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1. Introduction

In this paper we study self-adjoint operator realizations of the formally symmetric,
uniformly strongly elliptic differential expression

(Au)(x) := — Z dj (ajk (x)0ru)(x) + a(x)u(x), xeR",

Jk=1

with singular interactions of § and §’-type supported on a C°°-smooth compact
hypersurface ¥ C R”", which splits R” into a bounded open set 2_ and an un-
bounded open set 2. More precisely, denote by A4 the restrictions of A to Q4,
let y* and v be the trace and conormal trace, respectively, on the boundary %
of Qq, let a, B € C*°(X) be real functions with (x") # 0 for all x’ € X, and
consider the elliptic realizations

AS,au = 'A+u+ @ -A_U—,

domAsy = {u =uy Gu_ € H*(Qy) ® H*(Q-):
yruy =yTu_,

v+u+ +vu_ = ay+u+},

and
Asrpu=Aruy ® A_u_,

domAg g ={u=uy du_ € H*(Qy) ® H*(Q-):

v+u+ +v u_ =0,

Bvfuy =y up —yuy,

which are self-adjoint and bounded below in L, (R"); cf. Theorem 2.1. Our main
goal is to compare the resolvents of As , and As/ g with the resolvent of the ’free’
or ‘unperturbed’ self-adjoint realization

Aou = Au, dom Ay = H*(R"),

and to prove spectral asymptotics formulae with refined remainder estimates for
the singular values of the corresponding resolvent differences. Without loss of
generality we may assume that a sufficiently large positive constant is added to A
such that all operators under consideration have a positive lower bound; hence we
consider

Gso = A5q— Ay’ and Gg g = Ay'y — Ag'. (1.1)
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It is known that both operators Gs o and Gs/ g are compact in L, (RR"), and esti-
mates for the decay of the singular values s (Gs,o) and sx (G, g) were recently
obtained in Behrndt et al. [6] and [7] (for the special case A = —A + a). In
our main results Theorem 5.1 and Theorem 5.2 we shall prove the more precise
asymptotic results with estimates of the remainder of the form

5k(Gsa) = Cs.ok i1 +O(K ™21, k — o0, (1.22)
sk(Gyr p) = Cyrk™ T + O(k™72T),  k — o0, (1.2b)

with positive constants Cs o, and Cs which are given explicitly in terms of the
coefficients of A and «; the constant Cy is independent of 8. Note that the singu-
lar values of Gs o converge faster than the singular values of G5 g. We mention
that for the first result in (1.2) it is assumed that the function « does not vanish
on X; if this assumption is dropped, the estimate holds with remainder o(k_%);
see Theorem 5.1. In the course of our work we also make use of the direct sum 4,
of the self-adjoint Neumann operators in L,(24) and L, (2_) and we show that
the singular values of Gg/ g, = Ag'y — A7 satisfy

5k(Gs g.y) = Cyr gk ™71 + O(k™5°1),  k — oo, (1.3)

with the constant Cy/ g ,, > 0 explicitly given; see Theorem 5.3. The proofs of (1.2)
and (1.3) are mainly based on pseudodifferential techniques and classical results
on spectral asymptotics of yrdo’s on closed C *°-smooth manifolds due to Seeley
[47], Hormander [37] and Grubb [28]. We also refer to Boutet de Monvel [11],
Hormander [38], Taylor [50], Rempel and Schulze [46] and Grubb [30, 31] for
general pseudodifferential methods. A further ingredient in our analysis is a Krein-
type resolvent formula, which provides a factorization of the operatorsin (1.1) and
is discussed in detail in Section 4; cf. Brasche et al. [13], Alpay and Behrndt [1],
Behrndt et al. [6, 7].

Our results in this paper contribute to a prominent field in the analysis of par-
tial differential operators: asymptotic estimates for the resolvent difference of el-
liptic operators subject to different boundary conditions were first obtained by
Povzner [45] and Birman [8]. These estimates were sharpened to spectral asymp-
totics formulae by Grubb [26] for bounded domains and by Birman and Solomjak
[9, 10] for exterior domains, further generalized by Grubb [28, 29], and more re-
cently in [32, 34, 36]; see also the review paper [35]. For the case of two Robin
Laplacians a faster convergence of the singular values was observed in Behrndt et
al. [5], and further refined to spectral asymptotics in Grubb [33]. We also list the
closely related works Deift and Simon [16], Bardos et al. [3], Gorbachuk and Ku-
tovoi [25], Brasche [12], Carron [15], Malamud [43] and Lotoreichik and Rohleder
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[42] with spectral estimates for resolvent differences and resolvent power differ-
ences.

We wish to emphasize that the operators A5 , and A/ g have attracted consid-
erable interest in the last two decades from more applied branches of mathematics
and mathematical physics. In the special case A = —A + a we refer to the review
paper [18] by Exner for an overview on Schrodinger operators with §-interactions
supported on curves and hypersurfaces. Such Hamiltonians are physically rel-
evant in quantum mechanics, where they are employed in many-body problems
and in the description of various nanostructures, as well as in the theory of pho-
tonic crystals; see, e.g. Figotin and Kuchment [24], Popov [44] and Brummelhuis
and Duclos [14]. At the same time there is a mathematical motivation to study
Schrodinger operators with §-interactions on hypersurfaces because these opera-
tors exhibit non-trivial and interesting spectral properties; for more details we refer
to Brasche et al. [13], Exner et al. [19, 20, 22, 23], Suslina and Shterenberg [49],
Kondej and Veseli¢ [40], Kondej and Krejcifik [39], Duchéne and Raymond [17]
and the references therein. Schrodinger operators with §’-interactions supported
on hypersurfaces are much less studied than their §-counterparts. They have been
rigorously defined (in a general setting) only recently in [7]; the works Behrndt et
al. [4] and Exner and Jex [21] on their spectral properties appeared subsequently.
We also mention that for very special geometries such operators were considered
earlier in Antoine et al. [2] and Shabani [48].

Acknowledgements. J. Behrndt and V. Lotoreichik gratefully acknowledge
financial support by the Austrian Science Fund (FWF), project P 25162-N26.
G. Grubb and M. Langer are grateful for the stimulating research stay and the
hospitality at the Graz University of Technology in October 2013 where parts of
this paper were written.

2. The differential operators

Throughout this paper let A be the following second-order formally symmetric
differential expression on R”:

(Au)(x) == Y 0 (@ ()0u)(x) + a(@u(x), xeR", (2.1
jk=1

with real-valued aj;x € C*°(R") satisfying a;ix(x) = ai;(x) for all x € R”,
j,k =1,...,n, and a bounded real-valued coeflicient a € C*°(R"). We assume
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that a;; and all their derivatives are bounded and that A is uniformly strongly

elliptic, i.e.
n

Z ajr(X)€ié = ClE7. x.§ e R",
k=1
for some constant C > 0.

Further, let ¥ C R” be a C*°-smooth (n — 1)-dimensional manifold that sepa-
rates the Euclidean space R” into a bounded open set 2_ and an unbounded open
set Q4. In the following we denote by u4 and u_ the restrictions of u € L,(R")
to 24 and Q_, respectively; the restrictions of the differential expression A to
Q. are denoted by A+. For functions u+ € H?(Q4) denote by yiui the traces
(boundary values on X) and by vEu the outward conormal derivatives of v :

n

viuy = Z ajkvi,jyiakui, (2.2)
Jk=1
where (v 1(x), ..., v+ ,(x)) is the exterior unit normal to Q4 atx € X. If u =

uy u_ € H>*(Q4) ® H>(Q-) and ytu, = y u_, thenu € H'(R") and we
write yu for yTuy =y u_.
Let us introduce the following operators: the free realization of A in L,(R"),

Aou := Au, dom Ay := H*(R"), (2.3)
the Dirichlet realizations on Q4 and Q_,
Axyus = Aguy, domAs, = {ur € H*(Q1): y*uy =0},
and the Neumann realizations,
Agyug = Asuy, domAy, :={us € H*(Q4): viug = 0}.

It is well known that the operators Ao, Ay ,, A—,, Ay, and A_ , are self-adjoint
and bounded below.
Let us also introduce direct sums of operators on 24 and 2_:

A=Al ®A_,, Ay=A;, ®A_,, (2.4)

which are self-adjoint operators in L,(R"”) = L,(24+) & L,(2-). Note also that
the domain of A¢ can be written with interface conditions:

dom Ay = {u =uy Qu_e H*(Q4) ® H*(Q):
yTuy =yTu,

v+u+ = —v_u_}.
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Moreover, let us fix a real-valued function ¢ € C®(X), and define the
§-operator with strength o by
Asoqu = Aqugr @ A_u_,
domAsy :={u=uy ®u_ € H*(Qy) ® H*(Q-):
v uy =yTu-,

v+u+ +vu_ = ayu}.

(2.5)

Let us also fix a real-valued function 8 € C°°(X) such that 8 is non-zero on X,
and define the §’-operator with strength 8 by
Ay pu:=Ajuyr ®A_u_,
dOIl’lAg/,ﬂ = {u = U4+ Du_ e H2(§2+) &) HZ(Q_)I
viuy +vu_ =0,

Bvtuy =ytu, — y_u_}.

(2.6)

The statements in the next theorem were shown in [6, Theorem 4.17] and [7,
Theorem 3.11, 3.14, and 3.16] for the special case A = —A + a; the general case
can be shown in a similar way. For the self-adjointness of A5, and As/ g one can
also use the symmetry together with elliptic regularity theory as done in a related
situation in [26, Theorem 7.3].

Theorem 2.1. The operators As o and Ag: g are self-adjoint and bounded below
in Lo(R").

Since all these operators are bounded below, we can assume without loss of
generality (by adding a sufficiently large real constant to a) that Ag, A+, A+ .,
As o and Ay g are positive with 0 in the resolvent set.

We shall often tacitly identify H*(24+) & H*(Q2-) with H*(Q24) x H(2_)
and write the operators in matrix form.

3. Pseudodifferential methods

In order to show the spectral asymptotics formulae we are aiming for, we have
to go deeper into the definitions of the entering operators by pseudodifferential
techniques. Pseudodifferential operators (ydo’s) P are defined on R” by formulae

(Pu)() = Op(p(x. O = pl. D = s [ e p(r, 1) d,

@2n)"
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where
0(E) = Fu = / e ¥y (x)dx

is the Fourier transform; p(x, §) is called the symbol of P. There are various con-
ditions on p, interpretations to distributions u, and rules of calculus, in particular
behaviour under coordinate changes that allow the definition on manifolds, for
which we refer to the vast literature, e.g. [38, 50, 31]. The symbols we consider are
“classical” or “polyhomogeneous”’, meaning that p(x, £) is an asymptotic series
of functions pgz_;(x,£), j = 0,1,2,..., homogeneous of degree d — j in &; p
(and P) is then said to be of order d, and the principal symbol is the first term
p°® = pg. It has an invariant meaning in the manifold situation.

The following theorem is an important ingredient in the proofs in Section 5.
The first part is essentially due to Seeley [47]. This paper treats the elliptic case;
how the estimate can be extended to the general case is discussed, e.g. in [28,
Lemma 4.5 and following paragraph] with more references given as well. The
second part is due to Hérmander [37]. The transition between his formulation in
terms of the counting function for P~! and the eigenvalue asymptotics for P is
accounted for, e.g. in [27, Lemma 6.2] and [30, Lemma A.5].

Theorem 3.1. Let P be a classical pseudodifferential operator of negative order
—t on 3, with principal symbol p°(x, £). Then the following statements hold.

(i) P is a compact operator in L,(X), and its singular values satisfy
sk(P) = (c(P))™Tk™n=T 4+ o(k~7-T), k — oo,

where

_ ! 0 a=l .
P = i o [ 1601 oo o

here o and w are the surface measures on the hypersurfaces ¥ and
{E e R"L: |E| = 1}, respectively.

(ii) If, moreover, P is elliptic and invertible, then the asymptotic estimate can be
sharpened to the form

sk(P) = (c(P)# Tk~ 7T + Ok~ 1), k — oo.

A general systematic theory covering the boundary value problems we are
considering, as well as much more general situations, was introduced by Boutet
de Monvel [11]: the theory of pseudodifferential boundary operators (idbo’s).
Besides working with pseudodifferential operators P on R” and their versions
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P truncated to smooth subsets €2 (in particular to R’} ), the theory includes Pois-
son operators K (going from 92 to 2), trace operators T (going from 2 to 9€2),
Ydo’s S on d€2, and the so-called singular Green operators G, essentially in the
form of finite sums or infinite series: > K;7;. We shall not use the ¥ dbo calculus
in full generality, but rather its notation and elementary composition rules. Details
on the Y dbo calculus are found, e.g. in [11, 46, 28, 30, 31].

In this theory, the operators are described by use of local coordinate systems,
carrying the study of the operators over to the situation of

Q=TR":=R""'xR;.
Here a differential operator

P = Z aq(x)D*

lee|<m

with the symbol
P E = Y au(x)E

loe|<m
has the principal symbol

PO )= Y aa(x)E,

lot|=m

and the model operator at a point (x’,0) € R*~! x {0} is

po('x/7 07 é:/’Dn) = Z ad(x/fo)i:/a/D}(:n'

lo|=m

The solution operator for the Dirichlet problem for our A on Q4 with non-zero
boundary data, zero interior data, is a Poisson operator. Such operators, carried
over to R”, are generally of the form

1 s~
(Ko)) = oy [ R 0 000 x = ()

where k(x',xp,£') is called the symbol-kernel of K; it is a C*-function on
R% x R”~! that is rapidly decreasing for x, — oo, with
sup [0 08,08k (x, &)| < Crirap(1+ [/ )71,
X1 €(0,00) 3.1
I,I' e Ny, o, € NB71,
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for some d, and is then said to be of order d. More information on the structure of
symbol-kernels is found, e.g. in [31, Section 10.1]. The symbol-kernel & is a series
of terms with certain quasi-homogeneities in (¢’, x,), corresponding to falling
homogeneities in £ of the terms in the Fourier transform w.r.t. x,, the symbol
k=% xn_,gneﬂg . There is a principal part, the top order term.

It is also known from the general calculus that the adjoint of a Poisson operator
is a trace operator (of the general form defined in the ¥ dbo calculus), and that a
Poisson operator composed to the left with a trace operator gives a pseudodiffer-
ential operator on Q2 (on R"! in local coordinates).

In Lemma 3.2 below we describe the principal symbol-kernel of the Poisson
solution operators and the principal symbols of the Dirichlet-to-Neumann and
Neumann-to-Dirichlet maps corresponding to A from (2.1) both on Q4+ and on
Q_. For this purpose, let us write the principal symbol a°(x, §) of A in local
coordinates (x’, x,) = (x1,...,Xn—1,Xn) € R’} at the boundary of € :

n

a®(x',0,8) = Y ap (g = ann(xX)E; +2b(x, E)En + c(x ). (32)

Jk=1

Here &' = (§1,....61—-1), ann(x’) > 0,

n—1 n—1
b(x' €)=Y an(xNE, (&)= ) ap(X)Eik (3.3)
j=1 J.k=1

and a,,c > b? when £ # 0 since a° > 0 for £ # 0. The roots of the second-order
polynomial in &, on the right-hand side of (3.2) are

—b(x', &) £ i\/qnn(x’)c(x/, &) — (b(x', £))2

Ann(x’)

A (', E) =

lying in the upper, respectively lower, complex half-plane and being homogeneous
of degree 1 in &'. Define

Ko := v/annc —b% (> 0 when & #0), (3.4a)
Iy

(s = Fidy = 0 EID (3.4b)
Ann

Clearly, x4 are complex conjugates and have positive real part: Rek+ = ko/ann,
and satisfy kK4 = ¢/an,. With these expressions we can factorize a°:

a®(x',0, € &x) = ann(X) (g + in) (k- — &), (3.5
Qo(x/7 0, ‘i‘_/’ Dy) = an(x/)(’(-i- + 9n) (k= — On). (3.6)
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Let
KF: H3*(3) — H*(Qx)

be the Poisson solution operators that map a ¢ € H3/2(Q) onto the solutions
uy € H?(Q+) of the boundary value problems

Azuy =0, y*uy =o. (3.7)

Similarly, let K* : H'/2(X) — H?(Q2+) be the Poisson solution operators corre-
sponding to the Neumann problems

Azus =0, viug =vy. (3.8)

Moreover, we define the Dirichlet-to-Neumann and Neumann-to-Dirichlet opera-
tors by
P i=vEKF, P =y*KF. (3.9)

In the next lemma we collect properties of these operators, which are needed
in the proofs of our main results.

Lemma 3.2. Let the operators K, K, va and Pvi,y be as above. Then the
Jollowing statements hold.

(i) The operators K;L and K are Poisson operators of orders 0 and —1, re-
spectively. Their principal symbol-kernels are, in local coordinates,

kFOX x, £) = e+ EDn (3.10)

kO, xn, €) = e O E)xn, 3.11)

ko(x . E)°

(ii) The operators ny , and Pvfy are pseudodifferential operators of orders 1 and
—1, respectively. Their principal symbols are

P E) =ko(x'.€) and piﬁ(xﬂé/)zm, (3.12)

which are positive.

(iii) The compositions (K.5)* K ¥ and (KF)* K are pseudodifferential operators
of orders —1 and —3, respectively. Their principal symbols are

gnn(x/) and an(x/)
2k (x’, ') 2(ko(x", EN)3

For A on Q_ the formulae hold with k_ instead of k4.
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Proof. (i) To find the principal symbol-kernel of K", we have to solve the follow-
ing model problem for each (x’, §’) with £ # 0 on the one-dimensional level:

a®(x", 0,8, Dp)u(x,) =0 onRy, u(0)=¢eC, (3.13)

where 4 is the principal symbol of A in local coordinates. It follows from (3.6)
and the inequality Re x4+ > 0 that the L, (R1)-solution of (3.13) is

u(xp) = pe™ T

Hence ]E;r 0 — ¢=*+*n is the principal symbol-kernel of the Poisson operator K. ;r .
This shows (3.10). In view of (3.1), it has order 0.

Let us now consider the Neumann problem. In local coordinates the conormal
derivative takes the form

n—1
viu = —gundx,ul, o= Y ankifeu(0);
k=1
cf. (2.2) and observe that the outward normal is (0, ..., 0, —1). Since
! ko +1ib
Ve = g (—ky) = Y ki = Gnn——— —ib =Ko, (3.14)

k=1 =nn

the solution of a®(x’,0, &', D,)u(x,) =0, vtu = v is
I _
u(xn) = y—e 7,
Ko

which yields (3.11). Moreover, k.*° has order —1.

(ii) It follows from (3.14) that the Dirichlet-to-Neumann operator ny , has the
principal symbol p,f? = yﬂ%‘f 0 = ko, which is of order 1 since kg is homoge-

neous of degree 1 in §’. The principal symbol of Pt is p;f9 = k0, =0 = 1/ko.
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(iii) The adjoint of K;' has the principal part in local coordinates acting like

u(x) —

00
W /]Rn—l el 23 /0 e_K-i-xn&"x/_,;g.,u(x”xn) dx, dE/,

with symbol-kernel lg,,q and order —1; for the latter see, e.g. [31, Theorem 10.29
and Remark 10.6]. Then the composition of the principal part of (K ;r )* with the
principal part of Kf is the ¥7do on R”~! with symbol
/Ooe—k+xne—K+xn dx, = 1 — 4nn
0 k+ +k+  2Ko
and order —1 by [31, Proposition 10.10 (v)].
For K, the principal part of the adjoint acts like

1 Y 1 _z
u(x) —> W [l‘{n_l elx 13 /0 K_Oe K+Xn35x/_)$/u(x/’xn) d.xn dé—/,

so we find that (K )* K has the principal symbol

1 1 Ann
=
0

* 1 _ 1
/ —e K+ TRt ndx, = —_— T -
0 Ky + Kyt 2K0

Ko Ko K

For invariance with respect to coordinate changes see, e.g. [31, Theorem 8.1]
for yrdo’s and [30, Theorem 2.4.11] for yrdbo’s.

For the same operator A considered on 2_, the symbol in local coordinates
at a boundary point is as above with the direction of x,, and hence also of &,,
reverted. Then x4 and x_ exchange roles. O

The following lemma collects some properties of the operators K yi and KF
considered as operators between L,-spaces.

Lemma 3.3. Let Kf and K be as above. Then the Lj-adjoints of Kyi and K*
satisfy
(K;)*=—v=ALl,. (K)* =y*Agl,. (3.15)

Proof. Let ¢ € H3/2(X) and set
Ug = K;_QD,
which satisfies (3.7). Moreover, let f € L,(24) and set

. -1
VUVt = A+’yf
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Then Green’s identity implies
(f.Kfo) = (Ayvi.uy)

= (Ayv4,uq) — (v, Ajug)

=@ v v uy) — v o yTuy)

R O Wy %)
which yields the relation for K;“ in (3.15) since v+Ajr}y is bounded. The other
relations in (3.15) are shown in a similar way. O
Example 3.4. In the special, important case A = —A we derive from (3.2)

and (3.3) that
ann(x) =1, b E) =0, c(x.&)=E

note that the principal symbol at the boundary point is unchanged under the trans-
formation to local coordinates. Hence, following (3.4) we get

K:I:(x/’g/) = Ko(x/’gl) = |§/|

Thus, according to Lemma 3.2 the principal symbol-kernels of K, K are

—1&|xn
PO _ —€|xn v ¢ )
0= e W and kF0 = ———:
1§
the principal symbols of Pf,, P, are
1
pyy =& and pi) = Gk

and the principal symbols of (KF)*KF, (KF)*K are

! and !
2[¢] 20€3°

4. Krein-type formulae

In this section we provide Krein-type formulae for differences between inverses
of self-adjoint realizations of A defined in Section 2. First we derive Krein-type
formulae in a general setting, and then we simplify these formulae for particular §
and §’-couplings. Similar formulae for systems acting on a single bounded domain
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can be found in the paper [26]. For coupled problems the reader may also consult
[6, Section 4] and [7, Section 3].

Let us define the trace mapping
0: H*(Qy) ® H*(Q-) — H?(2) x H¥*(2) x H'*(2) x H*(2) (4.1)

by

o(uy ®u_):= 4.2)

where y* are the traces on X from the two sides of it, and v* are the outward
conormal derivatives; cf. Section 2. Note that the map g is surjective by the clas-
sical trace theorem; see, e.g. [41].

Let in the following «, 8 € C°°(X) be real-valued with 8 non-vanishing on X.
We consider realizations of A in L,(R") defined by

Asu = Ajuy & A_u_, (4.3a)
dom A, := {u € H*(Q4) ® H*(Q-): Bxou = 0}, (4.3b)

where B, is one of the following matrices

1 -1 00 1000 0010
0 (0 0 11)’ v (0100)’ v (0001)’

(4.42)

1 -1 0 0 1 -1 =B 0
BS’“‘(—a 0 1 1)’ B‘s”ﬂ_(o 0 1 1)' (4.4b)

The self-adjoint operators Ao, Ay, A,, Asq and Ag g defined in (2.3), (2.4),
(2.5) and (2.6) correspond, respectively, to By, By, By, Bso and Bg g, in the
sense of (4.3). The boundary conditions that are induced by the matrices By, By,
B, Bs o and Bgs g are analogues of what are called normal boundary conditions
in [26]. A typical property of such boundary conditions is given in the lemma
below, which follows from the fact that o defined in (4.1), (4.2) is surjective.
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Lemma 4.1. With o defined by (4.1) and (4.2), let B« be one of the matrices
in (4.4) and let us define
Ry := H'(Z) x H'(X) 4.5)

with

s =3/2,t=1/2 if B« = Bo, Bsqy, or By g,

s=t=23/2 if B« = B,,

s=t=1/2 if Bx = By.
Then B.o is surjective from H?(21) ® H?(Q_) onto R..

As discussed at the end of Section 2 we can assume without loss of generality
that the operators Ao, Ay, Ay, A5« and Ag g are positive with 0 in the resolvent
set. Then the semi-homogeneous Dirichlet and Neumann boundary value prob-
lems (3.7) and (3.8) for the differential expression A+ on Q4 are uniquely solvable
in H2(Q4), and K yi and KF are the corresponding solution operators. It follows
that for all ¢ = (Zj) € H3?(3) x H3/2(%) the problem

Ayuy @A_u_=0, Byou=g9,
with By as in (4.4), has a unique solution u = uy Su_ € H*(Q4) & H3(Q-).
The corresponding solution operator is

+
m:(& 0), (4.6)

0 K,

i.e.u = K,¢. Note that foru = uy du_ € H*(Q4) ® H*(2-) one has
Aiuy @A u_=0 = u=K,Byou. 4.7)
Similarly, for all ¥ = (‘54_“) € H'Y2(3) x H'/2(X) the problem
Ajuy ®A_u_ =0, B,ou=1y,

with B, as in (4.4), has a unique solution v = uy ®u_ € H*(Q4) ® H*(Q-);
the solution operator is given by

Kf 0
m:(o KJ. (4.8)

v

In the next proposition we investigate the solvability of the boundary value
problems associated with the matrices B, in (4.4) and derive related properties of
the 2 x 2 matrix ¥do’s
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Proposition 4.2. Let B be one of the matrices in (4.4) with the associated space
Ry as in (4.5), and let the matrix Ydo’s . and YV, be defined by (4.9). Then the
Jollowing statements hold.

(i) Forall € Ry the boundary value problem
Ajuy ®A_u_ =0, Biou=1, (4.10)

has a unique solutionu = uy ®u_ € H*(Q4) ® H*(Q-).
(ii) The matrix ydo @ is bijective from H3/2(X) x H3?(X) onto R.
(iii) The matrix ydo W, is bijective from H'Y*(Z) x HY2(Z) onto R..

Proof. In the following, A, is the self-adjoint operator in L,(R") corresponding
to the matrix B, in the sense of (4.3). By our assumptions A is strictly positive.
This implies that the semi-homogeneous boundary value problem

Ajwy @ A_w_ = f, Bsow =0, 4.11)

is uniquely solvable for all f € L,(IR"), and the unique solution is given by w :=
AN f € HX(Q4) ® H*(Q-).

(i) Let ¥ € R, and choose v € H?(R4) ® H?*(Q2_) such that Byov = ¥,
which is possible by Lemma 4.1. The boundary value problem

Ayzi @Az =—-Ajvy ®A_v_, B.oz=0,
has a unique solution z € H2(Q4) @ H?*(Q-); cf. (4.11). It follows that
u:=z+veH*(Qy)® H*(Q)

is a solution of (4.10). Moreover, this solution is unique. In fact, suppose that
i € H*(Q4) ® H?(Q-) is also a solution of (4.10). Then u — # € dom A, and
Ax(u — 1) = 0. As A is strictly positive we conclude that u = u.

(ii) First we verify that ® is injective. Suppose that ¢ = B.oK,¢ = 0
holds for some ¢ € H*2(X) x H*?(Z), ¢ # 0. Then the function K,¢ # 0
belongs to dom A and satisfies A« K, ¢ = 0, a contradiction to the strict positivity
of A,. In order to show that &, is surjective, let € R.. By item (i) the boundary
value problem

Aquy @ A-u_ =0, Byou=1,

has a unique solution v € H?(Q4) ® H?(Q2_). Define

¢ := Byou € H¥*(2) x H¥?(%).
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Note that by item (i) the boundary value problem
Apvy @A v_ =0, Byov =g,

has a unique solution in H?(24) & H?(Q2-). Observe that K, ¢ and u both are
solutions of the above problem. Hence u = K, ¢ by the uniqueness. From

Qyp = BxoKyp = Biou =y

we conclude that € ran ®,. It follows that @, is surjective onto R..

(iii) The proof of this item is analogous to the proof of (ii). O

We mention that the matrix ¥do’s ®. and W, in (4.9) are elliptic. This is
essentially a consequence of the bijectivity shown in Proposition 4.2 above.

In the next theorem we give Krein-type factorizations for differences of in-
verses between either 4, or A, and one of the operators Ao, Ay, As o and Ag g.

Theorem 4.3. Let By be one of the matrices in (4.4), let Ax, A, and A, be the
self-adjoint operators in L,(R") corresponding to the matrices By, B, and B, as
in (4.3), and let o be the trace map in (4.1), (4.2). Then the following statements
are true.

(i) The formula
AN =AY = —K, ' ByoA)!
holds, where K, and ® are as in (4.6) and (4.9), respectively.

(ii) The formula
AN - AT = —K, U, ' BoA])!

holds, where K, and V4 are as in (4.8) and (4.9), respectively.

Proof. (i) Recall that, by our assumptions, A, and A, are strictly positive. Let f €
L,(R™) and note that u := A, f is the unique solution of the semi-homogeneous
boundary value problem

Ajuy ®A_u_ = f, Byou =0,
in H2(Q4) ® H?(Q_). Define the functions

vi=A'f and z:=u—v. (4.12)
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The latter satisfies
Az @A_z_ =0, Byxoz=—Bxov, 4.13)
which, by (4.7), implies that
z =K, Byoz. (4.14)
Now it follows from (4.14), (4.9), (4.13), and (4.12) that

z = K, Byoz
= K, ®,'B.oK, B0z
= K, ®,'B.oz
= —K,®, ' B.ov
= —K, @, B.oA} ' f.
This, together with A;' f = u = v + z yields the formula in (i).

Item (ii) can be proved in the same way as item (i) when 4,, B, K, and &,
are replaced by A4,, B,, K, and W, respectively. U

In the next proposition we simplify the formula from Theorem 4.3 (i) for the
difference between the inverses of the self-adjoint operators A5, and A4,. In the
formulation and the proof of this proposition we employ the column operator

K, = (?ﬁ) H¥?(2) — H*(Q4) x H*(Q_). (4.15)
Y

Proposition 4.4. Let As , and A, be as above, and let Pyjfv be the Dirichlet-to-
Neumann maps in (3.9) with principal symbols pyi’,? in (3.12). Then the following
statements hold.

(i) The yrdo P),Tv + Py, — a is elliptic of order 1 with principal symbol
Py + b,y = 2o,
and it maps H>'*(Z) bijectively onto H'*(X).
(ii) The formula
Ash = A =Ky (Pf, + Py, —o)T K

holds, where Ey is as in (4.15) and 1?; is the L,-adjoint of Izy.
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Proof. (i) Both operators P;j v and P, are symmetric first-order elliptic y/do’s on
3 (see Lemmas 3.2 (ii) and 3.3) with principal symbols pyi’,? as in (3.12). Hence
the ¥ do

P+ P, —a (4.16)

is also symmetric of order 1 with principal symbol p? + p;9 = 2. According
to Lemma 3.2 (ii) we have pyi’,? > 0 for & # 0, and hence (4.16) is elliptic.
By [31, Theorem 8.11] the index of the rdo (4.16) as a mapping from H3/2(%) to
H'/2(%) is 0. Hence, in order to prove bijectivity of (4.16) from H3/2(X) onto
H'/2(%), it remains to show that ker(Pf, + P, — ) is trivial. Suppose for a
moment that this were not the case. Then, by [31, Theorem 8.11], there exists a
non-trivial ¢ € C®(X) such that

(P;:v +P,, —a)p =0.

Let us consider the non-trivial function u := E,,cp. Then we have u € H2(Q4) &
HZ(Q_), .A+M+ dA-u_=0, and

y up —yu_ =0,

vt

Ut +V u_ —ayu = v+K;Lgo +Vv K, ¢—ap

=P+ P, 0—ap

= 0.
From (2.5) we conclude that ¥ € dom A5, and, moreover, A5 qu = 0, which
contradicts the invertibility of As .

(i) Let us consider the matrix ¥do ®s, = Bs 40K, (cf. (4.9)). For (‘ZJ_F) €
H3/2(2) x H3¥%(Z) we have

o+ I -1 00 P+
[} = K
8’“(90—) (—a 0 1 1) e

P+ \
(1 =1 0 0\ ¢
e 0 1 1) PHey
Py_,v(p_
_( P+ —¢-
_a(p++P)j,_v§0++P1:v§0—
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and hence ®; , can be written in matrix form as

1 —1
wem (e )
* \—a+rf, P,
By item (i) the operator P}, + P, — « is bijective from H?32(%) onto HY/2(%).
It follows that the matrix operator

(P, + P, —a)! ( Py_’”+ 1) (4.17)
a—Pr 1

is well defined as a mapping from H3/2(2) x HY/?(Z) into H3/2(X) x H3/2(%)
and that it is the inverse of &5 . Indeed, we have

P 1 1 —1
R
v Vsv o — Py*,'v 1)\ —a + nyv P

Y,V
P+ P, —« 0
— P+ P- — -1 A% A%
(y,v+ n O[) ( 0 P;,_v‘i‘Py_,v_Ol)

(T 0
(0 1)
on H3/2(X) x H3/2(%).

For f = f4 & f- € L,(R"™) we obtain from Theorem 4.3, (3.15), (4.17),
and (4.4) that

+
AL f— AT f = — K, 0 &L Bs oA f
§,a Yy 0 K; 8, S0 Yy
0
Kf o 0
_ y -1
- (0 K;)q"s’“B‘g’“ vEAL S
vTAZL fo

0

Kf 0\.,(1 —-1200 0
=7 @5 o
0 K;)%e\—a 0 1 1)K f+

(K" f-
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(¢ e)oie)

(KSR 4P )T K f
C\K (PP~ K f

=K,(P}, + P, —a0) 'K} f.
which proves item (ii). O

Note that the operator A5, with @ = 0 coincides with the operator Ag; cf.
Section 2. This observation, together with Proposition 4.4 and the relation
(P, + P, —a) " = (P, + P, )"

(4.18)
(P +Py_v_a) Ol(P +Pyv) 1

yields the following corollary.

Corollary 4.5. Under the assumptions of Proposition 4.4 and with Ay as in (2.3),

AL — A =K, (Pl + P —a) (P 4+ P

.

1 o*
Vv) KV

holds.

In the next proposition we simplify the formula from Theorem 4.3 (ii) for the
difference between the inverses of the self-adjoint operators As/ g and A,. The
proof follows the same strategy as the proof of Proposition 4.4. For the conve-
nience of the reader we provide the essential arguments. We also mention that the
formula in item (ii) below is similar to the one in [7, Theorem 3.11 (ii)]. Here we
employ the column operator

K, = (_Klf_): HY?(2) — H*(Q4) x H(Q_). (4.19)

Proposition 4.6. Let A, and Ag g be as defined above, and let Pt , be the
Neumann-to-Dirichlet maps in (3.9). Then the following statements hold

(i) The ydo B — (PJr + P, is elliptic of order O with principal symbol B, and
it maps HI/Z(E) bijectively onto H'/?(%).

(ii) The formula
Ayl — A7 = Ky(B— (P, + P ) K

holds, where Ev is as in (4.19) and 1?;* is the L,-adjoint of Iz,,.
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Proof. (i) The operators Pfy are symmetric elliptic ¥do’s on ¥ of order —1
(see Lemmas 3.2 (ii) and 3.3). Since S is real-valued and non-zero on X,
B — (Plj’L , + P,,) is a symmetric and elliptic ydo of order 0 with principal sym-
bol B. Hence, by [31, Theorem 8.11], its index as a mapping from H'/?(X) into
H1/2(X) is 0. Therefore it suffices to verify the injectivity of B — (P;\, + P;,).
Suppose that this were not the case. As in the proof of Proposition 4.4 (i) it follows
that there exists a non-trivial ¢ € C°(X) such that (8 — (Pvfy + P, )y =0
and the function Evl/r # 0 belongs to ker As/ g; this is a contradiction to the in-
vertibility of As g.

(ii) A simple calculation shows that the matrix ydo Ws/ g = Bs/ goK, acts as
v 1 -1 - 0 v
Wy, = K
8. (w_ o o 1 1)y
- P vJ,Fy =B =P\ (V+
1 1 v_)’
and a similar consideration as in the proof of Proposition 4.4 (ii) yields

T
wply = (P + Py, - B! (_1 P+”’i ﬂ). (4.20)
v,y

It is seen from (4.4), (3.15), (4.20), and Theorem 4.3 (ii) that

(K™ f+
_ _ Kf 0\, _ Ky)* f-
As/}ﬂf—Avlf = —( Ov K_)\DS/}ﬂBS/,ﬂ ( VO f
v
0

_ (Kf 0 _ —1 (KD f+ = (K)* f-
_—( 0 K_)(P:y‘f‘Pv,y_'B) (([(v—)*f_—(Kj)*wa)

v

~ _ _1 ~
= Kv(IB_(Pv_I:y+Pv,y)) K:f
holds for all f € L,(RR"), which proves (ii). O
Finally we provide a more explicit formula for the difference between the in-

verses of the self-adjoint operators Ao and A,. Again the proof follows the same
strategy as the proofs of Propositions 4.4 and 4.6.
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Proposition 4.7. Let Ay and A, be as above, and let Pvi,y be the Neumann-to-
Dirichlet maps Pv“—;, in (3.9) with principal symbols p\fg in (3.12). Then the fol-
lowing statements hold.

(i) The ¥do Pvfy + P, is elliptic of order —1 with principal symbol p:fg + p,,_’?,,

and it maps H'?(X) bijectively onto H3?*(X).
(ii) The formula
A=A = KPS, + P T K

holds, where K, is as in (4.19).

Proof. (i) Following the arguments in the proofs of Proposition 4.4 and Proposi-
tion 4.6 we conclude that the ydo Pvf , + P, is elliptic of order —1 with principal
symbol pf0 + p; 9, and its index as a mapping from H'2() into H3?*(X) is 0.
Again it is sufficient for the bijectivity to verify that ker(Pv*,‘y + P, ) is trivial.
Suppose that this were not the case. Then it follows that there exists a non-trivial
Y € C°°(X) such that (Pj:y + P, )¥ = 0 and the function Koy #0 belongs to
ker Ay, a contradiction to the invertibility of Ay.
(ii) The matrix y¥ydo Wo = BoeK, and its inverse have the form

Pr  —P _ _af1 P,
%:( R lw) and Wg' = (P, + P ‘(_1 P}’:)'

Hence it follows from (3.15), the form of By in (4.4) and Theorem 4.3 (ii) that

(K" f+

- _ Kf 0 _ K)* f-

Avlf_A01f=(0v KV—)\DOIBO ( vg f
0

K+ 0 (KH* fr — (Ky)* f-
— v P+ P —1

(0 Kv‘)( wr Py ((KJ)*f——(Kv*)*ﬂ)
= Ko(P), + P, ) 'K f

holds for all f € L,(RR"), which proves (ii). U

Corollary 4.8. Under the assumptions of Proposition 4.7 and with As g defined
as in (2.6),

Ag_/fﬂ — Ayl = Izv(Pvfy + Pu_,y)_lﬁ(ﬁ _ (Pvfy + Pv_’y))—IE:

holds.
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5. Spectral asymptotics for resolvent differences

In this section we present and prove the main results of this note, namely, we ob-
tain spectral asymptotics formulae for the differences between the inverses of the
operators Ao, Ay, As o and Ags g introduced in Section 2. These asymptotics refine
some spectral estimates for resolvent differences found in [6, 7]. The proofs are
based on the Krein-type resolvent formulae proved in Section 4, spectral asymp-
totics for yrdo’s on smooth manifolds without boundary and some elements of the
ydbo calculus.

In all theorems of this section we suppose that the assumptions at the beginning
of Section 2 hold. Moreover, let a,, and ko be defined as in (3.2) and (3.4). The
next theorem contains one of our main results: the spectral asymptotics of the
difference between the inverses of A5, and Ao.

Theorem S.1. Leta € C*°(X) be real-valued, let As o be the self-adjoint operator
in (2.5) and let Ay be the free operator in (2.3). Then
A8_1 _ AO—I

o

is a compact operator in L,(R™) and the following two statements hold.

(i) The singular values s of Ay} — Ag! satisfy
_3 _3
sk = Cs gk 71 + O(k ”—1), k — o0,

3
. (il
with the constant Cs o, = (CS,a) n=t

/ /
Cha = G 1)(2@" DT / / o Z"(’LSE;J“;;@') do(E')do (x').
(i) If a(x’) # O forall x' € X, then the singular values sy, ofAS_’}x — Ay satisfy
sk = Cs.ok 7T + O(™7T),  k — oo.
Proof. (i) Let us set
Gso = A5 —Ay' and Sy := (P, + P, —a) (P, + P, )7,

where P;j , and P, are defined in (3.9), and let K y beasin (4.15). It follows from
Corollary 4.5 that
Gso = K,,SO,K;‘, (5.1)
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which is a bounded self-adjoint operator in L,(R"). We also make use of the
operator

Ry = K;K, = (K))*'KS + (K;)*K,
which is a ¥ydo on X of order —1 with the principal symbol g,, /«¢ according to
Lemma 3.2 (iii). Note that for a non-trivial f € L,(X) one has

() Ky . s = 1Ky f 7. > O

Thus the non-negative self-adjoint operators (K yi)*K yi are invertible; hence so
is Ry.
In the following we use that in the pseudodifferential boundary operator cal-

culus, K, K and R, extend to continuous operators

K, H (D) — H 2(Q4) x HT2(Q_) fors € R,

Ki: HY(Qy) x H(Qo) — H'T2(S)  fort > -1,

R,: H*(Z) — H*TY(X) fors € R
(we use the same notation for the extended/restricted operators). By Proposi-
tion 4.4 (i) and Lemma 3.2 (ii) the ydo’s (P;f, + P, )" and (P,f, + P, , —a)~!
are both of order —1 and have the principal symbol 1/(2x¢). Hence S, is of order
—2 and has the principal symbol «/(4«2). It extends to a mapping

Se: H¥(X) — H*T2(X) fors e R.
It now follows from (5.1) that
G} oGsa = (KySoaK3)* K, Su K}
= K,SeK; Ky So K}
= K, SaRy S K>,
where we used the symmetry of Sy, which follows from (4.18). Therefore (here

sk (T') denotes the kth singular value and A (7T') the kth positive eigenvalue of an
operator 7T')

(5k(Gs5.0))* = 2k (G5 ,Gs.0)
= (K, Sa Ry Sa K3})
= A (Sa Ry Sa Ky Ky)
= Ak (SaRySaRy)
= A (R)/2SoR)ZR)/>So R)/?)
= (sk(R)/*SaR)/?)),

(5.2)
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that is, the singular values sg of Ay — Ag! are
5i(Gs.a) = sk(R)/2Sa R)/?).

Here since R, is non-negative and invertible, the operator R,l,/ % is well de-
fined as an elliptic ¥ do of order —1/2 with principal symbol (a,,/x0)'/?, by [47].
Moreover, S is a ¥do of order —2 with principal symbol «/(4x2); so standard
rules of the ¥ do calculus yield that the ydo

Pso = R)/2Sq R} (5.3)

is of order —3 and with the principal symbol (@,,c)/(4x3). Now Theorem 3.1 (i)
implies that
$k(Ps ) = Cs gk ™77 +0(k™7T),  k — o0,

with Cs 4 as in the formulation of the theorem.

(i) Recall that g, , (x") > 0 and ko (x’, §') > 0 for &’ # 0; cf. Section 3. Hence
the assumption a(x’) # 0 for all x* € X implies that the ydo Ps 4 in (5.3) is
elliptic. Moreover, since S, is then invertible and R,l,/ % is invertible, the operator
Ps o in (5.3) is invertible. Now Theorem 3.1 (ii) implies the assertion. O

The next theorem contains our second main result: the spectral asymptotics of
the difference between the inverses of As/ g and Ay. It turns out that the principal
term in the asymptotics is independent of . The proof of Theorem 5.2 is very
similar to the proof of Theorem 5.1.

Theorem 5.2. Let f € C°(X) be real-valued such that B(x’) # 0 for all
x" € %, let Ag g be the self-adjoint operator in (2.6) and let Ay be the free oper-
ator in (2.3). Then

—1 -1
A(S/,ﬂ - AO
is a compact operator in Lo(R™), and its singular values satisfy

sp = Cyk™ i1 + O(k~m1), k — o0,

. 2
with the constant Cs» = (Cg,) =T,

n—1

/ ann(x) 2 1 1
Cor = (n—l)(zn)" 1/ /a Gt me) ~ de@doe).
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Proof. According to Corollary 4.8 we have
Ayls — Ay = Ku(Ph, + Pr )T BB — (P, + P, ) 'K

where Pvfy, P, and K, are as in (3.9) and (4.19), respectively. Let us set

R,:=K:K, and Tg:= (P}, + P, ) 'BB— (P}, +P )"
Since K are injective, the non-negative self-adjoint operators (KX)* K are in-
vertible; hence so is R,. As in the proof of Theorem 5.1 we make use of the fact

that K, K » and T extend to continuous operators between the respective spaces.
Then the same computation as in (5.2) implies

sk(Apls — Ag") = s (RY2Tg RY/).

The operator R,f/ % is well defined as an elliptic ¥ do of order —3/2 with princi-
pal symbol (@n,/k3)"/2, by [47]. Tt follows from Lemma 3.2 (ii) and Proposi-
tion 4.6 (i) that Tg is a ¥ do of order 1 with principal symbol «o/2. By standard
rules of the calculus the ¥ do

Py g := RY2TgR1/? (5.4)

is of order —2 and has the principal symbol g,/ (2K§). Since a,,,(x’) > 0 and
Kko(x’,&") > 0for & # 0, it follows that the operator Ps g is elliptic. Since T and
R,f/ 2 are invertible, the same is true for Pg/ g in (5.4). Now Theorem 3.1 (ii) yields
the spectral asymptotics

Sk(PS’,ﬂ) = Cglk_"iil + O(k_%), k — o0,
with Cgs as in the formulation of the theorem. O

Finally we state a third result on spectral asymptotics. In the next theorem
the difference of the inverses of As g and the orthogonal sum of the Neumann
operators A, is considered. The proof is similar to the proofs of the previous
theorems. Therefore we just give the main arguments.

Theorem 5.3. Let B € C®°(X) be real-valued such that B(x") # 0 for all x’ € I,
let As g be the self-adjoint operator in (2.6) and let A, be as in (2.4). Then

-1 -1
AS/,,B - Av
is a compact operator in L,(R™), and its singular values satisfy

sk = Cyr gk 7T + O(k™7T),  k — oo,
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. 3
with the constant Csr g, = (Cy, 5 )T,

an(x/)

R
oo = = D@y /z/m:l B o7 E)

Lgda)(g/)do(x/).

Proof. According to Proposition 4.6 (ii) we have
Ayl — A7 = K (B— (P, + Py ) 'K
where Pv+y, Py and K, are as in (3.9) and (4.19), respectively. Let

R,:=KK, and Sp:=(B— (P, +P, )N

and observe that K,, K* and Sg extend to continuous operators between the re-
spective spaces. As in the proofs of Theorems 5.1 and 5.2 one verifies

sk(Agly — ATY) = sk (RY2SgRY).

Furthermore, R\l,/ % is a ydo of order —3 /2 with principal symbol (an,,//co)l/ 2

and by Proposition 4.6 (i) the ¥do Sz is of order 0 with principal symbol 7.
Therefore the ¥ do
Py g, = RY2SgR)/?

is of order —3 and has the principal symbol @, /(Bk3). It also follows that Ps/ g ,,
is elliptic and invertible, and hence Theorem 3.1 (ii) yields the spectral asymptotics

5t(Pyr.gy) = Cy gk ™1 + Ok™7T),  k — o0,
with Cy g, of the form as stated in the theorem. U

The constants Cy ,, Cy, and Cy, 5., in the previous theorems can be computed
explicitly in the special case A = —A.

Example 5.4. Denote by |X| the area of ¥ and by |S,—;| the area of the

(n — 1)-dimensional unit sphere (for n = 2 we have |S,—1| = 2). According
to Example 3.4 in the special case A = —A the constant C; , in Theorem 5.1 is
1 1 fa(x)[\*
Ci, = —/ / da)(E ydo (x")
e =DCry o Jg= N 4EP )
|Sn—1 |

= (11— DH2n)r-140-D/3 /E e (x")[73 " do (x),
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the constant Cg, in Theorem 5.2 is

n—1

, 1 1 g , ,
b = e o () T e

_ |E| ) |Sn—1|
(n — )(2m)n—120-1/2

and the constant be, B in Theorem 5.3 is

1 1 n;l
// - @ _ T d / d /
Cot m—lxmwﬁhéfgﬂ(wum-WP) @(E)do )

|Sn—1] L\,
= o e (7o)~ 4ot

Remark 5.5. We note that the Krein-type formulae in Section 4 for the differences
of the inverses Ay, — Ag', Ay' — Ag' and Ag'; — A7! can be generalized for
the differences of the resolvents

(As 0 —A) "= (Ao — V7",
(Asrp—2) "= (Ao — 1)
and

(A g =)~ = (A4y—2)7!

for all A in the respective resolvent sets. Making use of such resolvent formu-
lae one can show that the spectral asymptotics in Theorem 5.1, Theorem 5.2 and
Theorem 5.3 remain true for all A in the respective resolvent sets.
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