J. Spectr. Theory 5 (2015), 113-192 Journal of Spectral Theory
DOI 10.4171/JST/93 © European Mathematical Society

Resolvent and propagation estimates
for Klein—-Gordon equations
with non-positive energy

Vladimir Georgescu, Christian Gérard, and Dietrich Héfner

Abstract. We study in this paper an abstract class of Klein—-Gordon equations
07p(0) = 2ikd; (1) + hp(1) = 0,

where ¢: R — H, H is a (complex) Hilbert space, and 4, k are self-adjoint, resp. sym-
metric operators on J.

We consider their generators H (resp. K) in the two natural spaces of Cauchy data, the
energy (resp. charge) spaces. We do not assume that the dynamics generated by H or K has
any positive conserved quantity, in particular these operators may have complex spectrum.
Assuming conditions on / and k which allow to use the theory of selfadjoint operators on
Krein spaces, we prove weighted estimates on the boundary values of the resolvents of H,
K on the real axis. From these resolvent estimates we obtain corresponding propagation
estimates on the behavior of the dynamics for large times.

Examples include wave or Klein—Gordon equations on asymptotically euclidean or
asymptotically hyperbolic manifolds, minimally coupled with an external electro-magnetic

field decaying at infinity.
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1. Introduction

This paper is devoted to the proof of resolvent and propagation estimates for the
generators of a class of abstract Klein—-Gordon equations

F2p(t) — 2ikd; p(t) + ho(t) =0, (1.1)

where ¢: R — H, H is a (complex) Hilbert space, and 4, k are self-adjoint, resp.
symmetric operators on K.

There are many natural examples of such abstract class of equations: one class
is obtained by considering Klein—Gordon equations

—V4V, ¢ + m?¢ =0,

on a Lorentzian manifold having a global Killing vector field, corresponding in (1.1)
to d;. A related class is obtained by perturbing a static Klein—-Gordon equation

3o —VIVig +m?¢p =0
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on R; x N (N is a Riemannian manifold) by minimal coupling this equation to an
external electro-magnetic field A, independent on . We obtain then the equation

(0 — iv(x)*p — (V) —id ())(V; — i4;(x))p + m*¢p = 0,

which can be put in the form (1.1).
An example to keep in mind is the Klein—Gordon equation on Minkowski space
minimally coupled with an external electric field

(0 —iv(x))%p(t, x) — Axp(t,x) + m?¢p(t, x) = 0, (1.2)

for which H = L2(R?,dx), h = —A, +m? —v%(x), k = v(x) is a (real) electric
potential and m > 0 is the mass of the Klein—Gordon field. We will use this
example to describe the results and methods of the present work.

1.1. Description of the main results. The equation (1.2) has two natural con-
served quantities, the charge

/}Rd(iariﬁ(l,XW(Z,X)—i¢3(l,X)8t¢(l,X)—2v(X)|¢(t,X)|2)dx,
and the energy

/}Rd(lfw(I,X)l2 + [Vag(t, 1)1 + (m* — v2(x) |9 (¢, 1) |*)dx,

both related to the symplectic nature of (1.2). In order to associate a generator
to (1.2), one has to consider a Cauchy problem. There are two natural ways to
define Cauchy data at time 7. On can set

- o (1)
Jo= (i—lw(z) - v¢(r))’ (13
so that

_ itK _ v 1
=0 k=", o 1)

This choice is natural when one emphasizes the conservation of the charge, which
takes the simple form

atrh = [ Fwne+hehemds = (1)



116 V. Georgescu, Ch. Gérard, and D. Hifner

Another choice, more common in the PDE literature is

[ @
f(@) = (i—la,¢(z))’ (1.4)
so that
_ AitH _ 0 1
ro=etro, m=(_, 0. )

With this choice the energy takes the simple form

BU) = [ IAP@ + 9P + 0" =2yl P wdx. = (7).

Note that the two operators K and H are obviously related by similarity, see e.g.
Subsection 4.4.

The main problem one faces when studying Klein—Gordon equations (1.2) is
the lack of a positive conserved quantity. For example ¢ is clearly never positive
definite, while E is not positive definite if the electric potential v becomes too
large, so that —A + m? —v?(x) acquires some negative spectrum. In other words
it is generally not possible to equip the space of Cauchy data with a Hilbert space
structure such that K or H are self-adjoint.

There are two manifestations of this problem with some physical significance.
The first one, discovered long ago by physicists [30], is the fact that if v is too large,
K and H acquire complex eigenvalues, appearing in complex conjugate pairs.
This phenomenon is sometimes called the Klein paradox. It implies the existence
of exponentially growing solutions, and causes difficulties with the quantization
of (1.2).

The second manifestation is known as superradiance. It appears for example
for the Klein—Gordon equation (1.2) in 1 dimension, when the electric potential v
has two limits v at 0o with |[vy —v_| > m, see [2] for a mathematical analysis.
It also appears in more complicated models, like the Klein—Gordon equation on
the Kerr space-time, which can be reduced to the abstract form (1.1) after some
separation of variables.

Superradiance appears when there exist infinite dimensional subspaces,
asymptotic invariant under H, on which the energy is positive (resp. negative).
If this happens a wave coming from +oo may, after scattering by the potential,
return to +o0o with more energy than it initially had.
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Another more mathematical issue with (1.2) is that there are many possible
topologies to put on the space of Cauchy data. If we use (1.3) it is natural to
require that the charge should be bounded for the chosen topology. This of course
does not fix the topology, but by considering the simple case v(x) = 0 it is easy to
see (see Subsection 4.5) that the natural space of Cauchy data is the charge space

F=H*RY) @ H 2(RY),

where H*(R?) denotes the usual Sobolev space of order s.
If we use (1.4), then we should require that the energy be bounded, which leads
to the essentially unique choice of the energy space

¢ = H'(RY) @ L*(RY).
Note that if m = 0 the homogeneous energy space
E=(—Ax—v) LA RN @ LA(RY)

(see Subsection 2.1 for this notation) could also be considered, and will actually
play an important role in our work.

Let us now illustrate the results of our paper on the example (1.2), assuming
for simplicity that v € Cg° (R%). Using general results on self-adjoint operators
on Krein spaces, one can first show that

o(H) =0(K),
Oess(H) = 0ess(K) =] — 00, —m] U [m, +-o0],

o(H)\R = 0(K)\R = Ui<j<n{};, A5},

where 1, A; are eigenvalues of finite Riesz index.
The main result of this work are weighted resolvent estimates, valid near the
essential spectrum of K, H,

_ o 1
sup 1(x)ging (H — 2) ™ (x) g, | Be) < 00, for all S<8 ()

Rezel,0<Imz|<é
where the brackets (x)gi. denote the diagonal operator on the space of Cauchy
data H'(R?) @ L?(R?) with entries (x) (see Subsection 2.1), I C R is a compact

interval disjoint from +m, containing no real eigenvalues of H, nor so called
critical points of H (see Section 3 for the definition of critical points).
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Similar results hold for K, replacing € by F. By the usual argument based
on Fourier transformation, we deduce from (1.5) propagation estimates on the

Co-groups e’ and el"X

/R ()3 e () ()73 fI2de < CILf )2, (1.63)
and

/R 1) 38K X (K) ()73 £ |2t < CII £, (1.6b)

where y € C5°(R) is a cutoff function supported away from real eigenvalues and
critical points of H and K.

From (1.6) it is easy to construct the short-range scattering theory for the dy-
namics e#, e’K. With a little more effort, the long-range scattering theory can
also be constructed. In this way the results of [I1], dealing with the scattering
theory of massive Klein—Gordon equations in energy spaces, can certainly be ex-
tended to the massless case (ie to wave equations), both in the energy and charge
spaces.

1.2. Methods. In the usual Hilbert space setting, where H is self-adjoint for
some Hilbert space scalar product, the most powerful way to prove estimates (1.5)
and (1.6) relies on the Mourre method, i.e. on the construction of another self-
adjoint operator A such that

1;(H)[H,iAll;(H) > c17(H) + R, 1.7

where R is compact and ¢ > 0. This method can be directly applied to (1.2)
if the energy E(f, f) is positive definite, so that it defines a compatible scalar
product on €. Numerous papers rely on this observation, see among many others
the papers [6, 25, 27, 29, 34], and for more recent results based on the Mourre
method [13, 14].

If the energy is not positive, one can consider the energy space € equipped with
E asaKrein space, i.e. a Hilbertizable vector space equipped with a bounded, non-
degenerate hermitian form. Orthogonal and adjoints on a Krein space are defined
w.r.t. the Krein scalar product, and conservation of energy is formally equivalent
to the fact that the generator H is self-adjoint in the Krein sense.

There exists a class of self-adjoint operators on Krein spaces, the so-called
definitizable operators, (see Subsection 3.2) which admit a continuous and Borel
functional calculus quite similar to the one of usual self-adjoint operators. A fi-
nite set of their real spectrum, called the critical points, plays the role of spectral
singularities for the functional calculus. Spectral projections on intervals whose
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endpoints are not critical points can be defined, and they have the important prop-
erty that if they do not contain critical points, then the Krein scalar product is
definite (positive or negative) on their range.

In [9], we exploited these properties of definitizable operators on Krein spaces
to extend the Mourre method to this setting, obtaining weighted resolvent esti-
mates in an abstract setting.

In this work we apply the general results of [9] to one of the main examples
of self-adjoint operators on Krein spaces, namely the generators of one of the
Co-groups associated to the abstract Klein—Gordon equation (1.1).

Note that several papers were devoted to Klein—Gordon or wave equations from
the Krein space point of view, see e.g. [18, 23, 24]. However resolvent estimates
near the real spectrum were never considered in the above papers.

We obtain resolvent and propagation estimates which are generalizations of
equations (1.5) and (1.6). Examples of our abstract framework are minimally cou-
pled Klein—Gordon or wave equations on scatfering or asymptotically hyperbolic
manifolds.

Note that the typical assumption of the electric potential v is that it should
decay to 0 at co. This assumption is necessary to ensure that H is definitizable.
Therefore the models considered in this paper, while possibly exhibiting the Klein
paradox, do not give rise to superradiance. In a subsequent paper [10] we will
prove similar results for a model exhibiting superradiance, namely the Klein—
Gordon equation on Kerr—de Sitter space-times. Using the results of this paper,
it is possible to prove resolvent estimates and to study scattering theory also for
such superradiant Klein—Gordon equations.

1.3. Plan of the paper. Section 2 contains some preparatory material, the most
important dealing with quadratic operator pencils.

In Section 3 we recall the theory of definitizable operators on Krein spaces.
In particular we devote some effort to present a self-contained exposition of their
functional calculus, which is a rather delicate but interesting topic. Among pre-
vious contributions to this question, we mention the works of Langer [22] and
Jonas [19].

In [9] we constructed the natural version of the continuous functional calculus
for a definitizable operator H, associated to an algebra of continuous functions
having asymptotic expansions of a specific order at each critical point of H. Al-
though we will not need its full generality in the rest of the paper, we found it
worthwhile to develop the corresponding Borel functional calculus. An interest-
ing feature of this calculus is that the natural algebra is not an algebra of functions
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on R anymore, but has to be augmented by adding a copy of C at each critical
point.

In Section 4 we discuss in some detail the various setups for abstract Klein—
Gordon equations and the possible choices of topologies on the space of initial
data.

Sections 5 and 6 are devoted to basic facts on the generators of Klein—Gordon
equations in energy and charge spaces respectively. In particular quadratic pencils
play an important role here.

Related results were obtained before by Langer, Najman and Tretter in [23]
and [24] for the energy resp. charge Klein—Gordon operators. We will comment
on the relationship between our framework and the one in [23, 24] in Remarks 5.5
and 6.6.

In Section 7 we introduce a class of definitizable Klein—Gordon operators. We
also construct an approximate diagonalization of these operators which will be
needed later.

Section 8§ is devoted to the proof of a positive (in the Krein sense) commutator
estimate for the operators considered in Section 7. It relies on abstract conditions
on the scalar operators %, k appearing in (1.1).

In Section 9 resolvent estimates are proved for the generators H on energy
spaces. From them we deduce similar estimates for the quadratic pencils consid-
ered in Section 5, which in turn imply resolvent estimates for the generators K on
charge spaces.

Section 11 is devoted to the proof of propagation estimates for the groups e
and e'K . They follow from resolvent estimates by the standard arguments, usually
applied in the Hilbert space setting.

In Section 12 we give various examples of our abstract class of Klein—Gordon
equations. The first examples are Klein—Gordon equations on scattering man-
ifolds, minimally coupled to external electro-magnetic fields. The massive and
massless cases are discussed separately, a Hardy inequality playing an important
role in the massless case. The second examples are Klein—Gordon equations on
asymptotically hyperbolic manifolds, again with minimal coupling.

Various technical proofs are collected in Appendices A and B.

itH



Resolvent and propagation estimates for Klein—Gordon equations 121

2. Some preparations

In this section we collect some notation and preparatory material which will be
used in later sections.

2.1. Notations

SETs
—If X,Y aresetsand f: X — Y we write
fiX =Y

if f is bijective. If X, Y are equipped with topologies, we use the same notation
if f: X — Y is a homeomorphism.

— If I C R and f is a real valued function defined on / then f(/) denotes the
image of / under f.

Examples of this notation used in Subsection 8.3 are /1, 2 and |/]|.
— We set
(A):=(A2+1)2, LeR.
LINEAR OPERATORS

— If E C F are Banach spaces, we denote by [E, Flg, 0 < 6 < 1 the complex
interpolation space of order 6.

— If A is a closed, densely defined operator, we denote by p(A) C C its resolvent
set and by Dom 4 its domain.

— Let X, Y, Z be Banach spaces such that X C Y C Z with continuous and dense
embeddings. Then to each continuous operator S: X5 Zone may associate
a densely defined operator S acting in Y defined as the restriction of S to the
domain Dom S = (S)~1(Y).

— If H; and X, are Hilbert spaces, we denote by
Boo(H1, Ha)

the ideal of compact operators from H; to H, and set Boo(H) = Boo(H, H).
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— If a, b are linear operators, then we set
adg(b) := [a, b].

Usually in this paper commutators are defined in the operator sense, i.e. [a, b]
has domain Dom(ab) N Dom(ba).

— If A, B are two positive self-adjoint operators on a Hilbert space H, we write
A~B

if
DomA% =: DomB% and¢c 'A< B<cAon DomA%, c>0.

DuaL PAIRS
Let G and J be reflexive Banach spaces and € = G @ H. The usual realization
(G & H)* = G* @ H* of the adjoint space will not be convenient in the sequel,
we shall rather set

Er=H"d 9"

so that

(w] f)=(wo | fi) + (wilfo), for f = (fo.f1) €& w=(wo,wy) €™

For example, if H = G*, so H* = G, the adjoint space of &€ = § & G* is
identified with itself £* = €.

SCALE OF SOBOLEV SPACES
Let H be a Hilbert space with norm || - || and scalar product (- | -). We identify H
with its adjoint space H* = H via the Riesz isomorphism. Let / be a self-adjoint
operator on J.

We can associate to it the non-homogeneous Sobolev spaces

(h)™SH := Dom |hl*, (h)*H := () °H)*, s>0.

The spaces (h)~*H are equipped with the graph norm || {#)u||.

If moreover Kerh = {0}, then we can also define the homogeneous Sobolev
spaces |h|*H equal to the completion of Dom |2|~* for the norm |||2|™5u]|.

The notation (h)*H or |h|*H is very convenient but somewhat ambiguous be-
cause usually alH denotes the image of JH under the linear operator a. Let us
explain how to reconcile these two meanings.
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Let H, be the space of u € H such that u = 1;(h)u, for some compact
I C R\{0}. We equip H, with its natural topology by saying that u,, — u in H,
if there exists / C R\{0} compact such that u,, = 1;(h)u, for all » and u, — u
in . We set
Hioe 1= (j{c)>‘<

Then |h|® and (h)® preserve H. and Hjoc, and (h)*FH, resp. |h|*H are the images
in Hjoe of H under (h)°, resp. |h|*. It follows that these spaces are subspaces
(equipped with finer topologies) of Hj,, in particular they are pairwise compati-
ble. Let us mention some properties of these spaces:

(W SHcC (h)'H ift <s,
(W HC|h™H and |A|°H C (h)’H ifs >0,
()°3C = |h°3 =3¢, (h)*IC= (R)~°FO*,  |hI*F = (|h|7*F0)",
0eph) < (h’H=|hHforsomes #0 < (h)*H = |h|*H for all s.

Moreover the operator |k|* is unitary from |h|~*H to |h|* "X for all s,¢ € R.
The following fact is a rephrasing of the Kato—Heinz theorem:

1
ifa~bthena®H = b*H forall |s| < >

SMOOTHNESS OF OPERATORS
Let 3, H, be two Banach spaces such that H; C H, continuously and densely.
Let {T;};cr be a Cy-group on H,, preserving H;. It follows by [l, Proposi-
tion 3.2.5] that T; defines a Co-group on H;. If a is the generator of 7y on JH,,
so that 7, = e’ on H,, then the generator of 7; on H; is a3, with domain
{u e HyNDoma: au € H,}.

We denote by Ck(a; Hy, Hp) (resp. Cf(a; Hy,H,)) for k € N the space of
operators b € B(H;, H,) such that

R >t +—> elhe
is C* for the strong (resp. operator) topology of B(7;, H>).

One defines similarly C(su) (a; Hy,H,) first for 0 < s < 1, then for all non
integers s € R by requiring the Holder continuity of the above map. Note that by
the uniform boundedness principle, the spaces C*(a; 31, H,) and CJ(a; Hy, H2)
coincide for non integer s. It follows also from the same argument that

CHa:H,,Ho) € CS(a: Ky, Hy), for0 <s <k.
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If b € C'(a; Hy, H5) then b maps Doma,g¢, into Doma and
adgb :=ab — ba € B(Hy, Hs).
If Hy = H, = X, the above spaces are simply denoted by C(su) (a; H) or even
C(Su) (a) if H is fixed from the context.

2.2. Quadratic pencils. In this subsection we prove some basic results about a
quadratic operator pencil related to the abstract Klein—Gordon operator.

Let 3 be a Hilbert space, & be a self-adjoint operator on H and (k)5 the
Sobolev spaces introduced in Subsection 2.1. Let

ki (h)"2H —s K

be a continuous symmetric operator and denote also k its unique extension to a
. 1
continuous map H — (k)2 . Denote

=

ho = h + k21 (h) 29 —> (h) 2%
and
p(z) = h+ 22k —z) = hg — (k —2)> € B((h) 33(, (h)3H), ze€C.
Definition 2.1. We denote by p(%, k) the set of z € C such that
p(): (hy 23 > (k)33
Observe that the domain in I of the operator
PE): ()33 — (h)25¢

is equal to (h) 71X, i.e.
(W 'H = p(z) 1.

Indeed, for f € (h)"2%,
p@) f=hf+zQ2k—2)f

and the last term belongs to H, hence p(z) f € H if and only if 1f € HH. Note
also that the relation

P =pE) in B2, (h)230)
is obvious. It follows that the map
PE): ()23 — (h) 2
naturally induces operators in B({(h)~'H, H) and B(F, (h)H).
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The following two results are proved in [9, Lemmas 8.1, 8.2].

Lemma 2.2. The operator induced by p(z) in H is a closed operator and its
Hilbert space adjoint is the operator induced by p(z) in H. In other terms, the
relation p(z)* = p(Z) also holds in the sense of closed operators in H. The
Jollowing conditions are equivalent:

(1) p(z): (W) 'H = K,

) p@): (W)'H = K,

3) p(2)t (h)72H > ()30,
@) pE): (h)72H > ()30,
5) p(z): 3 — (h)3L,

(6) p(2): H = (h)H.

In particular, the set

p(h k) =1z € C | p(2): (h)™29C "> (h)230) o
—zeC| pi): ()'H > 50 '

is invariant under conjugation.

Proposition 2.3. Assume that h is bounded below. Then there exists co > 0 such
that
{z: [Imz| > |Rez| + co} C p(h, k).

3. Operators on Krein spaces

In this section we review some basic facts about Krein spaces and self-adjoint
operators on Krein spaces. We refer the reader for more details to the survey
paper [22], or to [11], [9]. We also describe the natural extension of the continuous
functional calculus constructed in [9] to the Borel case.

3.1. Krein spaces. If H is a topological complex vector space, we denote by H*
the space of continuous linear forms on H and by (w, u), for u € 3, w € H* the
duality bracket between H and H*.
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Definition 3.1. A Krein space X is a hilbertizable vector space equipped with a
bounded hermitian form (u | v) non-degenerate in the sense that if w € X* there
exists a unique u € X such that

(u|v)=(w,v), vekX.

If K; is a subspace of K, we denote by X7 the orthogonal of X; for (- | -).

If we fix a scalar product (-|-) on K endowing K with its hilbertizable topology,
then by the Riesz theorem there exists a bounded, invertible self-adjoint opera-
tor M such that

(u|v)y=w|Mv), uveX.

Using the polar decomposition of M, M = J|M| where J = J*, J? = 1, one
can equip X with the equivalent scalar product

([ v)y = (u | [M]v), (3.2)

so that
wlvy=w|Jv)y, uveX. (3.3)

Definition 3.2. A Krein space (X, (- | -}) is a Pontryagin space if either 1r—(J)
or 1+ (J) has finite rank.

Clearly this definition is independent on the choice of the scalar product (-|-).

Replacing (- | -) by —(- | -) we can assume that T-(J) has finite rank, which
is the usual convention for Pontryagin spaces.

Let A: Dom A — X be a densely defined linear operator on the Krein space K.
The adjoint AT of A on (X, (- | -)) is defined as

Dom AT := {u € K: there exists / =: ATu such that
(f |v) = (u| Av), for all v € Dom A}.

We will sometimes use the following easy fact: there is a constant C > 0 such
that

c7UA| < |AT) < C|A], A € B(X). (3.4)

A densely defined operator H is self-adjoint on X if H = H. The following fact
is often useful.

Lemma 3.3. Let H be closed and densely defined on K. Assume that for some
zep(H)Np(H) one has (H—z)™) = (H -2)"'. Then H = HT.
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3.2. Definitizable operators on Krein spaces. Not much of interest can be
said about self-adjoint operators on a Krein space, except for the trivial fact that
p(H) = p(H). There is however a special class of self-adjoint operators, called
definitizable, which admit a functional calculus close to the one of usual self-
adjoint operators on a Hilbert space.

Definition 3.4. A self-adjoint operator H is definitizable if

(1) p(H) # @ and
(2) there exists a real polynomial p(A) such that

(u| p(Hyu) >0, forallu € Dom H* k := deg p. (3.5)

An operator H on a Krein space K which is definitizable with an even definitizing
polynomial will be called even-definitizable.

The following result is well known, see e.g. [19, Lemma 1].

Proposition 3.5. Let H be definitizable. Then
(1) If z € a(H)\R then p(z) = 0 for each definitizing polynomial p;

(2) there is a definitizing polynomial p such that o (H) \ R is exactly the set of
non-real zeroes of p;

(3) moreover, this p may be chosen such that if A € R is a zero of multiplicity k
of p then A is an eigenvalue of H of Riesz index k;

(4) the non-real spectrum of H consists of a finite number of eigenvalues of finite
Riesz index distributed symmetrically with respect to the real axis.

The usefulness of the notion of Pontryagin spaces comes from the following
theorem (see [22]).

Theorem 3.6. A self-adjoint operator H on a Pontryagin space is even-definiti-
zable.

The following result is easy (see Langer [22]). If A is an isolated point of o (H)
the Riesz spectral projection on A is

EA H) := ﬁ 750(2 — H) Yz

where C is a small curve in p(H) surrounding A.



128 V. Georgescu, Ch. Gérard, and D. Hifner

Proposition 3.7. Let H be a definitizable self-adjoint operator and

I (H) = > (EQ.H)+EQLH)), XG5, = 15,(H)X.
A€o (H), ImA>0
Then 15, (H) is a projection, 15 (H) = (15,(H))', hence X, is a Krein space
and

— qcC CHL
K= Kpp & (Kpp) ™

3.3. C“ functional calculus. In this subsection we recall some results of [9], ex-
tending earlier results of [19, 22] on the continuous functional calculus for defini-
tizable operators. It turns out that a definitizable operator H admits a functional
calculus associated to the algebra of bounded continuous functions on R having
an asymptotic expansion of a specific order at each critical point of H (see Defi-
nition 3.11).

Let R = R U {oo} be the one point compactification of R, so that C R) is
identified with the set of continuous functions R — C having a finite limit at co.

We equip R x IN with the order relation defined by (&,s) < (n,t) if and only
iff=npands <t.lfw = (§,5) € R x N we denote by xe the rational function
equal to (x — £)% if £ € Rand x5 if § = co. We set also p, = y,'.

Definition 3.8. Let v = (§,5) € R x N. We denote by C “’(]ﬁ) the space of
functions ¢ € C(RR) such that there is a polynomial P with
P(x—§&) +o(x—&%), iféeR,
P(1/x) 4+ o(lx|™), if § = oo.
Clearly C “(lﬁ) ccC ‘”(]ﬁ) ifu>w. Ifp e C “’(]ﬁ) then the terms of degree

< s of P are uniquely determined, hence there is a unique sequence of complex
numbers {6, (¢)} <o such that the rational function

Tro:= " 8u(@n (3.6)
n=w
satisfies
9(x) = T, o(x) + 0o(| xo (X)) 3.7
Set
Top = ) 8u(@ x> Ro® = pule — To®), (3.8)
ji<w
so that

¢ =Top + YoRwy.
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Note that if @ = (£, 0) then R, = ¢. If follows that

el ==Y sup|Rugl

n=w

is a norm on C?(R) dominating the sup norm.

Anelement w € R x N may be seen as a function R — N with support
containing at most one point. A function o: R — IN with finite support is called
an order function. We write

w <o
if
w=(s)eRxN and s <a(f).
Then
w <
means

w=<a and s <a(f).

To each definitizable operator one can associate a natural order function.

Definition 3.9. Let H be a definitizable operator on X.

(1) To each definitizing polynomial p for H we associate an order function j as
follows: if ¢ € R then B(§) is the multiplicity of £ as zero of p and S(c0) = 0
if p is of even degree and B(oc0) = 1 if p is of odd degree.

(2) The order function oz of H is the infimum over all definitizing polynomials
for H of the above functions 8.

If o is an order function, we set
CoR) := () C°(R).
w=xo

which, equipped with the norm |l¢[l¢ := sup,«, [¢llw, is a unital Banach *-
algebra for the usual operations.
The following theorem is shown in [9, Theorem 4.9]

Theorem 3.10. Let H be a self-adjoint definitizable operator on the Krein space
H with o(H) C R.Then there is a unique linear continuous map

C* (R) 3 ¢ —> ¢(H) € B(X)

such that if p(A) = (A — z)™! for z € C\R then o(H) = (H — z)~'. This map is
a morphism of unital x-algebras.
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Theorem 3.10 implies an optimal estimate of the resolvent of a definitizable
operator. We first introduce some terminology.

Definition 3.11. We set

oc(H) :=o(H)\R
and
c(H) = {w e R: ag (&) # 0}.

The set c(H) is called the set of critical points of H .

Let H be a definitizable operator. Note that Definition 3.9 extends naturally to
give an order function on C = C U {oo}, still denoted by ag7. The following result
is proved in [9, Proposition 4.15].

Proposition 3.12. With the preceding notations, there exists ¢ > 0 such that

cl(H —2)71|
< Z |z —g|72H#® 4 |ImZ|_1(1 + Z |z — g7 ® 4 |Z|06H(00))
Ecoc(H) Eec(H)NR

(3.9)

fJorall z € oc(H) U R. Note that ag (00) is either O or 1.

We will use the following corollary of Proposition 3.12, giving estimates on
(H — z)~! in a bounded region or in a conic neighborhood of infinity in C\R.

Corollary 3.13. Letfor R,a,é > 0,

Uo(R,a) ={z € C: 0 < |Imz| < a, |Rez| < R},
and

Ux(R,§) ={z € C: 0 < |Imz| < §|Rez|, |Rez| > R},

where R, a are chosen such that oc(H) does not intersect Uy(R, a) and Uso (R, 5).
Then there exists C > 0 such that

C|Imz|7""! Jor z € Up(R, a),

I(H =2)7" <
C(z)"‘H("O)|Imz|_1 forz € Uss(R, ),

where m = supgcg on (§).
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It is sometimes convenient to have a concrete expression of ¢(H) if ¢ €
Cs°(R). Let ¢ € C5°(C) be an almost-analytic extension of ¢, satisfying

99(z)
0z

PR = ¢, < Cy|Imz|V, forall N € N.

For m € IN we set

lelm =" 1950l

0<k<m
Then we have
s
o(H) = L/ X (2)(z — H) Ndz A d7, (3.10)
2w C 0z

where due to Corollary 3.13 the integral is norm-convergent and one has

le(H)|| < Cll¢llm, for some m € IN. (3.11)

3.4. Borel functional calculus. In this subsection we extend the results of Sub-
section 3.3 to cover the Borel functional calculus. Similar results were already
obtained by Jonas [19], see also [36], although we believe that our approach is
simpler and more transparent.

The standard method to obtain a Borel functional calculus from a continuous
one relies on the Riesz and monotone class theorems (see Theorem B.1 and the
beginning of the Appendix B for details).

In our case we have to follow the same procedure, starting from the algebra
ce (ﬁ) instead of C(ﬁ). In turns out that the resulting algebra is not an algebra of
functions on R, because after a bounded limit, the top order term in the asymptotic
expansion (3.7) is not uniquely determined. Instead the resulting algebra is a direct
sum of a sub-algebra of bounded Borel functions satisfying (3.12) below, and of a
finite dimensional space.

We first introduce some definitions. Denote by B(R) the space of bounded
Borel functions on R.

Definition 3.14. Let o = (£,5) € R x N. We denote by L®(R) the space of
functions ¢ € B(R) such that there is a polynomial P with

P(x—§+O0(x—¢&°) if§eR,
P(1/x) + O(|Ix™) if £ = oo,
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Again L*(R) ¢ L°(R)if u > w. If ¢ € L?(R) for w = (£,5), s > 1,
the terms of degree < s of P are uniquely determined, hence there is a unique
sequence {8,,(¢)}, <o such that the rational function 7,,¢ defined in (3.8) satisfies

9(x) = Toe(x) + O(|)xo(x)])- (3.12)

If o = (§,0) we set 8,(¢) := @(§). We equip L (R) with the norm lellow as
before and if « is an order function, we introduce the space

L*R) == () L°(R)

w=u

equipped with the norm ||¢||.
Clearly L“(R) is a unital Banach *-algebra for the usual algebraic operations.

Definition 3.15. Let

@ ={(& a)): & esuppa} C R xN.

We set
A" = L*(R) @ €7,

and -
I:C*R) — A?,

@ > (9, (60 (®))wea)-

For ¢ = (¢°, (ae)wes) € A% and o < o, we define
Su(@®) ifoda,

Sw((p) = { ) .

de ifwea,

which allows to write ¢ as (¢°, (8, (¢))wes). We can then equip A* with a x-al-
gebra structure by setting

oV = (0°. B (@) wes) - (U°. o(¥))ocs)
= (¢ov°. (X su@s) ).

n+v=w
and L
(9007 (Sw((p))a)e&)* = ((pO’ (Sa)((p))a)e&)-

It is easy to see that A%, equipped with the norm
lella, = maxmax e llos 2 <wldu (@)} (3.13)

is a unital Banach *-algebra with (1, 0) as unit. The embedding / : C “(ﬁ) — A*
is isometric hence C*(RR) is identified with a closed *-subalgebra of A“.
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Definition 3.16. A sequence (¢y),en in A% is b-convergent to ¢ if

Sup [|¢nflae < oo and  1im 8y (¢n) = du(¢)
for each w < «.

Clearly the b-convergence of (¢,) to ¢ implies the b-convergence of (¢?) to ¢°.
The main result of this subsection is the following theorem which is the natural
extension of Theorem 3.10 to the Borel case.

Theorem 3.17. Let H be a self-adjoint definitizable operator on a Krein space
K with o (H) C R and order function ag. Then there is a unique linear weakly
b-continuous map

A% 3 ¢ — @(H) € B(X)
such that if o = Ir,, withr;(A) = (A —z)"! and z € C\R, then
¢(H) = (H —z2)~".
This map is a norm continuous morphism of unital x-algebras.

The proof will be given in Appendix B.

Corollary 3.18. Let H a self-adjoint definitizable operator as above. Let J C R
an open set such that J N suppay = @ and By (R) c B(R) be the -ideal of
functions supported in J. Then the map

By (R) 3 ¢ — ¢(H) := (p,0)(H) € B(X)

is a *-morphism, continuous for the norm topologies of By (ﬁ) and B(X) and
weakly b-continuous.

Proof. Let us denote by C; (ﬁ) ccC (lﬁ) the %-ideal of functions supported in J.
Clearly C; (Iﬁ) C CYH (ﬁ) isometrically. Moreover I ¢ = (¢,0) forallp € C; (]ﬁ),
if 1: C (R) — A®H is defined in Definition 3.15. Finally if ¢, € By (R) and
b—lim, ¢, = ¢ then b—1lim, (¢,,0) = (¢,0) € A®. These facts imply the corol-
lary. O
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3.5. Existence of the dynamics. Let us mention a well-known consequence of
Corollary 3.18 about the existence of the dynamics generated by an even-definiti-
zable operator.

Let H be even-definitizable, f;: x + €* and y € C{(R) such all finite
critical points of H are in the support of y. We write f; = yf; + (1 — x) f, and
extend (1 — x) f; arbitrarily at co. We can define (y f;)(H ) by Theorem 3.10 and
((1 = y) ft)(H) by Corollary 3.18. We set then

Ji(H) == (xfO)(H) + (0 = ) f)(H) € B(X),

which is independent on the choice of y with the above properties.
The space K5, = 15,(H)X is finite dimensional and invariant under H, hence
we can obviously define (e’ )| %G, We then set

.= f,(H) + (ei’H)lxgp, t €R.

It is easy to see that {€"},cp is a Co-group on X, with ()T = e7H je a
unitary Co-group on (X, (- | -)). Moreover H is the generator of {e¥},cr and

there exist C, A > 0, n € IN such that

1€ ) | = CeHLNIE ) ey | = C0)". 1 eR. (3.14)

4. Abstract Klein—Gordon equations

Let us discuss in more details the Klein—-Gordon equation (1.1). The scalar product
on H will be denoted by (u|v) or sometimes by u - v.

To associate a generator to (1.1) one has to turn this equation into a first order
evolution equation. It turns out that there are several ways to do this, leading to
different generators, and different topological spaces of Cauchy data.

In order to present the results of this paper, we first discuss these questions in
an informal way, without worrying about the problems of existence, uniqueness
or even the meaning of solutions to (1.1).

4.1. Symplectic setup. The most natural approach is to consider Y = H & H
whose elements are denoted by (¢, ), and to equip it with the complex symplectic
form (i.e. sesquilinear, non-degenerate, anti-hermitian)

(o1, T (@2, M2) :=T1 - 2 — @1 - T2
The classical Hamiltonian is

E(p,7) := (w +ike) - (m +ike) + ¢ - he.
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We consider w, E as maps from Y to Y*, where Y* is the space of anti-linear forms
on Y and set
kK —i
NS
A= i E (iho k), (4.15)

for hg = h + k2. In other words e’/ is the symplectic flow obtained from the
classical Hamiltonian E.

P ._ a9

w(t)) "’ b1

If we set
then
P() == (1)

solves the Cauchy problem

7 (1) — 2ikd;: (1) + ho (1) = 0,
¢(0) = ¢, 0;¢(0) = 7 + iko.

4.2. Quadratic pencils and stationary solutions. If we look for a solution of
equation (1.1) of the form ¢ (¢) = e'*Z¢ (or equivalently set i~19, = z), we obtain
that ¢ should solve

p(2)¢ =0, for p(z) = ho — (k — 2)*.

The map z — p(z), called a quadratic pencil, is further discussed in Subsec-
tion 2.2.

4.3. Charge setup. Since we work on a complex symplectic space, it is more
convenient to turn the symplectic form w into a hermitian form. In fact setting

[ )-

the hermitian form

called the charge, takes the form

faf = (filfo) + (fol f1).

and the energy E becomes

E(f. f) = Ilfi + kfol® + (folhfo).
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Note that from (4.15) we obtain

E(f. f) = fqKf.
If

o itk _(k 1
f():=e f,forK.—(hO k)’

then ¢(¢) = fo(¢) solves the Cauchy problem

O7¢(t) —2ikd;p(1) + hep(t) = 0,
$(0) = fo, i7'8:¢(0) —kgp(0) = fi.

(4.16)

4.4. PDE setup. Finally let us describe the standard setup used in partial differ-

ential equations. We set

_ itH _ (0 1
f(t)=e f,forH.—(h Zk)’

and ¢(¢) = fo(¢) solves the Cauchy problem

A7 (1) —2ikd; P (1) + hep(1) =0,
#(0) = fo, i7'9,0(0) = f1.

The charge and energy become

faf = (filfo) + (fol /1) — 2(folk fo).
E(f. f) = lAl* + (folhfo).

10
°= (i 1)

Note that if

then H® = ®K.

4.5. The choice of functional spaces. Let us now discuss the choice of the pos-
sible topologies to put on the spaces of Cauchy data. We will use the abstract
Sobolev spaces (h)*H and |k|*H associated to the self-adjoint operator /#, whose

definition and properties are given in Subsection 2.1.
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The first natural choices correspond to topologies for which the symplectic
form w is bounded. Note that our choice of Y = H & H as symplectic space
in Subsection 4.1 was quite arbitrary. In fact we can choose a reflexive Banach
space G and setY = G & G* equipped with

gof = (g1l fo) —(go | /1),

where (go | f1) = fi1(go) and (g1 | fo) = (fo | g1). Clearly w is sesquilinear,
anti-hermitian, non degenerate and bounded on Y.

Examples of such symplectic spaces are the charge spaces
Ko = (W) PHe hPH, Ko=|h"Heo K, 6=0.

In this case it is convenient to use the charge setup. An additional requirement is
of course that K should be well defined as a closed operator on K4 or K, possibly
with non-empty resolvent set, and that K be the generator of a strongly continuous
group e’k

Another possibility often used in partial differential equations is to forget about
the symplectic form and consider instead spaces on which the energy E is bounded.
It is then more convenient to use the PDE setup, and to work with the generator H .
Reasonable choices are then the energy spaces

E= M EHBH, &= h2He K.

To select convenient spaces among all these, it suffices to consider the ’static’
Klein—Gordon equation
(1) + 2p(t) =0, (4.17)

corresponding to & = €2, k = 0 (we assume of course that € > 0 is unbounded).

In this case we have
0 1
(& o) =

On any space of Cauchy data, the group e“H0 will be formally given by

sitHo _ ( cos(et) et sin(et))

i€ sin(et) coset

We see that among these spaces the only ones on which €0 is bounded are g,
e, K 1 and K 1. The first two are the usual homogeneous and non-homogeneous
energy spaces. The last two are called the homogeneous and non-homogeneous
charge spaces. Note that the space K 1 appears naturally as the one-particle space
in the Fock quantization of (4.17).

In this paper we consider the two operators H acting on € and K acting on K 1.
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5. Klein—Gordon operators in energy spaces

In this section we discuss the properties of the operator H in Subsection 4.4 con-
sidered as acting on the energy spaces € or €.

5.1. Non-homogeneous energy space. Let us fix a self-adjoint operator # on H
and a bounded, symmetric operator k : (h)_%ﬂ{ — H as in Subsection 2.2.
The energy space € and its adjoint space £* are defined by

E:= (N 2PH®H and &*:=H (h)27H, 5.1)

where we used the convention explained in Subsection 2.1. We have a continuous
and dense embedding & C £*.

Lemma 5.1. (1) h: (h)"2H 5 (h)29 if and only if 0 € p(h) if and only if
0 € p(h. k).

(2) If 0 € p(h) then & equipped with the hermitian sesquilinear form

(f 1 fle:=CUfolhfo)+(fil f1)

is a Krein space.

(3) 1f, in addition, Trlj_u 0)(h) < o0, then (€, (- | -)¢) is Pontryagin.

Proof. (1) follows from Lemma 2.2. (2) and (3) are immediate. O

5.2. Klein—Gordon operators on energy space. We set

. (0 1 .
H = (h 2k) € B(E,&%). (5.2)

Definition 5.2. The energy Klein—-Gordon operator is the operator H induced by
H in &. Its domain is given by

DomH :=D = (W)K& (h)2H=(H—z27'e, zephk). (53)

0 1
H_(h Zk)'

We have
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Proposition 5.3. (1) One has p(H) = p(h,k).

(2) In particular, if p(h, k) # 0, then H is a closed densely defined operator
in € and its spectrum is invariant under complex conjugation.

(3) If z € p(h, k) then

(H—2)"! = p(z)! (Z _hzk 1). (5.4)

z

Proof. We will prove (1) and (3). Note that (2) will follow then from Lemma 2.2.

Letz € p(H). If fo € (h)7'H with p(z)fo = O, then f = (fo.zfo) €
Ker(H —z);hence fy = 0.1f g; € H,theng = (0, g,) € Eandif f = (H—z)"!g
then p(z) fo = g1, hence

p(2): (W'H S K

and z € p(h, k). Therefore p(H) C p(h, k).
Conversely let z € p(h, k) so that p(z): (h)"'H S . We shall show that
z € p(H) and

(H-2)"1 = (i’;; ZEZ), L=p@) L w=1z-2k, (5.5)

completing the proof of (1) and (3). One must interpret carefully the operators
appearing in the matrix above because (H — z)~! must send € into D. More

precisely, since hfy € (h) 29 if fo € (h)_%%, the factor £ in the product £/ is not
the inverse of p(z): (h)~'H —  but of its extension

p(2): ()2H s ()29

We can do this thanks to Lemma 2.2. Now a mechanical computation implies

(o 2 2t )(5)
N (ZI; zgz) (;;{ 0—22 )
-(7)

forall f = (fo, f1) € D.
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Similarly for g = (go, g1) € € we compute

-z 1 Lw £\ {go

h 2k—z)J\Lh z{)\g1
[z 1 Lwgo + £g1
“\h —w)\Lhgo + ztg

- (22)

which holds because 7w = wlh on (h)_%i}{, where £ is the inverse of the map
p(z): (h)_%% — (h)%%. Thus z € p(H) and (H — z)~! is given by (5.5). O

Theorem 5.4. Assume that 0 € p(h).
(1) H is a self-adjoint operator on the Krein space (€, (- | -)e) with p(H) # @.
(2) Ifin addition Trl)_ 0)(h) < 0o, then H is even-definitizable.

Proof. If 0 € p(h) then 0 € p(h, k) = p(H) and from (5.5) we get

L (-2 b
H _( . o ) (5.6)

By Lemma 3.3 it suffices to show that (H~!)T = H~!, which is a simple compu-
tation. This proves (1). Since any self-adjoint operator with non-empty resolvent
set on a Pontryagin space is even-definitizable, (2) follows from Lemma 5.1. [

Remark 5.5. We make some comments on the relationship between our frame-
work in Section 5 and the one used by Langer, Najman, and Tretter in [23], devoted
to abstract Klein—Gordon operators on energy spaces. The main difference with
respect to [23] come from the fact that our conditions are stated in terms of % in-
stead of hp. One argument in favor of using / is that 4 appears naturally in the
definition of the Krein scalar product (- | -)¢. On the other hand, in many concrete
situations, like the charged Klein—Gordon equation on Minkowski space, where
ho = —A+m? and k is a real potential, it is also natural to view & as a perturbation
of ho and to use & as the reference operator.

In [23] it is assumed that sy > co > 0 (in particular, the wave equation is not
considered) and that k is a symmetric operator whose domain contains (f¢)~/23.
Other conditions are needed to get deeper facts, e.g. in [23] it is required that
1— ho_l/ 2k2h0_1/ >bea boundedly invertible operator on HH to get a convenient
definition of 4. In our setting, /4 is given (with no assumptions on its spectrum)
and we require (h)~'/2H c D(k).
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Suppose that both 4o and & are bounded from below. Then it is easy to see
that (h)™Y/23 = (ho)~"/2H and the results of this section and of Section 7 are
essentially equivalent to those in [23]. However, the operator 4 in [23] could be
unbounded from below and then there is no straightforward relation between their
results and ours.

5.3. Homogeneous energy space. Assume that Kerz = {0}. Then we can in-
troduce the homogeneous energy space

&= |h"2H & K, (5.7)

equipped with his canonical Hilbert space structure. Note that € C & continuously
and densely. Of course £ = & if and only if 0 € p(h), so the typical situation
considered in the sequel is 0 € o (h).

The following analog of Lemma 5.1 is obvious.

Lemma 5.6. Assume that Kerh = {0}. Then & equipped with (- | -)¢ is a Krein
space. If in addition Trl)_ 01(h) < oo, then & is Pontryagin.

5.4. Klein—Gordon operators on homogeneous energy space.

Definition 5.7. The (homogeneous) energy Klein—-Gordon operator is the operator
H induced by H in &. Its domain is given by

D= (W 2HA ) @) 2 H={fe&: Hf & (5.8)

which is continuously and densely embedded in &. We have

. 0 1
H:(h Zk). (5.9)

Since & c &andD ¢ D continuously and densely, H may also be considered
as an operator acting in €. We shall prove below that H is its closure in &.

Proposition 5.8. (1) p(H) = p(h, k).

(2) In particular, if p(h, k) # @ then H is a closed densely defined operator
in € and its spectrum if invariant under complex conjugation.

(3) For z € p(h, k), z # 0 we have

: a_(7'r@ 7 h=z"t p()7!
(H —z) 1_( () zp(z)—l)' (5.10)
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Remark 5.9. It would be tempting to take the expression in (5.4) for (H — z)~1.
The trouble is that k fy does not have an obvious meaning under our assumptions
on k if fy € |h|_%fH. We obtain a meaningful formula for (H — z)~! by noting
that (2k —z) = z7 Y (p(z) — h) for z # 0.

Proof. Let us first prove that p(H) C p(h,k). Let z € p(H). Assume first that
z # 0. Then for g; € H and g = (0, g1) € € there exists a unique

f=ofi)ed

such that
(H-2)f =g
i.e.
fi=zfo and p(2)fo =g
Since fi = zfy € H and z # 0 it follows that fy € (h)~!7 hence

p(2): (W'H S K

and z € p(h, k).
If 0 € p(H), then for all (¢, g1) € & there exists a unique

(fo. f1) € [R713C O |AI723C @ (h) "2 5¢
with
fl = go and hfo +2kf1 = g1.
This implies that 1 1
|h|72H = (h) 2K,

hence 0 € p(h), hence 0 € p(h, k).
We now prove that p(/, k) C p(H) and that (5.10) holds for z € p(h, k), z # 0.
First, let z € p(h,k) with z # 0, g = (g0, g1) € ¢, and (fo, f1) given by the
right hand side of (5.10) applied to g. We begin by proving that f € D.
Note that

p(2)7 gy e (MTIH C|hTIH N |h|—%g-(,
and
hgo € |h|29 C (h)2 K,
hence
p(z2)hgo € ()2



Resolvent and propagation estimates for Klein—Gordon equations 143

It follows that 1
fi = p)thgo +zp(2) 'g1 € (h) 2.

The same argument shows that
fo=2""p(2) " hgo — 27" g0 + p(:) g1 € [h| T35,
It remains to prove that fy € |h|~!H i.e. that hfy € H. Since p(z) g, € (h)™1H
it suffices to prove that z7'h(p(z)~'h — 1)go € H. Note that
27 h(p(z)Th—1)go =z~ (hp(2) ™! = M)hgo = (z — 2k) p(2) " hgo.

Since go € [h|~3 9, hgo € (h)2FH C (h)3H, we obtain that p(z) " hgo € (h)"3 K
hence (z — 2k) p(z)~'hgo € H. This completes the proof of the fact that f € D.
It remains to prove that (H — z) f = g, which is a standard computation.

Finally assume that 0 € p(h, k). Then 0 € p(h) which implies that &=¢and
H = H. Then by Proposition 5.3, 0 € p(H). This completes the proof of (1), (3)
and of the first statement of (2). O

Theorem 5.10. Assume that there exists z € p(h, k) with z # 0.
(1) Then H is self-adjoint on (&, (| -)¢) and p(H) # .
(2) Ifin addition Trl)_ oj(h) < oo, then H is even-definitizable.

Proof. An easy computation using (5.10) shows that (H —z)™ )" = (H —2)7L.
Then (1) follows from Lemma 3.3. (2) follows as before from Lemma 5.6. O

We now describe the relationship between the two operators H and H.

Proposition 5.11. (1) H is the closure of H in &.
() forz € p(h.k), z # 0, (H —z)~" maps & into D and

(H—z)""'=(H-2)7"

(2) there exists C > 0 such that for all z € p(h, k), z # 0 one has
I(H —2)7"glle < C(U+ |2[THIH —2)'gllg + 121 lglle), g €&

Proof. It f = (fo. fi) € D, we pick a sequence fJ' € (h)~'H with fJ' — foin
|h|_19{ﬂ|h|_%ﬂ{. Then /" = (fy'. f1) € Dand f" — finD, Hf" - Hf in &,
which proves (1). To prove (2) it suffices to note that (2k —z) = z~!(p(z) —h) on
(h)_%%, which proves that on € the right hand side of (5.4) and (5.10) coincide.



144 V. Georgescu, Ch. Gérard, and D. Hifner
To prove (3) we use that || f|le ~ | fllz + [l follsc. If f = (H —z)"'g then
fo =z""(f1 — go). hence

I follze < 12171l fillse + llgollz0) < 1zI7"(I(H —2)7'gllz + liglle).
which proves (3). O

Proposition 5.11 has some direct consequences for the estimates on the qua-
dratic pencil that we collect below.

Corollary 5.12. Assume that there exists z € p(h, k), z # 0 and that
Trl)—oo,01(h) < o0.

Then we have the estimates on the quadratic pencil

: » C((1 + |z H[Imz[™™ 1 + |z|7),  z € Up(R,a),

1% P poo < ) ,

C((A+ zI™H)*Imz|~! + |z|7Y), z € Ux(R,a).

and

C
m((l + [z|7YH[Imz|7 L 4+ |z|7Y),  z € Up(R,a),
Ip(z) lp@o <

m((l + 1zl 7)) mz |7+ 12]7Y). 2 € Uso(R, ).
Proof. By Corollary 3.13 and Proposition 5.11 we obtain

1(H —2)71| - C((1+ |z H[Imz|7 1 4+ |z|71), z € Up(R,a),
B() =
C((1+ |z ™MHE)V*Imz|™" + |z|7', 2z € Uso(R, a).

Using (5.4) we see that we have

I(H = 2710, HIZ = 1102 p) " f 13 + 1P p )7 e

which gives the result. O

6. Klein—Gordon operators in charge spaces

In this section we discuss in a way parallel to Section 5 the properties of the op-
erator K in Subsection 4.3 considered as acting on the non-homogeneous charge
space K 1 introduced in Subsection 4.5.

Note that K acting on the homogeneous charge space K 1 could also be con-
sidered, at the price of some technical complications.
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6.1. Non-homogeneous charge spaces. In this subsection, we consider a pair of
operators (h, k) satisfying the conditions in Subsection 2.2. Note that by duality
and interpolation we see that

—_—

ke BURYO9, (027990, 0<0 < 5 6.1)
We define the (non-homogeneous) charge spaces of order 0
Ko := (W) PH® n)PH, 0<6< % (6.2)
and observe that € C Kg C £* continuously and densely. Note also that if
q(f.g) == (fol &)+ (f1 180 (6.3)
then (Xy, g) are Krein spaces.
As we saw in Subsection 4.5, the middle space
F =Xy, (6.4)

which equals the complex interpolation space [€, £*] ! is natural even in the case

of free Klein—Gordon equations. We will forget the order i and call it the non-
homogeneous charge space.

6.2. Klein—-Gordon operators on non-homogeneous charge space. We set

~ kK 1 N
K = (ho k)eB(E,E).

Note that there is a simple relation between K and H defined in (5.2): indeed, if

d = d(k) = (I]i g) hence cp(j;‘l’) = (k fojj?- fl) (6.5)

then a straightforward computation using (6.1) gives

Lemma 6.1. The map
®=k): & — &F
is an isomorphism with inverse

o~ = O(—k).

The subspaces € and F are stable under ® and the restrictions of ® to these sub-
spaces are bijective. We have
Ho = oK.



146 V. Georgescu, Ch. Gérard, and D. Hifner

Definition 6.2. The charge Klein—Gordon operator is the operator K induced by
K in F. Its domain is given by

Dom K :={f € F: Kf € F). (6.6)

k1
K= .
(ho 1)
Proposition 6.3. (1) One has p(K) = p(h, k).

(2) In particular, if p(h, k) # @ then K is a closed, densely defined operator
in F and its spectrum is invariant under complex conjugation.

(3) If z € p(h, k) then

-1 _ —p(2)7(k—2) p(@)™
(-2 = (11 +(k=2)pE) "tk —z) —(k— z)p(z)—l)' ©7)

We have

Proof. It suffices to prove (1) and (3). We will set
l=pz)! and u=k—z

to simplify the notation.
Let z € p(K). If fo € (h)"2H and fi = —ufy € H then

ho fo + ufi = (ho —u?) fo = p(2) fo.
hence
(Ko —2)(fo. 1) = (0. p(2) fo)'.

Thus if p(z) fo = 0, then (K — z)(fo, f1)! = 0; in particular ( fy, f1)! € Dom K,
and so fp = 0. Hence
p(): ()T2H — (h)2H

is injective. Now let b € H. Since (K —z) Dom K = F and (0, )" € &, there are
fo € (h)_%i}{ and f; € H such that Ky(fo, f1)" = (0,b)", hence

ufo+ fi =0 and hofo+ufi =0b,

or
p(2) fo=10.
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But
p(z) = h—z? + 22k,
hence
hio :b+22f0—22kf0 e H,
SO

fo € (h)™1H.

This proves that
p(2)(h) 13 = 5,
and so

p(z): (h)7'H ;T

and z € p(h, k).
Conversely let z € p(h, k), so that

=

p(z): (h) 230 > (h)

—Lu 14
6= (]l + ulu —uﬁ)

be the right hand side of (6.7). Clearly G € B(&, £*) and a simple computation
gives

I

Let

(K—2)G=1 oné&*
and
G(I?—z) =1 oné.
So G is the inverse of
K—z:6—¢"
Ifae (h)"29, b e (h)23, and (fo, f1)! := G(a, b)' then
ufo+ fi=a and hofo+ufy =0b,

hence
(fo,fl)t € Dom K.
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Thus GF C Dom K. Reciprocally, if ( fp, f1)* € Dom K then
(a.b)" := (K = 2)(fo, 1)’
belongs to F by (6.6) and
G(a,b)" = (fo. f1)'

by the preceding computation. Thus Dom K C GJ. So

GJ = Dom K
and
K—z: DomK —
with inverse given by the restriction of G to F. O

We deduce from Proposition 6.3 the following analog of Theorem 5.4.

Theorem 6.4. Assume that p(h,k) # @. Then K is a self-adjoint operator on the
Krein space (F, q) with p(K) # @.

Since we saw that H = ®K®~! and ® preserves J, it is instructive to describe
the operator ®K ®~1. Note that if we compute the image of the canonical Krein
structure ¢ on F under ® we get

q'(f.8):=q(@ " £ ®7'g) =q(f. g) —2(folkgo)s. (6.8)

Lemma 6.5. (1) ®K®~! is equal to the operator induced by Hond.
(2) ®K ®~ ! is equal to the restriction of H to the domain

®Dom K = (h)™*H & (h)~V*H = [Dom H, €] ;.

[N}

Proof. (1) is obvious, (2) is a routine computation. O

Remark 6.6. As in Section 5, let us make some comments on the relationship
between our approach and the one of [24], devoted to Klein—Gordon operators on
charge spaces. The comparison between the formulation of the abstract conditions
done in Remark 5.5 still applies. In [24], the operator K is considered on the ho
version of the charge space K 1 with equivalent results to those of Section 6 if /¢

and / are both bounded below. However [24] also consider K on Ko=HH,
which is not considered in this paper, for reasons explained in Subsection 4.5.
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Another difference is that in [24] the operator K on Ko or K 1 is studied using
the theory of definitizable operators on Krein spaces. In our paper the results for
KonX 1, like existence of a Borel functional calculus or resolvent estimates are
deduced from those for H on energy spaces, either by duality and interpolation
arguments, or by reduction to estimates for the quadratic pencil p(z).

7. Definitizable Klein—Gordon operators on energy spaces

In this section, we describe some basic properties of a class of definitizable Klein—
Gordon operators on the energy spaces € and £. We also describe an approximate
diagonalization of H , which will be useful later on.

‘We will assume

(E1) Kerh = {0}
(E2) Trl)—0o,01(h) < o0,
(E3) kIh|"2 e B(%0).

Condition (E1) implies
(E3') k(h)™3 € B(0),

hence the results of Section 5 hold. Moreover (E2) implies that / is bounded
below, hence p(h, k) # @ by Proposition 2.3.

We set

m? = info(h) N RT, m>0.

The constant m is called the mass, Klein—Gordon equations will be called massive
resp. massless if m > 0 resp. m = 0. A more common name for a massless
Klein—Gordon equation is of course a wave equation.

Note that (E1) and (E2) imply that oes(2) C R™. Moreover if both (E2)
and (E2) hold and m > 0then O ¢ o (h) hence |h| ~ (h) hence & = Eand H = H.
By Theorem 5.10, we obtain that if (E1)—(E3) holds then & equipped with (- | -)¢
if a Pontryagin space and H defined in Definition 5.7 is even-definitizable.
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Proposition 7.1. Assume (E1)—(E3) and let U be a compact set with U C p(H)
ifm>0and U C p(H)\{0} if m = 0. Then there exists C > 0 such that

”(H _Z)_IHB(é*,é) =C+ C”(H _Z)_IHB(Q)’ zeU. (7.1)

Proof. If m = 0and z € p(H), z # 0, then (H — z)~" is given by the right hand
side of (5.4), using that k € B(|h|_%9€, ). This also implies that

p(2) th =1+ zp(z)~'(z — 2k).

Then an easy computation shows that (H — z)~!' € B(é*,&). If m > 0 and
z € p(H) then the same result holds using that H = H and E=2¢.

Let us prove the bound (7.1). We assume m = 0, the proof for m > 0 being
simpler. We have

. _ 1 _ 1 _
I(H = 2)" Mgz &) = CUIAIZ p(2) ™1z = 2K) I Boy + 1712 p(2) " ellBeao)
— _ 1
+ 112271z = 20) o + P(2) 7712 [ Bex)

< C|(h)2 p(z)" (1) *||Bcacy, = € U,
(7.2)

Next from the expression (5.10) of (H — z)~! we obtain that

1 _ _ - _
11412 p(2) By + 12(2) " iB@o < CIH = 2) " i, (7.3)
hence
1 - : -
100)2 p() B0 < CICH = 2) Mg
Taking adjoints and using that p(z)* = p(Z), we also get
10 L - . 3

I p(z) 1<h>2||B(JC) = CJ|(H —-2) 1”3(5’;) <C'|(H -2) 1”3(3),

using (3.4). Since p(z)™'h = 1 + p(z)~'(z — 2k), we obtain, for z € U,
— _ 1 . _
1P~ Ao < C + Cllp(2)~ (1) 2B < C + CI(H = 2) " ige)-

By (7.3) we have the same bound for || p(z) ™ ()| g(c) and for ||(h) p(z) | B30
by taking adjoints. By interpolation we obtain for z € U

1 _ 1 : _
I¢h)2 p(2)™ (1) 2 || B3oy < C + ClI(H — 2) "l gz,

which using (7.2) completes the proof of (7.1). O
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7.1. Functional calculus. We saw that under conditions (E1), (E2), and (E3’),
the operator H is even-definitizable, hence admits a C* and a A® functional cal-
culus, see Subsects 3.3 and 3.4.

In this subsection, we discuss the functional calculus for H, in the case m = 0,
which is not completely straightforward, since in this case (€, (- | -)¢) is not a
Krein space. We set

ag = og + Ly,

where a g is the order function of H (see Definition 3.9).

Proposition 7.2. Assume (El), (E2), and (E3).

(1) There exists a unique continuous *-morphism
C¥(R) 5 ¢ +— p(H) € B(E),
such that if
¢(A) = (A —2)"", forz e p(H)\R,
then o(H) = (H — z)™L.
(2) There exists a unique extension of the above map to a weakly b-continuous

map R
A (R) 2 ¢ —> @(H) € B(E),

which is a norm continuous *-morphism.

Proof. By Proposition 5.11,
(H—z)""=(H—-z);, forzep(H) z#0.

This implies (see Proposition 3.7) that ]IEP(H ) maps € into itself and defines a
bounded projection on &, naturally denoted by ]lgp(H ), which commutes with H.
Let us set

&= (1 — 15, (H))E,

which is a closed subspace of &, invariant under (H — z)~! for z € p(H). Re-
placing H by H|¢,, we see that without loss of generality we can assume that
& =¢.
Let us set
a=ay and B =ag =a+ L.

For ¢ € Cﬂ(]ﬁ) with ¢(0) = 0 we set

g(x) = x"o(x).
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Clearly ¢ € C *(RR) and there exists C > 0 such that

I6lle < Cligllg, forallp € C#(R) with ¢(0) = 0. (7.4)
We claim that ¢(H ) is bounded from & into itself. In fact if g € & we have

lo(H)glle < llp(H)gl: + I1@(H)gollsc
= le(H)gllz + I(HEH) &)1 ll5¢
= lp(H)glz + I1@(H)g) I3
< le(H)glle + 16(EDg
Moreover from the above inequality, Theorem 3.10 applied to H and (7.4) we ob-
tain that .
le(H) By = Cllglle + [12lle) < Cligllg-
Now for ¢ € CP (lﬁ) arbitrary we set ¥ (x) = ¢(x) — ¢(0) and

@(H) = p0)le + Y (H)je.

From the fact that (H — z)™! = (H — Z)|_sl’ we see that p(H) = (H — z)™!
if ¢(x) = (x — z)~!. This yields the existence of the *-morphism in (1). The
uniqueness follows from the density of the space of bounded rational functions in
Cck (]ﬁ), see [9, Lemma 4.7]. We deduce (2) from (1) by the argument explained
in Appendix B. U

Remark 7.3. It is easy to construct a similar functional calculus for the operator
K considered in Subsection 6.2. In fact if ¢ belongs to one of the algebras in
Proposition 7.2, then ¢(H) is bounded on € and thus on £* by duality. Recalling
that F = [€, £¥];/, we see by complex interpolation that ¢(H ) defines a bounded
operator on J with similar estimates. We then define

9(K) = o7 'p(H)®,
which is well defined because ® and ®~!are bounded on F.

7.2. Essential spectrum of Klein—Gordon operators. We now investigate the
essential spectrum of the operators H and H. We set

0 1
Hy =
o= o)
1

defined as in Definition 5.2 for k = 0, so that Dom Hy = (h)™'H & (h) "2 .
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. 0 1
Hy = ,
defined as in Definition 5.7, with domain

Do = [A71H N A[7EH ® (h) "2 K.

Similarly we set

Clearly

Uess(HO) = Uess(HO) = \/Uess(h) ) _\/Uess(h)-
(Recall that from (E1)—(E3) we saw that oes () C RT).
We introduce the condition

(A4) k(h)™2 € Boo(50).

Proposition 7.4. Assume (E1)—(E3) and (A4). Then

(1) (H—2)""—(Ho—z2)"" € B(E*.€), z € p(H)N p(Ho),
and
2) Uess(H) = Uess(H) = Uess(h) U—v Uess(h)-

Proof. By (A4) we obtain that H — Hy € Bso(E, E*) which by the resolvent
formula implies that

(H—2)"'—(Hy—2)"! € Boo(E*, &) C Bo(8).

This implies that
Oess(H) = 0Oess(Ho).

Since by (E2) hlr-(h) € Bso(H) we see by the same argument that
Ocss(Ho) = Oess(H1)

0 1
= (hﬂR+ (h) 0)'

Using the arguments at the beginning of Subsection 7.3, we obtain that
Oess (Hl) = \/Uess (h) U _\/O—BSS(h)s

which proves (2) for H.
To prove (2) for H we use again the second resolvent formula, hypothesis (A4)
and the fact that (Ho —z)~! maps € into Dom Hy. We obtain that

Uess(H) = Uess(HO)'

for

We conclude as in the case of H. O
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For completeness we state the following proposition.

Proposition 7.5. Assume (E1)—(E3). Then

(1) o(H) = o(H),
and
2) op(H) = op(H).

Proof. By Proposition 5.3 (1) and Proposition 5.8, we see that

p(H) = p(H) = p(h.k),

which proves (1). To prove (2) note that since H C H we have op(H) C ap(H ).
Moreover we easily see that

0€op(H) < 0€op(h) < 0eo,(H).

Since by (E1) Kerh = {0} we obtain that 0 ¢ o,(H) U ap(H ). Finally, in the
case f € Ker(H —z), for z # 0, we see that f € & hence Hf = Hf e &and
f € Ker(H — z). Hence ap(H ) C op(H ), which completes the proof of (2). [

7.3. Approximate diagonalization. It will be convenient later to diagonalize as
much as possible the operator H. This can be done by extracting a convenient
positive part from /.

We assume that

h=>b>—r
with
(Al) b >0, self-adjoint on 3, b* ~ |h],
and
(A2) r symmetric on (h)"2F, b~'rb~! € B(%).

From (A1), (E1), and the Kato—Heinz inequality (see page 123) we see that

Kerb = {0}, (b)*H = (h)*/?H, b*H = |h|*/?H, |s| <1. (7.5)

1 (b 1 IS I
o=l ) w00 %)

Set
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We see using (7.5) that
U:éE S HOH =K, U:& —bH@®bH =|LoX, (7.6)

(b O\ _ (0 T\, _,
= (0 2)=u(l o

We will also use the space

for

Nl

(Lo)K = (b)H & (b)H = (h)2H & (h)
Note that (L)X = U&* if and only if m > 0.

H.

‘We have
L:=UHU '=Lo+V; + Vs, (7.72)
1 -1
= 7.7
v=k( ) (1.7b)
1 (-1 —1
Vy = Erb (IL 1). (7.7¢)

The canonical Hilbertian scalar product on X = H & H will be denoted by (- | -)o.
Then the Krein structure (- | -)¢ is mapped by U on

(wlu)y=W|d+ Ku), K:= —%b_lrb_l(i i) (7.8)

Clearly if both (E1)—(E3) and (A1), as well as (A2) hold then L is even-definitiz-
able on the Krein space (X, (- | -)).

Lemma 7.6. Assume (E1)-(E3), (A1), and (A2). Then
() L—z:K5 (L)X, for z € p(L) = p(H).

(2) Let U be a compact set with U C p(H) if m > 0 .and U C p(H)\{0} if
m = 0. Then there exists C > 0 such that

I(L = 2 (Lo < CL+ CIL =2 pex). forallz € U.
Note that Lemma 7.6 would be immediate if Dom L. = Dom L.

Proof. If m > 0 we know that (k) ~ |h| hence b ~ (b)? by (A1). This implies that
(L)X = |Lo|X and the lemma follows from Proposition 7.1 and (7.6). Assume
that m = 0. Then from (A2) we see that L — z € B(X, {L¢)X). We note then that

lullpyac ~ o, 11(B)ullac + 1M1, + 00 (BItt]lp3c, u € (B)IH. (7.9)



156 V. Georgescu, Ch. Gérard, and D. Hifner

Proposition 7.1 gives (H —z)~': &* — & hence (L —z)~': |Lo|X — X by using
again (7.6). Since (L—z)7!: KX — X, we get from (7.9) (L—z)"! € B({L¢)X, X)
and

I(L = 2)" M BLoysc,50 = CIL = 2) " IBqroise,s0 + CIIL —2)" po-

Then we apply Proposition 7.1. O
We now introduce the condition

(A3) kb)Y, b7lrb7! € Boo(H).

Proposition 7.7. Assume (E1)-(E3) and (A1)—(A3). Then

(D (L—27" = (Lo—2)7" € Bo({Lo)K.K). z € p(L) N p(Lo),

and

2 Oess(L) = v/ Oess () U = /s (h).

Remark 7.8. Note that Proposition 7.7 still holds if we replace b~ 1rb™! € By (H)
by the weaker condition (b)~1rb™! € Boo(H). If b 1rb™1 € Boo(H) then K de-
fined in (7.8) belongs to B (X), which will be useful in Section 8.

Proof. To prove (1) we use that (L —z)™!, (Lo — z)~! € B({LoX,X) by Lemma
7.6, that V1, V, defined in (7.7) belong to Beo (XK, {L)XK) and the second resolvent
formula. Relation (2) follows from the analogous statement for H in Proposi-
tion 7.4, noting that (A3) implies (A4). ]

We will need later the following lemma.

Lemma 7.9. Assume (E1)—(E3) and (A1)—(A3). Let y € C§°(R) with O & supp x
ifm=0. Then

(1) X(L) € B({Lo)X, %),
and
(2) X (L) — x(Lo) € Boo(X).

Proof. We use the functional calculus formula
. 97
x(L) = - —)_((Z)(Z—L)_ldz/\df.
2 C 0z

Then (1) follows from Lemma 7.6 and the bound in Corollary 3.13. Statement (2)
follows from Proposition 7.7 (1) and the fact that the integrals defining y(L) and
x(Lo) are norm convergent. O
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We conclude this subsection by discussing the situation when hg = h + k? is
positive and by formulating conditions on k which imply conditions (A1)-(A4).

Lemma 7.10. Assume that hg > 0, Ker hy = {0} and
e hig ~ |h| and

o k = ki + ko where k; are symmetric on (h)"2H and ||k1|h0|_%||B(9C) <1
1 (o)™, kalho| % € Boo(3).

Then conditions (A1)—(A4) are satisfied for
b=(ho—k??2, r=k*—k?=k2+kiks + kak.

Proof. Since ||k1|h0|_% | < 1wehave b? ~ hy ~ |h|, hence (A1) holds. We know
ki € B(b~'H, H) hence k; € B(H, bH) by duality. This implies r € B(b~ '3, bH),
which is (A2). Similarly we obtain that k(b)~! and b~ 1rb~! belong to Boo(H).

O

8. Mourre estimate for Klein—Gordon operators on energy spaces

This section is devoted to the proof of a Mourre estimate for Klein—Gordon oper-
ators on energy spaces. We will use the approximate diagonalization in Subsec-
tion 7.3, and consider the operator L.

8.1. Scalar conjugate operators. We start with some preparations with scalar
operators, i.e. operators acting on J{.

Let us fix as in Subsection 7.3 two operators b, r such that both (A1) and (A2)
hold. Let a be a self-adjoint operator on HH such that

b% € C?(a). M1)

Then
x(?): Doma — Dom a for y € C°(R)

and (see e.g. [13, Subsection 2.2.2])
ay := x(b*ay(b?) (8.1)

is essentially self-adjoint on Dom a. We still denote by a, its closure. Then we
have b* € C?(ay) and adg (b*) € B(3(),for0 <o < 2.
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Lemma 8.1. Assume (M1). Then
(1) e*%x: (b)*H — (b)*H and defines a Cy-group on (b)*H for |s| < 2,
(2) ifm >00rm = 0and0 ¢ supp x then

adgx(b) €EBH) if0<a=<2
and b, (b) € Cz(ax; (b)Y 1H, )N Cz(ax;iH, (bYH).

Proof. (1) Since [b2,a,] € B(H), it follows from [8, Appendix] that e*“x pre-
serves Dom b? = (b)72J(, hence also (h)*H for |s| < 2 by duality and inter-
polation. By [l, Proposition 3.2.5], e’*x defines a Co-group on all these spaces.

2)If m > 0orm = 0and 0 ¢ supp y we have

adg, (b) = ada, (f(b%)), (8.2)

for some f € C§°(R). Since b* € C!(a) we get ad,, (f(b?)) € B(H). The same
argument shows that

adg, (b) = x(b )Moy (b?), Mo € B(H), 0= <2. (8.3)
The same hold for (b), which implies (2). U
Lemma 8.2. Assume (M1) and let a, be defined by (8.1) with O & supp . Then
(ax) P ((b) —b)(ay)® € B(3)), 0<§<1.
Proof. The proof is given in Subsection A.3. O
We now introduce assumptions on k and r.
(M2) k)L (b)'rbh € CPay: H)., b7'rbT! e Cl(ay: H).

Note that if both (E1)—(E3) and (A1), as well as (A2) hold, then k (b) ™1, (b)~'rb~1,
and b~1rb~! belong to B(H), so assumption (M2) makes sense.

Lemma 8.3. Assume (E1)—(E3), (A1), (A2), (M1), and (M2). Then
k,rb™! € C?(ay; 3, (b)3).

Proof. Since (b) € C?(ay;H, (b)H) it suffices to show that (b) "1k, (b)~1rb~!
belong to C?(ay; H), which follows from (M2) and [1, Proposition 5.1.7]. ]
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We now discuss conditions on k which imply (M2), if hg := h + k? > 0 and
|| ~ hg, similar to Lemma 7.10.

Lemma 8.4. Assume the hypotheses of Lemma 7.10 and choose b = (hg — k%)%
so that r = k% + k1ka + kaky. Assume moreover that [k1, k2] = 0, as an identity
in B((h)"2 3, (h)25(). Then if

(M2') ki(b)™h, kob™' € C%(ay; H), b 'kikab™' € Clay; H)
condition (M2) is satisfied.

Proof. Arguing as in the proof of (8.2) we obtain that b(b) ™! € C2(a,; H). Since
kxb™! € C?(ay; H), we obtain that k»(b)~! € C?(ay;H), by [l, Propositions

5.1.7,5.2.3], hence k(b)~! € C?(ay; H). Using that r = k3 + 2k k> and the same
argument, we also obtain the remaining conditions in (M2). O

8.2. Conjugate operators for Klein—Gordon operators. We introduce some
notation. If ¢ is a closed densely defined operator on H, we set

Cdiag = (8 S) acting on X = 3 & .

We will use the approximate diagonalization introduced in Subsection 7.3. Recall
that UE = K and UE* = |Lo|K.
Let now
A= (ax)diagy
which is the generator of (€'/%)gisq on K.
Proposition 8.5. Assume (E1)—(E3), (A1), (A2), M1), and (M2). Then
(1) e is a Co-group on (Lo)X,
(2) the Krein structure (- | -) is of class C'(A),
(3) L, Lo belong to C*(A; X, (Lo)X) hence to C%(A).
We refer to [9, Subsection 5.5] for the terminology in (2) above.
Proof. (1) follows from Lemma 8.1 (1) and (2) from (M2) and identity (7.8), and
(3) from (M2) and identity (7.7). O
Proposition 8.6. Assume (E1)—(E3), (A1)—(A3), (M1), and (M2). Let y € C§°(R)
with 0 & supp y if m = 0. Then

X(L)[L,iA]x (L) — x(Lo)[Lo.iA]x(Lo) € Boo(X).
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Proof. From (E1)—(E3) and (A1)-(A3), we see that

L — Lo € Bo(K, (Lo)X).
From Proposition 8.5 we know that
L—LoeC*A: X, (Lo)X) C CHA: K, (Lo)XK).
Therefore
[L — Lo.i4] € Boo(KX, (L0)X). (8.4)

We write now

x(L)[L,iA]x(L) — x(Lo)[Lo.iA]x(Lo)
= X(L)IL — Lo,iA]x(L) + x(L)[Lo,1A](x(L) — x(Lo))
+ (X(L) — x(Lo))[Lo.iA]x(Lo).
By (8.4), the fact that [Ly, i4] € B()X), and Lemma 7.9 (2), this is compact. [
8.3. Mourre estimate. We denote by 7(h?, a) the set of thresholds for (b?,a).
If a is fixed from the context, we will often simply write 7(b?) for (b2, a). So if

A & t(h?,a) there exists an interval I C R, with A € I, a constant ¢, > 0 and
R € Boo(H) such that

1;(bH)[b? iall; (b*) = colf(b?) + R.

We set
() := V1(b?).

In the theorem below we use the notation c(L) for the set of critical points
of L.
Recall that (- | )¢ denotes the Hilbertian scalar product on XK. If A € B(H)
then
A>p0, resp.A>0,

means that A is self-adjoint positive for (- | -)o, resp. (- | -).

Theorem 8.7. Assume (E1)—(E3), (A1)—(A3), (M1), and (M2). Let I C R* a
compact interval such that

) INteb) =0,
(ii) INc(l) =40,

(iii) 0¢1.
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Let y € C§°(R) suchthat y = 1on 1% and 0 & supp y if m = 0, and A = (ay)diag,
where ay is defined in (8.1). Then

(D) for f € Cg° (IO) there exists ¢c; > 0 and R € Boo(X) such that
+Re (f(L)[L,iA]f(L)) = e1 f2(L) + R;
(2) if A € I\op(L) there exists § > 0,c, > 0 such that
+Re (Lpp—s,a+81(L)[L,iAIlp—s a451(L)) = c2lp—sa+8(L).
In (1) and (2) we choose the sign £ if I C R*.

Remark 8.8. We assume for simplicity that 0 & I, even if m > 0. This is not a
restriction since by Proposition 7.7 we know that 0 & oegs(L) if m > 0.

Proof. (1) Since, by (i), 12 N 7(h?) = @, there exists ¢y > 0, R € Byo(H) such
that

1,2(b%)[b% ia]l;2(b2) = col;2(b?) + R.

By [13, Theorem 2.2.4] this implies if y € C$°(R) is such that y = 1 on /2, there
exists c; > 0 Ry € Boo(H) such that

L11(D)[b.iay] (D) = 1l (b) + R (8.5)
This implies that if I C R* one has
+17(Lo)[Lo,iA]17(Lo) =0 c117(Lo) + R2, Rz € B (X),

which implies that for /' € Cg° (Io ) one has
+ f(Lo)[Lo,iA]f(Lo) =0 c1 f*(Lo) + Ra,  Rs € Boo(X).  (8.6)

Let us now set
B = f(L)[L.iA] f(L), C = fA(L).
By = f(Lo)[Lo.iA]l f(Lo), Co = f*(Lo),

and let K be defined in (7.8). By (A3), we know that K € B (X). By Lemma 7.9,
Proposition 8.6 and hypothesis (A2), we know that

B — By, C — Co, K € Boo(X). (8.7)
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We have, for u € X,

+Re(u | Bu) = £Re{u|Bou) + Re(u | Ru)
= £Re(u | (1 4+ K)Bou)o + Re(u | Ru)
= £Re(u | Bou)o + Re{u | Ru)
> c1{u | Cou)o + Re(u | Ru)o + Re(u | Ru)
=c1{u | Cu) + Re(u | Ru),

where R denotes an element of By, (X) and we used (8.7) and (7.8).

(2) Assume now that A € I\o,(L). Since I does not contain critical points
of L, we know that 17(L) > 0 and that the restriction of (- | -) to 1;(L)X is a
Hilbertian scalar product, equivalent to (- | -)o, and the restriction of L to 17 (L)X
is self-adjoint in the usual sense for this scalar product. Then (2) follows from (1)
by the usual argument. O

9. Limiting absorption principle

In this section we apply the abstract results from [9] to deduce weighted resolvent
estimates from the positive commutator estimate proved in the previous section.
The following theorem follows directly from [9, Theorem 7.9], whose hypotheses
follow from Theorem 8.7 and Proposition 8.5.

Theorem 9.1. Assume (E1)—(E3), (A1)-(A3), (M1), and (M2).
Let I C R a compact interval such that

(i) I Nn+tt(b) =9,
(ii) INc(l)=9,
(iii) 0¢1,

(iv) I Nop(L) = 0.

Let y € C§°(R) suchthat y = 1on I? and 0 & supp y if m = 0, and A = (ay) diag,
where ay is defined in (8.1).
Then there exists €y > 0 such that for § > % one has

sup IKAY P (L — 2)™(A4) 7% gy < o0

Rezel, 0<|Imz|<eg
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9.1. Limiting absorption principle in energy space. After conjugation by the
operator U defined in Subsection 7.3, we immediately deduce from Theorem 9.1
a corresponding result on (H — z)~! acting on the homogeneous Hilbert space &.

Clearly we have ¢(L) = c¢(H) since H, L are unitarily equivalent. Although
H is not necessarily definitizable on (&, (- | -)¢) if m = 0, we will still set

c(H) :=c(H).

The weights appearing on both sides of (H —z)~! are not convenient for appli-
cations, at least in the massless case, because they contain the relatively singular
operators b and b~! (see (9.1) below). In this subsection we consider the resol-
vent (H —z)~! on & and prove more useful resolvent estimates, with non singular
weights.

It is convenient to formulate these estimates in terms of an additional operator
on H which dominates the conjugate operator a,. Let us introduce the corre-
sponding abstract hypothesis.

We fix a self-adjoint operator (x) > 1 on J, called a reference weight, such
that

M3 (i) {ay)(x)"! € B(H), for all y € C°(R),
(i) [(b), (x)7%)(x)® € B(H), 0<§<1.

In concrete cases (see Section 12) it is very easy to find a reference weight (x).

Theorem 9.2. Assume (E1)—(E3), (A1)-(A3), and (M1)—-(M3). Let I C R be an
interval as in Theorem 9.1. Then there exists €y > 0 such that, for % <§ <1,

sup 1) ™ diag (H — 2) 7 ((x) ™ ) aiag | Bee) < 00
Rezel, 0<|Imz|<e

Proof. Set

J={ze€C:Rezel, 0<|Imz| <e¢p}.
Since

1, e b~ a, )b 0
UIASU:( x _), ©.1)
W 0 ()

we obtain that if g € ¢ and f = (H —z)"'g one has

ax) P bollsc + I1ax) ™ fillac < c(l{ay)’bgollsc + Ila) g1llsc).  z € J.
(9.2)
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If g € &, then by Proposition 5.11 we know that f € € and f = (H —z)"!g.
Moreover since fo = z~!(fi — go) and 0 & I we also obtain that

[{ax) ™ follsc < e(lltay)’bgollsc+I1tax) " gollsc+Il(ay) g1llse), 2z € J. (9.3)
Writing (b) = b + ({b) — b) and using Lemma 8.2, we obtain that
lax) 7 (0) follac < c(l{ax)~*bfollsc + a) ™ follsd).  (9.4a)

and
lay ) bgollac < c(ll{ay)® (b)gollsc + ll{ax)® golls0). (9.4b)

From condition (M3) (i) we obtain by interpolation that {(a X)‘g(x)_‘g is bounded,
hence

1) (B) follse < c({ay) b follsc + 14x)7° foll).
{ay)?bgollse < c({x)? (b)gollsc + I1¢x)° goll30).
1) 78 fillse < cllfay) ™ fillse. i = 0,1,
ay)gillac < cl{x)gillac, i =0, 1.
Therefore we deduce from (9.2), (9.3) that
1) 4B) follse + 14x) 7% follse + 114x) ™% fllsc
< ¢ (167 B)gollac + 10) gollac + 1) gullac) . = € I
We use now (M3) (ii) which implies that
1B)(x) ™2 follae < 14x) ™2 (B) follze + 1(x)™° follac.
1(x)% (b) gollsc < [1(b)(x)% gollc.
Therefore (9.5) yields
154x)2 follae + 1(x) ™8 fillac < c(lb)(x)P gollsc + I{x)gllzc).  z € J. (9.6)

Since (b)? ~ (€)?, this completes the proof of the theorem. O

9.5)

9.2. Weighted estimates for quadratic pencils. In this subsection we consider
weighted estimates for p(z)~!. It is natural to introduce the following assumption
on k and the reference weight (x):

(M4) )k (x) ()2 € B(F0), for|§] < 1.

Note that (M4) follows from (E2) if £ and (x) commute, which will be the case in
the applications in Section 12.
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Proposition 9.3. Assume (E1)—(E3) and (M4) and let I C R a compact interval
with 0 &€ I, and 0 < § < 1. Then the following condition are equivalent:
(D sup ”((x)_(g)diag(H - Z)_l(<x>_8)diag||B(8) < 00,
Rezel,0<|Imz|<e¢g
1

2) sup I(h)2 ()7 p(2) ™ x) Il B(ae) < 0.

Rezel,0<|Imz|<e¢g
Proof. 'The proof is an easy computation, using formula (5.4), the identity
P th =1+ p(z)'z(z - 2k)

and the fact that (x)® (z —2k)(x)~? (h)_% is bounded, by (M4). The details are left
to the reader. O

9.3. Limiting absorption principle in charge space. From Proposition 9.3 we
easily get from Theorem 9.2 similar resolvent estimates for (K —z)~! on the charge
space F.

Theorem 9.4. Assume (E1)—(E3), (A1)—(A3), and (M1)-(M5). Let I C R an
interval as in Theorem 9.1. Then there exists €9 > 0 such that for % <6 <1one
has

sup 1) ™ diag (K — 2)7 (%) ™) diag I By < oo

Rezel, 0<|Imz|<e

Proof. We use formula (6.7) to express (K —z)~!. We see that the estimate in the
theorem holds if and only if

sup IM;(2)||Bey <00, i=1,....4,

Rezel, 0<|Imz|<eg

for

1

Mi(2) = ()4 (x) " p(2) ™ (k — 2)(x) 3 ()3,

(x) P p(2) "M (x) T ()3,

Ms(z) = (h) ™% (x) 5 (1 + (k — 2) p(2) " (k — 2)) (x) ()3,

IS

M (z) = (h)

1 1

My(2) = (b))% (x) " (k — 2) p(z) " (x) 7 (h) ™=,



166 V. Georgescu, Ch. Gérard, and D. Hifner

Using (M4), duality and interpolation, we see that (h)_zlf (x)78 (k — z)(x)? (h)_zlf
is bounded. Therefore the estimate for M, (z) implies the others. By Theorem 9.2
and Proposition 9.3 we know that

sup 1)

Rezel, 0<|Imz|<eg

[l

()P p(2) 7 x) P o) < oo

Using duality, the fact that p(z)* = p(Z) and interpolation, this implies the esti-
mate for M, (z). This completes the proof of the theorem. U

10. Existence of the dynamics

In this section we discuss the existence of the dynamics generated by the operators

H, K considered in Sections 5,6, and 7. Note that this not a completely trivial

point, since we do not know a priori if these operators are generators of Cy-groups.
We will assume in this section conditions (E1)—(E3).

10.1. Existence of the dynamics for H. If m > 0 then H = H which is even-
definitizable, hence we can define the Cy-group eltH by Subsection 3.5.

If m = 0 we use now Proposition 7.2 instead of Theorem 3.17. Using the
bounded projection Ilgp(H ) (see the proof of Proposition 7.2), we split € into the
direct sum

€= &p,(H) & E1(H).

both spaces being closed and H -invariant, the first one finite-dimensional. We

argue as in Subsection 3.5 to construct e}gl’ (ry- Thus there exist C,1 > 0,n € N
such that

1) e il < CH I @) e anll < C)". 1 eR. (10.1)

10.2. Existence of the dynamics for K. We start with a useful observation
which is further developed in [9]. Note that the sesquilinear form ¢ defined in (6.3)
is defined on € x £* and turns (&, £*) into a dual pair. Since ® defined in (6.5)
preserves £ and £* by Lemma 6.3, the same is true of the sesquilinear form ¢’
defined in (6.8), (which is equal to ¢ transported by ®).

We check immediately that ¥ is unitary for ¢’ on &. Therefore by duality e
extends as a Cy-group on &*, satisfying (10.1). Since F = [€, 8*]%, we obtain by
itH

itH

and hence ®~ e’ d extends as Cy-groups on F. Using also
itk

interpolation thate
Lemma 6.1 we see that the generator of the later group is K, i.e. ®~ e’ ®d = e
Therefore el’X is a Co-group on 7, satisfying (10.1).
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11. Propagation estimates

In this section we will establish propagation estimates for el # | ei*# and ei’K. We
will need the following assumption.

(MS) D({x))ND(b?)is densein D(b?), e**) sends D(H?) into itself, and [(x), b?]
extends to a bounded operator from D(bh?) to 3 which we denote [(x), h?],.

Note that (M5) implies (see [1, Proposition 3.2.5])

sup [|b%e ™My < oo (11.2)

0<s<l1

for all u € D(b?).
We assume (E1)—(E3), (A1)-(A4), M1)-(M3), and (M5) in the following. We
also suppose that [k;, (x)] = 0 for i = 1,2 which implies in particular (M4).

Lemma 11.1. Ifz € p(h, k) and 0 < § < 1 then p~'(2) sends D({x)®) into itself.

Proof. We first show p~!(z) sends D({x)) into itself. Let u € D({x)). We have
to show that

eit(x) -1
|S|up P (2)u| < oco.
tj=1
We write
itx) 1 it(x) _ 1
G O
1 et p(z) — eI pTI(7)elt )
t
Clearly
— 1
sup 1(2) < 0o,
lt]<1
Let us now consider the second term. We have
pl(z2) - e_i’(x)p—l(z)eit(x)
t
i . —lt b2 it{x b2
= 71 I (5)eit ) S P (2,

t

where we have used that e**) sends D (b?) into itself. Now note that

—1t b2 ir(x — b2 1 t .
= - / e ™ [(x), 1o M) do.
0

t t
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It follows using (11.2) that

) . —it(x)b2 it(x) b2
e—lt(x)p—l(z)elt(x)e € p—l(z)

su
P t

lt]<1

< o0

and thus the lemma for § = 1. The lemma for § = 0 is obvious, the general case
follows by interpolation. O

Corollary 11.2. Forall 0 < § < 1 and y € C§°(R) the operators (x)8 y(H)(x)™?
and (x)% y(K)(x)™% are bounded.

Proof. By an interpolation argument it is sufficient to consider the case § = 1.
Using (5.4) and the fact that [(x), k] = 0 we see that for z € p(h, k) we have

0 0

() (H —2) ) = [1 ’

|+ wrews 2% 1)

—z(2k —z) z

By the definition of the smooth functional calculus for H it is sufficient to show
that (x) p~!(z){x)~!, which is bounded on H by Lemma 11.1, fulfills suitable re-
solvent estimates. Using Lemma 11.1 we can write the commutator

1

[(x). p7 (@] = p~ () ()26 (x)op ™ ().

It is now sufficient to apply Corollary 5.12 to obtain the required estimates. By
duality (x)% y(H)(x)~% is bounded on &* and thus on F by complex interpolation.
To obtain the result for K we use that

X(K) = @7 y(H)®,
that ® commutes with (x) and that ®, ®~! are continuous on . O

Proposition 11.3. Let I C R an interval as in Theorem 9.1 and let y € C§°, and
supp x C I. Suppose % < § < 1. Then there exists C > 0 such that

/R||(X)_Se"HX(H)(X)_SfH%dt <C|fIIz. (11.3)
and

/]R 1)K (K (x)78 £ 1241 < C|L £ 1% (11.4)
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Proof. We first prove (11.3). Note that by Theorem 9.2 there exists € > 0 such
that one has

sup  [1((x) P aiag(H — 2) 7" () ((x) ™ aiag 1B < oo

0<|Imz|<e€g
We now have to show that we can replace x(z) by y(H). We choose y € Cs°(1)
with ¥y = x. We write
1) (H =27 (H) ()7 f e
< Clx) 5 (H = )7 7@ 2 (H) ) f e (11.5)
+ ) H = 27N (1 = FED () £ 13-

The estimate for the first term follows from the estimate with y(z) and Corol-
lary 11.2. Let us treat the second term. We claim

10e) " (H = (L + €)™ (1 = FOD 1 (HD ()7 f e, < €102,

uniformly in €. Let

i) =) (I =3 () x ().

x — (A +1ie)
It is sufficient to show that all the semi-norms || £ ||, are uniformly bounded with
respect to A, €. Note that g, (x) = (1 — ¥(4)) x(x) vanishes to all orders at x = A.

If supp x C [—~C. C] this is enough to assure that || /5 || is uniformly bounded in
A € [-2C,2C]and € > 0. For |A| > 2C we observe that

1
x — (A +1ie)

<C

‘(M

with analogous estimates for the derivatives. Thus the second term in (11.5) is
also uniformly bounded in 0 < |Imz| < €.
We now write

(H = +ie)™ —(H — (A —ie)")x(H)f
oo
— l/ e—eltlei/lte—thX(H)fd[’
the integral being norm convergent by (10.1). By Plancherel’s formula this yields

/ 1) (H = 410" — (H — (— i)™ x(H)x)™ f]2dA

—0o0

-/ " e ) By (H) ()P .
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The left hand side of this equation is uniformly bounded in € with € small enough,
which implies (11.3).

Let us now prove (11.4). First note that by duality we can replace B(E) by
B(E*)in (11.3). This gives (11.4) with K replaced by H by complex interpolation.
We then use that

eitKX(K) — qD_leitH)((H)QD,

that (x)~% commutes with ® and that ®, ®~! are bounded operators on 7. O

12. Examples

In this section we describe examples of Klein—-Gordon equations to which the
abstract results of Sections 7, 8, and 9 can be applied.

Let us first discuss how to check the abstract hypotheses (E1)-(E3). In the
case inf oess(h) > 0, the only delicate condition is (E1). In fact in this case (E1)
implies (E2) and also that O ¢ o (k). Therefore |h| ~ (k). It follows that if € > 0 is
a self-adjoint operator such that Dom & = Dom €2 we have |h| ~ (h) ~ (€)? and
hence in condition (E3) we can replace |h|_% by (e)~ L.

Similarly if b is an operator such that (A1) holds, we have b?> ~ (€)? and in
conditions (A2)—(A4) we can replace b~ ! and (b)~! by (e)~!.

If inf 0egs (1) = O then both (E1) and (E2) are important. Moreover it is again
important to find a self-adjoint operator ¢ > 0 such that |4| ~ €. An abstract
result allowing to do this is given in the following proposition.

Proposition 12.1. Let € > 0 be a self-adjoint operator on H and rq, ry two sym-
metric operators on Dom € such that
Kere = {0}, |[rie || <1, rre ' € Boo(H).
Ifh = €2 —r? —r? as an identity in B({(€)™ 3, (€)3) and Kerh = {0}, then
(1) Trlj—o,01(h) < 00,
]—o0 O]( ) (12'1)
2) ||~ €.

The proof will be given in Subsection A.2.

12.1. Charged Klein—-Gordon equations on scattering manifolds. Let N be a
smooth, d — 1 dimensional compact manifold whose elements are denoted by w.
We consider a d dimensional manifold

M =~ Mo U1, +oo[ xN,
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where My € M is relatively compact. For m € R we denote by S (M) the space
of real valued functions f € C°°(M) such that

1050% (s, w)| < Cras™* for (s,w) € [1,00[ xN, forall k € N, « € N9~

Definition 12.2. A Riemannian metric g on M is called conic if there exists
R > 0 and a Riemannian metric # on N such that

g% = ds® + s%hjr(0)dw’ do*, (s, ) € [R, 00 xN.
A Riemannian metric g on M is called a scattering metric if
g=8"+¢
where g° is a conic metric and g is of the form
g =m"(s,0)ds® + sm} (s, ) (dsdw’ + dw’ ds) + s*m7 (s, 0)do! do*
with m! € S™# (M) for [ =0, 1,2, u; > 0.

We will assume in the sequel that g is a scattering metric on M in the sense
of the above definition. We consider a charged Klein—Gordon field ¢ on M mini-
mally coupled to an external electromagnetic field described by the electric poten-
tial v(s, ) and the magnetic potential A (s, w)dx¥. It fulfills the Klein—-Gordon
equation

(0; — iv)%¢p — (V¥ — 1A% (Vi —idp)d + m?¢ = 0. (12.2)

Here V is the Levi-Civita connection associated to the metric g. The function
m(s, w) on M corresponds to a variable mass term. The above equation writes in
local coordinates

(3 —iv)’p — |g|7/>(@; —id))[g|"* g’  (0k — iA)p + m*(s,0)$ = 0,
where g/% = (g;x)7!, |g| = det(g;x). We denote by
dv = |g|2dsdw

the Riemannian volume element on (M, g) . Putting ¥ = |g|'/*¢ we see that i/
solves

(0, —iv)?y — |g|7V/*(0; —i4))|g|"2g/* (0 —iAi) g7/ *y
+m?(s,w)¥ =0,

which is the equation we will consider.
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Remark 12.3. The equation (12.2) can be seen as a Klein—-Gordon equation on
the lorentzian manifold R x M with metric d¢? — g. Our results easily generalize
to the metric ¢(s, w)dt? — g where 0 < ¢1 < ¢(s,w) < ¢;! is a smooth function
tending to 1 at infinity. The generalization reduces to a simple change of unknown
function, see [12, Section 2.1] for details.

We set
ho = —g V4@, —i4;)g"?g"™* (3 —idr)g V4 + m(s, ) (12.3)

acting on H{ = L?(M; dsdw), equipped with its canonical scalar product. Let also

p= —g_1/43jg1/2gjk3kg_l/4.

We assume that

Ai(s,w), m(s,w) —ms € STHO(M
j (s, @), m(s, ) —meo ) (12.4)
for some g > 0, Moo 1= limg_, o0 m(s, w) > 0.

The operator k is assumed to be a multiplication operator k = v (s, w) with
v(s, ) = (s, w) + vs(s, w), vi(s,w) € STHO(M), (12.5)
vs(s,@)(P) 7% € Boo(30)),  {5)?vs(s, )(p)~"/? € B(30). '

It follows that & = ho — k? is self-adjoint and bounded below with (h) ~ (ho) and
Oess(h) = [mgo, +ool.
As scalar conjugate operator we choose as usual the generator of dilations

a = %(U(S)SDS + Dssn(s)),

where n € C®(R,R™") with n(s) = 1fors > 2and n(s) = Ofors < 1. As
reference weight we choose

(x) = (s> + 1)2.

12.1.1. Massive case. We consider massive Klein—Gordon equations i.e. m =
info(h) N RT > 0. This implies that mq, > 0.

Proposition 12.4. Assume (12.4), (12.5), moo > 0 and Kerh = {0}. Then
(1) conditions (E1)—(E3), (A1)—(A4), and (M1)-(M5) are satisfied,
(2) one has 1(b) = {mxo}.
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Proof. To check (E1)—(E3) we use Proposition 12.1 with € = hé, r1 = Lyx>R)V,
ry = Iy <ryv. Clearly rr€1 € Boo(FH), and since s— limpg_ o0 Lgx=ry = 0, we
deduce from (12.5) that |rie~!|| < 1 for R large enough. Moreover |h| ~ hg ~
DZ - HAx+1.

To check (A1)-(A4) we use Lemma 7.10. We fix smooth cutoff functions Fy,
Foo € C*®(R) with

supp Fo C [-2,2], Fo=lin[-1,1], Fo+ Fo = 1. (12.6)
We split k as k; + k, with
ki = Foo(R7Is)v1, ko = vs + Fo(R™1s)vy.
Since Fo(R™!|x|)v; satisfies the same conditions as vs we can assume that
ko = vg

in the sequel. As before for R > 1 we have

ke <1, ki(e)™ ! kre™! € Boo(H).
By Lemma 7.10 conditions (A1)—(A4) are satisfied for

b=(2—k?2 and r = k2 + 2k ks.

Condition (M1) is clearly satisfied. To check (M2) we apply Lemma 8.4 and
check (M2’) instead. It is a standard fact that ang (k1(b)~') € B(H) (one may
for example use pseudo-differential calculus on scattering manifolds, see e.g. [26,
Chapter 6.3] for an overview of this calculus). Therefore k1 (b)™' € C?(ay; H).
Since 0 € o(b) we also see that k1p~! € C%(ay; H).

The same type of argument shows that

ay(s)"H(p) "2, ai(s) "2 (p)V? € B(3). (12.7)

This implies that adg‘x (k2b™1) € B(H) using (12.5), by undoing the commutators
with k», and using that 0 & o (b). Therefore kob™! € C?(ay; H). Since we saw that
k1b~! € C?(ay; H) this also implies by [1, Proposition 5.2.3] that b~k kb™! €
C?(ay; H). Hence (M2') is satisfied.

The fact that condition (M3) is satisfied is also a standard result (one can either
use pseudo-differential calculus or express (b) via almost-analytic extensions).
Condition (M4) follows from (A2) since k and (s) commute. Condition (M5)
follows from the pseudo-differential calculus on scattering manifolds.

The fact that t(b?) = m2, follows from [15, Theorem 1]. This proves (2). [
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From Proposition 12.4 and Proposition 7.4 we see that

Oess(H) = Oess (H) =] — 00, —1oo] U [Moo, +00].

12.1.2. Massless case. We consider /¢ as in (12.3) satisfying (12.4) but assume
now that inf o (h¢) = 0. This is of course equivalent to m, = 0.

We assume d > 3, because the Hardy inequality on (M, g) will play an impor-
tant role. Instead of (12.5) we assume for k = v that

v(s,w) = vi(s, ) + vs(s, w),
there exists Rg > 1, 0 < § < 1 such that |v; (s, w)| < 5%@)_1, for s > Ry,

svs(p) ™12 € Boo(30). s%v(p)"/? € B(30).
(12.8)
Note that compared to (12.5) we require an extra power of s in the assumptions
on v,, which is needed to control the |h|_% or b~! term arising in (A1)—(A4)
and (M1)—(M5), thanks to the Hardy inequality. As before & = ho — k? is self-
adjoint with domain H?(M), bounded below, (h) ~ (ho) and 0ess(h) = [0, +00].
The operators a and (x) are as in the previous subsection.
We have the following analog of Proposition 12.4, whose proof however is
more involved and relies on estimates proved in Subsection A.l.

Proposition 12.5. Assume (12.3), (12.4) with mo, = 0, (12.8), Kerh = {0} and
d > 3. Then,

(1) conditions (E1)—(E3), (A1)-(A4), and (M1)—-(M5) are satisfied,
(2) one has t(b) = {0}.

Proof. To check (E1)—(E3) we use again Proposition 12.1, with €, ry, r, as in the
proof of Proposition 12.4. We first claim that vse ! is compact. We use

el = ()7 + (e) Te((e) — ). (12.9)

The term vg(e 4 1)~! is compact by (12.8), so it suffices to prove that vs{e)~le™!

is compact. We have

vs(€) e = (usts)(e) ™) x ((e)(s) T He)THs)) x ({s)e ).
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The first factor is compact by (12.8). The second is seen to be bounded by commut-
ing (s)~! through (e). The third term is bounded by Proposition A.2 (1). There-
fore vee™! is compact. Since 1;<gv; satisfies the same estimates as vs we see
that rye ™! € Boo(HH). This also implies that || 1,>gvse!|| — 0 when R — oo.
By Proposition A.2 (2) we obtain that ||1|y>gvie || < 1 for R >> 1. Therefore
1€t < 1 for R > 1. Applying Proposition 12.1 we obtain (E1) and (E2). We
also get that [h| ~ €2 ~ D — 5 Ax. By what we saw above, ke~! is bounded,
hence (E3) also holds.

To check (A1)—(A4) we use again Lemma 7.10, with the same splitting of k
as in the proof of Proposition 12.4. We already checked that the hypotheses of
Lemma 7.10 hold, which proves (A1)—(A4).

Condition (A3) is immediate since k(€)' € Boo(H).

Condition (M1) and the fact that k1 (b)~! € C?(ay, H) are proved as in Propo-
sition 12.4. To prove (M2) we check the hypotheses of Lemma 8.4. To prove that
k2b™" € C?(ay; 3) we have to check that adg (k2b~") are bounded for o = 1,2.
We use that

ay(s) " p) V2 ()TN p) VP ey, (s)TThT,
axax(s)_2(p)_1/2, (P)_l/z(s)_zb_laxax

are all in B(H).

The bounds with a, are as in (12.7), using that b™'a, = y(b*)ay(b?) for
7 € C(R), since 0 ¢ supp y. The fact that (x)~!'5~1 is bounded follows from
Proposition A.2 (1), using that 52 ~ €2. Undoing the commutators and using (12.8)
we obtain that ad‘;‘x (kob™1) are bounded for & = 1, 2. The same argument using
that ky € O((s)™") shows that ad,,, (b~ k1k,b™") is bounded. This completes the
proof of (M2).

As in the massive case we prove that (M3) and (M4) hold and that 7(b?) = {0}
using [15, Theorem 1]. Condition (M5) follows from the pseudo-differential cal-
culus on scattering manifolds. O

As in Subsection 12.1.1 one has

Oess(H) = Uess(H) =R.

12.1.3. Some additional remarks in the euclidean case. If M = R¢ and the
metric g is asymptotically flat, then using polar coordinates we see that (M, g) is
a scattering manifold. In this case, using results of [21], it is possible to exclude
eigenvalues and critical points embedded in the essential spectrum.
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Proposition 12.6. Assume that M = R< and g is asymptotically flat. Assume
moreover that v = vy + v, where

02vy € O({x)~*7lehy, >0, ]a| <2,
vy has compact support, v, € L4(R?).
Then
op(H)Uc(H) C [~Moo, Meo).

If moo = 0 and Ker h = {0}, then
op(H)Uc(H) = 0.

Proof. Since & is a Pontryagin space, we know that critical points of H are eigen-
values. From [11, Proposition 3.1] we know that o,(H) C [0, Moo]. Moreover
Ker i = {0} implies that Ker H = {0}. O

12.2. Models with hyperbolic ends. We fix a smooth compact manifold N,
whose elements will be denoted by w and a smooth positive density on N de-
noted by dw. We set M := R x N, whose elements are denoted by (s, w) and
equip M with the density dsdw.

In this subsection we will describe some examples of Klein—Gordon equations

(0, — ik)2¢(t) 4+ hop(t) = 0, (12.10)

on the Hilbert space H = L?(M, dsdw), to which the results of Sections 7 and 8
can be applied.

Remark 12.7. All the results of this subsection extend easily to the case where the
smooth manifold M is equal to Mo U [1, +o00[ xN, where M, is compact. One has
to assume that the restriction of /¢ to [1, +o0o[ xN satisfies similar assumptions
as below, and the restriction of /o to My is a second order, elliptic differential
operator with smooth coefficients.

We introduce the spaces of exponentially decreasing functions
TP(M) == {f € C®M): %98 f € 0P}, peR. (12.11)
Similarly to Subsection 12.1.1, we set

SPM) :={f € C®°M): 3%02 f € O((s)?7*h)}, peR. (12.12)
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As usual a function f in T2 (M) resp. in S? (M) is called ellipticif f~! € T=? (M)
resp. 1 € STP(M).
We fix a second order differential operator P = P(w, d,) on N, assumed to
be self-adjoint, positive on L2 (N, dw) with domain H?(N).
We consider an operator /¢ acting on Cy°(M) as

hO = —Co(S,CU)asgo(S,Cl))asC()(S, CL)) - C-%(S’ CL))P(CL), 3w)c_%(s, CL)) + do(S,Cl)),

(12.13)
where the coefficients cg, go, c_ 1 and dj satisfy
co, go elliptic in SO(M), co—1l,g0—1¢€¢ S_Z(M),
1
c_1 elliptic in T=2(M), (s)2(c_i(s,w) —¢_1(s)) € T~Y2(M
_y ellip (M), (5)2(c_1 (5,0) = E_1.(5)) 00 e

for some ¢_ ! (s) elliptic in =3 (M),

do(s, ) € S°(M), do(s, w) —m?2, € ST2(M), me > 0.

We assume moreover that on Cy°(RR) one has
ho = m?(s, ) for some m € S°(M), m(s,w) > 0, forall (s,w) € M. (12.15)

It is easy to see that /1y belongs to the general class studied in [7], [13, Section 3.3].
Therefore hy is self-adjoint, bounded below with domain

Dom ho = {u € L>(M): hou € L*(M)} = Dom hsep,
where
hsep = =03 = C_1 () P(@, 30)C_1 (5),

is separable. Moreover the inequality (12.15) still holds on Dom #y. One also
knows that oess (ho) = [m2,, +00[ where mq is defined in (12.14).

Concerning the operator k we assume that k = k(s, ®) is a multiplication
operator with

k(s,w) € ST2(M), k(s, w)m(s, )" — 0 when s — oo. (12.16)
From [7] we get that h is self-adjoint on Dom /hgep. Since equation (12.15) implies

Ker hg = {0}, we see that we are dealing with a massive Klein—Gordon equation
if and only if my, > 0.
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We now describe the conjugate operator a, following [7] and [13]. Let us fix
functions F, y € C*°(R), with F’, y’ > 0, F(A) = 0for A < —1, F(A) = 1 for
A= -1, x(s) =0fors <1, x(s) = 1 fors > 2. We set

Fs(A) = F(S™'A) and ygr(s) = y(R™'s) forS,R>1,
and

Xs.r(s, P) =yx(s)F§(os —In(P + 1))(os —In(P + 1) + 25)
+ (=) F3(—=os —In(P + 1))(os + In(P + 1) —25),

1
as,r 5=5(XS,R(S, P)Ds + DyXs r(s, P)).

Let us summarize some properties of 4, as r, which can be proved as in [7] and
in [13].
Proposition 12.8. Assume (12.14), (12.15) and (12.16). Then

(1) as,r is essentially self-adjoint on Dom(hsep + (5)?);

(2) (s)"Pas,r(s)?~" € B(H), for p € R;

(3) ho + f € C*(as,r), for any f € S7>(M);

(4) let
t(ho+ f):= () tlo+ fasr)

S,R>1

(see the beginning of Subsection 8.3 for notation). Then
t(ho + f) = {md,)}.

Remark 12.9. Note that (4) means that if A # m2_, then there exist an interval /
with A € I, parameters S, R > 1, a constant ¢p > 0 and K € By, (H) such that

L7(ho + f)lho + fiasrlli(ho + f) = colr(ho + f) + K.

In the sequel we will forget the fact that the scalar conjugate operator as, g depends
on parameters S, R, and denote it simply by a.

It remains to fix the reference weight appearing in hypothesis (M3). We choose
(x) = (s> + 1)%.

To prove Proposition 12.11 below, we will need the following lemma, whose proof
may be found in Subsection A.4.
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Lemma 12.10. Let f € S72(M) such that €* — f? =: b> > 0. Then

[(b), (s)°] € B(H), for0<8<1.

Proposition 12.11. Assume (12.14)-(12.16) and Ker h = {0}. Then
(1) conditions (E1)—(E3), (A1)-(A4), and (M1)—-(M5) are satisfied,
(2) one has 1(b) = {mxo}.

Proof. Set
€ =hg.

We first claim that

(1) |1gs=rrke || — 0 when R — +o0,
(12.17)

(2) 1{|s|5R}k€_l € Boo(H).

In fact (1) follows from the fact that iy > m?(s, w) and k(s, w)m(s,w)™' — 0
when s — oo, using also Kato—Heinz inequality. To complete the proof of (12.17)
it suffices to prove that g(s)e™! € Boo(H) for g € CS°(R). Note that g(s)e™! is
bounded by (12.15).

As in the proof of Proposition 12.5, it suffices, using (12.9), to check that
both g(s)(e)~! and g(s){e)"'e~! are compact. The term g(s){e)~! is compact,
by [7, Lemma 1.2]. We write the second term as {¢) "' g(s)e™! —[(e)7!, g(s)]e"!.
The first term is again compact since g(s)e~! is bounded. We write the second
term as

@7 gl = 5= [

where f 1 is an almost analytic extension of

df.

1
822 @)z —€e>) et gle Mz —€?)Mdz A d 2z,

[N}

Joi) = @2+ 7Y
satisfying
supp 1 C {z € C: [Imz| < C(Rez)},

‘af_l (12.18)

3_2 (2)| < Cy(z)3?>N|Imz|V, N eN.
z
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Since €2 is a second order differential operator, we obtain [¢2, g] = (€2 + 1) BZ(s)
with B is compact and g € C{°(R). Therefore (¢2 + 1)"![e2, gle ™! is compact.
We use now the bounds

I(e? =2)7 I € O(Imz|™).  [[(€? —=2)7'(e* + D € O({z) Imz|™"),

and (12.18) to obtain that [(€)~!, g(s)]e™! is compact. This completes the proof
of (12.17). We apply then Proposition 12.1 with ry = Tys>rik, 12 = Lys<rik.
The hypotheses of Proposition 12.1 hold by (12.17), which implies (E1) and (E2).
Moreover |h| ~ hy and we can replace |h|_% by € ! in condition (E3) and con-
ditions (A1)—(A4). Since by (12.17) we know that ke~! € B(X), condition (E3)
holds. To check (A1)-(A4) we use Lemma 7.10 and split k as k1 + k, with

ki = Foo(R7Y[sDv1, k2 = vs + Fo(R™s|)vy

for some Fy, Foo asin (12.6). By (12.17) ||k1e™!|| < 1for R > 1, koe™ ! is compact.
The fact that k (¢) ! is compact follows once again from [7, Lemma 1.2].

Let us now check (M1) and (M2’). Note first that b> = € — k? is of the form
€2 + f for f € S72(M). Moreover if R > 1 we have

1
b > Emz(s,a)), (12.19)

by (12.15). Then (M1) follows by Proposition 12.8 (3). By Proposition 12.8 (2),
and observing that k; € S2(0M), we obtain that k; € C2(ay; ) by undoing the
commutators. Since (b)~! € C?(ay; H), this proves the first condition of (M2").

To prove the rest of (M2) we claim that g(s)b~! € C?(ay; H) for g € C{°(R).
Note that this implies the last two conditions of (M2’), since k», k1k» € C§°(R).

If moo > 0 this is proved by the same argument as before. If mo, = 0, i.e. we
are considering the massless case, then we argue as in the proof of Lemma 12.5:
we use that

ay()7h (b lay,  (s)"g(s)b™,
aXaX<S>_27 (S)_zb_laxax

are in B(H).
The bounds with a, rely on Proposition 12.8 (2) and the fact that

b~'ay = j(b*)ay(b?)

for y € Cg°(R) since O ¢ supp y. As before we complete the proof by undoing
the commutators with g(s)b~".
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We now prove (M3). The first condition of equation (M3) follows by Proposi-
tion 12.8 (2). To prove the second it suffices to prove that

[(b). (s)°] € B(F), 0<8=<1, (12.20)

which has been shown in Lemma 12.10. Finally (M4) is true since k& and (x)
commute, and the fact that 7(b) = {m} follows from Proposition 12.8 (4). [

Appendix A

A.l. Diamagnetic and Hardy inequalities. We start by recalling some well-
known facts related to the diamagnetic inequality. We are working on the scatter-
ing manifolds introduced in Subsection 12.1 and set

d
p== g g e g7,
Jk=1
and

d
pai=— ) g V40 —idpg"g* Ok —idr)g™*
Jok=1
where A(s, w) satisfies (12.4). We use the notations of Subsection 12.1.
Lemma A.l. Let V € C°(R?, R) be a bounded potential. Then
p+V=0= ps+V =0,
Proof. Let us first recall the diamagnetic inequality
et @Aty | < TPy w e H, 1 > 0. (A.1)

This inequality is well known on R¢ and also holds on scattering manifolds. In-
deed it is equivalent to a certain estimate on the quadratic forms associated to the
operators, which clearly also holds on scattering manifolds, see [31] for details.
Now recall that

+o0
a ¥ = co,/ 1*“le7dt, a>0,0>0, (A2)
0
where C,, is a positive constant. Using (A.2) for « = 1 we obtain

Wlpa +V 48" u) < (ull(p +V +8)"Hul) < 67 |lu]?,

which by Kato—Heinz inequality implies that p4 + V + § > §, which proves the
lemma. O
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We now prove some estimates related to Hardy’s inequality on the scattering
manifold (M, g) considered in Subsection 12.1.

Let g° be a conic metric as in Definition 12.2, restricted to My, =]1, +00[xN.
The corresponding Laplace—Beltrami operator is

—Ago = —s(l_d)assd_las — Ay,

which is self-adjoint on L2 (Moo, s9~1|1|2dsdw). The usual proof on R¢, which
relies on the identity s72 = —159,(s™2) for s = |x|, yields, for u € C°(Mco),

d—2
(7)2/ s™2ul2s? k|2 dsdw < —/ 1A gous? |2 dsdw, (A.3)
Moo

oo

where —Ay, is the Laplace—Beltrami operator on (N, /). Using the unitary map
T: L2OM, |g|2dsdw) > u —> |g|V*u € L2(OM, dsdw),
this immediately implies that ([33, Proposition 3.4])

s72<Cp, C >0, onH = L*M,dsdw). (A4)

Proposition A.2. Assume (12.4) and d > 3. Then
(1) pa=C(s)~* and
(2) if in addition v;(x) satisfies (12.8), then

A+a) ps> F;(R_1|s|)v12(s), forsome 0 <a <1, R> 1,

and Fs as in (12.6).

Proof. Statement (1) follows from (A.4) and Lemma A.l. Let us now prove (2).
Since g is a long-range perturbation of g, we deduce from (A.3) that

2 \2 _
L=k = (75) (L + OR™)p.
hence, by Lemma A.1,

Hzm0)0) 2 = (775) 1+ OR ™) pa

which implies (2), using the estimate (12.8) on v; (s, w). ]
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A.2. Proof of Proposition 12.1. Let €7 = € — r?. Since |[rie™!| < 1, we have
€2 ~ €2. Therefore Kere; = {0}, and rae;! € Boo(H). We have

_2_2_2_ .2
h=¢€¢ —r"=¢€ —r15.

Therefore denoting €; again by € we can assume that 7; = 0 and denote r;, by r,
so that re™! € Boo(H), h = €? — r2. Note that 0ess(h) = 0Oess(€?). If m > 0
then oess(h) C [m2,, +o0o for some mo, > 0 hence Trl}—o0,01(h) < c0. Moreover
0 ¢ o(h) and 0 ¢ o(€?), thus |h| ~ (h) ~ (€)®> ~ €2. Hence (2) in (12.1) also
holds.

Let us now assume that m = 0. We first prove (1) from (12.1). Noting that
r(€)~! is bounded, we obtain by the Birman-Schwinger principle that

TrIL]_oo,_a] (h) = Tr1]1,+oo[(Ka),

for Ko = r(€2 + o) 'r € Boo(H), @ > 0. Since re”! € By () we have
Ko /' Ko = re 2r € Boo(3H), hence

Trl)_oo,0(h) = Trl}; 400[(Ko) < 0.

Since Ker i = {0}, this implies that Tr1j_ oj(7) < oo, which proves (1) in (12.1).
We now prove (2) from (12.1). Set

Py = 1p(h).

If
hu = (62 —r2)u =—Au, A>0,

then we have
e lu==N)1A -er2e Yeu e K.

This implies that
[u)(u] < Ce?, C>0.

Since TrP— < oo this implies that P_ < Ce2, for some C > 0. Now
|h| = h —2hP_ < h +2|info(h)|P— < €* + 2C|inf o (h)|€%,

which shows that |#| < Ce? for some C > 0.
To prove the lower bound, we adapt some arguments in [32]. Let

hs =h—6r? =¢*—(1+8)r.

Again by the Birman-Schwinger principle, we have Trlj_o o[(fs) = Trlj_o,0[(h),
for § small enough. Therefore there exists cg, §o > 0 such that

Li_c.0f(hs) =0, forall 0 <8 < &. (A.5)
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We fix cutoff functions y+ with y_ € C5°(]—00, —co/2[), x+ € C*(—co, +00[)
and y2 (h) + x%(h) = 1. From (A.5) it follows that y (hs)hs x+(hs) > 0. There-

fore,

PihsPy = Py (x—(hs)hsx—(hs) + x+(hs)hs x+(hs)) P+
> P (x—(hs)hs x—(hs) P+
— P, RhsRP;,

for R = y_(hs) — y—(h), using that Py y_(h) = 0.
We claim that

RhsR > —C8%%, C >0, uniformly for 0 < § < &,
which follows from
||€_1R(h5)% | < Cé, uniformly for 0 <& < §p.
To prove (A.8) it suffices to check that
|l(e + Ol)_lR(/’lg)% | < Cé8, uniformly for0 <§ <o, > 0.

We have

(€ + ) " R{hs)?

- 8% /(D 8%1_(2)(6 T ) Nz —h)y 2z — hs)"Mhs)2 dz A d,

where y_(z) € Cy°(R) is an almost analytic extension of y_. We write

ri(e + )z — )72 (z — hg) " hg)?
= (z—h) e+ )2z — hs) " (hs)?
+ (=) h (e + @)@ — h) (2 — hs) T hs)?
= (z—h) e+ )2z —hs) " (hs)?
+ (= h) e+ )Pz = W) — hy) T (hs)
— =)+ )z~ )Rz — hg) T (hg)
=:11(z) + Ix(2) — I3(2).

D=

=

(A.6)

(A7)

(A.8)

(A9)

(A.10)
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We write

L(2) = (2 =) % (e + )" r2{hs) ™2 x (z — hg) " (hs) N
= O(|Imz|™2), uniformly in , § and z € supp 7—, '

using that re~! is bounded, and r(hg) 3 is bounded uniformly in 0 < § < 6.

Similarly we have

L(z)=(z—h)""'x(e+ a)_lrz(h)_% x (h)(z —h)~!
x (W)~ 2r2(hs) "2 x (z — hs)~ L (hs) (A.12)

= O(|Imz|™3), uniformly in «, § and z € supp 7—.

A similar argument shows that /3(z) satisfies the same bound as /,(z). Therefore
using (A.10) we obtain (A.9), hence (A.7).

‘We have now

P+hP+ = (1 + 5)_1p+h5P+ + 5(1 + 8)_1P+€2P+
> (65— CSZ)(I + 5)_1P+€2P+,

by (A.6) and (A.7). Choosing § small enough we obtain that
P e*P, <CPLhP., C >0. (A.13)

On the other hand since Ran P_ is finite dimensional and included in Dom €, we
have

P_e?P_ < CP? for some C > 0.

Using that
Pye?P_+ P_€>P, < Py e’P, + P_€*P_

we finally obtain

€ = (Py + P)e*(Py + P_)
<2P,e’P, +2P_€*P_
<2CP{hP; +2CP? < C'|h|,

where in the last inequality we used (A.5) for § = 0. This proves (2) in (12.1).
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A.3. Proof of Lemma 8.2. Let f_g be an almost analytic extension of the func-
tion (-)7% satisfying

supp /s C {z € C: |Imz| < ¢(Rez)},

and

IR < Cn(z) N mz|V, N eN,
z

see [4, Appendix C.2]. We have
[{ax) ™. (b) = bl{ay)’

i [ 0fs

" 2n Jo oz

‘3J’;—5

(A.14)
(2)(z = ay) " ay, (b) = b](z — ax)_l(ax)‘gdz NdZ.

Since 0 ¢ supp y, there exist g € C§°(R) such that

[ay. (b) = b] = x(b*)[a. g(b*)]x(b?) € B(30),

by (M1). Now we use the bound [|(z — a,)~"{a,)®|| € O({z)®[Imz|~!) and the
estimates satisfied by f_s to obtain that the integral in (A.14) is norm convergent.
This completes the proof of the lemma.

A.4. Proof of Lemma 12.10. Note that 52 is of the form (12.13). We claim first
that

(6%, ()°1(0) 71 (b) D7 D2, () 1N(p) ! € B(H), 0<8 <L (A.15)
In fact this follows by an easy computation using (12.14) and the fact that
05(b) ™!, c_y (5.0)d0 (b) ™! € B(30),

see [13, Lemma 4.3.1].
We write now

(b) = B>+ 1)(b)~",

and
[(B). (5)7°] = [D2. (s)7°1(B) ™" + (0% + DI(BY ™" (5)7°).

The first term is bounded by (A.15). To estimate the second term, we introduce the
function

i) =@a+17?
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and write with f_l as in (12.18):

(]

(% + DB ()]

. 9 r .
- ﬁ /(D %(2)(”2 +1)(z =)' [B2 ()] (z = bD)T'dz A d2

B>+ 1) S B, (5)]

i df 1 ~ ~ i
b / ) 4 Dz — )22 [ (5)](z — bz A di.
2 C 0z

The first term is again bounded using (A.15) and the fact that f*, (1) € O({1)~%/2).
2

The integral in the second term is norm convergent, using (A.15), the estimates on
/f_y and the bounds (b)*(z — >~ e 0((z)*?|Imz|™") for 0 < & < 2. This
completes the proof of the fact that [(b), (s)®] is bounded.

Appendix B

In this appendix we prove Theorem 3.17. We first recall some standard results.

Let X be a locally compact space, C(X) the space of bounded continuous
functions and B(X) the space of bounded Borel functions. We recall that a se-
quence (@n)nen in B(X) is b-convergent to ¢, written as b—lim, ¢, = ¢ if
sup,, ||¢nllococ < 00 and @, — ¢ pointwise on X.

The monotone class theorem implies that B(X) is the smallest space of func-
tions on X containing C(X) and stable under bounded convergence of sequences.
The Riesz theorem says that any continuous linear form on C(X) uniquely extends
to a linear form on B(X) continuous for the b-convergence of sequences.

Recall also that a Banach space H is weakly sequentially complete, if for each
sequence (Uy)nen in H such that limy, ( f, u, ) exists for each f € H*, there exists
u € H with lim,(f,u,) = (f,u) for each f € H*. Reflexive Banach spaces,
hence Hilbertizable spaces, are weakly sequentially complete.

Let 3 be weakly sequentially complete. If (7;),en is a sequence in B(J) such
that lim,, ( f, T,,u) exists for each u € H, f € H*, then there is a unique 7 € B(H)
such that w—lim7, = T.

From these facts, it is straightforward to prove the following result, see e.g.
[36, Corollary 9.1.10].
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Theorem B.1. Let X a locally compact space, H a weakly sequentially complete
Banach space. Then if Fy: C(X) — B(H) is a continuous algebra morphism,
there is a unique algebra morphism F : B(X) — B(H) such that b—lim, ¢, = ¢
implies w—1im F(¢,) = F(¢).

Proof of Theorem 3.17. We will deduce Theorem 3.17 from Theorem B.1for a con-
venient choice of the locally compact space X. We use the notations in Subsec-
tions 3.3 and 3.4.

Let y be a smooth function which has a zero of order «(§¢) at each £ € suppa
and has no other zeros. This means y = ¢y yo + 0(Yw) if € & with ¢, non zero
numbers and y(x) # 0 outside supp «.

Let 2¢ be the minimal distance between two points of supp« and let 6y be a
smooth function with 6p(x) = 1if |x| < ¢/3 and 0y(x) = 0 if |x| > ¢/2. Then
let 6; be a smooth function equal to 1 on a neighborhood of co and equal to 0 at
points at distance < ¢ from suppa N R. Finally, if o = (§£,5) € @ and £ € R then
we set O, (x) = Go(x — &), and if & = oo we set 6, = 6;. Thus the functions in
the family {0, },cs have disjoint supports and each of them is equal to one on a
neighborhood of a unique point from supp «.

Recall that for ¢ € A% we have §,(¢) = §,(¢°) if o < @ and so T, = T e°
if « < a. We associate to such a ¢ a function ¢ € B(Iﬁ) defined by

5=1"(¢" = buTup)
wEen

outside supp «, while at points £ € supp o we set

P(E) = ¢ 8ulp) withw = (£ a(§)).

The definition of ¢ on the support of « is such that p € C (lﬁ) ifpeC "‘(lﬁ) C A“.
Observe that

Zea)Tw(P: Z 081 (0) X 10

wea U<WEQ

= Z 08 (0) X 1

U<wEQ

=Y bubo(@) 1o

w<o

because for i < @ we have 6, = 6,,. Thus we have

0 =P+ Y 0uTup = XF + ) o) 1o (B.1)

wEN w=<ao
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Now let us denote
a={w|w=<a}

and let us consider the map
A:A*=L*R)® C* — BR) @ ¢

defined by
Ap = (9, (60(9))w<a)-

Then clearly A is linear continuous and injective and we have
AC*(R) C C(R) & C“.

On the other hand, from (B.1) it follows that A is bijective with continuous inverse
given by

A_l(l/’a (Aw)w<a) = (XW + Z Owaw X o> (wa(w))we&)a

w<o

where we used the notation
V() =y(§) foro=( a)) ca.
It is also easy to check that A~! sends C (Iﬁ) @ C% into C “(ﬁ), hence
A: C*(R) — C(R) & €%

is an isomorphism.
Summarizing we have

) A: C*(R) ~ C(R) ® €%,
and
(ii) A: A% ~ B(R) @ C2.

Let R U @ be the topological disjoint union of R with the discrete space &. We
have obvious identifications

CRy®C*~C@Rua) and BR)®C*~ BRUQ),

which in particular induce the natural notion of b-convergence for sequences on
the space B(Iﬁ) @ C%. Then it is clear that A and A~! are continuous for the b-
convergence. It suffices now to apply Theorem B.1 to X = R U a, using also
Theorem 3.10. U
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