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On the spectrum of an “even” periodic Schrodinger operator
with a rational magnetic flux

Nikolai D. Filonov! and Alexander V. Sobolev?2

Abstract. We study the Schrodinger operator on L (IR3) with periodic variable metric,
and periodic electric and magnetic fields. It is assumed that the operator is reflection sym-
metric and the (appropriately defined) flux of the magnetic field is rational. Under these
assumptions it is shown that the spectrum of the operator is absolutely continuous. Pre-
viously known results on absolute continuity for periodic operators were obtained for the
zero magnetic flux.
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1. Introduction and results

In the last two decades a good deal of attention was focused on the absolute con-
tinuity of self-adjoint periodic differential elliptic operators of second order in
dimension d = 2, i.e. of the operators of the form

d
H =" (Dj—Apgu(D;—A)+V. D;=-id, (1.1)
jl=1

with a periodic symmetric positive-definite matrix {g;;} = G, and coefficients
A = {A4;}, V which we interpret as magnetic and electric potentials respectively.
If all the coefficients in (1.1) are periodic and satisfy suitable integrability and/or
smoothness conditions, then the operator H is known to be absolutely continuous
ford = 2. If G(x) = g(x)I with a positive function g then this conclusion extends
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to arbitrary d = 2. We do not provide a thorough bibliographical account and refer
e.g. to [2], [10] and [13] for more detailed references.

The case of general variable G in dimensions d > 3 remains unassailable, but
there are some partial results. First, if the matrix G is not smooth then the spec-
trum of H may not be absolutely continuous, see [3]. Second, in L. Friedlander’s
paper [6] the absolute continuity was obtained for smooth variable matrix G and
smooth A, V for all dimensions d = 2 under the condition that the operator
H is reflection symmetric. Later the smoothness assumptions were relaxed by
N. Filonov and M. Tikhomirov in [5].

In this note we address another open question of the theory: is the spectrum
absolutely continuous if instead of the magnetic potential A we assume that the
magnetic field B = curl A is periodic? The traditional methods used to study
the spectra of periodic operators are not directly applicable. However, under the
additional condition of the reflection symmetry one can still use the ideas of [6]
and [5]. We concentrate on the physically relevant case d = 3. Note that the
case d = 2 is also of interest but the requirement of the reflection symmetry au-
tomatically implies that the constant component of the magnetic field is zero, i.e.
the magnetic potential itself becomes periodic. Thus for d = 2 the Friedlander’s
method would give no new information. At this point we should note that in gen-
eral (i.e. without reflection symmetry), the two-dimensional case is dramatically
different from the three-dimensional one. It suffices to observe that in the absence
of electric field for d = 3 a constant magnetic field induces absolutely continuous
spectrum, whereas for d = 2 the spectrum consists of equidistant eigenvalues of
infinite multiplicity, called Landau levels, see [11]. Thus for d = 2 mechanisms
responsible for the possible formation of the absolute continuous spectrum (e.g.
with non-trivial periodic ') are very different. For this case absolute continuity
was proved in [8] for constant magnetic field with a rational flux and a generic
periodic potential V.

Let us proceed to the precise formulations. The operator H is defined via the
quadratic form

hlu] = /(G(X)(—iV —AX)u(x), (=iV - AX))u(x))dx

R (1.2)

+ [ V) u()|2dx,
]R3

with the domain D[h] = C{°(RR?) in the Hilbert space L»(R?). The coefficient
G = {gy(x)},j./ = 1,2,3,is a symmetric matrix-valued function with real-
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valued entries g;; (x) which satisfies the conditions

clE < (G(x)E. &) < Clg]>, forall§ € R®, ae.xe R, (1.3)

and
G < Lip(R>). (1.4)
Here and everywhere below by C and ¢ with or without indices we denote various

positive constants whose precise value is unimportant. The vector-field A and the
function V satisfy the conditions

A€ LR R?), V€ Lsy.R, (1.5)

with p = 3. Under assumptions (1.3) and (1.5) with p = 3, and that V' is periodic,
the form (1.2) is semibounded from below and closable (see e.g. [12, §2]). We de-
note by H the self-adjoint operator in L,(IR*) which corresponds to the closure
of the form 4. We write it formally as

H={(~iV—A),G(=iV—A))+ V. (1.6)

Since we assume that the magnetic field B(x) = curl A(x) is periodic, the mag-
netic potential can be represented in the form

A(x) = ao(x) + a(x),
where ay is a linear magnetic potential associated with the constant component
By = curlap(x)

of the magnetic fields, and a is a periodic vector-potential. We align By with
the positive direction of the x3-axis, and choose for ay(x) the gauge (—bx3, 0, 0),
b = |Bg| = 0, so that By = (0,0, b) and

A(X) = (=bx2,0,0) + a(x). (1.7)

We assume that with this choice of coordinates the matrix-valued function G, the
potentials V and a are (27 Z)>-periodic: for all n € 73,

G(x +27n) = G(x), V(x4 27n) =V(x), a(x+2xn)=a(x). (1.8)

Furthermore, to ensure that the operator (1.6) is partially diagonalizable via the
Floquet-Bloch—Gelfand decomposition, we assume that the flux of the constant
component By is integer, i.e.

1
E / |B0|dX1dX2:27TbEZ+ :{0,1,...}. (1.9)

(_nsn)z
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To describe the symmetry of the operator H introduce the reflection map
R(x1, x2, x3) = (x1, X2, —x3),
and the associated operation on u € L,(R?),
(Ju)(x) = u(Rx). (1.10)

It is straightforward to check that H commutes with J if G, a and V satisfy the
conditions

G(Rx) = RG(x)R, A(Rx) =RA(x), V(Rx)=V(x), ae.xeR>.
(1.11)
Obviously the symmetry condition for A is equivalent to that for a.
The next theorem constitutes the main result of the paper.

Theorem 1.1. Assume that the matrix G, the potentials A,V satisfy (1.3), (1.4)
and (1.5) with p > 3. Assume also that (1.7), (1.8), (1.9) and (1.11) are satisfied.

Then the spectrum of the operator (1.6) is absolutely continuous.

Throughout the paper we always assume the periodicity (1.8). As a special
case this allows a constant magnetic field i.e. a = 0. With regard to the regularity,
we normally need only (1.3) and (1.5) with p = 3. The assumptions (1.4) and
p > 3 are required only once when employing the unique continuation argument,
see Lemma 4.4. Recall that if (1.4) is not satisfied, the spectrum may not be
absolutely continuous, see [3].

Note that the condition (1.9) can be replaced by 27b € Q. This case reduces
to that of an integer flux by taking an appropriate sublattice of Z> and rescaling.
If the flux is irrational we cannot say anything about the nature of the spectrum.

As mentioned earlier, one can state a theorem similar to Theorem 1.1 in the two-
dimensional case as well. However, in this case the reflection symmetry would
imply that b = 0, see (1.7), and hence such a theorem would not say anything new
compared to the known results.

Theorem 1.1 can be conceivably generalized to arbitrary dimensions d > 3
with the standard changes to conditions (1.5). We have chosen not to clutter the
presentation with these details but to focus on the lowest dimension where the
reflection symmetry leads to a non-trivial effect.

The proof of absolute continuity amounts to showing that the operators H (k) in
the Bloch decomposition of H have no eigenvalues which are constant as functions
of the quasi-momentum k. The operator-function H (k) is a quadratic pencil, and
in general the study of its spectrum is a non-trivial problem. As mentioned earlier,
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L. Friedlander (see [6]) was the first to understand how the reflection symmetry
can be used to establish the absolute continuity of H. Friedlander’s approach is
based on a reduction to a pair of Dirichlet-to-Neumann maps for the operator H
on the fundamental domain of the lattice Z>, see Section 4 for a short discussion.
The crucial observation is that in the presence of reflection symmetry the quadratic
operator pencil H (k) reduces to a linear one involving the mentioned Dirichlet-
to-Neumann operators. This dramatically simplifies the proof of the fact that the
eigenvalues of H (k) are not constant in k.

In the paper [5] the Friedlander’s argument was translated into the language of
quadratic forms which allowed the authors to prove the absolute continuity with
“minimal” regularity assumptions. Although in the current paper we follow the
paper [5] our proof is simpler and somewhat shorter, and we consider it worthy of
dissemination.

Acknowledgments. The authors are grateful to the anonymous Referee for useful
remarks, and in particular for pointing out to them paper [8].

2. Floquet-Bloch—Gelfand transformation

Denote by Q2 the interior of the standard fundamental domain of the lattice T' = Z3,
Q = (—m, m)3. We also need separate notation for the top and bottom faces of
this cube,

Ar={xeR¥ e (-mn)? x3=4n), X=(x1,x2).
The interior of the fundamental domain of the dual lattice is denoted T = (0, 1)3.

The Floquet—Bloch—Gelfand transform is defined as the operator

Uf)(x. k) = Y emiktzmeiznbmx f(x 4 27m), xe Q. ke Qf,

nez3

for functions f € C(R?). It is clear that Uf € C ®(Q x ﬁ). Moreover, the
function v(-) = Uf(-;Kk) is periodic in x; (due to the condition (1.9)), and in x3:

v(—7, X2, x3) = v(7, X2, X3), (2.1)
and

v(x1, X2, —7) = v(x1, X2, 7). (2.2)

The function v( - ) is also quasiperiodic in x,:

—i2mhx

v(x1,7T,X3) =€ v(xy, —7, X3). (2.3)
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A direct calculation shows that the transform U can be extended to L,(R?) as a
unitary operator

®
U: Ly(R?) — / L,(Q)dk.
Qf
For each z € C? introduce the quadratic form
h(z)[v] = / (G(X)(—iV +z—AX)v(X),(—IiV+zZ-— A(x))v(x))dx
Q

2.4)
+ / V(x)|v(x)2dx.
Q

Under conditions (1.3) and (1.5) with p = 3, the potentials A and V induce on
C () a perturbation which is infinitesimally bounded by the standard Dirichlet
form, and hence

Co vl ) < 1h@W] + Cllvl7 @) < CollvlF ) (2.5)

with some positive constants C = C(z) and Cy = Cy(z) > 1 uniformly in z on a
compact subset of C3. Thus (2.4) naturally extends to all v € H!(R2) as a closed
form. In order to relate this form to the form (1.2) we consider (2.4) on a smaller
domain. It is convenient to introduce a special notation for the function spaces
with the conditions (2.1) and (2.3):

W' = {u e H(Q): u satisfies (2.1) and (2.3)}. (2.6)
Now we consider the form (2.4) on the domain
D[h(z)] = D[h(0)] = {v e W': v satisfies (2.2)}.

Clearly the form (2.4) is closed on D[h(0)] and analytic (quadratic) in z € C3.
One checks directly that

il = [ hGOIUD)(- Kldk @)
Qf
for any v € D[h(0)]. The form h(z)[v] is sectorial, i.e. for a suitable number
y =7 €R,
Reh(z)[v] = —y[v]?, |Imh(z)[v]] < C(Reh(@)[v] + y[v[?), v e D[R(0)],

with some positive constant C = C(z) uniformly in z on a compact subset of C3.
Hence it defines a sectorial operator (m-sectorial in T. Kato’s terminology, see [7])
which we denote by H(z). As the form & (z) is compact in H!(£2) the resolvent of
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H (z) is compact whenever it exists. For the values k € R? the operator H (K) is
self-adjoint: H(k) = H(k)*. In view of (2.7) the following unitary equivalence

@
UHU* =/ H(K) dk (2.8)
Qf

holds. Although this formula requires only the values k € Q7 it is important for
us to have the operator H(z) defined for z € C3. Sometimes we use the notation
7= (2,23), with Z = (21,22).

In order to prove Theorem 1.1 it is sufficient to show that H has no eigenvalues,
see [4]. The proof of this fact reduces to the analysis of the following boundary
value problem for a function ¥ € W1 with the form kg = h(0) and a number
teC:

uewl, ula, = Qula_, (2.9)
and
holu,w] =0, forall w € W', such that {w|a, = w|a_. (2.10)

Theorem 1.1 is derived from the next theorem.

Theorem 2.1. Suppose that G, A, and V satisfy the conditions of Theorem 1.1. Let
X C C be the subset of the complex plane consisting of the points { such that

(1) Im¢ #0, |¢| # 1, and
(2) there exists at least one function u € W', u # 0 satisfying (2.9) and (2.10).
Then X is at most finite.

Derivation of Theorem 1.1 from Theorem 2.1. By virtue of [4] it suffices to show
that any arbitrarily chosen number A € R is not an eigenvalue of H. Replacing
the potential V' with V' — A we may assume that A = 0.

Suppose on the contrary that A = 0 is an eigenvalue of H, so that there exists
at least one k € [0, 1]? such that the measure of the set

{k €(0,1): A € o (H(k k))}

is positive. Since H(z) has compact resolvent, by the analytic Fredholm alterna-
tive (see [7], Theorems VIIL.1.10, VIL.1.9), this implies that the point A = 0 is an
eigenvalue of H (ﬁ, k) for all k € C. Replacing the magnetic potential A with
A— (ﬁ, 0) we may assume that k = 0, so that for any k € C there exists a function
v € DJ[hg], v # 0, such that

h(0,k)[v.n] =0, forall n e D[ho).
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Introducing

u(x) = e'**3y(x),
and

w(x) = ¥ (x),

we reduce the above equation to equation (2.10) for the function u # 0 satisfy-
ing (2.9) with ¢ = ¢?27% k € C. Thus the set X defined in Theorem 2.1 has posi-
tive (in fact, infinite) measure. This contradicts the conclusion of Theorem 2.1,
and hence A = 0 cannot be an eigenvalue of H. As explained at the begin-
ning of the proof, this implies that the spectrum of H is absolutely continuous, as
claimed. O

3. Associated boundary-value problem
We begin the analysis of the system (2.9), (2.10) with introducing the subspaces

who =y ew!: v|ay =v|a_ =0},
and
Wl ={ueW' ulp, =0}
with the standard H !-inner product. Now define the subspaces
N ={ve Wb hylv,w] =0, forall w e W0},
M={uce Wi: ho[u,v] =0, forall v € N},
and

Z ={ueW!:holu,w]=0, forallw e W0 u L N}.

The subspace Z consists of weak solutions u € W.! of the equation Hu = 0 which
are orthogonal to N. By definition of M we automatically have Z, W19 c M.

First of all consider the following boundary-value problem.
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Lemma 3.1. Let (1.3) and (1.5), with p = 3, be satisfied. Then for any function
u € M the system

hol¢p, w] =0, forallw € WH0,

(3.1)
¢—uce w0
is solvable for the function ¢ € Wl. The solution is unique under the condition
¢ L N. Moreover, dim N < oo.

Proof. The system is studied in the standard way. Namely, the function ¥ =
¢ —u € W0 satisfies

holy, w] = —holu, w], forallw e W10, (3.2)

Referring to (2.5) introduce on W ! the inner product

(f.@)1=holf. gl +y(f g)

choosing y = 0 in such a way that the induced norm || f||; is equivalent to the
standard H!'-norm. The L,-inner product is an example of a symmetric compact
form in H'!, and hence there is a compact self-adjoint operator 7: W10 — w10
such that (£, g) = (Tf. 2)1, f.g € W'°. As a result, the left-hand side of (3.2)
rewrites as ((I — yT)¥, w);. The right-hand side of (3.2) is a continuous linear
functional of w € W10 so there is a function ¢ € W0 such that —ho[u, w] =
(g, w)1, lgllr < C|lu|;. Thus (3.2) takes the form

v—yTy =gq. (3.3)

Now it follows from the classical Fredholm Theory that (3.3) has a solution ¥ €
WL0%if and only if (¢, v); = Oforall v € ker(/ —yT). Under this condition there is
a unique solution ¢ satisfying the property (¥, v); = 0 for all v € ker({ —yT),
and this solution satisfies the bound ||¥¢|1 < C||¢||1. Note that N = ker(/ —yT),
so by definition of ¢ the equality (¢, v); = 0, for all v € ker(I —yT) follows from
the condition v € M. Thus (3.2) is solvable and hence sois (3.1). As T is compact,
it immediately follows that dim N < oo.

Denote ¢p9 = Yo + u € Wj&. Any other solution of (3.1) has the form ¢ =
¢o + w with a suitable w € N. If one demands that ¢ | N then w = —P¢y where
P is the projection in L, (€2) on the finite-dimensional subspace N. Therefore such
a solution ¢ € W is uniquely defined, as required. O

The following elementary lemma is crucial for us.
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Lemma 3.2. Let (1.3) and (1.5), with p = 3, be satisfied. Let the subspaces M, Z
be as defined above. Then the subspace Z is non-trivial, and

M=Z+who,

In other words, any function u € M is uniquely represented as the sum ¢ + w with
some ¢ € Z and w € W10,

Proof. By Lemma 3.1 for any function u € M there is a solution ¢ of (3.1) or-
thogonal to N. Furthermore, ¢ is uniquely defined and w = ¢ —u € W10,
so M = Z+ W0, as claimed. Recall that codim M < oo in W] whereas
codim W10 = oo, so M # W10, This implies that Z is non-trivial. O

4. The Dirichlet-to-Neumann forms

4.1. General facts. On the subspace Z considered as a Hilbert space with the
H '-inner product introduce the forms

tolu, v] = holu,v], ti[u,v] = holu,Jv], u,veZ,

where J is defined in (1.10). We call ¢y and #; the Dirichlet-to-Neumann forms.
Their properties are listed in the following lemma.

Lemma 4.1. Let (1.3) and (1.5), with p = 3, be satisfied. Let ty, t1 be as defined
above.

(1) Both forms tg and t1 are bounded on Z :

ltol, Y1| + |t V1| < Cli@ll g 1V [l a1 (4.1)

(2) The form ty is Hermitian. If the condition (1.11) is satisfied then t; is also
Hermitian.

(3) Let L C Z be a linear set such that to[¢] < 0 for all ¢ € L. Then

supdim £ < oo. “4.2)
£
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Proof. The bound (4.1) immediately follows from (2.5).
The form ¢y is clearly Hermitian. If (1.11) is satisfied, then

t1[u, v] = holu, Jv] = ho[Ju,v] = t1{v,u], forallu,v e Z,

i.e. t; is Hermitian.

Consider the form o on H'(R2), and recall that by (2.5) with z = 0 it is closed
and semibounded from below. Moreover, H!(2) embeds into L,($2) compactly,
and hence the associated self-adjoint operator has discrete spectrum accumulating
at +oo. The number of eigenvalues n(A) which are less than or equal to an arbitrary
number A € R can be found in terms of the form /% in the standard way. Precisely,
let £; C H'(Q) be a linear set such that hg[u] < A|lu||? for all u € £;. Then

n(A) = maxdim £, < oo,
L

see [1], Chapter 10, Theorem 2.3. The form ¢, is the restriction of %¢ to the sub-
space Z, and hence (4.2) is a direct consequence of the above bound with A =
0. O

Instead of the solution space Z we could have considered the spaces of traces
on the faces A_, A . Then the forms ¢y and #; would correspond to two Dirichlet-
to-Neumann operators 7y and 77 which map the trace ¢|po_, ¢ € Z, into the
normal derivative of ¢ on the faces A_ and A 4 respectively. This approach was
adopted in the paper [6]. We do not make explicit use of the Dirichlet-to-Neumann
operators but it seems appropriate to use this terminology for the forms ¢, ;.

4.2. Reflection symmetry. From now we assume that G, A, V satisfy the sym-
metry condition (1.11). Thus using the operator J defined in (1.10) we get

holJu, Jv] = holu,v], forallu,v e H'(Q).

Another consequence of the symmetry is that JN = N.

The next property is crucial for our argument.
Theorem 4.2. Let the (1.3), (1.4), and (1.5), with p > 3, be satisfied. Denote
kerty ={ue Z:t;[u,v]=0, forallv € Z}. 4.3)
If (1.11) is satisfied then ker t; = {0}.

For the proof of this fact we need two lemmas.
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Lemma 4.3. Let $ be a Hilbert space, and ¢, ¢4, ...,L,, n < 0o, be bounded
linear functionals on $). If

n
ﬂ ker?; C kert, 4.4)
k=1

then the functional { is a linear combination of the others: { = ZZ=1 ol with
some coefficients ay, k = 1,2,...,n.

Although this fact is elementary we provide a proof for the sake of complete-
ness.

Proof. Letz, zy,..., z, € $ be the uniquely defined vectors such that
Lx) =(x,z), Lp(x)=(x,zx), k=1,....n, forall x € 5.
Equation (4.4) is equivalent to the following implication:
if x L £ =span{zy,...,z,},thenx L z.

This means that z € £, ie. z = ZZ:I oz with suitable coefficients oy, k =
1,2,...,n. O

Lemma 4.4. Let G, A and V satisfy (1.3), (1.4) and (1.5) with p > 3. Let a
function w € H'(Q) be such that wla, = 0and

holw, Jv] =0, forallv e Wl.
Then w = 0.
Proof. We extend w by zero into the parallelepiped E = A_ x (-, 4):

w(x) when x3 < 7,
w(x) =
0 when x3 > 7.

Clearly, v € H'(E), and
/ (G(—i Vb — Ab), —i Vv — Av) + Vii)dx = 0, forallv e H'(E).

Therefore w is a weak solution of the equation Hw = 0 in E. Now, the unique
continuation principle for elliptic equations, see [9], Theorem 1, implies that w = 0
in E. U
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Remark 4.5. We need the conditions G € Lipand A € L, ., p > 3, instead of
the "sharp" condition A € L3, for the unique continuation principle only.

Proof of Theorem 4.2. By definition (4.3), for u € ker#; we have
holu, J¢] =0 forall ¢ € Z. 4.5)

By Lemma 3.1 the subspace N is finite-dimensional. Let {ux}, k = 1,2,...,n,be
a basis in N. Consider on the Hilbert space W linear functionals

L) = holu. Jyl.  Le(¥) = holu, JYl. ¥ € W
Since JN = N, by definition of M we have N ker £z = M. On the other hand,
if ¥ € M then by Lemma 3.2 ¥ = ¢ + w with¢p € Z,w € W10, 50
holu, JY] = holu, Jp] + holu, Jw] = 0,

where we have used (4.5) and the fact that u € Z. Thus M C ker{. By virtue of
Lemma 4.3 there exists a function uo € N such that

L) = holuo, Jy], forally € Wy.

Therefore,
holu —uo, JY] =0, forally € W/.

Putting v = u —ug we have ho[v, Jy] = Oforall y € W]. By Lemma4.4 v =0,
sothatu = ug € W% N Z. By Lemma 3.2 u = 0 as claimed. O

5. Proof of the main result

Recall that the operator H (k) depends on the quasi-momentum k quadratically,
i.e. itis a quadratic operator pencil. The decisive observation due to L. Friedlander
[6] is that the reflection symmetry allows one to reduce the analysis of H(K) to a
linear operator pencil.

5.1. Anabstractlemma on linear operator pencils. We will need the following
abstract result. Let $ be a Hilbert space, and let t be a bounded sesquilinear form
defined on $). Similarly to (4.3) we introduce the notation

kert = {¢p € H: tfp, ] =0, forall ¥ € $H}.

The set ker t is a (closed) subspace.
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Lemma 5.1. Let $) be a Hilbert space, and let ty, t1 be two bounded Hermitian
sesquilinear forms on $). Let £ C $) be a linear set such that to[¢] < 0 for any
¢ € L. Suppose that

m = supdim £ < oco. (5.1)
£

Assume that kert; = {0}. Then
#{z e C\ R: ker(typ + zt;) # {0}} < 2m.

Clearly this Lemma can be generalised to unbounded forms with appropriate
restrictions on ty, t; but it is unnecessary for our purposes.

Proof. Let
F={z1,22,....,2p}, Imz; >0,j =1,2,...,n,
be a finite set of distinct points in the complex plane such that
&; =ker(to +zjt1) #{0}, j=12,...,n.

Let us show that the subspaces &; are linearly independent. We proceed by in-
duction. If n = 1 then there is nothing to proof.

Let 1 < p < n — 1. Suppose that any p-tuple of non-zero vectors ¢ € B,
k = 1,2,..., p are linearly-independent. Suppose also that ¢,4+1 € &,yqq is a
vector such that

p
$p1= D k. (5.2)

k=1
and at least one coeflicient oy is non-zero. By definition of £,

to[pr, w] + ziti[pr, w] =0, forallw € $,

forallk =1,2,..., p + 1. Therefore

p p
> axtolgr, wl+ Y axziti g, w] =0,

k=1 k=1
and
P p
> artolpr, wl+ Y axzpr1tilpr, w] =0,
k=1 k=1
for all w € §, where we have used (5.2). Subtracting one equation from the other
we get

p
tl[ Zak(zk — Zp+1) Pk w] =0, forallw e $.
k=1
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Recalling again that ker t; = {0}, we conclude that
p
Dk (zk = Zpr1)dr =0,
k=1

which means that the set {¢1, @2, ..., ¢, } is linearly dependent. This gives a con-
tradiction, and hence the (p + 1)-tuple containing also ¢, are linearly indepen-
dentas well. By induction all kernels &;, j = 1,2, ..., n are linearly-independent,
and as a consequence, #F < dim & where

n
6=Ps,;.
Jj=1
Now, for any ¢; € &;, ¢r € B, we have

toloj, dr] + z;ti[p;, ] = 0,

tolpj. di] + Zxt1pj. dx] = 0,

where we have used that to, {; are Hermitian. Since Im z;, Im z; > 0, we conclude
that to[¢;, x| = ti[¢j. dx] = 0. As a consequence,

tolp, ¥] = ti[p,¥] =0, forallp, v € &.
In particular, ty[¢] = 0, so that dim & < m, and hence, #F < m, i.e.
#{z € C, Imz > 0: ker(tp + zt;) # {0}} < m.

In the same way one proves that the number of such points in the lower half-plane
is also bounded by m. This completes the proof. O

Note in passing that if any of the forms ¢ or ¢, is positive-definite then the set
{z e C\R: ker(ty + zt;) # {0}} (5.3)

is trivially empty. Indeed, assume for example that t; is positive-definite. Let

To and T; be the operators associated with the forms to, t; respectively. Thus

ker(to + zt;) # {0} if and only if the number z belongs to the spectrum of the
1 1

self-adjoint operator —7, 2ToT,; >. Thus z € R, which implies that the set (5.3)
is empty, as claimed.
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5.2. Proof of Theorem 2.1. We begin the study of the problem (2.9), (2.10) with
the analysis of the following system for a function u € W!:

holu,v] =0, forallv e W10,
5.4

M|A+ = §M|A_-

Lemma 5.2. Suppose that (1.3), (1.5), with p = 3, and (1.11) are satisfied. Let
¢ # +1. Then any solution of (5.4) has the form

u=¢+¢Jp+ow, wherepc€Z, we N. (5.5)

Proof. Let u be a solution to (5.4). Then the function ¥ = (1 —¢?)"Y(u — tJu)
belongs to W and solves the equation /o[y, v] = 0, for all v € W', and hence
¥ € M. By Lemma 3.2, ¢y = ¢ + w where ¢ € Z and w € W0, Consequently
w, Jw € N. By inspection,

u=y+LJy,
so that the representation (5.5) holds with w = w 4+ {Jw € N. U

Proof of Theorem 2.1. Let ¢ € X, and let u € W! be a non-trivial solution of the
system (2.9), (2.10). By virtue of Lemma 5.2, u = ¢ +{J¢p +w, withsome ¢ € Z
andw € N.

First, consider the case ¢ = 0. Then u = w € N. Let us use (2.10) with the
function w = ¢ f + Jf where f € W/ is an arbitrary function. Thus

holtJu +u, Jf] = holu,Cf + Jf] = 0.

Lemma 4.4 yields Ju = —{~'u. On the other hand, the spectrum of the operator J
consists of two numbers 1 and —1 only, but |{| # 1, so u = 0, which gives a
contradiction.
Now, assume that ¢ # 0. For a function { € Z substitute w = Jy + (Y
into (2.10), and obtain
0 = holu, w]
= hol + {Jp + o, Jy + (Y]

= (1 + &)nlp. ¥] + 2Lt0[d. ],

where we have used the fact that J W10 = W 1.9 Therefore,

e

ZO[¢7 W]+le[¢’ W] :0’ 2@_
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In view of the conditions Im¢ # 0, |¢| # 1 we have Imz # 0. The forms ¢, t1
satisfy all the conditions of Lemma 5.1. Indeed, both forms are bounded on Z,
kert; = {0} by Theorem 4.2, and the condition (5.1) is satisfied by virtue of (4.2).
Therefore Lemma 5.1 yields that #X < 2m < oo. This completes the proof. [

As explained earlier, Theorem 2.1 implies Theorem 1.1 stating the absolute con-
tinuity of the operator H.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

References

M. Sh. Birman, M. Z. Solomyak, Spectral theory of self-adjoint operators in
Hilbert space. Translated from the 1980 Russian original by S. Khrushchév and
V. Peller. Mathematics and its Applications (Soviet Series). Reidel, Dordrecht, 1987.
MR 1192782 Zbl 0744.47017

M. Sh. Birman and T. A. Suslina, Periodic magnetic Hamiltonian with variable met-
ric. The problem of absolute continuity. Algebra i Analiz 11 (1999), no. 2,1-40. In Rus-
sian. English transl., St. Petersburg Math. J. 11 (2000), no. 2, 203-232. MR 1702587
Zbl 0941.35015

N. Filonov, Second-order elliptic equation of divergence form having a compactly
supported solution. Probl. Mat. Anal. 22 (2001), 246-257. In Russian. English transl.,
J. Math. Sci. (New York) 106 (2001), no. 3, 3078-3086. MR 1906035 Zbl 0991.35020

N. Filonov and A. V. Sobolev, Absence of the singular continuous component in the
spectrum of analytic direct integrals. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat.
Inst. Steklov. (POMI) 318 (2004), Kraev. Zadachi Mat. Fiz. i Smezh. Vopr. Teor.
Funkts. 36 [35], 298-307, 313. In Russian. English transl., J. Math. Sci. (New York) 136
(2006), no. 2, 3826-3831. MR 2120804 Zbl 1084.47021

N. Filonov and M. Tikhomirov, Absolute continuity of an “even” periodic
Schrodinger operator with nonsmooth coefficients. Algebra i Analiz 16 (2004),
no. 3, 201-210. In Russian. English transl., St. Petersburg Math. J. 16 (2005), no. 3,
583-589. MR 2083570 Zbl 1128.35035

L. Friedlander, On the spectrum of a class of second order periodic elliptic differential
operators. Comm. Math. Phys. 229 (2002), no. 1,49-55. MR 1917673 Zbl 1014.35066

T. Kato, Perturbation theory for linear operators. Die Grundlehren der math-
ematischen Wissenschaften, 132. Springer, New York etc., 1966. MR 0203473
Zbl 0148.12601

F. Klopp, Absolute continuity of the spectrum of a Landau Hamiltonian perturbed by
a generic periodic potential. Math. Ann. 347 (2010), no. 3, 675-687. MR 2640047
Zbl 2640047

H. Koch and D. Tataru, Carleman estimates and unique continuation for second-order
elliptic equations with nonsmooth coefficients. Comm. Pure Appl. Math. 54 (2001),
no. 3, 339-360. MR 1809741 Zbl 1033.35025


http://www.ams.org/mathscinet-getitem?mr=1192782
http://zbmath.org/?q=an:0744.47017
http://www.ams.org/mathscinet-getitem?mr=1702587
http://zbmath.org/?q=an:0941.35015
http://www.ams.org/mathscinet-getitem?mr=1906035
http://zbmath.org/?q=an:0991.35020
http://www.ams.org/mathscinet-getitem?mr=2120804
http://zbmath.org/?q=an:1084.47021
http://www.ams.org/mathscinet-getitem?mr=2083570
http://zbmath.org/?q=an:1128.35035
http://www.ams.org/mathscinet-getitem?mr=1917673
http://zbmath.org/?q=an:1014.35066
http://www.ams.org/mathscinet-getitem?mr=0203473
http://zbmath.org/?q=an:0148.12601
http://www.ams.org/mathscinet-getitem?mr=2640047
http://zbmath.org/?q=an:2640047
http://www.ams.org/mathscinet-getitem?mr=1809741
http://zbmath.org/?q=an:1033.35025

398

[10]

[11]

[12]

[13]

N. D. Filonov and A. V. Sobolev

P. Kuchment and S. Levendorskii, On the structure of spectra of periodic ellip-
tic operators. Trans. Amer. Math. Soc. 354 (2002), no. 2, 537-569. MR 1862558
7Zbl11058.35174

L. D. Landau and E. M. Lifshitz, Course of theoretical physics. Vol. 3. Quantum
mechanics: non-relativistic theory. Translated from the Russian by J. B. Sykes and
J. S. Bell. Addison-Wesley Series in Advanced Physics. Pergamon Press, London and
Paris and, for U.S.A. and Canada, Addison-Wesley, Reading, MA, 1958. MR 0093319
Zbl 0178.57901

M. Melgaard and G. V. Rozenblum, Spectral estimates for magnetic operators. Math.
Scand. 79 (1996), no. 2, 237-254. MR 1452042 Zbl 0888.35074

E. Shargorodsky and A. V. Sobolev, Quasiconformal mappings and periodic spec-
tral problems in dimension two. J. Anal. Math. 91 (2003), 67-103. MR 2037402
7Zbl 1048.30010

Received October 8, 2013; revised January 8, 2014

Nikolai D. Filonov, St. Petersburg Department of Steklov Mathematical Institute,
27 Fontanka, St. Petersburg 191023, Russia

Department of Physics, St. Petersburg State University, Ulyanovskaya 1, Petrodvorets,
St. Petersburg 198504, Russia

e-mail: filonov@pdmi.ras.ru

Alexander V. Sobolev, Department of Mathematics, University College London,
Gower Street, London, WCIE 6BT, U.K.

e-mail: a.sobolev@ucl.ac.uk


http://www.ams.org/mathscinet-getitem?mr=1862558
http://zbmath.org/?q=an:1058.35174
http://www.ams.org/mathscinet-getitem?mr=0093319
http://zbmath.org/?q=an:0178.57901
http://www.ams.org/mathscinet-getitem?mr=1452042
http://zbmath.org/?q=an:0888.35074
http://www.ams.org/mathscinet-getitem?mr=2037402
http://zbmath.org/?q=an:1048.30010
mailto:filonov@pdmi.ras.ru
mailto:a.sobolev@ucl.ac.uk

	Introduction and results
	Floquet–Bloch–Gelfand transformation
	Associated boundary-value problem
	The Dirichlet-to-Neumann forms
	Proof of the main result
	References

