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1. Introduction

We consider the self-adjoint Dirac (more precisely, Dirac-type) system

d o
(D) =i+ VD) (2 0) (1)
where
.| Iy 0 [0 v .
/—[0 _Imz], V—[U* 0}, mitmy=m, (1)

I, is the my x my identity matrix and v(x) is an m; x m, matrix function.
We assume that v is measurable and, moreover, locally square-summable, that is,
square-summable on the finite intervals [0, /]. Here we say that a matrix function
is summable (square-summable) if its entries are summable (square-summable).
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Dirac (Dirac-type) system is a classical object of analysis. Its Weyl and spec-
tral theories were actively studied in the second half of the 20-th century, the first
solution of the inverse spectral problem being given (for the case of the scalar
v and without proof) by M.G. Krein in the seminal paper [11]. For more recent
publications on Dirac systems see, for instance, [, 2, 3, 5, 6, 8, 12, 13, 16, 17] and
references therein. Dirac system is of independent interest and it is also important
as an auxiliary system for many integrable nonlinear equations. Moreover, it is
related to the famous Schrodinger equation (see, e.g., [4]). Many recent publica-
tions are dedicated to the development of the Weyl and spectral theories of Dirac
system under weaker summability conditions. Here, we solve the inverse problem
under the condition of the local square-summability of v. We deal with the case
where the potential v and the corresponding Weyl function are rectangular (not
necessarily square) matrix functions, which is essential for some applications to
matrix and multicomponent integrable equations.

Before stating our main result, we formulate several results from [6, 17] on
direct problems. The notation u(x, z) stands for the fundamental solution of (1.1)
normalized by the condition

u(0,z) = L. (1.3)
Later we shall need notations of the block rows of u(x, 0):
B(x) = [Im, Olu(x,0), y(x)=1[0 In,Ju(x,0). (1.4)

Definition 1.1. A Weyl-Titchmarsh (or simply Weyl) function of Dirac system (1.1)
on [0, co), where the potential v is locally summable, is a holomorphic my X m;
matrix function ¢ which satisfies the inequality

/000 [Im,  @(@)*]u(x.2)*u(x,z) |:(;’("Zl)]dx <oo, ze€Cq. (1.5)

Here C denotes the complex plane and C - stands for the open upper half-plane.
In order to study Weyl functions, we introduce the class of nonsingular m x m;
matrix functions P(z) with property-;j. Namely, the matrix functions P(z) are
meromorphic in Cy and satisfy (excluding, possibly, a discrete set of points) the
following relations

P(2)*P(z) >0, P(2)*jP(z) >0 (z€Cy). (1.6)
Relations (1.6) imply

det([In, Olu(x,z)"'P(z)) #0. (1.7)
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Definition 1.2. The set N(x, z) of Mobius transformations is the set of values at
X, z of matrix functions

9(x,2,P) = [0 L, Ju(x,2) "' P2) ([, Olu(x, )" PE)™,  (1.8)
where P(z) are nonsingular matrix functions with property-j.

As usual, the sets N(x, z) are embedded, that is,
N(x1,2z) C N(x2,2z) for x; > x3. (1.9
Moreover, the following proposition holds.

Proposition 1.3. [17, Subsection 2.2.1] Let Dirac system (1.1) be given on [0, 00)
and let its potential v be locally summable. Then there is a unique matrix function
¢(z) in C4 such that

p(z) = ] N(x.2). (1.10)
x<oo
This function is analytic and non-expansive. Moreover, this function is the unique
Weyl function of system (1.1).

If v is locally square-summable, we may recover it from the Weyl function.

Theorem 1.4. Let Dirac system (1.1) be given on [0, 00), let its potential v be
locally square-summable and let ¢ be the Weyl function of this system. Then v is
uniquely recovered from .

The procedure to recover v from ¢ is based on the study of the operator

K= i/x y(x)jy@)* - di, K e B(L2 (0. 1)), (1.11)
0

where y is the lower block row of u(x, 0) (see (1.4)), L2(0, /) is the class of square
summable vector functions on (0, /) with values in C" and scalar product ( f, g) =
fol g(x)* f(x)dx, and B(H) denotes the class of bounded linear operators, which
map the space H into H. Using a new version of the similarity result for K, we
modify for the case of the locally square-summable potentials v the procedure to
solve inverse problem, which was developed in [15, 16, 17].

Further, F’ stands for the derivative of F, "const" means a constant function or
vector-function, I, is the r x r identity matrix, / is an identity operator, B(H1, H>)
denotes the class of bounded linear operators, which map the Hilbert space H; into
the Hilbert space H,. When speaking about fundamental solutions, we assume
that they are normalized by 7, at x = 0.
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2. Similarity result

We consider conditions of similarity of the two operators acting in L?(0, T),
namely,

K = F(x) /Ox G(t)-dt, A:= /Ox -dt, 2.1)

where F and G are differentiable r x p and p x r, respectively, matrix functions.

Proposition 2.1. Let F and G be differentiable and satisfy the identity
Fx)G(x) =1, 0=x=T, (2.2)

and assume that the entries of F' and G’ belong to L*(0, T).

Then the operator K defined by (2.1) is similar to the operator of integration A.
More precisely, K = EAE~! where E € B(L2(0, T)) is a lower triangular
operator of the form

X
d
E=pw (14 [ Moo ar). So=FGp p0 =1, @3)
0 X
and the matrix functions p, p~! and N are measurable and uniformly bounded.
Moreover, the operators E*' map differentiable functions with a square-summa-
ble derivative into differentiable functions with a square-summable derivative.

The case of operators K of the form (2.1), where F and G have bounded deriva-
tives, is a particular case of operators, the similarity of which to A was proved in
an important paper [18]. Later on, the proof from [18] was modified for the case
of operators K such that F and G have continuous derivatives (and E*! map
functions with continuous derivatives into functions with continuous derivatives)
[2]. Here, we modify further the proofs from [2, 18] for the case of the less smooth
functions F and G. The proof of Proposition 2.1 above requires some preparations.

We note that, according to the general theory of semi-separable integral oper-
ators, which is also easily checked directly, the inverse of operator / —z K is given
by

(I —zK) 7' () = f(x) + /Ox O(x.1,z) f(r)dt, 2.4)

where
O(x,t,z) = zF(xX)uy (x, 2)ui(t,2)"'G@t), 0<t<x<T; (2.5
e z) = 2G () F oy (v, 2). 0<x<T; (2.6)

dx
u1(0,z) = I,. 2.7)
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Introduce also the p x p matrix function i, (x) defined by

j—xﬁl(x) =—-Gx)F'(x)i1(x), 0=<x<T, i;(0) = I. (2.8)

We are now ready to prove the first lemma.

Lemma 2.2. Let F and G be absolutely continuous and assume that the iden-
tity (2.2) holds. Introduce the r x r matrix functions h and p by

d
h(x) = F()GO):  ——p= F'Gp, p(0) = Ir. (2.9)

Put
g(x,2) = p(x) "W (I —zK)"'h)(x), 0<x<T, (2.10)

where (I — zK)™ is applied to h columnwise. Then g satisfies the following
integro-differential equation

j—xg(x,Z)—M(X) /Ox v()g(t, z2)dt —zg(x,2) =0, ¢(0,2) =1, (2.11)
where | and v are the summable functions on [0, T| given by

pix) s = p(x) ™ F'(x)it (x), 0<x=T: (212

v(t) = —i (1) (GO F' 1)G(t)+ G'(t)p(t), 0<t<T. (213)

Proof. Put g(x,z) = p(x)g(x, z). Using (2.4)-(2.7), (2.10), and the definition of

the matrix function &, we present g in the form

g(x,2) = F(x)G(0) 4+ zF(x)uy(x, z) /Ox ui(t,2)"'G@t)F(t)G(0)dt

*d
= F(.X')G(O) — F(X)U1(X, Z)/O E(lﬂ(l‘, Z)_IG(O))dZ (214)

= F(x)G(0) — F(x)u1(x,2)(u1(x,2)~" = I,)G(0)
= F(x)ui(x,z)G(0).

It follows that
g(x,2) = p(x)" F(x)u1(x,2)G(0). (2.15)

Clearly g is differentiable and

d
Iy 82 = p() 7 gx(x,2) = p(x) T ' (X)p(x) & (x, 2)

= p(x) " H{zF(x)G(x)F(x) + F'(x) = F'(x)G(x) F (x)}u1 (x, 2) G(0)

= 2g(x,2) + p(0) " F'(x)(Ip — G(x) F(x))u1 (x, 2)G(0).
(2.16)
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Here we took into account the identity (2.2). From (2.8) we see that

Sy = (%al(z)) i = i () GO F (@),

Hence
@™ Uy~ GO FO . )
=1 () 'GW)F (1) (I, — G(t)F(1))u1 (1, 2)

+ii1 (1)~ (=G'(t)F(t) — G(t) F'(1))u1(t, 2)
+zi1 ()7 (I = GO F(1)G(1) F(Dua (¢, 2).

Since, in view of condition (2.2), we have (I, — G(¢) F(¢))G(t) = 0, we obtain
(@ Uy~ GO F O .2)
=i (1) (GO F' (1) = GO F' ()G () F(1)

—G'()F(1) = GO)F'(1)u1(t, 2)
=~ (TGO F' (1)G(1) + G' (1) F(t)ur (1, 2).

Using the definition of v in (2.13) and the identity (2.15), we derive
d .
E(ul(t) (Ip — G@)F(1)u1(t,2))G(0) = v(t)g(t, 2). (2.17)

Recall that (I, — G(¢) F(t))G(t) = 0 and so (I, — G(0)F(0))G(0) = 0, in partic-
ular. Hence, from (2.17) it follows that
X
/ v(t)g(t,z)dt
0

= i1 ()™ (I — G(x) F(x))u1(x,2)G(0) — (I, — G(0) F(0))G(0)
= i1 (x) " (I — G(x) F(x)u1 (x,2)G(0).

(2.18)

But then, using (2.16) and the definition of x in (2.12), we arrive at the iden-
tity (2.11). O

The lemma below provides an integral representation of the solution of (2.11).
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Lemma 2.3. Let ;t(x) and v(x) be r x p and p xr, respectively, matrix functions,
such that their entries belong to L?(0, T). Then the integro-differential equation

i g(x,z)— /x%(x,t)g(t,z)dt —zg(x,z) =0, g,z)=1I,, (2.19)
dx 0

x(x,t) == pu(x)v(t) (2.20)

has a unique solution g(-,z) € L2(0, T), and this solution has the form

X

g(x,z) = e**I, +/ e“'N(x,t)dt, 0<x<T, (2.21)
0
where N(x,t) is boundedon 0 <t < x <T.
Proof. We set

%l(x,t)=/x x(E E+t—x)dE, 0<t<x<T, (2.22)
x—t

x oy
Ap1(x, 1) = / / x(y,8)x(s,y +t—x)dsdy. (2.23)
x—t Jy+t—x

It is easily proved by induction that

k—1

()| < CoCF 1 0<i<x<T k>1 (2.24)
k=1

for some Cy, C; > 0. Thus, we can introduce a bounded matrix function

o0
N(x.) =Y (1), 0<t=<x=<T. (2.25)
k=1

Putting
Bo(x, 1) = x(x,1); OBr(x,t) = / x(x,8)xr(s,t)ds, k>0, (2.26)
t

and using (2.22), (2.23), and (2.26), we easily derive

/0 " erx-) ( /0 : e* By (£, t)dt) dg = /0 ) ( /0 E FOTE (5, 1) dt) d§
=/0x (/x;e”@k(é,é—l—t—x)dt) dt
_ /Oxe“ (/x: @k(s,s+z—x)dg) dt

_ /x e s () dt (k= 0).
0
2.27)
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Taking into account (2.25) and (2.27), we see that g given by (2.21) satisfies the
equation

;’_x g(x,z) —zg(x,z) = /Ox e’! <,§) & (x, t)) dt. (2.28)

In view of (2.26) we have the equalities

/e”x(x,t)dl:/ e ®o(x, t)dt, (2.29)
0 0

X t X S
/ x(x,t)/ e a1, s)dsdt =/ %(X,S)/ el (s, t)dtds
0 0 0 0
X X
=/ e“/ w(x, 8)nx (s, t)dsdt (2.30)
0 t
X

= / e Gy (x,t)dt.
0

Using (2.21), (2.25), (2.29), and (2.30), we rewrite (2.28) in the form (2.19).
It remains to prove that the solution of (2.19) is unique. Indeed, integrat-
ing (2.19) with respect to x we derive the equality

g(.2) —ARg(-.z) — zAg(-.2) = Ir, (2.31)

where the bounded in L2(0, T) operators A and R are given by the relations

Af :/OX ft)ydt, Rf :/OX x(x,t) f(t)dt. (2.32)

Clearly A is a Volterra operator and it is easily checked (see also, e.g., [17, Sub-
section 1.2.4] and [19]) that

X
(I—-zA)'=1+z / e?D gy, (2.33)
0

Therefore, (I —zA)~! AR is an integral triangular operator with Hilbert—-Schmidt
kernel (and so (I — zA)"'AR is also a Volterra operator). Hence, according
to (2.31), the solution g of (2.19) is uniquely defined by the formula

g2y = - —zA) TAR) Y1 —zA)I,. (2.34)

O
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Proof of Proposition 2.1. We split the proof into two steps. In the first step we
construct the operator £ and establish the similarity KE = EA. In the next
step we prove that E*! map functions with a square-summable derivative into
functions with a square-summable derivative.

STEP 1. Let g(x, z) be the matrix function defined by (2.10). According to Lemma
2.2, g(x, z) satisfies the equation (2.11). Hence, in view of Lemma 2.3, g admits
the representation

X
g(x,z) = e**I, +/ N(x,t)(e*'I)dt, 0<x<T, (2.35)
0

where N(x,1t) is given by (2.25). The same N(x, t) is substituted into the defini-

tion (2.3) of the operator E acting on L2(0, T), whereas the r x r matrix function

p in (2.3) coincides with p defined by (2.9). Thus, the matrix functions p, p~! and

N are measurable and uniformly bounded, and E is boundedly invertible.
Taking into account (2.3), (2.10), and (2.35) we see that

E(e**I,) = p(x)g(x,z) = (I —zK) " 'h, (2.36)

where / is determined in (2.9) (i.e., i(x) = F(x)G(0)). Itis immediate from (2.33)
that

eI, = —zA)I,. (2.37)

For the case that z = 0 formula (2.36) yields EI, = h. Thus, using (2.37), we
rewrite (2.36) in the form

E(I —zA) ', = -zK)'EI. (2.38)
From the series expansion in (2.38) it follows that
EA'I, =K'EI,, j=0,1,2,.... (2.39)
Therefore, for each j = 0,1,2,..., we have
(KEYA'I, = K(EA’I,) = K/TYEl, = EAVY', = (EA)A’I,.  (2.40)

As the closed linear span of the columns of the matrices {A4/ I, }72, coincides
with L2(0, T), the equalities in (2.40) yield KE = EA. Since E is invertible,
we obtain K = EAE~!, and hence K and A are similar. It remains to prove
that E*! map functions with a square-summable derivative into functions with a

square-summable derivative.
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SteP 2. Let f be a differentiable vector function such that
f = f"eL*0.T).
Then f admits a representation
f=Af+fo (f €L?0,T)), fo=const (2.41)

According to the previous step, EI, = h(x) = F(x)G(0), and so

Efo = F(x)G(0) fo. (Efo)' = F'(x)G(0) fo. (2.42)

Since we assume that the derivative F’ is square-summable, the same is valid for
E fo. Next note that

(EAf)(x) = (KE f)(x) = F(x) /0 G(t)(E f)(r)dt. (2.43)

Since E maps L2(0, T) onto L2(0, T), formula (2.43) shows that EA f has a
square-summable derivative. Thus, both E fy and EA f have square-summable
derivatives. Therefore, (2.41) implies that E f also has a square-summable deriv-
ative.

Finally, we consider E~!. First, introduce operator K; on L2(0, T):

X
(K1f)(x) = F/(X)/ G(1)f(t)dt, feL}0.T),
0
and notice that AK; = K — A or, equivalently,
Al + K;) =K. (2.44)

The operator K is a triangular operator with Hilbert—Schmidt kernel. In particu-
lar, K; is a Volterra operator. Thus, I + K; is invertible. Since E is also invert-
ible, we rewrite KE = EA as E"'K = AE~!. In view of (2.44) the equality
E7'K = AE™! yields
E7'A=E7YAU + K)(U + K1)~}
=E 'K + Kyt (2.45)
= AE7Y(I + Ky L.
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Recall that f with a square-summable derivative admits the representation of
eq (2.41). Formula (2.45) implies that E~! A f has a square-summable derivative.
In order to show that E~! f; also has a square-summable derivative, we take into
account (2.2) and rewrite the first equality in (2.42) in the form

fo=E"Y(F(x)G(0) fo) = ET'A(F'(x)G(0) fo) + E~" fo.
that is,
E~" fo= fo— ETTA(F'(x)G(0) fo), (2.46)

which completes the proof. O

Remark 2.4. Relations (2.41), (2.45), and (2.46) show that for any differentiable
f with a square-summable derivative we have

(E'1)(0) = f(0). (2.47)

3. Dirac system: fundamental solution

We start with a similarity result, which follows from Proposition 2.1.

Proposition 3.1. Let the potential v of Dirac system (1.1) be square-summable on
(0, T), and let K be given by (1.11), where y is defined in (1.4). Then there is a
similarity transformation operator E € B(L,%12 (0, T)) such that

K = EAE™!, 4A:= —i/ -dt, 3.1
0
E=1 +/ N(x,t) - dt, (3.2)
0
E'yy = In,. (3.3)

where N is a Hilbert—Schmidt kernel and y, is the right m, xm, block of y. More-
over, the operators E*' map differentiable functions with a square-summable de-
rivative into differentiable functions with a square-summable derivative.
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Proof. According to (1.1) we have
u(x,0)* ju(x,0) = j = u(x,0)ju(x,0)". (3.4)
Therefore, the blocks of u(x, 0) introduced in (1.4) satisfy the relations

BiB* =1In,. viy*=—In,, Bjy*=0. (3.5)

Furthermore, equation (1.1) implies that y’ is square-summable and
Y'(x) = —i[v(x)* 0]u(x,0) = —iv(x)*B(x).
Hence, the third equality in (3.5) yields
Yiy*=0. (3.6)

In view of the second equality in (3.5), we may apply Proposition 2.1 to iK (where
K isdefinedin (1.11)). Moreover, (3.6) implies the indentity p(x) = I, for p given
in (2.3). Thus, there is some similarity transformation operator E , which satisfies
all conditions of Proposition 3.1 excluding, possibly, equality (3.3) (and the kernel
of E is bounded). Let us normalize £ multiplying it by the operator

Eo=1+ /Ox Eo(x —1)-dt, Eo(x):= (E ') (x). 3.7)

We see that E = E Ey admits representation (3.2), where N is a Hilbert—Schmidt
kernel and that AEq = EoA. Thus, from K = EAE~! follows K = EAE™.
Finally, in view of (3.7) and Remark 2.4 we obtain

X
(Eulna) () = Ins + | Eolt)dr
0
= I, + (E7'y2)(x) = (E7'72)(0)
= (E7'y2) (),
and so (3.3) is valid for E = EE,.
Clearly, the equalities A Eg = EoA and (3.8) imply that £y maps differentiable

functions with a square-summable derivative into differentiable functions with a
square-summable derivative. Rewriting AEy = EyA and (3.8) in the forms

(3.8)

Eg'A=AE', Ey'lmy, = Imy —iEg ' A(E " ) = I, —1AEy Y (E7 ),

respectively, we see that £y also maps differentiable functions with a square-
summable derivative into differentiable functions with a square-summable deriv-
ative. Thus, the same is valid for £ = E E, and for E~!. O
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Remark 3.2. Formulas E~'A = AE~" and (2.46) for E~' and formulas above
for Eg' yield a useful equality

(E7'y)(0) = (Eg' E™'y1)(0) = y1(0) = 0. (3.9)
Now, we construct a representation of the fundamental solution w of the system
j—xw(x,z) =izjy(xX)*y(x)w(x,z), w(0,z) = I,. (3.10)

For that purpose we introduce operators
S:=EYWE"), M:=[d; &]. e BC™, L;,(0.1): (3.11)

(@1 /)(x) = P1(x) f, P1(x) :=(E7y))(x); ®af =1Imy f = f:1 (3.12)

where E is constructed (for the given y) in Proposition 3.1and y; is the left m, xm
block of y. We also introduce the transfer matrix function in Lev Sakhnovich form
[20, 21, 22]

wp(z) = Iy +izjTI*S™1(I — zA) "', (3.13)

We shall need the reductions of the operators above (and the matrix function w4
corresponding to those reductions):

(Pef)(x) = f(x) (0<x<§), PgeB(L;,(0,T),L; (0,8), (3.14)
A:g- = PSAPS*’ ng- = PSSPS*’ (315)
wa(§,2) 1= Iy +izj TIPS (I —zAg) T Pl 0<§ <T. (3.16)

Theorem 3.3. Lety be determined by (1.4), where u is the fundamental solution of
the Dirac system (1.1) with a square-summable potential v. Then, the fundamental
solution w given by (3.10) admits representation

w(,z) = wa(§, 2), (3.17)
where wy (£, z) is defined by (3.16).
Proof. Formulas (3.3), (3.11) and (3.12) imply that
nf=(E"'nf (3.18)

It is immediate from the definition (1.11) of K that

T T
K* = —i/ y(x)jy@®)*-dt, K—-K*= i)/(x)j/0 y()* - dt. (3.19)
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According to Proposition 3.1 we have K = EAE~!. Since K = EAE™!, taking
into account (3.11) and (3.18), we rewrite the second equality in (3.19) in the form
of the operator identity

AS — SA* =il 1IT™. (3.20)

Hence, we may use the Method of Operator Identities [20, 21, 22]. We need now
to show the applicability of the Continuous Factorization Theorem (see [22, p.
40]) or, more conveniently, its corollary [17, Theorem 1.20]. Completely similar
to the cases in [17] we see that conditions (i) and (ii) of [17, Theorem 1.20] are
satisfied. It remains only to derive that IT* P¢S,~ ' P¢11 is absolutely continuous
(i.e., condition (iii) of [17, Theorem 1.20] holds) and that

(PSS PeIT) = H(E) = y()y(©)*, (3.21)

in order to prove that wy satisfies the differential system in (3.10).

Since the operator E is invertible, triangular, and has Hilbert—Schmidt ker-
nel, we see that E~! is also triangular. Taking into account that E*! are lower
triangular operators, we obtain

P:EPfP; = PiE, (E")*P} = P/P{(E"")*P}. (3.22)
The first equality in (3.22) yields P¢EP; P¢E~' P} = P¢ P}, thatis,
PeET' P = (P:EP)™"
Hence, formulas (3.11), (3.15), and (3.22) lead us to
Si' = EfEy, E;:= P:EP]. (3.23)

Finally, from (3.18), (3.22), and (3.23) we derive that

H
mpse e = [ v (3.24)

(.e., H*PE*SE_ LP:I1 is absolutely continuous and (3.21) is valid). Hence, wy
satisfies the system in (3.10) and, furthermore, the normalization

lim0 wa(x,z) = In (3.25)

easily follows from (3.16) and (3.23). O

Since (3.20) holds we say that the triple {4, S, I1} forms an S-node [20, 21, 22].
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Corollary 3.4. Let u(x, z) be the fundamental solution of a Dirac system with
the square-summable potential v and let y be given by (1.4). Then u(x, z) admits
representation

u(x, z) = e*u(x, 0)wy(x, 2z). (3.26)
Here w4 has the form (3.16), where the S-node {A, S, 1}, which determines wy,

is given in (3.1), (3.11), and (3.12).

Proof. According to (1.1) and Theorem 3.3 we have
e ?u(x, 0)wy(x,22))

= (il + ijV(x) + 2izu(x,0)j y(x)*y(x)u(x, 0)"He 2 u(x, 0)wq (x, 22).
(3.27)

Writing u(x, 0) in the block form and taking into account (3.5), we derive

B(x)

U, 0) = [y(x)

], u(x,O)jy(x)*=[ 0 ] (3.28)

I,

From (3.4) we obtain u(x,0)™' = ju(x,0)*j. Thus, in view of (3.27) and (3.28)
we see that

(€™u(x, 0)wy(x,2z2))

= (iz]m +ijV(x) —Ziz|:8 IO })eixzu(x,O)wA(x,Zz) (3.29)

= (izj +1ijV(x))e™u(x, 0)wy(x,22).
Relations (3.25) and (3.29) yield (3.26). O

4. Solution of the inverse problem

Here, we may follow the lines of [5, Sections 3 and 4] without any essential
changes. The high-energy asymptotics of ¢ is given by the following theorem.

Theorem 4.1. Assume that ¢ € N(T, z) and the potential v of the corresponding
Dirac system (1.1) is square-summable on (0, T). Then (uniformly with respect to
N(z)) we have

T
p(z) = 2iz/0 e?*?® (x)dx + O (2ze2iTz/\/S(z)) . S(z) > 00, 4.1
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Proof. To prove the theorem, we consider the matrix function

UE) = [y w(z)*](j—wA(T,2z)*ij(T,2z))[;’(";)]. (42)

It easily follows from (3.16) and (3.20) (see, e.g., [17, p. 24]) that
wa(T, 2)* jwa(T,z) = j +i(z —2)IT*I —Z24%)7 'SV I —zA)7'TT, (4.3)
and so we derive U(z) > 0. Because of (3.4), (3.26), and (4.2) we have

UE) = Iy = 0(2)"0(2) ~ My ) TP, juT.2)| 11 |

We note that (1.8) yields

[(f{r(nzl)j| =u(T. Z)_IT(Z)([Im1 0Ju(T, Z)_lfP(Z))_l‘ (4.5)
Taking into account (4.5), we rewrite (4.4) as

W) =Im;, = 9(2)*0(2) = T ([, Olu(T,2)7'P(2)7")*
X P(2)* jPE)(Imy OJu(T,2)~'P(2)7". (4.6)

Recall that U(z) > 0. Hence, from (1.6) and (4.6) we see that
0=UE) < Imy. ¢(2)"0() < Im,. 4.7
Now, formulas (4.2), (4.3), and (4.7) imply that

2i(Z — 2)[Im, @(2)*]TT*(I —2z4*)7'S~ (1 - ZZA)_IH[;'(";)]
Since S is positive and boundedly invertible, inequality (4.8) yields

_ —1pq| I
o zzareml )

<In,. (48)

<C/~3Jz forsome C > 0. 4.9)

After applying —i®J to the operator on the left-hand side of (4.9), we derive
1
AR — 224) N Dap(z) = 103 (I — 224)"' Dy + O(JN—(_)). 4.10)
Sz

Using (2.33) we see that

T
O —2zA)7 f = / 2Dz £(x)dx, (4.11)
0

@1 —224)" 1@, = zi(e—ZiTZ D, 4.12)
VA
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Because of (4.10)—(4.12), we have

1 —2iTz - —2iTz T
(e —De(z) =ie

e2%7d, (x)dx + 0(
2Z 0

1
3(2))' 4.13)

Since ¢ is non-expansive, we see from (4.13) that (4.1) holds. O

Corollary 4.2. Let ¢ be the Weyl function of Dirac system (1.1) on [0, 00), where
the potential v is locally square-summable. Then we have

o(2) = 2iz / 70, (x)dx,  3(z) > 0. (4.14)
0

Proof. Since ¢ is analytic and non-expansive in C4, for any ¢ > 0 it admits (see,
e.g., [14, Theorem V]) a representation

¢(z) = Ziz/ e2*2P(x)dx, J(z) >e>0, (4.15)
0

where e 25*®(x) € L2 (0, 00). Because of (4.1) and (4.15) we obtain

moaXmj

T .
V) = /0 20Dz (@, (x) — B(x))dx

_ /T°° 2602 1)y + 0(#), (4.16)

J3(@)

From (4.16) we see that ¥ (z) is bounded in some half-plane J(z) > no > 0.
Clearly, ¥ (z) is bounded also in the half-plane J(z) < no. Since ¥ is analytic and
bounded in C and tends to zero on some rays, we have

T .
v(z) = /0 2Dz (@, (x) — d(x))dx = 0. 4.17)

It follows from (4.17) that ®;(x) = ®(x) on all finite intervals [0, T]. Hence,
(4.15) implies (4.14). O

Remark 4.3. According to the proof of Corollary 4.2, we have ®, = ®, and so
@, (x) does not depend on T for T > x. Furthermore, the proof of Corollary 4.2
implies also that e **®,(x) € L? (0, 00) for any ¢ > 0.

maXmi
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Using representation (4.14), we uniquely recover v from ¢. Indeed, taking into
account Plancherel Theorem and Remark 4.3, we apply inverse Fourier transform
to formula (4.14) and derive

- @ e olE + i)
01(3) = ~¢ Mim g ns /_ e dE >0 4.18)

Here 1i.m. stands for the entrywise limit in the norm of L2(0,b), 0 < b < oo.
(Note that if we put additionally ®;(x) = 0 for x < 0, equality (4.18) holds for
Li.m. as the entrywise limit in L2(—b, b).) Thus, for any fixed interval (0, T) the
corresponding operators S and IT are recovered from ¢.

Since the Hamiltonian H is recovered from S and IT via formula (3.21), and
H = y*y, we recover also y. First, for that purpose, we recover the so called
Schur coefficient:

o\ Im, NI -
([0 Imz]H|:Im :|) [0 Imz]H|: 0 j| = (1272) 17’2 Y1=17"> 1)’1- 4.19)

Here we used the inequality dety, # 0, which follows from the second identity
in (3.5). The second identity in (3.5) yields also

Imy — (3 'y ') = v (s D™,

which implies that the left-hand side of this equality is invertible. Taking into ac-
count det y, # 0, we rewrite y; in the form y; = y»(y; 'y1) and the identity (3.6)
in the form y; = y{(y; 'y1)*. Therefore, we obtain

Vs = (r2(vy 'y1) (5 'y1)*,
i.e.
Ys =125 ) 3 ) s — (3 y) (5 ) 7L, (4.20)

and recover y, from (4.20) and the initial condition y,(0) = I,,,. Finally, we
recover y; from y, and y; 'y,

In order to recover  from y, we partition B into two blocks B = [B1 B2,
where i (k = 1,2) is an m; x mj matrix function. We put

B =1Unm vy (4.21)
Because of (3.5) and (4.21), we have B y* = Bjy* = 0, and so

B(x) = B1(x)B(x). (4.22)
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It follows from (1.1) and (1.4) that

B'(x) = iv(x)y(x), (4.23)
which implies

Bip* =0, Bjy*=—iv, (4.24)

Formula (4.22) and the first relation in (3.5) lead us to

BiB =B (BN (4.25)
From (4.22) we also derive that

BJB* = BLBIBIBT + Bi(Bj BB

Taking into account the first relation in (4.24) and formula (4.25), we rewrite the
relation above:

BiBT" + B1(B'j BB = 0. (4.26)

According to (1.3), (4.25), and (4.26), B satisfies the first order differential equa-
tion (and initial condition):

By =—B1(B'jB* BB B1(0) = I, 4.27)

Thus, 1 and B are successively recovered from y. The potential v is recovered
from B and y via the second equality in (4.24). In this way, we recover v on
any interval [0, T], therefore, on the whole semiaxis. We proved the following
theorem.

Theorem 4.4. Let ¢ be the Weyl function of Dirac system (1.1) on [0, o0), where
the potential v is locally square-summable. Then v can be uniquely recovered from
@ via the formula

v(x) =1ip'(x)jy(x)". (4.28)

Here B is recovered from y using (4.21), (4.22) and (4.27); y is recovered from
the Hamiltonian H using (4.19) and (4.20); the Hamiltonian is given by (3.21), I1
from (3.21) is expressed via ®1(x) in formula (3.12), and S is the unique solution
of (3.20). Finally, ®,(x) is recovered from ¢ using (4.18).
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Remark 4.5. It follows from (3.15) and (3.20) that the operator identities
Aé;-Sg: - SEA; = in:Hj(Pé;-H)*, 0<E&<T, (4.29)

where A is given in (3.1), A = P¢APS, and Il is given by (3.12), hold. The
uniqueness of the operators Sg satisfying these identities is proved on p. 311 in [17].
Moreover, it is easy to see that the proof of |7, Proposition 3.2] works also for the
case where W and r are differentiable functions with the square-summable deriva-
tives. Thus, recalling (3.9) and formulas (3.16) and (3.17) in [7, Proposition 3.2],
we see that Sg given by

Se=1- %/j/l):lt q>g(§+x_t)q>g(”t_x)*d§ Ldi (430)

2 2

satisfies (4.29). Hence, Sg of the form (4.30) is the unique solution of (4.29), and
we may recover Sg (considered in Theorem 4.4) from ®1 in this way.

Using Theorem 4.4 we modify Borg—Marchenko-type Theorem 2.52 from [17]
for the case of the locally square-summable potentials. We note that seminal pub-
lications by F. Gesztesy and B. Simon [9, 10, 23] gave rise to a series of interest-
ing results on the high energy asymptotics of the Weyl functions and local Borg-
Marchenko-type uniqueness theorems. Recall that the high energy asymptotics of
the Weyl functions is given (for our case) in Theorem 4.1.

Theorem 4.6. Let ¢ and § be Weyl functions of two Dirac systems on [0, T] (or on
[0, 00)) with square-summable (locally square-summable) potentials, which are
denoted by v and U, respectively. Suppose that on some ray Nz = ¢z, where
¢ € Rand 3z > 0, the equality

le(2) = ¢(2)l = 0E***) (32 — o0) (4.31)

holds for all0 < ¢ <1 (I <T < o0). Then we have
v(x) =0(x), O0<x<lI. (4.32)
Proof. Since Weyl functions are non-expansive, it is immediate that the inequality
[e7%%(p(2) = (@) = 1™ 3z 22> 0 (4.33)

is valid for some c¢; and c,. It is apparent also that the matrix function
e 2% (¢(z) — ¢(2)) is bounded on the line Iz = ¢,. Furthermore, formula (4.31)
implies that e =217 (p(z) — @(z)) is bounded on the ray %z = ¢Jz. Therefore,
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applying the Phragmen—Lindelof theorem (e.g. its version [17, Corollary E.7]) in
the angles generated by the line Iz = ¢, and the ray Rz = ¢Jz (IJz > ¢3), we see
that

le™2%7 (p(z) — @ (2))|| < 3. Iz >3 > 0. (4.34)
Let functions associated with ¢ be written with a hat (e.g., v, &)1). Because of

formula (4.1), its analog for ¢, 331 and the inequality (4.34), we have

& ~
/ D@1 (x) — B1(x))dx| <es Iz z ez >0 (4.35)
0

Clearly, the left-hand side of (4.35) is bounded in the half-plane Iz < ¢, and tends
to zero on some rays. Thus, we derive

. ~
/ 202 (P(x) — Dy (x))dx = 0,
0

i.e.

O1(x) = D (x) (0<x <) (4.36)
Since (4.36) holds for all ¢ < [, we obtain ®;(x) = @1(x) for 0 < x < [. In view
of Theorem 4.4, the last identity implies (4.32). O
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