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Lower bounds for resonance counting functions
for Schrodinger operators with fixed sign potentials
in even dimensions

T. J. Christiansen

Abstract. If d is even, the resonances of the Schrodinger operator —A + V on R¢ with
Ve L?gmp(Rd) are points on A, the logarithmic cover of C \ {0}. We show that for fixed
sign potentials V' and for m € Z\ {0}, the resonance counting function for the mth sheet of
A has maximal order of growth.
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1. Introduction

This paper proves some optimal lower bounds on the order of growth of resonance-
counting functions for certain Schrodinger operators in even-dimensional
Euclidean space. The resonances associated to the Schrodinger operator —A + V,
with potential V' € L, R?), lie on A, the logarithmic cover of C \ {0}, if d is
even. The main result of this paper is that for scattering by a fixed sign, compactly
supported potential V' the resonance counting function for the mth sheet of A has
maximal order of growth for any m € Z \ {0}. Though the results of [7] show that
there are many potentials with resonance counting functions for the mth sheet hav-
ing maximal order of growth, the techniques of [7] do not give a way of identifying
those potentials other than those which are scalar multiples of the characteristic
function of a ball. For comparison, in odd dimensions d > 3 the only specific real-
valued potentials V' € L, (R%) which are known to have resonance-counting

function with optimal order of growth are certain radial potentials [31], though in
that case asymptotics are known (see [31] and [26, 10]).
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Let V. € L&, R?) and let A < 0 denote the Laplacian on R¢. We de-
note the resolvent Ry(1) = (—A + V — A2)~! for A in the “physical space,”’
0 < argA < m. With at most a finite number of exceptional values of A, Ry (1)
is a bounded operator on L2(R?) for A in this region. It is well known that for
X € ngmp(Rd ), xRy (L) x has a meromorphic continuation to C when d is odd
and to A, the logarithmic cover of C \ {0}, when d is even (e.g. [19, Chapter 2]).
In either case, the resonances are defined to be the poles of yRy (A)y when y is
chosen to satisfy yV = V. The fact that when d is even the resonances lie on A
makes them generally more difficult to study in the even-dimensional case than in
the odd-dimensional case.

A point on A can be described by its modulus and argument, where we do not
identify points which have arguments differing by nonzero integral multiples of
2. Thus the physical half plane corresponds to

Aodéf{)LeA:0<arg)L<n}.

Likewise, for m € Z we may define the mth sheet to be

Am A eA:mn <argh < (m+ D)
which is homeomorphic with the physical region and can be identified with the
upper half plane when convenient.

Vodev [28, 29], following earlier work of Intissar [13] studied the resonance
counting function ny (r, @), defined to be the number of resonances (counted with
multiplicity, here and everywhere) with norm at most » and argument between —a
and a. He showed that there is a constant C which depends on V but not on r or
a so that

ny(r.a) < Ca(r® + (loga)?)), forr, a > 1.

The most general lower bound known is due to Sa Barreto ([22], d > 4) and
Chen ([3], d=2):

) #{A; : pole of Ry (X) with L < |X;| <r, |arg;| < logr}
lim sup — L ‘ = 00
r—o0 (logr)(loglogr)—»

(1.1)
for all p > 1, for any nontrivial V' € C2® (R?; R). This follows the earlier work
of [23]. We note that the assumption that the potential is real-valued is cru-
cial here. There are explicit examples of nontrivial complex-valued potentials
Ve L&mp R?) which can be chosen to be smooth so that the corresponding
Schrodinger operator —A + V' has neither eigenvalues nor resonances [2, 5, 6].
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For m € Z, let n,,(r) = nm,y(r) be the number of resonances of —A + V
which both lie on A,, and have norm at most ». We call this the resonance count-
ing function for the mth sheet. It follows from Vodev’s result that n,,,(r) = O(r%)
as r — o0. On the other hand, lower bounds have proved more elusive, as demon-
strated by the difference between the upper bound and the lower bound (1.1). The
results of [7, Theorem 1.1] show that “generically” for potentials V' € L, RY),
m € 7\ {0},

li 1ognm,V(”) _

im sup — > — =

r—00 g

However, the result of [7] is nonconstructive in the sense that other than potentials
which are nonzero positive scalar multiples of the characteristic function of a ball
and those complex-valued potentials which are isoresonant with them [6], that
paper does not give a way of identifying the particular potentials for which (1.2)
holds.

The main result of this paper is the following theorem.

1.2)

Theorem 1.1. Let d be even. Suppose V. € LT, R?) with V bounded below
by € xp, where € > 0 and yp is the characteristic function of a nontrivial ball B.

Then for any nonzero m € Z,

1
hm Sup Ognm,:l:V(r) —
r—00 logr

d.

We note that by Vodev’s result d is the maximum value this limit can attain.

The limit
lim sup 710gnm,iv(r)
r—>00 log r

is called the order (or order of growth) of n;, +v (r). When this limit is d, we say
that the mth counting function has maximal order of growth.

Theorem 1.1, when combined with [7, Theorem 3.8], has the following theorem
as an immediate corollary.

Theorem 1.2. Let d be even, and K C R? be a compact set with nonempty inte-
rior. Let F denote either R or C. Then for m € Z, m # 0, the set

{V e C®(K; F) : lim sup log tm,y (r) _

dj
r—00 10g r

is dense in C*°(K; F).

The paper [7] proves a similar theorem, but for L potentials rather than C*°
potentials. For the case of odd dimension d > 3, the analog of Theorem 1.2 was
proved in [4]. A stronger result holds in dimension d = 1, see [30] or [11, 21, 24].
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Theorem 1.1 may be compared with other results for fixed-sign potentials. In [8]
it is shown that in even dimensions there are no “pure imaginary” resonances for
positive potentials, and on each sheet A,, of A, only finitely many for negative po-
tentials. In contrast, in the odd-dimensional case Lax-Phillips [16] and Vasy [27]
proved that for potentials of fixed sign the number of pure imaginary resonances
of norm at most r grows at least like cr¢~! for some ¢ > 0 when r is sufficiently
large. Both [16] and [27] use a monotonicity property for potentials of fixed sign.
This paper also uses a monotonicity property, though it is more closely related to
one used in [4]. Also important here are some results from one-dimensional com-
plex analysis, more delicate than the corresponding complex-analytic arguments
from [4].

We end this introduction with a brief sketch of the proof of Theorem 1.1.
We shall reduce the problem of studying the large r behavior of n,, +y (r) to that
of studying the zeros of a function holomorphic in Ay.

In Section 2 we prove Proposition 2.4, a preliminary, complex-analytic, result.
This provides an upper bound on the norm of a function f holomorphic in the set

Q={zeC: |z|>1, Imz >0}

when we have some control on both the behavior of f(z) for large |z|, z € R and
on the order of growth of its zero counting function in €.

Let m € Z \ {0}. To study the resonances of —A + V' on A,, we introduce
a scalar function F, 1y defined on Ao. The zeros of Fpn +v on Ay correspond
(with at most finitely many exceptions) to the resonances of —A = V on A,,. The
function F, 1y is meromorphic on Ag, with at most finitely many poles there. The
definition of F;, 4+ in Section 3 uses familiar ideas from the study of resonances.

The main result of Section 4 is a lower bound on |Fm,iv(0ei”/ 2)| when
o — oo and V > eyp. It is here that we use a monotonicity argument.
The proof proceeds by contradiction. In Section 5 we show that when V' > €y,
the assumption

1
lim sup 70gnm’iV(r)

<d
r—>00 10g r

together with the lower bound on |Fm,iy(oei”/ 2)| as 0 — oo from Section 4
produces a contradiction to Proposition 2.4.

Acknowledgments. The author gratefully acknowledges the partial support of
the NSF under grant DMS 1001156, and thanks the referees for helpful comments.
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2. Some Complex Analysis

The main result of this section is Proposition 2.4, which, roughly speaking, con-
trols the growth of a function f analytic in a half plane in terms of the growth of
the counting function for the zeros of f in the half plane and the behavior of f
on the boundary of the half plane.

Both the statement and the proof of the following lemma bear some resem-
blance to those for Carathéodory’s inequality for the disk. The estimate we obtain
here is likely a crude one, but suffices for our purposes.

Lemma 2.1. Let f be analytic in a neighborhood of
def
Qr={ze€eC:1<|z| <R, Imz >0},
p >0, andfor x € RN Qg, | f(x)| < Colx|? for some constant Cy > 0. Set

M= max |[f(z)|
|z|=1,zeQR
and define
A(R) = max(CoR", MR”, max Re f(2)).
ZEQR
Then if | <r < Rand z € Qg with |z| = r, then | f(z)| < w2225 A(R).

RP—rP

Proof. Set
_ 1 f(2)
g(2) = o5
zP2A(R) — f(2)
which is analytic in a neighborhood of 2 g. We bound |g| on the boundary of Q.
If z € Qg has |z| = R, then
|f(2)] - el 1

8= oA - f@)] = RG] - R

Notice that if x € Qr N R,

1 Golxlp _ 1
Ix|° RPCy — RP

lg(x)| =

Moreover, if z € Qg has |z| = 1, since A(R) > | f(2)|R?, |g(z)| < 1/RP. Thus,
by the maximum principle |g(z)| < 1/R” for all z € Q.
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Suppose z € Qg with |z]| =r, 1 <r < R. Then
|f(2)] = [zI°I2A(R) — f(2)IR™? < rPQA(R) + | f(2)DR™?.
Rearranging, we find
(RP = rP)| f(2)] = 2rP A(R),

or

lf@)I = A(R). O

RP — P

Lemma 2.2. Let
Q={z:Imz>0, |z]| > 1}

and suppose [ is analytic in a neighborhood of 2, and there are constants py,
Co, so that

| f(2)] < Coexp(Colz|?®) forall z € Q.

Suppose there are constants C1, p > 0 so that

‘/X () f@t)dt] < Ci|x|P, forallx > 1,
1
and

/_1 () f()dt]| < Cy|x|°, forall x < —1.

If, in addition, f does not vanish in 2, then there is a constant C3 so that

[ f(2)] < C3exp(Cs|z|P) forall z € Q.

Proof. In the proof we shall denote by C a constant the value of which may change
from line to line without comment.
Since f is nonvanishing in €2, there is a function g analytic on 2 so that

expg(z) = f(2). Since g'(z) = f'(2)/f(2),
A
1 J@)

so that |g(x)] < C|x|” + |g(1)] when x > 1 for some constant C. A similar
argument gives a similar bound for x < —1.

gx)—g() = dt ifx>1
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We now assume p < pg since otherwise there is nothing to prove. We give
a bound on the growth of g at infinity which is more than adequate to allow us
to apply a version of the Phragmén-Lindellof theorem as we will below. Since
Reg(z) =log|f(z)|,forallz € Q,Re g(z) < C(1+]z|?0). Applying Lemma 2.1,
we find that |g(z)| < C(1 + |z|?°) for all z € Q.

Consider the function i(z) = g(z)/(i + z). This is an analytic function in a
neighborhood of 2 and is bounded on 92. Thus, by a version of the Phragmén-
Lindellof theorem (proved, for example, by an easy modification of the proof of [9,
Corollary V1.4.2] using [9, Theorem VI1.4.1]), 4 is bounded in 2. This implies that
forz € @, | f(2)| = exp(Re g(z)) < exp(C(1 + |z|)?) for some constant C. [

We shall use the notation
Eo(z)=1-z2
and
E,(z) = (1 —z)exp(z +z2/24---+zP/p) for pe N

for a canonical factor. The proof of the following lemma bears many similarities
to proofs for estimates of canonical products; see for example [17, Lemma 1.4.3].

Lemma 2.3. Let {a;} C C be a set of not necessarily distinct points in the open
upper half plane, with |a,| < |az| < ... and suppose for some constants Co and p

n(r) o #j 1 laj| <r} < Cor® whenr > 1.

Suppose p > 0 is not an integer, let p be the greatest integer less than p, and set

o0

= /)
rO=1lg ey

n=1

Then for x € R
AAQU)

d
o 70

= 0(Ix|”)

as |x| — oo.

Proof. We note first that our assumption on n(r) ensures that the canonical prod-
ucts converge, so that f is a meromorphic function on C. Moreover, by assump-
tion f has neither poles nor zeros on the real line.
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A computation shows that E,,(z)/ Ep(z) = —z? /(1 — z). Thus

L) (x/an)?  (x/an)?
f(x) _Z(X—E C x—ay ) @1
Leta € C,Ima > 0, € R. Then
C/@? _a? _ 1 el —a)—a’(—a)
r—a t—a |a]?? ( It —al? ) 02
1 t Im(a”) — Im(a?*1) '
=2im (e )

Now seta = o + if8, B > 0, and note that [ Ima?| < pBla|P~!. Thus for x € R

[ (e dt‘
0

t—a t—a
x +1 (2.3)
2 / pltl”™" B + (p + Dlallt]?8
= lal?*t | Jo (t —a)* + B2 '
Now forg > 0
X l‘q,B
—— ¢t
/0 (t—a)*+p2
(x —a) Yot (t—a)
— 4 _ q
=X arctan( 5 ) q/o t arctan( 5 )dt.
Using that for s € R, | arctan s| < 7/2, we find that for |x| > 1
X tqﬁ
—————dt| < C|x|? 2.4
|, ez .

for some constant C, independent of & and .
To prove the lemma, we will split {a; } into two sets, depending on the relative
size of |a;| and 2|x|. For |a;| < 2|x|, we first note that

X ﬂtp-i-l _ X 1 20t — (062 + ,32)
p/o (z—a)2+ﬂ2d[_pﬂ/0 or (1+ (t —a)?+ B2 )dl
and use (2.3) and (2.4) to get
/" ((I/a_j)” B (Z/aj)”)dt‘
0

t—a_j I —aj

laj|=2|x|

<C > (xIPla; 77 + x| ay |77,

la;j|<2|x|

(2.5)
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Since

> gt = [ rtanc)

=rin@r)—n() — / gt n(t)dt
1
applying our upper bound on n(r) we get from (2.5)
x Y4 \P
/ ((t/afl _ W) )dt| < C(lxl? +1). @2.7)
0 I —aj I —aj

lajl=2|x|

Now we bound the contribution of the a; with |a;| > 2|x|. For this we use (2.2)
more directly. Here

/x ((t/a_j)” 3 (t/aj)”)dt‘
0

t—a_j I —aj

|a; 2P |t —a;|?

x by _ p+1
/ 1 p([I]II(aj) IIIl(a] )) t‘
laj|>2|x]| 0

<Cc >

la;|>2|x|

2 —p—2 1 —p—1
<C Y (X172 7P 4 x| gy TP,

la;j|>2|x|

/" 1 t]P  a;|P + |t]Pla; |PH!
( )dt
0

la; |27 la;|?

Applying the analog of (2.6) and using the upper bound on n(r) we obtain

> aj|™ = Clxfe

laj|>2|x|

provided g > p, giving us

/x ((t/a_j)” 3 (t/aj)”)dt
0

t—a_j I —aj

< Clx|”.

laj|>2|x]

Combined with (2.7), this completes the proof of the lemma. U



580 T. J. Christiansen

Proposition 2.4. Let f be a function analytic in a neighborhood of
Q={z:Imz >0, |z] > 1}.

Suppose f does not vanish on R N Q, and let n(r) be the number of zeros of f in
{z: Imz >0, 1 < |z| < r} counted with multiplicity. Suppose that that there are
constants Cy and p > 0, p not an integer, so that

n(r) < Co(l +r”)
and ,
f'(x)
f(x)
Suppose in addition that there are some constants p;, Cq so that log|f(z)| <

Ci(1+|z|P) for all z € Q. Then there is a constant C so that | f(z)| < Ce!?!” for
z € Q.

< Co(1 + |xP7Y)  forall x € R with |x| > 1.

Proof. We will assume p; > p as otherwise there is nothing to prove.

We prove this proposition by constructing a function to which we can apply
Lemma 2.2. Let p denote the greatest integer less than p, and {a, } the zeros of f
in Q, repeated according to multiplicity, with |a1| < |az| < .... Set

f(2)g1(2)
g2(2)

s

h(z) =

where
o0 [e.¢]
21(2) = [ [ Ep(z/@) and g2(2) = [ | Ep(z/an).
n=1 n=1
Note that /4 is analytic in © and does not vanish there.

As an intermediate step we show that log |4 (z)| < C|z|°! for all z € Q. Recall
we have assumed p; > p. Here and below C is a finite constant which may change
from line to line. If x € R, 1 < |x|, then log|h(x)| = log| f(x)| < Co(1 + |x]|°1).
Moreover, from estimates on canonical products,

log|gj(2)] = C(1 +|z[°), j = 1.2 (2.8)

for some constant C, see [17, Lemma 1.4.3].

As is shown in the proof of [17, Theorem L.12], given R > 0and 0 < § < 1
there are r; € [R, R(1 — §)7'], (depending on R and §) so that for all z € C with
z| = rj,

12e .
loglg; ()] = (2 +log ==)log _ max _|g@)l. forj=1.2. 29)
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Using (2.8), this gives
loglgi(z)| = —Cs ;(1 + (RA=8)"HP), |zl=r;, j =1, 2. (2.10)

To aid in notation, we set Qg = {z € C: Imz >0and |1 < |z|] < R}.
Now fix § > 0,8 < 1. Given any R > 1, we can find an r, € [R, R(1 —§)7!]
as above so that (2.10) holds for j = 2. Then using that

max log [h(2)| < nggz log |h(2)| = Zg;g;; log |A(2)],

our assumptions on f, and (2.10) we find for any R > 1

max log [h(2)] < Cy(1 + (R(1 — §)~HP1) + C(1 + R?) < Cs(1 + RY).
zeWlpR

Forx e R, |x| > 1,

W) _ f'(x) . (81/82)'(x)
h(x) — f(x)  g1(x)/g2(x)

By applying our assumptions on f and Lemma 2.3, we find that for x > 1,

‘/X B(t)/h(t)dt| = O(x?),
1

and likewise for x < —1,

-1
/ 10/ ht)di| = O(x]?).

By Lemma 2.2, there is a constant C so that
log |h(z)] < C(1 + |z|P), when z € Q. (2.11)

Now we write f(z) = g2(z)h(z)/g1(z), holomorphic in a neighborhood of €.
Given R > 1 and § satisfying 0 < § < 1, as above we choose r; € [R, R(1 —§8)7]
so that (2.10) holds for g;. Using in addition (2.8) and (2.11), we find there is a
constant so that

log| f(z)] < C( + (R(1—=8)"1?) for |z| = r, Imz > 0.

As in the proof of the bound on £, since |k (x)| = | f(x)| for x € R N Qg, we find
then from the maximum principle that there is a constant C so that

max log| f(z)] < C(1 + R?). O
ZEQR
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3. A scalar function having zeros at the poles of the resolvent

We recall the derivation of some identities commonly used in the study of reso-
nances for Schrodinger operators. Let V € ngmp(Rd ) and let d > 2 be even.
There is no need to make an assumption on the sign of V here. We recall the nota-
tion Ry(A) = (=A+V —2A%)"1 when A € Ay. Forsuch A, (—A+V —A2)Ro(A) =
I + VRy(A) and by meromorphic continuation,

Ro(A) = Ry(\)(I + VRo(L)), A €A.

Thus Ry (A) has a pole if and only if / + VRy(A) has a zero, and the multiplicities
agree. Writing V1/2 = V/|V|'/2 with the convention that VV1/2 = 0 outside the
support of V, we see that I + VRo(A) has a zero if and only if 7 +V/2Ro(1)|V|V/?
has a zero. Consequently, 7 + V2R (1)|V|'/2 is invertible for all but a finite
number of points in Ag. Thus, if m € Z, A € Ay,

I+ Vl/zRo(eim”A)|V|l/2
= (I + V'RV
(I + (I + V2RV T2 (Ro (™™ 1) — Ro(M)) |V [1/2).

But when d is even

Ro(e"™™ L) — Ro(X) = imT (L)

with

TONHE =2t [ [ e fdody G

d—1

for f € LZnpyRY), with ag = (27)'7¢/2; see [19, (1.32)]. Moreover,
VY2T(X)|V |2 is trace class. Thus, with at most a finite number of exceptions,
the poles of Ry (e!™™ 1) with A € A correspond, with multiplicity, to the zeros

of

Fv M) ¥ det(7 + im(I + V2RoW)|VIV) V2TV (32)

in Ay. Similar functions were used, for example, in [11, 12, 8].
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4. Lower bounds on F,, +y (ic) when V has fixed sign

In the remainder of this paper we assume d > 2 is even.

LetV >0,V € ngmp(Rd). In this section we study the function Fp, +y
from (3.2). For 0 € R4, we shall use the shorthand i o to denote the point in the
physical region with norm o and argument /2. Taking the positive sign,

I+ V'2Ro(io)|V|'? =1+ V'2Ro(io)V'/?

is a positive operator for o > 0. When we choose the negative sign, we will addi-
tionally assume that o is chosen large enough that I —V /2Ry (io) V'/2 is a positive
invertible operator; this is possible, for example, by insisting 6 > 2(||V||oc + 1)
since |Ro(io)| < 1/02. With these assumptions on o, using the properties of
the determinant and the fact that V' > 0 we may rewrite the function F,, +y (io)
from (3.2) as

Fm(la) = Fm,:tV(iO)
=det(I £im(I £ V'V2Ro(ic)VV/2)"V2Y 12T (ig)V1/? (4.1)
(I £ VY2Ro(io)V1/?)~1/2),

We shall obtain a lower bound on F,,(ic) as ¢ — oo.

The following proposition is central to the proof of Theorem 1.1 and is the main
result of this section. Related results were obtained in odd dimensions in [4, Sec-
tion 5].

Proposition 4.1. Let V € ngmp(Rd ), V>0, and let V be bounded below by
€ xp where € > 0 and yp is the characteristic function of a nontrivial open ball.
Let m € Z, m # 0. Then there is a constant ¢y > 0 so that |Fp v (io)| >
co exp(coo?) for all sufficiently large o > 0.

The proof is similar to the proofs of some results of [16, 27] in that it uses
both a property of monotonicity in V' and the fact that for potentials which are
positive multiples of the characteristic function of a ball much can be said by
using a decomposition into spherical harmonics and special functions. However,
the implementation of these underlying ideas is rather different here.

The proof of Proposition 4.1 uses the following lemma, a monotonicity result
reminiscent of results of [16, 27]. In fact, the proof of this lemma uses a result
from [27].
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Lemma 4.2. Let Vi, V> € L®°(R?) and suppose the support of V; is contained
in B(R) = {x e R? : |x| < R} for j = 1, 2. Suppose Vo(x) > Vi(x) = 0 for
all x € R%. We use the convention that Vll/ 2 / Vzl/ 2 is 0 outside the support of V1.
Then for o > 0

(I + V" Ro(io) V%)~ 112 (1 + V2 Ro(io) V2| < 1.

V21 172

Ifo =2(|Valleo + 1), then

(I =V} Ro(io)V}?)~ 1721, 1/2(1 V2 Ro(io) V)V < 1.
V.

2

Proof. When o > 0 is sufficiently large that / £+ le/ *Ro(io) le/ *isa positive
operator,

(I % ViRo(i0)V;(1 £ V72 Ro(io) V)™
= V2 £V Ro(i0)V}*) I £V} Ro(i0) V)7
_y1/2
= V/ .
Thus
VI £V 2 Roio) V)T = (1 £ ViRoi0) 'Y, j =12

for o > 0 sufficiently large. Applying [27, Lemma 2.2], and using that V, > V7,
we get
(I + VaRo(i0))™'Va = (I + ViRo(io)) ™' V1.

When we take the “—" sign, again applying [27, Lemma 2.2],
(I = VaRo(i0))™"Vo > (I = ViRo(io))™' Wy

when o0 > 2(||V2]|ec + 1). Here we note our convention differs somewhat from
[27], in that we take V; > 0. Summarizing,

V21 £V, P Ro(i0) VD)W = V21 £ VP RoGio) V)T Y

when o > 0 (for the “4” sign) or ¢ > 2(||V| + 1) (for the “—” sign). For the
remainder of the proof, we shall assume o > 0 satisfies these requirements and
suppress the argument io.

Now let yy, be the characteristic function of the support of V>, recall

1/2 1/2
VI/XV2=VI/’
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and note that

av (I £ VPRV = (1 £ V2RV ) s,

Then
1/2 1/2
(1% V2RV gy = A (1 v 2Ry 21
XVZ 2 0Va XVZ - V1/2 V1/2
2 2

This implies

av, = (I £V, R, 1/1/2)1/2 1/2(1:|:V1/2R v 1/2(1:|:V1/2R ASEE
V. V.

2 2

This proves the lemma, since the norm of the right hand side is the square of the
norm of the operator in question. O

Lemma 4.3. Let H be an infinite dimensional complex separable Hilbert space,
A, B € L(H), with B = B*, and | A|| < 1. Let |A1| = |A2| > ... be the norms of
the eigenvalues of A* BA, and 1] > |u2| > ... be the norms of the eigenvalues
of B. In both cases we repeat according to multiplicity. Then |jj| > |A;| forall j.

Proof. One way to prove this it that by noting that since B and A* BA are self-
adjoint, the norms of the the eigenvalues are the characteristic values. Then this
lemma is an immediate application of the bound for the characteristic values of a
product found, for example, in [25, Theorem 1.6]. O

The next lemma shows that F,, +y (io) depends monotonically on V' in some
sense.

Lemma 4.4. Let Vi, V, € L®(R?) and suppose the support of V; is contained
in B(R) for j =1, 2. Suppose Va(x) > Vi(x) = 0 for all x € R4. Yhen

| F v, (i0)| < |Fmy,(io)| forallo € Ry.
Moreover, if 0 > 2(|| Val|loo + 1), then
| Fon—v, (i0)| < |Fm—v,(i0)].
Proof. For any compactly supported V' > 0, set

Bixy(io) = £ V2R (io)V V) 12y 12T (jg)V1/?

(4.2)
(I £ VY2Ry(io)V1/?)~1/2
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and notice that if ¢ > 0 (for the “+” sign) or 6 > 2(||V||oo + 1) (for the “—" sign),
Bi.+.v(io) is a self-adjoint trace class operator. Comparing (4.1), we see that

Fptyv(io) =detd £imB; +y(io)).
Hence for sufficiently large o
[P sy ()] = |[]U + imA;(Bisy (i)
=[11d +ima;(Bixv o))
= [T/t +m2R2(B1 1 v(i0))

where A;(B1,+,1) are the nonzero eigenvalues of B; + v, repeated according to
multiplicity and arranged in decreasing order of magnitude:

|A1(Br,x,v)| > [A2(B1,+,v)| >

Now we turn to V7 and V5, and o as in the statement of the lemma. Note that

Bi,+,v,(io)

2
=+ Vl/zRo(za)Vl/z)_1/2 (I + V2 Ro(i0)VS'*) 2By 1y, (i0)

V21 /2
yl/2
I+ V1/2R0( )V1/2)1/2 — (I + V1/2R0(10)V1/2) 1/2
Vs
Again we use the convention that Vll/ 2 / Vzl/ % is 0 outside the support of V;. The
lemma now follows from (4.3) and Lemmas 4.2 and 4.3. O

In order to obtain the lower bounds of Proposition 4.1, we shall need a special
case of that proposition, in which the potential is of the form V' (x) = € yp(x), and
xB(x) is the characteristic function of a ball centered at the origin. To study such
a special case, we will introduce spherical coordinates in R¢ (polar coordinates
in the case d = 2).

In spherical coordinates,

A= _i _d-13

ar2 roor

The eigenvalues of of the Laplacian on $¢~!, Aga—1, are /(I +d —2),1 € Ny with
multiplicity

1
+ r_2A$d—l .

2[+d—2(l+d—3) 2142

d—2 d—3 @@=yt ror -

p(l) =
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Denote by {Yl“}, I <wp =< wpd),! =0,1,2,... a complete orthonormal set of
spherical harmonics on $97! so that Aga—1Y/* = I(I + d —2)Y/".
We denote by P; projection onto the span of

(h(xDYx/IxD) s 1< p < pd), h e L*(R; r4=ldr)).
Thus writing x = r#, with r > 0 and 6 € $¢~!

u() 3
POCO =Y. [ gtV OF @S, (43)
=1 gd—1

Lemma 4.5. Let V > 0, V € Lgf)’mp(Rd ) be a radial function, so that V(x) =
f(Ix]) for some function f € L,,,([0.00)). Then for o > 0 sufficiently large,
with By = By +,v the operator defined in (4.2),

: : C :
|V2T o)V 2 = Bray o) Pl < SIVIETGo)V 2P|
for a constant C depending on V but not o or [.

Proof. To simplify the notation, we write
A(io) = Axry(io) =1 £ VY2Ry(io)V'V/2,
and note that for o > 0 sufficiently large,
|47 Go) — 1] = O(1/0?). |47 2(0) — 1] = O(1/0%).  (44)
Now with B; the operator defined in (4.2),

Bl _ V1/2Tvl/2 — (A—1/2 _ I)vl/ZTvl/ZA—l/Z 4 Vl/val/Z(A—l/Z _ 1)
4.5)
Because V is radial, multiplication by either V or V1/2 commutes with P;. Since
Ry commutes with P;, sodo A, A~!, and A~/2. Thus
I(B: = V2TV Py
<A™ = DVVPTV 2 P A7)
+ VPTVI2 P[4V = D).

Thus using (4.4) we are done. O
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Using the notation of [20], let J, and Y, denote the Bessel functions of the
first and second kinds, respectively, and recall that H‘fl)(z) = Jyp) + i1, (2).
For [/ € Ny, set v; = [ 4+ (d —2)/2 and notice that v; is an integer since d is even.
We can now expand Ry(A) using spherical harmonics. When 0 < arg A < 7 and
g € L*(RY),

(Ro(M)2)(r0)
NEUNES 4.6
=ZZ/ / 6o DY OT @) o) S s’
I=opu=1"9 $d—1
with

ey DRy, QN HP ) <1,
l

Gy, (r,r'; 1) = - 4.7
T(rr/)_(d_z)/zH]fll)(Ar)Jvl (r')y ifr=r.
1

As noted earlier, for compactly supported, bounded y, yRo(A)x has an analytic
continuation to A, and G, (r, r’; 1) does as well.
Now we use [20, 9.1.35, 9.1.36] to obtain

J(e'™z) = '™V J,(2).
Specializing [20, 9.1.36] to the case of v an integer we have
Yy, (€'™z) = e 7MYy, (2) + 2iJ,,(2))
giving
H{D(e'™z) = ™1™ (=], (2) +iY,,(2)).
Thus
Gy, (r,r"; 1) def Gy, (r,1';€"™ ) — G, (r, 13 1)
= in(rr’)" @21, (Ar) Iy, (AF).

4.8)

Together, (4.6) and (4.8) give us an expression for the Schwartz kernel of
Ro(e'™1) — Ro(A) in spherical coordinates: with r, r’ >0, 0 € gd-1

((Ro(e'™) — Ro(1)g)(r0)

oo u(l)

= Z Z/Oo/ Gu,(r, r' )L)YIM(Q)171“(a))g(r/a))(r/)d_ldSwdr’,
0o Jga-1

=0 u=1

4.9)

We continue to denote by P; the operator given in (4.3).
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Lemma 4.6. Let By be the operator defined in (4.2). Let Vo = €yq, where
€, a > 0 and y, is the characteristic function of the ball of radius a and cen-
ter 0. Fix a constant M > 3. Then there is a constant ¢ > 0 independent of o so
that

oSV
| B1,+,v,(i0) P > ¢ o

for all | € N which satisfy ac/6 > v; > ac/M for all sufficiently large o > 0.

Before beginning the proof, we note that the constant ¢ does depend on ¢ and
ona.

Proof. From Lemma 4.5 it suffices to prove an analogous lower bound for the
quantity ||V > T (io) V)2 Py]].
Recall iT(io) = Ro(e'™io) — Ro(io). Set

Yi(r6) = xa(r)Y/ O)r= @22, (ior)
forany u € {1, ..., u(l)}, and note that

(Ve 2TV 2y, )|
TR

Ve 2TV, > Py =
By (4.8) and (4.9),

a 2
1/2 . 2 —(d-2).d—1
b4 ey, (ior)|r rédr
(Ve 2TV 2y, )] _ (/o )] )

2 - a
(K2 / Ty, (o) [2r= @D pd=14,
0

a (4.10)
= T[G/ |Jy, (iar)|*rdr
0
a
> ne/ |Jy, (iar)Prdr.
a/2
As in [20, 9.6.3], setting
L) & evmi/2 ) (zei™/2) _p < arez < n/2,
from [20, 9.7.7] there is a constant ¢ > 0 so that for v sufficiently large
eCV

[I,(vs)| > c—, 3<s=<M.

Nl
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Here and below we denote by ¢ a positive constant, independent of v, [/, and o,
which may change from line to line. Now we use that |J,, (ioz)| = |I,,(cz)| and
apply these to (4.10). We find thatif 3 < or/v; < M for all r witha/2 <r <a,
then

a 2v;c

(Ve TV, Py, 9)| = C/ dr > ¢

a/2 Vi V]

2v;c

for all sufficiently large o. Thus, this holds for / satisfying ao/6 > v; > ac/M if

o is sufficiently large, providing a lower bound on || VOI/ T VOI/ 2P|, and thus on

||Bl,:|:V0(iO)P1||. O

Lemma 4.7. Let Vy = €y4, where €, a > 0 and y, is the characteristic function
of the ball of radius a and center 0. Then for mg # 0, mg € Z, there is a ¢ > 0 so
that for o > 0 sufficiently large

Fuoxvoioc) > ¢ exp(cad).

The constant ¢ depends on a, €, and my.

Proof. Recall that
| Fing,£v, (i0)| = [det(] £ imo By +,v,(i0))]

and that for sufficiently large 0 > 0 B(io) is a self-adjoint operator. Thus for
sufficiently large o

o0
|Fing.2vo(i0)| = [T /1 + m3A2 4.11)
j=1

where A; are the nonzero eigenvalues of By + y,(io). The A; of course depend
on o, but we omit this in our notation.

A decomposition of B; + v, using spherical harmonics shows that By + y, has
eigenvalue || By, +,v, P; | with multiplicity (at least) p (/). Thus using (4.11) and the
fact that )LJZ. > 0, we get

o0
|Fing (i0)[> = T [(1 + m3 || By v, Pr PP
=1
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for sufficiently large 0. From Lemma 4.6, we see

, €V u(l)
|Fm0(lO')|2 > 1_[ (1 + Cm27)
ac/6>v;>ac/M 1

cvy

= exp( Z w(l)log (1 + cm%e‘)l2 ))

ac/6>v;>ac/M

> exp ( 3 n(l)(el —c(d —2)/2

ac/6—(d—2)/2>l>ac/M—(d—2)/2
+ log(em3/v}))

Now for / sufficiently large, (1) > 1972 /(d — 2)! so we get

| Fn(io)|? = exp(ca® — C)
for some constants C and ¢ > 0 for all sufficiently large o. O
Proof of Proposition 4.1. We are now ready to give the proof of Proposition 4.1.
Since if W is a translate of V, F, + v = Fpn +w, we may assume V' can be
bounded below by Vy = €y p,, where yp, is the characteristic function of the ball

of radius @ > 0 and center at the origin. Then using Lemmas 4.4 and 4.7 proves
the proposition immediately. U

5. Proof of Theorem 1.1

Let V € ngmp(Rd ). V> 0. We continue to assume d is even and to use the
function

Fn(X) = Fppay(A) = det(I £im(1 £ V/2R,M)VY2)~ly 12T (1)11/2)

defined first by (3.2). Note that since (I & V'/2Ro(1)V/2)~! is a meromorphic
function on A, F,, +y(A) is meromorphic on A. We shall be most interested in
the behavior of Fy,, +v(4) in Ay, since the zeros of Fi +v in Ay correspond to the
poles of Ryy in A,,. In the proof of Theorem 1.1 we shall apply Proposition 2.4 to
a function obtained by multiplying Fy, +y by a rational function. Thus we begin
this section by checking properties of F, +v .

Lemma 5.1. The function F,, +v (L) has only finitely many poles in
{AeA:0<argA <m}

and only finitely many zeros with argument 0 or .
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Proof. We recall first the well-known estimate
IVY2Ro(M)VY2|| < C/|A| forA e A, 0 <argh <m (5.1)

(e.g. [1,28,29]). Thus for [A| > 2/C, I £ V/2Ry(1)V'/2 is invertible, with norm
of the inverse bounded by 2. Since the function F,,; +y cannot have a pole at A¢
unless (1 = V/2Ro(A)V/2)~1 has a pole at Ao, we see Fy,,+ (A) has no poles in
the region {1 € Ag, |A| > ro} for some constant ry depending on V.

Moreover, from (5.1) | V2T (A)V1/2|| < C/|A| for A € dA,. Thus, there is an
ro > 0 so that F,, 4+ (1) has no zeros in {1 € dAg, |A| > ro}.

The bounds of Vodev [28, 29] ensure that there are only finitely many poles
of Ryy(A)in {A € A, : |A| < r} for any r. Since F,, +y has apole at A € Ay
only if Ryy has a pole there, and has a zero at A € Ao only if R4y has a pole at
e!™7 ). this finishes the proof of the claim. O

Lemma 5.2. Lett € A have argt = 0 or argt = n. Then there are constants C,
ro > 0 depending on V and m so that

L Fn sy (1)
Fon,+v (1)

‘ <Clt|*2 forlt| = ro.

Proof. Note that

& Fn v (1) J
2 m,xV _ . ) i d
Bl = (£im( i) ZW0)  62)

where
W(t) = Way (1) = (I £ VY2Ro() VYA WI2T (1) V12,
Using (5.1) we see that that there is an ro > 0 so that
I(I £ VY2Ro)VYH)™Y <2 for [t] > ro. (5.3)

For the values of ¢ in question (on the boundary of the physical region), for any
x € CX(R?) and any j € IN there are constants C; depending on y so that

——xRo(t)x

d’
' dt’

<Cilt|™', =1, (5.4)

see e.g. [14, Section 8] or [15, Section 16]. This implies that for [¢| sufficiently
large with argt = 0, w, ||%W(t)|| < C;, j =0, 1, for some new constant C;
depending on V.
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Now we use an argument as in [12, Lemma 3.3] to bound both ||W(¢)]||; and
[EA W) 1, where || - |1 is the trace class norm. We write, for y € Lcomp(]Rd )

ATy = ag A 2E (e " M EL (L) (5.5)

where
E,(A)(6.x) = y(x)e*?  xeR?, 05?7l

Then, just as in [12], we note that with | - ||» denoting the Hilbert-Schmidt norm,

IE, @)% = /Sd_l /]Rd le"' ¥ y(x)|?dxdw < Cy, for (argt)/m € Z

and
d 2 . itwx 2
||E]EX(I)||2 = it li(w - x)e x(x)|“dxdw < Cy, for (argt)/m € Z.

The same estimate holds for || (e'"#)3 and || %, (¢!™1)]|3. Putting this all to-
gether and using that || AB|1 < || 4]2]| B]l2, we see that

H—W(t) <C(+t]%7?), forj =0, 1.
Thus
it Fm v (D)) (:I: (£ imW ()12 W(t))
Fn, v (2) l l
. i d
< |\m( £imW()) " —W()
< C|l|d_2
when |¢]| is sufficiently large. O

The next lemma gives a bound on Fy,;, +v (z), z € Ao, which is of a type which
has been repeatedly used in proofs of upper bounds on the number of resonances.
Closely related results can be found in [18, 32, 12], among others. We include the
proof for the convenience of the reader, although it is essentially a minor mod-
ification of arguments used in, for example, [32, 12] to, in the odd-dimensional
case, bound something like the determinant of the scattering matrix in the physi-
cal half-plane.
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Lemma 5.3. There are constants C, ro > 0 depending on V and m so that
| Fn.+.v (M| < Cexp(C|AY),  forall A € Ny, |A| > ro.

Proof. Using (5.5) and that det(/ + AB) = det(/ + BA) when both AB and BA
are trace class,
Fn,+v(A) =det(I + K(1))

where
K(): L*>(8%) — L?(8%)

is given by
KA) = £imogA 2By 2 (M1 £ VZRoMW VY2 TEL, (e A).
Choose ro > 0 so that
(I £ V2RV <2 for X € A, |A| > ro.

By slight abuse of notation, we denote the Schwartz kernel of K by K as well.
Then there is some constant C so that for each j € NN,

1AL JKA)(@.0)] < CHF(A + (2)))e™ for X € Ko, [A] = ro

since
A @* VI ()] < CRAPE + 2h)1)e P

and
I(I £ VY2Ro(MW) VY2 E1/2(e' 1) | < C exp(CA]),

when |A| > ro. Thus by [32, Proposition 2],
|det(Z + K())| = C'eM, L e Ry, Al > ro. O
We are now ready to give the proof of Theorem 1.1.

Proof. The proof is by contradiction. So suppose for some fixed potential V' sat-
isfying the hypotheses of the theorem and for some value of m € Z \ {0} and for
choice of sign (positive or negative)

1
lim sup 208 m, £V ) i £ (1)

<d. (5.6)
r—>00 log r

We work with this fixed value of m and fixed choice of sign for the remainder of
this proof. For this choice of m and sign consider the function

Fav(A) = det(I £im(1 £ V2R,M)VY2)~ly 12T (1) v 1/2),
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We denote by 7(r) the number of zeros, counted with multiplicity, of Fy, +v
in Ao of norm at most r. The assumption (5.6) means that there is a constant
d’ <d sothat ny +y(r) = O(r?") for r — oo. Since with at most finitely many
exceptions the zeros of F,,, +y in Ag correspond, with multiplicity, to the poles
of Riy in A, (see Section 3), ii(r) = np+y(r) + O(1) < C(1 4 r’) for some
constant C.

We identify Ao with the upper half plane and use the variable z there. Thus
we may think of F,, +y as function meromorphic in a neighborhood of

Q={zeC:|z| =1, 0<argz <m}.

Let ay, ..., am, be the poles of F, v in €2, and let by, ..., by, be the zeros of
F +v in 09, in both cases repeated according to multiplicity. Recall we know
there are only finitely many by Lemma 5.1. Now set

[]e-a)

=1
h(s) E e Fo iy (2).

[]e-5)

Jj=1

If there are no poles or no real zeros, the corresponding product is omitted.
By applying Lemmas 5.2 and 5.3, we see that / satisfies the hypotheses of Propo-
sition 2.4 with p = max(d’,d — 1 + ¢) for any € > 0. Thus for some constant C,
| Frn,2v ()] < Cexp(C|z|?) for z € Q and p < d. But this contradicts Proposi-
tion 4.1. U
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