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On the spectrum of an “even” periodic Schrödinger operator

with a rational magnetic �ux
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Abstract. We study the Schrödinger operator on L2.R
3/ with periodic variable metric,

and periodic electric and magnetic �elds. It is assumed that the operator is re�ection sym-

metric and the (appropriately de�ned) �ux of the magnetic �eld is rational. Under these

assumptions it is shown that the spectrum of the operator is absolutely continuous. Pre-

viously known results on absolute continuity for periodic operators were obtained for the

zero magnetic �ux.
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1. Introduction and results

In the last two decades a good deal of attention was focused on the absolute con-

tinuity of self-adjoint periodic di�erential elliptic operators of second order in

dimension d > 2, i.e. of the operators of the form

H D
d

X

j;lD1

.Dj � Aj /gjl.Dl � Al /C V; Dj D �i@j ; (1.1)

with a periodic symmetric positive-de�nite matrix ¹gjlº D G, and coe�cients

A D ¹Alº, V which we interpret as magnetic and electric potentials respectively.

If all the coe�cients in (1.1) are periodic and satisfy suitable integrability and/or

smoothness conditions, then the operatorH is known to be absolutely continuous

for d D 2. If G.x/ D g.x/I with a positive function g then this conclusion extends

1 �e �rst author work was supported by grant RFBR 11-01-00458.

2 �e second author was supported by EPSRC grant EP/J016829/1.
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to arbitrary d > 2. We do not provide a thorough bibliographical account and refer

e.g. to [2], [10] and [13] for more detailed references.

�e case of general variable G in dimensions d > 3 remains unassailable, but

there are some partial results. First, if the matrix G is not smooth then the spec-

trum ofH may not be absolutely continuous, see [3]. Second, in L. Friedlander’s

paper [6] the absolute continuity was obtained for smooth variable matrix G and

smooth A, V for all dimensions d > 2 under the condition that the operator

H is re�ection symmetric. Later the smoothness assumptions were relaxed by

N. Filonov and M. Tikhomirov in [5].

In this note we address another open question of the theory: is the spectrum

absolutely continuous if instead of the magnetic potential A we assume that the

magnetic �eld B D curl A is periodic? �e traditional methods used to study

the spectra of periodic operators are not directly applicable. However, under the

additional condition of the re�ection symmetry one can still use the ideas of [6]

and [5]. We concentrate on the physically relevant case d D 3. Note that the

case d D 2 is also of interest but the requirement of the re�ection symmetry au-

tomatically implies that the constant component of the magnetic �eld is zero, i.e.

the magnetic potential itself becomes periodic. �us for d D 2 the Friedlander’s

method would give no new information. At this point we should note that in gen-

eral (i.e. without re�ection symmetry), the two-dimensional case is dramatically

di�erent from the three-dimensional one. It su�ces to observe that in the absence

of electric �eld for d D 3 a constant magnetic �eld induces absolutely continuous

spectrum, whereas for d D 2 the spectrum consists of equidistant eigenvalues of

in�nite multiplicity, called Landau levels, see [11]. �us for d D 2 mechanisms

responsible for the possible formation of the absolute continuous spectrum (e.g.

with non-trivial periodic V ) are very di�erent. For this case absolute continuity

was proved in [8] for constant magnetic �eld with a rational �ux and a generic

periodic potential V .

Let us proceed to the precise formulations. �e operator H is de�ned via the

quadratic form

hŒu� D

Z

R3

hG.x/.�ir � A.x//u.x/; .�ir � A.x//u.x/idx

C

Z

R3

V.x/ju.x/j2dx;

(1.2)

with the domain DŒh� D C1
0 .R3/ in the Hilbert space L2.R

3/. �e coe�cient

G D ¹gjl .x/º; j; l D 1; 2; 3, is a symmetric matrix-valued function with real-
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valued entries gjl .x/ which satis�es the conditions

cj�j2 6 hG.x/�; �i 6 C j�j2; for all � 2 R3; a.e. x 2 R3; (1.3)

and

G 2 Lip.R3/: (1.4)

Here and everywhere below by C and c with or without indices we denote various

positive constants whose precise value is unimportant. �e vector-�eld A and the

function V satisfy the conditions

A 2 Lp;loc.R
3;R3/; V 2 L3=2;loc.R

3/; (1.5)

with p D 3. Under assumptions (1.3) and (1.5) with p D 3, and that V is periodic,

the form (1.2) is semibounded from below and closable (see e.g. [12, §2]). We de-

note by H the self-adjoint operator in L2.R
3/ which corresponds to the closure

of the form h. We write it formally as

H D h.�ir � A/;G.�ir � A/i C V: (1.6)

Since we assume that the magnetic �eld B.x/ D curl A.x/ is periodic, the mag-

netic potential can be represented in the form

A.x/ D a0.x/C a.x/;

where a0 is a linear magnetic potential associated with the constant component

B0 D curl a0.x/

of the magnetic �elds, and a is a periodic vector-potential. We align B0 with

the positive direction of the x3-axis, and choose for a0.x/ the gauge .�bx2; 0; 0/,

b D jB0j > 0, so that B0 D .0; 0; b/ and

A.x/ D .�bx2; 0; 0/C a.x/: (1.7)

We assume that with this choice of coordinates the matrix-valued function G, the

potentials V and a are .2�Z/3-periodic: for all n 2 Z3;

G.x C 2�n/ D G.x/; V .x C 2�n/ D V.x/; a.x C 2�n/ D a.x/: (1.8)

Furthermore, to ensure that the operator (1.6) is partially diagonalizable via the

Floquet–Bloch–Gelfand decomposition, we assume that the �ux of the constant

component B0 is integer, i.e.

1

2�

Z

.��;�/2

jB0jdx1dx2 D 2�b 2 ZC D ¹0; 1; : : : º: (1.9)
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To describe the symmetry of the operator H introduce the re�ection map

R.x1; x2; x3/ D .x1; x2;�x3/;

and the associated operation on u 2 L2.R
3/,

.J u/.x/ D u.Rx/: (1.10)

It is straightforward to check that H commutes with J if G, a and V satisfy the

conditions

G.Rx/ D RG.x/R; A.Rx/ D RA.x/; V .Rx/ D V.x/; a.e. x 2 R3:

(1.11)

Obviously the symmetry condition for A is equivalent to that for a.

�e next theorem constitutes the main result of the paper.

�eorem 1.1. Assume that the matrix G, the potentials A; V satisfy (1.3), (1.4)

and (1.5) with p > 3. Assume also that (1.7), (1.8), (1.9) and (1.11) are satis�ed.

�en the spectrum of the operator (1.6) is absolutely continuous.

�roughout the paper we always assume the periodicity (1.8). As a special

case this allows a constant magnetic �eld i.e. a D 0. With regard to the regularity,

we normally need only (1.3) and (1.5) with p D 3. �e assumptions (1.4) and

p > 3 are required only once when employing the unique continuation argument,

see Lemma 4.4. Recall that if (1.4) is not satis�ed, the spectrum may not be

absolutely continuous, see [3].

Note that the condition (1.9) can be replaced by 2�b 2 Q. �is case reduces

to that of an integer �ux by taking an appropriate sublattice of Z3 and rescaling.

If the �ux is irrational we cannot say anything about the nature of the spectrum.

As mentioned earlier, one can state a theorem similar to �eorem 1.1 in the two-

dimensional case as well. However, in this case the re�ection symmetry would

imply that b D 0, see (1.7), and hence such a theorem would not say anything new

compared to the known results.

�eorem 1.1 can be conceivably generalized to arbitrary dimensions d > 3

with the standard changes to conditions (1.5). We have chosen not to clutter the

presentation with these details but to focus on the lowest dimension where the

re�ection symmetry leads to a non-trivial e�ect.

�e proof of absolute continuity amounts to showing that the operatorsH.k/ in

the Bloch decomposition ofH have no eigenvalues which are constant as functions

of the quasi-momentum k. �e operator-function H.k/ is a quadratic pencil, and

in general the study of its spectrum is a non-trivial problem. As mentioned earlier,
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L. Friedlander (see [6]) was the �rst to understand how the re�ection symmetry

can be used to establish the absolute continuity of H . Friedlander’s approach is

based on a reduction to a pair of Dirichlet-to-Neumann maps for the operator H

on the fundamental domain of the lattice Z3, see Section 4 for a short discussion.

�e crucial observation is that in the presence of re�ection symmetry the quadratic

operator pencil H.k/ reduces to a linear one involving the mentioned Dirichlet-

to-Neumann operators. �is dramatically simpli�es the proof of the fact that the

eigenvalues of H.k/ are not constant in k.

In the paper [5] the Friedlander’s argument was translated into the language of

quadratic forms which allowed the authors to prove the absolute continuity with

“minimal” regularity assumptions. Although in the current paper we follow the

paper [5] our proof is simpler and somewhat shorter, and we consider it worthy of

dissemination.

Acknowledgments. �e authors are grateful to the anonymous Referee for useful

remarks, and in particular for pointing out to them paper [8].

2. Floquet–Bloch–Gelfand transformation

Denote by� the interior of the standard fundamental domain of the lattice� D Z3,

� D .��; �/3. We also need separate notation for the top and bottom faces of

this cube,

ƒ˙ D ¹x 2 R3 W Ox 2 .��; �/2; x3 D ˙�º; Ox D .x1; x2/:

�e interior of the fundamental domain of the dual lattice is denoted�� D .0; 1/3.

�e Floquet–Bloch–Gelfand transform is de�ned as the operator

.Uf /.x; k/ D
X

n2Z3

e�ik�.xC2�n/ei2�bn2x1f .x C 2�n/; x 2 �; k 2 ��;

for functions f 2 C1
0 .R3/. It is clear that Uf 2 C1.x� � ��/. Moreover, the

function v. � / D Uf . � I k/ is periodic in x1 (due to the condition (1.9)), and in x3:

v.��; x2; x3/ D v.�; x2; x3/; (2.1)

and

v.x1; x2;��/ D v.x1; x2; �/: (2.2)

�e function v. � / is also quasiperiodic in x2:

v.x1; �; x3/ D e�i2�bx1v.x1;��; x3/: (2.3)
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A direct calculation shows that the transform U can be extended to L2.R
3/ as a

unitary operator

U W L2.R
3/ �!

Z ˚

��

L2.�/dk:

For each z 2 C3 introduce the quadratic form

h.z/Œv� D

Z

�

˝

G.x/.�ir C z � A.x//v.x/; .�ir C Nz � A.x//v.x/
˛

dx

C

Z

�

V.x/jv.x/j2dx:

(2.4)

Under conditions (1.3) and (1.5) with p D 3, the potentials A and V induce on

C1.x�/ a perturbation which is in�nitesimally bounded by the standard Dirichlet

form, and hence

C�1
0 kvk2

H 1.�/
6 jh.z/Œv�j C Ckvk2

L2.�/ 6 C0kvk2
H 1.�/

; (2.5)

with some positive constants C D C.z/ and C0 D C0.z/ > 1 uniformly in z on a

compact subset of C3. �us (2.4) naturally extends to all v 2 H 1.�/ as a closed

form. In order to relate this form to the form (1.2) we consider (2.4) on a smaller

domain. It is convenient to introduce a special notation for the function spaces

with the conditions (2.1) and (2.3):

W 1 D ¹u 2 H 1.�/ W u satis�es (2.1) and (2.3)º: (2.6)

Now we consider the form (2.4) on the domain

DŒh.z/� D DŒh.0/� D ¹v 2 W 1 W v satis�es (2.2)º:

Clearly the form (2.4) is closed on DŒh.0/� and analytic (quadratic) in z 2 C3.

One checks directly that

hŒv� D

Z

��

h.k/Œ.Uv/. � ; k/�dk; (2.7)

for any v 2 DŒh.0/�. �e form h.z/Œv� is sectorial, i.e. for a suitable number


 D 
.z/ 2 R,

Reh.z/Œv� > �
kvk2; j Im h.z/Œv�j 6 C.Reh.z/Œv�C 
kvk2/; v 2 DŒh.0/�;

with some positive constant C D C.z/ uniformly in z on a compact subset of C3.

Hence it de�nes a sectorial operator (m-sectorial in T. Kato’s terminology, see [7])

which we denote byH.z/. As the form h.z/ is compact inH 1.�/ the resolvent of
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H.z/ is compact whenever it exists. For the values k 2 R3 the operator H.k/ is

self-adjoint: H.k/ D H.k/�. In view of (2.7) the following unitary equivalence

UHU � D

Z ˚

��

H.k/ dk (2.8)

holds. Although this formula requires only the values k 2 �� it is important for

us to have the operator H.z/ de�ned for z 2 C3. Sometimes we use the notation

z D .Oz; z3/, with Oz D .z1; z2/.

In order to prove �eorem 1.1 it is su�cient to show thatH has no eigenvalues,

see [4]. �e proof of this fact reduces to the analysis of the following boundary

value problem for a function u 2 W 1 with the form h0 D h.0/ and a number

� 2 C:

u 2 W 1; ujƒC
D �ujƒ�

; (2.9)

and

h0Œu; w� D 0; for all w 2 W 1; such that N�wjƒC
D wjƒ�

: (2.10)

�eorem 1.1 is derived from the next theorem.

�eorem 2.1. Suppose that G, A, and V satisfy the conditions of �eorem 1.1. Let

X � C be the subset of the complex plane consisting of the points � such that

(1) Im � ¤ 0, j�j ¤ 1, and

(2) there exists at least one function u 2 W 1; u 6� 0 satisfying (2.9) and (2.10).

�en X is at most �nite.

Derivation of �eorem 1.1 from �eorem 2.1. By virtue of [4] it su�ces to show

that any arbitrarily chosen number � 2 R is not an eigenvalue of H . Replacing

the potential V with V � � we may assume that � D 0.

Suppose on the contrary that � D 0 is an eigenvalue of H , so that there exists

at least one Ok 2 Œ0; 1�2 such that the measure of the set

¹k 2 .0; 1/ W � 2 �.H. Ok; k//º

is positive. Since H.z/ has compact resolvent, by the analytic Fredholm alterna-

tive (see [7], �eorems VII.1.10, VII.1.9), this implies that the point � D 0 is an

eigenvalue of H. Ok; k/ for all k 2 C. Replacing the magnetic potential A with

A � . Ok; 0/we may assume that Ok D 0, so that for any k 2 C there exists a function

v 2 DŒh0�, v 6� 0, such that

h. O0; k/Œv; �� D 0; for all � 2 DŒh0�:
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Introducing

u.x/ D eikx3v.x/;

and

w.x/ D ei Nkx3�.x/;

we reduce the above equation to equation (2.10) for the function u 6� 0 satisfy-

ing (2.9) with � D ei2�k ; k 2 C. �us the set X de�ned in �eorem 2.1 has posi-

tive (in fact, in�nite) measure. �is contradicts the conclusion of �eorem 2.1,

and hence � D 0 cannot be an eigenvalue of H . As explained at the begin-

ning of the proof, this implies that the spectrum ofH is absolutely continuous, as

claimed.

3. Associated boundary-value problem

We begin the analysis of the system (2.9), (2.10) with introducing the subspaces

W 1;0 D ¹v 2 W 1 W vjƒC
D vjƒ�

D 0º;

and

W 1
C D ¹u 2 W 1 W ujƒC

D 0º;

with the standard H 1-inner product. Now de�ne the subspaces

N D ¹v 2 W 1;0 W h0Œv; w� D 0; for all w 2 W 1;0º;

M D ¹u 2 W 1
C W h0Œu; v� D 0; for all v 2 N º;

and

Z D ¹u 2 W 1
C W h0Œu; w� D 0; for all w 2 W 1;0; u ? N º:

�e subspaceZ consists of weak solutions u 2 W 1
C of the equationHu D 0which

are orthogonal to N . By de�nition of M we automatically have Z;W 1;0 � M .

First of all consider the following boundary-value problem.
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Lemma 3.1. Let (1.3) and (1.5), with p D 3, be satis�ed. �en for any function

u 2 M the system

8

<

:

h0Œ�; w� D 0; for all w 2 W 1;0;

� � u 2 W 1;0;
(3.1)

is solvable for the function � 2 W 1
C. �e solution is unique under the condition

� ? N . Moreover, dimN < 1.

Proof. �e system is studied in the standard way. Namely, the function  D
� � u 2 W 1;0 satis�es

h0Œ ; w� D �h0Œu; w�; for all w 2 W 1;0: (3.2)

Referring to (2.5) introduce on W 1;0 the inner product

.f; g/1 D h0Œf; g�C 
.f; g/

choosing 
 > 0 in such a way that the induced norm kf k1 is equivalent to the

standard H 1-norm. �e L2-inner product is an example of a symmetric compact

form in H 1, and hence there is a compact self-adjoint operator T W W 1;0 ! W 1;0

such that .f; g/ D .Tf; g/1; f; g 2 W 1;0. As a result, the left-hand side of (3.2)

rewrites as ..I � 
T / ;w/1. �e right-hand side of (3.2) is a continuous linear

functional of w 2 W 1;0 so there is a function q 2 W 1;0 such that �h0Œu; w� D
.q; w/1, kqk1 6 Ckuk1. �us (3.2) takes the form

 � 
T D q: (3.3)

Now it follows from the classical Fredholm �eory that (3.3) has a solution  2
W 1;0 if and only if .q; v/1 D 0 for all v 2 ker.I�
T /. Under this condition there is

a unique solution  0 satisfying the property . 0; v/1 D 0 for all v 2 ker.I � 
T /,
and this solution satis�es the bound k 0k1 6 Ckqk1. Note thatN D ker.I �
T /,
so by de�nition of q the equality .q; v/1 D 0, for all v 2 ker.I �
T / follows from

the condition u 2 M . �us (3.2) is solvable and hence so is (3.1). As T is compact,

it immediately follows that dimN < 1.

Denote �0 D  0 C u 2 W 1
C. Any other solution of (3.1) has the form � D

�0 Cw with a suitablew 2 N . If one demands that � ? N then w D �P�0 where

P is the projection inL2.�/ on the �nite-dimensional subspaceN . �erefore such

a solution � 2 W 1
C is uniquely de�ned, as required.

�e following elementary lemma is crucial for us.
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Lemma 3.2. Let (1.3) and (1.5), with p D 3, be satis�ed. Let the subspacesM;Z

be as de�ned above. �en the subspace Z is non-trivial, and

M D Z PCW 1;0:

In other words, any function u 2 M is uniquely represented as the sum �Cw with

some � 2 Z and w 2 W 1;0.

Proof. By Lemma 3.1 for any function u 2 M there is a solution � of (3.1) or-

thogonal to N . Furthermore, � is uniquely de�ned and w D � � u 2 W 1;0,

so M D Z PC W 1;0, as claimed. Recall that codim M < 1 in W 1
C

whereas

codim W 1;0 D 1, so M 6D W 1;0. �is implies that Z is non-trivial.

4. �e Dirichlet-to-Neumann forms

4.1. General facts. On the subspace Z considered as a Hilbert space with the

H 1-inner product introduce the forms

t0Œu; v� D h0Œu; v�; t1Œu; v� D h0Œu; J v�; u; v 2 Z;

where J is de�ned in (1.10). We call t0 and t1 the Dirichlet-to-Neumann forms.

�eir properties are listed in the following lemma.

Lemma 4.1. Let (1.3) and (1.5), with p D 3, be satis�ed. Let t0; t1 be as de�ned

above.

(1) Both forms t0 and t1 are bounded on Z:

jt0Œ�;  �j C jt1Œ�;  �j 6 Ck�kH 1 k kH 1 : (4.1)

(2) �e form t0 is Hermitian. If the condition (1.11) is satis�ed then t1 is also

Hermitian.

(3) Let L � Z be a linear set such that t0Œ�� 6 0 for all � 2 L. �en

sup
L

dimL < 1: (4.2)
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Proof. �e bound (4.1) immediately follows from (2.5).

�e form t0 is clearly Hermitian. If (1.11) is satis�ed, then

t1Œu; v� D h0Œu; J v� D h0ŒJ u; v� D t1Œv; u�; for all u; v 2 Z;

i.e. t1 is Hermitian.

Consider the form h0 onH 1.�/, and recall that by (2.5) with z D 0 it is closed

and semibounded from below. Moreover, H 1.�/ embeds into L2.�/ compactly,

and hence the associated self-adjoint operator has discrete spectrum accumulating

at C1. �e number of eigenvaluesn.�/which are less than or equal to an arbitrary

number � 2 R can be found in terms of the form h0 in the standard way. Precisely,

let L� � H 1.�/ be a linear set such that h0Œu� 6 �kuk2 for all u 2 L�. �en

n.�/ D max
L�

dimL� < 1;

see [1], Chapter 10, �eorem 2.3. �e form t0 is the restriction of h0 to the sub-

space Z, and hence (4.2) is a direct consequence of the above bound with � D
0.

Instead of the solution space Z we could have considered the spaces of traces

on the facesƒ�,ƒC. �en the forms t0 and t1 would correspond to two Dirichlet-

to-Neumann operators T0 and T1 which map the trace �jƒ�
; � 2 Z, into the

normal derivative of � on the faces ƒ� and ƒC respectively. �is approach was

adopted in the paper [6]. We do not make explicit use of the Dirichlet-to-Neumann

operators but it seems appropriate to use this terminology for the forms t0; t1.

4.2. Re�ection symmetry. From now we assume that G, A; V satisfy the sym-

metry condition (1.11). �us using the operator J de�ned in (1.10) we get

h0ŒJ u; J v� D h0Œu; v�; for all u; v 2 H 1.�/:

Another consequence of the symmetry is that JN D N .

�e next property is crucial for our argument.

�eorem 4.2. Let the (1.3), (1.4), and (1.5), with p > 3, be satis�ed. Denote

ker t1 � ¹u 2 Z W t1Œu; v� D 0; for all v 2 Zº: (4.3)

If (1.11) is satis�ed then ker t1 D ¹0º.

For the proof of this fact we need two lemmas.
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Lemma 4.3. Let H be a Hilbert space, and `, `1; : : : ; `n, n < 1, be bounded

linear functionals on H. If

n
\

kD1

ker `k � ker `; (4.4)

then the functional ` is a linear combination of the others: ` D
Pn

kD1 ˛k`k with

some coe�cients ˛k , k D 1; 2; : : : ; n.

Although this fact is elementary we provide a proof for the sake of complete-

ness.

Proof. Let z, z1; : : : ; zn 2 H be the uniquely de�ned vectors such that

`.x/ D .x; z/; `k.x/ D .x; zk/; k D 1; : : : ; n; for all x 2 H:

Equation (4.4) is equivalent to the following implication:

if x ? L D span¹z1; : : : ; znº, then x ? z.

�is means that z 2 L, i.e. z D
Pn

kD1 ˛kzk with suitable coe�cients ˛k , k D
1; 2; : : : ; n.

Lemma 4.4. Let G, A and V satisfy (1.3), (1.4) and (1.5) with p > 3. Let a

function w 2 H 1.�/ be such that wjƒC
D 0 and

h0Œw; J v�D 0; for all v 2 W 1
C:

�en w D 0.

Proof. We extend w by zero into the parallelepiped „ D ƒ� � .��; 4/:

Qw.x/ D

8

<

:

w.x/ when x3 6 �;

0 when x3 > �:

Clearly, Qw 2 H 1.„/, and

Z

„

.hG.�ir Qw � A Qw/;�irv � Avi C V Qw Nv/dx D 0; for all v 2 VH 1.„/:

�erefore Qw is a weak solution of the equation H Qw D 0 in „. Now, the unique

continuation principle for elliptic equations, see [9], �eorem 1, implies that Qw � 0

in „.
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Remark 4.5. We need the conditions G 2 Lip and A 2 Lp;loc, p > 3, instead of

the "sharp" condition A 2 L3;loc for the unique continuation principle only.

Proof of �eorem 4.2. By de�nition (4.3), for u 2 ker t1 we have

h0Œu; J�� D 0 for all � 2 Z: (4.5)

By Lemma 3.1 the subspaceN is �nite-dimensional. Let ¹ukº; k D 1; 2; : : : ; n; be

a basis in N . Consider on the Hilbert spaceW 1
C

linear functionals

`. / D h0Œu; J �; `k. / D h0Œuk ; J �;  2 W 1
C:

Since JN D N , by de�nition of M we have \k ker `k D M . On the other hand,

if  2 M then by Lemma 3.2  D � C w with � 2 Z;w 2 W 1;0, so

h0Œu; J � D h0Œu; J��C h0Œu; Jw� D 0;

where we have used (4.5) and the fact that u 2 Z. �us M � ker `. By virtue of

Lemma 4.3 there exists a function u0 2 N such that

`. / D h0Œu0; J �; for all  2 W 1
C:

�erefore,

h0Œu � u0; J � D 0; for all  2 W 1
C:

Putting v D u�u0 we have h0Œv; J � D 0 for all  2 W 1
C

. By Lemma 4.4 v D 0,

so that u D u0 2 W 1;0 \Z. By Lemma 3.2 u D 0 as claimed.

5. Proof of the main result

Recall that the operator H.k/ depends on the quasi-momentum k quadratically,

i.e. it is a quadratic operator pencil. �e decisive observation due to L. Friedlander

[6] is that the re�ection symmetry allows one to reduce the analysis of H.k/ to a

linear operator pencil.

5.1. An abstract lemma on linear operator pencils. We will need the following

abstract result. Let H be a Hilbert space, and let t be a bounded sesquilinear form

de�ned on H. Similarly to (4.3) we introduce the notation

ker t D ¹� 2 H W tŒ�;  � D 0; for all  2 Hº:

�e set ker t is a (closed) subspace.
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Lemma 5.1. Let H be a Hilbert space, and let t0, t1 be two bounded Hermitian

sesquilinear forms on H. Let L � H be a linear set such that t0Œ�� 6 0 for any

� 2 L. Suppose that

m D sup
L

dimL < 1: (5.1)

Assume that ker t1 D ¹0º. �en

#¹z 2 C n R W ker.t0 C zt1/ ¤ ¹0ºº 6 2m:

Clearly this Lemma can be generalised to unbounded forms with appropriate

restrictions on t0; t1 but it is unnecessary for our purposes.

Proof. Let

F D ¹z1; z2; : : : ; znº; Im zj > 0; j D 1; 2; : : : ; n;

be a �nite set of distinct points in the complex plane such that

Gj D ker.t0 C zj t1/ 6D ¹0º; j D 1; 2; : : : ; n:

Let us show that the subspaces Gj are linearly independent. We proceed by in-

duction. If n D 1 then there is nothing to proof.

Let 1 6 p 6 n � 1. Suppose that any p-tuple of non-zero vectors �k 2 Gk,

k D 1; 2; : : : ; p are linearly-independent. Suppose also that �pC1 2 GpC1 is a

vector such that

�pC1 D
p

X

kD1

˛k�k; (5.2)

and at least one coe�cient ˛k is non-zero. By de�nition of Hk ,

t0Œ�k; w�C zkt1Œ�k ; w� D 0; for all w 2 H;

for all k D 1; 2; : : : ; p C 1. �erefore

p
X

kD1

˛kt0Œ�k; w�C
p

X

kD1

˛kzkt1Œ�k; w� D 0;

and
p

X

kD1

˛kt0Œ�k ; w�C
p

X

kD1

˛kzpC1t1Œ�k ; w� D 0;

for all w 2 H, where we have used (5.2). Subtracting one equation from the other

we get

t1

h

p
X

kD1

˛k.zk � zpC1/�k; w
i

D 0; for all w 2 H:
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Recalling again that ker t1 D ¹0º, we conclude that

p
X

kD1

˛k.zk � zpC1/�k D 0;

which means that the set ¹�1; �2; : : : ; �pº is linearly dependent. �is gives a con-

tradiction, and hence the .pC 1/-tuple containing also �pC1 are linearly indepen-

dent as well. By induction all kernelsGj ; j D 1; 2; : : : ; n are linearly-independent,

and as a consequence, #F 6 dimG where

G D
n

M

j D1

Gj :

Now, for any �j 2 Gj ; �k 2 Gk, we have

8

<

:

t0Œ�j ; �k�C zj t1Œ�j ; �k� D 0;

t0Œ�j ; �k�C Nzkt1Œ�j ; �k� D 0;

where we have used that t0; t1 are Hermitian. Since Im zj ; Im zk > 0, we conclude

that t0Œ�j ; �k� D t1Œ�j ; �k� D 0. As a consequence,

t0Œ�;  � D t1Œ�;  � D 0; for all �;  2 G:

In particular, t0Œ�� D 0, so that dimG 6 m, and hence, #F 6 m, i.e.

#¹z 2 C; Im z > 0 W ker.t0 C zt1/ ¤ ¹0ºº 6 m:

In the same way one proves that the number of such points in the lower half-plane

is also bounded by m. �is completes the proof.

Note in passing that if any of the forms t0 or t1 is positive-de�nite then the set

¹z 2 C n R W ker.t0 C zt1/ 6D ¹0ºº (5.3)

is trivially empty. Indeed, assume for example that t1 is positive-de�nite. Let

T0 and T1 be the operators associated with the forms t0; t1 respectively. �us

ker.t0 C zt1/ 6D ¹0º if and only if the number z belongs to the spectrum of the

self-adjoint operator �T
� 1

2

1 T0T
� 1

2

1 . �us z 2 R, which implies that the set (5.3)

is empty, as claimed.
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5.2. Proof of �eorem 2.1. We begin the study of the problem (2.9), (2.10) with

the analysis of the following system for a function u 2 W 1:

8

<

:

h0Œu; v� D 0; for all v 2 W 1;0;

ujƒC
D �ujƒ�

:
(5.4)

Lemma 5.2. Suppose that (1.3), (1.5), with p D 3, and (1.11) are satis�ed. Let

� ¤ ˙1. �en any solution of (5.4) has the form

u D � C �J� C !; where � 2 Z; ! 2 N: (5.5)

Proof. Let u be a solution to (5.4). �en the function  D .1 � �2/�1.u � �Ju/

belongs to W 1
C and solves the equation h0Œ ; v� D 0, for all v 2 W 1;0, and hence

 2 M . By Lemma 3.2,  D � C w where � 2 Z and w 2 W 1;0. Consequently

w; Jw 2 N . By inspection,

u D  C �J ;

so that the representation (5.5) holds with ! D w C �Jw 2 N .

Proof of �eorem 2.1. Let � 2 X , and let u 2 W 1 be a non-trivial solution of the

system (2.9), (2.10). By virtue of Lemma 5.2, u D �C�J�C!, with some � 2 Z
and ! 2 N .

First, consider the case � D 0. �en u D ! 2 N . Let us use (2.10) with the

function w D N�f C Jf where f 2 W 1
C is an arbitrary function. �us

h0Œ�J uC u; Jf � D h0Œu; N�f C Jf � D 0:

Lemma 4.4 yields Ju D ���1u. On the other hand, the spectrum of the operator J

consists of two numbers 1 and �1 only, but j�j 6D 1, so u D 0, which gives a

contradiction.

Now, assume that � ¤ 0. For a function  2 Z substitute w D J C N� 
into (2.10), and obtain

0 D h0Œu; w�

D h0Œ� C �J� C !; J C N� �

D .1C �2/t1Œ�;  �C 2�t0Œ�;  �;

where we have used the fact that JW 1;0 D W 1;0. �erefore,

t0Œ�;  �C zt1Œ�;  � D 0; z D
1C �2

2�
:
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In view of the conditions Im � 6D 0, j�j 6D 1 we have Im z 6D 0. �e forms t0; t1

satisfy all the conditions of Lemma 5.1. Indeed, both forms are bounded on Z,

ker t1 D ¹0º by �eorem 4.2, and the condition (5.1) is satis�ed by virtue of (4.2).

�erefore Lemma 5.1 yields that #X 6 2m < 1. �is completes the proof.

As explained earlier, �eorem 2.1 implies �eorem 1.1 stating the absolute con-

tinuity of the operator H .
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