ... ke 1
Yo(l K):O(F)’ A € Spe.R- (3.44)

For the cases s = 0 and s = 1 we can obtain sharper estimates. At first, (3.43)

directly implies

Yo (i Z) =1+40(1), asA—o00, A €Sper. (3.45)
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Next, assume that s = 1, i.e. the set {k;,...,k,} is obtained from {1,...,«} by
replacing its one entry by an entry from {k + 1,...,n}. Assume that j is replaced
by k, where | < j < « < k < n. Then, according to (3.36), Re(ibxA) > 0 >
Re(ib;A) and, by (3.5),

Y £ BV RS BV
L O Y S R S S
14+o0(1) - o(1) o(1) o(1) o(1)
0(‘1) 1+‘0(1) 0('1) 0('1) 0('1)
—det| 00 oy WO o0 oa
o(1) o(1) o(1) I14+o0() --- o(1)
0(‘1) 0(‘1) 0(.1) 0(.1) 1—1—.0(1)
(0) + o(1
:rk‘,()k—o()’ asA — 00, A € Spe R,
(3.46)

where we set for brevity
bjqjk(x)
bj — by

rik(x) ==

Further, according to (3.6)

I +0(1) oA™Y
Yi=Y(,4) = -E(A A A
1 ( ’ ) ( O(A_l) In—K +0(1) ( )’ as A — oo, € Sp,s,R’
(3.47)
where
EA) = diag(e"blk, cee, e"b”’l).
Let the set {k(+1,...,k,} contain exactly s entries from the set {1,...,«}.

Then repeating the above reasoning to Y; in place of Yy yields

k;<+1 kn . 1 A
" <K+1 n)_O(F)e”p’ A € Spe,R- (3.48)
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Further, it is easily seen that

Y, (K—I-l n):(l_i_o(l))_eirp/l’ (3.49)
k+1 ... n
and
k+1 ... k=1 j k+1 n oiTrh
I(K‘I-l oo k=1 k k+1 n) (rix(1) + o(1)) 7 , (3.50)
asA — oo, A€ Syer, Where j e{l,....c}andk € {k +1,...,n}.

Inserting formulas (3.44) and (3.48) into (3.41) and using (3.42) we get

V,,_IA;?(A)
= (e ) Y- o) -nldion

K n
1. j—=1jj +1 Sk okt o.on ) 1..j—1kj+1 .. «
+Z Z J(l...j 1k j ke ntt] n+n) Y0(1... J=1j j+1 ..«
j=lk=x+1
k+1 ... n
x YI(IC+1 n)

+ Z Z J 1.k k+1 ... k-1 k k+1 ... n
1..«n+k+1 .. n+k—1 n+j n+k+1 ... n+n
J=lk=x+1
1. k). k+1 ... k=1 j k
x Yo(i: %) Yl(:c+1 v k=1kk

1\ .
+ o(ﬁ)e”ﬂ, A€ Syer.
(3.51)

Let z, be some fixed point in S, .. Then it is clear from inequalities (3.36) and

% and T 79 that

definition of matrices 7;.,g(C, D), Tl izp B

(1 nsii o ahn) = detTiz,5(C, D), (3.52a)

Cj—>Ck

1o j=1j j+1 .. +1 ..
J(l TR e ettt ) =detT;; p (3.52b)

Lok x4+l . k=1  k  k+1 .. di—d;
J(l o K KD k=1 ntj ntk+1 ot ) =detT;,, p - (3.52¢)
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Now inserting (3.45), (3.46), (3.49), (3.50) and (3.52a), (3.52b), (3.52c) into (3.51)
we get

vy Ap(d)
= detT;,5(C, D) - (1 +0(1)) - (1 + o(1)) - e'*

Y derrspe OO gy g

zpB
J=lk=k+1 ! A
K n
. (1 1 .

£33 der (1 1oy r o) );r oD it

Jj=lk=k+1

1 .

+ O(ﬁ)elrpk

= ' (w0(zp) - (1 + 0(1) + 027
" det T, 5% b (0) — det T, 5 b (1)

- izpB
22 Z(bx —b;) )

Jj=1lk=«k+1

asA — 00, A € S, r. Rewriting the double sum in the last equality with account
of (3.36) we arrive at formula (3.14) with the required form of w(z,). O

4. Explicit completeness results

4.1. Explicit sufficient conditions of completeness. Now we are ready to state
our main result on completeness of the root vectors of the boundary value prob-
lem (1.2)—(1.4) in terms of the matrices B, C, D and Q(-).

Theorem 4.1. Assume that Q(-) € L([0, 1]; C"*") and g, is continuous at points
0 and 1 if b;j # bi. Let wo(zx) and w1(zx) be given by (3.17) and (3.18), respec-
tively. Assume also that there exist three admissible complex numbers z1, z3, z3
satisfying the following conditions:

(a) the origin is an interior point of the triangle Az, ;,z5;

(@) |wo(zi)| + w1 (zx)| # 0, k € {1,2,3]}.

Then the system of root functions of the BVP (1.2)—(1.4) is complete and mini-
mal in L*([0, 1]; C™).
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Remark 4.2. Note that w;(:), j € {0, 1}, is a constant function in each sector
or, k € {1,...,m}, introduced before formula (1.7). Hence w;(-), j € {0,1},
is piecewise constant function in the plane C with cuts along the lines doy, k €
{1,...,m}. Itis easily seen that the assumptions of Theorem 4.1 fail if and only if
both wy(-) and w; (-) vanish in the open half-plane {A € C: Re(cA) > 0} for some

¢ #0.
Proof of Theorem 4.1. Recall that the lines
li ={A € C:Re(ibjr) = 0}

divide the complex plane into m sectors o1,...,0,. Let k € {1,2,3} be fixed.
Note that the point z;x can be not feasible but it is clear from definition of wy(-)
and w; () that they are constant in each sector o;. Hence if zx is not feasible, that
is, it lies at one of the lines

Lix = {1 € C: Re(ib;jA) = Re(ibi 1)},

we can replace it by any point with arbitrary close argument to make it feasible
and to conserve the condition (a) of the theorem. Thus, we can assume that the
points zy, z5, z3 are feasible. Then combining condition (b) of the theorem with
Proposition 3.4 implies for k € {1, 2, 3}

wo(zy) + M

Re(itx A)
e
A

A= C

oRe(iTiA) “.1)

Al

= (G |[A| > R, arg A = arg zg,

where C, Cq > 0,

T .= Z bj,

Re(ib;zx)>0
and R is sufficiently large. To complete the proof it remains to apply Theorem 2.3.
O
The following result is easily derived from Theorem 4.1 (cf. [37, Corolary 3.2]).

Corollary 4.3. Let Q satisfy assumptions of Theorem 4.1, and let |wo(%z)| +
|w1(£2)| # 0 for some admissible number z. Then the system of root functions of
the BVP (1.2)—(1.4) is complete and minimal in L?([0, 1]; C™).
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Remark 4.4. In connection with Theorem 4.1 we mention the fundamental pa-
per [51] by A.A. Shkalikov, where he studied BVP for ODE (1.1) with spectral
parameter in boundary conditions. In particular, the notion of weakly B-regular
boundary conditions might be treated as an analogue of the notion of normal BVP
of order O from [51], while conditions of Theorem 4.1 correlate with those of nor-
mal BVP of order 1 from [51]. Moreover, it is proved in [51] that the system of root
functions of the linearization of the normal BVP for ODE (1.1) is complete in
certain direct sums of Sobolev spaces. For certain matrices B = diag(by, ..., by)
with simple spectrum this result correlate with [37, Theorem 1.2] and Theorem 4.1.

We first apply Theorem 4.1 to 2 x 2 case. Let

(C D):<a11 aiz dis 6114)

dz1 dzz d23 d24

and

T ;=det(‘“f a”‘), jke{l,... 4.
| azj Az

Proposition 4.5. Let n = 2, argh; # argb,, and let q12, q21 be continuous at
the endpoints 0 and 1. Then the system of root functions of the boundary value
problem (1.2)—(1.4) is complete and minimal in L? ([0, 1]; C*) whenever

[J32] + [b1J13912(0) + b2 J42g21(1)| # O, 4.2)

and

[J14| + |b1J13q12(1) + b2 J42g21(0)| # 0. 4.3)

Proof. Since argb; # argb, then there exists z € C such that Re(ib1z) < 0 <
Re(ib,z). Then, in accordance with definition of J;; and the numbers wo(z), w1(z),

J24b1q21(0) — J13b1g12(1)

wo(z) = Jia, w1(2) = R ,

and

_ J31b2412(0) — Ja2b2q21(1)

wo(—z) = J32, w1(—2) by — by

Conditions (4.2), (4.3) imply |wo(£z)| + |w1(£z)| # 0. Hence Corollary 4.3
yields the result. U
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Remark 4.6. In the case of 2 x 2 Dirac-type systems (b; < 0 < by) this re-
sult improves Theorem 5.1 from [37] where the completeness was proved un-
der the stronger assumption ¢12,¢>1 € C'[0, 1] while was stated for g12,¢2; €
C [0, 1]. It happened because the precise version of Lemma 5.4 from [37] requires
a stronger assumption Q(-) € C ([0, 1]; C"*") instead of Q(-) € C([0, 1]; C™")
(cf. [34, Theorem 1.1]). In our forthcoming paper the completeness property of
BVP (1.2)—(1.4) for 2 x 2 Dirac-type systems will be discussed in detail.

In the case b,b;! ¢ R Proposition 4.5 improves Theorems 1.4 and 1.6 from [1]
where the completeness property was proved for analytic Q(-).

The next result demonstrates that Theorem 4.1 cannot be treated as a pertur-
bation result since unperturbed operator Lc,p(0) may have incomplete system of
root functions.

Corollary 4.7. Letk € {1,...,n — 1}, Reb; < Ofor j € {1,....«k}, Reb; >0
for j € {x + 1,...,n}, and the first boundary condition in (1.4) is of the form
¥1(0) = 0. Then the following holds.

(1) Assume that Q is continuous at the endpoints 0 and 1 of the segment [0, 1],

" detTY ¢!
detTp(C.D) #0 and Y _ ﬁ.qu(m;ﬁo. (4.4)
Jj=k+1 J

Then the system of root functions of the operator Lc,p(Q) is complete and
minimal in L?([0, 1]; C™).

(ii) If q1j(x) = 0for x € [0,¢], j € {2,...,n}, for some ¢ > 0, then the system
of root functions of the operator L¢,p(Q) is incomplete in L*([0, 1]; C") and
its defect is infinite. In particular, the latter is valid for the operator Lc,p(0)
with zero potential.

Proof. (i) The condition y;(0) = Omeansthatc;; = 1,¢q = Ofork € {2,...,n},

and dx = 0, k € {1,...,n}. Therefore, the matrix 7_p(C, D) has zero first line

and hence wo(i) = 0. Moreover, due to the structure of the first row of (C D),
dk—’dj Cj—>Ck

detT_p =0, j,k € {I,...,n}, and det T = 0, for k > 1. Now the
assumption on Re b;, definition of w;(-), and condition (4.4) together imply

) " detT7 " - big1;(0)
wi(i) = Z Bbl_b_ 122 £0.
J

J=k+1

Due to the first relation in (4.4) wo(—i) = det Tg(C, D) # 0. It remains to apply
Corollary 4.3.
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(ii) Under our assumption each solution y = col(yy,...,y,) of the prob-
lem (1.2)—(1.4) satisfies

Yy =ibiAy1 +ibiqi1(x)y1, x €10,¢], and y1(0) =0.
By the uniqueness theorem, y;(x) = 0 for x € [0, ¢]. Hence each
f =col(f1,0,...,0) € L?([0,1];C™)

with f; vanishing on [g, 1] is orthogonal to the system of root functions of the
operator L¢c,p(Q). ]

Remark 4.8. Letn = 3, x = 1 and y;(0) = 0. Then condition (4.4) takes the
form

d22 d23
d32 d33

q12(0)

' ~ q13(0)
by — by

by — b3

dr1 22
d31 c32

dri  C23

#0 and

#0. (4.9
dz1 ¢33
Therefore, if |¢12(0)| + |¢13(0)| # 0, then, in general, the system of root functions
of the operator L c,p (Q) with the first boundary condition y; (0) = 0, is complete
in L2([0, 1]; C3).

Finally, we specify Corollary 4.3 for 4 x4 Dirac type equation subject to special
boundary conditions. This statement will be applied in Section 6 for study of the
Timoshenko beam model.

Corollary 4.9. Let n = 4, B = diag(—b1, b1, —b2, by), where by, by > 0, let Q €
LY([0, 1]; C**), where Q is continuous at the endpoints 0 and 1, and matrices C
and D are of the form

1 1 0 O O 0 0 O
oo oo a0 0
C_0011’D 0 0 0 o0} (4.6)
0O 0 0 O 0 0 ds ds
Assume that
|d2da| + |d1dagr2(D)| + |dadzqza(1)| # 0, 4.7a)
and
|d1ds| + |dad3q21(1)| + |d1daqaz(1)| # 0. (4.7b)

Then the system of root functions of the BVP (1.2)—(1.4) is complete and minimal
in L2([0, 1]; C*).
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Proof. By the definition of the matrix Tg(C, D),

1 0 0 O
10 d2» 0 0
Tg(C,D) = o 0 1 ol 4.8)
0 0 0 ds
and hence
wo(—i) = detTp(C, D) = dyd,. 4.9)

In our case the double sum in (3.18) for w; (—i) involves only values j = 1,3 and
k = 2, 4. It follows from definition of matrices T}/5 ** and Y}i’;}_’d" that

detT§' 7 = dydy, det T2 = dydy,
detT5' 7 =0,  detTH~% =,
detTS 72 =0,  detTg27% =0,
det TS 7 = dody, det TEH7® = dyds.

Inserting these expressions into (3.18) we obtain

1
wi(—i) = §(d2d46121(0) + d1daq12(1) + d2daq43(0) + dad3g3a(1)).

Note that if d, = 0, then w,(—i) = %d1d4q12(1). On the other hand, if d4 =
0, then wy(—i) = %d2d3q34(1). This allows us to rewrite condition |wo(—i)| +
|1 (—i)| # 0 in the form of the first relation in (4.7).

Similarly, one verifies that condition |wg (i )|+ |w1 (i)| # O turns into the second
relation in (4.7). One completes the proof by applying Corollary 4.3. O

The following simple lemma will be useful for us in Section 6.

Lemma 4.10. Condition (4.7) is fulfilled if and only if each of the following con-
ditions is satisfied

|d1| + |d2| # 0, |ds| + |d4] # 0, (4.10)
|d1| + |ds| # 0, |da| + |da| # 0, 4.11)
ldi] + |g21(1)| # 0, |da| + |q12(1)| # 0, (4.12)

|d3| + [gas(1)[ # 0, |da| + |g3a(1)] # 0. (4.13)
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Proof. If didrdsdy # 0 then the statement is obvious. Further assume that
d; = 0 for some j € {1,2,3,4}. Let for definiteness, d; = 0. Then condi-
tions (4.10)—(4.13) are satisfied if and only if

dad3q21(1) #0 and |d4| + [g34(1)] # 0.

This, in turn, is equivalent to (4.7) whenever d; = 0, and we are done. Ol

4.2. Example. Here we illustrate Proposition 4.5 by investigation of the com-
pleteness and minimality of the system of vector functions

anx o3
L s . aeC, (4.14)
ne®™*(sinnx 4+ i cosnx)
nezZ\{0}

in the space L?([0, n]; C?).

Corollary 4.11. Let
ia & (—oo,—1]1N[l, 00). (4.15)

Then system (4.14) is complete and minimal in L?([0, rr]; C?).

Proof. Since a # +i there exists 0 € C\ {mwn},ez such that a = ctg #. Consider
the following boundary value problem

= ey + y,,
. AR (4.16a)
Yy = e_lel)/z,
y1(0) = y1(1) = 0. (4.16b)

Straightforward calculation shows that its spectrum is simple, consists of the eigen-
values {ﬂ and the system of the corresponding eigenfunctions is

sin }neZ\{O}’
e X sinmnx
{(nn 'e(a_l.)mx)} ) 4.17)
nezZ\{0}

Itis easily seen that a potential matrix of the operator L ¢, p (Q) associated with the
boundary value problem (4.16a)—(4.16b) is constant: Q(-) = (8 —e(;m). Clearly,

B = diag(hy, by) := —i diag(e’?, e 7).

Moreover, due to (4.15) arg by # arg b,.
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Clearly, boundary conditions (4.16b) imply Ji3 = 1, while the other deter-
minants J;; are zero. In particular, boundary conditions (4.16b) are non-weakly
regular and even degenerate: Ay(-) = 0. However, conditions (4.2)—(4.3) take now
the form ¢12(0)q12(1) # 0 and clearly, are fulfilled. Hence, by Proposition 4.5,
the system of eigenvectors (4.17) is complete and minimal in L2([0, 1]; C?). The
latter is equivalent to the completeness and minimality of the system (4.14) in
L2([0, 7r]; C?). O

Remark 4.12. In connection with Corollary 4.11 let us consider one more system
of functions K, = {e?"* sinnx},ez\ (0y. Clearly, it is a system of the eigenfunc-
tions of the problem

y' —2ary’ + (@* 4+ DA%y =0, y(0) = y(n) =0. (4.18)

It is known (see [26, Part II, Appendix Al], [32] and the references therein) that
this system is twofold complete in L2[0, 7r] in the sense of M.V. Keldysh [21]. The
latter means completeness of the system {col(e?"* sinnx, ne“"* sinnx)},ez\ {0
in L2([0, 7]; C?). So, the statement of Corollary 4.11 is in a sense close to the
twofold completeness and minimality of the system X,. Note that investigation
of the completeness and basis property of a “half” system

anx

K = (e sinnx}22
in L2[0, ] has been initiated by A.G. Kostyuchenko and constitutes his named
problem.

Note also that in the case a € R problem (4.18) naturally arises in the inves-
tigation of the solvability of the following elliptic boundary value problem in the
strip @ = [0, w] x Ry

Lu= T8 5 TPy

Toax? dx0t 9z
u(0,1) = u(m,t) =0, t =0, (4.19)
u(x,0) = up(x), up € L2[0, 7).

Since equation Lu = 0 is elliptic, the Cauchy problem in the strip is incorrect.
Applying the Fourier method, i.e. seeking for a solution of (4.19) in the form
u(x,1) = e*y(x), leads to problem (4.18).
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4.3. Necessary conditions of completeness. Next we present some necessary
conditions of completeness.

Proposition 4.13. Let boundary conditions (1.4) be of the form y(0) = Ay(1),
where det A # 0,

AB+BA=0 and Q(1—x)=A"'0Q(x)A, x €[0,¢], for some ¢ > 0.
(4.20)
Then the defect of the system of root functions of the operator

L:=Lcp(Q)
in L2([0, 1]; C™) is infinite.
Proof. Let A be an eigenvalue of L and let {u, (x)}7__, be a chain of the eigenfunc-
tion and associated functions of the operator L corresponding to A. Put ug(x) :=

0. It is clear that u, (), p € {0, 1, ..., m}, satisfies boundary conditions (1.4) and
the following identity holds

Lup(x) = Aup(x) +up—1(x), x€l0,1], pe{l,...,m}. (4.21)

Denote v,(x) := Au,(l — x). Let us prove by induction that u,(x) = v,(x),

x € [0,¢]. For p = 0itis clear. Let p > 0. It follows from (4.21) and (1.2) that
(u;,)(l —x)=iBA -0 —x)up(1 —x) +iBup_1(1 —x)
(4.22)
= iB[(A — Q(1 — ) A 0y (x) + A7 0, 1 ()],

Further, combining relations (4.20), (4.22) with the definition of v, and taking
into account induction hypothesis yields

Lvp(x) = —iB™ v, (x) + Q(x)vp(x)
=BT A (u))(1 — x) + Q(x)vp(x)
= —iABTYB[(A — Q(1 = x) A7 v, (x) + A7 vp—1 ()] + O (x)vp(x)
= Avp (%) + vp-1(x) + (Q(x) — AQ(1 — x) A", (x)
= Avp(x) +up—1(x), x €[0,¢].

Next, due to the assumption, v,(0) = Aup,(1) = u,(0). Thus, both u, and v,
satisfy the same non-homogenous linear equation (4.21) for x € [0, €] as well as
the same initial condition at zero. Therefore, by the Cauchy uniqueness theorem,

Up(x) = vp(x) = Aup(1—x), x €[0,¢].
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Further, let f € L2([0, 1]; C") and let

f(x)=0 forx € [e,1 —¢], (4.23a)
and
f(—x)=—-A%f(x), forx €]0,¢]. (4.23b)

Then one has for p = 0

/ {up (), S () = /

- /0 (up(x). FQ)) + (A up(x). —A* £()))dx

&

{up(x), f(x))dx +/0 (up (1 —=x), f(1 —x))dx

=0.

This identity shows that each vector-function f satisfying (4.23) is orthogonal to
the system of root functions of the operator L¢ p(Q). This completes the proof.
0

Note that existence of a nonsingular solution of the matrix equation
AB+ BA =0
is equivalent to the similarity of the matrices B and —B:
ABA™' = —B.

The latter amounts to saying that the spectra o (B) and o (— B) coincide with their
multiplicities. Since B is diagonal, we can restate Proposition 4.13 as follows.

Corollary 4.14. Letn = 2p and B = diag(B, —B), where
B = diag(l,,by,....In,by), ny+---+n, =p.

Further, let

A= (j ‘/‘2)1) s Aj = diag(Ajl, . ..,Ajr), Ajk € GL(}’lk,C), ] = {1’2}’
2

let boundary conditions (1.4) be of the form y(0) = Ay(1), and let
0(1—x)=A"'Q0(x)A, x €][0,¢], for some ¢ > 0. (4.24)

Then the system of root functions of the operator Lc,p(Q) is incomplete in the
space L2([0, 1]; C") and its defect is infinite.
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Proof. Due to the block structure of the matrices B, Ay and A,, one has AB +
BA = 0. Since Aj is nonsingular, det A # 0. Therefore, Proposition 4.13 com-
pletes the result. U

Remark 4.15. Note that in the case of 2 x 2 Dirac system (B = diag(—1, 1),
g11 = g2 = 0) Proposition 4.13 turns into [37, Proposition 5.12]. Indeed, con-
sider 2 x 2 Dirac equation subject to the boundary conditions y;(0) = «;y2(1),
¥2(0) = asy1(1). Setting A = (0?2 %), one rewrites these conditions as y(0) =
Ay(1). Moreover, condition (4.24) turns into a1¢21(1 — x) = azq12(x), x €
[0,¢] N [1 — &, 1], for some ¢ > 0, i.e. coincides with the respective condi-
tion from [37]. Similar result for Sturm-Liouville operator subject to degenerate

boundary conditions was proved earlier in [35].

5. The Riesz basis property for root functions

Here we investigate the Riesz basis property for operator Lc,p(Q) by reduction
it to the operator L 5(Q) being a perturbation of a normal operator. To this end
we find conditions for matrices C and D guarantying that L¢, p(0) is normal.

Lemma 5.1. (i) An operator
L:=Lcp(0)

is normal if and only if
CBC* = DBD*. (5.1)

(ii) Boundary conditions (1.4) are regular, i.e. detT;,g(C, D) # 0 for each
admissible z, whenever (5.1) is fulfilled.

(i) If Q € L'([0, 1]; C"™™) and condition (5.1) is satisfied, then the system of
root functions of the operator Lc. p(Q) is complete and minimal in L*([0, 1]; C™).

Proof. (i) It is easily seen that
LL*y = L*Ly = —(BB*)™'y"

for y € W22([0, 1]; C"). Therefore, L is normal if and only if dom(L) = dom(L*),
which is equivalent to (Lf, g) = (f, L*g), f, g € dom(L). In turn, integrating by
parts one gets that this identity is equivalent to

(B~ £(0),g(0)) = (B~ f(1),g())), f.g €dom(L). (5.2)
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Put
B := diag(B~!,—B7")
and equip the space I = C" @ C”" with the bilinear form
w(,v) == (Bu,v) = (B uy,v1) — (B uz, v2), (5.3)
where u = col(uy, uz) and v = col(vy, v2). Now condition (5.2) takes the form
wu,v) =0, u,veH :=ker(C D):={col(us,uz): Cuy + Dus = 0}.
(5.4)
On the other hand, the equality CBC* = DBD™* can be rewritten as
(B~'BC*h, BC*k) = (B~ (—BD*h), —BD*k), h,k e C".
Using (5.3) one rewrites this equality in the form
wu,v) =0, u,veH,:={col(BC*h,—BD*h): h € C"}. (5.5)

Thus, to prove the statement it suffices to show that (5.4) is equivalent to (5.5). To
this end we prove that 3, is the right w-orthogonal complement of 3,

Hy = ﬂ-([;] ={ueH: wl,u)=0,v e H,}.
Indeed, if v = col(BC*h,—BD*h) € H, and u = col(uy,u;) € H, then
w(v,u) = (B~YBC*h,u)—(B Y (—=BD*)h,us) = (h, Cu;+Duy), heC".

It follows that w(v,u) = 0 for each v € H, if and only if Cu; + Du, = 0, i.e.
u € H;. Next, maximality condition (1.6) yields dim H; = dimH, = n.

Now, if (5.5) is satisfied, then H, C fJ-C[zJ‘] = H;. Sincedim H; = dim H,, one
has H; = H, and (5.4) is fulfilled. The opposite implication is derived similarly.

(ii) Since L = L¢,p(0) is normal, (5.4) is satisfied. Let 7%, 85", ..., B3,
be the eigenvalues of B and let e1,es,..., ez, be the corresponding normalized
eigenvectors. Note that 8y = —B,+x = bg, k € {1,...,n}. For every admissible
z,i.e. for z satisfying Re(izby) # 0, k € {1,...,n}, we put

H, := span{er: Re(izf;) > 0}.
Since By+x = —Pk, k € {1,...,n}, then dimH, = n for every admissible z.
Next we note that 7;.5(C, D) = (C D)|5H . Therefore, det T;,5(C, D) # 0 if
and only if ker (C D) N3, = {0}. Letu € H;. Thenu = Y g.;,p,)~0 k€
and

Re(iz(u, Bu)) = Z |ck|2Re(izE)= Z MRe(iz,Bk).

2
Re(izBx)>0 Re(izBi)>0 |'Bk|
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Hence
Re(iz(u, Bu)) >0, u e H,\{0}. (5.6)

On the other hand, due to (5.4), (u, Bu) = (Bu,u) = 0 for u € ker(C D).
Combining this fact with (5.6) one obtains ker (C D) N 3, = {0} and we are
done.

(iii) It follows from (ii) that boundary conditions (1.4) are weakly B-regular.
The completeness and minimality of the root functions of the operator L¢,p(Q)
is implied by [37, Theorem 1.2]. O

Remark 5.2. Let Q € L2([0, 1]; C"). Then (unbounded) multiplication oper-
ator Q: f — Q(x)f, f € L%([0,1]; C"), is relatively compact with respect to
Lc,p(0). Therefore statement (iii) is implied by the classical Keldysh theorem
(cf. [39, Theorem 4.3]) if in addition the spectrum of Lc,p (0) lies on the union of
rays {A € C: argA = ¢}, k € {l,...,n}.

Recall the following definitions from [18] and [39].

Definition 5.3. (i) A sequence { f¢}7>, of vectors in §) is called a Riesz basis if it
admits a representation fi = Tex, k € IN, where {ex } 22, is an orthonormal basis
in $and T: $H — $ is a bounded operator with bounded inverse.

(i) A sequence of subspaces {$x }7=, is called a Riesz basis of subspaces in
$ if there exists a complete sequence of mutually orthogonal subspaces {$; }%2 ,
and a bounded operator 7" in §) with bounded inverse such that $; = 7§,k € IN.

(iii) A sequence { fi}7=, of vectors in ) is called a Riesz basis with paren-
theses if each its finite subsequence is linearly independent, and there exists an
increasing sequence {ng}p-, C IN such that no = 1 and the sequence

i = span{ f )15,

forms a Riesz basis of subspaces in §). Subspaces $); are called blocks.
To state the next result we need the following definition.

Definition 5.4. Let {¢x};_, be a sequence of angles, ¢x € (-7, 7], and & > 0.
Numbers A, u € C are called e-close with respect to {¢ }j,_,, if, for some k €

{1,...,n},
Auel{zeC: |argz —gr| <&}

and
Re(e ™% (1 — )| < e.
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In other words, A and p are e-close if for some k they belong to a small angle with
the bisectrix

[+(pr) :={A € C: argA = ¢}

and their projections on this ray are close.

Let A be an operator with compact resolvent and let 2 be a bounded subset
of C. We put

NQ. A= Y m A= > dimR,(A4).
Aea (A)NQ Aea (A)NQ
Our investigation of the Riesz basis property of the operator Lc, p is based on the
following statement that can easily be extracted from [40] and [39, §1.6].

Proposition 5.5. Let $) be a separable Hilbert space and let G be a normal oper-
ator with compact resolvent in $). Assume that the spectrum of G lies on the union

of rays Ly (¢1), - ... I+ (¢n), and
supN(D(z2),G) < oo, D(z):={¢eC:|—z|] <1} (5.7)

zeC
Finally, let T be a bounded operator in $ and let ¢ > 0 be arbitrarily small.
Then the system of root vectors of the operator A = G + T forms a Riesz basis
with parentheses in $), where each block is constituted by the root subspaces cor-
responding to the eigenvalues of A that are mutually e-close with respect to the

sequence { @y fy _ -

Proof. Since T is bounded, it is relatively compact with respect to G. Hence
by [39, Corollary 3.7], all but finitely many eigenvalues of A = G + T belong to
the union of non-overlapping sectors

Qj(e):={AeC:|argA —gj| <e}, jed{l,....n}
Fix j € {1,...,n} and set
Gj:=e i G.
Condition (5.7) implies condition (6.21) of [39, Lemma 6.8],

sup N ((rk —qr,f, Iy + qr,f), Gj) < 00,
kelN

with p = 0, any ¢ > 0 and any increasing sequence {ry}z ;. Let {4;}72 | be the
sequence of eigenvalues of A belonging to 2;(¢) and ordered in ascending order
of Re (e7"%/ 1, x). Put

rr ;= Re (e_i(pj)tj’k) —¢e/2, keNl.
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Applying [39, Lemma 6.8] to the operator G; with p =0, g = ||| + 4¢ and the
above sequence {rg}7> ,, we conclude that there exists x; € (rx —&/2, 1 +¢/2),
k € IN, such that the sequence {xx}?2 , is strictly monotone and the sequence of
subspaces

9jk = span{Ry, (A): xx <Re (7% %)) < Xg41}, k€N, (5.8)

forms a Riesz basis of subspaces in its closed linear span. It follows from definition
of rr and xi that

Re(e7idjx)—e <xp <Re(e X)), kel

Hence root subspaces of A corresponding to the eigenvalues of A, that are not
e-close with respect to {¢x }7 _, . belong to different blocks. Let A7, ..., ;, be the
sequence of eigenvalues of A not belonging to the union of sectors U7_, €2 (¢).
Clearly, the family of subspaces

{R/\;c};cr;l’{ﬁl,k}]io:l’"'7{ﬁn,k}]30=11 (59)

forms a Riesz basis of subspaces in its closed linear span. Since the latter spans the
system of root vectors of the operator A, the Keldysh theorem (cf. [39, Theorem
4.3]) yields its completeness in §). Therefore, the system of root vectors of the
operator A forms a Riesz basis with parentheses having the required properties of
the blocks. U

Now we are ready to prove our main result on the Riesz basis property of
BVP (1.2)—(1.4).

Theorem 5.6. Let Q € L*°(]0, 1]; C"*") and

B = diag(Bj);=1, C = diag(C,- ;=1, D = diag(Dj);=1, (5.10)
where
By = (bjlonj b.201 ) ’ bjlbj_z1 € (—00,0), (5.11a)
J2+in;
and
Cih G 0 0
= D, = Cor Dot D e GL(n:. C).
< ( 0 0 )’ I (Djl Djz)’ Cj1,Cj2, Dj1, Dj» € GL(n;, C)

(5.11b)
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Then the system of root functions of the operator A := Lc,p(Q) forms a Riesz
basis with parentheses in L?([0, 1]; C"), where each block is constituted by the
root subspaces corresponding to the eigenvalues of A that are mutually g-close
with respect to the sequence of angles {—¢1,...,—¢r, T — ¢@1,..., 7T — @ }. Here
@j = arg(bj1 — bj2), j €{1,...,r}, and € > 0 is sufficiently small.

Proof. First we show that the operator L¢,p(Q) is similar to the operator L& 5 (0)
with the same matrix B and matrices C, D satisfying (5.1). To this end we use
the gauge transform W: y — W(x)y, with W(-) satisfying

Wx)B = BW(x), x€]0,1], (5.12a)
and
W) e CL([0,1]; €™M,  W™l() e C([0, 1]; ™). (5.12b)

Then the operator L¢,p(Q) is transformed into the operator
Lg 5(0) =W 'Lep(Q)W

with the same B, and matrices 5, 5, Q(-) given by

C :=CW(0), (5.13a)
D := DW(1), (5.13b)
O(x) := W x)Q(x)W(x) —iW 1 (x)B~'W'(x). (5.13¢)

Since W(-), W/(-), W=1(), Q(-) € L*([0, 1]; C"™), then Q € L°°([0, 1]; C™™).
Due to the block diagonal structure (5.10)—(5.11) of the matrices B, C;, and D;,
we can choose Wy, W; € GL(n, C) such that

WiB = BW,, k €{0,1},

and
o, ~ I, bily, _
CWo = diag(Cj)i—;, Cj:= ( o JO f), by = (=bj1bj;)'/?, (5.14a)
=, ~ 0 0 ,
DWy = diag(Dj);—;, Dj:= (1 b1 ) jed{l,....r}. (5.14b)
nj J nj

Choose any branch of logarithm and put

W= log(WO_lWl).
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Clearly, W is well defined since the matrix Wo_1 W is nonsingular. Hence
W(x) := WoexW

satisfies (5.12a), (5.12b), and W(0) = Wy, W(1) = W;. Define a gauge transform
W:y — W(x)y. Inview of (5.13)—(5.14b) the matrices C, D of the new operator
L& 5(0) = WL p(Q)W are C = diag(C;)_, and D = diag(D;);_, where
C 7 and 5‘,- are given by (5.14a) and (5.14b), respectively.

Straightforward calculation shows that

C;B;Cr=D;B;D; =0, jel{l...r}
Hence
CBC* = DBD* =0.
By Lemma 5.1, the operator
G = L@j(O)
is normal. Its spectrum coincides with the set of zeros of the characteristic deter-
minant A(-) = det(C + D®(1,-)). The fundamental matrix ®(-, A) of the operator
L& 5(0) is @(x,4) = e'BA*_Hence, in view of the block-diagonal structure of
the matrices B, C, D, we obtain
! ~ ~ . r In. bily,
AQ) = [ det(C; + Dye®*y = []det( 7 M
j=1 i=1 elbj]llnj bjelbjz/llnj
,
— H(bnj . (eibjz/l _ eibjl/l)nj)
J .

Jj=1

Hence ok
v .
o(G) = {m: keZ.jell. ..}
Thus o (G) lies on the union of rays {/; (—¢;)}] and {{{ (7 — ¢;)}}, where ¢; =
arg(bj1 — bj2), j € {1,...,r}. Moreover, 0(G) is the union of a finite number

of arithmetic progressions and multiplicities of eigenvalues are bounded, hence
condition (5.7) is satisfied. Since Q(-) is bounded, then, by Proposition 5.5, the
system of root functions of the operator

A= Lﬁ,ﬁ(é) = Lﬁ,ﬁ(o) + Q =G+ Q
forms a Riesz basis with parentheses in $), where each block is constituted by the
root subspaces corresponding to the mutually close eigenvalues of A in the sense

of Definition 5.4. Since A = L¢,p(Q) is similar to A, the same is true for the root
functions of the operator L¢,p(Q). ]
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As a consequence of this result we obtain the Riesz basis property of the system
of root functions for Dirac system with general splitting boundary conditions.

Corollary 5.7. Let n = 2m, B = diag(b11n,b2lm), b1 < 0 < by, and Q €
L*([0, 1]; C™™), and let

_[C G (0 o0
C_(O 0)’ D_(Dl Dz)’ C1.C3, Dy, D3 € GL(m, C).

Then the system of root functions of the operator Lc,p(Q) forms a Riesz basis
with parentheses in L([0, 1]; C™").

Remark 5.8. In connection with Corollary 5.7 we mention recent paper [44]
where it is proved the Bari—-Markus property for spectral projections of Dirac op-
erator (—b; = b, = 1) with a potential Q € L2([0,1]; C"),and C; = C, = D; =
D, = 1I.

Similarly to Theorem 5.6 we can obtain the following result.

Proposition 5.9. Let

B =diag(b11,,.....br1y,), n=ny+---+n;, (5.15a)

and
C = diag(Cj)j=,, D =diag(D;);_,, C;,Dj € GL(n;,C), j e{l,...,r},
(5.15b)

and Q € L*°([0, 1]; C™*™). Then the system of root functions of the operator

A:=Lc,p(0Q)

forms a Riesz basis with parentheses in L*([0, 1]; C"), where each block is consti-
tuted by the root subspaces corresponding to the eigenvalues of A that are mutually
e-close with respect to the sequence of angles {—¢1,...,—@r, T — @1, ..., T —@r}.
Here ¢; = argbj, j € {1,...,r}, and ¢ > 0 is sufficiently small.

Proof. The proof is similar to that of Theorem 5.6. At first choosing an appropriate
gauge transform, we transform the operator L¢,p(Q) into Lg. 5(@) with C’,- =
D; =1, ;- It follows that the operator G := L& 5(0) is normal and its spectrum is
of the form 0(G) = {27k/b;: k € Z, j € {1,...,r}}. Hence the same argument
as in the proof of Theorem 5.6 yields the result. U
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A direct consequence of this result is the Riesz basis property of the periodic
(reps. antiperiodic) BVP with general matrix B.

Corollary 5.10. Let B = diag(b;,...,b,) € GL(n,C), C = £D = I, and
0 € L°°([0, 1]; C™*™). Then the system of root functions of the operator Lc,p(Q)
forms a Riesz basis with parentheses in L*([0, 1]; C"*").

Remark 5.11. In the case of Dirac type systems (B = B*) we can extend the
statements of Theorem 5.6 and Proposition 5.9 to the case of Q € L2([0, 1]; C™").
Indeed, it suffices to apply Theorem 2 from the recent paper [52] instead of the
quoted results from [40] and [39, §1.6]. Note however, that in [52, Theorem 2]
only the basis property instead of the Riesz basis property was stated.

Remark 5.12. The Riesz basis property for 2 x 2 Dirac equation subject to split-
ting boundary conditions has been investigated in numerous papers [58, 20, 6, 7].
The most general statement covering Corollary 5.7 (for n = 1) was obtained by
Djakov and Mityagin [7] who relaxed the assumption on a potential matrix to
Q € L?([0, 1]; C?). Moreover, these authors proved in [7] the Riesz basis property
for 2 x 2 Dirac equation subject to general strictly regular boundary conditions.

For 2 x 2 Dirac system Corollary 5.10 was proved in [6] under weaker assump-
tion Q € L2([0,1]; C?). Moreover, these authors found out [11] a criterion for
the system of root functions of the periodic boundary value problem for 2 x 2
Dirac equation to contain a Riesz basis (without parentheses). Similar result for
Sturm-Liouville operator —j—xzz + ¢ was obtained by different methods in [15, 16]
and [11]. Both criteria are formulated directly in terms of periodic and Dirichlet
eigenvalues. Moreover, in [9, Theorem 13], [11, Theorem 19] (see also [8]) it is
established criteria for eigenfunctions and associated functions to form a Riesz
basis for periodic 1D Dirac operator (resp. Sturm—Liouville operator) in terms of
the Fourier coefficients of Q (resp. ¢). Equivalence of this formulation to that
in terms of periodic and Dirichlet eigenvalues is explained in [11, Theorem 24].
Let us mention in this connection the paper [53] where Riesz basis property for
periodic Sturm—Liouville operator was obtained under certain explicit sufficient
conditions in terms of Fourier coefficients of a potential ¢.

In the simplest case B = I,, we can indicate a criterion for the system of root
functions of the operator L¢c,p(Q) to form a Riesz basis with parentheses.

Corollary 5.13. Let B = I, and Q < L'([0,1];C"™™"). Then the system of
root functions of the operator Lc p(Q) forms a Riesz basis with parentheses in
L>([0,1]; C") if and only if det(C - D) # 0.
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Proof. Applying the gauge transform y — W(x)y with W(-) described in the
beginning of the proof of Proposition 3.4, we see that the operator Lc p(Q) is
similar to the operator L& 5(0) with C = C, D = DW(1) and zero potential
matrix. Further, since B = I,,, then T3(C, D) = DW(1) and T_3(C, D) = C.
Hence, det(C - D) # 0 if and only if det Tg(C, D)-det T_g(C, D) # 0. Therefore,
by [37, Proposition 4.6], the system of root functions of the operator L& 5(0) has
infinite defect, whenever det(C- D) = 0. On the other hand, if det(C - D) # 0 then,
by Proposition 5.9, applied with » = 1 and Q = 0, the system of root functions
of the operator L 5(0) forms a Riesz basis with parentheses. Similarity of the
operators Lc,p(Q) and L& 5(0) completes the proof. O

6. Application to the Timoshenko beam model

Here we obtain some important geometric properties of the system of root func-
tions for the dynamic generator of the Timoshenko beam model. Consider the
following linear system of two coupled hyperbolic equations for t = 0

Ip(xX) @ = K(x)(Wx — @) + (EL(x)Px)x — p1(x)®;, x €[0,£]. (6.1a)

P)Wi = (K(x)(Wx — ®))x — p2(x)W;, x €[0,£]. (6.1b)

The vibration of the Timoshenko beam of the length £ clamped at the left end is
governed by the system (6.1a)—(6.1b) subject to the following boundary conditions
fort = 0 [57]:

W(0,t) = ®(0,¢) =0, (6.2a)
(EI(x)®x(x, 1) + a1 @ (x, 1) + frWi(x,1))|,_; = O, (6.2b)

(K@) (We(x.1) = D(x. 1)) + 2 W, (x.1) + Bo® (x.1)|,_, = 0. (6.2¢)

Here W(x,t) is the lateral displacement at a point x and time ¢, ®(x,¢) is the
bending angle at a point x and time ¢, p(x) is a mass density, K(x) is the shear
stiffness of a uniform cross-section, /,(x) is the rotary inertia, £ (x) is the flexural
rigidity at a point x, p;(x) and p,(x) are locally distributed feedback functions,
aj,Bj € C, j € {1,2}. Boundary conditions at the right end contain as partial
cases most of the known boundary conditions if o1, o, are allowed to be infinity.
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Regarding the coefficients we assume that they satisfy the following general
conditions:

p.1,,K,EI € C[0,€], pi,p>eL'0,€], (6.3a)
0<Ci <p(x)I(x),K(x), EI(x) < Cp, x€[0,4£]. (6.3b)
The energy space associated with the problem (6.1a)—(6.2¢) is
§ = HL0,€] x L2[0, €] x HL[0, £] x L]0, ], (6.4)
where HJ[0,¢] := {f € W'2[0,£] : £(0) = 0}. The norm in the energy space is
defined as follows:

¢
Iyl% = /0 (EI11P + Loly2l* + Klys =yl + plyal®dx.  (6.5)

with
y = col(y1. y2. y3, y4).
The problem (6.1a)—(6.2c) can be rewritten as
ye=1Ly, y(x.0)|i=0 = yo(x), (6.6)

where y and £ are given by

D(x,t)
. CD,(X,Z)
y = ween | (6.7a)
W,(x,t)
Y2
V1
K - EI 1) —
| Zl Ip(x)( () (3 —y1) + (E1(x)yy) — p1(x)y2) 6.7b)
V3 1 . Ya
V4 ——(K(x)(y3 = y1)) = p2(x)y4)

p(x)
on the domain
dom(£) = {y = col(y1.y2.¥3,¥4): ¥1. V2. ¥3. ¥4 € Hy [0, 4],
EI-yj € AC[0.4), (EI -y}) — p1y2 € L?[0.4],
K- (y5—y1) € AC[0,4], (K - (¥ — y1)) — paya € L?[0,£], (6.8)
(ET-yp(@) + a1y2(0) + Brya(t) =0,
(K- (5 = y1))(0) + a2ya(€) + B2y2(£) = 0}.
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Timoshenko beam model is investigated in numerous papers (see [57, 24, 54, 61,
60, 59] and the references therein). A number of stability, controllability, and op-
timization problems were studied. Note also that the general model (6.1a)—(6.2c)
of spatially non-homogenous Timoshenko beam with both boundary and locally
distributed damping covers the cases studied by many authors. Geometric prop-
erties of the system of root functions of the operator £ play important role in
investigation of different properties of the problem (6.1a)-(6.2c).

Below we establish completeness and the Riesz basis property with parenthe-
ses of the operator £, without analyzing its spectrum. For convenience we impose
the following additional algebraic assumption on £:

o) e EI00()

= m = const, X € [O,K], (69)

Clearly, (6.9) is satisfied whenever /,(x) = Rp(x), where R = const is a cross-

sectional area of the beam, £/ and K are constant functions, while p € AC|[0, {]

and is arbitrary positive (cf. condition (6.13)). Our approach to the spectral prop-

erties of the operator £ is based on the similarity reduction of £ to a special 4 x 4

Dirac-type operator. To state the result we need some additional preparations.
Let y(-) be given by

Ip(x)
El(x)

¢
= byy(x), whereb; > 0 and / y(x)dx = 1. (6.10)
0

Conditions (6.3a) and (6.3b) imply together that y € C|0, £] and is positive. Fur-
ther, in view of (6.9) we have

1/;(();)) — bay(x), where by > 0. 6.11)

Let
B := diag(~by. b1, —b. by). (6.12a)
O(x) := —2i diag(I,(x). I,(x). p(x). p(x)). (6.12b)

hi(x) = JEIX)L,(x), ha(x) := VKx)p(x). (6.12¢)

In the sequel we assume that

h1,ha € ACO, £]. (6.13)
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Therefore, according to (6.3a)-(6.3b) the following matrix function is well-de-
fined:

p1+ h/l P1— h/l hy —hy

~ _ + h/ P1— h/ ]’lz —hz
x)=0 1w | 1T ! 6.14
Ow=0lw M P (6.14)

ha ha p2+hy, py—h,
Next, we set
X

t(x) = /0 y(s)ds, x €]0,4]. (6.15)

Since y € CJ0,{] and is positive, the function #(-) strictly increases on [0, £],
t(-) € C1]0, €], and due to (6.10) ¢(£) = 1. Hence, the inverse function

x()i=1700)
is well defined, strictly increasing on [0, 1], and x(-) € C![0, 1]. Next, we put
0(t) := 0(x()) =: (g () }j—y. 1 €[0.1]. (6.16)
Finally, let
1 1.0 O
C— 8 8 (1) (1) , (6.17a)
0 0 00
0 0 0 0
P 2 —(fll(e) o +0h1(5) ,301 /301 (6.17b)
B2 B2 ar —ha(f)  az + ha(f)

Proposition 6.1. Let functions p, 1,. K, E1I, p1, p2, h1, hy satisfy (6.3a), (6.3b),
(6.9), and (6.13). Then the operator L is similar to the 4 x 4 Dirac-type operator
L := Lc¢,p(Q) withthe matrices B, C, D, Q(-) given by (6.12a), (6.17) and (6.16).

Proof. Introduce the following operator

Uy = col(EI(x)y]. y2. K(x)(»5—y1). y4). y =col(y1.y2,y3,y4), (6.18)

that maps the Hilbert space $ given by (6.4) into L2([0, £]; C*). Since - isomet-
rically maps Hy [0, €] = {f € W12[0,£]: f(0) = 0} onto L?[0, £], it follows from
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conditions (6.3b) that the operator U is bounded with bounded inverse. It is easy
to check that for y = col(y1, y2, 3, ¥4)

Y2
1 /
1 I—(yl—l?l)/2+)/3)
LU Yy==|"" , (6.19a)
l Ya

1
—(yg — D2Y4)
P
EIl -y,

1
- 1 I—()’i —p1y2+y3)
Ly =ULU 'y =—|"r )
l K-(yi—y2)

1
_(y/s — p2ya)
0

) (6.19b)

and
dom(L) = U dom(£L) = {y = col(y1, y2, y3, y4) € W' ([0, £]; C*):
Ly e L2([0.¢: €Y.
¥2(0) = y4(0) =0, (6.20)
y1(0) +a1y2(€) + B1ya(f) =0,
3(0) + a2ya(€) + Bay2(€) = 0.}.

Thus, the operator £ is similar to the operator Z,
Ly =—iB(x)y'+ O(x)y

with the domain dom(L) given by (6.20), and the matrix functions B(), 0(),
given by

0 EIx) O 0
! 0 0 0
B = | 1ol ,
0 0 0 K(x)
1
0 0 — 0
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and
0 0 0 0
0 nx) 1
=~ . I,(x) 1,(x)
Q=115 K& 0 0
p2(x)
0 0
p(x)

Note, that 0 € L([0,£]; C***) in view of conditions (6.3a)—(6.3b). Next we
diagonalize the matrix B(-). Namely, setting

—hi(x)  hi(x) 0 0
~ 1 1 0 0
= 21
e 0 0 —h() k| (@21
0 0 1 1
and noting that
! 0 0
hi(x)
~_ 1
U l(x) I hl(x) 1 0 0 ,
1
0 0 — hf @ |
0 0 nm !

we easily get after straightforward calculations

7' (x) B (x)0 (x) = diag ( fl(x) \/ EIt) \/ Ko, \/ K(x))
AON AR TN IEY R
. 1

y(x)

Here we have used definition (6.12c¢) of hy, h,, and definitions (6.10) and (6.11)

of by, by, and y(x), respectively. Further, note that U (-) € W1([0, £]; C***) and

0 e LY([0,€]; C**) in view of (6.3a), (6.3b) and (6.13), where O(-) is given
by (6.14) and (6.12b). Hence, it is easily seen that

U ') 0x)U(x)— iU ' (x)B(x)U'(x) = O(x), x€]0.4]. (6.23)

s

Introducing the operator U: y — U(x)y in L2([0, £]; C*) and taking into ac-
count (6.22) and (6.23) we obtain that for any y € W-1([0, £]; C*) and satisfying
Uy e dom(L)

Ly:=U"'LUy=—iy(x)"'B™'y + 0(x)y. (6.24)
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Next, taking into account formulas (6.17) and (6.21) for matrices C, D, and U ),
respectively, we derive

dom(L) = {y € Wh'([0.4]: €*): Ly € L*(0.£]: C*). Cy(0) + Dy(&) = 0}.
(6.25)
Finally, we apply similarity transformation S that realizes the change of variable
x = x(t),

St L2([0,€: €% — L2([0,1: €%,  (S/)@) = f(x(1). <0.1].

Since both ¢ (-) and x (-) are strictly increasing and continuously differentiable, the
following implications hold

fC) e Wh((0,£:CY = f(x()) € Wh([0,1]; C*), (6.26)
g() e Wh([0,1; € = g(t()) € Wh([0,€]; C*). (6.27)

Hence (6.25) and (1.5) implies dom(L) = S dom(f,). Next, it follows from (6.15)
that t'(x) = y(x), x € [0, £]. Hence for f € dom(L) and x € [0, £] one has

~ d ~
(LS ) = =iy ()T BT =[S ()] + 0 () (1 (x)
= —iB7' f'(t(x)) + O (x) f(t(x)),

(6.28)

which directly implies that L = S LS. Combining this identity with (6.19)
and (6.24) one concludes that £ is similar to L = L¢,p(Q). O

Remark 6.2. Proposition 6.1 remains valid if we replace (6.3a) by the weaker as-
sumption p, I,, K, EI € L*°|0,{] and assume in addition that the inverse function
x(-) = t~1(-) is absolutely continuous. Otherwise implication (6.26) fails, since
in general the inverse function of absolutely continuous function is not necessarily
absolutely continuous. For instance, the function

h(x):=x+C(x), xe€]0,1],

where C(-) is the Cantor function, strictly increases and is not absolutely contin-
uous. At the same time, the inverse function is absolutely continuous.

Applying [37, Corollary 3.2] and Theorem 5.6 to the operator L we obtain the
following result.
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Theorem 6.3. Let conditions (6.3a), (6.3b), (6.9), (6.13) be satisfied and let also

(o1 + h1 () (a2 + ha(£)) # B1B2 (6.29a)

and
(a1 — h1(0)) (a2 — ha(£)) # B1Ba. (6.29b)
(i) Then the system of root functions of L is complete and minimal in $).

(i) Assume in addition that
P1, P2 € LOO[O,K], hl,hz € Lipl[O,Z], ,31 = ,32 =0. (630)

Then the system of root functions of the operator L forms a Riesz basis with paren-
theses in $).

Proof. (i) Consider the operator Lc,p(Q) defined in Proposition 6.1. Combin-
ing expressions (6.12a) and (6.17) for the matrices B, C, D with definition of
T4(C, D) yields

1 0 0 0

det Ty(C, D) = det | 0 @1 T M@® 0 h
0 0 1 0 6.31)
0 ,32 0 Ol2+h2(€)

= (a1 + h1(£)) (a2 + ha(€)) — B1B2.

Similarly one gets detT_g(C, D) = (07 — h1(£))(aa — h2(£)) — B1B82. Condi-
tions (6.29) implies det Tg(C, D) # 0 and det T_g(C, D) # 0. Therefore, by [37,
Corollary 3.2], the system of root functions of the operator L¢ p(Q) is complete
and minimal in L2(]0, 1]; C*). Since, by Proposition 6.1, £ is similar to the op-
erator Lc,p(Q), the system of root functions of the operator £ is complete and
minimal in $).

(ii) Again consider the operator Lc,p(Q) defined in Proposition 6.1. Since
B1 = B2 = 0and (6.29) is fulfilled, then according to (6.12a) and (6.17) the matri-
ces B, C, D have the block structure described in (5.10)—(5.11) with » = 2. More-
over, (6.30) implies Q € L*®([0, 1]; C**#). Therefore, combining Theorem 5.6
with Proposition 6.1 yields the statement. O
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Applying Corollary 4.9 we can improve Theorem 6.3(i) assuming that O (-) is
continuous at the endpoints 0, £. For simplicity we assume that 8; = 8, = 0.

Theorem 6.4. Let the functions p, 1,, K, EI, p1, p2, h1, ha satisfy (6.3a), (6.3b),
(6.9), and (6.13). Let also the functions py, pa, h, h}y be continuous at the end-
points 0 and {. Assume in addition that 81 = B> = 0 and the following assump-
tions are fulfilled:
@ lor =1 (O] + loz —h2(O)] # 0 and oy + hi ()] + |z + h2(O)] # 0;
(ii) for each j € {1,2} one of the following conditions is satisfied:
(@) o # h3(L);
(b) &j = h; (&) and () # —p; (0);
(©) aj = —hy(£) and I (£) # p; (©).

Then the system of root functions of L is complete and minimal in $).

Proof. Consider the operator L¢,p(Q) defined in Proposition 6.1. Since p, I, €
C[0,£] and pi, pa, h), I, are continuous at the endpoints 0 and ¢, it follows
from (6.12b)—(6.16) that the matrix function Q(-) is continuous at the endpoints
0 and 1. Since B; = B, = 0, the block matrix representations (6.12a) and (6.17)
of the matrices B, C, D, allow to apply Corollary 4.9 and Lemma 4.10. Let us
verify conditions (4.10)—(4.13) of Lemma 4.10. First, comparing (4.6) with (6.17)
yields

dy =ay —hi(f), dr=ay+hi(f),
dy = oy —hy(l), ds=az+ hyl).

Therefore, condition (4.10) is always satisfied, since /; (£) # 0, j € {1, 2}, while
condition (4.11) is equivalent to the condition (i) of the theorem. Further, it follows
from (6.14) and (6.16) that

p1() —hy(0) p1(6) + hy(0)

q12(1) = ETROR g21(1) = TR
_ p2(6) — by (0) _ pa() + by (6)
q34(1) = 200 qa3(1) = T2

Hence, conditions (4.12) and (4.13) are equivalent to the conditions (a)-(c) of the
theorem for j = 1 and j = 2, respectively. Therefore, by Lemma 4.10, condi-
tion (4.7) is satisfied and, by Corollary 4.9, the system of root functions of the
operator L¢ p(Q) is complete and minimal in L2([0, 1]; C*). Therefore, Proposi-
tion 6.1 completes the proof. U
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Remark 6.5. The main results remain also valid if the function v(-) given by (6.9)
satisfies v(x) # 1 for x € [0, £].

Remark 6.6. (i) In connection with Theorem 6.3 we mention the paper [54] where
the operator £ was investigated under the following assumptions on the parameters
of the model:

ELLK e W??[0,4], p, 1, e W*[0,4], p1=p2=0, p1=p2=0,
(6.32)
but without the algebraic assumption (6.9). The completeness of the root functions
was stated in [54] under the condition (6.29) and the additional assumption

I,(x)K(x) # p(x)EI(x), x €]0,4], (6.33)

which in our notations means that v(x) # 1, x € [0, £]. Unfortunately, the proof of
the completeness in [54] fails because of the incorrect application of the Keldysh
theorem. Namely, the representation £~ = £ (I +T) used in [54], where T is
of finite rank bounded operator and Lo = £, fails since it leads to the inclusion
dom(L) C dom(Lgp), which holds if only if £ = L.

Moreover, under conditions (6.32), (6.33) and (6.29) the Riesz basis property
for the system of root functions of £ was stated in [54]. The proof is based on
the claim that under the above restrictions the eigenvalues of £ are asymptotically
simple and separated. However, it is not the case. For instance, if K = El = p =
1,1, =4, a1 = 5/2and ap = 13/12, then according to [54, Theorem 4.2] the
sequence of the eigenvalues of £ splits into two families

A = ”—2”+’51n3+ O(n™') and A® = nn—l—%ln3+ oY), nezZ\{o.

Clearly, in this case the sequence of the eigenvalues of £ is not asymptotically
simple and separated. Note, however, that according to Theorem 6.3(ii) the system
of root functions of the operator £ always forms a Riesz basis with parentheses
under the restrictions (6.3a), (6.3b), (6.9), (6.13), (6.29) and (6.30).

(ii) In connection with Theorem 6.3 we also mention the paper [61]. In this
paper the operator £ was investigated under the following stronger assumptions
on the parameters of the model:

El K, p, I, are constant, p1=p2=0, (6.34a)

a1,02,B1, B2 =0, dajay = (B1 + B2)> (6.34b)
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The last condition in (6.34) ensures the dissipativity of the operator £. The com-
pleteness of the system of root functions of the operator £ was proved in [61] under
the restrictions (6.34) and (6.29). So, our Theorem 6.3(i) generalizes this result
to a broader class of boundary conditions and improves it in the dissipative case.
Note also that under additional assumptions, guarantying that the eigenvalues of
L are asymptotically simple and separated, it was proved in [61] that the root func-
tions of £ contains the Riesz basis. Moreover, this fact was applied to show the
exponential stability of the problem (6.1a)—(6.2c).

Acknowledgments. We are indebted to D. Yakubovich for the reformulation of
the condition (a) of Theorem 4.1 mentioned in Remark 4.2. We are also indebted
to the anonymous referee for useful remarks helping us to improve the exposition.
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