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Abstract. We show how the presence of resonances close to the real axis implies exponen-
tial lower bounds on the norm of the cut-off resolvent on the real axis.
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1. Introduction

In this note we establish exponential lower bounds on the scattering resolvent on
the real line. We show that these lower bounds can be understood in terms of
resonances close to the real axis.

To fix the concepts, consider a semiclassical Schrédinger operator on R™:

P(h) = —h*A+V(x), xeR", VeCXR":R), (1.1)

supp V C B(0, Ro); V(0) = Vo > 0, V/(0) = 0, V"(0) > 0; (1.22)
x-V'(x)<0 on{V <V, x-V'(x)<0 on{V="V}\{0}) (1.2b)

Take R > Ry and define the cutoffs

X =1B0,Ry): V¥ = 1B0,R+1)\B(©O,R-1) - (1.3)

Theorem 3 in §4 shows that for any R > Ry there exists a constant ¢ > 0 indepen-
dent of & and Ey(h) = Vy + O(h) such that

I x(P(h) — Eo(h) £i0) Il 212 = exp(c/ h), (1.4)

IW(P(h) — Eo(h) £i0)™ xllz2- 12 > exp(c/h). (1.5)
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A very general exponential upper bound corresponding to (1.4) was first proved by
Burq [2], with generalizations by Vodev [19], and more recently by Datchev [4].
The lower bound is immediate from much easier arguments involving quasimodes.
The “non-trapping” upper bound (for R large enough)

[ (P~ Eolt) +i0) Yl g = 0, (1.6)
was again given by Burq [2] (with a log 1/ 4 loss) and Vodev [19] — see [4] for a
neat new proof.

Itis (1.5) which seems to be the novel aspect. It shows that having a one sided
cutoff to the exterior of the interaction region cannot prevent exponential blow up
of the resolvent.

The method also applies to the case of Riemannian manifolds, (M, g), consid-
ered recently by Rodnianski—Tao [17] — see Fig. 1. In that case the support of V
is replaced in (1.3) by the set where the metric is different from the Euclidean
metric, and we obtain a sequence of A — oo such that

19 (Mg = Ak £ 10 Kl 2y L2001y = €V (1.7)

See Theorem 4 in §4 for details.

Figure 1. Examples of manifolds for which the estimate (1.7) holds: on the left a surface
of revolution with two Euclidean ends to which Theorem 4 applies directly; on the right a
surface with one end to which a modification of the same method applies (see [7]). The
same examples work in any dimension.
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The reason behind these estimates is the presence of resonances close to real
axis. The resolvent

Ry(z) = (P(h) —2)': L2(R") — H*(R"), z &[0, +00),

has a meromorphic continuation to the Riemann surface of /z for n odd, and to
the Riemann surface of log z for n even, as a family of operators

Lgomp (Rn) - Hl%)c (Rn)’

see for example [6], [13], and references given there. Resonances, defined as the
poles of this continuation, replace discrete spectral data for problems on non-com-
pact domains. For the situations considered here, in particular for the case (1.1),
Rellich’s theorem (see [6]) shows that there are no resonances on the positive real
axis, that is, the operators (P (h) — E £i0)~! are well-defined for E > 0.

Theorem 2 in §3 gives general lower bounds based on existence of resonances
with certain properties. It is then applied in Theorems 3 and 4 in §4 to obtain
examples, in particular of Riemannian manifolds with Euclidean ends.

The simple proofs here are based on previous work on scattering resonances,
in particular those by Bony and Michel [1], Gérard and Martinez [8], Helffer
and Sjostrand [10], Tang and Zworski [18] and Nakamura, Stefanov, and Zworski
[15]. To make the basic idea accessible, we present in §2 an elementary and self-
contained one dimensional example which captures the basic reason for (1.5); the
argument of §2 does not directly use resonances though it could be used to show
their existence.

Acknowledgements. We would like to thank André Martinez and Andrds Vasy
for helpful discussions of resolvent estimates. We are also grateful for the support
by a National Science Foundation postdoctoral fellowship (KD), a Clay Research
Fellowship (SD) and by a National Science Foundation grant DMS-1201417 (MZ).

2. An explicit example

The following one dimensional example shows the reasons for (1.5) in an explicit
setting:

Theorem 1. Let V e C°(R) be a nonnegative potential satisfying the following
conditions (see Figure 2):

V(x) =V(-x), V(x)=x2+1 forx e[-1,1]; (2.1a)

V(x)=4—xforx e2,3.5]; V(x)<1forx>3; suppV C[-5,5]. (2.1b)
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Put Ry = 4, fix R > 5, and define x, v by (1.3). Then there exists ¢ > 0 and
families Eq(h) = 1 + O(h), u(h), f(h) € C*(R) such that

(P(h) — Eo(h)u = f. [ =vf: (2.2a)
lxulem =1 If 2@ <e /" (2.2b)

Note that (2.2) implies (henceforth suppressing the dependence on /)

lxRi(Eo £ i0) |22 > e/, (2.3)
IWR(Eo £i0)x[l 202 > e/n. (2.4)

Indeed, since u € C* and f = ¥ f, we have yu = yRp(Eo £ i0)yf; this
shows (2.3). The bound (2.4) follows since Ry (Eo £i0)* = Ry (Eq Fi0).

\ 1 2 3 35 5

Figure 2. The potential V' used in Theorem 1.

The key component of the proof of Theorem 1 is the existence of quasimodes
for the operator P — Ey, namely functions that satisfy (P — Eg)v = O(e¢/"):

Lemma 2.1. There exist h-dependent families Eg = Eo(h) € R, andv = v(r; h) €
C*®([—R, R)), such that Ey = 1 4+ O(h) and for some C,c > 0,

- —e/h
(P—Eo))v=0, |vlli2css35=C", ||U||H}}({R_1<|x|<R}) < Ce™/h,

Here H }} denotes the semiclassical Sobolev space where in the standard defi-
nition D, is replaced by 2 D, — see for instance [20, §7.1, §8.3].

To derive Theorem 1 from Lemma 2.1, we take yo € CX(—R, R) such that
xo = lon[—(R—1),R— 1] and put

u:=aypv, f = (P —Eopu=ca[P,yolv,

here the constant & = «/(h) is chosen so that || yu| ;2 = 1 and we have |¢| < C.
We furthermore see that supp f C {R — 1 < |x| < R} and || f|,2 < e™¢/"
(the constant C can be absorbed into the exponential by replacing ¢ by a smaller
constant and taking /4 small enough).
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The rest of this section contains the proof of Lemma 2.1. We take R(h) > R,
R(h) = R + O(h), to be chosen at the end of this section in (2.15), and let v be
an eigenfunction of P on [—ﬁ (h), R (h)] with Dirichlet boundary conditions with
eigenvalue E close to the ground state 1 4 4 of the quantum harmonic oscillator
—h202 4+ x2 + 1. The existence of such eigenvalue is given by the following

Lemma 2.2. For h small enough and given R(h) € [R, R+1], there exists Eg € R
and v € C®([—R(h), R(h)]) such that

(P — Eo)v =0, v(R(h) = v(—R(h)) = 0;

Il ry.gay =1 Wla) kmy.gay =€ Eo =1+ h+0(e7T0m).

Proof. Define

2
vi(x):=hV4%"m, x e[-1,1].

Note that, since P = —h232 + x2 + 1 on [—1, 1], we have

(P—(1+h)vy =0, xel[-1,1];

- 1
||Ul||L2(_1/2,1/2) >Cc71, ||v1||H;({1/2<|x|<1}) < Ce 107,

Now, take y € C°(—1,1) such that y = 1 on [-1/2,1/2]. Then
IZvilz2 = C™' [P = (1 + h)Fv1 ||z < Ce™ 107,

and yv; satisfies the Dirichlet boundary conditions at +R(h) (since it vanishes
there). Now, P — (1 + h) is self-adjoint on L2([=R(h), R(h)]) when Dirich-
let boundary conditions are imposed. Since the norm of its inverse is at least
Cleton , we see that this operator has an eigenvalue which is O(e‘ﬁ); we denote
the corresponding eigenvalue of P by E, and the corresponding L? normalized
eigenfunction by v. Finally, to establish a bound on the H,} norm of v it suffices
to multiply the equation (P — Ey)v = 0 by v and integrate by parts. U

Lemma 2.1 follows once we establish the following exponential bound on v:

_ —e/h
101} (351 <Ry = €™ 2.5)

We will show (2.5) for positive x; the case of negative x is handled similarly (since
V is even, v can be taken to be even as well). The main idea is the following: if v
is not exponentially large in 1/ / near, say, x = 2 relative to its size on [3.5, R(h)],
then one expects v to give an approximate Dirichlet eigenfunction to the operator
Pon|2, R (h)] with eigenvalue Ey. However, then Ej has to satisfy a quantization
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condition determined by the behavior of V on [2, R (h)]; since Eg = 1 +h+o(h),
one can choose R(h) to ensure that the quantization condition is not satisfied and
thus obtain a contradiction.

For f1, fo € C*°(R) we define the (semiclassical) Wronskian by

W(f1, f2) = f1-hox fa — f2-hix f1,

and note that

hoxW(f1, f2) = fa- (P — Eo) f1 — f1- (P — Eo) fa.

The interval [2, R] can be split into three regions where the behavior of v is differ-
ent, based on the sign of V(x) — 1: the “elliptic” or classically forbidden region
[2, 3), where v will grow exponentially in / as x decreases, the neighborhood of
the turning point x = 3, and the “hyperbolic” region (3, R), where the equation
(P(h) — Eo)v = 0 has two solutions which are bounded as & — 0.

We start with the hyperbolic region, considering the phase function

X
d(x) := L . VEo—V(y)dy.
—L£0
Note that @ is well-defined on x € [4 — Egy, R + 1], since
VEo—V(y)=+y—(4—Eg) foryel[d—Eg3.5]

in fact, we have

d(x) = %(x — (4— Eg))*? forx € [4— Egy,3.5]. (2.6)

Define now the following WKB solutions:

iP(x)

vi(x) = (Eg— V(x)) Y47, xe[35R+1],

then we have uniformly in x € [3.5, R + 1],

(P — Eg)vi(x) = O(h?), Wy, v_)(x) = =2i + O(h). 2.7)
Denote
v(x) = (Vi(x), v2(x)) := (W(v, v4)(x), W(v, v-)(x)),
then
_ V2(x) v (%) — vi(x) - v—(x)
ve) = Wir oo 28
ho v (x) = V2(x) - hdxv4(x) — vi(x) -haxv—(X)' (2.9)

W(vs, v-)(x)
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Since (P — Eg)v = 0, we have
hoxW(w,vs) =—v-(P — Ep)vs.
From (2.7) and (2.8) we see that for x € [3.5, R + 1],
[0xV(x)] < Ch|v(x)].

Therefore,
v(x) =v(3.5)(1 + O(h)), xe€]3.5, ﬁ(h)]. (2.10)

This and (2.8), (2.9) show that
10l 51 3.5, &y = CIVE-S)I- (2.11)

The final component of the proof is the following solution in the region [2, 3.5]
which describes the transformation from the hyperbolic to the elliptic region
via the turning point, and is exponentially decaying in the elliptic region. Since
V(x) = 4 — x in this region, the solution is given by an Airy function, and its
properties are as follows:

Lemma 2.3. There exists a solution w(x) to the equation (P — E¢)w = 0 for
x € [2,3.5] such that ||w||H/} 225 = Ce='" for some constants C,c¢ > 0 and

w(x) _oimovp(x) ) ix v_(x)
(haxw(x)) =e? (h8x0+(x)) e T(h(‘)xv_(x)) + O(h), x €][3.25,3.5].
(2.12)
Proof. 'The solution w is given by
w(x) = 2i /Th Ve Ai(h™?/3(4 — Eo — X)),

and its properties follow from the following asymptotic formule for the Airy func-
tion Ai as y — +o0:

—1/4
Ai() = S exp (= 32) 1+ 0072,
—1/4
Ai(—y) = yﬁ (sin (§y3/2 + %) O(y_3/2)),

and similar formule for its derivatives, see for example [11, (7.6.20), (7.6.21)]. O
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We are now ready to finish the proof of (2.5). Since
(P —Ep)v=(P—Ep)w =0 on[2,3.5],

the Wronskian W (v, w) is constant on this interval. Using the estimates

—c/h
||v||H,§(2,2.5) =C, ||w||H}}(2,2.5) < Ce™ 7,

we see that
|W(v, w)| < Ce /",

Now, computing the same Wronskian at x = 3.5 and using (2.12), we get
W, w) = e Fvi(3.5) — e T v,2(3.5) + O(h)|v(3.5)],
It remains to prove that, for a certain choice of R () independent of Ej, we have

—im

leTvi(3.5) —e v, (3.5) = CT V3.5, (2.13)

Indeed, in this case |v(3.5)] < Ce~¢/", which together with (2.11) gives (2.5).
Using (2.10), we rewrite (2.13) as follows:

le Fvi(R(h)) — e T va(R(h))| = CVV(R (). (2.14)

Since v satisfies the Dirichlet boundary condition at R(h), we have

i®(R(h)

W, ve)(R(h) = —Eq %= 0 - hi(R(h)).

50 that |[vi(R(h))], [v2(R(h))| = C~'[v(R(h))| and

e~ Tva(R(h) _

~ L oa(Rah h/2)).
TS xp (=7 QOR(M) +7h/2))

7
To prove (2.14), we choose R(h) = R + O(h), R(h) > R, so that
. ~ . h
min [®(R(h)) + (j + 1/4)7h| = —; (2.15)
jez 4

this can be done independently of Ey, since Eg =1+ h + O(e_ﬁ) and thus

5
D(R(h)) = /3_;, VI+h=V(y)dy + V1 + h(R(h) —5) + O™ 100),
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3. A general argument

Suppose that P (/) is an operator satisfying the general assumptions of [15], that is
a black box self-adjoint operator, close to the Laplacian and having analytic coef-
ficients near infinity and with a barrier at energy Vj. (A barrier separates the inter-
action region from infinity — see (3.3) and Fig. 3). We assume that R” \ B(0, Ro)
is contained in the “outside” of the black box and the trapped set at energy V. We
also assume the Hilbert space on which the operator acts, H = Hg, & L>(R" \
B(0, Ry), is equipped with an involution u +— # equal to complex conjugation on
L?(R™\ B(0, Ry)) and satisfying Zu = zu, z € C. The abstract reality assumption
on P(h) reads P(h)u = P(h)u.
An example to keep in mind is given by the operator

P(h) = —h*Ag +V: H*(R") — L*(R"),

where the measure on L? is obtained from the Riemannian metric and
H := L>(R").
The potential V(x) and the metric coefficients g'/ (x) are smooth, extend analyti-
callyto Q :={z € C": |z| = Ry, |Imz| <§|z|}, and
g7 () =87 -0, V(z)—0, |z|—>o00,z€Q. (3.1
The trapped set, Kg, at energy £ > 0 is then defined by
Kg :={(x,§) e R" xR": p(x,&) = E, eFlr(x,§) A oo, t - +oo}, (3.2)

where

n
Hp:= 0g p-0x; —Ox, p-0g
j=1

n
P )= Y gV (EE + V().
ij=1

The assumption on the interaction region in this case means that 7 (Ky,) C
B(0, Ry). The barrier assumption means that there exists Xy, C p~!(Vp) such
that

p (Vo) = Ky, UZy,, =y, NKy, =0, Xy, isclosed. (3.3)

The more general black box setting allows obstacle problems and other geomet-
ric situations. However, the barrier assumption cannot be satisfied for connected
manifolds without having a nontrivial potential V.

We denote by Res(P (h)) the set of resonances of P (%) (in an k-independent
neighborhood of {Rez > 0,Imz > 0}).
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(b)

(©) (d)

Figure 3. Examples of one-dimensional potentials satisfying: (a) condition (1.2) and
hence (3.3) and (4.1); (b) conditions (3.3) and (4.1), but not (1.2); (c) condition (3.3),
but not (4.1); (d) neither (3.3) nor (4.1). The dashed line corresponds to V. In particular,
examples (a) and (b) satisfy the assumptions of Theorems 2 and 3.

Theorem 2. Let P(h) satisfy the general assumptions above. Suppose that zg =
zo(h) € Res(P(h)), Rezg = Vo + O(h), zo is simple, and

| Im zo| = O(h™),  d(zo(h), Res(P (1)) \ {zo(h)}) > hY, (3.4)

for some N. Suppose that y and  are given by (1.3) with R > Ry. Then there
exist Co > 0 and hg such that for 0 < h < hy,

1

P(h) —R —i0)7! g =, 3.5
| x(P(h) —Rezg—i0)™" xllocsac = Collm o] (3.5)
and .
P(h)—Rezy—i0)~! L > ——— 3.6
¥ (P (h) 0 )" xllac—sac CodTimzalh (3.6)

Remark. As stated in the introduction, it is (3.6) that seems to be the novel as-
pect. The presence of the square root is (morally) consistent with the results of [3,
Lemma A.2] and of [5, Theorem 2].

Proof. We only present the proof of (3.6). Using the involution u — u we define

W) f =u(fv),

where we use the inner product on the black box Hilbert space. Since z is simple,

we have
_ Yu® yu

Y (P(h)—2)""y + YRz (2, 1)1,
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where u is the corresponding normalized resonant state and R (z, &) is holomor-
phic in

[Rezo — A, Rezo + h™N] +i(—=h", 00).
From [15, (5.1)] and [1, (1.12)] (or [16, (8.18)]) we see that
Ixullse =14+ 0(G%),  u= yu+O*h%)L2 . (3.7)

Using the maximum principle as in [I18, Lemma 2] and the estimates on the
resolvent in [18, Lemma 1] we see that

1xRzo(Re zo. IV [l3¢3c = O(h™™), (3.8)
for some M. Hence to obtain (3.6) we need to estimate

u u
| Im zg|

| Im zo|

from below.
To estimate ||yu| ¢ from below we write

0 = Im((P(h) — zo)u, 1B, R+1) U) 3¢
= Im(P (h)u, 1. R+1) U) 3¢ — Im Zo|| (0. R41) U15¢-

Since P (h) is self-adjoint on H and acts as a symmetric second order operator on
C&(R™ \ B(0, Rp)), we obtain

Im zg || 18(0,R+1) ull3; = —hIm UN(x,hD)udS(x),
dB(0,R+1)

where N(x,hDy) is a first order semiclassical differential operator. For example,
if P(h) = —h?>A + V,then N(x,hDy) = i(x/|x|) - hDy.
Since from (3.7), || 1g0,r+1) ull%¢ = 1 + 0 (h*), we see that

2
3
%|Imzo| < hﬁ /BB(O o |u||N(x, hDx)uldS(x)dt
3 5 t

=h |u||N(x, hDx)u|dx
B(0,R+3%)\B(0,R+1)

<C'h lul?dx < C'h|lyul?,
B(0,R+1)\B(0,R)

where we used the equation (P — zo)u = 0 and elliptic estimates to control the
first order term term N (x, h Dy )u. This shows that

IYullse = vIImzo|/Ch,

which combined with (3.8),(3.9) and (3.7) completes the proof of (3.6). O
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4. A metric example

We start by using Theorem 2 to obtain a generalization of Theorem 1 to higher
dimensions and to more general potentials:

Theorem 3. Consider a Schrodinger operator
P(h)=—-h’A+V

on L*(R") where V satisfies (3.1) and (3.3). Suppose also that

Ky, = {(x0,0)}, V'(x0) =0, V"(x0) > 0. 4.1)
Then there exists zo satisfying the assumptions of Theorem 2 with

d(zo,Res(P(h)) \ {zo}) > h/C, |Imzo| < e~/" (4.2)

In particular in the notation of (3.6),

[V (P(h) = Rezo £ 10) " tll 212 = exp . (43)
for 0 < h < hy and some ¢ > 0.

Proof. 'The existence of zq follows from Corollary in [15, §5]. The reference oper-
ator P#(h) there can be chosen as P#(h) = —h2A + V¥#(x), where V#(x) = V(x)
in a small neighbourhood of x¢ where x, is the only critical point and V#(x) >
V(xo) + €, &€ > 0, outside of that neighbourhood. Since the eigenvalue of P#(h)
corresponding to the minimum Vp = V(xp) is separated from other eigenvalues
by h/C (see for instance [9] and references given there) the same corollary shows
the separation from other resonances. U

Remarks. 1. The condition (1.2) implies that (3.3) and (4.1) hold (since
Hpy(x-&) > 0on{p = Vp} except at x = £ = 0), but the converse is not true —
see Figure 3.

2. When V is analytic and satisfies certain “well-in-the-island” hypotheses, The-
orem 3 follows from the work of Helffer—Sjostrand [10] and under these stronger
assumptions Theorem 2 can then be proved in the same way using the earlier re-
sults of Gérard—Martinez [8] in place of the results of [15]. In particular, when
n = 1and V is even, by [10, (11.5)] we have

Imzg = —Ch'2e=50/"(1 4 O(h)), So = / VVi(x)dx.

{x: V(x)>Vp}
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Plugging this into (3.5) and (3.6) gives bounds with an explicit exponential rate:

1

- -1
Ix(P(h) = Rezo £10) " xllr2wr2 = s

1

=1
[¥(P(h) —Rezo £i0)™ xllp2— 12 > Ch3l4gSol2h

See also [6, §2.8] for further explicit examples. It is natural to expect that such
bounds also hold in the example from §2.

3. For P(h) = —h?A + V, and for E’s satisfying (4.1) (with Vo = E), a result of
Nakamura [14, Proposition 4.1] and [15, Corollary, §5] show that

IX(P(h) = E —i0) "' yll2mp2 < Ch™9. |E —z;(h)| = b7,

where ¢ > 1 and z; (h) are the resonances of P (/). Since the density of Re z; (k)
satisfies a Weyl law, this means that the bound is O(h~7), outside of a set of mea-
sure O(h?™"), g > n.

The example in Theorem 3 can be used directly to obtain examples of resolvent
growth for asymptotically conic metrics of the type studied by Rodnianski and
Tao [17].

Theorem 4. Let (M, g) be the following Riemannian manifold:
M =R, x S’g_l, g=dx*+V(x)"'do?, n>1,

where d0? is the round metric on the sphere of radius 1and V(x) € C*®(R; (0, o))
is a function satisfying the assumptions of Theorem 3 and

1
V() = . |l = Ro.

Put
x(xX) = lixj<ry,  ¥(x) = lr—1<jx|<r+1. R > Ro.
Then there exists a sequence A — oo such that

IV (—Ag — Ak £i0) " xll20m)—L2ary = €Xp(c v/ Ag). 4.4)

for some constant ¢ > 0.
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Proof. In the (x, ) coordinates, the Laplacian Ag has the form

(n—1DV'(x)

Ag =02 —
g =0 2V (x)

dx + V(x)As.

Here Ag is the Laplacian on $"~!. For k > 0, let Y (@) be (any) spherical har-
monic of order k, i.e. a smooth function on $*~! such that

(—As —k(k +n=2))Yr =0, |[[Ykllp2@n-1y =1,

see for example [11, §17.2] for the spectrum of Ag. Then for u(x) € C*°(R) and
A € R, we have

—Ag(u(x)Y () = (— 9 + (”%)(g(x)ax +k(k+n— 2)V(x)>u(x)Yk(6).
Put
hy = (k(k +n—2))"1/?
so that
he(=Ag = A)((x)Yk(8)) = (P(hg) — B u(x)Ye(6),
where
P(h) := —h%9> + %hzax +V(x).

Let

RO) = (—Ay — 1)

for A & [0, +00). It follows that

R(\) = Z hi(P(hg) —hid)' @ Ty : L2 (M) — L*(M), (4.52)
kelN
L2(M) ~ L2(R, V(x)~"T dx) ® L2(8" ), (4.5b)
where

Mi: L2(S"1) — L*(8"7)
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is the orthogonal projection onto the space of spherical harmonics of order k.
The operator

R(A): CX(M) — C (M)
continues meromorphically to ImA < 0, and
(P(hi) = hEA)™": CE(R) — C¥(R)

continues meromorphically for each k. Hence (4.5) is valid for Im A < 0, with the
operator acting on

CP(M) ~CPR) ® CX(S" ).

Hence,
IV (=Ag — 2 £i0) " xll 201y L2 )
= VR £ i0)xllL2a)—>22(M1)
= sup il (P(hi) — hgh +i0) " xll 2, 2.
where

L2 := L3R, V(x)~"Z dx).

We now apply Theorem 3 to P (hy) and put
Ak = Rezo(hy)/ hi.

The estimate (4.4) follows from (4.3). Theorem 3 applies to the operator P (h)
despite the presence of a first order term, as this term is of order O (%) in the semi-
classical calculus and thus does not affect the classical Hamiltonian flow H), and
the results of [15] and Theorem 2 apply to a wide class of semiclassical differential
operators including P (h). O
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