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m eigenvalues (counting multiplicities) in the interval (—e, €). This condition is expressed
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allows us to control the probability of having m closely lying eigenvalues for H,, — a result
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1. Introduction

1.1. Small eigenvalues and the Green function. Let A be an invertible Hermit-
ian N x N matrix with inverse A~!, and let Iy be the N x N identity matrix.
Let G(x, y) denote the matrix element in the (x, y) position of 4™1, also known
as the Green function of A. Our first objective in this work is to relate informa-
tion about the small eigenvalues of A to the behavior of G(x, y). Let us denote
by C¢(A) the number of eigenvalues (counting multiplicities) of A in the interval
I := (—€,€). As afirst step, let us ask the most basic question: does A has at
least one eigenvalue in the interval /.? A well known result in the matrix analysis
says that

Ce(A) >0 = A7 > é
Since || B|lmax < ||B|l < N | B|lmax for any N x N matrix B with
18 llmax = max [B(x. y)l.
we obtain the relations
Ce(A) > 0 = there exists a pair {x, y} such that |G(x, y)| > i; (1.1a)
and
|G(x,y)| > é for some pair {x, y} = C.(4) > 0. (1.1b)

It is natural to try to quantify these relations further, viz. to detect whether the
matrix A has at least m small eigenvalues from the behavior of G(x, y). To this
end, we prove the following result.

Theorem 1.1. Let A = A* be an N x N invertible matrix. Let A, B] denote the
submatrix of A with rows indexed by index subset o and columns indexed by index
subset B. Consider the following two assertions:

L Ce(A) = m;
II. there exist index subsets
Ay ={i1,....im} and Bm ={Jj1.. .., jm}
of {1,..., N}, such that

K2
A Y, BulA™HBm. ttm] > — In[om,am]  for some K > 0, (1.2)
€

where Iy is the N x N identity matrix.
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Then (1) implies (11) with

Cn 1

K = W and Cm = W (13)

Conversely, (I1) with K = 1 implies (1).

The constant Cy, in (1.3) is not sharp for m > 1. However, the dependence
on N is optimal (and we will be interested in small m, large N behavior in the
application below).

It is often convenient to work with principal submatrices A~![y] of A~!. One
can tailor Theorem 1.1 somewhat differently to accommodate this requirement, at
the cost of increasing the cardinality of the corresponding index subsets oy, Bm,-
Namely, we have the following result.

Corollary 1.2. Let A = A* be an N x N invertible matrix. Consider the following
two assertions:

L Ce(A) = m;
II. there exists an index subset vy, = {i1,...,iam} of {1,..., N} such that for
any subsety D yp, for which the matrix A~'[y] is invertible

GG/K((A_I[]/])_I) >m for some K > 0. (1.4)

Then (1) implies (11) with

Cn 1
K = W and Cm = W

Conversely, (I1) with K = 1 implies (1).

Remark. The matrix (47![y])~! coincides with the Schur complement of A[y¢]
in A, see (2.1) below for details. Here y¢ = {1,2,..., N} \ y.

1.2. Application to random Schrodinger operators. In quantum physics, the
tight-binding approximation is often used as the prototypical model for the study
of electron propagation in solids. In this model, the evolution of the wave function
¥ on the d-dimensional lattice Z¢ is given by the Schrodinger equation

ihy, = Hy,  9(0) = Vo, (1.5)

where the self-adjoint Hamiltonian H is a sum of the hopping term H, and the
potential V, of the form

(Hy)(x) = (Hoy)(x) + V()Y (x), xeZ.

In this work we consider the random operators that have this functional form. Let
us list few of these.
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Anderson model H4. One of the best-studied models for disordered solids was
introduced by P. H. Anderson in [1]. In this model the Hilbert space is 122(Zd ),
the hopping term H, is the discrete Laplacian A, and the potential V' in H above
is of the form V(x) = gv(x), where the potentials v(y) are independent random
variables. The real parameter g is a coupling constant which describes the strength
of the disorder.

Alloy-type Anderson model H,joy. Here the Hilbert space is also 02(Z.4), the
hopping term H is a short range ergodic operator. The value of the potential V' (x)
at a site x € Z? is generated from independent random variables {u(y)} via the
transformation

V(xX) =g axyu(y).

yel

where the index y takes values in some sub-lattice T' of Z¢. The Hamiltonian
Hy coincides with Hyjioy provided Hp = A, T = 74 a, = 32|, where § is
Kronecker delta function: §o = 1; §x = 0 for x # 0. In general, the random
potential at sites x, y is correlated for this model. As its name suggest, Hyjoy is
used to describe (random) alloys in the tight binding approximation.

Random block operator Hyjoe. The Hilbert space is £2(Z%; C*) = (£2(z%))*
(the space of square-summable functions y: Z¢ — CK). The kernel Hy(x, y) of
the hopping term is a deterministic, translation invariant k x k matrix. The random
potential V(x) at each site is an independently drawn random k x k Hermitian
matrix multiplied by g.

1.2.1. Previous results. Anderson [1] argued that in the g > 1 regime, the solu-
tion of the initial value problem (1.5) for Hy4 stays localized in space for all times
almost surely if the initial wave packet ¥ is localized. Mathematical study of An-
derson localization is an active field; we refer readers to the recent reviews [14, 20]
on the subject for the detailed bibliography. In this work, we focus our attention on
a single aspect of Anderson localization — the so-called m-level Wegner estimate.

Let | S| denote the cardinality of the set S. Let H /i\ be a restriction of the
operator Hy to a finite box A. Then the m-level Wegner estimate is an upper
bound on the probability of n eigenvalues being in the same energy interval /. :=
(E—¢,E+e):

P(Cc(Hf — E) = m) < Cu(|Ale)",
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for random variables v (x) with a bounded density. As such, it gives some measure
of the correlation between multiple eigenvalues. We will refer to the 1-level bound
simply as the Wegner estimate (first established by F. J. Wegner in [22]). It plays
the instrumental role in the proof of Anderson localization.

If localization occurs in some energy interval / C R, the entire spectrum of
Hy in [ is pure point. It is then natural to study the distribution of the eigenvalues
for H [{\ in this interval. Physicists expect that there is no energy level repulsion for
states in the localized regime: that is, the eigenvalues should be distributed inde-
pendently on the interval /. The first rigorous result in this direction, namely that
the point process associated with the (rescaled) eigenvalues converges to a Pois-
son process, was obtained by Molchanov [19] in the setting of a one-dimensional
continuum.

Minami [18] established the analogous result for H4 under the assumption that
the distribution p of every v(n) has a bounded density. The key component in [18]
is the 2-level Wegner estimate, which is consequently known as the Minami esti-
mate.

By now the localization phenomenon for the original Anderson model Hy is
well understood. In particular, the general m-level Wegner estimate is known to
hold for essentially all distributions p of the random potential v(x); see [2, 11].
We refer the reader to [5] for the state of the art results concerning eigenvalue
counting inequalities for H4. However, the current understanding of many (in
fact almost all) other random models of interest remains partial at best.

The Wegner estimate for a special class of alloy-type Anderson model Hyjjoy
was first established by Kirsch in [13]. By now it is known to hold in fair generality
(albeit not universally). See the recent preprint [17] for the extensive bibliography
on the subject. The Wegner estimate for a random block operator Hpjocx — With
V(x) = gv(x)A where v(x) are independent random variables and A is a fixed
invertible Hermitian matrix — holds in perturbative regimes. That is, it holds near
the edges of the spectrum, [4] and in the strong disorder regime 1 <« g; see [8].
A weaker bound (weaker in terms of the volume dependence) near the edges of the
spectrum was established for Frohlich model, where the matrix-valued potential
is given by V(x) = gU(x)* AU(x), where A is a fixed self-adjoint k x k matrix,
and the U(x) are independently chosen according to the Haar measure on SU(k);
see [3].

On the other hand, not much progress has been made on extensions of the
multi-level Wegner estimate, besides allowing for more general background oper-
ators Hy than the discrete Laplacian. In particular, apart from two special exam-
ples below, all previous works require a non-correlated random potential. In [16],
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this limitation was partially removed in the continuum one-dimensional setting, al-
lowing for positively correlated randomness. In [6], the authors announced the es-
tablishment of the Minami estimate and subsequently Poisson statistics for a gen-
eral class of positively correlated random potentials. Unfortunately, although [6]
contains a new elegant and efficient proof of Minami’s estimate for Hy, its ex-
tension to the generalized setting has a significant gap, which so far has not been
removed. Finally, let us mention the recent result [21], which established the Mi-
nami estimate for a special class of weakly correlated randomness for which one
can transform the problem to the uncorrelated one.

The reader may wonder about the glaring disparity between the wealth of re-
sults on the 1-level Wegner estimate and the scarcity of results for its many-level
counterparts. The reason can be traced to the direct (and frequently exploited)
link between the former and the underlying Green function given by (1.1). The
amenable nature of the Green function then allows one to establish a robust 1-level
Wegner estimate in many situations of interest. In the present work, we harness
the connection between the many-level Wegner estimate and the Green function
given by Theorem 1.1 to establish an m-level Wegner estimate for a certain class of
models with correlated randomness. Roughly speaking, our method works if the
randomness in the system is sufficiently rich. (We will quantify this statement in
the sequel.)

Although in most known applications (such as localization, simplicity of the
spectrum, and Poisson statistics of eigenvalues) one is interested in the 1- and
2-level Wegner estimates, it is nonetheless natural from a mathematical perspec-
tive to investigate the general many-level case. From a practical perspective, it
can yield some insight on the nonlinear Anderson model via multi-state resonance
phenomenon, [9].

The blessing and the curse of the existing methods employed in proof of the
Minami estimate (with the single exception of [16]) is that the nature of the back-
ground operator Hy plays little if any role in the proofs. It is however clear that
in the case of the correlated random potential in H4 one cannot hope to get the
Minami estimate without exploiting the structure of Hy. Indeed, consider the one
dimensional operator Hyjjoy With Ho = 0, and the random potential at odd sites
being i.i.d. random variables, while v(2n) = v(2n — 1). Its spectrum consists
of (the closure of) the set of eigenvalues {1,} = {v(n)}, each one being degen-
erate. Consequently, even though Hyyey in this setting is perfectly localized, the
probability of finding two closely lying eigenvalues is equal to 1.
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1.2.2. The m-level Wegner estimate for the random block model Hpjocx. We
will consider the class of random block models Hyjock introduced earlier.

Let § = (V, &) be a graph with degree at most «, such that the set of vertices
(sites) 'V is finite with cardinality N. The main example of this model is the re-
striction of the lattice Z¢ to the box, but the greater generality does not require
additional effort here.

Let (€2, IP) be a probability space. Let

{V(x) =gAp(x): x eV, e}

be a collection of independent, identically distributed random k x k Hermitian
matrices.

Basic assumption. We now state the main technical condition that we will use
as an input for our application theorem below.

(A) For an integer n, let S be a given set of 2nk district integers. Then the matrix
Ay (x) — a is invertible for all a € S and all w € Q. Moreover, there exists an
a > 0 such that, for any integer a € S, any € € [0, 1] and arbitrary Hermitian
k x k matrix J the bound

P(|det((Ap(x) —a) ™ + (J +a)™")| <€) < Ke* (1.6)
holds.

It guarantees that the randomness in the system is rich enough to imply the
result below (Theorem 1.3). At the first glance, a more natural condition should
concern the properties of the matrix A,(x) + J as it is the correct functional
form of the corresponding Schur complement of H,, (see Section 3 for details).
However, this turns out to be an unsuitable choice because of the absence of an
a priori bound on the norm of the background operator J (which encodes the
information about the environment of the x-block in H,,). On the other hand, for a
sufficiently large set of numbers {a; } one can ensure that regardless of the norm of
J, one of the matrices {(J +a;)~'} is bounded in norm by 1 (see Proposition 3.2).
We then exploit the fact that matrices (4A—a) ™!+ (J +a)~!, which appears in (1.6),
and A + J are related:

A+ DN '=U-a)'—U-a) " (A-a) '+ T +a)™H T U4-a)7L, (1.7)

provided that A —a and J + a are invertible. One can readily verify (1.7), which is
in fact a particular case of Woodbury’s matrix identity, by multiplying both sides
by A+ J.
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We now introduce our single-particle Hamiltonian. Namely, let H,(g) be a
random block operator Hyjocx acting on £2(V; Cck ) (the space of square-summable
functions ¥ : V — C¥) as

(Ho()¥)(x) = (Ho¥)(x) + gAu(x)¥ (x), (1.8)

where g > 0 is a coupling constant, Hy is an arbitrary deterministic self-adjoint
operator on ¢2(V;CK), and A, (x) is an independently drawn random k x k
Hermitian matrix as above. We use the notation H,,(g) instead of Hpjock tO stress
the random nature of this operator as well as the dependence on the parameter g.

Theorem 1.3. Assume (A). Then
1. for any E € R the operator Hy,(g) — E is almost surely invertible;

II. Moreover, there exist €9 > 0 and C > 0, which depend only on k,m, «, for
which we have

P(Ce(Ho(g) — E) = m) < C|In(Ne/g)(Ne/g)* ™ (1.9)

forany E € R, for any € € [0, €o] and for all m < n. In the m = 1 case we
can improve the above bound to

P(Ce(Hg — E) > 1) < C(Ne/g)". (1.10)
1.2.3. Examples

e Anderson model Hy. As we mentioned earlier, the nontrivial Minami esti-
mate is well understood only for the original Anderson model among all alloy-type
models. It is therefore a litmus test to verify Assumption (A) for Hy4.

Theorem 1.4. Suppose that the distribution [ of the v(x) variables in Hy4 is com-
pactly supported on the interval I = [—b, b] for some b > 0 and is f-regular, i.e.
for any Lebesgue measurable S C I we have

u(s) < CIspb.
Then Assumption (A) holds with a = B.

Our approach to the Minami estimate is also meaningful for the I'-trimmed
Anderson model introduced in [7], near the edges of the spectrum, in the sense
that Assumption (A) can be verified for it.
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e Frohlich model and alloy type Anderson model Hyjoy. Assumption (A) is
either not satisfied for a single site x or is satisfied with a power o which is too
small to make the result meaningful. However, the close inspection of the proof of
Theorem 1.3 shows that the matrix J that appears in Assumption (A) is not required
to be completely arbitrary. In fact, the relevant matrices J carry the structure of
the Schrodinger operator (with arbitrary boundary conditions). It seems plausible
(and is on our to-do list) that Assumption (A) can be verified for such J and sets
of sites that include x and its neighbors.

e 'The third model arises from the study of dirty superconductors via the Bogo-
liubov—de Gennes equation. After a suitable change of the coordinate basis, the
Bogoliubov—de Gennes (BdG) model above can be described in terms of the op-
erator defined in (1.8), with A, (x) = 0,(x) € M3x,, Where 0, (x) is a random
Pauli matrix of the form

Ux

Ow(X) = |:

Ux j| where u, and v, are random variables. (1.11)
Uy —Uy

The m-Wegner estimate for these models has only been established for m = 1
case, for a restricted class of joint distributions of u, v variables (absolutely con-
tinuous and with support in a half plane), and for a specific background operator
Hy in [15,10]. We establish the robust Wegner and Minami estimates for this
model.

Theorem 1.5. Let each A, (x) be given by (1.11). Suppose that the joint distribu-
tion | of the u, v variables is supported on a unit disc O and is B-regular, i.e. for
any Lebesgue - measurable S C O we have

w(s) < C|s|p.

Then Assumption (A) holds with a = B.

1.3. Paper’s organization. We prove our main abstract result, Theorem 1.1, along
with its corollary, in Section 2. We prove our result on eigenvalue estimates, The-
orem 1.3, in Section 3. We consider the implication of the latter result for the
random block operators in Section 4. These proofs depend on a number of auxil-
iary results, which we prove in Section 5.
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2. Proof of Theorem 1.1 and Corollary 1.2

2.1. Notation. Let n be a positive integer, and let « and 8 be index sets, i.e.
subsets of {1,2,...,n}. We denote the cardinality of an index set by |«| and its
complement by «¢ = {1,2,...,n}\«. For an n xn matrix A4, let A[«, 8] denote the
submatrix of 4 with rows indexed by & and columns indexed by 8, both of which
are thought of as increasing, ordered sequences, so that the rows and columns of
the submatrix appear in their natural order. We will write A[«] for A[e, «]. If || =
|B| and if A, B] is nonsingular, we denote by A/A[«, 8] the Schur complement
of Ala, B]in A, [23]:

A/Ale, B = Alo, BT — Ale, B1(Aler, B]) ™' Aler, B. 2.1

We will frequently use Schur’s complementation and its consequences in this
work; we refer the reader to the comprehensive book [23] on this topic.
For a Hermitian matrix A and a positive number a we will write

Ba(A4) :=|o(4) Na, o0)].

Let P.(A) denote the spectral projection of the Hermitian matrix A onto the
interval (—e¢, €) for € > 0.

2.2. Proof of Theorem 1.1. Suppose that (I) holds. We will use the following
assertion.

Proposition 2.1. Let A be an N x N positive definite matrix, and suppose that
Ba(A) = k for some a > 0. Then there exists an index subset oy, = {i1,i2,...,1Ix}
of{1,..., N} such that

Alog] =

a
= WIN[“I(]-

By Proposition 2.1, there exists o, such that
Cm
Pc(A)[am] = — In[am].
N
with

1

Cn = g1

Combining this bound with

o, 1
A2>Z&M)
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we obtain c
A_z[am] > N—:;IN[O‘m]-

Since o (TT*) \ {0} = o(T*T) \ {0} for any operator 7', we deduce from the
previous equation (with T = Iy o, an]A™!) that there exists an orthogonal pro-
jection Q of rank m such that
> Cm

Ne2 ="
Applying now Proposition 2.1 once again, we conclude that there exists 8,, such
that (1.2) holds with K given by (1.3).

A_IIN [O‘m]A_1

Conversely, suppose that (1.2) holds with K = 1. Since
A_z[am] = A_l[am’ ,Bm]A_l[,Bmy am],

the assertion follows from the Cauchy interlacing theorem for the Hermitian ma-
trix A~2 and its principal submatrix A~2[0,]. O

Proof of Proposition 2.1. The proof will proceed by induction in k. If k = 1, the
result follows from the fact that 4 is positive, so tr A = 3,4y 4 > a. Since
the trace is at least a, there exists a diagonal entry which is greater than or equal
to &

Suppose we have established the induction hypothesis for k = K. We want to
verify the induction step, i.e. the case k = K + 1. To this end, choose the index i;
so that 4;,;, > A;; for all i. Without loss of generality, let us assume thati; = 1.
Then A is of the block form

A 11 U
A= [ h B].

Consider now the matrix D = A/A;;. It is positive definite by the Schur com-
plement condition for positive definiteness (as A is positive definite). Also, the

matrix
All u
F =
|: u* B-— Dj|

is rank one (since F/A;; = 0), so by the rank one perturbation theory,

Ba(A—F) > K.
But B,(A— F) = B,(D). Using the induction hypothesis, we conclude that there
exists an index set ag = {i2,...,ig} with 1 ¢ ag such that
a
Dlak] = ——%— Inlex].

~ K!2K-IN
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The induction step (with ax41 = ax U {1}) now follows from the following
assertion. O

Lemma 2.2. Let A be an [ x [ positive definite matrix of the block form

_ All u
A_[u* B] 22)

Suppose that, in addition, A1, > Aj; foralli € {1,...,l}, and A/A1; > a for

some a > 0. Then A > %

Proof of Lemma 2.2. To show that A — 7 > 0 it suffices to check (by the Schur

complement condition for positive definiteness) that

An-520 (4-5)/(an-3) =0 2.3)

Since A/A11 > a, we have A;; > a for alli > 2 as a is positive, so by assumption
of the lemma A;; > a as well (and hence we have established the first bound
in (2.3)). Next we write

(A_i)/(Au_i):B_i_Lua
An

21 21 21 _“
21
— (B- ﬂ) _a auu (2.4)
A11 21 21A11(A11—d/2l)
a u*u

=T T YA

Now observe that since A is positive, the contraction A[{1, i + 1}] is also positive
for all 7, and in particular det A[{1,i + 1}] = A11B;; — |u;|*> > 0. But A;; > Bj;
for all i, hence |u;|?/(A11)? < 1. We therefore can estimate

lu*ull = [lul® < (¢ = D)(A1)>.

Substitution of this estimate into (2.4) yields the second bound in (2.3). ]

2.3. Proof of Corollary 1.2. We first observe that if sets of indices «, § satisfy
a C B, then A~ '[«] is a principal submatrix of A~![A], and we have

Ce((ATBD ™) = Ce((A7 )™ (2.5)

by the Cauchy interlacing theorem, provided the matrices A~ ![a], A~![B] are in-
vertible. Therefore, it suffices to establish the corollary for the smallest set ymin
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that contains y,, and for which A~ [ymn] is invertible. Without loss of generality,
we will assume that Ypmin = ym-

Suppose that (I) holds. Then Assertion (II) of Theorem 1.1 holds with K given
by (1.3). Construct now the set y,, = o U B, With oy, B, from Assertion (II)
of Theorem 1.1. Let us consider the matrix

B = (A [ym]) .

Since Aoy, Bm] is a submatrix of A~![y,,] we see that the condition (II) of
Theorem 1.1 is fulfilled for B. Hence we can apply Theorem 1.1 to B to conclude
that C¢/x (B) > m.

Conversely, suppose that (1.4) holds with K = 1. Then (I) holds as well, as
follows from (2.5) with @ = yp,, B ={1,..., N}. O

3. Proof of Theorem 1.3

We first observe that by scaling it suffices to prove the result for the g = 1 case.
We will use the shorthand notation H,, instead of H, (1) in the sequel.

Next, we prove the first assertion of the theorem, using induction in N.
To initiate the induction, we consider the case N = 1, so that H, = A, (x) + K,
where K is a deterministic Hermitian matrix. It follows from Assumption (A)
and (1.7) that H,, — E is invertible almost surely.

Suppose now that the induction hypothesis holds, i.e. the matrix H, — E is
almost surely invertible for N < M and all E. We want to establish the induction
step (N = M + 1 case). To this end, let V be any subset of V of cardinality M,
and let ﬁw be a restriction of H, to V. By the induction hypothesis, ﬁw — F
is invertible almost surely for all £. Let us consider some configuration w for
which ﬁw — E is invertible. Then H, — FE is invertible if and only if the Schur
complement of ﬁw —EinH, — E,ie. (Hyp — E)/(ﬁw — FE), is invertible, [23].
But (H, — E)/(ﬁw — E) is a Hermitian k& x k matrix of the form A, (x) + J,
where {x} = V\ V, and J is a matrix independent of the randomness in A, (x).
It follows by the same argument as in the N = 1 case that (H, — E)/ (ﬁw —FE)is
invertible for almost all values of the randomness in A (x).

We now prove the second assertion of the theorem. We will only consider
configurations w in € such that H, — E is invertible (for the remaining set of
configurations has measure zero by the first assertion).
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For the random operator Ty, let £.(Ty,) be the event {w: C(T,) > m}. With
this notation, we wish to estimate the size of the set £.(H, — E). If we enumerate
the vertices v € V, we can think of H, as a kN x kN Hermitian matrix with a
block form, i.e. the indices {{k — k + 1, ..., [k} correspond to the vertex [ in 'V,
with/ =1,..., N.

Size reduction. We first reduce the dimensionality of the original problem using
Corollary 1.2. This assertion gives us the existence of the index subset y,, with
|Ym| = 2m such that inclusion

Ee(Hw - E) C 8e/K(((['Iw - E)_I[V])_l) (31)

holds for any index set y D y,, for which (H, — E)~![y] is invertible, with K
given by (1.3). (To be precise, the matrix size N in that corollary gets replaced by
kN.)

In general, the submatrix (H, — E)~![y] can be a complicated object, so it
is not immediately clear that such a reduction is helpful. However, if the set
y happens to consist of the indices that agree with the block structure of H,,,
something interesting happens. More precisely, suppose thati € y = (j €
y for any j with | j/k| = |i/k]), where | - | is the floor function. In this case we
can associate y with a subset V' of the original vertex set V. Then the submatrix
((Hy — E)~[y])~! retains the same block form as H,,, in the following sense: if
we go back to the vertex representation for ((H, — E)~'[y])~! (which is possible
due to the special form of the set y), then for any ¥ € £2(V'; C¥) and any x € V'
we have

(Ho — E) ' lyD ') (x) = (Toy)(x) + Aw(x)¥(x). (3.2)

This can be seen from the fact that the matrix ((H, — E)~![y])~! coincides with
the Schur complement of (H,, — E)[y¢]in H, — E,

(Ho — E) '[y)™' = (Hyo — E)/(Ho — E)[y].

It is important to note that the operator Ty in (3.2) is independent of the random-
ness associated with matrices {4, (x)}xev’ (though it does depend on the other
random variables). We also note that the matrix ((H, — E)~![y]) is almost surely
invertible (as follows from the first part of the theorem).

Combining these observations, we conclude that it is beneficial (and sufficient)
to consider the sets y in (3.1) that respect the block structure of H,, and therefore
contain up to 2km indices (i.e. up to 2m vertices in V', as in Corollary 1.2, and
exactly k indices per vertex, to preserve blocks). Thus, we have obtained the fol-
lowing intermediate result
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Lemma 3.1. Suppose that the second assertion of Theorem 1.3 holds for all N <
2m. Then it holds for any N.

Norm reduction. The deterministic part of H, —namely the operator Hy — can
be arbitrarily large in norm (even if | Ho|| < C for the original H,, the size re-
duction process indicated above creates a new background operator 7y with un-
controllable norm). Our next step in the proof will require that the background
operator is bounded in norm by a constant, say by 1/2. We achieve this by means
of the following transformation.

Proposition 3.2. Let B, » be a pair of Hermitian L x L matrices with || By || < 1.
Consider the matrices

B = By + B>, EZ (Bl—aIL)_1+(Bz+aIL)_1

where a € R. Then there exists an integer a € [—L — 3,—=3] U [3, L + 3] (which
depends on B, but not on B1) and €y > 0 (which depends only on L) such that,
Jor any € < €y,

max(||(By —alp) ' (B2 + alp) ') < (3.3)

N =

and
Ce/2514)(B) < Ce(B) < Cy12.(B). (3.4)
We will apply this proposition to the operator H, — E by choosing B, =
Hy— E, By = H, — Hy. By the hypothesis of Theorem 1.3, the assumptions of

Proposition 3.2 are satisfied, with L = kN. Combining this observation with the
size reduction, we obtain the second intermediate result.

Lemma 3.3. Assume (A). Let H, be an operator acting on £*>(V; C¥) as

(Ho¥)(x) = (Hoy)(x) + (Ao (x) —a) "'y (x). (3.5)

Suppose that |Hy| < 1/2. If there exist ¢ > 0 and b > 0 (which depend on
k,m,a) so that for all integers a € [—km — 3, =3 U [3,km + 3] and all N <2m
the bound

IP(e7k2m26(1:\1(1)) > m) < b| 1n€|m€(x

holds uniformly in Hy and € < €y, then the second assertion of Theorem 1.3 holds.
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Reduction to the determinant. Suppose that C;2,,2, (H,) > m. Since by con-
struction || H, | <1, the operator H,, can have no more than kN —m large eigen-
values, and each of these can have an absolute value no larger than 1. As a result,
we obtain the bound:

|det Hy| < (Tk>m2e)™. (3.6)
We may now employ the following lemma to calculate the probability of the afore-

mentioned bound on the determinant. Its proof can be found in Section 5.

Lemma 3.4. Assume (A). Let ﬁw be as in (3.5), and let gg be the event
€s = {w e Q: |det Hy| < §).
Let
8o 1= exp(RKa't/N).

Then for any § € [0, §9] we have
P(&s) < 2Ka)V ™ (57182, (3.7)

Using this result in conjunction with (3.6) we obtain that there exist ¢ > 0
and b > 0 that depend on k, m, « so that

P(Cop2p2e (Hy) > m) < b|Ine|™e™, (3.8)

for N < m and for € < €. The combination of Lemma 3.3 and (3.8) yields (1.9).

Improvement on the Wegner bound. We want to improve on this bound for
the special case that m = 1. In this case we need to verify the (improved) input
for Lemma 3.1 for N = 1 and N = 2. In the former case, the bound (1.10)
follows from Assumption (A) and Proposition 3.2 (where we choose B, = Ho—E,
By = H, — Hy). So for the rest of the argument we will assume that N = 2.

Let &, S¢ be the events

e ={w: Cc(Hy — E) = 1}

and
8¢ ={w: Co/3(Hy — E) > 2}.

We first observe that it follows from (1.9) (which we already established earlier)
that
]P((‘i6 N 86) < IP(SG) < Cl ln(620t/3)62a/3|2 < Ce®
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for € sufficiently small. Therefore, to get (1.10) it suffices to show that P(E,~8¢) <
Ce“. To this end, suppose that w € €, ~ S¢. Then

1
(Hy—E+€6) ' +2¢23 >0, |(Ho—E +e) ' +2723 > > (9
€

If V. = {x,y}, let us denote by P, (P),) the rank k projection onto the site x
(accordingly y). The positivity of the left-hand side can be exploited by means of
Lemma 3.5 below with choices Py = Py, P, = P,.

Lemma 3.5. Let A > 0, and let P15 be orthogonal projections that satisfy
PP, =0. Let P = Py + P»>. Then we have

| PAP| < 2max([| Py AP, || P2AP]|). (3.10)
Using (3.9) and (3.10), we infer that € R, (and thus £, ~ 8, C R¢), where
Re = {o: max (| 7;(Hy — E + ) P 42723 = 41—6}
But
Py(Hy—E+¢€) 'Py=((Hy—E +¢€)/Px(Hy— E +€)Py)""
= (Ao(x) + J)!

by the block inversion formula. Here the operator J depends on A4, (y) but not on
A, (x). Hence we can deduce from Assumption (A) and Proposition 3.2 that

1 ~
P(| Py(Ho — E + ) Py| = ) < Ce.
Se

with C that depends on k, & but not on €. The same bound holds with P, replaced
by P,. Hence we infer that for ¢ small enough

P(Re) < Ce¥,
and the result follows. O

Proof of Lemma 3.5. Let Ay = PiAPy, A, = P,AP>,and A;» = P1AP,. Then
by Schur complement condition for positive definiteness

A, >0 and A > A12A;1A21.
Since A, is positive, A;1 > 1/]|Az]|, hence

A1 > A2421/ || A2,
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and so
ALl A2] = [|412]1%,

where in the last step we have used A1, = A7,. Since
| PAP| < max([|Ay]| + [[A2]l. [[A2]l + [|A21]),

the result follows. O

4. Proof of Theorems 1.4 and 1.5
4.1. Proof of Theorem 1.4. Let a be an integer that satisfies « — b > 2, and let
j be arbitrary fixed real number. Then if € € [0, 1/(2a)], the inequality

1 1
vy—a j+a

<e€ 4.1)

for vy has solutions in 7 only if 0 < j + a < 1. Since equation

1 1

vy—a j+a

= €

defines the pair of points

1
+ (j+a)ylxe

Vy = a

the set of v, for which (4.1) holds is the interval T of length

1 1 2e

= — = < 4e,
(G+a)ytl—e (G+a)l4+e (+a)y?-e2

1]

where in the last step we used 0 <a + j < 1,€ < 1/(2a) < 1/4. Hence

°(

by the hypothesis of the theorem. U

1
vy—a j+a

<e) §Ceﬂ

4.2. Proof of Theorem 1.5. We first establish the bounds

P(| det(o,(x) + J)| <€) < CeP 4.2)
and
P(Ce(00(x) + J) # 0) < CeP (4.3)
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for € € [0, 1]. Indeed, note that det(o,(x) + J) = ¢? — (uy —a)? — (vx — b)? with
some constants a, b, ¢ originating from J. Therefore the set | det(o, (x) + J)| < €
is an intersection / of the disc O with the annulus centered at a, b and with radii

R_ = /max(c2 —¢€,0), R+ = +/c% + €. The area of this set therefore cannot

exceed (R3. — R%) < 2me and (4.2) follows. To establish (4.3), we note that
P(Ce(00(x) + J) # 0) = P(||(00(x) + )7 = 1/e).

The value of || (0, (x) + J) ! | however can be evaluated explicitly and is given by

1(00(x) + )71 = |le] = V(ux —a)2 + (ve — b)2| ",

with the same constants a, b, ¢ as before. Hence the set of the points in O that
satisfy || (0, (x) + J)~1|| > 1/€ is an intersection I of the disc O with the annulus
centered at a, b and with radii R_ = ||c| — €|, R4 = |¢| + €. The area of I cannot
exceed the circumference of the unit circle times the maximal thickness 2¢ of the
annulus, so |I| < 4e, and (4.3) follows.
The assertion of the theorem follows now from Lemma 4.1 below (whose proof
can be found in Section 5) and bounds (4.2) and (4.3).
O

Lemma 4.1. Let A and J be Hermitian k x k matrices, and let a be some real
number that satisfies |a| > 2. If ||A]| < 1 and

1 -1 \*
[det((A—a)™" + (/ +a)7)] < 16|a|{2(||z|| i |

then we have
Q(a| + D?) 7| det(A + J)| < |det((A —a)™' + (J +a)™ )|
or

%lal{z(h” + 1)2||(A + J)—IH}l—k < |d€t((A —a)_l n (_] +a)—l)|‘

5. Proofs
Proof of Proposition 3.2. If |a| > 3, then since || B1|| < 1, we have

vi=|(Bi—a)7 ', L+H'<v=<1/2 (5.1)
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Since B, is L x L, it has at most L distinct eigenvalues. On the other hand, for

every set S of real numbers with |S| = L there exists an integera € [-L—3, —3]U

[3, L + 3] so that dist(S, —a) > 2, hence we can choose a that satisfies (3.3).
With this choice of a, consider the block matrix W of the form

Wy [(Batal)™ (Bi—aly)!
B |:(Bl _aln)_l —(B: _aln)_1j|.

Note that the Schur complements to the upper and lower diagonal blocks are
—W/Wii=(Bi1—a)' +(Bi—a) ' (Ba+a)(B —a)™":
and
W/ W = (By+a)"' + (Bi—a)”".

Let
T =(B—a)')v, (5.2)

where v is given by (5.1).
In what follows, we will need two lemmas.

Lemma 5.1.
(1) Let D = D*, D = D* € M, ,. Then

Ce(D) < Cac(D),

provided |D — D|| < e.
(2) Ce(A) < C<(BAB) whenever

A=A* B=B* |B|<1l. (5.3)

Lemma 5.2. Suppose D = D* € My, ,, is of the form

o[} 1)
with A € My, B € My m, |V| < 1/2, and
Cae(B) = 0. (5.4)
Then
Ce(D/B) = Ce(D); (5.5)
and
Ce(D) < Cpe(D/B), (5.6)

with B = 2(|B~'|| + 1)2
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Armed with these results, we can infer that
Ce(B) = €2 (V> B)
< @2 (vV2TBT)
= Cp2(W/Wiy)
< Cp2e(W)
< Cpy2(W/ Wa2)
= Cp,2.(B),

5.7

where in the second step we have used Lemma 5.1 and in the remaining steps we
have used Lemma 5.2. Here

B =2(|(Wa) M| + 1)? < 2(L + 5)* < 2517

for L > 2. (Itis straightforward to check that the relation Cc(B) < Cg,2, (§) holds
for L = 1.) Plugging in the upper bounds for v, § we get the second inequality
in (3.4):

Ce(B) = Cy12.(B).

On the other hand, let

’

B2+aln Bl—aln 1
U =K N K= —.
By —al, —Bi+al, 2||By —al|

Then
U/U22 = KB;
and
~U/Up = k(B —a + (B1 —a)(By + a) ' (B1 — a)).

Similarly to (5.7), we obtain

C2e/2522)(B) = C/a512) (™ T(U/ Ur1)T)
< Cre/2512)(U/ Un1)
< Cre/2512)(U)
< Cyge/(251.2)(U/ Ua2)
= Ce(B),
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with T given by (5.2) and

B =2(|(Ua2) | + D? < 2(|| By —a| + 1)* < 25L2.

Since
vZe € €
> > s
2502 — 25L2(L +4)% — 22514
the first inequality in (3.4) follows. O

Proof of Lemma 5.1. For part (1), we use the Weyl’s theorem, cf. Theorem 4.3.1 in
[12], which states that if

o(4) = {Ai (D)=,
o(B) ={Ai(B)}-1.
o(A+ B) ={%i(A+ B)}j_,.
for Hermitian A, B, with the eigenvalues arranged in increasing order, then
Ak(A) + A(B) < Ag(A+ B) < A (A) + A, (B), k=1,..,n.

Therefore, every number Ax(A + B) which lies in the interval [—e¢, €] can be
matched with A, (A) € [—2¢, 2¢], provided that || B| < e.

For part (2), observe that there exists a Hermitian matrix A such that
(1) |A—A| <e,
(2) nul(4) = Cc(A), and
(3) A has no non-zero eigenvalues in the interval (—e, ¢€).

Then Sylvester’s law of inertia implies that nul(ff) <nul(B AB ) (with equality in
the case of nonsingular B). Since | BAB — BAB | < € we can use Weyl’s theorem
again to conclude that

Cc(BAB) > nul(BAB) > nul(4) = C.(A). O

Proof of Lemma 5.2. The relation (5.5) follows from the interlacing theorem for
inverses of Hermitian matrices — see Lemma 2.3 in [23], which is itself a simple
consequence of the the Schur complement formula and Cauchy interlacing theo-
rem for Hermitian matrices.
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To prove (5.6) note that there exists a matrix

ﬁ:: ,1\4 ‘//\
V* B

such that

() |ID-D] <e,

(2) nul D = €.(D), and

(3) D has no non-zero eigenvalues in the interval [—e, €],

where nul D is the multiplicity of the zero eigenvalue of D, and equals zero if this
eigenvalue is absent. One can readily prove the existence of D by diagonalizing
D and replacing all eigenvalues less than or equal to ¢ with zeros. Using the
Haynsworth inertia additivity formula, we get

nul D = nul B + nul(D/B).

Observe that the condition (1) above implies || B-B | < €. We can therefore infer
from (5.4) and Lemma 5.1 that

Ce(B) = 0. (5.8)
As a result we obtain the equality
Ce(D) = nul D = nul(D/B). (5.9)
Note now that
\VB~'W* —VB~'V¥|
< V=W IBTV* +VII- 1B~ = B~ - [V*|
+ VBT (7 =V

~ 1 1 - 1 1 -~
—1 —1 —1 —1
<elBT(5+¢) +51B7 = B7NI(5 +€) + 518 le
~ 1 1 ~
2 -1 -1 -1
= B — -)I|B~ — B
(e+ MBI+ (e + )l n
RPN 1 -~
< Z¢||B7Y + =B~ = B7!.
< 5elB7 )+ 5] n

(We have assumed that € < %.) Using the first resolvent identity, we get the bound

1B =B = 1B (B - BB <elB7|- 1B, (5.10)
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which in turn implies the estimate
IB7H < B~ + el B~ -1B7 <2187

where we have used (5.8) in the last step. Inserting the last inequality into the
right-hand side of (5.10), we finally obtain

1B~ = B7'| < 2¢] B~V
As a result, we arrive at

PPN 3
VB~V — VBTV < EEIIB_III +el| BT,

hence
A/B 3 p-t —12 -1 2_. B
1D/B = D/Bl = e(1+ 517+ 1B7?) <e(IB~ |+ 1) = .
Consequently, we get
Ce(D) = nul(D/B) < €se (D/B) < Cpe(D/B),
2
where we have used (5.9) in the first step and Lemma 5.1 in the last one. O

Proof of Lemma 3.4. We use induction in N. For N = 1 the result follows from
Assumption (A). Suppose that (3.7) holds for |V| = N. We wish to establish the
induction step, i.e. (3.7) for |V| = N + 1. We can evaluate det ﬁw using the Schur
determinant formula. Namely, for x € V let us denote by HS? the restriction of
I-?w to the site x. Then

det A, = det AD det(A,/A)

by Schur’s determinant formula. Both determinants on the right-hand side are
random, but the first one depends only on randomness associated with A, (x), a
fact which we will exploit momentarily. We note now that the Schur complement
I-?w / I-AILf,x) is by itself also of the form (3.5) (with V replaced by V\ {x}). Note that
the Ho term in H,, / Fl(f)x) might depend on A4, (x), but not on the other random
variables {4, (y)}. By the induction hypothesis, we have

P(|det(Hy/HS)| < 1) < @Ka)Y N (771, r €0, 1]. (5.11)
Let S := {w: |det H,| < €}, and let

Fp = |detHY|, G, = |det(H,/HM)|.
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We set Q := {w: min(F,, G,) < €}, then by Assumption (A) and the induction
hypothesis
P(Q) < (K + 2Ka)Y In¥ (e71))e”. (5.12)

On the other hand, we have

1
XG\Q%{/XMhSQM&—nm

Taking expectations on both sides and using (5.11), we obtain
1

Ex(5~ Q) <E [ ds8(Fy—9B(1(:G0 <€) | Au(x)
€

S
1 In? (E)é(Fw - s)d

< (2Ka)Ne°‘]E/ s

) g (5.13)
= (2Ka)N€“]E1nN(E_1Fw)X(1 > Fp > €)
(Fo)®
1d>Fo>e€)

< 2Ka)Ve* IV (e HE AT

Using now Assumption (A) and the layer cake representation, we get

—

x(1> F, >¢) /6 o
e P((F, > t)dt
(Fo)® R
< 5.14
< K/ —dt ( )
1 t
= KalIn(e™!).
Combination of (5.12), (5.13), and (5.14) yields the induction step. O

Proof of Lemma 4.1. We have
|det(4 4+ J)7 !
= |det(A —a) || det(J +a)7 ! |det((A—a) ' + (J +a)"H)7!|.
Suppose first that Cy6)4((A —a)™' + (J +a)~1)~!) = 0. According to (5.3)
Cre/lal((A—a)(A-a) '+ (J+a) ) (A-a)™)

< Cig/jal((lal/D2(A =)' + (J +a)™H7H

= Chlg) (A=) + (T +a)™H7H

=0,
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where we have used |4 — a|| > |a|/2. Since
I(A-a)7" < (la] = D)7,
we can use (1.7) to decompose
det(4 + J)™!
=det(A—a) " (A—a) '+ (T +a) ™) M A —a) ") det(H - 1),
with
H=(A-a)™ +({ +a) )A-a).

It follows that | H|| < 1/2, and consequently |det(H — I)| > 2*. On the other
hand, |det(A — a)| < (Ja| + 1)¥, and we can conclude that

|det(4 + ))7'| = 2(lal + D) ¥ |det(A—a) " + (J +a)")7. (5.15)
whenever Cig14/(A—a)™ '+ (J +a)"H ™) =0.
On the other hand, if Cyj4|(((A — @)™ + (J +a)~1)1) # 0, then

(A=) + (U + 0™ = e det((A =)™ + O+ @)

Hence
l(A-—a) (A-a) '+ (J+a) ) (A—a)7!|

> (la] + D2 (A~ + (I +a)" )7

> (|a| + 1)—2{%|a|| det((A— )+ (J + a)_l)_1|}1/(k—1).

Using (1.7), we conclude that

A+ D)7
1 1/(k—1)
> (la] + D ——|det(A~a)" + (T +a) )~ (al - D!
16]a|
1 1 1/(k—=1)
> _ 1 —2 A— —1 —1\—1
2 5(lal + D g [de(A =™ + (0 + ™) T
(5.16)
if Crga|((A —a)™! + (J +a)~1)71) # 0, whenever (2.2) holds.
Combining (5.15) and (5.16) we establish the assertion. [l
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