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Anderson localization for the almost Mathieu operator
in the exponential regime

Wencai Liu! and Xiaoping Yuan'!

Abstract. For the almost Mathieu operator
(Hj q.0W)n = Unt1 + tn—1 + 2Xcos2m(0 + na)u,,

Jitomirskaya conjectures that for a.e. @, Hj .o satisfies Anderson localization if |A| > e”.
Avila and Jitomirskaya verify this for |A| > e'$B. In the present paper, we extend their
result to regime |A| > 3B,
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1. Introduction

The almost Mathieu operator (AMO) is the (discrete) quasi-periodic Schrodinger
operator on {2(Z):

(Hp0,6)n = Unt1 + Up—1 + Av(0 + na)u,, withv(0)=2cos2x6, (1.1)

where A is the coupling, « is the frequency, and 0 is the phase.

H) 4. is a tight binding model for the Hamiltonian of an electron in a one-
dimensional lattice or in a two-dimensional lattice, subject to a perpendicular
(uniform) magnetic field (through a Landau gauge) [9]. For more applications
in physics, we refer the reader to [13] and the references therein.

Besides its relations to some fundamental problems in physics, the AMO it-
self is also fascinating because of its remarkable richness of the related spectral
theory. In B. Simon’s list of Schrodinger operator problems for the twenty-first
century [14] , there are three problems about the AMO. The spectral theory of

! Supported by NNSFC 11271076 and NNSFC 11121101.
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AMO has attracted many authors, for example, Avila and Jitomirskaya[l] and [2],
Avila and Krikorian [3], Bourgain [5] and [6], Jitomirskaya and Simon [12], and
SO on.

Anderson localization (i.e., only pure point spectrum with exponentially de-
caying eigenfunctions) is not only meaningful in physics, but also relates to some
problems of the quasi-periodic Schrodinger operator, such as the reducibility of
cocycles via Aubry duality [8] and the ten Martini problem (Cantor spectrum con-
jecture) [1].

For a € Q, itis easy to verify that H, 4 ¢ has no eigenvalues, let alone Ander-
son localization. Thus, in the present paper, we always assume o € R\ Q.

For simplicity, we say Hj o ¢ satisfies AL if for a.e. phase 0, H; 4 ¢ satisfies
Anderson localization.

Jitomirskaya [10] conjectures! that H, , ¢ satisfies AL for [A| > eP, where

B = B(a) = limsup ‘q’”“ (1.2)

n—>oo n

and ;’—;’ is the continued fraction approximants to «. One usually calls set

{o € R\Q: B(a) > 0}

exponential regime and set

o € R\Q: B(a) = 0}

sub-exponential regime.

This conjecture is optimal in some way. On the one hand, for every o there
is a generic set of 6 for which there is no eigenvalues [12]. On the other hand, if
A < e, for every 6, H) 4 ¢ is expected to have no localized eigenfunctions (i.e.,
exponentially decaying eigenfunctions), see footnote 3 in [1].

In [11], Jitomirskaya proves that H; , ¢ satisfies AL if « € DCand |A| > 1.
In fact Jitomirskaya’s arguments also hold for f(«) = 0 and |A| > 1. In order
to prove the ten Martini problem, Avila and Jitomirskaya [1] show that H) 4 ¢
satisfies AL if |A| > ¢ You and Zhou [15] prove that for almost every phase 0,
the eigenvalues of operator H) o ¢ with exponentially decaying eigenfunctions are
dense in the spectrum if |A| > Ce®, where C is a large absolute constant. We also
should point out that they did not show the Anderson Localization. In the present
paper, we verify the conjecture in regime |A| > e%ﬂ, i.e., the following theorem.

! After submitting the present paper, we learned of that Avila, You, and Zhou claimed they
completed the conjecture. (Their preprint is not available yet.)
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Theorem 1.1 (main theorem). Let o« € R\Q be such that 8 = B(a) < oo, then for
almost every phase 0, H)_q ¢ satisfies Anderson localization if |A| > e3b.

We investigate AL following the general scheme of Avila and Jitomirskaya,
but some estimates are more subtle.

The present paper is organized as follows. In §2, we give some preliminary
notions and facts which are taken from other authors, such as Avila and Jito-
mirskaya [1], Bourgain [6], and so on. In §3, we set up the regularity of reso-
nant y if |A| > e28. In §4, we give the proof of main theorem by block resolvent
expansion.

2. Preliminaries and some known results

It is well known that Anderson localization for a self-adjoint operator H on {2 is
equivalent to the following statements [4].
Assume ¢ is an extended state, i.e.,

Hp = E¢ with E € S(H) and |¢p(k)| < (1 + |k])C.

where X (H) is the spectrum of self-adjoint operator H. Then there exists some
constant ¢ > 0 such that

lp(k)| < e~ for k — .
We will actually prove a slightly more precise version of Theorem 1.1. Let

R1 = {0: |sinw(20 + ka)| < k=2 holds for infinitely many k, k € Z},
and

Ry = {0 there exists s € Z such that 20 + sa € Z}.

Clearly,
R=R1UR,

has zero Lebesgue measure.

Theorem 2.1. Let @ € R\Q be such that B = B(«) < oo, then H) o ¢ satisfies
Anderson localization if 6 ¢ R and |A| > e3b.
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If « satisfies B(«) = 0, Theorem 2.1 has been proved by Jitomirskaya [10].
Thus in the present paper, we fix « € R\Q such that 0 < B(«) < oco. Unless
stated otherwise, we always assume A > e3B (for A < —e%ﬂ, note that H) 49 =
H—)L,oz,e 41 ), 0 ¢ Rand E € X, , (denote by X, , the spectrum of operator
H) 4.9 since the spectrum does not depend on ). Since this does not change
any of the statements, sometimes the dependence of parameters E, A, o, 6 will be
ignored in the following.

Given an extended state ¢ of H, 4 ¢, without loss of generality one can assume
¢(0) = 1. Our objective is to prove that there exists some ¢ > 0 such that

lp(k)| < e~ for k — .
Let us denote

P (0) = det(Rjo.x—11(Hx 0,0 — E)R{0,k—1))-

It is easy to see that Py (0) is an even function of 6 + %(k — 1) and can be written
as a polynomial of degree k in cos 27 (6 + %(k —Da):

k
Pe(8) = ¢jcos’ 21 (6 + %(k — Do) 2 0 (cos2(6 + %(k ~1a)).

j=0
Let
Apr =10 € R: |Qr(cos2mh)| < e*FTDry

with k € N and r > 0.
Lemma 2.1 ([1], p.16). The following inequality holds

lim sup%ln|Pk(9)| <InA.

k—00 geRr

By Cramer’s rule (see [6], p. 15, for example) for given x; and x, = x; +k—1,
with y € I = [x1, x2] C Z, one has

| Pro—y(0+ (y + D)
|G1(x1, y)| = ‘ P T ) , (2.1)
and
| Py—x (0 + x12)
|G (y, x2)| = ‘—Pk(e—i-xla) (2.2)

By Lemma 2.1, the numerators in (2.1) and (2.2) can be bounded uniformly with
respect to 6. Namely, for any ¢ > 0,

|Pn(0)| < e(ln/l-l—s)n (23)

for n large enough.
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Definition 2.1. Fixt > 0,0 < § < 1/2. Apoint y € Z will be called (¢, k)-regular
with § if there exists an interval [x;, x;] containing y, where

Xo=x1+k—1,
such that
|Gxy x01 (7, Xi)| < 7%l and |y —x;| =8k, fori =1,2.
It is easy to check ([6], p. 61) that

¢(X) = _G[xl,xz](xlv X)¢(X1 - 1) - G[xl,xz](x’ X2)¢(X2 + 1)v (24)

where x € I = [x1, x2] C Z. Our strategy is to establish the (¢, k(y))-regularity
for every large y, then localized property is easy to obtain by (2.4) and the block
resolvent expansion.

Definition 2.2. We say that the set {01, ..., Ox4+1} is e-uniform if
s |x —cos2m 0| ke

max max H
xe[-1,1li=1,...k+1 11 |cos2mB; —cos2mb]|
J=1,j#i

(2.5)

Lemma 2.2 ([1], Lemma 9.3). Suppose that {01, ..., 011} is €1-uniform. Then
there exists some 0; in set {01, ..., 01} such that 0; ¢ Agini—e if € > €1 and k
is sufficiently large.

Assume without loss of generality that y > 0. Fix a sufficient small constant 7
(that will be determined in Theorem 3.3). Define

by = max {nqn-1.45'°}.
where g, is given by (1.2), and find n such that
by <y <bus1.

We will distinguish two cases:
(1) |y —4€gn| < by, for some £ > 1, called resonance;
(ii) |y —€gn| > b, for all £ > 0, called non-resonance.

For the non-resonant y, Avila and Jitomirskaya have established the regularity for
y. We give the theorem directly.
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Theorem 2.2 ([1], Lemma 9.4). Assume 6 ¢ R, A > eP, and that y is non-
resonant. Let s € IN be the largest number such that

Sqn—1 = diSt(y7 {KCIn}ezo)-
Then for all ¢ > 0 and n large enough, the following hold:
1) ifs>1,thenyis (InA +9In(sqn—1/qn)/qn—1 — €, 25qn—1 — 1)-regular with

§=—;
8

(ii) Ifs =0, then y is either In A —¢g, 2[qn—1/2]—1)—, or (In A —¢, 2[qn/2]—1)—,
or (InA —¢&,2q,—1 — 1)-regular with

§=1
2

Remark 2.1. Avila and Jitomirskaya let

b, = max {qgal,qn%}

(ie.,n= %)in defining resonance and nonresonance, and they obtain y is regular
with § = é in case (i), and with § = % (ie., § = 7) in case (ii). We give the
general definition of resonance and nonresonance, and Theorem 2.2 also holds.
The analysis follows from Avila—Jitomirskaya’s arguments, we omit the proof.

Lemma 2.3 ([1], Lemma 9.8). Let m € IN be such that

qr+1
10g,°

where r > n. Given a integer sequence |my| <m—1,k =1,...,qn, let1 <kg <
qn be such that

| sin(x + (ko + my,qr)a)| = . nlgin |sinm(x + (k + mrqr)a)|,
<K=dqn
then

dn
‘ Z In|sinm(x + (k + mrg,)a)| + (gn — 1) In2

<Clng, + C(Ay + (m—1)A;)gnIngy,

where A, = |qnat — pyl.
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3. Regularity for resonant y

In this section, we mainly concern the regularity for resonant y. In this condition
y > % Thus by the definition of resonance, there exists some positive integer £
with1 < ¢ < q%_gl/ gn such that |y — £q,| < b,. Fix the positive integer £ and set

11,1, C Zas

=[Gl a] -2

and

I = [(6 — Dgn + [%‘h] — L6+ Dgn - [%qn] - 1],

and let
0 =0+ ja forj el Ul,.

The set {0; };er,ur, consists of 2¢g, elements.

Note that, below, we replace I = [x1, xp] N Z with [ = [xy, x,] for simplicity,
and assume ¢ > 0 is sufficiently small.

We will use the following three steps to establish regularity for y.

STEP 1. For any ¢ > 0, we set up the % + e-uniformity of {6, } where 6; = 0 + j«
and j ranges through /;U/,. By Lemma 2.2, there exists some jo with jo € I; Ul

such that 6, ¢ AZQFJJHA—Q—Cn.

STEP 2. We show that for all j € I;,0; € A2q if A > e38. Thus

there exists 0, ¢ A

n—Lml—%—Cn

2an—1InA—B—Cn for some jy € I>.

STEP 3. We establish the regularity for y.

Remark 3.1. In [1], Avila and Jitomirskaya construct

=[]l ol 1)

I = [(5 — Dgn + [gqn], (€ +1)gn — [gqn] - 1],

and set
0 =0+ ja forj el Uls.
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They use the above three steps to establish the regularity of y. More precisely,
firstly, they establish the (% + ¢)-uniformity of {6;} and that there exists 0;, ¢
for some jy € I1 U I. Secondly, they prove that for all j € Iy,
and thus there exists 6;, ¢ A

A2qn—1,lnk—g—28

0, € A for some

2qn—1,InA-5—2¢° 2qn—1,InA—§—2¢
jo € I, if A > e B, Thirdly, they set up the regularity of y. In the present paper,

we reconstruct /; and /5, and show that the three steps also hold.

Recall that
lkalr/z = An, forall 1 <k < gpyr, (3.1)
and
1 1
<A, =< , (3.2)
2qn+1 dn+1
where

X = min|x — j|.
Ixllr/z = min|x — /|

STeEP 1. We establish the (g + ¢)-uniformity for {6;};er,us-
InLemma2.3,letr =nandm ={ < qﬁfl/qn, one has
Ay + (m—1DAY)gn = LAg, < C,

since A, < ﬁ by (3.2). Moreover, we obtain the following lemma.

Lemma 3.1. Given a integer sequence |my| < {—1,k =1,...,qn, let1 < ko < gy
be such that

| sin 7w (x + (ko + my,qn)a)| = . n]}in |sinm(x + (k + mrgy)a)|.
<K=4n

Then
dn
—(gn—1DIn2—Clng, < Z In|sinw(x + (k + mggn)a)|
k=1 (3.3)

k~kg

< —(¢gn—1DIn2+ Clng,.
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Theorem 3.1. Forall ¢ > 0, the set {0;}jer,ur, is (% + &)-uniform for 0 ¢ R and
sufficiently large n.

Proof. Let 5 5
i=- I:gCIn:I’_I:g%t] +gn— 1]
and
I = [— |:§Qn] +4n, [%%1] —2] U [(15— Dgn + [%%1] -1, (4 gn— |:§Qn] - 1].

Clearly, both {6;} ¢y, and {6} }1; consist of g, elements, and LUl =1UI.
In (2.5), let x = cos2ma, k = 2q, — 1 and take the logarithm. Thus in order to
prove the theorem, it suffices to show that for anya € Randi € I] U 15,

|cos2mwa — cos 2w b |

1
AL |cos2mB; —cos2mb; |
JEIUI;,j#i

= Z In|cos2ma — cos2n0;| — Z In|cos2m6; — cos2m ;|
JEI|UL,, j#i JEI{UI},j#i
p
< (2qn — 1)(5 + 8).
Without loss of generality assume i € /. We estimate

Z In|cos2ma — cos 2w 6|
JEI[UIL,,j#i

first.
Clearly,
Z In|cos2ma — cos2m 0|
JEI|UL,,j#i
= Z In|sinz(a + 6;)]
JeIjul,, j#i (3.4)
+ Y In|sinm(a—6;)| + (2gs — 1) In2
JEI|UIL,,j#i
=324+ 32+ 2¢n—1n2,
where

Yy = Z In|sinzm(a + 0 + jo)|,
JEI|UL,,j#i
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and

.= Y In|sinn(a—6— jo)

JEI[UI},j#i
Write X4 as the form

Sy= Y In|sinm(@+6+ jo)|+ Y In[sinw(a+6+jo). (3.5
JEI{,j#i jel}

We will estimate

Z In|sinw(a + 6 + jo)| and Zln|sinn(a+9+ja)|,
JEI,j#i jel,

respectively.
On the one hand,

> Infsinm(a+ 6+ jo)
JeIj j#i

= Z In|sinz(a + 60 + jo)|—In|sinzm(a + 0 + ia)|

JEI]
dn
= Zln |sinm(x + ka)| —In|sinm(a + 0 +ia)|
k=1
dn
= Y In|sinz(x + k)| + In|sinz(x + koor)| — In|sin7(a + 6 + ie)].
k=1,k#ko
where

x:a+0—([§qn]+1)a

and kg satisfies

|sinw(x + ko) = min |sinw(x + ka)|.
1<k=<qn

In Lemma 3.1, let my = 0, k = 1,2,...4,, by the second equality of (3.3), one

has
dn

> In|sinz(x + k)| < —(gn — 1)In2 + CIngy.
k=1,ksko
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Since
In|sinz(x + koa)| < In|sinz(a + 0 +ia)|

(by the minimality of k), we have

> Infsinz(a+ 6+ je)| < —(gn — 1)In2+ Clngy. (3.6)
jely.j#i
On the other hand,
Z In|sinw(a+ 60+ j)|
Jel}
dn
= Z In|sinz(x + (kK + my)a)]
k=1
dn
= Y In[sinm(x + (k + mp)e)| + In|sinm(x + (ko + mi,)e)],
k=1,k#ko
where 5
x=a+0+ (—[gqn] +q,,—1)a,
2
mi =0, for1§k§2[§qn]—qn—1,
and

2
m =4 —1, f0r2[—qn] —qn <k < gy,
3
and kg satisfies

|sinm(x + (ko + mg )] = min |sinm(x + (k + my)o)|.
1<k=gn

By the second equality of (3.3) again, one has

dn
> Infsinz(x + (k + mp)a)| < —(ga — 1) In2+ Clng,.
k=1,k#ko

In addition
In | sin 7 (x + (ko + mgoa)| <0,

and one has

Zln|sin7r(a+9+joé)| <—(gn—1In2+ Clng,. (3.7)

jels
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Putting (3.5), (3.6), and (3.7) together, we have
Y+ <=2¢,In2+ Clng,. (3.8)

We are now in the position to estimate X_. In order to avoid repetition, we omit
some details. Similarly, ¥_ consists of 2 terms of the form as (3.3), plus two terms
of the form ming—; 4, In|sinz(x + (k + mggn)o)|, where my € {0, (£ — 1)},
k=1,...,¢q,, minus In|sin 7 (a — 6;)|. Following the estimate of X,

¥_ < -2¢,In2 4+ Clng,. 3.9
Putting (3.8) and (3.9) into (3.4), we obtain

Z In|cos2ma —cos2nb;| < —2q,In2 + C Ing,. (3.10)
Je Ul j#i

The estimate of

Z In|cos2m6; —cos2m ;|
JEI[UL, j#i

require a bit more work.
It is easy to see that

> Infcos2mb; —cos2nb;| = ¥, + I+ (2¢, — DIn2,  (3.11)
JEIUI}, j#i

where

= ) In|sinz(20+ G + j)o)l,
JEN U, j#i
and
¥ = Z In|sinm(i — j)ea].

JEUIL,j#i

Firstly, we estimate X', . Similarly, ¥ consists of 2 terms of the form as (3.3),
plus two terms of the form

. in In|sinm(x + (k + mrgn)a)],
=1,..., qn

where my € {0,({ — 1)}, k =1,...,¢n, minus In |sin 27 (0 + i)|.
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Following the above arguments and using the first inequality of (3.3), we obtain

¥, >-2¢,In2—-Clng, +2 min In|sinz(20 + (j +i)a)|. (3.12)
jieljUl,

Thus it is enough to estimate the last term in (3.12). By the hypothesis 6 ¢ R, one
has

j,ie[_gjf;qn_ll |sinm(20 + (j +1)a)| > T642 for large n. (3.13)
If k € I, let
b,=0—1 and k' =k —4Lrqn;
ifk € I, let

b =0 and k' =k.

100
n

Theni’, j' € [-2qn,2qn — 1]. If gu4+1 > ¢,"°, it is easy to verify that

1
|£kAn| < C]_S

n

Combining with (3.13), we have, for any i, j € I; U I,

|sinz(20 + (j + )e)|
= |sinmw (20 + (' + ")) cosw (¢ + £;) A,
+cos (20 + (j' + i) sinw(¢; + £;) Ay| (3.14)
- 1
10042

(the £ depending on the sign of g, — py).

If gnt1 < ¢}, we also have

[sinm (20 + (j + i)a)| > forany i, j € I; U I, (3.15)

1
1004200°
Thus, by (3.12), (3.14), and (3.15), one has

¥, > —-2¢,In2—Clng,. (3.16)
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Similarly, " consists of 2 terms of the form as (3.3) plus the minimum term
(because min; e/ |sinm(i — j)a| = 0, then Zjel{’#i In|sin (i — j)«| is exactly
of the form (3.3)). It follows that

¥ >-2¢,In2—Clng, + min In|sinz((j —i)a)|. (3.17)
JEN VI, j#i

We are now in the position to estimate the last term in (3.17). Note that for any
i € I; U I, there is only one 7 € /1 U I, such that |i — 7| = g, or £q,. It is easy
to check

In|sinz(i — )| > min{ln | sin rg,«|, In|sin tlq,o|}

(3.18)
> —Ingp41 — C,
since
A, > !
" 2gn
Ifj#i,7and j € I U I, then
j—i=r+miqy, withl <|r| <g,and|m}| <t
Thus by (3.1) and (3.2), one has
> A, >
”r(x”]R/Z Z Ap—-1 = zqn
and
- min  _In|sinz(j —i)a| > In(|ro||r/z —€A,) — C
JENUI j#iT (3.19)
> —Ing, — C,
since
1
LA, <
10¢p

for n large enough.
By (3.18) and (3.19), one has

min  In|sinz(j —i)a| > —Ingy4+1 — C Ing,.
JeUILj#i
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By the definition of
|
/3 — hm Sup M’

n—00 qn

equation (3.17) becomes

¥ > -2¢,In2—-1Ing,+1 —Clng,
(3.20)
> —-2¢,In2— (B 4+ &)qn — C Ing,,

for large n.
By (3.11), (3.16), and (3.20),

Z In|cos2n6; —cos2nb;| > —2q,In2 — (B + €)g, — C Ing,.
JEIUL,,j#i

Together with (3.10), we obtain

Z In|cos2mwa—cos2n0;|—In|cos2nb;—cos2n0;| < (B+&)qn+C Ing,.
JEIUI},j#i

This implies

kel |x — CoS 27T9/'| Can—1) (L +¢)
max max 1_[ ‘ < et 2
xe[-1,1li=1,...k+1 11 |cos2mwB; —cos2mb]
J=1j#i
for large enough n. O

InLemma2.2,letk =2¢q,—1,¢; = % +nande = % + Cn. Clearly, €; < e.
Thus there exists some jo € I; U I such that 6, ¢ A for n large
enough.

2qn—1,lnA—%—Cn

Step 2. We will show that 6, € 4, forall j € I.

n—l,lnA—%—Cn

Lemma 3.2. Suppose k € [-2qy,2qn] and

Gn

d = dist(k, {mqn}m>0) > 4

then, for sufficiently large n,

[¢(k)| < exp(=(InA — Cn)d).
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Proof. We will use block resolvent expansion to prove this lemma. By hypothesis
k € [=2¢n, 2qn], there exists some m € {—2,—1,0, 1} such that

mg, <k < (m+ 1)g,.

Forany y € [mq, +nqn+ 1, (m+ 1)gn —ngn — 1], apply Theorem 2.2 with ¢ = 7.
Note that in case (i), we have

InA + 91In(sgn—1/4n)/gn-—1 —n = InA — Cn,
for large n. Thus y is regular with t = In A — Cn. Moreover, there exists an interval
1(y) = [x1.x2] C [m = 1)gn. (m + 2)qy]

such that y € I(y) and

dist(y, 01 (y)) > g|1(y)| > gqn_l (3.21)

and
G 1) (v xi)| < e” WA=yl = =1 3, (3.22)

where d1(y) is the boundary of the interval /(y), i.e.,{x;, x2}, and recall that | /()]
is the number of /(y), i.e.,

I =2x2—x1 + 1.

For z € d1(y), let z’ be the neighbor of z (i.e., |z —z’| = 1) not belonging to 1(y).
If

X2+ 1<(@m+1)gn—nq, or xi—1>mqgy,+ngn,

then we can expand ¢ (x; + 1) or ¢(x1 — 1) as (2.4). We can continue this process
until we arrive to z such that

z+1>m+1)gn—nqn or z—1=<mgqy+nqn,

or the iterating number reaches

2d
[nqn_l]'
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Thus, by (2.4)
k)= D Gk, 206G () 22) - Grgy (25 Zs1 )P (Z440),
s532j11€91(z))
(3.23)
where in each term of the summation one has
mgy, +ngn+1<zi<m+)gn—ngn—1, i=1,...,s,
and either
2d
Zs+1 E [Mgn +0qn +2,(m + Dgn —ngn =2], s +1< [nq ] ()
n—1
or
2d
s+1= [ ] (k%)
Ndn—1
When (x), then, by (3.22),
Gy (k. 21)G (1) (21, 22) - Gz (25 Zs+1)9 (254 1)
< e—(lnl—Cn)(lk—21|+Zf=1 IZ,‘—Z,'JHI)q;Sv
< e—(lnl—Cn)(lk—ZsHI—(S+1))an (3.24)
- e—(lnk—Cn)(d—m]n—4—%)qf’
since
lp(zs, )| < (1 + |Z;+1|)C = C];f-
When (), then, using (3.21) and (3.22), we obtain
Graey (k. 21)Gr(z) (21, 22) - . - Gz (25, Zs+1) B (2541)|
(3.25)

_ _ Ndn—1|_2d _
<o (InA—Cn)—% [nqn—l]qf.

2d
Finally, note that the total number of terms in (3.23) is at most 2["‘1n—1] and
d > 4. Combining with (3.24) and (3.25), we obtain

B < e~ nA=Cnd

for large n. 0
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Remark 3.2. Under the hypothesis of Lemma 3.2, Avila and Jitomirskaya only
prove that

d
lp (k)| < exp ( —(niA - 8)5).
We give the refined version.
Theorem 3.2. Forany b € [—%qn, —%qn], we have
O+ (b+qn—1)a € Azg,—1,2104/3+Cn

if n is large enough, i.e., for all j € I, 0; € Azg,—121n2/3+Cn-

Proof. Let
by=b—1 and by =b+2q, — 1.

Applying Lemma 3.2, one obtains that fori = 1, 2,

’

e—NA=CmQan+b) if _ Szn <b< _3Zn

3 1
|p(Di)] < § e~UnA=Cmlgn+bl  jf _ % <b< —%" and |b + qn| > 24

o(nA—Cn)b if —dn —p <47
2 3

In (2.4), let
I =[b,b+2¢g,—2] and x =0;

we get, for n large enough,

max(|G7(0,0)[,1G1(0,b + 2gn — 2)|)

pIni—Cn@au+b) ¢ _ 2dn o _3n
J— — 2 9
3 1
eA=Cnllgn+bl 3¢ _ 29 o In g b+ qnl > ~qn;
- 2 2 4
~ | ,—na—cmp if ~ Iy I
e b 2 — J— 3 b
1
e €, if b+ dnl < Z4n,

since ¢(0) = 1 and |¢ (k)| < (1 + |k])€.
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Let
£=1
in (2.3), and let
I =[b,b+2g,-2], y=0, k=2¢g,—1
in (2.1) and (2.2). After careful computation, we obtain
1024, ~1(c0s 27(6 + (b + g — Da)|
= | P2g,-1(6 + boo)|
< min{|G; (0, b)|—le(ln/l+n)(b+2qn—2)’ |G1(0,b + 2g, — 2)|—1e—(ln/l+n)b}

< e(2an—1)2InA/3+Cn)

Since In A > %, thus

2In A
3
for small enough 1. By STEP 1 and STEP 2, we have

+Cn<lnA—§—Cn

0, €A forall j € I;.

2qn—1,lnA—%—Cn

This implies there exists some jo € I, such that 0}, ¢ Amn_l,ln a—B_cy:

STEP 3. Establish the regularity for y.

Theorem 3.3. For somet > 0, y is (¢t,2q, — 1)-regular with § = 1/5 for large
enough n.

Proof. According to the previous two steps, there exists some

0]'0 ¢ A for jo € I.

2¢n—1nA-E—cn
Set

I =[jo—gqn+1,jo+gn—1] = [x1, x2].
In (2.3), let ¢ = n; combining with (2.1) and (2.2), it is easy to verify that

G (y, xp)| < e A+ @an—2-1y=xiD=2qs (In2—5—Cn) |

By a simple computation |y — x;| > (3 — C1)gn; then
|G (y, xi)| < e_ly—xil(ln/l—%ﬂ_cn)’

for large enough n. Select  small enough such thatt = In A — % —Cn > 0, then
yis (InA— % — Cn,2q, — 1)-regular with § = 1/5. O
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4. The proof of Theorem 2.1

Now that the regularity for y is established, we will use block resolvent expansion
again to prove Theorem 2.1.

Proof of Theorem 2.1. Give some k with k > g, and n large enough. Using The-
orems 2.2 and 3.3, for all y € [b,, 2k], then there exists an interval

1(y) = [x1,x2] C [—4k,4k], withy e I(y),
such that .
dist(y, d1(y)) > Fdn-1 4.1)

and .
G10) (v, xi)| < e UnAmzP=Cmby=xil -y — 2, (4.2)

As in the proof of Lemma 3.2, denote by d/(y) the boundary of the interval /(y).
For z € d1(y), let z’ be the neighbor of z, (i.e., |z —z’| = 1) not belonging to ().
If
X2+1<2k or X1—1>bn,

then we can expand ¢ (x5 + 1) or ¢(x1 — 1) as (2.4). We can continue this process
until we arrive to z such that

z+1>2k or z—1<b,,

or the iterating number reaches

2k
[77%—1]'

By (2.4),

¢y =" > Grpk, 206G (1 22) - Grigy (25 Zs11)P (Z440), (43)
s532i 11 €31(z))
where in each term of the summation we have

by +1<z; <2k—-1, i=1,...,s,

and either
2k ]

Zsp1 [ +2,2k=2], s+1< [7761
n—1

(*)

or

(x %)



Anderson localization for the almost Mathieu operator 109
When (%), then, by (4.2), one has
Gra (k. 210Gz (21, 22) - - - Gz (25 Zs+1)$ (25 11)|
< e~ (nA=3B=Cn) (k=21 1+ T}, Iz{~zi1 D C
< o~ (nA=3B=Cr) (k=20 411~(s+1) C 4.4)
< max{e—(lnzl—%ﬂ—Cn) (k—bn—4—%)kc’

~(ni=38-C0) okt i)y

When (%), then, using (4.1) and (4.2), we obtain

|Gy (k, ZI)GI(Z’I)(Z/D z2)... GI(z§)(Z;s Zs+1)¢(2;+1)|

4.5
= e_(lnx—%ﬁ—C”)WT_l[nqznk—l]kc. -

k
Finally, note that the total number of terms in ( 4.3) is at most 2[ ’7‘12n—1 ] Com-
bining with (4.4) and (4.5), we obtain

(k)| < e~(InA=3p=Cn)i (4.6)

for large enough n (or equivalently large enough k).
For k < 0, the proof is similar. Thus

lp(k)| < o~ (mA=3p-Cn)ikl 4 |k| is large enough. 4.7
This ends the proof of Theorem 2.1. O
Corollary 4.1. Suppose A > 38 and 0 ¢ R. If a solution Vg (k) satisfies
H; 09VE = EVg, withWg(k) < (14 k)€ and E € 2, 4,

then
In(V2 (k W2 (k +1
sy YR ®) T Y3k + 1)
|k|—o00 2|k|

5—(ln)t—%,3). (4.8)

In particular, for B(ax) =0

i MOVER) + YRR+ 1)

—1InA. 4.9
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Proof. If B(a) > 0, in fact (4.7) holds for any 1 > 0, this implies

In(W2 (k) + % (k + 1
lim sup n(Vg (k) + Vg (k + ))5
|k|—>o00 2|k|

3
—(1nx—§ﬂ) if B> 0. (4.10)
If B(«) = 0, following [1] or [2], k is (¢, £(k))-regular for large |k|, with
t=InA—e
By the method of block resolvent expansion as above, we can obtain

|WE (k)| < e~ A=l if £ is large enough,

thus

In(W% (k) + W (k + 1
lim sup nWg k) + Yk + 1) <
|k|—>o00 2|k|
By (4.10) and (4.11), we obtain (4.8).
By Furman’s uniquely ergodic theorem (Corollary 2 in [7]),

InA. 4.11)

In(W2 W2 1
lim inf nWg k) + Yk + 1) > —

InA.
|k|—o00 2|k| -

The last two inequalities imply ( 4.9). O
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