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Two-term Szeg6 theorem for generalised anti-Wick operators
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Abstract.This article concerns the asymptotics of pseudodifferential operators whose Weyl
symbol is the convolution of a discontinuous function dilated by a large scaling parameter
with a smooth function of constant scale. These operators include as a special case gener-
alised anti-Wick operators, also known as Gabor—Toeplitz operators, with smooth windows
and dilated discontinuous symbol. The main result is a two-term Szeg6 theorem, that is, the
asymptotics of the trace of a function of the operator. A special case of this is the asymp-
totic terms of the eigenvalue counting function. In both cases, previously only the first term
in the asymptotic expansion was known explicitly.
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1. Introduction

We consider pseudodifferential operators whose symbol p is dilated by a large
scaling parameter r and “smoothed out” by a convolution factor W e $(RR?9)
whose integral is 1. Explicitly, using the Weyl quantisation (see §2.1), we consider
operators acting on L2(R?) of the form

T, [p] := op[W * p,], where for z € R%¢ we set p,(z) := p(z/r).

The main interest in these operators arises from generalised anti-Wick operators.
The generalised anti-Wick operator with windows ¢y, ¢, € L?(R?) and symbol
p € L®(R?) is defined to be T3, pF,,, where F,: L2(RY) — L2(R29) is the
short-time Fourier transform and p acts by multiplication on L?(R2¢) (see §2.4).
These are a special case of operators the form 7, [p]; that is, for suitable windows
¢1, @2, there is a corresponding W such that

T,[p] = 55, prFp,.  where for z € R2? we set p,(z) := p(z/r).

The result is part of the asymptotic expansion of tr f(T,[aygq]) as r — oo,
where @ C R2“, g is a function acting on R>? and f is a function such that
f(0) = 0. Since the symbol a yq is discontinuous, this is referred to as a Szegd-
type expansion in analogue with such formulae for Toeplitz matrices. Such a result
is already known (discussed below) but only for the first term, which is a standard
Weyl-type term of order r2¢. The result proved here (see §2.2) gives an explicit
expression for the second asymptotic term, which is a boundary-related term of
order r24-1,

An important special case of this is where ¢ = 1 and f is an indicator func-
tion, which gives the asymptotics of the eigenvalue counting function of 7;[yq]-.
The first term of this expansion shows how many eigenvalues are close to 1, and
the second term shows how many eigenvalues are between 0 and 1 (in what is
sometimes called the “plunge region”). This gives some quantitative detail to the
idea that T, [yq] acts somewhat like a projection, in that it “projects” the time-
frequency representation of functions on to 2. As with the general result, pre-
viously known results about the eigenvalue counting function (discussed below)
only give an explicit expression for the first asymptotic term, whereas the result
proved here (see §2.3) gives an explicit expression for the second term.

The semiclassical calculus for operators whose Weyl symbol is smooth is al-
ready well known [17, Theorem (III-11)]. However, although the Weyl symbol of
interest here W * p, is smooth, even when p is discontinuous, it is not of the
correct asymptotic form to apply that theory. In the terminology of Robert [17,
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Definition (II-13)], it is not an #-admissible operator (with the natural choice of
h = 1/r?). The problem is that symbol depends upon two different scales in the
phase space variable z: when z is far from the boundary of @, (ayq),(z) varies
asymptotically like a,(z), so changes in z proportional to r are important; when
z is near to the boundary it varies like W * y,q(z), so changes in z on a constant
scale are important.

The proof (outlined more precisely in §3.1) begins in a similar way to that of the
usual semiclassical calculus: we prove a Weyl composition result with the usual
formula for the approximating symbol, but the remainder is shown to satisfy trace
norm and operator norm bounds that are more delicate than usual (Lemma 3.4).
The author hopes that these estimates may be of independent interest. In §3.2 this
result is proved and combined with facts about the geometry of 2 to show that we
may compose T[ayq] with itself with sufficiently small remainder. In §3.3 the
trace asymptotics of the resulting operator are established using further geometri-
cal facts. The relevant geometrical theory of tubular neighbourhoods is collected
in §4.

Related Szegé-type theorems. The original Szegd theorems are results about
the asymptotic expansion of logdet 7,, (that is, trlog 7;,) as n — oo, where T, is
an n x n Toeplitz matrix [22, 23]; see also [12, Chapter 5]. (The parameter r used
here is analogous to n? in such problems.) Similar theorems have been proved for
Wiener—Hopf operators, which are a continuous analogue of Toeplitz operators:
whereas Toeplitz operators involve discrete convolution with a sequence and trun-
cation to a finite length, Wiener—Hopf operators involve the standard convolution
with a function and truncation to a bounded domain. Szegé theorems for both
types of operator have been the subject of extensive study; see, for example, [3].
The intention here is just to highlight a few of the most directly relevant results.

A generalization of Wiener—Hopf operators is pseudodifferential operators with
discontinuous symbol (without the convolution factor W as in the operators con-
sidered here, and usually with the left quantisation rather than the Weyl quantisa-
tion). If 7, is a pseudodifferential operator with symbol of the form a(x, &) ya(x)
where a is smooth, i.e. the discontinuity is in the configuration variable but not the
frequency variable, the complete asymptotic expansion of tr f(7}) is known for
quite general functions [25]. The terms in this expansion are of the order r2(@—%)
where k takes non-negative integer values. The coefficients depend on the geom-
etry of €2, and it is possible to obtain geometrical insights into these coefficients
[18, 19] by using geometrical ideas broadly similar to the ones used in this paper,
particularly Lemma 4.8.
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When there is also a discontinuity in the frequency variable, i.e. the symbol
is of the form ayq,xq, where €2,,Q2 C R4, two terms of the asymptotic expan-
sion of tr (7}) are known (proved by Widom [24] in one dimension and Sobolev
[21, 20] in higher dimensions). The first term is equal to the one in the result
proved here (in particular it is of order »2¢). However, the second term is of order
p2d—2 log r and depends on the value of @ on €21 x 925, in contrast to the result
proved here where the second term is of order 724! and depends on the value of
a on 0%2.

For generalised anti-Wick operators, which are a subclass of the operators
T, [p] considered here, a one-term Szegd theorem was found by Feichtinger and
Nowak [8]. (They called these operators Gabor—Toeplitz operators.) Compared
to the requirements here, their regularity requirements are very mild: the symbol
merely has to be in L' N L, rather than possessing a discontinuity of the specific
form yq, and the window function merely has to be in L?(R¢) rather than $(R9).
However the symbol must also be positive and the two windows must be equal,
which implies that the operator is positive. That result is for the first term in the
asymptotic expansion, with o(r2%) remainder.

Related eigenvalue counting function results. The asymptotics of the eigen-
value counting function is a consequence of the Szegd theorem for 7,[yq], but
has also been studied in its own right.

Anti-Wick operators (which are generalised anti-Wick operators with Gaussian
windows) were first studied systematically by Berezin [1]. This included a result
(Theorem 12 of that paper) giving one asymptotic term of the eigenvalue counting
function in roughly the inverse situation to the one of interest here: he considered
eigenvalues below a fixed value, for symbols that are bounded below by a positive
value.

Anti-Wick operators were introduced into the time—frequency community by a
paper of Daubechies [5], which she called time—frequency localization operators
when the symbol is an indicator function. This included two asymptotic terms
of the eigenvalue counting function (Remark 2 and Remark 3 in §IV.B of that
paper) for a specific operator: the anti-Wick operator whose symbol is the indicator
function of the unit disc. She proved this by explicitly finding the eigenvalues
and eigenfunctions of this operator, using the fact that these are known for Weyl
pseudodifferential operators with spherically symmetric symbols.

For generalised anti-Wick operators whose symbol is a general indicator func-
tion, only the first asymptotic term of the eigenvalue counting function was pre-
viously known. This was shown for one dimensional operators by Ramanathan and
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Topiwala [16, Theorem 2 and Corollary 1], and in higher dimensions by
Feichtinger and Nowak [8, Corollary 2.3 and Comment (iii) in §2] using their
Szeg6 result. De Mari, Feichtinger and Nowak [6, Example (a) on p. 731] showed
that the asymptotic order of the second term is #2¢~! (including a lower bound
for it), but did not find an explicit expression.

Notation. Here are a few notational conventions used throughout. We denote
the space of Schwartz functions on R by 8(R™). The function y is the indica-
tor function of a set A. We denote the k-dimensional Hausdorff measure by jix; in
particular p,,—1 (du) is the surface element in R™, and when k equals the ambient
dimension p is simply the Lebesgue measure. The set of natural numbers includ-
ing zero is denoted by Ny, so that the set of m-dimensional multi-indices is IN{'.
The boundary of a set €2 is denoted by d<2 and its complement by €. The tubular
radius t(0€2) and tubular neighbourhood tub(d€2, ¢) of IQ2 are defined in §4.1.

Acknowledgements. It is the author’s pleasure to thank A.V. Sobolev for sug-
gesting the problem and his tireless support, especially his observation that a
rougher version of Lemma 3.4 (similar to [21, Lemma 3.12 and Corollary 3.13])
could give the asymptotics when 02 is straight.

The author would also like to thank the organisers of the workshop on phase
space methods for pseudodifferential operators at the Erwin Schrédinger Institute
in October 2012, where he had many productive discussions. This included a con-
versation with K. Nowak, who the author would like to thank for informing him
of a two-term Szegé$ theorem that K. Nowak and H. G. Feichtinger have made
progress on under somewhat different conditions to those considered here.

This work was supported by the Engineering and Physical Sciences Research
Council [grant number EP/P505771/1].

2. Statement of results

2.1. Weyl quantisation preliminaries. We will use the Weyl quantisation: for a
suitable symbol ¢, we define the operator op|g] for each u € $(R¢) by

1
2

oplalne) = g [ [ g+ ety ay at,
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and extend this to L?(R?) by density. This satisfies the operator norm and trace
norm estimates ([4, Corollary 2.5(i)] and [7, Theorem 9.4] respectively)

loplglll < Ca > 110%qllzcomzar.  Noplgll < C; Y 10%qll L1 w2ay.
la|<d+2 || <2d +1

where C; and C); are constants depending only on the dimension and the sums are
taken over multi-indices « € ]N%d. (This operator norm estimate is slightly weaker
than the one in the cited work, but is sufficient for our purposes.) When the trace
norm estimate is finite, the trace exists and equals

1
t = — dz.
ropla] = 7 [, a(e)dz
The adjoint of the operator is given by [9, Proposition (2.6)]

(oplg])* = oplgl:

in particular, if ¢ is real-valued then op[q] is self-adjoint.

As stated in the introduction, the operators of interest here depend on a discon-
tinuous symbol p, dilated by a factor r and convolved with a Schwartz function
W e 8(R?%), so that

Ty[p] := op[W * p,]. where for z € R?>? we set p,(z) := p(z/r).

Applying the Weyl operator norm and trace norm estimates to 7,[p] we obtain

ITe [Pl < Ca Y 1* W1 geayll pll oo qrzay.
lo|<d+2

d
1T [plll < Cyr? Z 10 Wl L1 m2ay 121l 1 (m2a -
la|<2d +1

Since we will be interested in the effects of varying the scale of the discontinuous
part of the symbol, rather than varying W, we will often use the notation

x <y <= thereexists Ciy > 0suchthat x < Cyy,

where Cy is some constant depending only on W and the dimension d (not on p
or r). Using this notation, the above inequalities are
d
1T [Pl < 1 PllLoeeays  NTHIPIII < P24H Pl L1 r2a).

The trace formula, combined with the fact that the integral of W is 1, gives

2d
wT ol = 27 /}R pe)ds.
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2.2. Szegdtheorem. In this subsection we state Theorem 2.4, the Szeg6 theorem
for operators of the form T} [a yq]. It has the following regularity conditions on the
symbol.

Condition 2.1. Let all of the following be satisfied.
o Let W e 8(R??) satisfy fde W(z)dz = 1.

e Let Q € R?“ have a boundary that is C? and has a tubular neighbourhood
(see §4).

e Let a be a twice continuously differentiable function on R?? satisfying
9% € L'(R2?) N L>°(R??) for all @ € IN2? such that |o| < 2.

Remark 2.2. Whenever Condition 2.1 is satisfied we can conclude that that a
satisfies the boundary integrability properties 0%a € L!(32) for |«| < 1. This can
be seen by applying Lemma 4.11 with g = 1.

We also need a condition on the regularity of f. This depends on whether we
define f(T,[ayxg]) using the holomorphic functional calculus or the Borel func-
tional calculus. In the latter case we impose additional restrictions on W and a to
ensure that the operator 7, [a yq] is self-adjoint (by ensuring that its Weyl symbol
is real).

Condition 2.3. For functions ¢ and W, let f be a function satisfying f(0) = 0
and one of the following.

(1) Let f be a holomorphic function on C.

(2) Leta be real-valued, let W be real-valued and let f be an infinitely differen-
tiable function on R.

The boundary term depends on a type of directional antiderivative of W. Specit-
ically, for any W e $(R?¢) with f]RZd W(z)dz = 1, we define

Qo(}) ::/ W(z)dz (@ € $2971).
{zeR24 ;2.0 <A}
This satisfies lim) o Qw (1) = [g2a W(z)dz = 1, and so

1—Qo(R) =/ W(z)dz (w € $2971).

{zeR24:z.w =7}
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Theorem 2.4. Let W, a, Q, f satisfy Condition 2.1 and Condition 2.3. Then
tr f(Tylaxql) = r?9 Ao(a. Q. f) + r2 141 (a, Q. f) + 0(??72)

as r — 0o, where

AO(a1 Q7f)

5 )d 7 | fa@az

4@ 2.1) = 5 [ ] @y (Datw)
~ OO (@) g1 (@)

The proof is given in §3, including an overview in §3.1. In the case of gener-
alised anti-Wick operators, the conditions and conclusions can be explicitly
expressed in terms of the windows instead of W; see §2.4.

We now observe why the quantities in Theorem 2.4 are well defined. The oper-
ator f(Ty[axg]) is trace class since, using the fact that f(0) = 0, we have

Lf(TrlaxeDl < [ Trlaxellll  sup £/,

1< Tr[axe]ll
and the bounds in §2.1 show that this is finite. Let
Omax := sup sup|Qu(4)],

weS2d—1 JeR

which in particular satisfies Qmax < [24|W(2)| dz. The two asymptotic terms are
absolutely integrable with bounds

1
|4o(a, 2, f)] < W”a”LI(Q) sup | f'(®)].

[t]<llall 7,00 ()

2
M@ RN < oglalis [ FWEIE s (0]
2) R2d 1< Qmaxllall o0 (92)
The bound on Ay is immediate, and the bound on A; uses the easily checked fact
that for any @ € $>?~! we have

/ 106 (X) — 10,00 (V)] dA < / 0 -2 W(z)| dz.
R ]R2d

2.3. Eigenvalue counting function. In this subsection we give a precise state-
ment of the special case discussed in the introduction: two terms of the asymptotic
expansion of the eigenvalue counting function for operators of the form T [yg].
We use the notation N(7;[yg],[8,00)) to mean the number of eigenvalues of
Tr[xg] in the interval [§, o). The proof is a standard approximation argument
applied to Theorem 2.4, and is detailed at the end of this subsection.
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Corollary 2.5. Let Q@ € R?? be a compact set with C? boundary and § € (0, 1).
Let W e 8(R?%) be real valued and satisfy f]RZd W(z)dz =1 and

pid eR: Qo(A) =8) =0 forallw e $2¢71.
Then
N(Ty[xal. [8.00)) = r> Ag(1. Q. x(5.00) + r*? ' A1 (1. Q. X[5.00)) + 0(r**7)

as r — oo. Specifically, these terms satisfy

AO(lvgz’X[(g,OO)) dl’l“zd( )

2)

A1(1L Q. Lis.00) = /a ) O) - (A,

1
2 )
where for each § € (0,1), w € $2¢7! we set

8w (8) := pn1({A € (00,0 : Qu (1) > 6}) —u1({A € [0.00) : Qo (R) < 6}).

Remark 2.6. The statement of Corollary 2.5 is somewhat simpler when Q,, is a
non-decreasing function for all @ € $>?~!. A sufficient condition for this is that
W is non-negative; for another sufficient condition see Remark 2.8. In this case:

e The condition relating Q,, and 8 holds if and only if for each @ € $2¢~! there
exists a unique A € R such that Q, (1) = §; we denote such a A by 0,1(8),
even if O, is not invertible on its whole domain.

e We then have g, (§) = —0,1(8), so the boundary term simplifies to

(12 T1p0) = =57 [ Qi ®) 22 @),

Q)

Proof of Corollary 2.5. Wehave N(T[xq]. [8,00)) = tr x[5,00)(T+[x2]); however,
we cannot immediately apply Theorem 2.4 with f := y[s,00) because this function
is not sufficiently smooth to satisfy Condition 2.3.

Let e > O suchthate < §. Let f_, and f, be smooth increasing functions sat-
isfying fi.(f) = x[5,00)(¢) exceptwhent € (§,5+¢)andt € (§—e, §) respectively.
Thus 0 < f¢ < X[5,00) < f4e < 1 and

tr f—e(Tr[xal) < tr x15,00)(Tr[x]) < tr foe(Tr[xal)-
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Applying Theorem 2.4 to fi.(T;[xe]) (Witha = 1), we have
lim tr((fore — f=e)(Tr[xl)

r—>00 r2d—1

/ / (Fre(Ontay)) — f-o( Oy (1)) d2 pr2g—1 (dr)

@)

1
< i2a-1(09) sup 1 ({A € R: 6 — & < Ouiuy(A) < 6 + ).
(2 ) ueciQ
The limit of this bound is 0 as ¢ — 0, so the result follows.
It remains to show that A satisfies the given form. First set

A= g / / (118,000 Qe ) — 10,00y (1)) A g1 (dtr).

A straightforward calculation shows that
~ 1
M= A= g [t - [ 2w,
2 )% Joa R2d

which by the divergence theorem is zero. It is easily seen that A, satisfies the stated
form. O

2.4. Generalised anti-Wick operators. Define the short-time Fourier transform
with window ¢ € L?(R%) by

Tyt L2 = LXR). Toux.f) = ooz [ e utply = dy.

When the window is Gaussian, J, is also known as the Fourier—Bros—lagolnitzer
transform. (See, for example, [13, Chapter 3] or [14, §3.1] for more information.)
The generalised anti-Wick operator with symbol p and windows ¢1, ¢, is de-
fined to be F3, pF,, . These operators are known under several names, including
Gabor-Toeplitz operators, short-time Fourier transform multipliers and time—fre-
quency localization operators. The case where ¢; = ¢, is most often of interest.

Generalised anti-Wick operators are bounded on L?(R¢) when p € L™ (R?%)
and @1, ¢» € L?(R?¢). Furthermore, if p is constant then the operator is a multiple
of the identity. Specifically,

156, PF0i | < llgn ||L2(JRd) ||§02||L2(1Rd) Ip ||L°°(]R2d)’

3‘";23”(/,1 = <(p2s§01>L2(]Rd)IdL2(]Rd).
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These relationships can easily be proved from the Fourier inversion theorem, or
see for example [13, Corollary 3.2.2 and Corollary 3.2.3].

Theorem 2.4 and Corollary 2.5 apply to generalised anti-Wick operators; that
is, there exists a suitable W (depending on the windows) such that

T,[p) = T, prFp,» Where for z € R*? we set p,(z) := p(z/r).

The following two remarks explain how all references to W in these results may
be replaced by references directly to the windows. Afterwards we will describe
this W and explain why the remarks are true.

Remark 2.7. The conditions on W can be replaced by requirements on the win-
dow functions:

o For all the conditions on W in Theorem 2.4 and Corollary 2.5 to hold (includ-
ing that W is real-valued), it suffices that ¢; = ¢, (which we write simply as
), ¢ € S(R*?), and ||| 12(gay = 1.

e For the conditions on W in Theorem 2.4 to hold except that W be real-valued
(so we require Condition 2.3(1), the holomorphic f case), it suffices that
91,92 € S(R??) and (2. ¢1)2gay = 1.

Remark 2.8. It is possible to express Q,, directly in terms of the windows. First
consider the one-dimensional case. We will use the fractional Fourier transform
J*, defined for 1 € R using the functional calculus for unitary operators; thus
FO = F* = 1d;2(yy and F' is the usual Fourier transform. We can instead index
by direction @ € $!, so that F1:0 = Id; >, and FOV = F. The expression for

Qe is
A
0uw(X) = /_ 0 ()T (1) .

In the higher-dimensional case, for each @ € $2¢~! there exists a unitary operator
T, and @ € $9~! such that

A
0o =[ [ o Tera T ) dr

In particular, for any dimension, if ¢; = ¢, then Q,, is a non-decreasing function
and Remark 2.6 applies.

The key fact that allows us to apply Theorem 2.4 and Corollary 2.5 to gener-
alised anti-Wick operators is their connection to the Weyl transform, given by

T, 0T 91 = 0p[Woy 0 * Pl
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where

W, 0 (x,8) =

—it-§ 1 _1
o) /}Rde Pa(x + 50)@1(x — 5t)de.
The function W, ,, is called the Wigner transform of ¢,, ¢;. This relationship can
be found for example in [9, Proposition (3.5)] when ¢; = ¢, or [2, Lemma 2.4].

Proof of Remark 2.7. We use the following properties of W, o, .
(1) If o1, 2 € 8(R29) then Wy, ,, € S(R2?).
(2) Forall x € R we have [ps W, o, (x, &) d& = @2 (x)@1(x).
(3) We have Wy, 4, (2) = Wy, 0, (2).

These properties follow easily from the definition of W, ,, (see for example [9,
§1.8]). Remark 2.7 is an immediate consequence. O

Proof of Remark 2.8. We first work in one dimension. We use another property
of W, ¢,

(4) For each @ € $!, let 0, : R? — R? be the rotation that maps (1,0) — ®;
then for all z € R? we have Wy, 4, (002) = Waoy, g0q, (2).

In others words, the fractional Fourier transform is the metaplectic operator
corresponding to rotation. For example, in [9] see Proposition (1.94)(c) for the
® = (1,0) case (the usual Fourier transform) and Chapter 4 for discussion of
metaplectic operators (especially Proposition (4.28) for the relationship to the
Wigner transform). For more information on the fractional Fourier transform, see
for example [15].

Combining property 4 with property 2 we obtain
/ W, (2)) 111(dz') = T 02(1) T 01 ().
{z/€R2:z/-@=A}

(This is sometimes call the Radon—Wigner transform, since it is the Radon trans-
form of the Wigner distribution.) But Q,, is the antiderivative of this expression,
so Remark 2.8 is immediate from this. For higher dimensions, we apply similar
reasoning component-wise, so that 7, is the composition of component-wise frac-
tional Fourier transform operators. U
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3. Proof

3.1. Overview. There are two steps to the proof of Theorem 2.4, which are dis-
tilled into the two lemmas in this subsection.

To avoid dealing with the scaling parameter r throughout the whole proof, we
will give names to the rescaled versions of @ and Q2. We write

Tylayxq] = op[W * (bys)]. whereb :=a(-/r), £ :=rQ.

The two lemmas will be proved in terms of general », ¥ without explicit reference
to the fact that they are rescaled versions of other objects. However, in each lemma
the remainder scales in such a way that it is O(r>?=2) when b and X are of this
form.

The first step is composition, where we find an approximation of the Weyl
symbol of f(T;[axgq]).

Lemma 3.1. Let W, b, X, f satisfy Condition 2.1 and Condition 2.3, and let 0%
have tubular radius of at least 1. Then there exists R such that

If p[W * (bxs)]) —op[f (W * (bys)]lh < R(b. Z:W. f),

where R satisfies the scaling property

R(bB,Z:W, ) =r2R(a, W, f), forb=a(/r), = =rQ.

This is proved in §3.2. First, in Lemma 3.4, we will prove a trace norm bound
for the composition of general Weyl operators. Next, in Lemma 3.6, we will apply
this to the operator op[W * (byx)]. A naive application would result in a trace
norm bound that includes the four terms

IVbllLooyIVDllL1(z),  [IVBlILoo)1bllL1 35y
16l L1z IVhllLoo(z)y,  1BILe@x)IblL1ox)-

The first three terms are O(r29~2) as required, but the final one is O(r2¢~"). The
proof of Lemma 3.6 involves some delicate cancellation using the geometry of 9%
to obtain a better bound. This completes the proof of Lemma 3.1 in the case that
f(t) = t2; at the end of §3.2 the proof is given for general f.
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Combined with the fact that |tr A| < ||A|; for every trace class operator A,
Lemma 3.1 tells us that

tr f(Trlaxgl) = woplf(W * (bxz))] + O(272).

The trace is given by the integral of the Weyl symbol (see §2.1). The proof of
Theorem 2.4 is thus completed by finding the asymptotics of this integral, which
is done in the following lemma.

Lemma 3.2. Let W, b, 2, f satisfy Condition 2.1 and Condition 2.3. Then there
exists R such that, in the notation of Theorem 2.4, we have

‘ [ OV 5 Gre)@) a2 —(Ao(b. 2. ) + 40,3, /)| < RO W, ),

where R satisfies the scaling property
R(bB,Z:W, f) =r22R(a, W, f), forb=a(/r), S =rQ.

This is proved in §3.3. The proof begins by noting that, because the integral of
W is 1 and f(0) = 0, the integral of f(W = (byx)(z)) equals

| re@az+ [ o b - W s o))z,

The first term is simply Ao(b, =, f), which equals 724 Ag(a, 2, f). The second
term is very similar to A; (b, ¥, f); in particular its integrand is concentrated near
to 0X. However, unlike A1, it is not of the correct asymptotic form; that is, it does
not equal 24~ multiplied by its unscaled version. The proof proceeds by using
the local geometry of dX to show that this integral is indeed approximately equal
to A;.

3.2. Step 1: Composition. In this subsection we prove Lemma 3.1, proceeding
as discussed in §3.1.

Notation 3.3. In this subsection we frequently decompose vectors z € R?¢ as
z = (z1,22), where z1,z5 € R4 . Furthermore, we use the notation

(x) =1+ |x»HV2

We start by proving trace norm and operator norm bounds for the error in
replacing the Weyl symbol of composition by a finite number of terms in the series
expansion. In fact we only need the trace norm bound, and only for n = 0, but the
full result is no harder to prove and the author hopes that it may be of general
interest.
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Lemma 3.4. Let p, q be infinitely differentiable functions on R*? such that 3% p,
3%q € LY(R??) for each a € N2¢. Letn € No, G € Ny. Set

i/

(Ve - Vyn = Ve, - Vi) (p(x)q(»)), €a(2) =) Fi(z,2),

F‘j(xuy) :‘]'7
j=0
Then
0%Fyi1(x
loplplopla] ~opfelly < o o [ [ S Dy
]N4d R24d JR2d x—
|a|<G+4d+2
|3“Fn+1(x,y)|)
op[p] oplg] — op[c C/ / ( ——— | dv.
loplp] oplg] — oplealll < Ci g % S G i
0| <G+3d+3 255

The constants Cq4.g and C ‘/1 ¢ depend only on d and G (not n).

The proof contains ideas used in the usual Weyl calculus adapted for use in
these norm bounds. However, care has been taken to explicitly express the estimate
in terms of the symbol rather than symbol class seminorms, and to preserve the
cancellation between the terms within F;, 4. See the remark following the proof
for a more detailed comparison.

Proof. Tt suffices to prove the result for p, g € S(R??). Let p #q denote the Weyl
symbol of op[p] op[¢]. We have [9, (2.44b)]

1 )
pha@ =7 [ [ pa-xae- e ayar,
2d [poa JRoa
sometimes called the rwisted product or Moyal product of p and g, where
o(x,y):=x1-y2—y1-X2.

We apply Taylor’s theorem to p. The corresponding term of p # g(z) is

Tj(2) = —3 [W/Zd i Vo) p(2)g(z — y) 7Y dy dx,

where V), indicates that the gradient is being taken only of p. Denote
6y = (Vy2. =Vyy),

5o that 2ixe?(¥-¥) = ¥ ¢219(*.); then integrating by parts gives

( 1) < \J io(x,
H6) =2 /]de /de j|(21)/ Vo Vo) p()a(z - y)e? 2 dy dx.



766 J. P. Oldfield

By the Fourier inversion theorem we conclude that

—1)/
T1(6) = 4 % ) P ) = Fi2.)

Denote the symbol of the remainder by
Ry11(z) ;= a#b(z) — cn(2),

which equals

/md /md/ —(L=0)"(—x - V)" p(z — 1x)g(z = y) 7Y dr dy dx.

Integrating by parts in the same way as the other terms, we find that

1 1 .
Rut1(z) = — (n+1)(1—1)"Fyp1(z—tx,z—y) X&) dy dx dr.
2d 0 ]R2d ]R2d

Change variables rx = tu+3v and y = tu—$v. This has Jacobian 1 and satisfies
o(x,y) =0(v,u), so

Ryi1(2) = %/01/13261 o Fra1(z u, v;0)e®°@® dy do dt,
where
for1Gzow,vit) =+ D1 = 1) Fug1(z — (tu + 3v), 2 — (tu — 1v)).
Define the operator

1+ iy -V, ;o 1-1iy.V,

P = =
i 1+ |y[? Y 1+ [y[?

’

s0 that Py ,e?0@W#) = ¢2i0@:) and pl e2io@w) = 2o(#) and 50 and so the
remainder R,+1(z) equals

1 1 .
2 /0 /]RZd /de ((P"’”)M(P”Tsu)Lf"H (z,u,v;1)) €27 du do dt.
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For the interactions between P, , and P,I « we use the fact that for all || < L and
1

ly| < M we have
B
8’1: “ N7
(u)2L (u)E

for some constant Cy,_r; thus |0% R,+1(z)] is bounded by a constant multiple of

Z Z / /}RM/]RM 1829}, 0% fn+<1v()zuvf)|d dvdr.

IBISL lylsM

<CLm

Now choose L = 2d + 1, M = G and use the trace norm and operator norm
bounds for Weyl operators (see §2.1). Translating z’ := z — tu and evaluating the
dr integral (which cancels with n + 1) gives the stated result. O

Remark 3.5. We compare the above lemma with the usual symbolic calculus for
Weyl operators. The decay in the integrand of R,, could have been obtained with-
out changing variables from (x, y) to (u, v); this bounds |0% R, (z)| by a constant
multiple of

Z / /]RZd /]RZd |aaayaﬂfn+<l;§ a [)|d d dt

IBISL lylsM

where
far1zox, y50) = (n + D)1 = )" Fyi1 (z — Vix, 2 — V).

Using the notation of [9, Chapter 2], this is the bound used to show thatif p € S”' . o
q € S, then p#q —c, € S;',’(}erz P11 see [9, Theorem (2.49)], although it is
not computed explicitly there. This only gives the result when § = 0; the general
case could be handled in a similar way, but derivatives in x; and x, etc. would
need to be tracked separately.

The next lemma, in combination with the previous one, proves Lemma 3.1 in
the special case that f(z) = 2, and contains the essential idea of the general case.
To simplify its statement and use, introduce the notation

G,D . |0% F(x, y)|
MPEE) = Z /]de/]Rw (x —y dx dy

|a|<D
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In particular, the trace norm bound in Lemma 3.4 is a constant multiple of
MG’G+4d+2(Fn).

Lemma 3.6. Let W, b, ¥ satisfy Condition 2.1 and let the boundary of ¥ satisfy
7(0X) = 1 (see §4). Set

F(x,y) = Ve, - Vy, = Vi, - Vy )W 5 (b 2) (X)W * (D) 2) ().
Set G :=2d +2, D :=6d + 4. Then

I6]lLee @) I1B1 L1 a3y
(%)

MEP(F) S (Vb ooy (IVD L1z + 1011 0%y) +
(Recall from §2.1 that the constant implicit in < depends on W, but not on b
or X.)

Proof. We have

d
F(x.y) =Y O, 032, — ), 0y, W % (bys) ()W * (bxz)(y)).

j=1
For j € {1,...,d} we have
Azy), W * (bxz)(z) = g1, (2) + h1,;(2),

where
g1j(2) = /3 W= bEm) A @)= W% (s, D)),

and similarly for d(z,), W * (bxx)(z). Thus, using the symmetry and subadditivity
of M(-), we have

d

MOL(F) < 30 (MOP (g1, (102, (¥) = 82, (¥)g1,, ()
j=1

+2M9P (g1 (0)ha2,; () +2MPP (g2, (x)h1 5 (1))
+ 2MOL (hy (), (9) ).
It is easy to check that
MEP (g1, (¥)h2,; (1)) S 1bllL1 a5y I VIl oo (),
MEP (g2, 7 (x)1,; (1)) S I1bllL1 o5y I VIl oo (),
MEP (h,j (%) 2, (9)) S 1VB L1 ()| VDIl oo ().
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It remains to bound the first term. First note that

21,j(x)g2,;(¥) — g2,j(x)g1,;(¥)
- / / W(x — )b () W(y — y)b(y"ym(x', y') dx’ dy.
X JoX
where for each x’, y’ € 0¥ we set

m(x', y) = (n1);(x")(n2);(y') — (n2); (x")(m1) (y")
= ((n1);(x") = (n1); (»")(n2); (y")
+ ((12);(¥") — (n2);(x"))(n1); (¥").
Let £(x’, y') be the line segment connecting x’ to y’. When |x’ — y'| < 7(dX)/2

we have £(x’, y’) C tub(dX, t(0X)/2) so by Lemma 4.12 (using the extension of
n defined in §4.1) we have

[(n1);(x) — (m); (¥)| < |x' —y'| sup |Vn(z2)| < 20x" —y'|
' ’ zel(x’,y’) ‘5(82)
When |x’ — y’| = 7(3X)/2 we have
4x"—y'|
() () = (m); ()] €2 ==

Similar bounds hold for n,, so

8lx" —y'| _24(x —x")(x —y)y —¥)
1(0%) 7(0X)

We also bound (using Lemma 4.13 with U(z) := (z)0* W(z) for the dx’ integral)

Im(x’, y")| <

/ (x —=x")[0*W(x —x")b(x")| dx" < ||b|Leodx)s
0z

/ / v — Y)Wy — y)b()dy’ dy < [BlL1gs)-
R24 JOoX

We therefore obtain

[1b]lLoeas) D11 L1 (93
7(0X)

Proof of Lemma 3.1. 'The way we complete this proof for general f depends on the

functional calculus in use; in other words, it depends on which of the two parts

of Condition 2.3 is satisfied. In both cases we set ¢ := W x (byx), G := 2d + 2,
D :=6d + 4, and

F(x,y) = (Vx, - Vy, = Vi, - V) (g (x)q(y)).

ML (g1, (x)g2,;(¥) — g2,;(¥)g1,;(¥)) < O
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Condition 2.3(1). For j = 2 by Lemma 3.4 we have

lloplg’ *'] — oplg/]oplglll1 < MPP ((Vx, - Vy, — Vi, - Vy ) ((q(x)) q(¥)))
< (= D2 cawlblloez) ML (F),

where ¢4 w is a constant. Summing from j = 1 to k —1 and bounding the operator
norm of op[g] as in §2.1 we obtain

I(oplgD)* — oplg®]lli < (1 + (k —2)°*2)(caw bl Loo(z)) 2MEL (F).

Thus

1/ (oplg]) — opf (@)1
< Y 1/ P lloplg)* — oplg*]lx

k=1

o0 ()
sne2 (L 2P e b)),
k=2 )

which is convergent. Using Lemma 3.6 to bound M%? (F) gives the result.

Condition 2.3(2). We may assume that f is compactly supported because only
its values on a compact interval affect the meaning of f(op[g]). It follows from
the properties of the propagator e °Pl4] that

II.f (oplg]) — op[.f (]llx

<= [ (. topteroptalopte il )

(This may be seen by differentiating the operator e'* °Pl4] op[e'?] with respect to s
and integrating on [0, ¢].) But by Lemma 3.4 we have

llop[e*?] oplg] — op[e™*q]I:
S MG,D((VJC] . Vyz - sz . Vyl)(eisq(x)q(y)))

= M%P (iseisq(x) (Vxl “Vy, = Vg, Vyl)(CI(x)CI(J’)))
S ()P FH(Ibll oo () PMEP (F).

The result then follows from Lemma 3.6. O
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3.3. Step 2: Trace asymptotics. In this subsection we prove Lemma 3.2. Set

I = /R W % (sh)@) = W Gz f () () dz,

Is = / / (f Qi) = Onay () £ (b)) dA prag—1 (du)
Xz JR

As discussed in §3.1, we must show that when » = a(-/r) and ¥ = r<, we have
L =15+ O(r2d_2).

Notation 3.7. In this subsection we will refer to the tubular radius of the boundary
of X very often, so instead of using the full notation t(dX%) (which for ¥ = rQ
equals rt(0€2)) we will refer to it simply as t.

Proof of Lemma 3.2. Step 1. Restrict support of f. Depending on which part of
Condition 2.3 is satisfied, either f is a smooth function on R and b, W are real-
valued, or f is a smooth function on C. In both cases, /; and /5 only depend on
the value of f(¢) for

1] < 16l zoos) / W(2)] dz,
]R2d

so we may restrict the support of f to a compact set. In the remainder of the proof
we refer to || /|| Lo~ for the supremum of | /| over that set, and similarly for || /|| o0
and || /|-

Step 2: Restrict support of W. Let W be the function defined for each z € R24
by

- W(Z) =+ KW, if |z|] < 1
W) = o iffz] <5
0 if |z| > %

T’

with Ky chosen so that the integral of W is 1. The error in replacing W by W
in /1 and /5 (including the reference to W in the definition of Q) is bounded by

2 oo lbllrcs, / W(z) — W (2)] dz
]de

2 f oo lb iy sup /}R 100 (}) — 0w (M) dA.

wes2d—1

Since W e 8$(R?“) these integrals can be bounded by any negative power of 7;
choosing to bound them by 1/72 and 1/t respectively will suffice to satisfy the
required scaling property.



772 J. P. Oldfield

This will be useful later in the proof where certain integrals will be non-zero
outside of a tubular neighbourhood of 9% so long as W has sufficiently small
compact support, and this will allow us to apply the results in §4. We also have,
for each k € Ny,

/ (1 + |27 ()] d=' < / (1 + |2 DF W) d.
]RZd ]RZd

so any bound depending on W in this way can be replaced by one depending on W
uniformly in t. For the rest of the proof we use W in place of W without further
comment.

Step 3: Extract b from convolution. Let

I = /R W 5 5(@b() = W 15(2) (b)) dz.

We will bound |/; — I>|. We can rewrite

L= = / (D1(2) — Ds(2)) dz.
]de
where

Dy(z) := f(W * (x£b)(2)) — f(W * x2(2)b(2)),
Da(z) := W (xsf(b))(2) = W * xu(2) f(b(2)).

Using two terms of the Taylor expansion of b and two terms of the Taylor expan-
sion of f, we obtain

/}R 1D1@) = (W) * x3(2) - VB £/ (W % x(2)b())] dz
SIS Lo IVh Loz VBl L1 gzay + 1L/ Lo IV (VD)1 g2ay-
Using two terms of the Taylor expansion of f(b), we obtain

| 1220 = W)+ £5(2) - V(2) b d

S I/ Lo Vbl oo @ea) IVl 1 r2ay + 1/ Lo VYD) L1 24y
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It thus remains to bound
/}de (2’ W(2) * xz(2) - Vb)) (f'(W * x=(2)b(2)) — f'(b(2)))| dz.

This integral is zero outside of tub(dX, t/2). Set V(z/) := (1 + |Z/|)W(z’). By
Lemma 4.11 and Lemma 4.14, it is thus bounded by

1" llzoe / |(Z'W(2) * xs(z) - VB(2)W * xze(2)b(z)| dz
wh(d%,7/2)

S ||f//||L°°||b||L°°(]R24)/ [V % xs(2)V * x5e(2)Vb(2)| dz
tub(0X2,7/2)

S NS Lellbllpoo@zay VBl L1 axy + IV (VD) |1 g2a)-

Step 4: Approximate b by its value on dX. Let

Iy = / (fW = 15(2)b@)) — W * x(2) f(b(w))) dz,
tub(9X,t/2)

where for each z € tub(dX, ) we define u := z — §(z)n(z) € 0% (the signed
distance function § is defined in §4.1). The integrand of I, is zero outside of

z € tub(dX, t/2), so by Lemma 4.11 (essentially Taylor’s theorem on b in the
n(u) direction) and Lemma 4.14 we have

|1, — I3]

< ”fNHLOO”b”LOO(]RZd)/tb(az /2)|b(z) —b@)||W * xs@)||W * xse(z)| dz
u ,T

S 1S Lellbllpoo@eay VBl gz + V(YD) |1 g2ary)-

Step 5: Approximate X locally by a half space. Let

Iy = / (f(Qn(z)(8(2))b()) — Qn)(8(2)) f(b(w))) dz,
tub(9X,t/2)

where as before we define u := z—4§(z)n(z) € dX. By Lemma 4.8 and Lemma 4.10
we have

|13 — 14]
/2
< f e /a i /_ DI 150w+ in(w) = Oty ()] 8 g1 ()

< |1 f e llbllrosy sup J(w),
uciQ
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where for each u € 0Q2 we set
/2
J(u) = / W s An@) ~ Qai (D] 4

We will show that J(x) < 1/t. We have
OnwyN) =W * yg(u + An(w)), H :={z' € R* :(z' —u) n(u) = 0}.

So, denoting symmetric difference by A, we have

/2
) < [ W % ysam(u + An()) dA
—/2
/2

= / |W(u + An(u) —z')| dz’ dA.
—t/2 JXAH

This integrand is non-zero only when |u+An(u)—z'| < t/2and [A| < /2, so only
when |u — z’| < 7. We may therefore use Remark 4.4 with z/ = u + v n(u) + v.
This says that z/ € XA H only when |vy| < |9]?/z, so

/2 19|12/
J(u) < / / / [W(An(u) —vin(u) —v)|dvy pog—1(dv)da.
—t/2Jn@)L J—|v|2/t

Translating A to n := A — v and then setting x := nn(u) — v, we obtain

[912/7

|912/<
says [ [ W - 9land, @)
2

1

T .

< —/ 2] dr <
T ]R2d

Step 6: Neglect Jacobian. By Lemma 4.8 we have

/2
L= [ [ (F(Qnor Qb)) = Qo3 (b)) et ~AS) 121 ().
X J—1/2

In /5 the integrand is zero except for when —7/2 < A < 7/2, sousing Lemma 4.10
to replace det(/ — ASy) with 1, we have

1 /2
l— 15 5 - [ [ 1| (O B (@) — Oy () f (b)) | A 21 (din)
X J—1/2
2 /
<21 N [ 1@ 20-1@0) [ 1311 0ni0 ) = 0. ()] 84

1
< ;”f/”LOO”b”Ll(aE)- O
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4. Appendix: Tubular neighbourhood properties

4.1. Definition and properties. Here we recall the definition of tubular neigh-
bourhoods and some of their basic properties. Throughout this subsection let Q C
R™ be a closed set with C? boundary. In practice we will only need the results
when m is even, but everything applies equally to odd m. The material below is
well known; see for example [10, Appendix; moved to §14.6 in 1983 second edition]
or [11].

Notation 4.1. Denote the inward normal vector field by n: Q2 — R™.

Definition 4.2. Let ¢ > 0. Define the open line segments
Lnor(u,,02) :={u+ An(u) e R™ : X € (—t,1)}

and define the set
wb(32,1) 1= | J Lnor(u.1,09).
ueiQ
When the o (u, ¢, 0Q2) are disjoint for all distinct u € 92 we call tub(02,¢) a
tubular neighbourhood of radius .

For any ¢ > 0, the set tub(d€2, t) is is precisely the set of points within distance
t of Q2. When € is compact, there always exists a ¢ > 0 such that 92 has a tubular
neighbourhood of radius ¢; this fact is called the tubular neighbourhood theorem.
We denote maximum such radius that exists by t(3€2) (or set t(d<2) := 0 if no
such ¢ exists); it satisfies the scaling relationship, for A > 0,

T(A0R) = At(0Q).
When t(92) > 0 we write simply tub(d<2) for the tube of this radius; that is,
tub(092) := tub(d2, 7(IQ)).

Notation 4.3. For any z € R™ and ¢ > 0, we denote the open ball in R centred
on z with radius ¢ by B(z,t).

Remark 4.4. An equivalent condition to d<2 having a tubular neighbourhood of
radius ¢ is that for each u € 02 the balls B(u + tn(u),t) do not intersect 952.
This implies that locally the surface 02 is approximately flat with uniform qua-
dratic error. To state this explicitly, for u € 92, z € B(u,t(d2)) set v := z — u,
vy :=v-n(u),v:=v—vyn),sothatz = u + vin(u)+ v. (Then v € n(u)*
i.e. v is in the tangent space at u.) Then

2€Q = |vi| < |5)/c(0Q).
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Definition 4.5. The signed distance function (also called the oriented distance
function) is
dist(z, 0Q2) ifz € Q,
Sa(z) = . .
—dist(z, 0Q2) ifz ¢ Q.
Lemma 4.6. Let Q have a boundary satisfying t(02) > 0. Then 8g is twice

continuously differentiable on tub(02). Further, let z € tub(0R?), and set u € 02
to the (unique) nearest point to z in 0S2; then

Véq(z) = Végq(u) = n(u), z=u+8q(z)n(u).

Lemma 4.6 shows that Vdg is a continuously differentiable extension of the
inward normal vector field, so we write without ambiguity

n(z) ;== Véq(z) forall z € tub(0R2).

In particular, |n(z)| = 1 and (n(z) - V)n(z) = 0 for all z € tub(0<2).

The primary use of tubular neighbourhoods in this article is to reparametrise
points near to 92 in terms of points on d<2 and the signed distance. To write the
Jacobian for this we need to use the shape operator.

Definition 4.7. For each u € 02, define the shape operator, also known as the
Weingarten map, by

Sy :=Vn(u) = V(Vig)(u).

The associated quadratic form is called the second fundamental form.

The shape operator is usually defined as §u := Vr,0qn(u) (the gradient of
the normal vector field in the tangent hyperplane), which is a square matrix of
size m — 1. However, because (n(u) - V)n(u) = 0 we have S, = Su @ 0, so the
distinction will not affect what follows.

Since S, is the Hessian of a real-valued function, it is a real symmetric matrix,
and hence diagonalizable with real eigenvalues (called the principal curvatures).
The operator norm of S, equals its (absolutely) largest principal curvature and

satisfies
1

7(0Q)

|Sul <




Two-term Szegd theorem for generalised anti-Wick operators 777

Lemma 4.8. Forany 0 <t < t(0R2), the change of variables
A:=68q(z) € (—t,t), u:=z—38q(z)n(z) € IQ
< z=u+ An(u) € tub(0L2, 1),
has Jacobian det(I — ASy). In other words, for any f € L'(tub(0R2,1)) we have

/ f(z)dz = / £+ An(u)) det(I — ASy) dA fm—1 (du).
tub(992,7)

02 J(—t,t)

We will need one final fact, which will be used to bound the difference between
nearby normals (Lemma 4.12).

Lemma 4.9. Let z € tub(d2). Set u € dS2 to be the nearest point on 092 to z, and
set U to an orthogonal matrix that diagonalises Sy i.e.

S, = U™V diag{ky, ..., km—1,0}U

where kj are the principal curvatures at u. Then

1 4 —K1 —Km—1
Vn(z) = U™ dia { ,O}U.
® BT a1 ba(oms
4.2. Some basic consequences. This subsection collects some simple conse-
quences of the tubular neighbourhood theory described in §4.1, used in §3 to
prove Theorem 2.4. We will first need a pair of simple bounds on the Jacobian
in Lemma 4.8.

Lemma 4.10. For all |A| < t(0R2)/2 and u € 0Q we have

(5) <det(l —ASy) < (5) )

Al

det(I —AS,)—1]< @™ ' -1 .
|det( w) — 1] < ( 0

Proof. 'These follow immediately by writing det(/ — AS,) as the product of
1 — Ak;, where «; are the principal curvatures (in particular, |kj| < 1/7(dS2) so
|Akj| < 1). O

One use of these bounds is the following lemma, which allows Taylor’s theo-
rem in the direction normal to €2 to be written with straightforward error terms,
rather than using an awkward bound like

/ sup |Va(u + An(u))|du.
AQ Ae(—t,t)
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Lemma 4.11. Let t < ©(02)/2, and let g be a function on tub(02, t). For each
z € tub(02,1) setu := z — g (z)n(z) € Q2. Set

T = / a(2) — a(@)||g(2)] dz.
tub(9L2,1)

Then we have

t
T <3" 1 (|ValLiag) + IVVa) L1 @m)) sup |Ag(u + An(u))| dA.
uec

—t

t
T < 3" |[Va| i gny sup | |g(u + An(u))| di.
uedi2 J—t

Proof. By Lemma 4.8 and Lemma 4.10 we have

m—1 t
T$(§) [ | Jatw+ 2w — Gl -+ An )| a2 o ).

2 QJ—
Applying Taylor’s theorem to a in the normal direction, we find

1

a(u+An(uw)) —a(u) = An(u)-Va(u) + / (1—5)A%(n(u)-V)*a(u + sAn(u)) ds.
0

But changing variables s’ = As for |A| < ¢ we have

/1(1 — A2 (n(u) - V)?a(u + sin(u)) ds| < t A(n(u) - V)2a(u + s'n(u))| ds’,
0 —t

so using Lemma 4.8 and Lemma 4.10 again (this time on p,,—; (du) ds’ rather than
Um—1(du) dA) gives the first inequality.

The second inequality follows in exactly the same way, except using one less
term of the Taylor expansion. U

The following two results are used in the composition step (§3.2).

Lemma 4.12. Forall z € tub(02, 1(32)/2) we have the operator norm bound

|Vn(z)| < m

Proof. This follows from Lemma 4.9 using that each |k;| < 1/7(dR). O

Lemma 4.13. Let z € R™, W € S(R™). Let @ C R™ have boundary satisfying
7(0Q2) = 1. Then

/ UGz — )| jim—s (du) < Ca o,
I

where Cy y is a finite constant depending only on d and U (not on z or Q).
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Proof. Set U(u) := SUPyeB(u,1/2)|U(x)]. Then
[ 160G =0l
b1

1/2
<2m ! / / |U(z — )| det(I — ASu) pm—1(du) dA
—1/2 Jaq

< 2’”_1/ U(z—z)dz’
tub(3<2,1/2)

<2m! / U(z)dz. O
]Rm

The following lemma is used in the trace asymptotics (§3.3) to show that certain
integrands are concentrated close to the boundary of €.

Lemma 4.14. Let V € LY(R™), let k € No, and let t < t(dR). Then for all
u € 092 we have

t
ARV % ya(u + An(u))V * xae(u + An(u))| dA
—t

2

< k—_H/Rm|V(z/)|dz/ /Rm|z’|k+1|V(z/)|dz/.

Proof. For z € Q2 we have Q¢ C B(z, dist(z, 02))°, so
[V % xo(2)| < Viad(0), |V * yac(z)| < Viaa(dist(z, 0€2)),

where

Vaa@)i= [ V14
|z/|=A
Similar relationships hold for z € Q€. But for |A| < t(d€2) we have
dist(u + An(u), 0Q2) = |A],
so the integral in the lemma statement is bounded by
t
2V ) [ 11 Va0,
0

Interchanging the order of integration (between dA and dz’) gives the result. [J
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