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An inverse anisotropic conductivity problem
induced by twisting a homogeneous cylindrical domain

Mourad Choulli and Eric Soccorsi

Abstract. We consider the inverse problem of determining the unknown functione : R - R
from the DN map associated with the operator div(A(x’,«(x3))V-) acting in the infinite
straight cylindrical waveguide @ = @ x R, where o is a bounded domain of R?. Here
A = (4;j(x)), x = (x/,x3) € Q, is a matrix-valued metric on Q obtained by straighten-
ing a twisted waveguide. This inverse anisotropic conductivity problem remains generally
open, unless the unknown function « is assumed to be constant. In this case we prove
Lipschitz stability in the determination of « from the corresponding DN map. The same
result remains valid upon substituting a suitable approximation of the DN map, provided
the function « is sufficiently close to some a priori fixed constant.
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1. Introduction

In the present paper we consider an inverse conductivity problem in an anisotropic
medium arising from the twisting of a homogeneous infinite straight cylindrical
waveguide. Generically the inverse conductivity problem in an arbitrary domain
Q C R", n > 1, is to determine a symmetric, positive definite matrix A = A(x),
x € €, representing the conductivity tensor of €2, from the Dirichlet-to-Neumann
(abbreviated to DN in the following) map associated with A4:

Ag:upg —> AVu -v.

Here u is the solution to the elliptic equation div(AVu) = 0 in 2 and v denotes
the unit outward normal vector to the boundary 92 of Q.

If A is isotropic (i.e. A is the identity matrix of R” up to some multiplicative
scalar -unknown- function of x € ), Sylvester and Uhlmann [36] proved that the
conductivity is uniquely determined from the knowledge of A4. Similar results
were derived by Lionheart in [28] upon substituting a suitable given matrix Ag(x)
for the identity. For a conductivity of the form A(x) = Ao(x,a(x)) where Ay
is given and « is an unknown scalar function, Alessandrini and Gaburro [2, 3]
obtained uniqueness and stability under the monotonicity assumption

drAo(x,t)y>cl, xeQ,tekR. 1.1

Here ¢ is some positive constant and / stands for the identity of R”. The case
A(x) = Ao(x(x)) was treated earlier by Alessandrini in [1] under the same kind
of monotonicity condition.

All the above mentioned results were obtained in a bounded domain of R”.
In this paper we will rather consider an infinite cylindrical straight waveguide
Q = o x R, where w is a bounded domain of R2. To the variable twisting angle
6 € C'(R) we then associate the twisted waveguide

Qo = {(Roxy)X', x3); X' = (x1,x2) € w, x3 € R},

where R; denotes the rotation in R? of angle £ € R. Twisted waveguides mod-
eled by Q4 exhibit interesting propagation properties such as the occurence of
propagating modes with phase velocities slower than those of similar modes in a
straight waveguide. This explains why these peculiar structures are at the center
of the attention of many theoretical and applied physicists (see e.g. [8, 20, 24, 31,
33, 37, 38]). From a mathematical viewpoint twisted waveguides are the source
of challenging spectral and PDE problems, some of them having been extensively
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studied in the mathematical literature (see e.g. [6, 11, 21, 22, 23, 25]). Moreover
the cylindrical geometry is well suited to the construction of complex geometri-
cal optics solutions [9, 7], which motivates for the analysis of inverse problems
occurring in waveguides.

We consider the following boundary value problem (abbreviated to BVP) for
the Laplacian in Qg:

Av(y) =0, ye€Qy,
(1.2)

v(y) =g(y), y €.
Upon straightening Q24, (1.2) may be brought into an equivalent BVP stated in 2.
This can be seen by introducing

R: 0
TS=(05 1),

putting u(x) = v(Thxy) (¥, x3)), x = (X, x3) € Q, and performing the change of
variable y = Tpx,) (X', x3). We get using direct calculation that u is solution to
the following elliptic BVP in the divergence form

div(4o(x’, a(x3))Vu) =0, x € Q, 13
u(x) = f(x), x €09, '

where o« = 0', f(x) = g(Tpxy) (¥, x3)) for x € 9L, and the matrix A is given
by
1+ x2t2 —xox11?  —xaf
Ao(x' 1) = | —=xox1t? 1+ x3t2 xit |, X ew, 1t eR.
—Xxpt X1t 1

At this point it is worth stressing out that the BVP (1.3) is stated on the straight
waveguide 2 and not on the twisted waveguide Q2 itself. Nevertheless we note
that the geometry of Q2 is expressed in (1.3) through the metric A = (4;j(x)) =
Ao(x', ar(x3)).

The problem we examine in this paper is to know whether the unknown func-
tion « can be determined from the DN map

Ag: [+ AVu-v.

This is the same kind of inverse anisotropic conductivity problem, but stated here
in the unbounded straight waveguide €2, as the one studied in [1, 2, 3, 12] in
a bounded domain. However, it turns out that the usual monotonicity assump-
tion (1.1) on the conductivity, which is essential to the identification of A from
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the DN map in this approach, is not verified in our framework (since the matrix
d; Ag(x’, ) has a negative eigenvalue |x'|?t — /|x/|4t2 + |x'|2, see (3.15)). This
explains why the inverse problem associated with (1.3) is still open for general
unknown functions « € C(R). However, if « is sufficiently close to some a priori
fixed constant we prove in Theorem 3.1 that this unknown function may well be
determined from the knowledge of some suitable approximation of the DN map;
see (3.17). Moreover, in the particular case where « is known to be constant so
the conductivity matrix A is invariant with respect to the infinite variable x3, the
original problem is equivalent to some inverse anisotropic conductivity problem
stated in w. The corresponding conductivity matrix satisfies a weak monotonic-
ity condition in this case implying Lipschitz stability in the determination of «
from A, (see Theorem 4.1).

The problem under investigation in this paper is a special case of the anisotropic
Calderén problem, which consists in determining the geometric structure of a
smooth Riemannian manifold with boundary from the Cauchy data of harmonic
functions. Actually, since the DN mapping is invariant under diffeomorphisms
which preserve the boundary, it is well known that there is an obstruction to
uniqueness in this problem. Nevertheless, in dimensions greater than or equal
to three, it was proved by Lee and Uhlmann [27] that compact real-analytic man-
ifolds are uniquely defined by the DN map up to diffeomorphisms preserving the
boundary. A similar result was obtained in [15] by Guillarmou and Sa Barreto
for Einstein metrics that are real-analytic in the interior. The case of non-analytic
simple manifolds was treated in [9] by means of Carleman estimates with lim-
iting weights. Recently, Dos Santos Ferreira, Kurylev, Lassas and Salo proved
in [10] that the boundary measurements in an infinite cylinder uniquely deter-
mine the transversal metric. We point out that in dimension two, there is an ad-
ditional obstruction to uniqueness for the anisotropic Calderén problem, arising
from the conformal invariance of the associated Laplace—Beltrami operator. See
[34, 35, 26] and references therein for a detailed study of this case, and [4] for a
specific treatment of the same inverse problem in the plane. Finally, we refer to
[18, 19] for inverse anisotropic conductivity problems with partial Cauchy data.

The paper is organized as follows. Section 2 gathers the definition and the main
properties of Ag. In the first part of Section 3 we adapt the method developed by
Alessandrini and Gaburro in [2, 3] to determine the conductivity in a bounded
anisotropic medium from the DN map, to the particular framework of an infinite
cylindrical waveguide under consideration in this text. Although this technique
does not allow for the identification of general unknown functions o, we prove
stability in the determination of « from some suitable approximation of the DN
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map, provided « is sufficiently close to some arbitrarily fixed constant. The case
of constant unknown functions is examined in Section 4 and we prove Lipschitz
stability in the determination of « from the knowledge of A, in this case. Finally,
for the sake of completeness, we gather several properties (which are not directly
useful for the analysis of the inverse problem under study) of the DN map A, in
Appendix.

Acknowledgments. We are strongly indebted to the unknown referee of this pa-
per for numerous remarks which have been helpful to us in improving this text.
We also want to thank Giinther Uhlmann for valuable suggestions and comments
during the completion of this work.

2. The DN map A,

Solution to the BVP (1.3). As we are dealing with an infinitely extended do-
main 2, we start by defining the Sobolev spaces on 02 required by our analysis.
Let s be either 1/2 or 3/2. Since the trace operator

7: C(R, HS V2 (w)) — L2(R, H* (dw)),
Gr— [t € R> G(t, )0l

extends to a bounded operator, still denoted by 7, from L2(R, H*T'/?(w)) into
L%(R, H*(dw)), we put

H°(0Q) = {g € L*(R. H*(dw)); there exists G € H*T'/2(Q)
2.1
such that 7G = g}.
The space H*(9R2) is Hilbertian (e.g. [32, p. 398]) for the quotient norm
||g||g's(39) = min {HG”HS—H/Z(Q); G e Hs+1/2(§2) is such that TG = g}_ (2.2)

For the sake of simplicity we write G = g on 02 instead of tG = g in the sequel.

Remark 2.1. The definition in [29, Chap. 1] of fractional Sobolev spaces H*(9S2),
s € @, on compact manifolds without boundary, may as well be adapted to the
manifold 02 = dw x R and it is not hard to check that the two spaces H*(d2)
and H*(d2) then coincide both algebraically and topologically in this case.
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Remark 2.2. There is a minimizer to equation (2.2) for any arbitrary g € H* (02)
with s € {1/2,3/2}. Indeed, the mapping t is continuous from H**!/2(Q) into
L2(R, HF1/2(w)) so its kernel is closed in H571/2(Q). Then {G € H*t'/2(Q),
G = g} is a closed affine subset of H**1/2(Q). This yields the existence of a
minimizer to (2.2) since there is always an element of minimal norm in a closed
convex subset of an Hilbert space.

As a direct consequence of equations (2.1) and (2.2) and Remark 2.2, we have
the following extension lemma.

Lemma 2.1. Let g € H* Q) fors € {1/2,3/2). Then there exists G € H**1/2(Q)
such that G = g on 9Q2 and

IG s +1720) = g1l 75 ae2)-

The main ingredient in the analysis of the BVP (1.3) is the uniform ellipticity
of A, where A denotes either A(x’,¢) or Ag(x’, ®(x3)), as defined in Section 1.
Indeed, for all ¢ € R we have

AX - =845+ 85 =210 + 2tx1808 + 12 (X281 — x10)?
=0+5+ @+l —x180)? X =(@(1,x)cw, teR,

by straightforward computations, which entails that A(x’,¢)¢-¢ = 0 if and only if
¢ = 0. Since & x [t, f] is compact for all real numbers ¢ < 7, there is thus A > 1,
depending on w, ¢ and ¢, such that we have

ATHER < A 0)E- ¢ < LR, forallx ew, teti], teRE. (2.3)

We turn now to studying the direct problem associated with (1.3). We pick f €
HY2(3Q) and F € H'(Q) such that F = f on 9. In light of (2.3) and the
Lax—Milgram lemma, there exists a unique v € H,(S2) solving the variational
problem

/ AVv - Vwdx = —/ AVF -Vwdx, forallw e Hy (). (2.4)
Q Q

Hence u = v + F is the unique weak solution to the BVP (1.3). That is, u satisfies
the first equation in (1.3) in the distributional sense and the second equation in the
trace sense. By taking w = v in (2.4), we get ||[v| g1 () < C||F|l g1 (g) from (2.3)
and Poincaré’s inequality !, whence

lullzr @) = ClIF a1 @)

! Which holds true for 2 since w is bounded.
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where C denotes some generic positive constant depending only on . Finally, by
choosing F € H'(R) in accordance with Lemma 2.1 so that

IF g1 @ = 1/l g120a)

we find out that
lull g1 @) = C||f||g1/2(3g)- (2.5)

Definition of the DN map. Let us first introduce the following H (div)-type
space,
H(divg, Q) = {P € L?*(Q)3; div(4P) € L*(Q)}.

and prove that P € Cg° (Q) = AP -v € C*®(3IQ) may be extended to a bounded

operator from H (div4, ) into the space H~'/2(32) dual of H'/2(3Q).

Proposition 2.1. Let P € H(div4, Q). Then AP -v € H'/2(3$2) and we have
IAP - vl g-1/2¢30) = CUIPlL2@) + divV(AP) [ 12(e)). (2.6)

Jor some constant C = C(w, 0) > 0. In addition, the identity
(AP -v,8) = / Gdiv(AP)dx +/ AVG - Pdx, 2.7
Q Q

holds for g € HY2(3Q) and G € H'(Q) such that G = g on 3. Here (-,-)
denotes the duality pairing between H'Y2(32) and its dual H='/2(3Q).

Proof. We first consider the case of P € C$°(Q)3. Fix g € H'/2(3Q) and choose
G € H'(Q) such that G = g on d2. Since P has a compact support, we have

/ Gdiv(AP)dx = —/ AVG - Pdx + / gAP -vdo, (2.8)
Q Q Elo)

by Green’s formula, whence
|| gAP - vds| = CIGIn@IP Iz + I4V(AP) 2

Taking the infimum over {G € H'(Q2), G = g on 92} in the right hand side of
above estimate, we find that (2.6) holds true for every P € C(§’°(S_Z)3.

Further, we pick P € H(div4, 2). The set C§°(Q)3 being dense in H (divy4, 2),
as can be seen by mimicking the proof of [13, Theorem 2.4], we may find a
sequence (Py)g in 050(9)3 converging to P in H(div4, 2). Moreover, (AP -v)x
being a Cauchy sequence in H ~1/2(3Q) by (2.6), then (A Py-v); admits a limit, de-
noted by AP -v, in H~'/2(3$2). Now (2.7) follows readily from this and (2.8). [
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Let u be the H!(Q)-solution to (1.3). Applying Proposition 2.1 to P = Vu,
we deduce from (2.5) that

Ag: f+—>AVu-v

is well defined as a bounded operator from H '/2(32) into H~'/2(32). Moreover
the following identity

(Ao f.g) = /Q AVu - VGdx, (2.9)

holds for all g € HY/2(3Q) and G € H'(Q) such that G = g on 9.
Further, by taking G = v in (2.9), where v is the solution to (1.3) with f
replaced by g, we find out that

(Ao frg) = / AVu - Vvdx = / Vu - AVvdx,
Q Q
entailing
(Aaf.g) = (f Aog), forall f.g e H'?(Q). (2.10)
This proves that A;|Hl/2(ag) = Ag, where H'/2(3Q) is identified with a subspace

of its bidual space.
Finally, fori =1, 2, we put

Ai = A(x ai(x3)) and A; = A,
and let u; € H'(2) denote a weak solution to the equation
div(4;Vu;) = 0in Q.
we get

Applying (2.9)to f = u; |asz and g = us_; |m,

(Alul,uz) :/ A1Vu1-Vu2dx
Q
and
(Azuz,ul) :/ A2Vu2-Vu1dx,
Q

which yields
((Al — Az)ul, Mz) = / (A1 — Az)Vul . Vuzdx, (211)
Q

by (2.10).
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3. Can we determine the unknown function « from A ,?

303

In this section we examine the inverse problem of identifying o from the knowl-

edge of A,.

Analysis of the problem for general unknown functions. Let y be a nonempty

open subset of dw. We put

I'=y x(=2L,2L) forsome fixed L > 0,
and define the functional space

HY?(09Q) = {f € HY2(3Q); suppf C T'}.

Put
M = max levi llw 1.0y, fora; € WHP(R), i = 1,2.
i=1,

We note
A = A(X', o (x3))

and

In light of (2.11), we have
(A1 —A2uy,uz) = /Q(Al — A2)Vuy - Vuadx,

for any function u; € H'(2) which is a weak solution to the equation
diV(A,-Vu,-) =0 inQ,i=1,2.

Putting
QL =wx (-L,L),

and assuming that
a1(x3) = az(x3), |x3] > L,

we may rewrite (3.2) as

(A1 = Aur,uz) = /QL(Al — A2)Vuy - Vusdx.

(3.1)

(3.2)

(3.3)

(3.4)

The following analysis is essentially based on the method built in [3] in the case
of bounded domains, that will be adapted to the case of the infinite waveguide 2

under consideration. To this purpose we set

I, = {x e T; dist(x,dT) > p} and U, = {x € R?; dist(x,T,) < p/4},
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for all p € (0, po], where pg is some characteristic constant depending only on
and L, which is defined in [3]. Upon eventually shortening py, we can assume
without loss of generality that I'g = yo x [-L, L] C I', for some yp € y. In view
of [3], we thus may find a Lipschitz domain 2, satisfying simultaneously

QCQ,

ToCcoQne,er,
and
dist(x, 0R2,) > p/2, forall x € U,.

Moreover we know from [2, Section 3] that there is a unitary C*° vector field 7,
defined in some suitable neighborhood of dw x (—2L, 2L), which is non tangential
to Q2 and points to the exterior of Q. For x® € T, we pick 79 > 0 sufficiently small
so the point z; = x% + 9 (x?) obeys Ct < dist(z,, dQ) < 7 for every = € (0, 7],
by [2, Lemma 3.3]. Here tp and C are two positive constants depending only on
Q, and A, ¢ and 7 are the same as in (2.3).

In light of [16], the operator div(A4;V-),i = 1, 2, has a Dirichlet Green function
G; = Gi(x,y) on Q,. More specifically, G;(x) = G;(x, z,) is the solution to the
BVP
div(4;VG;) = —8(x —z;) inD'(Q))
i=1,2, (3.5
G;=0 on 0$2,,
and we will see in the coming lemma that the claim of [3, Corollary 3.4] remains
essentially unchanged for the unbounded domain 2, arising in this framework.

Lemma 3.1. There are two constants
70 = 10(R2,p) >0 and C =C(Q,A,tL,1),
such that the restriction G; (., z;) to Q, i = 1,2, belongs to H' (), and satisfies
1GiC 2zl = €72 0<t <. (3.6)

Proof. Let the space Y21 (Q) = {u € L®(Q); Vu € L?*(Q)3} be endowed with
the norm [[v|ly2.1(q) = llvliLe@) + IVl 2q)s and choose 70 = 70(£2, p) so
small relative to p that dist(z,, 02,) > 7 forall r € (0, 7o]. Since the ball B;/3(z:)
centered at z; with radius /3, is embedded in 2, \ Q, we have

2

1Gi . z0)lly21() < I1Gi ¢ 20 lly21(@\B. ey < CT % 0 <1 <10,

3.7
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directly from [16, Formula (4.45)]. Here C is some positive constant depending
only on Q, A, ¢t and 7.

Finally, since the Poincaré inequality holds in € because w is bounded, we
may deduce (3.6) from (3.7). O

Further, as a Green function is a Levi function?, it behaves locally like a para-
metrix. Hence, by applying [30, Formula (8.4)], G; can be brought into the form

Gi(x) = C(det(Ai (z)) ™2 (Ai(z0) ' (= 20)- (x—2z) TP+ Rix). 0= 1.2,

(3.8)
where A;(z;) is a shorthand for A(z,,;((z¢)3)), C > 0 is a constant, and the
reminder R; obeys the conditions

there exists (ro, o) € R x (0, 1), such that

|R; (x)] + |x — 2| [VR;| < Clx — z| 7%, x € Q,,|x —z¢| < ro.

On the other hand it holds true for i = 1,2, that div(4;VG;) = 0 in the weak
sense in 2, so (3.4) entails

(A1 —A2)G1,Gy) = /QL(AI — A2)VGy - VGadx.

Taking into account that G; I € HY2(3Q), this yields

= ”Al; - Ag ” ”Gl ||}71/2(3Q) ||G2||ﬁ1/2(39),

/ (Al — Az)VGl . Vsz.Xf
QL

where Alr is the restriction of A; to the closed subspace 17111/ 2 (0€2), and conse-
quently

< CIIAT = AS G g @1 Gallat @) (B:9)

/ (A1 — Az)VGl . VszX
QL

The next step involves picking x° € T such that

o1 (x3) —aa (x9)| = [lo1 — @allpoo(r,1)-

2LetE =) 1< j<m ®ij (x)al?j be an elliptic operator acting in a subdomain of R, m > 3,
and let B(x) = (Bij(x))1<i.j<m be the inverse matrix to a(x) = (ot;; (x))1<i,j<m- Then
H(x,y) = |8~ detwO)|~ V2 [B)(x —y) - (x — y)]z_Tm is solution to the equation
Di<ij<m i) (y)aisz(~, y) = 0, and is called a parametrix of E. With reference to [30],
any function L = L(x,y) which is smooth outside x # y and satisfies (L — H)(x,y) =
O(|x — y|>tA~1el=m) for some A > 0 and any & € N, || < 2, is a Levi function.
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We may actually assume without loss of generality that
oy (xé’) - Olz(xg)| = Oll(xg) - Olz(xg),

hence
a1(x3) — o2(x3) = llay — 02|l Loo (1, 1).- (3.10)

Let us next decompose the left hand side of (3.9) into the sum

/ (Al — Az)VGl . Vszx =/ (Al — Az)VGl . Vszx
QL QLNB(zz,p)

+/ (A1 — Az)VGl . Vszx,
QL\B(z7,p)
3.11)

where, as previously stated, z; = x° + 9 (x?) for some 7 € R7 . Recalling (3.8)
we see that the first term in the right hand side of (3.11) is lower bounded by

/ A2(Zr)_l(A1(x) - A2(x))A1(Zr)_l(x - Zr) : (x - Zr)
B(z¢,0)NQL

D dx

—c/ lx — z¢|7*T2%dx,
QLOB(Z'E;P)

D = (A1 (z0) 7" (x — 20)) 2 (A2(z0) - (x — )Y,

and where c is a positive constant depending only on M and . From this and the
Lipschitz continuity of

where

x+— A;j(x), i=1,2,

then follows upon writing A4;(x°) instead of A((x°)’, @; (x9)), that

/ (A1 — Az)VGl . VszX
QLNB(z.p)

>

/ (A1) = ) D —2z0) - (x=20) (399
B(z¢,p)NQL &

e / I — 2ol — xOP  [x0 — 2o [)dx.
QLNB(z¢,p)

On the other hand, since

/ (A1 — Az)VGl . VszX
QL\B(z<.p)



An inverse anisotropic conductivity problem 307
is majorized by, say, ¢, and
IAT = ADIIG1 1 @1 Gall ey < €T AT — AL,
by Lemma 3.1, we deduce from (3.11) and (3.12) that

/ (A1 (x0T = A (x") ™) (x — z¢) - (x — Zr)dx
B(ze.p)NQL £y (3.13)
<CE@ " 147 AT AT ).

The main ingredient in the analysis developed in [3] is the ellipticity condition
[3, Formula (2.5)] imposed on 9, A(x’, t), implying

/ (A1 (x9N = A (x") D (x — z¢) - (x — 7)o
B(z¢,p)NQL ° (3.14)

> Cot™ a1 (x3) — a2(x3)),

for some constant Cp > 0. This, (3.10) and (3.13) finally lead to the desired
stability estimate:

oy — @allpoo—r.ry < ClIAT — ALl

Unfortunately, it turns out that [3, Formula (2.5)] is not fulfilled by d9; A(x’, 1)
in this framework. This can be seen from the following explicit expression

A (x,1) = 0, (3.15a)

Aa(xX' 1) = X%t — /|x|42 + |x'|2, (3.15b)
and
As(x' 1) = |x'1Pt + Vx4 + X2, (3.15¢)

of the eigenvalues of 9, A(x’,t), showing that the spectrum of d,A(x’, ) has a
negative component for x’ € dw. Moreover, due to the occurrence of this negative
eigenvalue, the weak monotonicity assumption [2, Formula (5.7)] is not satisfied
by the conductivity matrix under consideration either. Therefore, the approach
developed in [3] does not apply to the inverse problem of determining « from the
knowledge of A, which remains open in the general case.

Nevertheless, we will see in Section 4 that this is not the case for constant
unknown functions anymore. But, prior to examining this peculiar framework,
we will now deduce from the above reasoning, upon substituting a suitable matrix
A*® for A, that unknown functions o which are close to some a priori fixed constant
value may well be identified from the associated DN map.
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The case of unknown functions close to a constant value. Put

1+x3 —xx1 —x2
A ty=1t|—x2x1 1+x? x|, X €ew, teR,
—X2 X1 1

so that we have
A%(x' 1) = tA° (X', 1).

Define
Ay f— A*Vu -,

i.e. the map obtained from A, by replacing A(x’, «(x3)) by A°(x’, @(x3)). Then,
by arguing as in the derivation of (2.11), we obtain that

(Ag — Ad)u,u®) = / (A, a(x3)) — A*(x", a(x3))Vu - Vudx,  (3.16)
Q
for all u, u® € H'(Q) satisfying
div(A(x', a(x3))Vu) = div(4°*(x", a(x3))Vu®) = 0

in the weak sense in 2. By direct calculation we note from the definitions of A
and A°® that

Ax, 1) —A*(X', 1) = (1 —1)(Bo —tB1 (X)), (x',1) ew xR,

where By stands for the identity matrix of R* and

x% —xx1 O
Bi(x)=|-xx1 x3 0], X co.
0 0 0

Assume that
a € LOO(R), |l — 1||L°°(]R) <M.

Given f (resp., g) in H'/2(dS2), we denote u (resp., u*) the solution to equa-
tion (1.3) (resp., equation (1.3), where (A°®, g) is substituted to (4, f)). Apply-
ing (3.16), we get that

((Ae = AQ) [ &) = c(M, w)lla = oo llull g1 (@) 14 | 211 (2)

where C = C(M,w) is some positive constant depending only on M and w.
Therefore we have

(A = A f. &) = Clla = ool /Nl g1/200) 181l 17202
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by (2.5), hence

[Aa — A;||L(ij1/2(39),ﬁ—1/2(ag)) < Clla — 1|oos (3.17)

showing that A}, is a suitable approximation of A, provided « is sufficiently close
to 1.3

Actually, the main benefit of dealing with A}, instead of A, in the inverse
problem of determining o from A, boils down to the following identity

0;A°(x", 1) = A*(x',1) = A(x’,1), forallx’ € wandt € R,

ensuring that the ellipticity condition [3, Formula (2.5)] required by the method
presented in [3], is verified by A°®. Now, in light of the reasoning developed in the
first part of this section, which is borrowed from the proof of [3, Theorem 2.2],
we derive the following theorem.

Theorem 3.1. For L > 0,¢t > 0 and M > 0 fixed, let o; € WH®(R), i = 1,2,
obey (3.3) and fulfill a; > t and || ||w1.cory < M. Then there exists a constant
C > 0 depending only on w, M and L, such that we have

ot — eallzeomy < CIAGDT = (Aa) e 208, 4-1/2G)-

where (A3 = (A;,)lﬁl/z(m)fori = 1,2, the space ITIII,/Z(BQ) being the same
1 1 T
as in (3.1).

4. The case of constant unknown functions

In this section we address the case of affine twisting functions 6, that is constant
functions «, by means of the partial Fourier transform J, with respect to the
variable x3. This is suggested by the translational invariance of the system under
consideration in the infinite direction xs, arising from the fact that the matrix
A(x’, a(x3)) appearing in (1.3) does not depend on x3 in this peculiar case.

In the sequel, we note ¢ the Fourier variable associated with x3 and we write
W instead of Fy, w for every function w = w(x’, x3):

W(x', €)= (Fryw)(x',§), x' €ew, £€R.

The first step of the method is to re-express the system (1.3) in the Fourier
plane {(x",§), X’ € w, £ € R}.

3 Note that 1 can be replaced by any constant u % 0 upon substituting A®(ux’, ﬁ) for
A®(x’,t) in the above reasoning, since A(x,t) = A(ux’, ﬁ .
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Rewriting the BVP in the Fourier variables. We start with two useful technical
lemmas.

Lemma 4.1. For every w € H'(Q) the identity

o
A

axjw - axjw

holds for j = 1,2.

Proof. Fix j =1,2. Forevery ¢ € C§°(w) and ¥ € 8(R), we have

[ o) ( [ axjw<xcx3>¢7(x3>dx3) i’

= /}Rl/?(x3) (/w 8xjw(x/,X3)<p(x/)dx/) dxs,

from Fubini’s theorem. By integrating by parts in the last integral, we obtain

/ Ox, w(x', x3)p(x")dx" = —/ w(x', x3)0x,0(x")dx’, ae. x3€R,

So we get

[ o) ( [ ax,.w(x’,x3)¢(x3)dx3) i’
= - /}R ¥ (x3) (/w w(x/,x3)3xj90(x/)dx/) dxs

= —/ x; 9(x") (/}Rw(x/,&)‘ﬁ(xs)d%) dx'.

Further, the operator J, being selfadjoint in L2(RR), it is true that

/w(X/,X3)1Z/(X3)dX3 :/ w(x,EY(E)dE, ae x' €w,
R R

whence

/ QD(X/) (/]R axj w(x/, x3)l&(X3)dX3) dx’
- [ 000) ( /R w(xﬂé)w@)ds) dx’

= [ot) ([ awieeervierae) av.
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by integrating by parts. From the density of C{°(w) in L?(w), the above identity
entails that

/ 3xjw(x/,X3)1ﬂ(X3)dX3 =/ Oy, W(x', &)Y (5)dE, ae. X' € w,
R R

for every ¥ € 8(R). From this, the selfadjointness of Jx; and the density of S(RR)
in L2(R), then follows that Oy, w = Oy, 1. O

Lemma 4.2. Let C = (Cyy)1<k.i<3 € W™ (w0)>*3 be such that (Cy;(X'))1<k.1<3
is symmetric for all X' € w. Then every w € H'(Q) obeying

/ CVw-Vvdx =0 forallve Hy (), 4.1)
Q

satisfies the equation

—divy (C(X)Ved) + P(x',E) - Vb + g(x. )0 = 0 in D'(RQ),  (4.2)

with
é(x/) = (Cyy (x/))lﬁi,j§2
P() = —i2% (g;;g,;)

and

C31(x')

q(x/’ E) = _ié:divx’ (C32(x/)

) +£2C33(x), (X, ) e Q.
Moreover, if w € H?(R2) is solution to (4.1) then (4.2) holds for a.e. (x', &) € Q.
Proof. Choose v = ¢ ® ¥ in (4.1), with ¢ € C$°(w) and ¢ € S(R), so we have

Z / Cr1(x) 0y, w(x', x3)0x, (¢ @ V) (x', x3)dx'dx; = 0. 4.3)
ki=1,2,37%

For 1 < k,l <2, we note that

/S“l Ckl (X/)axl w('x/’ x3)axk (90 ® 'J,)(-x/’ X3)dx/d)€3
= [ Gt o) ( /R e x3>1/?(x3>dx3) i 44

- /Q Crt (), DX )3, (¢ ® Y1) (5, E)dlx'dE,
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directly from Lemma 4.1. Further, the identity
[ Cars 0 2, (0 8 9 321
— [ cyow) ([ due i araxa) ax
w R

= [ entio) ( /R axlw(xaxs)(ffsﬁ(xgdxg) dx',

holds for / = 1, 2, so we have

/ 1 (2135, (X' x3)03 (9 ® ) (', x3)dlx' v
¢ (4.5)
_ /Q Cot () (—i£)d, D )9 ® ) (x', £)dx'dE.
Next, since
/Q Ck3(X/)ax3w('x/7 x3)axk (90 ® 'J,)(-x/’ X3)dx/d)€3
= [ st o) ( [ st x3>1/?(x3>dx3) dx’
1) R
=~ [ Gt o) ( / w(x/,x3)¢/(x3)dx3) ax',
1) R
for each k = 1, 2, with
/ W', x3)Y (x3)ds = — / W', x3) TV (63)dxs
R R
_ /R (OB €)Y (E)dE.
then

/Q Cros (), (X' x3)dx, (9 ® V) (. x3)dx'dxs

- /Q Ca () (D, )3, (9 ® ¥)(x'. E)dx'dE.
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Integrating by parts in the right hand side of the above identity we get

/ Ck3(x/)ax3w(-x/7 X3)8xk (90 &® E[Af)(.x/, X3)dx/d)€3
Q

= /Q Cie3 (') (=i §) 05, D (x". §) (0 @ V) (x", §)dx'd € (4.6)

+ /Q g Cra (XN (= E)D (X', §) (9 ® ¥) (¥, §)dx'dE.
Further, bearing in mind that

00 (0 ® V) = ¢ ® (—iE)y

and observing that

/ By w(x', x3) (TP (x3) s = — / W x3) (i)Y (x3)dxs
R R

__ /R B(x', €)(—i§)*Y (§)dE,
we find out that

/ C33(x/)8x3w(x/, x3)aX3 (90 &® E[Af)(.x/, X3)dx/d)€3
¢ 4.7)

= [ Cnt) g it 6 ® (. dx'de,
Finally, putting (4.3)—(4.7) together, we end up getting that
(=dive (C(x)Ved) + P(x', €) - Vorid + q(x', )i, D) =0,
with ® € C§°(w) ® Cs°(R), where (-,-) denotes the duality pairing between
C§°(R2) and D’(2). From this and the density of C§°(w) ® C§°(R) in C§°(2)
then follows that
—divy (C (X )Ved) + P(X',€) - Void + q(x', )b =0 in D'(Q),

which completes the proof. O

Leta € R be fixed. We assume in the remaining of this section that a(x3) = a
for all x3 € R. For notational simplicity we write A,(x’) instead of A(x’, a(x3)).
With the help of Lemma 4.2 we will first re-express (1.3) in the Fourier plane.
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For g € H'(R) N L'(R) such that
RS
R
and for h € H'Y?(dw), we consider the H!(Q)-solution u to (1.3), with
f(x', x3) = g(x3)h(x), x' € dw, x3 € R.

Since u is solution to (4.1) with C = A, € WH®(w)3*3, we deduce from
Lemma 4.2 that i € L?(R; H'(w)) is solution to the system

—dive (Ay (X )V it(x', £)) — 2iaéx't - Vil + €20 =0 in D'(Q),
uG,§)=28¢&/f on dw,
for all £ € R,

(4.8)
where

X't =(=x2x1) and A (x') = (
We turn now to examining (4.8).

Analysis of the variational problem associated with (4.8). Let us consider the
bilinear form

Ag[(v, w), (¢. V)]
= / gaVv'V¢dx/—2a$/ X't Vwedx'
+§2/ vcpdx/+/ AVw - Vyrdx'

+ 2a$/ X't Voydx' + 52/ wydx',  (v,w), (¢, V) € H,
w w
defined on the Hilbert space
H = Hy (o) x Hg ()
endowed with the norm

1, w)llac = (V01120 + 1YW 20"
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Taking into account that

A (xNe- > 1¢?, forall e R?and ¥’ € w,

and that
2a|§|/ Ix't - Vow|dx' §a252/ |Vv|?dx’ —|—§2/ wldx', (v,w) e K,
w w w
where
§ = max |[x'| < oo,
x'€w
it is easy to see that
Agl(v. w), (v, w)] = (1 = a8 (v ). (4.9)

Let us fix ap > 0 so small that « = 1 —a38? > 0. In light of the above estimate,
the bilinear form Ag is a-elliptic for every § € R, provided we have |a| < ao.
For each ® € C(R; H’) and every & € R, there is thus a unique (v(§), w(§)) € H
satisfying

Ae[((E). w(©)). (¢. ¥)] = (). (9. ¥)) forall (p.¥) € H, (4.10)

by Lax—Milgram’s lemma. From this then follows that

Agy[(0(E + 1) —v(E). wE + 1) —w@). (9. ¥)]
= Ae[(W(€), w(©)), (@, V)] = Ag1y[(v(E), w(§)), (¢, V)] (4.11)
F(PE+n) — ). (9. V),

for each £,7 € R and (¢, ¥) € H. Further, by observing through elementary
computations that

Agpq[(v, w), (9, V)] = Ag 19 [(v, w), (9, ¥)]

- 2a77/ X't (eVew — Y Vyev)dx'
w

+00¢+0) [ o+ wpar.
w

for every (v, w), (¢, ¥) € H, we deduce from (4.11) and Poincaré’s inequality that

there exists a constant

C=C¢,w,a9) >0
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satisfying
Ae[( (&), w(©), (v(E+ ) —v(E), wE + 1) —w(@)]
— Agp[(v(E), w(§)), W(E + 1) —v(§), w(E + n) —w(?))] (4.12)

= Cnlll (&), wEN sl (vE + n) — v(E), wE +n) —w(E))lla.
for all £ € R and n € [—1, 1]. In light of (4.9) and (4.11) written with

(0. ¥) = WE+n—vE)wE+n—wE))
and (4.12), we thus find out that
all(wE 4+ n) —v(E). wE +n) —wE))lls
= Cnll (&), wE)llsc + I1PE + 1) — PE) |50

This proves that (v, w) € C(R; H). Moreover, we obtain

IwE). wEDlsc = A/)[PE)llsc. & €R, (4.13)

directly from (4.9)-(4.10). Further, it is easy to check for ® € C!(R; %) that
W'(€), w'(§)) € C(R, K) is the solution to the variational problem

Agl((' (). w'(§). (9. )]
= (Po(§). (0. ¥)) + (P'(§). (¢, ¥)) forall (¢, y) € K,

where

<q>0(§)7 (%0’ W))
py / XL (OVaw(E) — YVu(E)dx’ — 26 / W E)p + wEY)dx.

Using (4.13) and noting (£) = (1 + |£]?)!/2, we deduce from the above estimate
that

1" &), w'ENllsc = CAENPE) ae + 1P E)llse). & €R,

for some constant C = C(ag, w) > 0. Similarly, if ® € C2(RR; H’) then the same
reasoning shows that (v, w) € C?(R, H) verifies

1" (®), w"ENlse = CUEZIPE s + (NP E)llse + (D" E)llser). £ €R.

Summing up we obtain the following result.
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Proposition 4.1. Let ag € (0, (maxy ey |X'|)~V?), pick a € [—aq,ao] and as-
sume that a(x3) = a for all x3 € R. Then for every ® € H?*(R,H’) such that
(£Y2 70U € L2(R,H), j = 0, 1, the variational problem (4.10) admits a unique
solution (v, w) € H?*(R;H) satisfying

2
1w 2o < C( D 1627 0D 2 ). (4.14)
j=0

for some constant C = C(w, ag) > 0. The above assumptions on ® are actually
satisfied whenever ® = @for some W € H?>(R; H') such that x3¥ € H'(R; H)
and x3¥ € L2(R; H'). Moreover, the estimate (4.14) reads

2
1w w20 < C( D 163 Wllo—r ey ) (4.15)
j=0

in this case.

Armed with Proposition 4.1 we may now tackle the analysis of the solution of
equation (4.8).

Some useful properties of the solution to (4.8). Pick F € H!(w) such that
F = fondwand |[Fllgi) < C@)fllgi/20.)- Letu" (resp., ii') denote the
real (resp., imaginary) part of i = 4 — g(§)F = u" + iu'. Since the Fourier
transform 7 of the H!(2)-solution u to (1.3) is actually solution to (4.8), we get
by direct calculation that (i7", #') is solution to the variational problem (4.10),
with

(B(E). (0. V) = —Ael(§"F. &' F). (9. V)], (4.16)

and where ¢” (resp., &') stands for the real (resp., imaginary) part of g. In light
of (4.16) we check out using elementary computations that

1PE©) I3 < CEIEONNS I 11/200): (4.17)
12" @©) 30 = C((5)1E' G|+ ENEE NS N ar1200) (4.18)
19" E)llse = CUEIE" O+ (N O+ 1EODNf a1 r@wy. — @19)

for some constant C = C(ap. ) > 0. Therefore we have (§)/ @@~/ e L*(R)
for j = 0,1,2, provided (§)*7/ ¢/ € L?(R), which is actually the case if xjg €
H*=/(R). From this and Proposition 4.1 then follows the following corollary.
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Corollary 4.1. Let a and o be the same as in Proposition 4.1 and assume that
g € H*(R) verifies
x3g € H*(R), x3g e HX(R),

and

/ﬁmMM=L
R

Then we have
e H*R; H (w)), u e L'(R; H (w)),

and
U=ﬁh®=/uhmMM€HW@
R

is the variational solution to the BVP

divx/(gan/U) =0 no,
U=Ff on dw.

In view of (4.8) and (4.10), we deduce from (4.17)~(4.19) that
Idivar (A Ve d ()l 220y < CEIZENF /2 00)-
19¢divr (Aa Vet )l 22wy < C((8)°1 )+ EHEEO NS a1/200),
and

[ a?diVx’(lzfa Vil (-, £)) ||L2(w)
< C({E°1EE+ EIEE+ E1E"EODIS Nm1/200)

for some positive constant C depending only on ay and w. This combined with
Corollary 4.1 yields the following result.

Proposition 4.2. Let a and a be as in Proposition 4.1. Let g € H(R) verify
x3g € H(R), x3g € H*(R),

and

/ﬁmMM=L
R
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Then we have
A Vit -v(x') € HX(R; HV?(0w)),
and thus
AaVu -v(x) € L'R; HV?(3w)),
with
A VU -v(x') = AVyeii(-, 0) - v(x))

= / AaVu(, x3) - v(x")dxs € HV?(Qw).
R

In light of Proposition 4.2 it is natural to define the two DN maps

Ag: f € H?(dw) —> [x3 —> AaVu(-, x3) - v(-, x3)] € L'(R: H V% (dw))
and
Aot f e H2Qw) —> A,V U -v(x') € HV2(3w).

These two operators are bounded, and they satisfy the estimate

1A = Aol o120y 51723
L( (Qw), (dw)) (4.20)

< 1A = Aol o 1/20w), L1 R H-1/200)))

where, for simplicity, we write A; (resp., /~\j) for Aaj (resp., /~\aj ), j =1,2.
Finally, since the matrix d, A (x’, a) has two eigenvalues Ao = Oand A; = |x’|?,
we derive the following result by mimicking the proof of [2, Claim, page 169].

Theorem 4.1. Let ag be the same as in Proposition 4.1, leta; € R, j = 1,2, and
assume that o (x3) = aj for all x3 € R. Then there exists a constant C > 0,
depending only on ag and w, such that the stability estimate

lar — az| < CllA1L = A2l o (H1/2(00), 11 (R;H1/2 (3))) >

holds true whenever |a1|, |az| < ao.
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Appendixes

A. Restriction to H3/2(3 )

In this subsection we exhibit sufficient conditions on w and « ensuring that the re-
striction of A4 to H3/2(3Q) is a bounded operator into L2(R; H'/2(dw)). We as-
sume for this purpose that 2; = w x (=1, 1) has H2-regularity property. That is,
for every F € L?(Q) and any matrix-valued function C = (C;;(x))1<i,j<3 With
coefficients in W1*°(2) verifying the ellipticity condition

there exists & > 0, such that, forall £ € R, x € Q;, C(x)& & > «|E]?,

the BVP
div(CVw) = F in Qq,
w=20 on 09,

has a unique solution w € H?(£21) obeying
lwllg2@,) < Cla, M) Flli2@,)
for some constant C(«, M) > 0 depending only on «,

M =  max Cijllw1.00@,)
and .

Note that Q; has H2-regularity property if and only if this is the case for
Qs = w X (—a,a) and some a > 0. Moreover we recall from [14] that 2; has
H?-regularity property provided w is convex.

We turn now to establishing the following result, which is our main tool for
the analysis of the restriction of A, to H3/2(3Q).

Theorem A.1. Assume that a € C%V(R) and that Q1 has H?-regularity property.
Then for any f € H3/2(3Q), the BVP (1.3) admits a unique solution u € H*().
Moreover there is a constant C > 0, depending only on ||a| co.(gy and o, such
that we have

lullz2@) = ClILf Il g3/200)- (A.1)
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Proof. Since f € H3/2(3Q2) we may choose F € H2(S) in accordance with
Lemma 2.1 so that F = f on 02 and

1F 2@ = I | g3/230)- (A.2)

We put ¥ = div(AV F). By the ellipticity condition (2.3) we have a unique v €
H{ () satisfying simultaneously

/ AVugy - Vodx = / Yudx, forall v € HOI(SZ), (A.3)
Q Q
and

luolla1 @) = Coll¥llz2(q), (A4)

for some constant Cop > 0 depending on w and M = ||a||co.1(R)-

Further, there exists §, € Cg°(—(n + 1),n + 1) such that §, = 1in [-n,n],
1€/ loo < k and ||&|loo < K foralln > 1, by [17, Theorem 1.4.1 and formula (1.4.2)]
and [17, p. 25], where « is a constant which is independent of #.

Thus, we get for any v € Hj () and n > 1 that

/ AV (Equg) - Vodx
Q

=/ AVuO'V(gnv)dx—/(AVuO'VEn)vdx—i—/(AVEn'Vv)uodx,
Q Q Q

by direct calculation. An integration by parts in the last term of this identity pro-
viding

/ (AVE, - Vo)ugdx = —/ (AVE, - Vup)vdx —/ div(AVE,)ugvdx,
Q Q Q
we find out that

/AV(Enuo)-Vvdx:/ AVuo-V(Env)dx—/(AVuo-VEn)vdx
Q Q Q

—/(AVén-Vuo)vdx—/ div(AVE ) ugvdx.
Q Q

Since A is symmetric, it follows from this and (A.3) that
/ AV (Epug) - Vodx = / VE, vdx — 2/ (AVE, - Vug)vdx
Q Q Q

—/ div(AVE,ugvdx, forallv € Hy ().
Q
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Therefore, bearing in mind that Q, = @ X (—a,a) for any a > 0, the &,uy €

H{ (Q,+1) is thus solution to the variational problem

/ AV(g,,uo).dex=/ Qudx, forallve H (Qn+1), (AS5)
Qut1 Q41

with
U = WE, — 24VE, - Vug — div(AVE, ug.

The next step of the proof is to make the change of variables
(x",x3) € Quy1 — (¥, y3) = (", 1/(n + 1)x3) € Q;

in (A.5). Putting

and

AW y3) = 1/(n + DI AKX, (n + 1)y3) Jntr,
§(y3) = &a((n + Dy3),
u(x’, y3) = uo(x’, (n + 1)y3),
wa(x', y3) = Ea((n + Dy3)uo(x’, (n + 1)y3),

div(P(x', y3)) = 9x, P1(x", y3) + 0x, P2(x", y3)
+ 1/(n + 1)9y, P3(x', y3),
W(x',y3) = 1/(n + D', (n + 1)y3)
— 2041 A", (1 + 1) y3) Ju1VE(y3) - Vu(x', y3)
— div(A(X', (n + 1) y3) Jn11 VE(y3))u(x', y3)],
for (x', y3) € Q1, we find out by direct computations that w, € H_} (21) is solution

to

/ AVw, - Vvdx =/ Wudx, forall v e HJ ().
Q Q2
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Since
112, < (1 + D72C(0, M) 120
by (A.4), where
C=C(w,M)

denotes some generic positive constant depending only on @ and M, it holds true
that
lwall 2,y < (14 D72C@. M) W]l L2(0)-

Here we used the estimate

lwall 2@,y < Clo, M)|¥]l2@,)

arising from the H ?-regularity property imposed on Q;. As a consequence, we
have

1€nttoll 2@y < Cl@, M)||W]|L2(g)- (A.6)

Therefore, upon eventually extracting a subsequence of (&,ug),, we may assume
that it converges weakly to # in H?(2). On the other hand (£,u¢), converges to
up in L2(R2). Thus by the uniqueness of the limit, we have ug = i € H?(Q)
so (£,ug), converges weakly to ug in H?(2). Further, the norm || - || H2(q) being
lower semi-continuous, we have

4ol 2@y = liminf [Eatto]l g2y = Clw, M)W L2g), (A7)

by (A.6). Bearing in mind that || V| ;2(q) < C(w, M)||F| g2(g), (A.2) and (A.7)
then yield
||u0||H2(S2) < (o, M)||f||ﬁ3/2(3g)-
Now the desired result follows from this by taking into account thatu = ug+ F €
H?(Q) is the unique solution to (1.3). O
For all © and « fulfilling the assumptions of Theorem A.l, the mapping
Ao: f € H¥?(3Q) —> dyu € L2(R; HY?*(dw)),

where u denotes the unique H?(2)-solution to (1.3), is well defined by Theo-
rem A.l. Further, since C{°(R; H?(w)) is dense in H?(S2), then the trace operator

T:we HX Q) — d,w € L2(R; H?(dw)),

is easily seen to be bounded. From this and (A.1) then follows that |[Ay| < C
as a linear bounded operator from H3/2(3Q2) into L?(R; H'/?(dw)), where the
constant C > 0 depends only on w and [|& || co.1(R)-
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B. Linking A, to the DN map associated with 24

In this subsection we define the DN map /~\9 associated with the BVP (1.2), which
is stated on the twisted domain 24, and establish the link between Kg and Ag,
where we recall that « = ¢’. It turns out that Ag is not physically relevant* for
the analysis of the inverse problem under consideration in this text, but since the
BVP (1.3) was derived from (1.2), it is plainly natural to link the operator A, we
used in the preceding sections to Ag.

We start by defining the trace space for functions in H1(Q¢). We set for all
L >0,

Qg = {(Rg(x3)X', x3); X' = (x1,x2) € ®, x3 € (—L, L)}
={x € Qg, |x3| <L}
and
Tl = {(Rop)x', x3); X' = (x1,X2) € dw, x3 € [-L, L]}
= {x € 0Qy, |x3| < L}.

For every u € H'(Qg) we have UL € H'(Q5) hence UjpqL € HY2(0QE).
Thus, putting

HY2(T)) = (h = gry in L2(T)); g € HY2(00b)),

it holds true that u . € H /2(rk). Here the space H'/2(T'L) is equipped with
its natural quotient norm

”h”Hl/z(Fé‘) = 1nf{||g||H1/2(395), glr‘eL = h}
Further we define

H'2(099) = {h € L2 (3Q0); by € HY?(Tf) for all L > 0},

loc
and then introduce the subspace
HY2(099) = {h € H!*(3Qq); there exists v € H'(Qyp)

loc
such that vjpq, = h}

of H'/2(59).

loc

4 Since Kg is defined from the Neumann observation on 92y of the solution to (1.2) then
the variable twisting angle 6 € C'(R) should necessarily be known everywhere.
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Here and henceforth vj3q, = h means that the identity
virg =g

holds in the trace sense for every L > 0. It is not hard to see that H'2(3Q) is a
Banach space for the quotient norm

18l 3120, = V1@, Vg, = h)-
We introduce the mapping

Ig: Cy (0829) —> Cqy (09),
gr— f =gogpy,

where, for the sake of shortness, we note
@9(x) = Tpry) (X', x3), forx € Q.

Pick g in C}(3Qp) and choose v € CJ(R?) such that vjpe, = g. Since vg, €
H'(Q4) we get that g € H'/2(0Qg). Moreover for all v € H'(Qy) obeying
vjae, = & the function u = v|q, o ¢y belongs to H'(RQ) by [5, Proposition 9.6],
and

||10g||§1/2(ag) < ullgi@) = Cl@,0)|vlm1qy)-

As a consequence, we have
I1ogll g1/250) = C(@. )&l g1/25g,). foranyg e Co (929). (B.1)
Let us now consider g € H/2(32p) and v € H () such that
VjaQy = §-
For any sequence (v,), € Cy (R?) such that
Unj, —> v in H'(Qg) asn — +oo,

it is clear that

g — gnllg12000,) = IV = VnllE1 ()

provided g, = vnaq,. Hence (g,), converges to g in H'/2(3Qy).
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Forall n > 1, put
Jn=168n = gnogs and u, = vy o eg.
Since f, = un|yq, we see that
I fn — fm||§1/2(ag) < un —umllgi(@) < Cl@,0)|ve — vmllg1(@y,)-

Therefore ( f;,), is a Cauchy sequence in H/2(3Q) and f = lim, f, € HY?(3%Q).
Set f = Igg. Then, in view of (B.1), Iy extends to a bounded operator, still
denoted by Ig, from H'/2(3Q2g) into H'/2(3Q).

Arguing as above, we thus find out that the mapping
Jo: Co (0) —> CJ (0920),
fr—g=foVy,

where g = goe_l, extends to a bounded operator, which is still called Jg, from
H'Y2(3Q) into H'2(3Q).

Evidently,
IgJof = f, forall f e Cl(0RQ), (B.2)
and
Jolgg = g, forall g € Cy(3Q). (B.3)
Therefore we have
Jo=1;"

from the density of C (3R2) (resp., Cg (924)) in H'/2(3R) (resp., H'/2(3%2)).

Next, by reasoning in the same way as in the derivation of (1.3), we prove
with the help of the Lax—Milgram lemma that the BVP (1.2) has a unique solution
v e H'(Qyg) for every g € H'/2(3Qy). Moreover the operator

Ag: g —> dyv

is well defined as a bounded operator from HY2(3Qy) into its dual space
H~Y2(3Qyg). Similarly to Ag, it can be checked that Ag is characterized by the
following identity
(Kgg,h) = / Vv -VHdy,
Qo

which holds true forall i € H'/2(3Qg) andall H € H'(Qg) such that Hjpg, = h.
By performing the change of variable y = ¢g(x) in the last integral, we thus get
that

(Aog. h) :/ AVu - V(H o gp)dx,
Q
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where u denotes the solution to the BVP (1.3) with f = Iyg. Therefore we have

(Rog, h) = (Ao Ipg, Igh),

which means that Kg = Iy Ay Iy, or equivalently that Agr = J(;*T\g Jg, where Ag/
stands for Ag.
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